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Foreword

The following notes cover the content of the course “Invariances in Physique and Group
Theory” given in the fall 2013. Additional lectures were given during the week of “prérentrée”
on the SO(3), SU(2), SL(2,C) groups, see below Chap. 0.

Chapters 1 to 5 also contain, in sections in smaller characters and Appendices, additional

details that are not treated in the oral course.
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Chapter 0O

Some basic elements on the groups

SO(3), SU(2) and SL(2,C)

0.1 Rotations of R?, the groups SO(3) and SU(2)

0.1.1 The group SO(3), a 3-parameter group

Let us consider the rotation group in three-dimensional Euclidean space. These rotations leave
invariant the squared norm of any vector OM, OM? = 22 + 22 + 22 = 22 + ¢y + 22 ! and
preserve orientation. They are represented in an orthonormal bases by 3 x 3 orthogonal real
matrices, of determinant 1 : they form the “special orthogonal” group SO(3).
Olinde Rodrigues formula

Any rotation of SO(3) is a rotation by some angle 1 around an axis colinear to a unit vector
n, and the rotations associated with (n,?) and (—n,—v) are identical. We denote Ry (1))
this rotation. In a very explicit way, one writes x = x; +x;, = (x.n)n + (x — (x.n)n) and

x' = x|+ cos®x, +sintyn x x;, whence Rodrigues formula
x' = Ra(¥)x =cospx + (1 — cosyp)(xn)n+sine (n X x) . (0.1)

As any unit vector n in R?® depends on two parameters, for example the angle # it makes with
the Oz axis and the angle ¢ of its projection in the Oz, Oy plane with the Ox axis (see Fig. 1)

an element of SO(3) is parametrized by 3 continuous variables. One takes
0<0<m 0<o¢<2m, 0<Y<m. (0.2)

But there remains an innocent-looking redundancy, R,(7) = R_,(7), the consequences of which

we see later . ..

n this chapter, we use alternately the notations (z,y,z) or (z1,¥2,73) to denote coordinates in an or-

thonormal frame.

September 10, 2013 J.-B. Z M2 ICFP/Physique Théorique 2012



2 Chap.0. Some basic elements on the groups SO(3), SU(2) and SL(2,C)

SO(3) is thus a dimension 3 manifold. For the rotation of axis n colinear to the Oz axis,

we have the matrix
costY —siny 0
R.(¢) = | singy cosyp 0 (0.3)
0 0 1

whereas around the Ox and Oy axes

1 0 0 cosyy 0 siny
Re(1h) = | 0 costy —sine Ry(y) = o 1 0 |. (0.4)
0 sinty cosy —siny 0 cosy

Conjgugation of Ry(1)) by another rotation

A relation that we are going to use frequently reads

RRy(¥)R™" = Ru () (0.5)

where n’ is the transform of n by rotation R, n’ = Rn (check it!). Conversely any rotation
of angle ¢ around a vector n’ can be cast under the form (0.5) : we’ll say later that the
“conjugation classes” of the group SO(3) are characterized by the angle 1.

Z
Z

A

Z=R,(p)z Y=RA1u

y b

Y
<

Fig. 1 Fig. 2 veRfe)y
Fuler angles

Another description makes use of Euler angles : given an orthonormal frame (Oz, Oy, Oz),
any rotation around O that maps it onto another frame (OX,0Y,0Z) may be regarded as
resulting from the composition of a rotation of angle o around Oz, which brings the frame onto
(Ou, Ov, Oz), followed by a rotation of angle 3 around Ov bringing it on (Ou',Ov,0Z%), and
lastly, by a rotation of angle v around OZ bringing the frame onto (OX,0Y,0Z%), (see Fig.
2). One thus takes 0 < v < 2w, 0 < 3 <, 0<+ < 27 and one writes

R(O./, 67 7) - RZ(’)/)RU<6)RZ(O{) (06)

but according to (0.5)

J.-B. Z M2 ICFP/Physique Théorique 2012 September 10, 2013



0.1. Rotations of R?, the groups SO(3) and SU(2) 3

thus, by inserting into (0.6)

R(ev, B,7) = Ra() Ry(B) R=(7) - (0.7)

where one used the fact that R.(a)R,(y)R;'(a) = R.(7) since rotations around a given axis

commute (they form an abelian subgroup, isomorphic to SO(2)).

Exercise : using (0.5), write the expression of a matrix R which maps the unit vector z colinear to Oz to
the unit vector n, in terms of R.(¢) and R,(6) ; then write the expression of Ry(7)) in terms of R, and R..
Write the explicit expression of that matrix and of (0.7) and deduce the relations between 6, ¢, 1) and Euler
angles. (See also below, equ. (0.66).)

0.1.2 From SO(3) to SU(2)

Consider another parametrization of rotations. To the rotation R,(1)), we associate the unitary

d-vector u : (up = cos L, u = nsin ¥

sphere S? in the space R*. Changing the determination of ¥ by an odd multiple of 27 changes

); we have u? = u? +u? = 1, and u belongs to the unit

u into —u. There is thus a bijection between R, (¢’) and the pair (u, —u), i.e. between SO(3)
and S3/Z,, the sphere in which diametrically opposed points are identified. We shall say that
the sphere S is a “covering group” of SO(3). In which sense is this sphere a group? To answer

that question, introduce Pauli matrices o;, i = 1,2, 3.

0 1 0 —2 1 0
o] = (1 0) oy = (z 0) O3 = <O _1) ) (0.8)

Together with the identity matrix I, they form a basis of the vector space of 2 x 2 Hermitian
matrices. They satisfy the identity

0,05 = 51]]: + iEiijk s (09)
with €;;, the completely antisymmetric tensor, €123 = +1, €, = the signature of permutation

(ijk).

From w a real unit 4-vector unitary (i.e. a point of S?), we form the matrix
U=ul-iuo (0.10)

which is unitary and of determinant 1 (check it and also show the converse: any unimodular

(= of determinant 1) unitary 2 x 2 matrix is of the form (0.10), with u? = 1). These matrices

form the special unitary group SU(2) which is thus isomorphic to S3. By a power expansion of

the exponential and making use of (n.6)? = I, a consequence of (0.9), one may verify that
efiyn.a‘

2 = CoSs 5 — 7sin 511.0' . (0'11>

It is then suggested that the multiplication of matrices

Un(¥) = emiEne COS% — isin %n.a, 0<¢y <27, nes (0.12)

September 10, 2013 J.-B. Z M2 ICFP/Physique Théorique 2012



4 Chap.0. Some basic elements on the groups SO(3), SU(2) and SL(2,C)

gives the desired group law in S3. Let us show indeed that to a matrix of SU(2) one may
associate a rotation of SO(3) and that to the product of two matrices of SU(2) corresponds the
product of the SO(3) rotations (this is the homomorphism property). To the point z of R? of

coordinates x1, x9, x3, we associate the Hermitian matrix

X =x0= ( s m2> , (0.13)

1 + 179 —x3
with conversely z; = 1tr (Xo;), and we let SU(2) act on that matrix according to
X X'=UXU', (0.14)
which defines a linear transform x — 2/ = 7 2. One readily computes that
det X = — (2] + 23 + 23) (0.15)

and as det X = det X', the linear transform x — 2/ = 7z is an isometry, hence det7 = 1
or —1. To convince oneself that this is indeed a rotation, i.e. that the transformation has a
determinant 1, it suffices to compute that determinant for U = I where 7 = the identity, hence
det 7 = 1, and then to invoke the connexity of the manifold SU(2)(= S?) to conclude that the
continuous function det 7 (U) cannot jump to the value —1. In fact, using identity (0.9), the

explicit calculation of X’ leads, after some algebra, to

X' = (cos % — in.osin %)X(cos % + in.osin %)
= (cosyx+ (1 —cosy)(xn)n+siny (n x x)).0 (0.16)

which is nothing else than the Rodrigues formula (0.1). We thus conclude that the transfor-
mation = — z’ performed by the matrices of SU(2) in (0.14) is indeed the rotation of angle
around n. To the product U, (¢")U, (1)) in SU(2) corresponds in SO(3) the composition of the
two rotations Ry (¢')Rn() of SO(3). There is thus a “homomorphism” of the group SU(2)
into SO(3). This homomorphism maps the two matrices U and —U onto one and the same
rotation of SO(3).

Let us summarize what we have learnt in this section. The group SU(2) is a covering group
(of order 2) of the group SO(3) (the precise topological meaning of which will be given in Chap.
1), and the 2-to-1 homomorphism from SU(2) to SO(3) is given by equations (0.12)-(0.14).

Exercise : prove that any matrix of SU(2) may be written as with |a|? + [b|? = 1. What is the

a*

connection with (0.10) ?

0.2 Infinitesimal generators. The su(2) Lie algebra

0.2.1 Infinitesimal generators of SO(3)

Rotations Ry, (v) around a given axis n form a one-parameter subgroup, isomorphic to SO(2). In

this chapter, we follow the common use (among physicists) and write the infinitesimal generators

J.-B. Z M2 ICFP/Physique Théorique 2012 September 10, 2013



0.2. Infinitesimal generators. The su(2) Lie algebra 5

of rotations as Hermitian operators J = Jt. Thus
Ra(dt) = (I — idip ) (0.17)

where J, is the “generator” of these rotations, a Hermitian 3 x 3 matrix. Let us first show

that we may reconstruct the finite rotations from these infinitesimal generators. By the group

property,

Ra(¢ + d¢) = Ro(dY) Ra(v) = (I — idipJn) Ra(¥) (0.18)
or equivalently
Polt) — —igua(v) (0.19)

which, on account of R, (0) = I, may be integrated into

Ru(t)) = e . (0.20)

To be more explicit, introduce the three basic J;, Jo and J3 describing the infinitesimal

rotations around the corresponding axes®. From the infinitesimal version of (0.3) it follows that

00 0 0 0 2 0 —i 0
Ji=10 0 —i Jo=10 00 J3=1i 0 0 (0.21)
0 ¢ 0 —i 0 0 0 0 0
which may be expressed by a unique formula
(Jk)ij = —i€ijk (0.22)

with the completely antisymmetric tensor ;.
We now show that matrices (0.21) form a basis of infinitesimal generators and that .J, is

simply expressed as
Jo=>_ Jiny (0.23)
k

which allows us to rewrite (0.20) in the form

Rn(¥) = e7 W Zxmdr (0.24)

The expression (0.23) follows simply from the infinitesimal form of Rodrigues formula, R, (dvy) =
(I +dy¢ynx) hence —iJ, = nx or alternatively —i(Jyn)i; = €ixjne = ni(—iJg)ij, q.e.d. (Here
and in the following, we make use of the convention of summation over repeated indices:
€ikj Tk = D, €ikj Tk, €tC.)

