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LETTER TO THE EDITOR

Conformal invariance and universality in finite-size scaling

John L Cardy
Department of Physics, University of California, Santa Barbara, California 93106, USA

Received 5 March 1984

Abstract. The universal relation between critical exponents and the amplitude of the
correlation length divergence-as a function of finite size at the critical point of two-
dimensional systems is shown to be a consequence of conformal invariance. Both periodic
and free boundary conditions are considered.

In studies of the finite-size scaling behaviour of two-dimensional systems on infinitely
long strips of finite width, a remarkable universality has been observed. The theory
of finite-size scaling (Barber 1983) predicts that the inverse correlation length x,
(measured in lattice spacings), for a strip of width n lattice spacings, should behave,
at the critical point of the infinite system, as

x,~A/n (1)

where the amplitude A is universal in the usual sense (Privman and Fisher 1984).
However, exact and numerical calculations (Luck 1982, Derrida and de Seze 1982,
Nightingale and Blote 1983, Privman and Fisher 1984) also suggest that the ratio A/ x,
where x is the scaling dimension of the operator concerned, is equal to 2« for several
different operators in a wide variety of isotropic two-dimensional models.

In this letter, we point out that this result is a simple consequence of conformal
covariance of the correlation functions, which is believed to hold in the continuum
limit at the critical point (Polyakov 1970, 1974). In two dimensions, conformal
invariance implies that the correlation functions of a local scalar operator ¢(z) satisfy

(e(z1)e(22)) = W' (2))]"|W' () (o (W(z1)) 0 (W(22))) (2)

where z - w(z) is an arbitrary conformal transformation, and x is the scaling dimension
of . Now consider the particular transformation

w=Inz (3)

which maps the whole z-plane into the strip |Im w|< &, with periodic boundary
conditions. Using the result that in the infinite plane

(@(z1)p(2))~ |2 — 2% (4)
and writing z; =exp(y, +i6)), (|6;| < ﬁ-), it follows from (2) that
(‘P(Y1+i91)¢()’2+i92)>s

~ exp{—=xIn[exp( y; — y;) + exp( y,— y1) —2cos(8; — 62)]} (5)

where the correlation function on the left-hand side is evaluated in the strip geometry.
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Conformal Invariance And Universality In Finite Size
Scaling.

Conformal invariance useful not only for local
infinitesimal transformations, but also mappings
from one domain to another.
On a cylinder (aka strip of width L with pbc),
w = u + iv, for large |u1 — uy|

Uy — uo)

(p(w1)p(w2))cyl ~ eXp —27x

where x = conformal dimension of scaling field .

This results simply from mapping z = e2™/L of cylinder
to plane and (p(z1)@(22)) = |21 — 22|7**

Indeed for p(z) a primary (spinless) field,
dz1

dzo |*

(plonptuen = |22 |22] (olr)oea)
27\ % |z122]"
N ( L) |z —2f*
o 2z

~ exp

= (L) 2sinh(r(ws — wa) /L)~
(-5

2Tx
——|u1 — u2|> QED
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CONFORMAL INVARIANCE AND SURFACE CRITICAL BEHAVIOR

John L CARDY*

Center for Polymer Studies and Department of Physics, Boston Unwversity, Boston, MA 02215,
UsA4

Received 27 June 1984

Conformal invanance constrains the form of correlation functions near a free surface In two
dimensions, for a wide class of models, 1t completely determunes the correlation functions at the
critical pownt, and yields the exact values of the surface critical exponents They are related to the
bulk exponents 1n a non-tnvial way For the Q-state Potts model (0 < Q < 4) we find 5 =2/(3v —
1), and for the O(N) model (-2 < N <2), n,=(2» - 1)/(4v — 1)

1. Introduction

It has been recogmzed for some time that a statistical system at a critical point 1s
not only scale invanant, but also conformally mvanant [1,2]. This additional
symmetry imposes constraints on the form of the bulk correlation functions In two
dimensions, conformal invaniance is much stronger. More recently, Belavin,
Polyakov and Zamolodchikov [3], Dotsenko [4], and Friedan, Quu and Shenker [5]
have shown that conformal mmvanance completely determines the critical exponents
and bulk correlation functions of a wide class of two-dimensional theories at
criticality

