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We 9enera112e the Fe191n-Fuch5 c0n5truct10n t0 the t0ru5, and pr0p05e an an5at2 f0r certa1n c0rre1at10n funct10n5 0f thc m1n1ma1 
c0nf0rma1 m0de15. 0 u r  an5at2 15 per10d1c, m0du1ar-c0var1ant and ha5 the c0rrect 5h0rt-d15tance 6ehav10r. A5 an examp1e, we 
c0mpute the 0ne-p01nt funct10n 0f the  151n9-m0de1 ener9y 0perat0r 0n the t0ru5. 

7he c0mputat10n 0f c0rre1at10n funct10n5 0n ar61- 
trary-9enu5 R1emann 5urface5 15 an 1mp0rtant pr06- 
1em 1n c0nf0rma1 f1e1d the0ry. 0 n  the 5phere, the 
m1n1ma1 m0de1 c0rre1at10n funct10n5 can 6e ca1cu- 
1ated u51n9 the Fe191n-Fuch5 c0n5truct10n [ 1 ]. F0r 
h19her-9enu5 5urface5, there 15 n0 kn0wn meth0d f0r 
5y5temat1ca11y c0mput1n9 the c0rre1at10n funct10n5. 
1n th15 1etter we 9enera112e the Fe191n-Fuch5 c0n- 
5truct10n and pr0p05e an expre5510n f0r certa1n m1n- 
1ma1 m0de1 tw0-p01nt funct10n5 0n the t0ru5. 

1n the Fe191n-Fuch5 c0n5truct10n, the m1n1ma1 
m0de15 w1th centra1 char9e [2 ] 

6(p-p• )2 
c=1 (1) pp• 

are repre5ented 1n term5 0f a free 5ca1ar f1e1d 0(2, ~) 
1nteract1n9 w1th a 6ack9r0und char9e -2c~0= 
- 2 (p-p•)/p• at 1nf1n1ty. 7he 5ca1ar f1e1d 15 n0rma1- 
12ed 50 that 1t5 p1anar tw0-p01nt funct10n 15 91ven 6y 

5upp0rted 6y the A1fred P. 510an F0undat10n; Nat10na1 5c1- 
ence F0undat10n 9rant5 PHY82-15249 and PHY86-57291. 

2 5upp0rted 6y the Department 0f Ener9y 9rant DE-F603-84ER- 
40168. 

<0(2, ~)0(w, ~) > = -  P• 109[2-w1. (2) P 

7he 5p1n-2er0 pr1mary f1e1d5 1n the5e m0de15 have 
c0nf0rma1 d1men510n5 

kr5 =~.~= (Pr--P•5)2-- (P-P•)2 (3) 
4pp• 

7hey are repre5ented 1n term5 0fvertex 0perat0r5 

Ar,(2, f)  =exp [1~50(2, ~)],  (4) 

0L f where r.~= ~ ( 1 - r)c~+ + • ( 1-5)c~ , c~+ = 2p/p• and 
0~ = - 2 .  

7he p1anar f0ur-p01nt funct10n5 0f the 5p1n-2er0 
f1e1d5 can 6e repre5ented 1n term5 0fthe vertex 0per- 
at0r5 A,.~(2, f )  [ 1 ]. 1n part1cu1ar, we have 

(81A,.~(1)A,~(2,~)18) 

= ( 8 ( ~ ) A , ~ (  1 )A,~(2, e ) 8  ( 0 ) )  

--~1~ (exp[  -1 f10(~)  ] exp [1c~0( 1 )] 

×exp [1~r~0(2, 2) ] exp[1f10(0) 1Q~+-xQ~), 

(5) 
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where .~11~ 15 a n0rma112at10n c0n5tant. 7he  
Q+ =fd2w exp[10~+~(w, ~v) ] are 5creen1n9 0pera- 
t0r5. 7hey  have c0nf0rma1 d1men510n 2er0 and are 
1ntr0duced t0 6a1ance the char9e 1n the c0rre1at10n 
funct10n ( 5 ). 7he  c0nf0rma1 610ck5 can 6e exh161ted 
6y c0nvert1n9 the tw0-d1men510na1 1nte9ra15 1nt0 
c0nt0ur 1nte9ra15 0n the p1ane [3 ]. 