A comment about (0.24): it is obviously wrong to write in general Ry (1)) = e~ 2 "k -
Hizl e~k because of the non commutativity of the J’s. On the other hand, formula (0.7)

shows that any rotation of SO(3) may be written under the form

R(a,B,7) = e—iols gmiB 2 o=V T3 (0.25)

2Do not confuse Jy, labelled the unit vector n with Jj, k-th component of J. The relation between the two

will be explained shortly.

September 10, 2013 J.-B. Z M2 ICFP/Physique Théorique 2012



6 Chap.0. Some basic elements on the groups SO(3), SU(2) and SL(2,C)

The three matrices J;, 1 = 1,2, 3 satisfy the very important commutation relations

[Ji, Jj] = i€ijn i (0.26)

which follow from the identity (Jacobi) verified by the tensor e
€iab€hjc + €icb€baj + €ijb€bca = 0. (027)

Exercise: note the structure of this identity (i is fixed, b summed over, cyclic permutation over
the three others) and check that it implies (0.26).

In view of the importance of relations (0.23-0.26), it may be useful to recover them by another route. Note
first that equation (0.5) implies that for any R

Re—WJa R=1 — (—ibRInR™ _ —itJy (0.28)

with n’ = Rn, whence

RJILR™' = Ju . (0.29)
The tensor €5, is invariant under rotations
€lmnRiRjmRin = €51 det R = €51 (0.30)

since the matrix R is of determinant 1. That matrix being also orthogonal, one may push one R to the
right-hand side

€mnRjmRin = € R (0.31)
which thanks to (0.22) expresses that
Rjm (J)maRt = (Ji) xRl (0.32)
i.e. for any R and its matrix R,
RIR™' = TRy . (0.33)

Let R be a rotation which maps the unit vector z colinear to Oz on the vector n, thus niy = Rz and

Jn (029 RIR™! (0.3%) JuRis = Jyng (0.34)

which is just (0.23). Note that equations (0.33) and (0.34) are compatible with (0.29)

(0.29) 1 (0.34) 1 (0.33

Jn RIZR 2V Ry R "2 Ry = Jin)

As we shall see later in a more systematic way, the commutation relation (0.26) of infinitesimal generators
J encodes an infinitesimal version of the group law. Consider for example a rotation of infinitesimal angle di
around Oy acting on Jp

_ 0.33
Ra(d) By (d) 27 iR (i) 1o (0.35)

but to first order, Ro(dy) = I —idiJs, and thus the left hand side of (0.35) equals J; — idi[J2, J1] while on the
right hand side, [Ra(dy)]k1 = 0k1 — id(J2) k1 = dk1 — dipdgs by (0.22), whence i[Jy, J2] = —J3, which is one of
the relations (0.26).

J.-B. Z M2 ICFP/Physique Théorique 2012 September 10, 2013



0.2. Infinitesimal generators. The su(2) Lie algebra 7

0.2.2 Infinitesimal generators of SU(2)

Let us examine now things from the point of view of SU(2). Any unitary matrix U (here 2 x 2)
may be diagonalized by a unitary change of basis U = V exp{idiag (\;)}VT, V unitary, and
hence written as

(iH)"

n!

U=expi =) (0.36)
0

with H Hermitian, H = V diag (\;) VT. The sum converges (for the norm ||M|> = tr M M),

The unimodularity condition 1 = det U = expitr H is ensured if tr H = 0. The set of such

Hermitian traceless matrices forms a vector space V of dimension 3 over R, with a basis given

by the three Pauli matrices

H=> m— (0.37)

which may be inserted back into (0.36). (In fact we already observed that any unitary 2 x 2
matrix may be written in the form (0.11)). Comparing that form with (0.24), or else comparing

its infinitesimal version U,(dy)) = (I — i dyn.Z) with (0.17), we see that matrices 1o; play in

SU(2) the role played by infinitesimal generators J; in SO(3). But these matrices 0. verify

the same commutation relations

[%a %] = iez’jk% (0.38)
with the same structure constants €;j; as in (0.26). In other words, we have just discovered that
infinitesimal generators J; (eq. (0.21) of SO(3) and 10; of SU(2) satisfy the same commutation
relations (we shall say later that they are the bases of two different representations of the same
Lie algebra su(2) = so(3)). This has the consequence that calculations carried out with the 15
and making only use of commutation relations are also valid with the j, and vice versa. For
instance, from (0.33), for example Ro(3)JiRy ' (8) = JR,(B)uk, it follows immediately, with no

further calculation, that for Pauli matrices, we have
_iB B
e 22020'/421202 = UZRy<ﬁ)lk (039)

where the matrix elements R, are read off (0.4). Indeed there is a general identity stating that
e’Be A =B+ L[A[A,[---,[A B]---]]], see Chap. 1, eq. (1.29), and that computation

N J
-~

n commutators
thus involves only commutators. On the other hand, the relation

O'Z'O'j = (51']' + Zeijko'k

(which does not involve only commutators) is specific to the dimension 2 representation of the

su(2) algebra.

0.2.3 Lie algebra su(2)

Let us recapitulate: we have just introduced the commutation algebra (or Lie algebra) of
infinitesimal generators of the group SU(2) (or SO(3)), denoted su(2) or so(3). It is defined by
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8 Chap.0. Some basic elements on the groups SO(3), SU(2) and SL(2,C)

relations (0.26), that we write once again
[ i, J;] = i€indy - (0.26)
We shall also make frequent use of the three combinations
J.=Js, Jp=h+idy, Jo=J1—1Jy. (0.40)

It is then immediate to compute

[‘]37 J+] = Ji
s, ] = —J. (0.41)
[J+, J_] - 2J3 .

One also verifies that the Casimir operator defined as
Y=L+ 3+ Ji=0i+ T3+ J J, (0.42)
commutes with all the J’s
[J%,J]=0, (0.43)

which means that it is invariant under rotations.
Anticipating a little on the following, we shall be mostly interested in “unitary representa-

tions”, where the generators J;, 1 = 1, 2,3 are Hermitian, hence

Ji=J, i=1,23 J.=J;. (0.44)

(2

Let us finally mention an interpretation of the J; as differential operators acting on differentiable functions

of coordinates in the space R®. In that space R?, an infinitesimal rotation acting on the vector x changes it into
x =Rx=x+6Yn x x

hence a scalar function of x, f(x), is changed into f/(x’) = f(x) or

F) = F(R%) = flx— g xx)
= (1-4dYnxx V) f(x) (0.45)
— (- i) f(x) .
We thus identify
J=—ixxV, Ji = —ieijkxj((%k (0.46)

which allows us to compute it in arbitrary coordinates, for example spherical, see Appendix 0. (Compare also
(0.46) with the expression of (orbital) angular momentum in Quantum Mechanics L; = %eijkxj%). Exercise:
check that these differential operators do satisfy the commutation relations (0.26).

Among the combinations of J that one may construct, there is one that must play a particular role,
namely the Laplacian on the sphere S2, a second order differential operator which is invariant under changes
of coordinates (see Appendix 0). It is in particular rotation invariant, of degree 2 in the J , this may only be

the Casimir operator J2 (up to a factor). In fact the Laplacian in R3 reads in spherical coordinates

1 02 J2
Ay = -2
3 ror? 12
1 02 Agpher
= ;w?“ + %eSZ . (047)

J.-B. Z M2 ICFP/Physique Théorique 2012 September 10, 2013



0.3. Representations of SU(2) 9

For the sake of simplicity we have restricted this discussion to scalar functions, but one might more generally
consider the transformation of a collection of functions “forming a representation” of SO(3), i.e. transforming

linearly among themselves under the action of that group

or else

for example a vector field transforming as
A’(x) = RA(R 'x) .

What are now the infinitesimal generators for such objects ? Show that they now have two contributions, one
given by (0.46) and the other coming from the infinitesimal form of R; in physical terms, these two contributions

correspond to the orbital and to the intrinsic (spin) angular momenta.

0.3 Representations of SU(2)

0.3.1 Representations of the groups SO(3) and SU(2)

We are familiar with the notions of vectors or tensors in the geometry of the space R3. They

are objects that transform linearly under rotations
‘/i = Rii/‘/if (V &® W)” = ‘/ZWJ = Rn’lejf(V X W)ilj/ = Rii/Rjj/‘/iIWj/ ete.

More generally we call representation of a group G in a vector space F a homomorphism of
G into the group GL(F) of linear transformations of E (see Chap. 2). Thus, as we just
saw, the group SO(3) admits a representation in the space R? (the vectors V' of the above
example), another representation in the space of rank 2 tensors, etc. We now want to build the
general representations of SO(3) and SU(2). For the needs of physics, in particular of quantum
mechanics, we are mostly interested in unitary representations, in which the representation
matrices are unitary. In fact, as we’ll see, it is enough to study the representations of SU(2) to
also get those of SO(3), and even better, it is enough to study the way the group elements close
to the identity are represented, i.e. to find the representations of the infinitesimal generators
of SU(2) (and SO(3)).

To summarize : to find all the unitary representations of the group SU(2), it is thus sufficient
to find the representations by Hermitian matrices of its Lie algebra su(2), that is, Hermitian

operators satisfying the commutation relations (0.26).

0.3.2 Representations of the algebra su(2)

We now proceed to the classical construction of representations of the algebra su(2). As above,
J+ and J, denote the representatives of infinitesimal generators in a certain representation.
They thus satisfy the commutation relations (0.41) and hermiticity (0.44). Commutation of

operators J, and J? ensures that one may find common eigenvectors. The eigenvalues of these
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10 Chap.0. Some basic elements on the groups SO(3), SU(2) and SL(2,C)

Hermitian operators are real, and moreover, J? being semi-definite positive, one may always
write its eigenvalues in the form j(j+1), j real non negative (i.e. j > 0), and one thus considers

a common eigenvector |jm )

Pljm) = j(G+1)jim)
Jljm) = mljm) (0.48)

with m a real number, a priori arbitrary at this stage. By a small abuse of language, we call
|jm ) an “eigenvector of eigenvalues (j,m)”.

(i) Act with J, and J_ = J! on |[jm). Using the relation JyJy = J2 — J2+ .J, (a consequence
of (0.41)), the squared norm of Ji|jm) is computed to be:

(GmlJJplim) = (GG +1) =mim+1))(jm|jm)

= -—m)(G+m+1)(jmljm) (0.49)
(GmlJyJ-ljm) = (GG +1) —m(m—1))(jm|jm)

= (+m)(i—m+1){jmljm)

These squared norms cannot be negative and thus

G-mG+m+1)20 : —j-1<m<]
G+m(G—-m+1)>0 = —<m<j+1 (0.50)

which implies
—j<m<j. (0.51)

Moreover Jy|jm)=0if m=jand J_|jm)=0iff m = —j
Ji1jj) =0 J1j—i)=0. (0.52)
(ii) If m # j, J4|jm) is non vanishing, hence is an eigenvector of eigenvalues (j, m+1). Indeed

PIiljm) = JIjm) =0+ 1)J|jm)
S Jiljm) = J (L +Dim) = (m+1)J [jm) . (0.53)

Likewise if m # —j, J_|jm) is a (non vanishing) eigenvector of eigenvalues (j,m — 1).

