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Conformal theories associated with the coset construction SU(2), X SU(2),/SU(2), ., are
described by a generalized Coulomb-gas formalism. An integrable lattice model obtained by k
fusions of the 6-vertex model has a continuous critical line containing the level-k Wess—Zumino-
Witten model. Its continuum limit is described by tensor products of the parafermionic and free
bosonic sectors. Modification of its boundary conditions by the introduction of floating charges,
yields the coset models. The discussion extends to non-unitary models. Special attention is paid to
the case k = 2, corresponding to N =1 supersymmetry.

1. Introduction

The recent period has seen an intense activity in the construction of conformally
invariant theories (for a review, see ref. [1]) and their classification. Modular
invariance on the torus has proved to be an effective constraint for this purpose.

On the other hand, according to ideas [2] prior to modern developments in
conformal invariance, most two-dimensional critical models are expected to derive
from free bosonic theories. Steps have been taken to establish links between these
two approaches [3-5]. In ref. [5] we have shown that all minimal partition functions
classified in refs. [6,7] are linear combinations of Gaussian partition functions
[8-10]. A derivation of these expressions from the underlying lattice models was
proposed in refs. [5,11].

The purpose of this paper is to extend these considerations to theories based on
the coset construction on the affine §I\J(2) algebra [12-14]. This includes, in
particular, N =1 supersymmetric theories.

In all cases, the underlying microscopic model is a spin S = 3k vertex model [15].
The latter presents a critical line with central charge ¢ = 3k/(k + 2). As discussed in
this paper, its self-dual point turns out to be described by the SU(2) level-k
Wess—Zumino—Witten (WZW) model [16,17]. Along the critical line, the partition
function on the torus can be reexpressed in terms of a free bosonic field and a Z,
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parafermionic theory [18,19] coupled through boundary conditions. For k=1,
parafermions are absent and it is known [5,11] that the ¢ < 1 partition functions are
obtained, starting from the S = 1, 6-vertex model, by introducing “floating electric
charges” related to the exponents of the classifying simply laced algebra. Likewise,
for k>1 a similar modification of the bosonic contribution leads to the other
discrete series based on the SU(2) coset construction. The interpretation of these
theories, in terms of tensor products of parafermion and of (modified) free boson
sectors, looks quite natural, in view of the previous observations of ref. [14]. What is
less obvious is the way these sectors are coupled through boundary conditions, as
discussed below.

In sect. 2, we review the case of ¢ <1 minimal models, their filiation with the
6-vertex model and the corresponding ¢ =1 continuous theories. Floating charges
proportional to the exponents of some simply laced Lie algebra reduce the central
charge from ¢ =1 to ¢ <1 and generate all the minimal models: this is summarized
in a compact way in eq. (2.25), which was originally proposed by Kostov [20], the
microscopic interpretation [5,11] of which is recalled. All these considerations are
equally valid for non-unitary minimal models, as exemplified by the ¢ = — 2 theory
describing the Lee—Yang edge singularity [21].

Sect. 3 extends these ideas to the next non-trivial case, k = 2, which through the
coset construction leads to the N =1 superconformal minimal theories. Here the
basic model is a spin-1, 19-vertex model. It has a critical line, with ¢ = 3, originating
from the k=2 WZW model, as tested by a numerical calculation of the transfer
matrix spectrum. Inclusion of floating charges, as before, enables one to recover all
the ¢ < 3 superminimal models classified by Cappelli [22] but the exceptional series
(D, Ey), for which a special construction remains to be found.

Generalization to arbitrary k is then straightforward; the relevant formulae are
collected in sect. 4.

Sect. 5 shows that similar considerations apply to the N =2 superconformal
models [23]. We recall that the corresponding representation may be obtained by the
coset construction applied to SU(2) X U(1)/U(1) 4;,,.

Our final comments are presented in sect. 6, while three appendices contain some
technical details and proofs.

2. Minimal conformal theories

21. We first discuss the case of minimal models, i.e. conformally invariant models
for which the operator algebra closes with only a finite number of primary fields. As
shown in ref. [24] this occurs for central charges
6(p—p)’*
<

ep,p)=1- —"7-—<1, (2.1)
( pp
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where p, p’ are two coprime positive integers. In this case the allowed values of #, k
are given by the Kac formula [25]

N2 N2
rp — §, - -
hrs=(p 7) ,(p P), (2.2)
4pp

with the constraint that the integers r, s satisfy the bounds
1<rgp’ —1,
1<s<p-—1. (2.3)

Unitary theories [26] correspond to |p — p’| = 1. Using the requirement of modular
invariance [27], all possible partition functions of minimal models on a torus

Z= Z_Nhi.Xh(‘I)XZ(‘?)’ (24)
bR

have been classified [6,7]. In eq. (24), g=exp2inT, 7=w,/w, =1z +i7, is the
modular ratio, N,; is the number of primary fields of dimensions (4, ), x, is the
character of the Virasoro algebra in the irreducible representation of highest
weight 4.

2.2. As suggested by various approaches [5,11, 28], the underlying model in all the
theories (2.1) is the 6-vertex model. It is obtained by putting arrows on each bond of
the square lattice, in such a way that the current is conserved at each node, thus
giving rise to 6 possible vertex configurations (fig. 1). (More generally, we will be led
to consider models with 25 + 1 states per bond in the following; this simple case
appears thus as a spin S = § vertex model). Imposing invariance under reversal of
all arrows [29], one is left with three free parameters, the Boltzmann weights a, b, ¢
(fig. 1). If A denotes
A a’+b?—c? 55

B 2ab (2:5)
one may show that transfer matrices, on a strip of width L with the same value of
A, commute. In the very anisotropic limit, the model is equivalent to a spin- 3 XXZ

A e b b b 4o

a b c d

Fig. 1. Vertices of the 8-vertex model.
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antiferromagnetic quantum chain with hamiltonian [29]
L
Ho ¥ 885, + 8782, — ASISE,. (2.6)
i=1

The critical region corresponds to |A| < 1. In this case, setting
=—-cos7A, O<Axgl1, 2.7)
a convenient parametrization of the weights is (up to a global normalization)

a=siniA(7—a),
b=siniN(7+a), (2.8)
¢ =sin Aw,

where a is a spectral parameter |a| < 7. The continuum limit of the model can then
be derived in various ways [30,31]. For instance, one can reformulate it as a
solid-on-solid (SOS) interface model [32]; height variables ¢ are introduced on the
dual lattice in such a way that neighbouring ¢ differ by +# depending on the
orientation of the arrow which separates them. It is then argued [31] that renormal-
ization group trajectories flow to the Gaussian fixed point, which we shall describe
by the action

_& 242
A= [ivezdix. (2.9)

The value of the renormalized coupling constant is then easily obtained using
Baxter’s solution of the 8-vertex model [29]. Indeed, introduction of vertices with a
non-conserved current (fig. 1), which correspond to vortices of charge m=
(2m) " Yvedl =2, gives rise to a singularity of the free energy

fs~ |d|2/ya y=2A (210)

On the other hand the scaling dimension of a vortex operator in eq. (2.9) is easily
calculated [33] to be x = 1gm?. We have thus

g=1-A, 0<g<l; (2.11)

g=0 corresponds to A=1, ¢=0. If A>1 the model is completely frozen with
ferroelectric order. The other limit, g =1, gives rational weights in eq. (2.8). In this
case A= —1, c=a+b, and the model is isotropic and self-dual, due to the
symmetry property of the partition function (in the plane) [29]

Z(a,b,c)=Z(3(a-b+c),3(—a+b+c),i(a+b+c)).  (2.12)
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The phase A < —1 is antiferroelectric, while an infinite-order phase transition takes
place at A= —1. We note, finally, that the 6-vertex model can be mapped on a
Thirring model [30], the bosonization of which yields eq. (2.9). f A=0(g=A=3)
the four-fermion coupling vanishes and one gets a free (Dirac) fermion theory.