7he  exp11c1t f0rmu1a5 0f  ref. [ 1 ] 5h0w that ~;] d0e5 
n0t depend 0n the 5tate 18) .  7hu5 we can u5e (5) t0 
wr1te the tw0-p01nt funct10n5 1n term5 0f  5creen1n9 
char9e5 

(A,.,(1)A,.~(2,9) ) 

.... 11 (exp [1c~,.,.0( 1 )] exp [1c~,.,.0 (2 , 2) ]  

XQ~+ ~QL 1). (6) 

P0wer-c0unt1n9 ar9ument5 5h0w that (6) 5ca1e5 a5 
1/1 1-214/,,,. 1n t6e tw0-p01nt funct10n5, .1] 15 ch05en 
50 that the 51n9u1ar1ty ha5 re51due 0ne. 

1n what f0110w5 we 9enera112e the5e tw0-p01nt func- 
t10n5 t0 the t0ru5. 8ef0re we d0 th15, h0wever, 1et u5 
f1r5t reca11 the p055161e f0rm5 f0r the 2er0-p01nt func- 
t10n5 0n the t0ru5. 7he5e are ju5t the p055161e part1- 
t10n funct10n5, wh1ch can 6e natura11y expre55ed 1n 
term5 0f the  V1ra50r0 character5 2~.(4). 

7he  p055161e m0du1ar-1nvar1ant part1t10n func- 
t10n5 are c1a551f1ed 6y pa1r5 0f  51mp1y-1aced L1e a19e- 
6ra5 (A, ~, • , .  ,) w1th C0xeter num6er5 p and p• 
[4,5]. 7he  a110wed part1t10n funct10n5 then take the 
f0rm [6] 

2 (  1p 1.(;p 1 ) 

2~n 1 - 2 2  2 c05~-, ( m , m ~ 2  ....... ,(p/p•), (7) 
t1 tt1,1H~ ff~ tJ 

where 2 ....... .(9) 15 the part1t10n funct10n f0r a free 
5ca1ar f1e1d, c0mpact1f1ed 0n a c1rc1e, w1th act10n (9/ 
~)fd22 3:03-0. 7he  d1fferent 5ect0r5 0f  the part1t10n 
funct10n are 1a6e1ed 6y 1nte9er5 rn and m•, c0rre- 
5p0nd1n9 t0 the 60undary c0nd1t10n5 ¢ ( 2 + 1 ,  
2+1)=0(2,,~)+2rcrn and 0(2+r, 2+~)  = 
0(2, ~) +2~2m~, where r 15 the m0du1ar parameter 0n 
the t0ru5.7he  5um 0ver n run5 0ver the exp0nent5 0f  
the 6p  • ~ a19e6ra, and (m,  m• ) den0te5 the 9reate5t 
c0mm0n d1v150r 0f  m and m•. 

0 n  the t0ru5, the 9enera112at10n 0f the  6ack9r0und 
char9e at 1nf1n1ty 15 91ven 6y the f1n1te 5et 0f  va1ue5 
n/p•. F0r un1tary the0r1e5, 1P-P• 1 = 1 and the 6ack- 

9r0und char9e can 6e 1dent1f1ed w1th 1/p•. 7he  c0u- 
p11n9 0f  the char9e5 t0 the w1nd1n9 num6er5 rn and 
m• thr0u9h c05 2~tn(m, rn•)/p• ar15e5 natura11y 1n 
the d15cu5510n 0fthe c0rre5p0nd1n91att1ce m0de15 [6-  
9]. 7h15 c0up11n9 15 a150 c0n515tent w1th m0du1ar 
1nvar1ance. 