(ili) Consider now the sequence of vectors

If non vanishing, they are eigenvectors of J, of eigenvalues m,m —1,m—2,--- . m—p---. As
the allowed eigenvalues of .J, are bound by (0.51), this sequence must stop after a finite number
of steps. Let p be the integer such that J”[jm) # 0, J2*'|im) = 0. By (0.52), J*|jm) is an

eigenvector of eigenvalues (j, —j) hence m —p = —j, i.e.

(7 +m) is a non negative integer . (0.54)
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0.3. Representations of SU(2) 11

Acting likewise with J,, J_2H -+« sur [jm), we are led to the conclusion that
( —m) is a non negative integer . (0.55)

and thus 7 and m are simultaneously integers or half-integers. For each value of j

1 3
i =0,-,1,2,2,
] 727 7277

m may take the 2 + 1 values 3

Starting from the vector [jm = j), (“highest weight vector”), now chosen of norm 1, we

construct the orthonormal basis |jm ) by iterated application of J_ and we have

Jelim) = ViG+1) —m(m+1)[jm+1)
J-ljm) = Vi(j+1) —=m(m—1)]jm—1) (0.57)
Jljm) = mljm) .

These 27 + 1 vectors form a basis of the “spin j representation” of the su(2) algebra.
In fact this representation of the algebra su(2) extends to a representation of the group

SU(2), as we now show.

Remark. The previous discussion has given a central role to the unitarity of the representation and hence
to the hermiticity of infinitesimal generators, hence to positivity: ||J+|im)||> > 0= —j < m < j, etc, which
allowed us to conclude that the representation is necessarily of finite dimension. Conversely one may insist on
the latter condition, and show that it suffices to ensure the previous conditions on j and m. Starting from
an eigenvector [¢) of J., the sequence J% |¢) yields eigenvectors of J. of increasing eigenvalue, hence linearly
independent, as long as they do not vanish. If by hypothesis the representation is of finite dimension, this
sequence is finite, and there exists a vector denoted |j) such that Ji|j) =0, J,|j) = j|j). By the relation
J2=J_J, +J.(J,+1), it is also an eigenvector of eigenvalue j(j + 1) of J2. It thus identifies with the highest
weight vector denoted previously |jj), a notation that we thus adopt in the rest of this discussion. Starting

from this vector, the J”|jj) form a sequence that must also be finite
Jq NG #£0 JLjg)=0. (0.58)
One easily shows by induction that
Jed 33 = [y J25) = a2i+ 1= ) I jj) =0 (0.59)

hence ¢ = 25 + 1. The number j is thus integer or half-integer, the vectors of the representation built in that
way are eigenvectors of J2 of eigenvalue j(j + 1) and of J, of eigenvalue m satisfying (0.56). We have recovered
all the previous results. In this form, the construction of these “highest weight representations” generalizes to
other Lie algebras, (even of infinite dimension, such as the Virasoro algebra, see Chap. 1, § 1.3.6).
The matrices D’ of the spin j representation are such that under the action of the rotation
UeSU(2)
jm) = DIU)|jm) = |jm')D,,,(U) . (0.60)

3In fact, we have just found a necessary condition on the j,m. That all these j give indeed rise to represen-
tations will be verified in the next subsection.
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12 Chap.0. Some basic elements on the groups SO(3), SU(2) and SL(2,C)

Depending on the parametrization ((n, ), angles d’Euler, . .. ), we write D/ , (n,v), D’ (a, 3,7),
etc. By (0.7), we thus have

Dlm(es8:7) = (im|D(a, B, 7)ljm)
= (jm/|e e Bz im) (0.61)
e—iam’dil,m(ﬁ)e—i’ym
where the Wigner matrix d’ is defined by
B (B) = (G| jm) (0.62)
An explicit formula for &/ will be given in the next subsection. We also have
Di@/m(zv 77b> - 6_iwm(smm’
Exercise : Compute D’(x, ). (Hint : use (0.5).)
One notices that DI (z,2r) = (—1)¥1, since (—1)*™ = (—1)% using (0.55), and this holds
true for any axis n by the conjugation (0.5)
Di(n,27) = (=1)%1 . (0.64)

This shows that a 27 rotation in SO(3) is represented by —I in a half-integer-spin representation
of SU(2). Half-integer-spin representations of SU(2) are said to be “projective”, (i.e. here,
up to a sign), representations of SO(3); we return in Chap. 2 to this notion of projective
representation.

We also verify the unimodularity of matrices D’ (or equivalently, the fact that representatives
of infinitesimal generators are traceless). If n = Rz, D(n, 1)) = D(R)D(z,¥)D~!(R), hence

J
det D(n, ) = det D(z, 1) = dete™ 7> = H e =1, (0.65)

m=—j

It may be useful to write explicitly these matrices in the cases j = % and 7 = 1. The case

of j = % is very simple, since

, v_ inY —isin¥si —i¢
D%(U) L [ — ibumo _ €085 @cos@sm2 isin 4 sinfe
—isin % sinfle®  cos % + i cos fsin %
Be=3a+y)  _gin Be—5(a—)
G B i cos 5e 2 sinse” 2
= 13Tz 71208 = | % i 5 i (0.66)
sin Ze2(@™) cos Zez (@)

an expected result since the matrices U of the group form obviously a representation. (As a
by-product, we have derived relations between the two parametrizations, (n,v) = (0, ¢, ) and
Euler angles (a, 3,7).) For j = 1, in the basis |1,1), |1,0) and |1, —1) where J, is diagonal
(which is not the basis (0.21) !)

10 0 010 000
J.=10 0 0 Jy=+v2|0 01| J.=v2|[10 0 (0.67)
00 —1 000 010
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0.3. Representations of SU(2) 13

whence
l+cos  sin8 1—cosf
2 V2 2
1 —i3J, sin sin
d'(B) = e Pl = \@ﬁ cosff — \/5/6 (0.68)
1—cosf sin 8 1+cos B
2 V2 2

as the reader may check.

In the following subsection, we write more explicitly these representation matrices of the
group SU(2), and in Appendix E of Chap. 2, give more details on the differential equations they
satisfy and on their relations with “special functions”, orthogonal polynomials and spherical
harmonics. . .

Irreductibility

A central notion in the study of representations is that of irreducibility. A representation is
irreducible if it has no invariant subspace. Let us show that the spin j representation of SU(2)
that we have just built is irreducible. We show below in Chap. 2 that, as the representation is
unitary, it is either irreducible or “completely reducible” (there exists an invariant subspace and
its supplementary space is also invariant) ; in the latter case, there would exist block-diagonal
operators, different from the identity and commuting the matrices of the representation, in
particulier with the generators J;. But in the basis (0.5) any matrix M that commutes with J,
is diagonal, M, = fmOmm, (check it 1), and commutation with J, forces all p,, to be equal:

the matrix M is a multiple of the identity and the representation is indeed irreducible.

One may also wonder why the study of finite dimensional representations that we just car-
ried out suffices to the physicist’s needs, for instance in quantum mechanics, where the scene
usually takes place in an infinite dimensional Hilbert space. We show below (Chap. 2) that
Any representation of SU(2) or SO(3) in a Hilbert space is equivalent to a unitary representa-
tion, and is completely reducible to a (finite or infinite) sum of finite dimensional irreducible

representations.

0.3.3 Explicit construction

Let ¢ and n be two complex variables on which matrices U = ¢ of SU(2) act according
c
to & = a&+cn, n' = b +dn. In other terms, £ and 7 are the basis vectors of the representation

of dimension 2 (representation of spin 3) of SU(2). An explicit construction of the previous

representations is then obtained by considering homogenous polynomials of degree 25 in the
two variables £ and 7, a basis of which is given by the 25 + 1 polynomials
J+mj—m
Prn= o T m=—j.J. (0.69)
VI +m)l( —m)!

(In fact, the following considerations also apply if U is an arbitrary matrix of the group GL(2,C)

and provide a representation of that group.) Under the action of U on £ and 7, the Pj,,(&,n)
transform into P;,, (£, '), also homogenous of degree 25 in £ and 7, which may thus be expanded

on the Pj,(&,n). The latter thus span a dimension 2j + 1 representation of SU(2) (or of
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14 Chap.0. Some basic elements on the groups SO(3), SU(2) and SL(2,C)

GL(2,C)), which is nothing else than the previous spin j representation. This enables us to

write quite explicit formulae for the D’
Pym(&') ZP]m (&P, (U) - (0.70)

We find explicitly

; 1 a™b™c™d™
J —((s (i — I(4 "7 —m!) 2 E _—
7L1.,7L2}7L3,TL4_0 ) ,
ni+no=j+m’; n3+n4:]77n
n1+n3:j+m; n2+n4:j—m
For U = —I, one may check once again that D7(—I) = (—1)¥[. In the particular case of

¥

_ih 22 ..
U=e"3 =cos %I—zsm 509, we thus have

2k+m+m’ | 2j—2k—m—m'
1)Fi=m cos f smE

dz”m(w):((j_l_m)!(j_ M)+ m) %Z m—i—m—l—k)(j—m k)(j—m—k)!k!

(0.72)
where the sum runs over k € [inf(0, —m — m/),sup(j — m,j — m')]. The expression of the

infinitesimal generators acting on polynomials Fj,, is obtained by considering U close to the

identity. One finds
0 0 1 0 0
Ji = 58_77 Jo = 778_5 J. = 2 (5— - 77—) (0.73)

on which it is easy to check commutation relations as well as the action on the Pj,, in accordance
with (0.57). This completes the identification of (0.69) with the spin j representation.

Remarks

1. Repeat the proof of irreducibility of the spin j representation in that new form.

2. Notice that the space of the homogenous polynomials of degree 2j in the variables £ and 7 is nothing
else than the symmetrized 2j-th tensor power of the representation of dimension 2 (see the definition below).

0.4 Direct product of representations of SU(2)

0.4.1 Direct product of representations and the “addition of angular

momenta”

Consider the direct (or tensor) product of two representations of spin j; and j, and their
decomposition on vectors of given total spin (“decomposition into irreducible representations”).

We start with the product representation spanned by the vectors
l[71m1) ® |jama) = |j1my;jame)  written in short as  |mymy) (0.74)
on which the infinitesimal generators act as

J=JVRI® 410 g J® (0.75)
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0.4. Direct product of representations of SU(2) 15

The upper index indicates on which space the operators act. By an abuse of notation, one
frequently writes, instead of (0.75)
J=JW 43 (0.75)

and (in Quantum Mechanics) one refers to the “addition of angular momenta” J®) and J®.
The problem is thus to decompose the vectors (0.74) onto a basis of eigenvectors of J and
J,. As J1? and J®? commute with one another and with J? and .J,, one may seek common

eigenvectors that we denote
|(j1J2) J M) or more simply |J M) (0.76)

where it is understood that the value of j; and js is fixed. The question is thus twofold: which
values can J and M take; and what is the matrix of the change of basis |mymg) — |J M )? In
other words, what is the (Clebsch-Gordan) decomposition and what are the Clebsch-Gordan
coefficients?