In this paper we apply these 1deas to surface critical behavior {6]. For definiteness,
consider a semu-infimte d-dimensional system bounded by a (d — 1)-dimensional
plane surface. We are interested in the ordinary and special transitions, at which the
bulk and the surface order simultaneously in the absence of symmetry-breaking
fields. It 1s known from e-expansion methods, as well as other exact and approxi-
mate calculations, that correlation functions near the surface decay with critical
exponents different from their bulk values, and that their functional form 1s more
complicated than in the bulk

The results of the present paper fall into two classes. For general dimension d, we
show that conformal invanance constrains the form of the general two-pont
functions at cniticality, to within an unknown function of a single scaling vanable
The functional forms of the correlations between surface and bulk quantities are,
however, completely determined by conformal invanance.

* Permanent address Department of Physics, Umversity of Califormia, Santa Barbara CA 93106, USA
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Conformal Invariance and Surface Critical Behavior

Surface critical behaviour in arbitrary d : con-
straints from conformal invariance.
General form of the two-point function in semi-half space.

In d = 2, general setting of conformal invariance
in the presence of a boundary, the foundation
of future “"BCFT", (with later applications to
many situations in stat. mech, cond. mat. and
string theory, branes ...).

Consider upper half-plane. Conformal transf.
must respect that geometry. Instead of two in-
dependent T'(z) and T(z) and two commuting
copies of Virasoro algebra, T(z) and T(z) are
analytic continuations of one another, and there
is only one copy of Virasoro.

Two-point function in half-plane : same equation as four-
point function in bulk.

Numerous applications to various critical models, Ising,
Potts, O(n), explicit two-point function, surface critical

exponents, ...



Non unitary cft's may also be interesting
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Conformal Invariance and the Yang-Lee Edge Singularity in Two Dimensions

John L. Cardy
Department of Physics, University of California, Santa Barbara, California 93106
(Received 8 January 1985)

It is shown that very general features of the critical theory of the Yang-Lee edge singularity in
two dimensions completely determine the way in which the theory realizes conformal invariance.
This leads to the value o= — % for the edge exponent, and makes possible the calculation of the

correlation functions.

PACS numbers: 05.50.+q, 05.70.Jk

Recently there has been considerable progress in ex-
ploiting the principle of conformal invariance of two-
dimensional systems at the critical point to obtain in-
formation about critical exponents and correlation
functions.”? Unfortunately this principle by itself is
not sufficiently restrictive, and other criteria, such as
full unitarity of the theory,> have been invoked.
While such criteria are necessary for a sensible
quantum field theory, many interesting critical points
do not correspond to unitary theories. Another diffi-
culty of this approach is in the identification of a given
realization of conformal symmetry with a particular
universality class. So far, this has been accomplished
only by matching the predicted exponents, or the con-
formal anomaly ¢, with those values already known by
other means.

The Yang-Lee edge singularity>* is perhaps the sim-
plest nonunitary critical point. In addition, as will be
discussed below, it also corresponds to the simplest
universality class. It will turn out that these properties
are sufficient to determine a simple way in which con-
formal invariance can be realized in this model in two
dimensions. This determines the critical exponents
and the correlation functions.

The Yang-Lee edge singularity>* occurs in an Ising
model above its critical temperature in a nonzero,
purely imaginary magnetic field i4. For h larger than
some critical value h.(T) the partition function ac-
quires zeros, which become dense on the line
Reh > h, in the thermodynamic limit. The density of
these zeros behaves near h like’ (4 — h,)?. Fisher®
showed how the point 4 = A, can be regarded as a con-
ventional critical point. In high dimensions it corre-
sponds to the infrared behavior of the field theory of a
single scalar field ¢ (r) with an action

A=[ar 1$(Ve)2+i(h—h)p+1ige’l. (1)

The imaginary coupling makes the theory nonunitary.
The critical point is where the renormalized coeffi-
cients of ¢ and ¢? vanish. In 6—e dimensions there
are apparently two relevant fields, coupling to ¢ and
2. However, correlations of ¢ are related to those of
¢ by the equation of motion, so in fact ¢? is a redun-
dant operator.” The two-point function (¢ (r))¢(r;))
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behaves like |r;—r|~2* at the critical point, where
2x=d—2+m is related to o by Fisher’s relation®
o=(d—2+7)/(d+2—n). The simplicity of this
universality class lies in its lack of any internal sym-
metry, and in the existence of only one independent
(relevant) exponent.