70 06ta1n 0ur an5at2 f0r the tw0-p01nt funct10n5 0f  
the 5p1n-2er0 f1e1d5 0n the t0ru5, we c0m61ne (6) and 
(7). We re5tr1ct 0ur5e1ve5 t0 pr1mary f1e1d5 w1th ~ 
r =  1. (7he  ca5e r #  1 and 5= 1 can 6e 06ta1ned 6y 1n- 
terchan91n9 p and p• 1n the f0rmu1a5 6e10w.) 0 u r  
expre5510n f0r the tw0-p01nt funct10n5 0n the t0ru515 

2~A,, (2, 2)A,, ( 0 ) ) ,  ..... 

2~n 
= ~ 0 ~ ,  • c05 {m,m•)2 ....... .(p/p•) 

11 111,t11•62 p1  

X (exp[1c4,.0(2, e) ]  exp[1c4.,0(0)] Q2 -~ ) ....... ,. 

(8) 

7he  5creen1n9 char9e5 are 1nte9rated 0ver the funda- 
menta1 re910n 0f the  t0ru5 7. 51m11ar expre5510n5 can 
6e wr1tten f0r 0ther n-p01nt funct10n5. 

1n e4. (8) the expectat10n va1ue 15 c0mputed 1n the 
w1nd1n9 num6er  5ect0r 1a6e1ed 6y m and m•. 7here 
are tw0 c0ntr16ut10n5 t0 the expectat10n va1ue; 0ne 
c1a551ca1 and 0ne 4uantum mechan1ca1.7he c1a551ca1 
c0ntr16ut10n 15 f0und u51n9 the 501ut10n 

0,.~(2, 2) = 2 ~  1m[ (rn•-mf)2]/1m r. (9) 

7he  4uantum c0ntr16ut10n 15 06ta1ned u51n9 W1ck•5 
the0rem and the d0u61y-per10d1c pr0pa9at0r 

(6 . (2 ,  5)6 . (0)  ~ .... 

P•10 01(21r) 
= -  p 9 

p• (1m 2) 2 
+ ~ (10) 

p 1m r 

1n what f0110w5 we 5ha11 0n1y c0n51der the d1a90na1 
(A, A) m1n1ma1 the0r1e5, where a11 f1e1d5 have 5p1n 
2er0. (7he  0ther ca5e5 can 6e treated 1n a 51m11ar 
fa5h10n.) F0r (A, A) the0r1e5, the 5um 0ver n 1n (8) 
run5 fr0m 1 t0 p•- ~, and we have 

"J when we 5tudy the per10d1c1ty pr0pert1e5 0f the c0rre1at10n 
funct10n5, we 5ha115ee why we re5tr1ct 0ur5e1ve5 t0 the5e va1ue5. 
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v~-* 2nn 
2 ~ c05 (m,  m•)2 ...... ,(p/p•) 

n =  1 1~1,1}1~E,~ 7 

X (exp[1a~0(2,  2) ] exp [1c4,0(0) ] Q~-~ ) ...... 

= ~ p•2 ....... . (p/p•) 
t•t,111• Ep~2 

X (exp[1a~,~(2, 2)] exp[1c45¢(0) ] Q2 -1 ) ....... , 

- 2 2 ....... , ( p / p • )  

X (exp[104,~(2, e)]  exp[1a~0(0)  ] Q L -L ) ....... ,. 
(11) 

After a P01550n tran5f0rmat10n 0n the 5ummat10n 1n- 
dex m•, the 1nte9rand fact0r12e51nt0 h010m0rph1c and 
ant1h010m0rph1c c0ntr16ut10n5 

2(A.(2, e)A,.(0) )~ ..... 