The possible values of M, eigenvalue of J, = JM 4 Jz(z), are readily found

(m1m2|JZ|JM> = (m1+m2)(m1m2|JM>
= M(myims|J M) (0.77)

and the only value of M such that (m;ma|J M) # 0 is thus
M =mi +ms . (0.78)

For 71, jo and M fixed, there are as many independent vectors with that eigenvalue of M as

there are couples (mq, my) satisfying (0.78), thus

0 if [M] > ji+ Jjo
(M) = 9 g1+ ja+ 1= M| if [j1 = jof < |M| <1+ (0.79)
(see the left Fig. 3 in which j; = 5/2 and j, = 1). Let N; be the number of times the
representation of spin J appears in the decomposition of the representations of spin j; et js.

The n(M) vectors of eigenvalue M for J, may also be regarded as coming from the N; vectors
|J M) for the different values of J compatible with that value of M

n(M) = Z N; (0.80)

J=|M]|

hence, by subtracting two such relations

N; = n(J)—n(J+1)
= 1 iffsi [ji—pl<J<ji+j (0.81)

= 0 otherwise.

September 10, 2013 J.-B. Z M2 ICFP/Physique Théorique 2012
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2 n(M)

1

\\M:.i1+j2 .
Mz‘ji_jz‘ Fig. 3

To summarize, we have just shown that the (2j; + 1)(2j2 + 1) vectors (0.74) (with j; and

Jo fixed) may be reexpressed in terms of vectors |J M ) with

J = |j—Jels I = del + 1, g+ g2
M = —J—J+1,--,J. (0.82)

Note that multiplicities N; take the value 0 or 1 ; it is a pecularity of SU(2) that multi-
plicities larger than 1 do not occur in the decomposition of the tensor product of irreducible

representations, .e. here of fixed spin.

0.4.2 Clebsch-Gordan coefficients, 3-j and 6-j symbols...

The change of orthonormal basis [j; m1; joma) — [(j1 j2) J M) is carried out by the Clebsch-
Gordan coefficients (C.G.) ( (j1 j2); J M|j1 my; jo m2 ) which form a unitary matrix
Ji+j2 J
ljimi;jame) = Z Z ((J1g2) J M|jima; jama)|(j1j2) J M) (0.83)

J=lj1—go| M==J

J1 J2
J1gas I M) = Z Z ((J172) J M|jrma; jama)*|jima; jama ) (0.84)
mi=—ji ma=—/j2
Note that in the first line, M is fixed in terms of m; and msy; and that in the second one, ms is
fixed in terms of my, for given M. Each relation thus implies only one summation. The value
of these C.G. depends in fact on a choice of a relative phase between vectors (0.74) and (0.76);

the usual convention is that for each value of J, one chooses
(JM:J|j1m1:j1;j2m2:J—j1) real . (085)

The other vectors are then unambiguously defined by (0.57) and we shall now show that all
C.G. are real. C.G. satisfy recursion relations that are consequences of (0.57). Applying indeed
J1 to the two sides of (0.83), one gets

VI +1) = M(M+1) ((j1 g2) J M|jpma; jamsy) (0.86)

= Vir1(ji + 1) —my(my £ D) (j1j2) J M £ 1|51 my £ 15 5amy )
+ Vi2(Ga+1) —ma(ma £ D) (j1j2) J M £ 1|j1my; jamae £1)

which, together with the normalization ) |( 41 ma; jama|(j1 j2) J M )|? = 1 and the con-

mi,m2

vention (0.85), allows one to determine all the C.G. As stated before, they are clearly all real.
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0.4. Direct product of representations of SU(2) 17

The C.G. of the group SU(2), which describe a change of orthonormal basis, form a unitary
matrix and thus satisfy orthogonality and completeness properties

J1

Z (Jrma; jomal(ji j2) J M )(jrmas jamo|(jrj2) J' M) = dypbune i [j1 = Jo| < J <1+
mi=—j1

(0.87)

Jitj2

> Cimasjamal(r ja) J MY Grmbs jomb| (i ja) T M) = Sy gy, 1 ] < 1, |maf < -
J=[j1—j2l

Once again, each relation implies only one non trivial summation.
Rather than the C.G. coefficients, one may consider another set of equivalent coefficients, called 3-j symbols.
They are defined through

J J J —1)—g2tM ' o
(ml m2 M) - ()2J7+1<J1 ma; ja me|(j1j2) J M) (0.88)
1 2 =

and they enjoy simple symmetry properties:

Ji1 Jo 3
mi; Mmo M3

is invariant under cyclic permutation of its three columns, and changes by the sign (—1)71+72%7 when two
columns are interchanged or when the signs of my, mo and mg are reversed. The reader will find a multitude
of tables and explicit formulas of the C.G. and 3j coefficients in the literature.

Let us just give some values of C.G. for low spins

(3:3)L1) = 5:333)
1@1 |(%7 %)1,0> = \/Li (|%7 %3 %7_%>+ |%’ _%; %7%>) (0.89)
293 1(2,1)0,0) 5335 -3)—15-333))
(5, H1,-1) = 5 =35 —35)
and
(5:D3.3) = 22 L 1)
D33 = K (VELEL0) +15 —51,1))
Lo, 1GD5-2) = F(aal-1)+ V25 -510)) (0.90)
2 G103 —3) = 7 —3ih )
3:D3.3) = H(-135L0)+v215,—51,1))
(303 -1) = (V25 51,-1) +14,-51,0))

One notices on the case % ® % the property that vectors of total spin j = 1 are symmetric
under the exchange of the two spins, while those of spin 0 are antisymmetric. This is a general
property: in the decomposition of the tensor product of two representations of spin j; =
J2, vectors of spin j = 241,275, — 2,--- are symmetric, those of spin 2j; — 1,2j; — 3,--- are
antisymmetric.

This is apparent on the expression (0.88) above, given the announced properties of the 3-j symbols.

In the same circle of ideas, consider the completely antisymmetric product of 25+ 1 copies of
a spin j representation. One may show that this representation is of spin 0 (following exercise).
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18 Chap.0. Some basic elements on the groups SO(3), SU(2) and SL(2,C)

(This has consequences in atomic physics, in the filling of electronic orbitals: a complete shell
has a total orbital momentum and a total spin that are both vanishing, hence also a vanishing
total angular momentum.)

Exercise. Consider the completely antisymmetric tensor product of N = 2j + 1 representations of spin j. Show
that this representation is spanned by the vector €, my...my|J M1, M2, -+ ,jmy ), that it is invariant under
the action of SU(2) and thus that the corresponding representation has spin J = 0.

One also introduces the 6-7 symbols that describe the two possible recombinations of 3 representations of

spins j1, j2 and j3

Fig. 4

ljimis jama;jams) = > ((J1j2) J1 Mi|jima;jame )((J1j3) J M|Jy My; jsms)|(jij2)d3; J M)
=3 ((j2J3) Jo Ma|j2 ma; jsms )( (j1 J2) J' M'|j1my; Jo Ma)|j1(jags); J' M) (0.91)

depending on whether one composes first j; and jo into J; and then J; and j3 into J, or first jo and j3 into J
and then j; and Jy into J’. The matrix of the change of basis is denoted

(41 (i2ga); J M|(j1j2)ga; J' MY = 875 0mmr/ (2J1 + 1)(2J3 + 1)(—1)3r Fo2tist7 {jl jj Jl} . (0.92)
3 5

and the { } are the 6-j symbols. One may visualise this operation of “addition” of the three spins by a
tetrahedron (see Fig. 4) the edges of which carry ji1,j2, js, J1,J2 and J and the symbol is such that two spins

carried by a pair of opposed edges lie in the same column. These symbols are tabulated in the literature.

0.5 A physical application: isospin

The group SU(2) appears in physics in several contexts, not only as related to the rotation
group of the 3-dimensional Euclidian space. We shall now illustrate another of its avatars by
the isospin symmetry.

There exists in nature elementary particles subject to nuclear forces, or more precisely
to “strong interactions”, and thus called hadrons. Some of those particles present similar
properties but have different electric charges. This is the case with the two “nucleons”,
i.e. the proton and the neutron, of respective masses M, =938,28 MeV/c? and M, =939,57
MeV/c?, and also with the “triplet” of pi mesons, 7° (mass 134,96 MeV/c?) and 7+ (139,57
MeV/c?), with K mesons etc. According to a great idea of Heisenberg these similarities are
the manifestation of a symmetry broken by electromagnetic interactions. In the absence of
electromagnetic interactions proton and neutron on the one hand, the three m mesons on the

other, etc, would have the same mass, differing only by an “internal” quantum number, in
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0.5. A physical application: isospin 19

the same way as the two spin states of an electron in the absence of a magnetic field. In fact
the group behind that symmetry is also SU(2), but a SU(2) group acting in an abstract space
differing from the usual space. One gave the name isotopic spin or in short, isospin, to the
corresponding quantum number. To summarize, the idea is that there exists a SU(2) group of
symmetry of strong interactions, and that different particles subject to these strong interactions
(hadrons) form representations of SU(2) : representation of isospin / = 1 for the nucleon (proton
I. = +3, neutron I, = —%), isospin I = 1 pour the pions (7% : I, = &1, 7° : I, = 0) etc. The
isospin is thus a “good quantum number”, conserved in these interactions. Thus the “off-shell”
process N — N + m, (N for nucleon) important in nuclear physics, is consistent with addition
rules of isospins (% ® 1 “contains” l) The different scattering reactions N +m — N + 7 allowed

by conservation of electric charge

p+rt — p4at =3
p+7’ — ptn’ =3
— n+at "
prr — prr L—-}
N n+7T0 "
n+nr — n+mw L,=-3

also conserve total isospin I and its I, component but the hypothesis of SU(2) isospin invariance
tells us more. The matrix elements of the transition operator responsible for the two reactions

in the channel I, = %, for example, must be related by addition rules of isospin. Inverting the
relations (0.90), one gets

3 1
- = ]—— s = — ]—_
lp, 7™ ) \[I 5 \/>| 5
3 1 1
0y — I==1,=— \/7]__ I, = —
n, ") \/>| 5 | 5 2>

whereas for I, = 3/2

3
N=|I==1,==).
p.rt) = =51L=35)

Isospin invariance implies that (I I, |T|I' I, ) = T;6;1/01, 11, as we shall see later (Schur lemma
or Wigner—Eckart theorem, Chap. 2): not only are I and I, conserved, but the resulting
amplitude depends only on I, not I,. Calculating then the matrix elements of the transition

operator 7 between the different states,

(pr|TIpn™) = Tap

(pr|Tlpr™) = 3 (T2 +2T0p2) (0.93)
(nm°|T|pr™) = = (Taje — Tip2)
one finds that amplitudes satisfy a relation

\/§< TL,7T0|T|p, 7T_> + <p7 7T—|T|p7 7T—> = <p7 7T+|T|p7 7T+> = 75/2
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20 Chap.0. Some basic elements on the groups SO(3), SU(2) and SL(2,C)

a non trivial consequence of isospin invariance, which implies triangular inequalities between

squared modules of these amplitudes and hence between cross-sections of the reactions

Wolmp—7mp) — 20(rp— )] <o(r'p—ntp) <
< Vol p— 7 p)+20(xp— 70n)

which are experimentally well verified. Even better, one finds experimentally that at a certain
energy of about 180 MeV, cross sections (proportional to squares of amplitudes) are in the

ratios

o(rtp—7tp)io(mp—an)o(xp—ap) =9:2:1

which is what one would get from (0.93) if 71 were vanishing. This indicates that at that
energy, scattering in the channel I = 3/2 is dominant. In fact, this signals the existence of an
intermediate TN state, a very unstable particle called “resonance”, denoted A, of isospin 3/2
and hence with four states of charge

AT AT AV AT
the contribution of which dominates the scattering amplitude. This particle has a spin 3/2 and
a mass M(A) ~ 1230 MeV/c%.