In order to characterize the theory in two dimen-
sions, the following properties [valid to all orders in
the (6 —d) expansion®] will be assumed: (a) there is
only one’ relevant operator ¢; (b) the three-point
function (¢ (r))¢(r3)¢(r3)) is nonzero.

Belavin, Polyakov, and Zamolodchikov! have shown
that there is a large class of field theories which realize
conformal symmetry in a simple way. The allowed
scaling dimensions of scalar operators in these theories
are given by the Kac formula!®

Xpeo=F(pay+qa_)—(ay +a_)?], (2)

where p,q are positive integers, « + =ag * (1+a)?,
and a is related to the conformal anomaly c of the
theory by ¢ =1—24a3. In such theories, the correla-
tion functions satisfy linear differential equations, and
there are restrictions on which three-point functions
may be nonzero: <¢P1rﬂl¢l’z'qz¢l’3rﬂj> is zero unless (i)
p+pat+p3=1 (mod2), (i) (p;—1), (p,—1), and
(p3—1) satisfy the triangle inequalities (p;—1)
+ (p;—1) < (p3—1), etc. Similar conditions must be
satisfied by the g;. For theories where a/a_ is a ra-
tional number, these conditions imply that there are
only a finite number of basic operators in the theory.
Such cases appear to be connected to integrable
models in a way which is not yet understood.!!

Let us assume that the critical theory corresponding
to the Yang-Lee edge in two dimensions is in the class
considered by Belavin, Polyakov, and Zamolodchikov,
and use conditions (a) and (b) as constraints on the
possible realizations. Since ¢ is to be relevant, it must
have a scaling dimension x < 2. This restricts it to lie
in the strip

a_—ap<paytqa_<a,—a_. 3)

The conditions (i) and (ii) imply that the correlation
functions (qS,,qu,,qup, q,) may be nonzero if p'=p +1

© 1985 The American Physical Society

Lee-Yang cft has ¢ = —22/5,

it is the “(2,5) minimal model”
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Conformal Invariance, the Central Charge, and Universal Finite-Size
Amplitudes at Criticality

H. W. J. Blote
Laboratorium voor Technische Natuurkunde, 2600 GA Delft, The Netherlands

John L. Cardy
Department of Physics, University of California, Santa Barbara, California 93106

and

M. P. Nightingale

Department of Physics, University of Rhode Island, Kingston, Rhode Island 02881
(Received 21 November 1985)

We show that for conformally invariant two-dimensional systems, the amplitude of the finite-size
corrections to the free energy of an infinitely long strip of width L at criticality is linearly related to
the conformal anomaly number ¢, for various boundary conditions. The result is confirmed by
renormalization-group arguments and numerical calculations. It is also related to the magnitude of
the Casimir effect in an interacting one-dimensional field theory, and to the low-temperature

specific heat in quantum chains.

PACS numbers: 64.60.Fr, 05.70.Jk, 68.55.—a, 75.40.—s

The principle of conformal invariance at a critical
point has been shown to be remarkably powerful,
especially in two dimensions."? Universality classes
appear to be characterized by a single dimensionless
number ¢, the conformal anomaly or the value of the
central charge of the Virasoro algebra.’ It was shown
by Friedan, Qiu, and Shenker? that unitarity constrains
those values of c less than unity to be quantized. For
such theories, the critical exponents are given by the
Kac formula,* and the correlation functions are deter-
mined.""? For various models, ¢ has been determined
indirectly by use of exact information on exponents
and correlation functions obtained by other means.!?°
In this Letter we give a simple means of determining c.

The free energy (measured in units of kg7 ) per unit
length of an infinitely long strip of width L at criticality
has the finite-size scaling form F=/fL +f*+A/
L +. .., where fis the bulk free energy per unit area,
and %f" is the surface free energy, which vanishes in
the case of periodic boundary conditions. It has been
argued, from the assumption that L ~! is a scaling field
which does not require the introduction of a metric
factor,®” that A is universal. We find that

—7c/6,
Sl mc/24,

free or fixed boundary conditions, (2)

periodic boundary conditions, (1)

where, in the last case, the order parameter is fixed to
the same value on either side of the strip.

