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Recollections of Ivan T. Todorov

Starting in the mid 80’s



A frequent visitor of our lab
in Saclay, an old friend of
Claude Itzykson (1938–1995).



High reputation of
(field and group) theorist
and conformal field theorist..



High reputation of
(field and group) theorist
and conformal field theorist..

Who ? Where ?



High reputation of
(field and group) theorist
and conformal field theorist..

Tehran 1972

with Valentina Petkova and Werner Rühl



Many encounters in various
places,
Varna (1987),
Sofia (1989),
Durham (1991),
Vienna (1999),
CERN (2000),Trieste (200?),

Saclay, Orsay,
Bures-sur-Yvette, . . . .

Sofia October 1989



Durham 1991



A man of indefatigable curiosity . . .

A man of culture . . .

The father of a school of mathematical physics here in Bul-

garia. . .

Respect and admiration . . .

and gratitude . . .



A short trip to cumuland

with Sylvain Lacroix
math-ph/2508.21483



I. Classical cumulants

In probability, statistics, statistical physics. . .
X random variable, mn(X) = ⟨Xn⟩ its moments;
if several such r.v. Xi, mixed moments mn(Xi1,⋯,Xin⟩.
Decompose moments following partitions of the set {1,⋯, n}

mn(Xi1,⋯,Xin⟩ = ∑
π∈P [n]

∏
B∈π

c∣B∣(Xia, a ∈ B)

Thus m1(X) = c1(X)
m2(X) = c2(X) + c21(X) m2(X,Y ) = c2(X,Y ) + c1(X)c1(Y )

⋮
m4(X) = c4(X) + 3 c22(X) + ⋯⋯⋯⋯´¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¶

0 if c1(X)=0



This defines recursively the cumulants cn as (signed) homoge-

neous polynomials of the moments mk’s.

Thus c2(X,Y ) = ⟨XY ⟩ − ⟨X⟩⟨Y ⟩ is the (co-)variance, etc.

In QFT or particle physics, write the 4-point function (or the

scattering amplitude) as



“Exponential” generating functions

ZX(t) = 1 +
∞
∑
n=1

tn

n!
mn(X) = ⟨eXt⟩

WX(t) =
∞
∑
n=1

tn

n!
cn(X)

ZX(t) = eWX(t)



Fundamental property, in connection with independence.

X,Y independent variables: for all (polynomials) f and g,

⟨f(X)g(Y )⟩ = ⟨f(X)⟩ ⟨g(Y )⟩ (1)

X,Y independent Ô⇒ cn(X + Y ) = cn(X) + cn(Y )

eWX+Y (t) = ⟨et(X+Y )⟩ = ⟨etX⟩⟨etY ⟩ = eWX(t)eWY (t) = eWX(t)+WY (t)

X,Y independent ⇐⇒ all mixed cumulants vanish [Rota]



II. Free cumulants

Consider now non commuting random variables X1,X2,⋯
again mn(X1,⋯,Xn) = ⟨X1⋯Xn⟩
Change the rule: replace the set P [n] of all partitions by the set
NC[n] of non-crossing partitions [Kreweras ’72]

mn(Xi1,⋯,Xin⟩ = ∑
π∈NC[n]

∏
B∈π

κ∣B∣(Xia, a ∈ B)

Thus now m4(X) = κ4(X) + 2κ2
2(X) +⋯

This defines recursively the free cumulants κn as (signed) homo-
geneous polynomials of the moments.



Ordinary generating functions

MX(t) = 1 + ∑
n≥1

tnmn(X)

KX(t) = ∑
n≥1

tnκn(X)

MX(t) = 1 +KX(tMX(t))
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[Brézin–Itzykson–Parisi-Z ’78, Cvitanovic ’81]

(Voiculescu’s (’86) equivalent functional relation: “R-transform” of the resolvent of X)

Now, independence Ð→ free independence (or “freeness”) [Voiculescu ’86]