In some cases one may obtain more precise predictions. This is for instance the case with the reactions
Hp — 3Her® and 2Hp — *Hnt

which involve nuclei of deuterium ?H, of tritium 3H and of helium 3He. To these nuclei too, one may assign an
isospin, 0 to the deuteron which is made of a proton and a neutron in an antisymmetric state of their isospins
(so that the wave function of these two fermions, symmetric in space and in spin, be antisymmetric), I, = —%
to3H and I, = % to 3He which form an isospin % representation. Notice that in all cases, the electric charge is
related to the I, component of isospin by the relation @ = %B + I, with B the baryonic charge, equal here to
the number of nucleons (protons or neutrons).
Exercise: show that the ratio of cross-sections o(*Hp — 3He7")/o(*Hp — 3Hn) is 3.

Remark : invariance under isospin SU(2) that we just discussed is a symmetry of strong interactions. There
exists also in the framework of the Standard Model a notion of “weak isospin”, a symmetry of electroweak

interactions, to which we return in Chap. 5.

0.6 Representations of SO(3,1) and SL(2,C)

0.6.1 A short reminder on the Lorentz group

Minkowski space is a R* space endowed with a pseudo-Euclidean metric of signature (+, —, —, —).

In an orthonormal basis with coordinates (2° = ct, 2!, 22, 2%), the metric is diagonal
Guv = dlag (]-7 _]-7 _]-7 _]-)
and thus the squared norm of a 4-vector reads

ra = atgat = (@) — (') — (2)% — (27)2.
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The isometry group of that quadratic form, called O(1,3) or the Lorentz group L, is such that
AeO(1,3) 2'=Azx : 2’2’ = A alg, N, 27 = 2P gyea”

ie.
A Ny = gpo  OF Agh=g. (0.94)

g

These pseudo-orthogonal matrices satisfy (det A)*> = 1 and (by taking the 00 matrix element
of (0.94)) (A%)? =1+ 327 (A%)? > 1 and thus £ = O(1,3) has four connected components
(or “sheets”) depending on whether det A = +1 and A% > 1 or < —1. The subgroup of
proper orthochronous transformations satisfying det A = 1 and A% > 1 is denoted [,1. Any
transformation of EL may be written as the product of an “ordinary” rotation of SO(3) and a
“special Lorentz transformation” or “boost”.

A major difference between the SO(3) and the L] groups is that the former is compact (the
range of parameters is bounded and closed, see (0.2)), whereas the latter is not : in a boost
along the 1 direction, say, x| = y(x1 — vzo/c), x5 = y(xg — vy /c), with v = (1 — v2/c?)"2, the
velocity |v| < ¢ does not belong to a compact domain (or alternatively, the “rapidity” variable
B, defined by cosh 3 = ~ can run to infinity). This compactness/non-compactness has very
important implications on the nature and properties of representations, as we shall see.

The Poincaré group, or inhomogeneous Lorentz group, is generated by Lorentz transforma-
tions A € £ and space-time translations; generic elements denoted (a, A) have an action on a

vector z and a composition law given by

(a,A) : z—2 = Ar+a
(a',A")(a,A) = (d'+Na,N'A); (0.95)

the inverse of (a,A) is (—A~ta, A™1) (check it !).

0.6.2 Lie algebra of the Lorentz and Poincaré groups

An infinitesimal Poincaré transformation reads (a#, A*, = 0¥ +w* ). By taking the infinitesimal
form of (0.94), one easily sees that the tensor w,, = w",g,, has to be antisymmetric: w,,+w,, =
0. This leaves 6 real parameters: the Lorentz group is a 6-dimensional group, and the Poincaré
group is 10-dimensional.

To find the Lie algebra of the generators, let us proceed like in § 0.2.3: look at the Lie
algebra generated by differential operators acting on functions of space-time coordinates; if 2/ =
A6zt = Mot +wNay, 0f(2) = f(a'— ot —wMa,) — fz) = (I —iak P, — tw™ J,, —1) f(2),
(see (0.45)), thus

Ju =i(2,0, — x,0,) P, =—i0, (0.96)

the commutators of which are then easily computed

[‘]NIH Pp] - Z (gl/pPu - gupPV)
[y Jpo] = i (Gupdus — Gupdvo + GuoJvp — GuoJup) (0.97)
[P,P] = 0.
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Note the structure of these relations: antisymmetry in g < v of the first one, in 4 <> v, in p <> o and in
(4, v) < (p,0) of the second one; the first one shows how a vector (here P,) transforms under the infinitesimal
transformation by J,,,, and the second then has the same pattern in the indices p and o, expressing that J,, is

a 2-tensor.

Generators that commute with P, (which is the generator of time translations, hence the
Hamiltonian) are the P, and the J;; but not the Jy; : 1[F, Joj] = P;.

Set
Jij = Eijkjk KZ = JOz’ . (098)
Then
T4 T = dejpd”
[J4 K] = e K" (0.99)
[Ki,Kj] = —’iEiijk
and also
J PI) = ie; . P* K PI] = iP°;;
J J
[J5, P =0 (K, P =iP". (0.100)

Remark. The first two relations (0.99) and the first one of (0.100) express that, as expected,
J={J}, K={K/} and P = {P?} transform like vectors under rotations of R?*. Now form
the combinations

MI = %(Jj +iK7) NI = %(Jj —iK7) (0.101)

which have the following commutation relations

(MY, M) = e M*
[NYNI| = e N* (0.102)
[M',N'] = 0.

By considering the complex combinations M and N of its generators, one thus sees that the
Lie algebra of £ = O(1, 3) is isomorphic to su(2) @ su(2). The introduction of +i, however,
implies that unitary representations of £ do not follow in a simple way from those of SU(2)x
SU(2). On the other hand, representations of finite dimension of £, which are non unitary, are
labelled by a pair (j1, j2) of integers or half-integers.

Exercise. Show that this algebra admits two independent quadratic Casimir operators, and

express them in terms of M and N first, and then in terms of J and K.

0.6.3 Covering groups of 51 and 771

We have seen that the study of SO(3) led us to SU(2), its “covering group” (the deep reasons
of which will be explained in Chap. 1 and 2). Likewise in the case of the Lorentz group its
“covering group” turns out to be SL(2,C).
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There is a simple way to see how SL(2,C) and [,1 are related, which is a 4-dimensional
extension of the method followed in § 0.1.2. One considers matrices o, made of oy = I and of
the three familiar Pauli matrices. Note that

2:

tro,o, = 20, o,

I with no summation over the index p .

With any real vector x € R*, associate the Hermitian matrix
1
X =zato, at= §tr (Xou) det X = 2 = (2°)? — x? . (0.103)
A matrix A € SL(2,C) acts on X according to

X X' = AXAT (0.104)

which is indeed Hermitian and thus defines a real 2'# = str (X'0,), with det X’ = det X, hence
22 = 2’2, This is a linear transformation of R* that preserves the Minkowski norm 2, and thus
a Lorentz transformation, and one checks by an argument of continuity that it belongs to EL
and that A — A is a homomorphism of SL(2,C) into £!. In the following we denote 2/ = A.x
if X' = AXAT.

As is familiar from the case of SU(2), the transformations A and —A € SL(2,C) give the
same transformation of Ll : SL(2,C) is a covering of order 2 of EL. For the Poincaré group,
likewise, its covering is the (“semi-direct”) product of the translation group by SL(2, C). If one
denotes a := a0, then

(a, A)(d, A) = (a + Ad AT, AX') (0.105)

and one sometimes refers to it as the “inhomogeneous SL(2,C) group” or ISL(2, C)).

0.6.4 Irreducible finite-dimensional representations of SL(2,C)
The construction of § 0.3.3 yields an explicit representation of GL(2,C) and hence of SL(2,C).

b ;
For A = (a d) € SL(2,C), (0.71) gives the following expression for D! (A) :
c

' 1 anl bn2 Cng dn4
DI (A) =[G +m)l(G —m)(G +m)(G —m')]? ———— (071
e (A) = G +m)G =)l G = 32 SR (0

ny+no=j+m; ng+ng=j—m’
nj+ng=j+m; notng=j—m

Note that DT(A) = D(AT) (since exchanging m <« m’ amounts to ny < ns, hence to b < ¢) and
(D(A))" = D(A*) (since the numerical coefficients in (0.71) are real) thus DT(A4) = D(AT).

This representation is called (j,0), it is of dimension 2j + 1. There exists another one of
dimension 25 + 1, which is non equivalent, denoted (0, j), this is the “contragredient conjugate”
representation (in the sense of Chap 2. § 2.1.3.b) DI(AT~!). Replacing A by AT~ may be
interpreted in the construction of § 0.6.3 if instead of associating X = z*o, with x, one
associates X = %0, —x.0. Notice that o3(0;) o9 = —0; for i = 1,2, 3 hence X = 0,X"0y. For
the transformation A : X — X' = AXA" | we have

)}/ = O'Q(X/)TO'Q = O'Q(AXAT>TO'2 = (O-QATUQ)TX(O-QATUQ) .
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Any matrix A of SL(2,C) may itself be written as A = a*o,,, with (a*) € C*, and as det A =
(a%)? —a? =1 (the “S” of SL(2,C)), one verifies immediately that A~* = a%0y — a., donc

09 ATy = A (0.106)

Finally
X' = AXA" — X' =(AHxal. (0.107)

Remark. The two representations (7,0) and (0, j) are inequivalent on SL(2, C), but equiva-
lent on SU(2). Indeed in SU(2), A=U = (U")~L.