These results have several other interesting physical
interpretations. Since F corresponds to the ground-
state energy of a (1+1)-dimensional quantum field

742

theory in a finite volume, Eq. (2) also gives the mag-
nitude of the Casimir effect® in such a theory. The
partition function of a classical system of finite width
with periodic boundary conditions may also be inter-
preted as the Feynman path integral for an infinitely
long quantum chain at finite temperature T« L™ In
that case Eq. (1) gives the leading T — 0 correction to
the free energy, from which may be deduced the
specific heat C. In fact the conformal result applies
only if the two-dimensional classical system is rota-
tionally invariant at large distances. This is equivalent
to the requirement that the dispersion relation for gap-
less excitations of the quantum chain is of the form
o ~ vk with v=1. The case v#1 can be accommodat-
ed by a suitable rescaling of time versus length for the
quantum chain. The result is C ~ wckgT/3%v. This is
confirmed by exact results for the spin-+ XXZ chain®
(¢=1) and for the anisotropic spin-% XY model in a
critical transverse field'® (c=+). In three dimen-
sions, the analog of A is the interaction energy (in
units of kgT) per unit area of two plates immersed in
a critical system.!! Universality in this case was veri-
fied by Monte Carlo techniques.!? The same constant
also plays a role in determining the thickness of gravi-
ty-thinned, critical wetting layers."> Two-dimensional
analogs of these systems, which would allow an experi-
mental determination of ¢, are conceivable.

A system at a critical point is governed by a reduced
fixed-point Hamiltonian' #°*. Under a coarse grain-
ing in which lengths are rescaled uniformly, the form
of the Hamiltonian is invariant. For short-range in-
teractions, the Hamiltonian remains at the fixed point
also under conformal transformations, which corre-

© 1986 The American Physical Society



Conformal Invariance, the Central Charge, and Uni-
versal Finite Size Amplitudes at Criticality.

The interpretation of the central charge as a
Casimir effect, i.e. as a finite size correction to
the (free) energy.

(Simultaneously, same observation by I. Affleck)

Fundamental for stat. phys. interpretation of central
charge ¢ and its identification from numerical or from an-
alytical computations on finite width strips.

Transformation of T'(z) involves schwarzian derivative

~ P 2 c P P 2
T(’lU) == (ccil_w) T(z)—i—ﬁ{z,w}, ({Z,’U]} = 7—% (?) ), hence
for z = e2™w/L,

27\ 2 c
T = — ( 27 — _)
) = () (216 - 5
hence Liyl' = %(Lo—ﬁ) and the Hamiltonian = generator
of (“time") translations along the cylinder

| T eyl T T c
H=LY%~+L% =% (Lo+ Lo — i5)

In a unitary theory, lowest eigenvalue of Lg is zero, whence

“ground state energy” is FEg = —g—z. Alternatively finite
Size correction to free energy per unit length
. log Z(L,T) cT
lim = fL+ —
T—o0 JL+ 6L

In a non unitary theory, ceff = ¢ — 24hmin
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OPERATOR CONTENT OF TWO-DIMENSIONAL
CONFORMALLY INVARIANT THEORIES

John L. CARDY

Department of Physics, University of Culifornia, Santa Barbara CA 93100, USA

Received 22 November 1985
(Revised 3 January 1986)

It is shown how conformal invariance relates many numerically accessible properties of the
transfer matrix of a critical system in a finite-width infinitely long strip to bulk universal
quantities. Conversely, general properties of the transfer matrix imply constraints on the allowed
operator content of the thcory. We show that unitary theories with a finite number of primary
operators must have a conformal anomaly number ¢ <1, and therefore must fall into the
classification of Friedan, Qiu and Shenker. For such theories, we derive sum rules which constrain
the numbers of operators with given scaling dimensions.