The partition function of the critical 6-vertex model on a torus can now be
calculated. We recall, first, the regularized expression [34] of the partition function
of the Gaussian theory (2.9)

Zy= [ [Dele*=1/< 1 (2.13)
0 ¢ doubly ® T M(q)lz, .

periodic

where 7 is Dedekind’s function, i.e.

2(g) = TLa-g). (2.14)

In the mapping onto eq. (2.9), special care must be paid to boundary conditions.
The correspondence between arrows and heights being only local, the latter cannot
be defined consistently on the torus. Following a closed path along w,, w,, there can
be [9] shifts of the variable ¢: 8,9 =27M, 8,0 =27M’. In such a “sector”, the
continuum limit of the partition function reads

M’ — Mr|?
Zy(8)= [ [Dple™=Zyexp| ~mg————|.  (2.15)
’ Sp=27M T
Sp=2aM"

I

It enjoys the modular covariance properties expected from its definition

a'r+b)

—_— 2.16
ct+d ( )

Zyp(7) = ZcM'+dM,aM'+bM(
If the model is considered on a lattice L X L’ with L, L’ even, M and M’ are
integers. In this case, summing over M, M’ gives the Coulombic (or Gaussian)
partition function

Z.(g)= Z Zym(8),

M, MeZ

1
Y GUEAE+MYEY /4G (E/E ~ME /4

= 2
Inl<| E,MeZ

1 -
W Z qimmgiem (2.17)
E,MeZ
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The second equality, obtained after a Poisson transformation (2.17), displays the
g — 0 behaviour, Z: ~ (gg)~“/** with ¢ = 1. The conformal weights are given by

Apy+Apy=xpy=E*/2g+8gM*/2,

Ap—Apm=5Sgm= EM, (2.18)

they correspond to electromagnetic operators Op,,, i.e. combinations of spin-wave
(vertex operators exp(iEg)) and vortex operators [33]. Eq. (2.17) appears also in
string theory as the partition function of a free field compactified on a circle [8, 35]
of radius R = \/1g. It satisfies the symmetry

Z.(g)=2:(1/8), (2.19)

the fixed point of which is the self-dual point, g=1, mentioned above. It is
noteworthy that Z.(g=1) is precisely equal to the SU(2), level k=1 WZW
partition function (see appendix A). We shall comment on this point later.

If the model is studied on a lattice with L or L’ odd, the corresponding
frustrations can be half an odd integer. A new modular invariant can then be
constructed by considering

Z + Z + E Zyn(8)- (2.20)

MeZ+i, MeZ MeZ MeZ+} M, MeZ+}

Adding egs. (2.17) and (2.20) gives 2Z-(g/4). In the following we shall restrict
ourselves to even X even lattices.

2.3. It has been observed [5] that a// minimal partition functions [6,7] can be
reexpressed as linear combinations of Coulombic partition functions with various
couplings (see formulae (A.5)-(A.9) in ref. [5]). We want to give here an a posteriori
justification of this result. First, we recall that to get a central charge ¢ <1 starting
from a free field with ¢ = 1, it is necessary to add (in the plane) at infinity a charge e
such that [3]

c=1-6e?/g. (2.21)
Eq. (2.1) can then be realized with, e.g.

g=p/p’, e=(p'—p)/p. (2.22)

Now, the dimensions hgy of electromagnetic operators in this decorated free field
read

hey=Apy—e%/4g. (2.23)
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This enables us to rewrite the Kac formula (2.2) as

(p—sp)’=(p-p)

h,= ;
4pp
A? e?
=— - —. (2.24)
dpp’  4g

As shown in ref. [5], minimal partition functions are classified by a pair of simply
laced Lie algebras (A4, G) (where G can be of A, D or E type) and A and G have
respective Coxeter numbers p and p’. Moreover, the spinless (4 = ) operators have
conformal dimensions given by eq. (2.24) with r (respectively, s) taking its value
among the Coxeter exponents of G (respectively, 4). As p and p’ are coprimes, the
residual class of A =rp — sp’ modulo p’ is itself one of the N exponents, n, of G.
This suggests that one should supplement the free field by a set of (N — 1) fractional
electric charges e¢,=n/p’.

Let us now return to the torus. As shown in ref. [5], a way of adding an electric
floating charge to eq. (2.17), respecting modular invariance, is to include an
interaction term between the shifts cos(2meM A M’) where A denotes the greatest
common divisor. This suggests finally that the (4, G) partition functions may be
reproduced by the expression

n
W LA NLIOY
M Mez P p

where n runs over the exponents of G. Performing the sum over n and decomposing
onto various congruence classes of M and M’, indeed reproduces formulae of ref.
[5]. The expression (2.25) was first proposed by Kostov [20].

2.4. It seems rather remarkable from a conceptual point of view that the minimal
partition functions can be reexpressed in terms of a decorated free field, thus
justifying ideas which originated in works of Kadanoff [2]. Of course, this can be
inferred from the presence of an underlying 6-vertex model. The precise correspon-
dence has been studied [11] for unitary models, realized as restricted solid-on-solid
models, and attached to the Dynkin diagram of the associated G algebra [36]. Fig. 2
shows the assignments of heights to each node of a Dynkin diagram. We restrict
ourselves here to the case of 4, (N =p’—1=p —2) models [28] (N > 2).

As shown originally by Baxter [37], the 8-vertex model can be reformulated as a
solid-on-solid model on the dual lattice, neighbouring heights differing by +1, with
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Name of the Diagram Coxeter Exponent
algebra number
1 2 3 4 N
AN — e —0o—0o o N+t 1,2, ..,N
Oel 2 3 N-2
Dy 2(N-1) 1,3, ...2N-3,N-1

Esg -—o—I—o—o 12 1.4,5,7,8,1
6
E, ~—o—~——I—o——~ 18 1,5,7,9,11,13,17
7
Eq »—o——‘——o——I—~—~ 30 1,7,11,13,17,19,23, 29
8

Fig. 2. The Dynkin diagrams (with a possible assignment of height variables to their nodes), Coxeter
numbers and exponents of the simply laced Lie algebras.

—
N
w
~
o
[}
~3

interaction round face (IRF) type Boltzmann weights (fig. 3)

w(l, 1+11-1,1)=w(l,I-1|l+1,]) =q,,
w(l+ 1,01, 1-1)=w(I—1,1|I,1+1) =B,
w(l+1,01,1+1) =1,
w(l—1,111,1-1)=8,,

(2.26)

where, up to a normalization factor

o, =h(i\(7 +a)),

B, = h(%)‘('”' - a))[h(wl—l)h(le)]l/z/h(wl)’ (2.27)
Y, = h('n')\)h(w,+ (a— -ﬂ))/h(w,),

8, = h(fn)x)h(w,+ N7 — a))/h(w,) ,
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Wim,m/Ll)

Fig. 3. Height configurations of the SOS model associated with the 8-vertex model.

wy=a(w+Al), h(x)=80,(x/m)0,(x/7), and 6,,0, are the usual Jacobi theta
functions of (real) nome 4. The general relation between A, a, § and the original
8-vertex model parameters is given in ref. [28]. When w =0 and A takes the value
1/N + 1, the heights /, due to h(w,) = h(w, ) =0, can be consistently restricted
[28] to the set /=1,..., N and thus considered as attached to the Dynkin diagram
of the A, algebra (fig. 2) of Coxeter number H = N + 1.

The model (2.27) is critical when § is equal to zero; two cases are then possible.
We consider here the transition from the so-called regime III to regime IV,
characterized by |a| < #. In this case, the corresponding vertex model becomes,
precisely, the 6-vertex model with weights (2.8). (Note, however, that the SOS
reformulation of the latter we used in eq. (2.9) is not directly related to the RSOS
model (2.27)). It renormalizes onto the Gaussian model (2.9) with coupling constant
g=1—A=(H—-1)/H and comparison with eq. (2.25) gives p=H -1, p’=H. As
noticed in refs. [11, 38], one could also consider a dilute RSOS model which in turn
corresponds to a dilute vertex model. It renormalizes onto eq. (2.9), with g given by
another branch g=1+A=(H+1)/H; in thiscase p=H + 1, p’=H.