Finally, one proves that any finite-dimensional representation of SL(2,C) is completely
reducible and may be written as a direct sum of irreducible representations. The most general
finite-dimensional irreducible representation of SL(2,C) is denoted (ji, j2), with 7; and js > 0
integers or half-integers; it is defined by

(J1,J2) = (J1,0) ® (0, j2) - (0.108)

All these representations may be obtained from the representations (3,0) and (0, 1) by tensor-
ing: (j1,0) and (0, j») are obtained by symmetrized tensor product of representations (3,0) and
(0, 1), respectively, as was done for SU(2). Only representations (ji, j2) with j; and j, simulta-
neously integers or half-integers are true representations of E?. The others are representations
up to a sign.

Exercise : show that the representation (0, j) is “equivalent” (equal up to a change of basis)
to the complex conjugate of representation (7,0). (Hint: show it first for j = % by recalling
that (A~1)T = 0y A%y, then for representations of arbitrary j obtained by 2j-th tensor power

of j=1.)

Spinor representations

1
2
2 (two-component spinors). It is traditional to note the indices of components with “pointed”

Return to the “spinor representations” (3,0) and (0, 3). Those are representations of dimension

a b
or “unpointed” indices, for representation (0, %) and (%, 0), respectively. With A = ( d) €
c

SL(2,C), we thus have

1 _ (e e B a&l + be?
1 _ @ s ! k¢ a*é-l + b*£2
03 €= (€€ = A= (C*gi N d*§2> (0.109)

Note that the alternating (=antisymmetric) form (£, ) = £'n? — &2t = €7 (ioy)n is invariant

in (3,0) (and also in (0, 1)), which follows once again from (0.106)

(O'QATO'Q)A = A_IA =1« AT<i02)A =109 .

J.-B. Z M2 ICFP/Physique Théorique 2012 September 10, 2013



0.6. Representations of SO(3,1) and SL(2,C) 25

One may thus use that form to lower indices a (or ¢). Thus

.1 o

m (570) : <§777) = foﬂ] 52 = 51 51 = _52

N . | |

in(0,3) : Em)=gn® G=6 g§=-¢ (0.110)
(71, j2) representation
Tensors {§a1a2‘“°‘2115152"ﬂ2ﬂ'2} symmetric in aj, oo, -+, ag;, and in By, B, - - ,ngQ, form the

irreducible representation (ji,72). (One cannot lower the rank by taking traces, since the
only invariant tensor is the previous alternating form). The dimension of that representation is
(271 + 1)(2j2 + 1). The most usual representations encountered in field theory are (0,0), (3,0)

and (0,1), (3, 3)- The reducible representation (1,0)@ (0, 1) describes the (4-component) Dirac

fermion; the (%, %) corresponds to 4-vectors, as seen above:

AREY x = axal

z— X =2%,+x.0
i.e.

X = X0 (X')F = Ao’ (A ) x|
1, 1) representation .
Exercise. Show that representations (1,0) and (0, 1), of dimension 3, describe rank 2 tensors

which shows that X transforms indeed according to the (

F* that are “self-dual” ou “anti-self-dual”, i.e. satisfy

Fo sl
2

0.6.5 Irreducible unitary representations of the Poincaré group. One
particle states.

According to a theorem of Wigner which will be discussed in Chap, 2, the action of proper orthochronous
transformations of the Lorentz or Poincaré groups on state vectors of a quantum theory is described by means
of unitary representations of these groups, or rather of their “universal covers” SL(2,C) and ISL(2,C). As will
be seen below (Chap. 2), unitary representations (of class L?) of the non compact group SL(2, C) are necessarily
of infinite dimension (with the possible exception of the trivial representation (0,0), which describes a state
invariant by rotation and by boosts, i.e. the vacuum !,..., and which is in fact not of class L?!).

Returning to commutation relations of the Lie algebra (0.97), one seeks a maximal set of commuting
operators. The four P, commute. Let (p,) be an eigenvalue for a common eigenvector of P,, describing a
“one-particle state”. We assume that the eigenvector denoted |p) is labelled only by p* and by discrete indices:
(this is indeed the meaning of “one-particle state”, in contrast with a two-particle state that would depend on

a relative momentum, a continuous variable)

Pulp) = pulp) - (0.111)

One also considers the Pauli-Lubanski tensor
1
W = §6>\“VPJMVPP (0.112)
and one verifies (exercise !) that (0.97) implies

[W#vPV] =0
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WH WY = —iet"P"W, P, (0.113)
[Juuaw)\] = i(gu/\VVu - gp,/\Wv) .
The latter relation means that W is a Lorentz 4-vector (compare with (0.97)). One also notes that W.P = 0
because of the antisymmetry of tensor e. One finally shows (check it!) that P? = P,P* and W? = W, W*
commute with all generators P and J : those are the Casimir operators of the algebra. According to a lemma by
Schur, (see below Chap. 2, § 2.1.4), these Casimir operators are in any irreducible representation proportional
to the identity, in other words, their eigenvalues may be used to label the irreducible representations.

In physics, one encounters only two types of representations for these one-particle states*: representations
with P2 > 0 and those with P? = 0, W2 = 0. Their detailed study will be done in Adel Bilal’s course.
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Problem

One considers two spin 1 representations of the group SU(2) and their direct (or tensor) product. One denotes

JM and J@ the infinitesimal generators acting in each representation, and J = J() 4+ J2) those acting in their
direct product, see (0.75), (0.75’).

e What can be said about the operators J(M2, J2)2 and J2 and their eigenvalues ?

e Show that JM .J®?) may be expressed in terms of these operators and that operators
1 1
LGB+ 430 3@y et il 4JW 32
are projectors on spaces to be identified.

e Taking into account the symmetries of the vectors under exchange, what can you say about the operator

1y +2JMW 3@ ?
2

Appendix 0. Measure and Laplacian on the S? and S°

spheres

Consider a Riemannian manifold, i.e. a manifold endowed with a metric :

ds® = g5 deede? (0.114)

4which does not mean that there are no other irreducible representations; for example “unphysical” repre-
sentations where P2 = —M? < 0
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with a metric tensor ¢ and (local) coordinates €%, a = 1,---,n; n is the dimension of the
manifold. This ds? must be invariant under changes of coordinates, & — ¢, which dictates the
change of the tensor g
o o¢h
— & — g : Ly = e ag 0.115
meaning that ¢ is a covariant rank-2 tensor. The metric tensor is assumed to be non singular,

i.e. invertible, and its inverse tensor is denoted with upper indices
Jop g™ =0, (0.116)
Also, its determinant is traditionnally denoted g

g = det(gag) - (0.117)

There is then a general method for constructing a volume element on the manifold (i.e. an

integration measure) and a Laplacian, both invariant under changes of coordinates

du(€) = vg[Ja

1
A = —9,/99*°0 0.118
7 V99*" 0 ( )

where 0, is a shorthand notation for the differential operator 6%.
Exercise: check that du(¢) and A are invariant under a change of coordinates & — ¢'.
This may be applied in many contexts, and will be used in Chap. 1 to define an integration

measure on compact Lie groups.

Let us apply it here to the n-dimensional Euclidean space R™. In spherical coordinates, one

writes
ds? = dr? + r2dQ?

where df) is a generic notation that collects all the angular variables. The metric tensor is thus

of the general form with a (n — 1) x (n — 1) matrix A which is r-independent and

r2A

depends only on angular variables. The latter give rise to the Laplacian on the unit sphere
Sn=1 denoted Agn-1; /g = r""'Vdet A; and (0.118) tells us that the Laplacian on R™ takes

the general form

1 0 0 1 0? —-10 1
’l“n_l— _|_ 2A5’n71 = n - + _2ASTL71 .
T

A n = —_— —_— -
R rn=1op or r or? * r  Or

Let us write more explicit formulae for the S? and S® unit spheres. Consider first the unit
sphere S? with angular coordinates 0 < 6 < 7, 0 < ¢ < 27 (Fig. 1). We thus have

ds? df? + sin? 0 do?
Vg = sind
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du(x) = sinfdfdo
1 0? 1 0 . ,0
A52 = Sin268¢2 + Sin@% SIHG% . (0119)

The generators J; read (see (0.46))

.0
J3 = —Za—¢
J1 = —i|—cos¢cot 6’2 — si qbﬁ (0.120)
1 = —i|—cos g 90 in g .
: : 0 0
Jo = —1 {— sin ¢ cotg eﬁ_qb + cos gb%}

and one verifies that —Ag = J2 = J2 + J2 4 J2.
For the unit sphere S? one finds similar formulas. In the parametrization (0.12), one takes

for example

. 2
ds® = étr dUdut = (d%) + sin® % (d6” + sin® 0 d¢?) (0.121)

invariant under U — UV, U — VU or U — U~!, whence a measure invariant under the same

transformations

1 2
du(U) = 3 <Sin %) sinfdy dode . (0.122)
In the Euler angles parametrization,
U=e @37 (0.123)
thus 1 ]
ds® = 5trdUolUT = 7 (do® + 2dadycos 3 + dy* + d3?) (0.124)
and with /g = sin 8 one computes
1
du(U) = gsinﬂda dp dry (0.125)
4 0? 0? 0? 4 0 0

Ags =

n 3 (0.126)

sin? 3 | 0a? * 0v? * dadry * sinﬁ%SI Osin 3

J.-B. Z M2 ICFP/Physique Théorique 2012 September 10, 2013



Chapter 1

Groups. Lie groups and Lie algebras

1.1 Generalities on groups

1.1.1 Definitions and first examples

Let us consider a group G, with an operation denoted ., x or + depending on the case, a
neutral element (or “identity”) e (or 1 or I or 0), and an inverse g~ (or —a). If the operation
is commutative, the group is called abelian. If the group is finite, i.e. has a finite number of
elements, we call that number the order of the group and denote it by |G|. In these lectures
we will be mainly interested in infinite groups, discrete or continuous.

Examples (that the physicist may encounter ...)
1. Finite groups

e the cyclic group Z, of order p, considered geometrically as the invariance rotation
group of a circle with p equidistant marked points, or as the multiplicative group
of p-th roots of the unity, {e*7/?}, ¢=0,1,--- ,p — 1, or as the additive group of

integers modulo p;

e the groups of rotation invariance and the groups of rotation and reflexion invariance
of regular solids or of regular lattices, of great importance in solid state physics and

crystallography;

e the permutation group S,, of n objects, called also the symmetric group, of order n!;

etc.

2. Discrete infinite groups.
The simplest example is the additive group Z. Let us also mention the translation groups
of regular lattices, or the space groups in crystallography, which include all isometries

(rotations, translations, reflections and their products) leaving a crystal invariant. . .

Also the groups generated by reflexions in a finite number of hyperplanes of the Euclidean space R™, that

are finite or infinite depending on the arrangement of these hyperplanes, see Weyl groups in Chap. 4.
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b
Another important example is the modular group PSL(2,Z) of matrices A = “ d) with integer
c

coefficients, of determinant 1, ad — be = 1, with matrices A and —A identified. Given a 2-dimensional
lattice in the complex plane generated by two complex numbers wy and ws of non real ratio (why ?), this
group describes the changes of basis (w1, ws)? — (W], wh)T = A(wy,ws)T that leave invariant the area of
the elementary cell (S(wew]) = S(whwi*)) and that act on 7 = wo/w; as 7 — (a7 +b)/(cm + d). This
group plays an important role in mathematics in the study of elliptic functions, modular forms, etc, and

in physics, in string theory and conformal field theory ...