1. Introduction

The fact that a statistical system with short range interactions at a critical point
should be conformally invariant has many interesting consequences, particularly in
two dimensions [1]. A simple example is the mapping of the plane into a finite-width
strip, from which the correlation functions [2] and other quantities accessible to
numerical calculation may be determined. They are related to properties of the
transfer matrix along the strip, which we shall denote by e "“"/, where a is the lattice
spacing. In the continuum limit, H may be thought of as the hamiltonian operator
of a quantum field theory in (1 + 1) dimensions.

Two particularly useful results of this mapping, which have already been discussed
elsewhere [3,2], relate to the eigenvalues E, of H: for a strip whose width / — oo,
with periodic boundary conditions,

E [ = 1.1

0 f“ 6/ ( . )
27,

En“E()~ [ : (12)

Eq. (1.1) relates the finite size correction to the lowest eigenvalue E|, (the ground
state energy) to the value of the conformal anomaly number ¢, which plays a central

0550-3213 /86 /303.50€ Elsevier Science Publishers B.V.
(North-Holland Physics Publishing Division)



Operator Content of Two-Dimensional Conformally
Invariant Theories.

Three important results

1. all universal quantities defining a cft —the
central charge ¢, the conformal weights (h;, h;),
the structure constants of OPE Cijk:_ appear
in and may be read off from properties of the
transfer matrix (on a cylinder) and the finite
Size corrections to correlation functions.

2. A unitary theory with a finite number of pri-
mary fields = c< 1

3. On a parallelogram with pbc, consistency
due to symmetry puts strong constraints on
operator content.
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4. Summary and further remarks

In the first part of this paper, we have completed the program begun in ref. [2].
We have shown how all important universal properties of conformally invariant
two-dimensional theories, including critical exponents and operator product expan-
sion coefficients, may be related to numerically accessible properties of the transfer
matrix of a finite width strip. The value of these results will lie in the investigation of
new models, rather than in reproducing already known results. The multicritical
points in the models obtained by Andrews, Baxter and Forrester [16] whose
exponents do not [11] appear to fit the Kac formula are of the first type.

Second, we showed that unitary models with a finite number of primary operators
(in the narrow sense defined by Belavin, Polyakov and Zamolodchikov [4]) have
¢ < 1. This result partially fills a gap in the line of reasoning which picks out those
models in the Friedan, Qiu and Shenker [5] classification as being special. For these
models, we showed how the character formulas of Rocha-Caridi [9] give the partition
function in an arbitrarily shaped parallelogram, once the number of operators with
given scaling dimensions are known. Exploiting the symmetry of the parallelogram,
we then derived sum rules which must be satisfied by these numbers. It is remark-
able how the scaling dimensions allowed in the models in the Friedan, Qiu and
Shenker [5] classification enable this symmetry to be realized. An arbitrary list of
scaling dimensions would not have this property. This is another argument pointing
to the special role of degenerate theories. We note that the symmetry of the
parallelogram, which corresponds to the invariance of Z(§) under the ‘modular
meroupy has recently been exploited to limit the possible gauge groups in heterotic
string theories [22].

Finally, we obtained all solutions of the sum rules for m = 3,4, 5, and showed that
only the models which have been previously identified (Ising, tricritical Ising, 3-state
Potts, and generic tetracritical point,) are in fact allowed. We gave for the first time a
complete list of primary operators for these models. Solution of the sum rules for
larger values of m will require greater effort or sophistication. However, it would
appear that the number of solutions should grow with m. This points to the
existence of as yet unexplored models, even with ¢ > 1. However, it is important to
realize that existence of a solution to the sum rules does not imply existence of a
corresponding model, since the sum rules are only a necessary condition for the
model to be consistent.

The sum rules form a more severe constraint on a theory than closure of the
operator product expansion and crossing symmetry, which in some cases does
determine the operator product expansion coefficients [17]. For example, in the case
m = 3, the operator product expansion closes with the operators 1 and ¢, the energy
density. However, the sum rules show that the magnetization ¢ must be included to
get a consistent theory. Once the solution of the sum rules is obtained, the expression
(3.16) gives the shape dependence of the free energy at criticality in an arbitrary




1. all universal quantities defining a cft —the
central charge ¢, the conformal weights (h;, h;),
the structure constants of OPE C;;,— appear
in and may be read off from properties of the
transfer matrix (on a cylinder) and the finite size
corrections to correlation functions.