( ) ¢~ 0~ ...... .... 
1Y1E1)~ /17,eE~ 
ee2/p~ 

X H dau, 1-1 1E(u , -u j )  1 ~/~e 
t =  1 t < j "  

X 11 )E(2-u1)E(u , )1  ""-/~ 
1 

X e x p ~ 9 [ A 0 , , ( a ~ u , + 0 ~ 2 )  

where c~ = c~,. and 4=exp(2n1r).  1n (12), 4(4) 15the 
Dedek1nd 4-funct10n, E(2)  =0~ (21 r)/0~ (01 r) 15 the 
pr1me f0rm and 

1 ( 5  x /9)  1 ( 5  x /9)  A,,,,,=~ + m  , A,,,, = ~ - m  . 

(13) 

7he exp0nent5 h,.,,, =A~,, and ~;,,,,,--A~,,, are the c0n- 
f0rma1 we19ht5 0fthe 9au551an f1e1d. 

7he c0nf0rma1 we19ht5 A~,,,, and A,,,,, can 6e ex- 
pre55ed 1n term5 0fp, p•, 1nte9er5 n, ~ and a re51due 2 
[4]. When e~7//p~ and rn~p~2, we have 

2pp• f1+2 2pp•n+2 5 0 , -  - -  (14) 
A,,,,,= 2x//~7 , 2x/~p, , 

wh11e f0r ee2  and mE2, we f1nd 

2pp• n+ 2 2pp• r•- 0902 
A,,,,,= 2 p ~ 7  , ~, , , , -  2~pp~ (15) 

Here c00=aP+6p•, where the 1nte9er5 a and 6 5at15fy 
a p -  6p• = 1. F0110w1n9 ref. [ 4 ], we can trade the 5um5 
0ver e and m 1n (12) f0r 5um5 0ver n, f1 and 2.7h15 
91ve5 the f1na1 f0rmu1a f0r the 5p1n-2er0 tw0-p01nt 
funct10n5 0n the t0ru5, 

2(AL , (2 ,2 )A~ , (0 ) ) ,  .... 

=~,4:; 1E(2)1 ~:/e 1-71 d2U1H 1E(u1-u1) 1 ~;-/~e 
1 =  1 1 < j  

X [1 1E(2-u1)E(u~)1 ~ /9 • 12~(4, w) 12, 
1 ,~ m 0 d  2pp" 

(16) 
where 

X;.(4, w ) =  1 ~ 4(2Pp,n+2)2/4p p, 
4(4) . . . . .  

X exp [ 2n1 (2pp• n+2)  w] 

1 ~ (2pp,tt~00J.)2/4pp, 
4(4) ,,= ~ 4 

× exp [ 2n1( 2pp• n -  c002 ) w ] (17) 

and 

w = -  ~p,~,  (2u•-2). (18) 

7he funct10n 2~(4, w) 15 a 9enera112at10n 0f the 
V1ra50r0 character, wh1ch 15 06ta1ned 6y 5ett1n9 w= 
0. 1t 1mmed1ate1y f0110w5 fr0m the def1n1t10n (17) 
that the 9enera112ed V1ra50r0 character 5at15f1e5 

2~(4, w) =2-~(4, - w ) .  (19) 

1t 15 a150 ea5y t0 ver1fy that 2;. 06ey5 the f0110w1n9 
pr0perty: 

2~(4, w)=2~,+2pp~(4, w)=  - 2  . . . .  a(4, w). (20) 

8ecau5e 0J0p~ =--p• (m0d 2pp•), the 9enera112ed 
character 2~ van15he5 when 2 15 a mu1t1p1e 0fp•. Un- 
11ke the V1ra50r0 character, 2x d0e5 n0t van15h when 
2 15 a mu1t1p1e 0fp. 7heref0re the expre5510n5 f0r the 
c0rre1at10n funct10n5 c0nta1n m0re term5 than the 
c0rre5p0nd1n9 f0rmu1a5 f0r the part1t10n funct10n5. 