Def. X and Y are free if ⟨f1(X)g1(Y )f2(X)⋯gr(Y )⟩ = 0 whenever

⟨fi(x)⟩ = ⟨gi(Y )⟩ = 0 for all i = 1,⋯, r
X,Y are free Ô⇒ Their non-crossing (or “free”) cumulants are

additive

KX+Y (t) =KX(t) +KY (t) [Speicher ’93]

X,Y are free ⇐⇒ all mixed free cumulants vanish [Speicher ’97]



Ordinary probability

mn = ∑π∈P [n]∏B∈π c∣B∣

Exp. g.f. ZX(t) = eWX(t)

X,Y independent

Ô⇒ cn(X + Y ) = cn(X) + cn(Y )
⇐⇒ all mixed cumulants vanish

Free probability

mn = ∑π∈NC[n] ∏B∈π κ∣B∣

Ordinary g.f. MX(t) = 1 +KX(tMX(t))
X,Y free

Ô⇒ κn(X + Y ) = κn(X) + κn(Y )
⇐⇒ all mixed free cumulants vanish



III. Freeness and Random Matrices
Large Random Matrices : natural setting of Free Probability
[Voiculescu ’91]

Sequences of N ×N matrices AN , assume convergence mn(AN) =
1
NTrAnN →mn(A) (“limiting distribution”).

In particular, take two such sequences of Hermitian matrices AN and BN with

(at least) BN with a U(N)-invariant distribution.

Theorem Then AN and BN are asymptotically free (as N →∞).
[Voiculescu ’91]

In particular, AN ,BN deterministic (and with limiting distribution), AN
and UNBNU

†
N , with UN Haar-uniform in U(N), are free.

Thus limN→∞ [ ∫U(N)DUκn(AN +UNBNU
†
N)−κn(AN)−κn(BN)] = 0.



Thus limN→∞[ ∫U(N)DUκn(AN +UNBNU †
N) − κn(AN) − κn(BN)] = 0

Question Can one find at finite N , invariant functions Kn(A) such that

∫U(N)DUKn(AN +UNBNU
†
N) −Kn(AN) −Kn(BN) = 0 (∗)

holds true, and Kn(AN) − κ(AN) =O(N−2) ?

The answer is yes and the solution is surprisingly simple. For n ≤N
Kn(A) = coefficient of Ntn

n TrCn in Z(A,C; t) ∶= ∫U(N)DUe
NtTrAUCU†

More generally, for a partition α = (α1,⋯,α`) = [nα̂n . . .1α̂1] of n (n ≤N), n = α1 + ⋅ ⋅ ⋅ +α`, define

K
(N)

α (A) ∶= ∏
n
k=1 k

α̂k α̂k!

N `
[tnTr(Cα1)⋯Tr(Cα`)]Z(A,C ; t) .

Proof of (*)

∫ DV Z(A+V BV †,C; t) = ∫ DUDV eNtTr(AUCU †
+BV †UCU †V ) = ∫ DUDV eNtTr(AUCU †

+BV †CV ) = Z(A,C; t)Z(B,C; t)
and identify the “simple trace terms” TrCn in the two sides:

1 +∑
n

Ntn

n
TrCn∫ DVKn(A + V BV ) +⋯ = (1 +∑

n

Ntn

n
TrCnKn(A) +⋯)(1 +∑

n

Ntn

n
TrCnKn(B) +⋯) .

◻



The functions Kn(A) and Kα(A) (symmetric functions of the

eigenvalues) enjoy all kinds of nice properties, anticipating those

of free cumulants:

limN→∞Kn = κn (whence the name “precursors of free cumulants”)

That the “simple trace terms”, or the “low rank” case, in the large N limit of Z(A,C; t), are

given by free cumulants has been known for long [Itzykson–Z 1980, Marinari–Parisi–Rittort

1994, P. Zinn-Justin 1999, 2002, Guionnet–Mäıda ’05, Collins–Śniady ’02,’07, Tanaka ’08]
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For example