The correspondence between the vertex and the RSOS model becomes more
complicated on a torus; it requires the introduction of a boundary operator [39],
which should translate in the continuum limit into the cosine interaction of eq.
(2.25). Partition functions can nevertheless be calculated using a rather indirect
procedure.

One performs, for this purpose, a graphical expansion drawing clusters which
connect sites of the same height [40]. These clusters can, in turn, be represented
using a polygon decomposition of the lattice [41]. The weight for contractible
polygons is given by the largest eigenvalue of the incidence matrix G of the diagram
ie. 2 cos(m/H); it is the same as for the Potts model with Q =4cos*(w/H).
Non-contractible loops in number 4" must be given a weight Tr G*" [11]. This
model, after arbitrary orientation of the loops, can be reinterpreted as a new SOS
model, loops being considered as steps + 7 between regions of constant height [42].
Its action maps onto (2.9) with g=(H —-1)/H (or (H+1)/H on the dilute
branch). On the other hand Tr G*" decomposes as

Y (2cos(nm/H))™, (2.28)

n
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which, in the continuum limit, translates precisely into the sum of cosines of eq.
(2.25) [5]. In summary, the diagram on which heights are living determines p’ = H
in eq. (2.25). Then, depending on the branch, p = H + 1 and one finds two unitary
modular invariants as expected. In fact, this derivation generalizes to the cases of D
and E algebras as well [11].

2.5. It appears in ref. [28] that heights in the model (2.26) can also be restricted to
the same set /=1,..., N, choosing A = R/(N + 1) with R and N + 1 = H coprimes.
If R > 1, however, Boltzmann weights are no longer positive so this should corre-
spond to the case of non-unitary models [36]. Indeed, the derivation of the partition
function is the same, the weight of contractible loops becoming 2 cos(7R/H ), while
the one of non-contractible loops is unchanged. In the continuum limit one gets eq.
(2.25) with p’ = H and, depending on the branch, p = H + R. This generalizes also
to D and E algebras. Note, however, that by construction |p — p’| < p’, while this
restriction does not appear in the classification of refs. [6,7]. This construction thus
excludes modular invariants which should be obtained by considering other de-
terminations of g.

The simplest example of a non-unitary model is the Lee—Yang singularity [43]
which occurs generally for magnetic models in an imaginary field. It has not yet
been directly mapped onto a free field (2.9), although the continuum partition
function is known to be given by eq. (2.25), with p’' =35, p = 2. The latter can, in
fact, be derived using a slightly different formulation. Indeed, as shown by various
graph expansions [44], the Lee-Yang singularity is expected to be the generic
singularity of hard objects with a negative fugacity. Now, consider model (2.26) with
A = Z. Define two square sublattices X and Y [28], and occupation variables related
to the height variables / by 6;= 2(3 —/,) on X and ;= 1(/,—2) on Y. Then, with
the above height restrictions, one has ¢,=0 or 1, and o,-oj=0 if i,j are nearest
neighbors. Thus, this translates eq. (2.26) into a hard square model with diagonal
interaction [45], the Boltzmann weights of which read, for o variables on a given
face, as

w;, = wg(00)00) = h(7A)h(3A (57 — a)) /R (27N),
h(7\)
h(27))

w, = wy(10]00) = wy(00{01) = h(3A (7 - a))[

]1/2
@y = wi(01]00) = wy;(0010) = A (1A (7 + @), (2.29)

W, =wy(10]01) = h(7A) R (AA (37 + &) /R (27N),
ws =wg(0110) =2 (3N (37 — a)).

The model is critical for § — 0, when % becomes a sine function. Then, as shown by
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Fig. 4. Hard hexagons in the hard square model.

Baxter, critical properties depend only on

0?2 — W,w
A= 212 (2.30)
Wy
which reads here as
A=2(2cos mA)"* = (2cos A )% — (2cos mh) /2. (2.31)

If ws=0, this describes, as well, a free hard hexagon model [45] (fig. 4) of fugacity
z=A"2, and weights

w; =1,
wy=wy=z4, (2.32)
wy =22

a given hexagon being shared by four squares. The standard choice A = { gives z
= 1(11 + 5/5). On the other hand, A = 2 gives

z=1(11-5/5)<0. (2.33)

This singularity which appears as non-physical [46] in the hard hexagon point of
view is expected to be in the universality class of the Lee—Yang problem. On the
other hand, the above arguments establish that it corresponds to eq. (2.25) with
p=5 p=2[1]

2.6. Finally, we return briefly to the ¢ =1 case. In addition to eq. (2.17), another
line of models parametrized by g is obtained by adding the contribution of sectors
where the field ¢ is antiperiodic along one or both periods of the torus, giving the
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Z,-orbifold partition functions {10,47]. The partition functions

z,= | ~ [Dele™, r,s=0,1, (2.34)
P(z+1)=¢"p(2)

s,

p(z+7)=c"p(2)

have been calculated in ref. [34] as

1
“oT 50|
1
Zy, = ,
% 16,(0)
1
Z. = .
11 03(0) ’ (2 35)

(here 8, denote the Jacobi theta functions of argument 7). Summing over the
different sectors, one gets

Zorb(g) (236)

ool

which describes [48] the critical Ashkin-Teller model [29]. If g=1 the latter
decouples into two independent Ising models and thus

Zorb(g = %) = lesing’ (237)
where
16,(0)i
ZIsing= Z 2|n| = Zzw (238)

and Z, are the partition functions of a free (Majorana) fermion with various
boundary conditions [34]. One has, in particular,

Z(g=1)= 2223, (2.39)

while crossed terms in eq. (2.37) reproduce eq. (2.35) due to
27 = 0,8,0,(0) . (2.40)

Models at ¢ =1 can also be obtained by repeating construction (2.25) with extended
Lie algebras, since then there is an exponent n = 0. For A, D one simply gets special
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points on lines (2.17), (2.36). For £ one gets new, isolated points [11,49]. The above
models have been conjectured [50] to exhaust all possible ¢ =1 theories. Let us
point out, however, that combinations of the form

3ze(8) +Zc(8))] (2.41)

are also modular invariant and, due to the symmetry E, M - —E, — M in eq.
(2.17), expand on powers of ¢,4 with positive integer coefficients. All the explicit
lattice realizations of this remark known so far, however, are nonunitary and have a
true central charge less than one.

3. Minimal superconformal theories

3.1. We consider now models which combine conformal invariance with N =1
supersymmetry (SUSY); they can be minimal with respect to the N =1 supercon-
formal algebra. This occurs for central charges [51]

e=3-3(p-p)/pp <%, (3.1)

where either p, p’€2N—1and pAp'=1,0r p, p’ €2N, 3(p—p')E2N—1 and
1p A 1p’ =1. In this case the allowed values of h, h are given by the formula [25]

(p—sp)'—(p-p) t2-1)
+

h, = Sop T (3.2a)
with the constraints
I<srgp' -1,
1<s<p-1,
t=|r—s|mod2, (3.2b)

t equals O (respectively, 1) in the Neveu—Schwarz (Ramond) sector. Unitary theories
correspond to |p — p’| = 2, the simplest example describes the tricritical Ising model
[52]. Using modular invariance, all possible partition functions of superconformal
minimal models on a torus

I~~~ —

z=3 [Nh’ﬁsxi'sxlﬁ’s + N XX 7S + Nthx‘;fx%] , (33)
h,h

have been classified [22]*. In eq. (3.3), NS, NS and R denote various boundary

* Actually, only unitary superconformal minimal theories have been classified in [22] but it is easy to
see that it extends to non-unitary ones with no additional cases. Incidentally, the case p’=35, p=9
leads to ¢ = 12; hence it realizes a non-unitary, non-minimal theory with ¢ <1.
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b b4 bk

R o o R A S
s

Fig. 5. Vertices of the 19-vertex model.

conditions on the fermion, and the x’s are the associated superconformal characters
[53]. We have omitted in eq. (3.3) the R sector (doubly periodic) which decouples in
modular transformations; its contribution is a pure number.