Let u5 n0w return t0 the tw0-p01nt funct10n5 and 
5tudy the1r pr0pert1e5.1t 15 n0t hard t0 check that the 
1nte9rand 1n (16) 15 d0u61y-per10d1c 1n each 0f the 
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var1a61e5 u1, w1th per10d5 1 and r. 7h15 pr0perty 15 
what a110wed u5 t0 re5tr1ct 0ur u-1nte9ra15 t0 funda- 
menta1 d0ma1n 0f the t0ru5 7. N0te, h0wever, that 
the 1nte9rand 15 n0t man1fe5t1y per10d1c 1f we re1ax 
the c0nd1t10n r =  1. 7h15 15 the rea50n why we re- 
5tr1cted the parameter5 5 and r 1n the a60ve d15cu5- 
510n. 1t 15 a150 ea5y t0 check that the tw0-p01nt func- 
t10n5 (16) are d0u61y-per10d1c 1n the var1a61e 2. 
Furtherm0re, they are even funct10n5 0f 2, a5 f0110w5 
fr0m (19). 

7he m0du1ar pr0pert1e5 0f the c0rre1at10n func- 
t10n5 are 06ta1ned fr0m the c0rre5p0nd1n9 pr0pert1e5 
0f the 9enera112ed V1ra50r0 character. F0r examp1e, 
0ne can 5h0w that the tw0-p01nt funct10n5 tran5f0rm 
c0var1ant1y 

<A(2/~, e/e)A(0) > ~ / ~  = 1 r1~h<A(2, 2)A(0) >~ 
(21) 

under the m0du1ar tran5f0rmat10n r - - , - 1 / r  and 
2-~2/r 6y u51n9 the f0110w1n9 pr0perty 0f the 9ener- 
a112ed character X~.(4, w): 

X~(exp(-  27f1/2), w/r)=exp(2~21pp~w2/r~)  

× }~ exp( -1=22~/2pp~) X~ (4, w). (22) 
2• m0d 2pp• 

N0te that the a60ve c0rre1at10n funct10n5 a150 have 
the c0rrect 6ehav10r at 5h0rt d15tance5. 7h15 can 6e 
5een 6y tak1n9 2-.0, where we rec0ver the un1ver5a1 
6ehav10r (A (2, 2)A (0) > --, 1/1214h. 7h15 f0110w5 fr0m 
the fact that the u-1nte9ra15 are d0m1nated 6y the re- 
910n 1u1 ~ 121.7he 9enera112ed character5 dec0up1e 
1n the 1nte9ra1 and repr0duce the part1t10n funct10n5. 
1n th15 11m1t we rec0ver the re5u1t (6) 0n the p1ane. 
7he n0rma112at10n c0n5tant ~V~4 15 determ1ned 6y de- 
mand1n9 that the re51due 6e e4ua1 t0 0ne. 7he n0r- 
ma112at10n H~ 15 1ndependent 0f4 and c01nc1de5 w1th 
1t5 va1ue 0n the p1ane. 

A 5ec0nd 1ntere5t1n9 11m1t 15 1m r~0c ,  where the 
t0ru5 de9enerate5 t0 a 10n9 cy11nder. Expand1n9 the 
c0rre1at10n funct10n 1n a 5ma11 4-expan510n, 0ne can 
read 0ffthe tw0- and f0ur-p01nt funct10n5 (AA > and 
(8AA8> 0n the p1ane. F0r examp1e, 1n the 151n9 
m0de1 we have checked that the tw0-p01nt funct10n 
0fthe ener9y 0perat0r e (2, 2) ha5 the f0110w1n9 5ma11 
4-expan510n: 

2<( : (2 ,2 ) ( : (0 )>1  . . . .  