K1 = m1 = κ1

K2 = N2

N2 − 1
(m2 −m2

1) =
N2

N2 − 1
κ2

K3 = N4

(N2 − 1)(N2 − 4)
(m3 − 3m2m1 + 2m3

1) =
N4

(N2 − 1)(N2 − 4)
κ3 ,

K4 = N4

(N2 − 1)(N2 − 4)(N2 − 9)
((N2 + 1)(m4 − 4m3m1 − 2m2

2 + 10m2m
2
1 − 5m4

1) + 5(m2 −m2
1)2) ,

= N4

(N2 − 1)(N2 − 4)(N2 − 9)
((N2 + 1)κ4 + 5κ2

2)

etc.
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Kn(AN) − κ(AN) = O(N−2), a computable 1
N2-expansion, in terms

of “monotone Hurwitz numbers” [Goulden–Gay-Paquet–Novak, 2011-17]

Kn explicitly known in terms of Schur functions

Kn(A) = 1

N

n−1
∑
t=0

(−1)t
Cλn,t(N)

sλn,t(A) , Cλn,t
²

“content”

(N) =N−n(N +n − t − 1)!
(N − t − 1)!

.

λn,t: “hook diagrams” with n boxes t {



G.f. of the Kn: ∫ DU eNTrAU† 1
NTr 1

1−tU = 1 +∑n=1 t
nKn(A)

(which implies a novel form of the g.f. of free cumulants

limN→∞ ∫ DUeNTrAU † 1
NTr 1

1−tU = 1 +∑n=1 t
nκn(A) )

Define AU ∶= UAU †. Then Kn(A) =Nn−1 ∫ DUAUi1i2A
U
i2i3

⋯AUini1.
Known at large N : [Collins et al ’06, Maillard et al ’19, Bernard–Hruza ’24]

and more generally, for σ ∈ Sn, [σ] its cycle decomposition

K
[σ](A) =Nn−`([σ]) ∫

U(N)

DU AU1σ(1)
AU2σ(2)

⋯AUnσ(n) .

“Wick property”. Take A a random Gaussian Hermitian matrix

(“GUE(N)”). Then EA∼GUE(N,σ)[Kα(A)] = δα,[2n]σ2n.



Approach to additivity.

Let δKn(A,B;U) ∶=Kn(A+UBU†)−Kn(A)−Kn(B) , where U is taken

randomly and uniformly following the Haar measure of U(N).
EU(δKn(A,B;U)) = 0. Higher (classical) cumulants ?

For large N , var(δKn) = O(N−2) and the higher (classical) cumu-

lants of δKn are more and more suppressed: c2k(δKn) = O(N−2k),
c2k+1(δKn) = O(N−2k−2) (Narrow Gaussian).

Application: (probabilistic) Horn problem: distribution of eigen-

values of the sum of two (Hermitian) matrices A and B of given

spectrum, i.e.,sum of orbits of A and B. At finite N , non trivial

distribution with a convex support.

For large N , spectrum of A +B must localise on the “free con-

volution” of the spectra of A and B.

At finite N , δKn(A,B) closer to Gaussian variable than δκn(A,B).
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A numerical experiment with 4 × 4 matrices A and B of regularly spaced spectrum on [−1,1]

and a sample of 200,000 Haar-distributed matrices U , showing the histograms of δκ4(U)

(left), δK4(U) (right). The improvement of the latter two with respect to the former is

manifest: smaller skewness, distribution closer to Gaussian, etc.



Are there other applications of these finite N precursors of free
cumulants ?

Recently many appearances of free cumulants in various physical
contexts
– large time behaviour of diffusion with a random diffusion coefficient

[Guéneau–Majumdar–Schehr, ’25]

– “quantum exclusion processes” [D. Bernard–Hruza, ’24-25]

– “ETH” (Eigenstate Thermalization Hypothesis) [Pappalardi–Foini–Kurchan, ’22]

⋮

Algebraic aspects
A (new) coproduct on the algebra A(N) of symmetric functions

A(N) → A(N) ⊗A(N) ∶ ∆f(A,B) = ∫
U(N)

DUf(A +UBU †) ,

for which the Kn are the primitive elements

∆Kn =Kn ⊗ 1 + 1⊗Kn

⋮
more in math-ph/2508.21483





Thank you !