32. Recently Date, Jimbo, Kuniba, Miwa and Okado [54] have proposed gener-
alized RSOS models obtained by a fusion procedure [15], the central charges of
which are given by the unitary subset of eq. (3.1). This suggests that the underlying
model in all the N =1 SUSY theories is a spin S =1 vertex model; the latter can be
obtained by putting either an arrow or a dot (0-current) on each bond of the square
lattice. Conservation of the current at a node gives then rise to 19 possible vertices
(fig. 5). Commuting transfer matrices can be obtained for special sets of values of
the weights.
Imposing CPT invariance [55] one is left with

a=sin (7 — a)sin A (7 + a),

b=sin Aasin A\(27 — a),

¢ =sin Az sin2Ax,

d=sin Aasin A\(7 — a), (3.4)
e=sin2AzsinA(7 — a),

f=sin2Ax sin Aa,

g =sin A7 sin2A7 — sin Aasin A (7 — ),

where A can be real or purely imaginary and a is a spectral parameter. In a very
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anisotropic limit one gets a spin-1 antiferromagnetic XXZ quantum chain with
hamiltonian

L
H«x Z Si' Si+l - (si'si+1)2
i=1

_2(903(77'}‘) - 1)[(SizSiz+1)(Six 1t Sinin) + (SixSi)fi—l + Siysiﬂl)(sizsizﬂ)]
+2sinrA [ 8782, — (8787,,)° + 2(S7)]. (3.5)

To our knowledge, critical properties of eq. (3.4) have not been fully investigated.
To derive them, we remark that the case A =0 (for which weights become rational
functions) is expected, through non-abelian bosonization arguments [56], to describe
the SU(2) level k=2 WZW model. It is then instructive to notice that the
corresponding partition function, obtained by using modular invariance, can be
written as

Zy wzw = E ;‘2"2(r,s) Z ZMM’(g= %)’ (3.6)
r,s=0,1 M=r[2]
M’ =5[2)

(see appendix A) where Z,(r, s) denotes the partition function of an Ising (Z,)
model with twisted boundary conditions e""(¢'™) on the spin variable. Here, and in
the following, [k] stands for “modulo k”. This result can be explained in the
following way. First, one can associate to the 19-vertex model a SOS model with
height variables @ on the dual lattice, with neighbouring ¢ differing by 0, +2#
depending on the current carried by the bond which separates them. This appears
quite similar to the argument in sect. 2, except that, now, two neighbouring ¢ can
be equal. On the other hand, if one considers a configuration of the 19-vertex model
and puts heavy bonds on each 0-current bond, forgetting the remaining arrows, one
gets loops which are precisely graphs in a low-temperature expansion of the
Ising-model partition function (fig. 6). Eq. (3.6) suggests that in the continvum limit
and for A =0, these two aspects decouple, the SOS model renormalizing onto the
Gaussian free field (2.9) as for the 6-vertex case, the new degrees of freedom due to
the possibility of a O-step contributing a supplementary Ising factor. The only
coupling in eq. (3.6) is due to boundary conditions and is also explained with these
arguments. Indeed, if we consider the system on a lattice L X L’ with L, L’ even,
the algebraic number of arrows crossed along the periods, which gives (M, M’), and
the number of loops of heavy bonds crossed, which determines the spin flips (r, s),
are of the same parity (fig. 6).

These arguments suggest, thus, that on an even X even torus, the 19-vertex model
with weight (3.4) and A real has the continuum-limit partition function

Zc(g)= L 2Z(rs) X Zun(s), (3.7)

r,s=0,1 M=r[2]
M’ =s[2]
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w,
M=3,M=0
Fig. 6. A configuration of the 19-vertex model on the torus. Lines passing through bonds with a
0O-current draw low-temperature graphs in the Ising model.

which satisfies the symmetry

Zsc(g) =Zsc(zlé), (3.8)

the fixed point of which is g= 1, associated with A =0 as in eq. (3.6). Also, if
A =}, some weights vanish as for A =1 in eq. (2.8). This suggests that one should
generalize eq. (2.11) to

-A, 0<A< (3.9)

[S 3
N

g=

The point A= ; should correspond, then, to a first-order transition towards
ferroelectric (frozen) order, and A = 0 an infinite-order transition towards antiferro-
electric order.

If the model is studied on a lattice with L or L’ odd, frustrations and flips can be
of opposite parities. A new modular invariant is then obtained by considering

Z Q"Z(r,s) Z + Z + Z ZMM’(g)' (3-10)
r,s=0,1 M=r+1[2) M=r[2] M=r+1[2)
M =5[2] M'=s+1[2) M’ =s+1[2]

Adding egs. (3.7) and (3.10) gives, due to the self-duality of the Ising model
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(appendix A)

2,=%,0,00=% Y Z(r,s), (3.11)
r,s=0,1

a completely decoupled object

Ze=2,XZ(g). (3.12)

3.3. The above arguments leading to eq. (3.7), although plausible, are not very
rigorous. A first natural check is that Zy. decomposes into powers of ¢ and g with
positive integer coefficients. This is indeed the case, since one can rewrite it after
Poisson transformation as

1
Zse(g)=— (|Xo|2+ |X1/2|2) Y o+ (Xox#n + X&x1,2) >
|n| E, Meven E, Modd

tlxipel? X g g N R (3.13)
E-—~Modd

where the x’s are characters of the Ising model. To verify our identifications more
properly we have studied the 19-vertex model by numerical means, calculating the
transfer matrix spectrum on strips of width L <10, in the case a = jo. This
spectrum splits into sectors labelled by the value of the conserved total current in
the w, direction (fig. 6), which is expected to determine M. A first interesting
quantity is the free energy per unit length on strips with L even (M = 0), which is
expected to scale as [57]

fo=f+me/6L%, c¢=3. (3.14)

Estimates of ¢ obtained by comparing two successive widths for some values of
A €0, 1] are given in table 1. They are in good agreement with ¢ = 3. On strips with
L odd, the ground state is shifted as in eq. (3.10) and this occurs either with M =1,
r=0 or M=0, r=1. Comparing numerical values deduced from eq. (3.9), one
finds that the dimension x = § of the Ising spin always gives the leading term, and
thus

fo=f+mE/60%, f=c—12x=0. (3.15)
Numerical estimates of ¢ are also in good agreement with this value. We now

restrict ourselves to L even. The scaling of gaps obtained by considering the ground
state in the M sector (compared to the ground state in M =0) depends on the
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TABLE 1
Estimates of ¢ obtained by comparing the ground states of the transfer matrix
spectrum for two successive widths.

L A=0 A=n/5 A=37/10
4 1297 1.287 1.247
6 1.441 1.429 1.399
8 1.481 1.469 1.447
10 1.490 1.481 1.465

parity of M from eq. (3.13). For M odd they should behave like

(M) L 1 1 2
mi = (1 +1gM?), (3.16)
T
while
(M) L 1 2
m{M = 2W(1+ 1gM?), (3.17)

for M even. In particular, the case M =1 gives access to the coupling constant g.
Estimates of the latter, obtained using m‘" and eq. (3.16) are given in fig. 7a. They
agree nicely with the conjecture (3.9). The general structure of egs. (3.16) and (3.17)
can also be checked. An interesting property emerging from eq. (3.13) is also the
existence of an operator with dimension x =1 (originating from |x; /2|2) constant
along the critical line; it should be observed in the first gap of the M =0 sector.
Measurements of this gap give the estimates of fig. 7b, which agree reasonably well

S~

® > O »

e

h(a) , , , §\ )\d

0 112

Fig. 7a. Numerical estimates of g (3.17). The solid line is the conjecture (3.9).
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Fig. 7b. Numerical estimate of the lowest dimension in the M = 0 sector. One expects x =1 along the
critical line.

with this prediction. In all cases, the convergence becomes poor around A = 0. This
is related to the presence of new marginal operators (E= +2, M =0 or E=0,
M = 12 for instance), known [58] to induce additional logarithmic corrections.

We do not comment any further on this numerical study. It could be refined using
various technical tricks. Also, following methods developed for the 6-vertex model
[59], corrections to the Bethe Ansatz could be obtained, and the expression (3.13)
analytically verified. We think, however, the above arguments are sufficient to
support the conjecture (3.13).