continuation of previous argument on connection between

spectrum of Hamiltonian/transfer matrix and Lo+ Lo—<5



2. In a unitary theory with a finite nhumber of
primary fields = c¢<1

Compute the partition function on a rectangle L x T with
doubly pbc, aspect ratio § =T/L,

Z(L,T) = tre ™ =tret Lotlom)
— 5 Z Z o270 (h+N+h+N)
(hh) e e
—275(h+h) —275(h+h)
< ed? Z © — %0 Z € 0 e~ (0-07)/6
— _ )2 _ An)2
Gy (X —a™) G (X =7

using Poisson summation formula to transform product
[1,,(1 —¢") under g =e 2™ — g = e 27/9,

Hence in the limit § -0, ¢g— 1, § - 00, §— O

7T we
N8 ex (—> > Z(L,T) = Z(T, L) ~ ex (—)
Ples) 2 (L, T) (T, L) Pes
If NV = # of primary fields is finite, this is consistent only
if ¢ < 1. QED

The conclusion also holds for non unitary theories



3. On a parallelogram with pbc, consistency due
to symmetry puts strong constraints on operator
content.

e Partition function on torus of modular ratio 7 = 6

Z(r) =trgmghomam =Y Ny pxn(@)xa(@)
h,h
with ¢ = €2™7 and character y;(q) = tr¢*°~2 (count-
ing function of states in the h conformal tower.)

e In a (unitary) ¢ < 1 theory, ¢ = 1 — 6/m(m + 1),
m = 3,4,--- and h,h take their values in the Kac
table

_ (m+ 1) —qm)® — 1
Adm(m + 1)

Characters are explicitly known
and transform among themselves under the ac-
tion of 7+— —1/7 (Poisson transformation)

Xn(T) = Shw Xw(=1/7)
(and also of 7+ 74+ 1);

hpq 1<g<p<m-1

e Consistency, i.e. modular invariance of partition fn,

yields constraints, ‘“sum rules” N = SN

S is unitary, hence “diagonal solution” N7 = 6,7
always modular invariant but 3 also other solu-
tions, for ex., 3-state (tri)critical Potts model
...and more



A fundamental paper in several respects

— @Gives a physical interpretation to the mathe-
matical fact that characters have modular prop-
erties (i.e. form a finite diml reprn of modular group).
— Opens the route to a classification of cft’s.
Classification of ¢ < 1 completed soon after

with some insight from lattice theories .
— Uncovers hidden sectors of theory; for ex.

Ising : 1, €, but also o forced upon us by mod-
ular invariance.

Earlier observation of modular properties of partition func-
tion or of spectrum
Parallel work by Gepner and Witten, Gepner. ..

Paper also remarkable by the “economy of means”
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4. Summary and further remarks

In the first part of this paper, we have completed the program begun in ref. [2].
We have shown how all important universal properties of conformally invariant
two-dimensional theories, including critical exponents and operator product expan-
sion coefficients, may be related to numerically accessible properties of the transfer
matrix of a finite width strip. The value of these results will lie in the investigation of
new models, rather than in reproducing already known results. The multicritical
points in the models obtained by Andrews, Baxter and Forrester [16] whose
exponents do not [11] appear to fit the Kac formula are of the first type.

Second, we showed that unitary models with a finite number of primary operators
(in the narrow sense defined by Belavin, Polyakov and Zamolodchikov [4]) have
¢ < 1. This result partially fills a gap in the line of reasoning which picks out those
models in the Friedan, Qiu and Shenker [5] classification as being special. For these
models, we showed how the character formulas of Rocha-Caridi [9] give the partition
function in an arbitrarily shaped parallelogram, once the number of operators with
given scaling dimensions are known. Exploiting the symmetry of the parallelogram,
we then derived sum rules which must be satisfied by these numbers. It is remark-
able how the scaling dimensions allowed in the models in the Friedan, Qiu and
Shenker [5] classification enable this symmetry to be realized. An arbitrary list of
scaling dimensions would not have this property. This is another argument pointing
to the special role of degenerate theories. We note that the symmetry of the
parallelogram, which corresponds to the invariance of Z(8) under the modular
group, has recently been exploited to limit the possible gauge groups in heterotic
string theories [22].