= (2~)2exp [1Jr ( 2 - 2 )  ] (44) -~/45 

X [<~(W, 1~)e(1))p1ane 

-}- (4t~)1/16< 0 "1 ((W, 14~) ¢ ( 1 )10">p1ane 

+(4(1)1/2<e1~(w,w)e(1)1e)p1ane+...], (23) 

where a 15 the 5p1n 0perat0r, w=exp(27r12), and the 
n0rma112at10n ,,9} 15 ch05en a51n (6). 7he c0rre1at10n 
funct10n5 0n the r19ht-hand 51de 0f (23) are a11 eva1- 
uated 0n the p1ane. 

7he tw0-d1men510na1 1nte9ra15 0ver u can 6e tran5- 
f0rmed 1nt0 c0nt0ur 1nte9ra15. A5 ment10ned ear11er 
th15 f0rm 15 u5efu1 f0r d15p1ay1n9 the h010m0rph1c and 
ant1h010m0rph1c c0nf0rma1 610ck5. 70 5h0w h0w th15 
w0rk5, we 5ha11 c0n51der the 0ne-p01nt funct10n 0f the 
151n9-m0de1 ener9y 0perat0r. (7he tw0-p01nt func- 
t10n5 can 6e treated u51n9 51m11ar techn14ue5.) 7he 
ener9y 0perat0r can 6e repre5ented 6y the vertex 0p- 
erat0rA3j, and 1t5 0ne-p01nt funct10n f0110w5 tr1v1a11y 
fr0m (8), after exchan91n9 p w1th p•. 0 n  the t0ru5, 
th15 0perat0r ha5 a n0nvan15h1n9 expectat10n va1ue. 

70 c0mpute the expectat10n va1ue 0fthe ener9y 0p- 
erat0r, we mu5t 1n5ert 0ne 5creen1n9 char9e 1nt0 the 
c0rre1at10n funct10n. We then have 

2 < e >  

9C j d2U (eXp[1~+ •(U, 27) ] eXp[ --1C~+0(0 ) ] > 

f d 2 U  [E(U)  1~-~/9 ~ 12:,(4, u/4)12. (24)  
k 

70 tran5f0rm the 1nte9ra10ver u t0 a c0nt0ur 1nte9ra1, 
we u5e 5t0ke5 the0rem. A 51mp1e ca1cu1at10n 91ve5 

2<e-)~11~ dUE(U)-3/22,~(4, u/4)2(U), 
;37 

(25) 
where 

f.(t9) = •1 dv1~(v)-3/22;~(4~ v/4). (26) 

7he 1nte9ra11n (25) 15 0ver the 60undary 0fthe fun- 
damenta1 re910n 0fthe t0ru5, def1ned 6y the para11e1- 
09ram (0, 1, 1 + r, r). Ne1ther E-3/2X~ n0rf~ 15 d0u- 
61y-per10d1c, 6ut we have 

E-3/22~ ( ,+~ =exp[1rc(2+3)/2]E-3/2Xa1,, (27) 
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and 

E 3/22x1,+~=exp ( - 3 7 r 1 / 2 )  E-3/2X,1~61 u• (28)  

U51n9 (25) ,  (27)  and (28) ,  we can expre55 2 ( e )  a5 
a 5um 0f  c0nt0ur 1nte9ra15 0f  E-3/2)~.~ ar0und  the 1- 
and r-cyc1e5. We can e11m1nate the 1nte9ra1 0ver the 
r-cyc1e u51n9 Cauchy•5 the0rem, 

~ du E-3/2(u)2.~(4, u/4)=0. (29) 
07 

After  50me a19e6ra we f1nd that  0n1y 2 = +• 2 c0ntr16- 
ute5 t0 the 0ne-p01nt funct10n 