A remarkable property of the 19-vertex model with weights (3.4) is that it exhibits
N =1 supersymmetry (SUSY) in the continuum limit. This can be observed in
formula (3.7) which appears as the partition function of a super free field with
action

g - - -
stsc= 5= [[0.93:0 v 0y —¥0.9] dzdz. (3.18)

Indeed, the partition functions with twisted spins boundary conditions Z,(r, s) are
related to the corresponding Majorana fermion partition functions by

9”2(0,0) = ZIsing= Z,+2;+ 2,
#,(0,1)=~-2,+Z,+ Z,,
9”2(1,0) =Z,-Zy+2Z,,

z,01,1)=2,+2Z,— Z,. (3.19)
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So eq. (3.7) can be rewritten as

zsc<g>=z2( R TR N LoVt

M, Me2Z MelZ Me2Z+1 M Me2Z+1
Me2Z+1 MelZ

+Z, Y o+ X o+ Y - > )ZMM'(%g)
M, M e2Z Me2Z Me2Z+1 M, Me2Z+1
Me2Z+1 Me2Z
Z[ T+ £ - L 4 T zuls) 0
M, Me2Z MelZ Me2Z+1 M, Me2Z+1
Me2Z+1 Me2Z
Ze(g)= L ¥ il f [dgles
r,s=0,1 M MeZ Y(z+ 1) =e"Y(2) p(z+D=¢(2)+27M
Y(z+7)=€"Y(2) plz+m)=9(2)+2nM’
sameforxﬂ

(3.21)

where

rs —_ —
e =1 28r, M mod 28s, M’ mod 2 -

The precise coupling between ¢ and ¢, induced by boundary conditions through eq.
(3.7), is rather intriguing. One can check explicitly that eq. (3.13) can be expanded
on ¢ = 2 characters (appendix B). Finally, we note that there is another formulation
of eq. (3.18) using the N = 3 Gross—Neveu model which plays here the role of the
Thirring model in sect. 2 [60].

3.4. Using the “super Coulombic” partition functions (3.7), one expects to repro-
duce the superminimal partition functions of ref. [22] by the same modification as in
sect. 2 for the ordinary minimal ones.

Starting from a free superfield and adding a charge at infinity [51b, 61] decreases
c to

c=12-6e’/g, (3.22)
suggesting (for instance)
g=p/2p', e=(p'—p)/2p. (3.23)
Now, dimensions of operators read

hey=Apy—e’/4g+8, (3.24)
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the last term 8, which is equal to 0 or i, being the contribution of the Ising spin
operator. This has to be compared with the Kac formula

A2 (p-p) Le-n

h
8pp’ 8pp’ 16

(3.25)

rs

As shown in ref. [22], minimal superconformal partition functions are still
classified by a pair of simply laced algebras (G, G") of Coxeter numbers p and p’.
In the case where G = A4, one checks that modular invariants involve dimensions
(3.25) with A =2n, rn running over the N exponents of G'.

This suggests to introduce the same (N — 1) additional electric charges as in sect.
2, e,=n/p’, and to build partition functions, with the SUSY generalization of eq.
(2.25), as

p n

Z= Y 2,(rs) ¥ zMM,(—,)zcos(zw—,MAMf). (3.26)

r,s=0,1 M=r[2) 2p )5 4
M’ =5(2]

Using similar techniques as used for minimal models, we show in appendix B that
this indeed reproduces the results of ref. [22]. Performing the summation over n and
decomposing into various congruence classes of M and M’, eq. (3.26) can be
reexpressed as a linear combination of Zy., Zg- for various couplings.
In the classification of ref. [22] there appears, also, invariants labelled by the pair
(D,,2+1,E¢) (P’ =12). They can be reexpressed as
Z=Zsc(4pp') + Zsc(p/2P") ~ Zsc(%pp") ~ Zsc(8p/P')
+Zsc(2p/p) + Zsc(%p0') = Zsc(ipp') = Zsc(p/20),  (3.27)

Zg- and Zsc being defined respectively in (3.7),(3.12). But we have not been able to
find for them a formula similar to eq. (3.26).

3.5. Now, egs. (3.23) and (3.24) can be related to the construction of fused RSOS
models in ref. [54]. We notice, first, that the weights (3.4), although this was not
observed in their derivation [55], can be obtained by a fusion of the 6-vertex model
(2.8). Similarly, fusion of the eight-vertex model defines a 21-vertex model [62]
which can, in turn, be reformulated as a solid-on-solid model on the dual lattice,
neighbouring heights differing by 0, +£2, with IRF type Boltzmann weights. Their
expression is similar to eq. (2.27) and cumbersome. We do not use it in the following
and refer the reader to ref. [54]. These weights involve parameters A, a, w and a
(real) nome 4. When w=0 and A=1/(N + 1), heights can be consistently re-
stricted to the set /=1,..., N and thus considered as being attached to the Dynkin
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diagram of the A, algebra of Coxeter number H = N + 1. Note that because the
steps are 0, +2, heights may be restricted to be even or odd, giving rise to two
distinct models.

Criticality occurs when §=0. In the regime III to regime IV transition, the
21-vertex model reduces then precisely to the 19-vertex model with weights (3.4). It
renormalizes onto the super Gaussian model (3.18) with coupling constant g= 1 —
A =(H -2)/2H and comparison with eq. (3.23) gives p=H —2, p’= H. One can
also define a dilute model renormalizing onto another branch g=3 +A=
(H+?2)/2H; in thiscase p=H+2, p'=H.

Correspondence between the vertex and RSOS model becomes more complicated
on the torus, and we leave to a further study the precise microscopic justification of
topological terms in eq. (3.24). The procedure should, as well, generalize to D or E
algebras, and to nonunitary cases choosing A = R /(N + 1). In particular, we believe
that the fusion of E¢ involves some subtleties [63], which could explain the
appearance of the new type of invariant (3.27).

In this formalism, the tricritical Ising model occurs for p=3, p’'=5, ¢= .
Indeed, in this case the only modular invariant is associated to the algebra A ,. Steps
take the values 0, +2, and the two distinct models corresponding to even or odd
heights are identical. In each case, height variables take two possible values and can
be expressed as Ising spins with four spin interactions. Supersymmetry appears,
thus, as very natural once it is traced back to the underlying 19-vertex model.

3.6. Finally, we return to the ¢= 3 case. Various critical lines can then be con-

structed in a way similar to the ¢ =1 case. In addition to Zg.(g), Zsc(g) =%, X
Z.(8), Z, X Z,(g), one has, in particular, a generalized orbifold

Zson(8) =iZsc(g)+3 L Z(rs)Z.+ 1%, (3.28)
r,s=0,1
(r,ss)ak(0,0)

where Z, has been defined in eq. (2.34). If g=1

Zs(g=1%) =42}, (3.29)

which agrees with the construction of SU(2) k=2 WZW model as a theory with
three free Majorana fermions [64]. Combining eqgs. (3.29) and (3.19)

ZSorb(g = %) = Z%sing? (330)

so eq. (3.28) should describe the SUSY Ashkin-Teller model [60]. Of course,
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construction (3.26) can also be applied to extended Lie algebras, giving additional

c¢=% models. The complete classification of ¢=3 theories remains an open

question (see, however, refs. [65, 66]).