Finally, we obtained all solutions of the sum rules for m = 3,4, 5, and showed that
only the models which have been previously identified (Ising, tricritical Ising, 3-state
Potts, and generic tetracritical point,) are in fact allowed. We gave for the first time a
complete list of primary operators for these models. Solution of the sum rules for
larger values of m will require greater effort or sophistication. However, it would
appear that the number of solutions should grow with m. This points to the
existence of as yet unexplored models, even with ¢ > 1. However, it is important to
realize that existence of a solution to the sum rules does not imply existence of a
corresponding model, since the sum rules are only a necessary condition for the
model to be consistent.

The sum rules form a more severe constraint on a theory than closure of the
operator product expansion and crossing symmetry, which in some cases does
determine the operator product expansion coefficients [17]. For example, in the case
m = 3, the operator product expansion closes with the operators 1 and e, the energy
density. However, the sum rules show that the magnetization ¢ must be included to
get a consistent theory. Once the solution of the sum rules is obtained, the expression

(3.16) gives the shape dependence of the free energy at criticality in an arbitrary



Nuclear Physics B275 [FS17] (1986) 200-218
North-Holland, Amsterdam

EFFECT OF BOUNDARY CONDITIONS ON THE OPERATOR CONTENT
OF TWO-DIMENSIONAL CONFORMALLY INVARIANT THEORIES

John L. CARDY
Department of Physics, University of California, Santa Barbara CA 93106, USA

Received 6 May 1986

The operator content of unitary conformally invariant theories with ¢ <1 is further analysed
by deriving the spectrum of the transfer matrix for finite width strips and a variety of boundary
conditions: antiperiodic, cyclic, twisted, free, fixed and a mixture of the last two. Complete results
are obtained for the Ising model and for the three-state Potts model, as illustrations of the
method. They demonstrate how the internal symmetries of these theories are tied in with their
conformal properties.

1. Introduction

Recently there has been considerable progress in using the principle of conformal
invariance [1] to classify possible universality classes of critical behavior in two
dimensions. Friedan, Qiu and Shenker [2] showed that for unitary models with
conformal anomaly number c¢ less than unity, ¢ must be quantized according to

6

T e o 1.1
m(m+1) Al (1)

c=1

and that the allowed values of the scaling dimensions of the primary scaling

operators are (A o h 5.5 0 where

_(p(m+1)—gm)’ 1
Peq dm(m+1)

h , (1.2)

with 1 < ¢ < p < m—1. For a given m, different universality classes correspond to
different subsets of the allowed operators. In a recent paper [3], hereinafter referred

0550-3213 /86 /$03.50 © Elsevier Science Publishers B.V.
(North-Holland Physics Publishing Division)



Modular transformations also useful in connect-
ing or constraining other types of boundary con-
ditions

e Periodic, Antiperiodic, Cyclic or Twisted (for
a Zy theory like Potts)

Consider again partition function on rectangle of aspect
ratio 4 and P or A b.c. in the two directions

Zpp(8) = Y NExn(@)xi(a)
"
> EE NE xn(@)x7 (@)

h,h 7, charge

Zap(8) = Zpa(1/8) =  Nijxn(@)xz(q)

h,h

Zpa(6)

thus knowledge of charges in periodic sector + modular

transform gives us operator content in antiperiodic sec-
tor ' Same argument for T, C b.c. Applications to Ising,
Potts, etc

e Free or fixed

Zrp 1S NOW a linear combination of characters, see below,
but again consistency constraints from modular transfor-
mation. . .

Parallel work on Z p etc and their (sub)modular proper-

ties
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Boundary operators in conformal field theory are considered as arising from the juxtaposition
of different types of boundary conditions. From this point of view, the operator content of the
theory in an annulus may be related to the fusion rules. By considering the partition function in
such a geometry, we give a simple derivation of the Verlinde formula.

1. Introduction

Recently there has been considerable progress made in understanding the prob-
lem of classifying conformal theories, following the observation of E. Verlinde [1]
that the fusion rules of the underlying algebra are related by formula

¥ /N = S{S1/54 (1)

to the elements S/ of the matrix which represents the modular transformation
T — —1/7 acting on the Virasoro characters.