1 

2(f-)0C f dUE(U)-3/222(4 , u/4) 2. 
0 

(30) 

app11ed t0 n0n-d1a90na1 m1n1ma1 m0de15 w1th 0per- 
at0r5 0f n0n2er0 5p1n [ 13], t0 Fe191n-Fuch5 rep- 
re5entat10n5 0f  c05et the0r1e5 [ 14-18 ], a5 we11 a5 t0 
m0de15 f0r wh1ch repre5entat10n5 51m11ar t0 (7)  are 
kn0wn [ 8,19 ]. 0 n e  w0u1d a150 11ke t0 extend 0ur re- 
5u1t5 t0 h19her-p01nt funct10n5 and t0 the ca5e 0f  0p- 
erat0r5 w1th r and 5> 1. (7h15 re5tr1ct10n d0e5 n0t 
appear  1n ref. [ 12 ] . )  1t w0u1d a150 6e 1ntere5t1n9 t0 
f1nd a der1vat10n 0f (8)  5tart1n9 fr0m the c0rre- 
5p0nd1n9 1att1ce m0de1, thu5 extend1n9 the C0u10m6 
9a5 techn14ue5 0f  ref. [ 20] and the ar9ument5 0f  ref. 
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1t 15 a p1ea5ure t0 thank the A5pen Center  f0r Phy5- 
1c5 f0r h05p1ta11ty wh11e th15 w0rk wa5 6e1n9 
perf0rmed.  

7h15 1nte9ra1 15 def1ned 6y an ana1yt1c c0nt1nuat10n 
0f the  exp0nent  - e~+/29 t0  - 3/2.  A5 expected, 0n1y 
0ne c0nf0rma1 610ck c0ntr16ute5 t0 ( E ) .  7h15 610ck 
c0rre5p0nd5 t0 the pr0pa9at10n 0f the 5p1n f1e1d and 
1t5 de5cendant5 a r0und  the t0ru5. 

0 u r  re5u1t5 f0r the tw0-p01nt funct10n5 91ve r15e t0 
a h05t 0f  1ntere5t1n91dent1t1e5 f0r 1nte9ra15 0ver theta 
funct10n5. 7he5e are 06ta1ned 6y c0mpar1n9 the 1n- 
te9ra1 repre5entat10n5 pre5ented here t0 kn0wn 
expre5510n5 [ 10 ]. 

1n th15 1etter we have pr0p05ed an expre5510n f0r 
certa1n m1n1ma1 m0de1 tw0-p01nt funct10n5 0n the 
t 0 r u 5 . 0 u r  an5at2 ha5 the c0rrect per10d1c1ty, m0du-  
1ar pr0pert1e5 and 51n9u1ar1ty 5tructure. H0wever,  we 
have n0t pr0ven that  0ur expre5510n 15 1ndeed c0r- 
rect. 1n part1cu1ar, 1t w0u1d 6e de51ra61e t0 pr0ve that  
(8)  0r ( 12 ) 5at15fy the part1a1 d1fferent1a1 e4uat10n5 
0f  ref. [ 1 1 ]. 

After  th15 w0rk wa5 c0mp1eted we rece1ved a paper  
6y Fe1der [ 12 ] wh1ch u5e5 an a19e6ra1c appr0ach t0 
the Fe191n-Fuch5 c0n5truct10n t0 der1ve an 1nte9ra1 
repre5entat10n f0r the c0nf0rma1 610ck5 0n the t0ru5. 
Fe1der u5e5 the fact that  n0 nu11 5tate5 pr0pa9ate a10n9 
the t0ru5, 50 h15 1nte9ra15 aut0mat1ca11y 5at15fy the 
d1fferent1a1 e4uat10n5 0f  ref. [ 1 1 ]. We have checked 
that  0ur 1nte9rand c01nc1de5 w1th that  0f  Fe1der. 1t 
mu5t theref0re 6e p055161e t0 reduce 0ur tw0-d1men- 
510na11nte9ra15 t0 th05e 0f  ref. [ 12 ]. 

0 u r  expre5510n5 can 6e read11y 9enera112ed t0 m0re 
c0mp11cated 51tuat10n5. F0r  examp1e, they can 6e 
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