4. General SU(2) ® SU(2) /SU(2) theories

41. It is known that all the previous models (in the unitary case) can be obtained
through the Goddard-Kent-Olive “coset” construction [12]

SU(2), ® SU(2),,-,
SU(Z)k+m—2

(4.1)

The case k =1 corresponds to the series (2.1) and k =2 to the SUSY series (2.2).
Recently, theories for a general value of k& have been studied [14] with central
charges deduced from eq. (4.1) to be

3k 6k
T k+2 m(m+k)’

c m>2. (4.2)

These are likely to be minimal with respect to some extended conformal algebra
[14b], the primary fields of which have the conformal weights

[r(m+k)—sm]* k>  t(k—1)
= dkm(m + k) T k(k+2) (43)

where

1<srg<m-—-1,
l<ssm+k—-1,

t=|r—smod2k|, O<i<k. (4.4)

42. Associated lattice models have been proposed in ref. [54]. These are basically
generalized RSOS models obtained by k fusions of the fundamental k=1 ones.
Also, results (4.2) and (4.3) have been discussed using a Feigin—Fuchs construction
involving a bosonic field and a parafermion of statistics Z, [14]. This suggests
immediately, generalizing the results of sects. 2 and 3, that the underlying model in
all theories (4.2) is a spin S = Jk vertex model, obtained by assigning one of the
25 + 1 states on each bond of the square lattice. Conservation of the current at each
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node then gives rise to I, possible vertices where

1 d V2K kit
I,= — _—
- (2k)!(dx) ( x—1 )

IN=6, I,=19, I;=44,.... As discussed in refs. [15,54b] commuting transfer
matrices can be obtained for a special set of weights which are precisely those
derived from the fusion of the 6-vertex model (2.8). These weights involve a
constant A and a spectral parameter «. In the very anisotropic limit one gets a
spin- 3k XXZ quantum chain [67].

The point A =0 (for which weights become rational functions) is expected
through non-abelian bosonization arguments to describe the SU(2) level —k WZW
model [56]. A distinction appears here depending on the parity of k; we first discuss
the case of k odd. There is then only one possible modular invariant [6, 7] which can
be written as

, (4.5)

x=0

Zi_wzw = Z yk("’s) Z ZMM'(gzl/k), (4-6)
r,s=0,...,k-1 M=r{k]
M =s[k]

where Z,(r, s) denotes the partition function of the “Z, Ising model” [18,19] with
twisted boundary conditions e2"""/* (e2/"/¥) on the spin variable (see appendix A
for more details). Eq. (4.6) suggests a formula similar to (3.7) describing the critical
line of the I'-vertex model

Zk—C(g)= Z 713’/(("’5) M___Z[k]ZMM’(g)' (4.7)
M’ =s(k]

For k =1,2 this reduces of course to Z, Zgc.
One can check that eq. (4.7) decomposes into powers of g,g with integer
coefficients. The associated central charge is
c=3k/(k+2). (4.8)
Expression (4.7) has the duality symmetry

Zk—c(g)zzk—c(l/kzg)a (4.9)

the fixed point of which is eq. (4.6), associated with A= 0. On the other hand
A = 1/k corresponds [54] to the vanishing of some weights as in egs. (2.8) and (3.4);
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this suggests the relation
g=1/k—A, O<Agl/k. (4.10)

The appearance of parafermions in eq. (4.7) can be traced back to the vertex
configurations, as given in sect. 3. Indeed, one can introduce, first, a SOS model on
the dual lattice, where neighbouring heights ¢ differ by amounts depending on the
state of the bond which separates them. Also, the 25 — 1 = k — 1 bonds with current
J < 8§ can be associated with twists exp2iw(2J/k), hence, giving graphs in the
low-temperature expansion of a Z, model. This makes sense since the total current
is conserved at each node, so X2J = 0[k]. Eq. (4.7) suggests that these two aspects
decouple in the continuum limit and the model renormalizes onto a Gaussian free
field (2.9), while the additional degrees of freedom are described by a parafermionic
Z, theory.

43. The construction of ref. [14] suggests to add a charge at infinity to decrease ¢ to
c=3k/(k+2)—6(e*/g). (4.11)
Hence (for instance)
g=m/k(m+k), e=1/(m+k). (4.12)
Dimensions of operators now read
hpy=Apy—e*/4g+ 38, (4.13)

the last term being the dimension of the spin operator ¢, in the Z, model
8,=t(k—1)/2k(k+2) depending on the sector. On the other hand, the Kac
formula (4.3) reads

, A? k t{k—1)
= - + .
" skm(m+k) 4dm(m+k)  2k(k+2)

(4.14)

Modular invariants have been obtained in ref. [14a]. They are still classified by a
pair of Lie algebras (A,G) and associated A’s read A = nk where n runs over the
exponents of G.

This suggests that one should introduce

r 2an
zZ= Y Z.(r,s) Y ZMM,[—,] Y cos(——,M/\M’).
r,s=0,..., k—1 M=rlk] k, n € exponents p
M’ =s(k] of G

(4.15)
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We show in appendix C that eq. (4.15) with G=A and p=m, p'=m+k or
p=m+k, p’=m indeed reproduces the invariants of ref. [14b]. It may be
generalized to non-unitary cases by taking p and (p — p’)/k as coprimes. In this
case, the central charge reads

_ 3k 6(p-p)
k+2 kpp'

c (4.16)

Finally, egs. (4.13) and (4.14) can be interpreted in physical terms. The I', vertex
model with A=1/(N + 1) is equivalent to the fused SOS models of ref. [54] at
criticality, heights of which are attached to Dynkin diagram of A , (note that since
k is odd all heights are coupled). Using eq. (4.10) one finds the coupling constant
g=1/k—A=(H—-k)/kH and comparison with eq. (4.13) gives p=m=H — k,
p’ = m+ k. The dilute branch gives, similarly, g=1/k+ A =(H + k)/kH, hence
p=m+k=H+k, p'=m. On the torus, boundary conditions imply the introduc-
tion of the additional topological terms in eq. (4.15).

4.4, The case of k being even is more delicate. There exists, then, several modular
invariants for the SU(2) WZW model, labelled by a Lie algebra G with Coxeter
number k + 2 (eq. (4.6) corresponds to G = A). With each of them is associated a
twisted Z, partition function Z'{®. One checks that

ZIS(—})WZW = Z gk(G)(r’ 5) Z Zyn(g=1/k). (4.17)
r,s=0,..., k—1 M=rl[k]
M’ =s[k]

Moreover, for G = D one has

2O(r,s) = Zr,s) + (=) Zu(r, s+ k) + (=)' 2 (r + 3k, 5)

+(=) "2 (r+ bk, s+ LK), (428)

where &, = 2. This suggests that there are several choices of boundary condi-
tions (or weights) for the vertex model, leading to different critical partition
functions

z% ()= X ZOr.s) X Zuule). (4.19)

r,s=0,..., k-1 M=r[k]
M’ =s[k]
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Eq. (4.19) satisfies the symmetry of eq. (4.9), and can be expanded into powers of ¢
and g with positive integral coefficients. We expect eq. (4.10) to remain valid.

Modular invariants have been written [14a]. They are generally classified by a
triplet of algebras (G, G')g.. If G is of the A type, we expect partition functions to
be given by the natural generalization of eqgs. (2.25), (3.26) and (4.13), i.e.

" n
Z= Y 2O%rs) Y zMM,[i,] Y cos2m—(MAM),
r,s=0,..., k-1 M=r{k] kp n € exponents p
M’ =slk] of G’

(4.20)

where p( p’) are the Coxeter numbers of A(G").
The symmetry between G and G” noticed in ref. [14a] is not obvious on this
formula.

5. N =2 superconformal minimal theories

51. In this section, we consider conformal invariant theories which are N=2
supersymmetric, i.e. contain two spin-2 superpartners of the energy—momentum
tensor and a U(1) current.

They have been proved to be unitary and minimal for a discrete set of central
charges ¢ < 3

e=3k/(k+2)=3-6/(k+2), (5.1)

where k is a positive integer.

Representations of the N =2 superconformal algebra fall into three sectors (P),
(A), (T) according to the moding of the four generators T(z), J(z), G(z2), G(z) of
respective conformal spins 2,1, 3, 3. These sectors correspond to: periodicity around
the origin in the plane for all generators (P); antiperiodicity for G, G, (A), and
finally twists, i.e. antiperiodicity for G and J (T).