The homotopy groups, to be encountered soon, are other examples of discrete groups, finite or infinite. ..

. Continuous groups. We shall be dealing only with matrix groups of finite dimension, i.e.

subgroups of the linear groups GL(n,R) ou GL(n, C), for some n. In particular

e U(n), the group of complex unitary matrices, UUT = I, which is the invariance group
of the sesquilinear form (x,y) = > 2*y’ ;
e SU(n) its unimodular subgroup, of unitary matrices of determinant det U = 1;

e O(n) and SO(n) are orthogonal groups of invariance of the symmetric bilinear form
>, xiy;. Matrices of SO(n) have determinant 1 ;

e U(p,q), SU(p,q), resp. O(p,q), SO(p, q), invariance groups of a sesquilinear, resp.
bilinear form, of signature ((+)?, (—)?) (e.g. the Lorentz group O(1,3)).
Most often one considers groups O(n,R), SO(n,R) of matrices with real coefficients, but groups

O(n,C), SO(n,C) of invariance of the same bilinear form over the complex numbers may also play
a role.

® Sp(2n,R) : Let Z be the matrix 2n x 2n made of a diagonal of n blocks io:

0
Z = diag ) 0) , and consider the bilinear skew-symmetric form

(X,Y)=X"2Y = Z(I%—ly% — Y2i-172;) - (1.1)

i=1
The symplectic group Sp(2n,R) is the group of real 2n x 2n matrices B that preserve that form:
BTZB = Z . That form appears naturally in Hamiltonian mechanics with the symplectic 2-form
w=y1" dp; Ndg; = %Zijdfi A d€; in the coordinates & = (p1,¢1,P2,  ,¢n) ; w is invariant by
action of Sp(2n,R) on £. For n = 1, verify that Sp(2,R)=SL(2,R).
One may also consider the complex symplectic group Sp(2n,C). A related group, often denoted
Sp(n) but that I shall denote USp(n) to avoid confusion with the previous ones, the unitary sym-
plectic group, is the invariance group of a Hermitian quaternionic form, USp(n)=U(2n)N Sp(2n, C).
See Appendix A.

e the group of “motions” in R3 — compositions of O(3) transformations and translations
—, and groups obtained by adjoining dilatations, and then inversions with respect to
a point;

e the group of conformal transformations, i.e. angle preserving, in R"™ (see Problem
at the end of this chapter).

e the Galilean group of transformations x’ = Ox + vt + xo, t' =t + t9, O € SO(3);
e the Poincaré group, in which translations are adjoined to the Lorentz group O(1,3),

e ctc etc.
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1.1.2 Conjugacy classes of a group

In a group G we define the following equivalence relation:
a~b iff Jg€G : a=gbg! (1.2)

and the elements a et b are said to be conjugate.

The equivalence classes (conjugacy classes) that follow provide a partition of G, since any
element belongs to a unique class. For a finite group, the different classes generally have
different orders (or cardinalities). For instance, the class of the neutral element e has a unique
element, e itself.

We have already noted (in Chap. 0) that in the rotation group SO(3), a conjugacy class is
characterized by the rotation angle ¢ (around some unitary vector n). But this notion is also
familiar in the group U(n), where a class is characterized by an unordered n-tuple of eigenvalues
(e’ ..., e"n). This notion of class plays an important role in the discussion of representations

of groups and will be abundantly illustrated in the following.

What are the conjugacy classes in the symmetric group S,, 7 One proves easily that any permutation o of
Sy, decomposes into a product of cycles (cyclic permutations) on distinct elements. (To show that, construct the
cycle (1,0(1),02(1),--+); then, once back to 1, construct another cycle starting from a number not yet reached,
etc.). Finally if o is made of p; cycles of length 1, py of length 2, etc, with >_ ip; = n, one writes o € [1P12P2 - .. ],
and one may prove that this decomposition into cycles characterizes the conjugacy classes: two permutations

are conjugate iff they have the same decomposition into cycles.

1.1.3 Subgroups

The notion of subgroup H, subset of a group G itself endowed with a group structure, is
familiar. The subgroup is proper if it is not identical to G. If H is a subgroup, for any a € G,
the set a='.H.a of elements of the form a~!.h.a, h € H forms also a subgroup, called conjugate
subgroup to H.

Examples of particular subgroups are provided by :

e the center 7 :

In a group G, the center is the subset Z of elements that commute with all other elements
of G:
Z={a|VgeG,ag=g.a} (1.3)

Z is a subgroup G, and is proper if G is nonabelian. Examples: the center of the group
GL(2,R) of regular 2 x 2 matrices is the set of matrices multiple of I; the center of SU(2)
is the group Zs of matrices +1 (check by direct calculation).

e the centralizer of an element a :
The centralizer (or commutant ) of a given element a of G is the set of elements of G that commute with
a

Zy={9€Gla.g=g.a}. (1.4)
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The commutant Z, is never empty: it contains at least the subgroup generated by a. The center Z is

the intersection of all the commutants. Example: in the group GL(2,R), the commutant of the Pauli
0 1
matrix o; = (1 O) is the abelian group of matrices of the form al + boy, a? — b% # 0.

e More generally, given a subset S of a group G, its centralizer Z(S) and its normalizer N(S) are the

subgroups commuting respectively individually with every element of S or globally with .S as a whole

Z(S)= {y:¥seS ys=sy} (1.5)
N(S) = {z:27 .82 =S}. (1.6)

1.1.4 Homomorphism of a group G into a group G’

A homomorphism of a group G into a group G’ is a map p of G into G’ which respects the

composition law:
Vg,h € G, p(g-h) = p(g).p(h) (1.7)
In particular, p maps the neutral element of G onto that of G', and the inverse of g onto that

of ¢ = p(9): plg™") = (p(9)) ™"

An example of homomorphism that we shall study in great detail is that of a linear rep-
resentation of a group, whose definition has been given in Chap. 0 and that we return to in
Chap. 2.

The kernel of the homomorphism, denoted ker p, is the set of preimages (or antecedents) of
the neutral element in G”: kerp = {x € G : p(z) = ¢'}. It is a subgroup of G.

For example, the parity (or signature) of a permutation of S,, defines a homomorphism from

Sy, into Zs. Its kernel is made of even permutations: this is alternating group A,, of order n!/2.

1.1.5 Cosets with respect to a subgroup

Consider a subgroup H of a group G. We define the following relation between elements of G :
g~g = ¢g.g ' €H, (1.8)

which may also be rewritten as
g~¢g <= JheH : g=h.g orequivalently g€ H.g" . (1.9)

This is an equivalence relation (check !), called the right equivalence. One defines in a similar
way the left equivalence by

gL g <= gldeHsged H (1.10)

This relation (say, right) defines equivalence classes that give a partition of G; if g, is a repre-
sentative of class j, that class, called right-coset, may be denoted H.g;. The elements of H form
by themselves a coset. The set of (say right) cosets is denoted G/H and called the (right) coset

“space”. Its cardinality (the number of cosets) is called the index of H in G and is denoted
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by |G : H|. For example, the (additive) group of even integers H = 27Z is of finite index 2 in
G = Z. In contrast, Z is of infinite index in R.

If H is of finite order |H|, all cosets have |H| elements, and if G is itself of finite order |G/,
it is partitioned into |G : H| = |G|/|H| classes, and one obtains the Lagrange theorem as a
corollary: the order |H| of any subgroup H divides that of G, and the index |G : H| = |G|/|H|
is the order (=cardinality) of the coset space G/H.

The left equivalence gives rise in general to a different partition, but with the same index.
For example, the group S3 has a Zs subgroup generated by the permutation of the two elements
1 et 2. Exercise: check that the left and right cosets do not coincide.

1.1.6 Invariant subgroups

Consider a group G with a subgroup H. H is an invariant subgroup (one also says normal) if

one of the following equivalent properties holds true
e Vge G,YVhe H, ghgt € H;
e left and right cosets coincide;
e M is equal to all its conjugates Vg € G, gHg ' = H.

Exercise: check the equivalence of these three definitions.

The important property to remember is the following:
e If His an invariant subgroup G, the coset space G/H may be given a group structure, and is
called the quotient group.

Note that in general one cannot consider the quotient group G/H as a subgroup of G.

Let us sketch the proof. If g; ~ g} and go ~ ¢4, Fh1,he € H : g1 = h1.g], g2 = gh.ho, hence g1.g2 =
hi.(gh.g5)-ha i.e. g1.g2 ~ gi.95 et g7t = g'fl.hfl ~ g’fl. The equivalence relation is thus compatible with the
composition and inverse operations, and if [g;] and [g2] denote two cosets, one defines [g1].[g2] = [g1.92] where
on the right hand side (rhs), one takes any representative g; of the coset [g1] and ga of [g2] ; and likewise for
the inverse. Thus the group structure passes to the coset space. The coset made by H is the neutral element
in the quotient group.

Example of an invariant subgroup: The kernel of a homomorphism p of G into G’ is an
invariant subgroup; show that the quotient group is isomorphic to the image p(G) C G’ of G
by p.

1.1.7 Simple, semi-simple groups

A group is simple if it has no non-trivial invariant subgroup (non trivial, i.e. different from {e}
and from G itself). A group is semi-simple if it has no non-trivial abelian invariant subgroup.
Any simple group is obviously semi-simple.
This notion is important in representation theory and in the classification of groups.
Examples : The rotation group in two dimensions is not simple, and not even semi-simple

(why?). The group SO(3) is simple (non trivial proof, see below, section 1.2.2). The group
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SU(2) is neither simple nor semi-simple, as it contains the invariant subgroup {I,—I}. The

group S, is not simple, for n > 2 (why?).

Direct, semi-direct product

Consider two groups G1 and Go and their direct product G = G1 X Ga: it is the set of pairs (g1, g2) endowed with
the natural product (¢, 95)-(91,92) = (¢1-91, 95-92). Obviously its subgroups {(g1,€)} ~ G1 and {(e,¢2)} ~ G»
are invariant subgroups, and G is not simple.

A more subtle construction appeals to the automorphism group of G denoted Aut(G1): this is the group of
bijections 8 of Gy into itself that respect its product (group homomorphism): 5(gig1) = B(¢1)3(91). Suppose
there is a group homomorphism ¢ from another group Gz into Aut(G1): Vg2 € Ga2,¢(g2) € Aut(G1). We now
define on pairs (g1, g2) the following product

(91, 95)-(91, 92) = (91-0(g5)91, 95-92) -

Exercise: show that this defines on these pairs a group structure. This is the semi-direct product of G; and G4
(for a given ¢) and is denoted G X, G2. Check that the subgroup {(g1,€)} ~ G; is an invariant subgroup of
G.