A conformal field theory defined on a manifold without boundaries has as its
underlying symmetry two algebras & and . which act respectively on the
holomorphic (z) and antiholomorphic (z) dependences of the physical fields of the
theory. In a rational conformal field theory, the irreducible representations of these
algebras are constructed by acting on a highest weight vector with all possible
lowering operators, and then projecting out null states. The fusion rule coefficients

J.L of the algebra .« give the number of distinct ways that the representation i
occurs in the “fusion” of two fields transforming according to the representations
J, k respectively. This process of fusion corresponds to considering only the holo-
morphic, or only the antiholomorphic part of the operator product expansion of two
physical operators. The decoupling of the null states after this fusion process then
gives strong constraints on the N, first analysed for the case of the Virasoro
algebra by Belavin et al. [2].

0550-3213 /89 /$03.50 © Elsevier Science Publishers B.V.
(North-Holland Physics Publishing Division)



One more fundamental paper ! The key con-
cepts of Boundary CFT : boundary condition
changing operators, Cardy (boundary) states and
fields, Cardy (consistency) equation, ...

-+ a physicist’s proof of Verlinde fusion formula

In the upper half plane, insertion of boundary cond.
changing operator \Ugb on real axis creates mixed b.c.

Consider again the partition function, now in an annulus

— ~—_ - ____._""""
/ _ WL . - ;:e_zmw \ Ly, =

z [w
T 12 . b 4

U ........... d
£

Boundary states |a) must satisfy (L, — L_,)|a) =0 : su-
perpositions of “Ishibashi states” |h)), in one-to-one cor-

respondence with h = h primary bulk operators, (in a

diagonal theory, but also in general )
Za(8) = Y _nixn(q) g=e T G=e T
h
= (blg:ot e Ba) = - =D (blh) (hla)x(@)
h

whence nl = >, Su(b|h') (W |a)  Cardy’s equation .
In diagonal minimal theories, |a)) < h, conformal weight
of a primary field, and {(h/|a) = S7,,/(Son)/? whence

h _ _h _ Shh’SEIhISEQhI
Mg = T hih, S
% Oh

which is Verlinde formula for the fusion coefficients NFIZE !



A paper with some antecedents
- but a conceptual

breakthrough, and a long filiation. ..

By John himself, from percolation ( “Cardy (cross-
ing) formula”), ...to SLE.
Applications from cond. mat. physics,

to string theory :

Cardy’s equation explains why graphs are
the good way to encode the spectrum of cft's. ..
néa = Sijggﬂiwé

j 07
are the adjacency matrices of graphs and form a
representation of the fusion algebra n;n; = Njin,.
In fact classification of boundary states reduced
to classification of “nimreps” (non negative in-
teger valued representations) of fusion algebra.

Further generalization to defects lines. . .
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In conformal field theory on a manifold with a boundary, there is a short-distance expansion expressing local bulk operators in
terms of boundary operators at an adjacent boundary. We show how the coefficients of such an expansion are given solely by data
appearing in the bulk theory on the sphere and torus. In particular, the coefficients of the identity operator, which fix the one-
point functions, are determined by the elements of the matrix S which implements modular transformations on the torus. The
other coefficients are related, in addition, 1o the elements of the matrices implementing duality transformations on the conformal
blocks of the four-point functions on the sphere. Some examples are given.

Conformal field theory hypothesizes the existence
of a complete set of observable densities called scal-
ing operators, whose correlation functions transform
in a simple homogeneous fashion under scale trans-
formations. A given local scaling operator ¢(r) is as-
signed a scaling dimension x,. At least for theories in
which all scaling operators are non-negative, this im-
plies that if @ is a rotational scalar. it mav be normal-

expansion [ 1] is necessarily of the form

¢(x, ¥)~ ¥ (2p)4~"Chwilx) , (1)

where the y;(x) are boundary operators with bound-
ary scaling dimensions 4,, normalized so that on the
boundary of the half-plane (y;(x)w;(0)>,=x"24

BCFT requests more than list of boundary states

and spectrum.

(a|P(z)|a), expansion of bulk fields ¢ on bound-

ary fields W, ...

Again a filiation of papers, “bulk-boundary alge-
bra’, fusion of boundary fields and their struc-

ture constants, etc.

, connections with integrable lattice mod-

els,
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