Modular invariants in the (A, P) sector have been constructed in ref. [23], and
turn out to be classified by a simply laced algebra G. Using the same techniques as
in the previous sections, the partition functions can be written in a way similar to
eq. (4.7). One finds, for k even, that

k+2
ZIﬁ?N=2=% Z gk(G)(”’s) Z ZMM'(8=7)
r,s€Z, M=r[k]
M’ =s[k]
G k+2
¢ T 2O T Zule-5o) 62
FSE€EZy ), M=2r[k]

M’ =2s[k]
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and for k odd

k+2

Za=1 L ZOrs) L zMMf(g=7)
r$€Z, M=r[k]
M’ =s[k]

+1 Y 2902r2) Y Zyy
r,s€Z, M=rl[k]
M’ =s{k]

(- 2502)

k

Let us give the expressions for Z{9),_, in the first cases k =1,2,3

Z® v =3 Zc(8=6) + Ze(g=3)]. (54)
By Euler’s identity, one can easily check that
Zl(ci)l,N=2 =Zc(6) - 1= ZC(%) +1,

and g=6 and g= are N =2 supersymmetric [47, 68, 69] points of the Gaussian
line

ZA) ner=3(Zsc(g=1) + Zsc(g = 9)), (5.5)
Z,E:):;,N=z=%(ZS~C(g=%)+Z3—C(g=ITO))‘ (5-6)

These expressions are other realizations of the form (2.41). For the closure of the
operator algebra, however, one must project the P-sector on states of even or odd
fermion number. Expressions of the same nature can be obtained for the twisted
sector [23b] as well.

6. Conclusion

In this paper, we have shown that conformal theories associated with the coset
construction SU(2), X SU(2),,_,/SU(2),,.—» may be realized by a common proce-
dure. An integrable lattice model, obtained by k fusions of the 6-vertex model has a
critical regime described by a continuous line of central charge c¢=3k/(k +2)
containing the WZW model of level k. Modification of its boundary conditions,
through the introduction of floating charges related to the exponents of a simply
laced Lie algebra of Coxeter number m or k + m, yields the desired models. As the
original vertex model can be described in terms of tensor products of parafermionic
and bosonic sectors, so do the modified ones, with an appropriate alteration due to
the floating charges.
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This procedure is an alternative to the direct construction of lattice realizations of
the coset models by the Kyoto group [54], by fusions of the (k = 1) minimal models.

As in previous works [5,6], unitarity plays a minor role in the discussion. We
think that generalizing the coset construction to non-unitary representations of the
Virasoro or of Neveu-Schwarz-Ramond algebras would be a useful task. This
presumably involves considering fractional level representations of the §6(2)
Kac-Moody algebra.

Our method fails to reproduce some models involving exceptional Lie algebras;
we believe that additional possibilities in the fusion and restriction of these models
exist and remain to be discovered.

As mentioned at the end of sect. 4, the coset construction shows the symmetric
roles played by the levels k and m — 2. This symmetry, however, is not explicit in
eq. (4.20). More generally, one might expect some permutation symmetry within the
triplet of algebras (G, G’, G”) classifying the models. This may be made explicit for
the ordinary minimal models, for which a formula equivalent to eq. (2.25) reads as

1 27n
Z@A-0Gp0=1 % ZMM,(——,) Y cos(—M A M')
P

M, Mel n € exponents
of A,

2an’
X Y cOS —MAM|.
n’ € exponents p
of Gy,

For the other series of models, however, no such symmetric formula is known to us.

Our construction does not shed any light on the intriguing question of the
“extended chiral algebras”, discussed in refs. [14c, 70], for which the models under
study are supposed to be minimal.

It is most likely that the same kind of considerations applies to models based on
the coset construction with higher rank algebras [71]. Integrable vertex models have
been identified [72], as well as generalized parafermions [73]. In the Coulomb
interpretation, the free field lives on a higher dimensional torus [74].

Finally, as the parafermionic sectors seem to be an essential building block in our
construction, it might be worth looking more closely at their properties. In particu-
lar, one may wonder if they cannot, in turn, be bosonized. It is likely that this may
be achieved using a (k — 1)-component free field. This was already apparent in ref.
[75] where a vertex operator construction of the parafermion field itself was given.
Also, it has been noticed that the parafermionic central charge ¢, = 2(k — 1) /(k + 2)
coincides with that of the models obtained by the SU(k), X SU(k),/SU(k), coset
construction. The latter may be bosonized [74] but it remains to identify the two
theories. An alternative bosonization of these parafermionic theories, more eco-
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nomical and natural in view of their central charge ¢, < 2, would appeal to only two
boson fields.

It is a pleasure to thank 1. Kostov and V. Pasquier for discussions. H.S.
acknowledges early discussions with P. Ginsparg and D. Kastor and hospitality
extended to him by the Enrico Fermi Institute at Chicago and by SLAC.

Appendix A

Al. We first recall the expression of the affine SU(2) characters for representations
of level k and isospin 3/, and hence central charge ¢ = 3k/(k + 2)

1 ® s
xi(a)= s L [2(k+ Dra 4 ]greeimin (A

t=—o0

where [ is integer and satisfies 0 < /< k.
Corresponding partition functions of the SU(2) WZW model are classified by a
single simply laced Lie algebra G with Coxeter number k + 2

k
Z{%zw= XL N{¥x,(a)xi(3). (A2)
1,i=0

On the other hand the latter theories may be obtained, following Zamolodchikov
and Fateev [18], by combining a free boson with a non-local (parafermionic) current
algebra with Z, X Z, symmetry. This decomposition is manifest in the following
character formula

& oo Oa(a)
Xl(q) - m=§(+1n(q)c'"(q) n(q) ’ (A3)
where
u(a)= T gonrn (a9)

6,/m represents the bosonic contribution and C/ are the level-k SU(2) string
functions [76]; nC/, appears in eq. (A.3) as a branching coefficient of the coset
construction for SU(2)/U(1). This leads to the parafermionic theories with central
charges ¢ = 2(k — 1) /(k + 2) and partition functions

k k .
ZO=14m> L T NOCL(q)Ch(a)- (A.5)
m=—k+11]=0
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One can also consider twisted boundary conditions e2™/*(e2"s/k) for the Z,-Ising

spin, with the corresponding partition functions [19]

k k )
ZO(r, s)=Hml%e %} X ¥ ™ENIOC(9)C, (7). (A6)
=0

m=—k+1]1
They enjoy modular covariance properties expected from their definition

S: ZO(r,5)=2{(-s,r),

T:  ZO9r,s)=2%9(r,r+s), (A7)

and satisfy sum rules

1 P
gk(G)(r’ S) — I_(_ ZeZM(rs sr )/kgk(G)(rr’ S’), (A8)

r's’

reflecting self-duality; this identity may be interpreted as expressing the partition
functions where the twist affects the spin variable in terms of those where it affects
the dual disorder variable.

Other modular invariants may be obtained by summing (A.6) over the different
orbits of the modular group. Also in the case of k even, it is interesting to notice
that

ZOind(r, s) = %[Q"I((Akn)(r, $)+ (=) A0 (r, s+ 1k)

+(=)' R (r+ 1k, s) + (=) T B (r+ 3k, s+ 1K)

(A.9)

This has the simple consequence that Z™ is in fact obtained from Z® by

summing eq. (A.6) over even r, s.

A2. We now introduce a bosonic partition function similar to eq. (A.6)

1 k
eZivrrs/k e~ 2i1rms/k0 * AlO)

m’m-—2r>?
m=—k+1

Z(r,s)=
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and consider

, 1 . )
T2 (r,5)2(r,5) = 3 L N{@ermnmACigCl g

m—2r'm—2r
r,s m,m, !
r,s

=1 L NO(C8CH0x + CrbiChbL) . (A1)
m,m, I, 1
Using symmetry properties [76] of string functions and of N;: Cf-! =C! =",
N;j= N, _, ;_;, one checks that eq. (A.11) reproduces eq. (A.2). By decomposing the
§-functions, Z(r, s) reads

1 k
y Y et ms/kgkintm /2Ky Gk(i+(m=20/200° (A 12)

m=—k+1 n ReZ

To reexpress it in terms of Coulombic partition functions (2.17), one has to solve

%(i +M\/§)=\/E(n+ —’i)

\/g 2k
E m—2r
= _Mpm =vkln+ A.13
Setting g=1/k one gets
E=n+n+(m—r)/k,
M=k(n—n+r/k), (A.14)
and then
Z(ros)= 3 ¥ X e mi gy nseeoghpensier, (AS)
klnl™ % o

even

A Poisson transformation over p where (p,q)=(2p,2g) or 2p+ 1,2g+ 1), yields

. 1 . | )
Z(r, S) = ﬁ ; ZeZm(s/k)(r—m)eth(m—r)/zk.q

9.9 m

X [szaw,a'/z(g = 1/k) + (_ l)arzk(2¢7+1)+r,(a'/2)(g = 1/k)] . (A-16)
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Summing over m mod 2k constrains g’ = 25 [2k] in both terms, and

A 1
20,9)= Ligrrsg | 6= 1) = T Zuwelg=1/0). (A1)
@ =ik

Together with eq. (A.10) we finally obtain

ZIEE})WZW= Z g’k(G)(,-’s) Z Zym(g=1/k), (A.18)
rys=0,..., k-1 M=r[k]
M =s[k]

which is the result announced in egs. (3.6), (4.6) and (4.17).

Appendix B

B.1. N =1 superconformal characters for theories (3.1) read in the different sectors

X\ = ;(71'2%3[&(7) - K5(7)],
X = ",,5;/ LKyt 1)~ s+ D),
R n( 7)
A= [KA( ) = Kx(7)], (B.1)
where
KA(")=11(1—T) =i: q(nN+>\)2/4N (B.2)

and N=2pp’, A\=pr—p’s, A= pr+ p’s. We are interested also in the limiting case
= 3. Then, the highest weight NS (respectively R) representations are reducible iff
h=1(r—s)*+38, =0 (respectively %) and the corresponding characters read [25]

()

NS __ (r=5)2/8 _ (r—s+2)%/8
XA = [q ] ,
N a(r/2)n(2n) !
X;\ﬁ-s' 7’(7/2) (r s)2/8_q(r—s+2)2/8] ’
n(7)’
7(27)
xl; — ‘/f ql/lﬁ[q(r—s)z/S _ q(r—s+2)2/8] . (B.3)

n(r)?
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Otherwise
w__ 1),
T ey L TP L
~ 1(7/2)
}\NS= h
Yoa(e) “
n(21) N

Xl;: =V2 24q - (B.4)

1(7)

B.2. It is straightforward, though tedious, to reexpress all partition functions of ref.
[22] in terms of “superCoulombic” partition functions eq. (3.7) and (3.12). We only
sketch here the procedure followed: recognize first, the square moduli of prefactors
in eq. (B.1) as fermionic partition functions Z, = |8,(0|7)/2n(1)| »=2,3,4 (cf. eq.
(2.38)). The second step consists in matching electric and magnetic charges £ and
M and coupling constant g to reproduce each term in |K, — K5|* as
(1/|n}?) q%= M(jZBM. We give the results, labelled by two simply laced algebras, of
Coxeter numbers p, p”:

p and p’ odd;

, P
ZA,,_I,AP,,1 = %(Zsc(%PP ) - ZSC(2_p’)) ) (B.5)

p and p’ even;

~ , )4
N %(Zsc(%pp ) _Zsc(z_p,)), (B.6)

2) - o) - 2| )| )

: , AN , P
ZAP—I’DP'/2+1 = %(Zsc(%l’l’ ) + Zsc(?) - Zsc(%PP ) - Zsc(z_p,)) , (B.8)



P. Di Francesco et al. / Critical models 427

=1z

2

p 5 . [8p
— | -Z 1,0 -7 il
o ) sc(sPP) SC(P')

Za, 1B ™ %(Zsc(%PP') +Zsc

+Zse(%p0') - ZSC(ZLP,)), (B.9)

)

P
+ Zsc(%PP') - Zsc(%PP') - Zsc(z*p,)] , (B.10)

ﬁ|g°

- ~ [2p ~
ZD,,/ZH,E6 = %[Zsc(%PP’) + Zgc 7) - Zsc(%PP ) Zsc(

2p
P

Za, B = [Zsc(zPP ) + Zsc

+ Zsc(%PP') + Zgc

Sp e 14
;I;)—Zsc(gpp) zsc(zp,)]. (B.12)

where Z,, Z, are defined in egs. (3.7)—(3.12). Except for eq. (B.10), all these
expressions are reproduced by eq. (3.26).

Appendix C

C.1. Characters of theories given in egs. (4.1) and (4.2) are obtained by the
factorization formula [12,14]

X(k)X;m 12) = ZX quE]nH—k 2) (Cl)

where the branching coefficients x,,, are expressed in terms of level-k string
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functions C/,

k
Xpe= L G Y g0 - ¥ gk, (C2)
m=—k+1 teZ teZ
m, q(t)=m my, _ (t)=m
where
m, (t)=p—q+2mt(mod2k), (C.3)

@m(m+k)t+(m+k)p—mg)’ — k2
dkm(m + k)

a, (1)=B8, _(1)= (C4)

The most general invariant has been conjectured [14a] to be labelled by three simply
laced algebras corresponding to the three SU(2) spaces of the coset construction

G G’
(G Ghgr Z Np(+% p+1Nq(+1),q+1N( X[quIpq’ (C-5)

N
i

]
-QIQ

where N denotes the A" solution for algebra G, and G, G’, G” have respective
Coxeter numbers m,m+k,k+2 In eq. (C.5) ! must have the same parity as
P — 45 Xypq 1S Zero otherwise.

C.2. Our purpose is now to show in a simple case that eq. (C.5) may indeed be
reexpressed into eq. (4.20).
First, notice that expression (C.2) may be written as

k
leq= Z rﬁﬂﬁ,p,q’ (C6)
m=—k+1
where
b5 Pa- Z g% — Z g% a0, (C.7)
o teZ teZ
my, [(t)=m m, _(t)=m

Introduce, now, a twisted bosonic partition function similar to eq. (A.10)

1 eZivrrs/k k
Z ——211r(ms/k)0 * (C8)

m,p,q m—2r,p,q"

S TR
m=—k+
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Then, it is straightforward to see, following egs. (A.10)—(A.14), that

Y ZO(r, ) 223(r,5) = LN Xppexisa- (C.9)
r,s ii
Defining
26, s)= ¥ NS NS 212771, s), (C.10)
p.4.5,9
one finds that
Z. .oy = LEEC(r, )2 (r,5). (C.11)
r,s

c3. The last step would consist in reexpressing Z‘©S7(r, 5) in terms of Z, . We
here restrict ourselves to the case (G,G)=(A A1) and m=1mod k
which enables one to invert eq. (C.3) as

m-—1s

m,,—p+
t= qupqmod k. (C.12)

Then eq. (C.10) reads for r=0, s=1 as

(1+(-1)™*"%)
2k|n|*

Z"(AA)(O,l) = Z Z —2imm /k

p.gqn=—k+1
m

Z qapq(kt+(ﬁ—p+q)/2)
teZ

2
_ Z qa,,‘,,(kt+(ﬁ—p+q)/2) .

1€Z

(C.13)

Decomposing the square modulus gives rise to two types of terms, which we
match against appropriate electromagnetic charges and coupling constant g
direct terms: g = km(m+ k) and

E=(m+k)p—-mg+m(m+k)[k(t+1)+m—pg] =mmod k,
M=(i-1), (C.14)
cross terms: g =km/(m+ k) and
E=p+m[k(t+i)+m—p]=mmod k,

—(m+k
L9 (m )q_

M=(m+k)[(i-1)] k

(C.15)
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After a Poisson transformation over E and some algebra, one is left with

Z&am0,)=4 ¥ [Zﬁﬁ(w)_zﬁﬁ(ﬁ)] (C.16)

M=0[k]
M =1[k]

which extends to any r, s first by considering the (0, s) case, then by using modular
transformations, so that:

(C.17)

) m(m+k) m
Z(AA)G” = %rzsﬂ’é(" (r, 5) Mg[k] {ZM ( & ) - ZMM’( k(m+ k)

M’ =s[k]

in agreement with eq. (4.15) and (4.20) for G’ = A.
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