Examples : the group of (orientation preserving) motions, generated by translations and rotations in Eu-
clidean R™, is the semi-direct product of R" xSO(n), with (a’, R')(d@, R) = (@’'+ R'd, R'R). Likewise the Poincaré

group in Minkowski space is the semi-direct product R* x L.

1.2 Continuous groups. Topological properties. Lie groups.

A continuous group (one also says a topological group) is a topological space (hence endowed
with a basis of neighbourhoods that allows us to define notions of continuity etc!) with a
group structure, such that the composition and inverse operations (g, h) — g.h et g — g~ ! are
continuous functions. In other words, if ¢’ is nearby ¢ (in the sense of the topology of G), and
W nearby h, then ¢’.h/ is nearby g.h and ¢’ ' is nearby ¢~ '.

The matrix groups presented at the beginning of this chapter all belong to this class of
topological groups, but there are also groups of “infinite dimension” like the group of diffeo-
morphisms invoked in General Relativity, or of gauge transformations in gauge theories.

Let us first study some topological properties of these continuous groups.

1.2.1 Connectivity

A group may be connected or not. If G is not connected, the connected component of the
identity (i.e. of the neutral element) is an invariant subgroup.

One may be interested in the connectivity in the general topological sense (a topological space E is connected
if its only subspaces that are both open and closed are E and (}), but we shall be mainly concerned by the arc
connectivity: for any pair of points, there exists a continuous path in the space (here the group) that joins them.
Show that the connected component of the identity is an invariant subgroup for both definitions. Ref. [K-S,

Po].

1See Appendix B for a reminder of some points of vocabulary. ..
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Figure 1.1: The paths z; et x5 are homotopic. But none of them is homotopic to the “trivial”

path that stays at xy. The space is not simply connected.

Examples. O(3) is disconnected and the connected component of the identity is SO(3);
for the Lorentz group £=0(1,3), the connected component of [ is its proper orthochronous
subgroup El, (see Chap. 0), the other “sheets” then result from the application on it of parity
P, of time reversal T" and their product PT...

1.2.2 Simple connectivity. Homotopy group. Universal covering

The notion of simple connectivity should not be mistaken for the previous one.

As it does not apply only to groups, consider first an arbitrary topological space E. Let us
consider closed paths (or “loops”) drawn in the space, with a fixed end-point zy, i.e. continuous
maps z(t) from [0, 1] into E such that z(0) = z(1) = zy. Given two such closed paths z;(.) et
x9(.) from zy to xy, can one deform them continuously into one another? In other words, is
there a continuous function f(¢,&) of two variables ,£ € [0, 1], taking its values in the space
E such that

Ve €10, 1] f(0,8) = f(1,£) =x . closed paths (1.11)
vt € [0,1] f(t,0) = x(t) f(t,1) = x5(t) : interpolation .

If this is the case, one says that the paths z; and x5 are homotopic (this is an equivalence
relation between paths), or equivalently that they belong to the same homotopy class, see fig.
1.1.

One may also compose paths: If z1(.) and x5(.) are two paths from zy to xg, their product
x9 0 x1 also goes from xy to zy by following first x; and then xy. The inverse path of x;(.) for
that composition is the same path but followed in the reverse direction: z*(t) := z,(1 — t).
Both the composition and the inverse are compatible with homotopy: if x; ~ z} and x5 ~ 2,
then 5 0 2y ~ o o 2} and 27 ~ 2/ ~". These operations thus pass to classes, giving the set of
homotopy classes a group structure: this is homotopy group m (E, x¢). Hence, a representative
of the identity class is given by the “trivial” path, z(¢) = xo, Vt. One finally shows that in
a connected space, homotopy groups relative to different end-points xy are isomorphic; if E is
a connected group, see below, one may take for example the base point xy to be the identity
xg = e. One may thus talk of the homotopy group (or fundamental group) m (E). For more
details, see for example [Po], [DNF].
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() (b)

Figure 1.2: (a) The group U(1), identified with the circle and its universal covering group R,
identified with the helix. An element g € U(1) is lifted to points - -+, g_1, go, g1, - - on the helix.
(b) In the ball B?® representing SO(3), the points y and —y of the surface are identified. A
path going from x to x via y and —y is thus closed but non contractible: SO(3) is non simply

connected.

If all paths from z( to zp may be continuously contracted into the trivial path {x}, 7 (E)
is trivial, and F is said to be simply connected. In the opposite case, one may prove and we
shall admit that one may construct a space E, called the universal covering space of E, such
that E is simply connected and that locally, E and E are homeomorphic. This means that
there exists a continuous and surjective mapping p from E to E such that any point z in E has
a neighborhood V, and that V, +— p(V,) is a homeomorphism, i.e. a bicontinuous bijection 2,
The universal covering space E of E is unique (up to a homeomorphism).

Let us now restrict ourselves to the case where ' = (G, a topological group. Then one shows
that its covering G is also a group, the universal covering group, and moreover, that the map
p is a homomorphism of G into G. Its kernel which is an invariant subgroup of é, is proved to
be isomorphic to the homotopy group m1(G) ([Po], sect. 51). The quotient group is isomorphic
to G

G/m(G) ~G , (1.12)

(according to a general property of the quotient group by the kernel of a homomorphism, cf.
sect. 1.1.6).

One may construct the universal covering group G by considering paths that join the identity e to a point g,
and their equivalence classes under continuous deformation with fixed ends. G is the set of these equivalence
classes. It is a group for the multiplication of paths defined as follows: if two paths ¢;(t) and go(t) join e to g1
and to go respectively, the path g;(t).g2(t) joins e to g1.g2. This composition law is compatible with equivalence
and gives G a group structure and one shows that G is simply connected (cf. [Po] sect. 51). The projection p
of G into G associates with any class of paths their common end-point. One may verify that this is indeed a

local homeomorphism and a group homomorphism, and that its kernel is the homotopy group m (G).

Example : The group G =U(1) of complex numbers of modulus 1, seen as the unit circle

S, is non simply connected: a path from the identity 1 to 1 may wind an arbitrary number

2“hicontinuous” means that the map and its inverse are both continuous.
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of times around the circle and this (positive or negative) winding number characterizes the
different homotopy classes: the homotopy group is m(U(1)) = Z . The group G is nothing
else than the additive group R and may be visualised as a helix above U(1). The quotient is
R/Z ~ U(1), which must be interpreted as the fact that a point of U(1), i.e. an angle, is a real
number modulo an integer multiple of 27. One may also say that m;(S*) = Z. More generally
one may convince oneself that for spheres, 7 (S™) is trivial (all loops are contractible) as soon
asn > 1.

Another fundamental example: The rotation group SO(3) is not simply connected, as fore-
seen in Chap. 0. To see this fact, represent the rotation Ry, (1)) by the point x = tan %n of an
auxiliary space R?; all these points are in the ball B? of radius 1, with the identity rotation at
the center and rotations of angle 7 on the sphere S? = 9B?, but because of Ry(7) = R_y(7),
(see Chap 0, sect. 1.1), diametrically opposed points must be identified. It follows that there
exists in SO(3) closed loops that are non contractible: a path from x to x passing through two
diametrically opposed points on the sphere S? must be considered as closed but is not con-
tractible (Fig. 1.2.b). There exist two classes of non homotopic closed loops from x to x and
the group SO(3) is doubly connected, i.e. its homotopy group is m1(SO(3)) = Zs. In fact, we al-
ready know the universal covering group of SO(3): it is the group SU(2), which has been shown
to be homeomorphic to the sphere S3, hence is simply connected, and for which there exists a
homomorphism mapping it to SO(3), according to £U,(1)) = £(cos & — isin £o.n) — Ry (1)),
see Chap. 0, sect. 1.2.

This property of SO(3) to be non simply connected may be illustrated by various home experiments,
the precise interpretation of which may not be obvious, such as “Dirac’s belt” and “Feynman’s plate”, see
http://gregegan.customer.netspace.net.au/APPLETS/21/21 .html
and http://www.math.utah.edu/~palais/links.html for nice animations, and V. Stojanoska et O. Stoytchev,
Mathematical Magazine, 81, 2008, 345-357, for a detailed discussion involving the braid group.

The same visualisation of rotations by the interior of the unit ball also permits to understand the above
assertion that the group SO(3) is simple. Suppose it is not, and let R = R, (1)) be an element of an invariant
subgroup of SO(3), which also contains all the conjugates of R (by definition of an invariant subgroup). These
conjugates are represented by points of the sphere of radius tan /4. The invariant subgroup containing Ry (1))
and points that are arbitrarily close to its inverse R_, (1)) contains also points that are arbitrarily close to the
identity, which by conjugation, fill a small ball in the vicinity of the identity. It remains to show that the
products of such elements fill all the bowl, i.e. that the invariant subgroup may only be SO(3) itself; this is in

fact true for any connected Lie group, as we shall see below.

Other examples: classical groups. One may prove that

e the groups SU(n) are all simply connected, for any n, whereas m(U(n)) = Z;

e for the group SO(2)= U(1), we have seen that m(SO(2))= Z;

e for any n > 2, SO(n) is doubly connected, 71 (SO(n))= Z,, and its covering group is called
Spin(n). Hence Spin(3)=SU(2).

The notion of homotopy, i.e. of continuous deformation, that we have just applied to loops, i.e. to maps
of S! into a manifold V (a group G here), may be extended to maps of a sphere S™ into V. Even though the
composition of such maps is less easy to visualise, it may be defined and is again compatible with homotopy,
leading to the definition of the homotopy group m,(V). For example 7, (S™) = Z. See [DNF] for more details

and the determination of these groups m,. This notion is important in physics to describe topological defects,
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solitons, instantons, monopoles, etc. See Fig. 1.3 for vortez and anti-vortex configurations of unit vectors in 2

dimensions, of respective winding number (or vorticity) £1.

Figure 1.3: Two configurations of unit vectors realizing homotopically non trivial mappings
St — S'. Those are respectively the vortex and anti-vortexr of the XY model of statistical
mechanics, see for example http://www.ibiblio.org/e-notes/Perc/xy.htm for more details

and nice figures.

1.2.3 Compact and non compact groups

If the domain D in which the parameters of the group G take their values is compact, G is said

to be a compact group.

Recall some of the many equivalent characterizations of a compact space E. From any infinite sequence one
may extract a converging subsequence. Given a covering of E by a set of open sets U;, E may be covered by a
finite number of them. Any continuous function on E is bounded, etc. For a subset D of R¢, being compact is

equivalent to being closed and bounded.
Examples. The unitary groups U(n) and their subgroups SU(n), O(n), SO(n), USp(n/2)
(n even), are compact. The groups SL(n,R) or SL(n,C), Sp(n,R) or Sp(n,C), the translation

group in R" the Galilean group, the Lorentz and Poincaré groups are not, why 7

1.2.4 Invariant measure

When dealing with a finite group, one often considers sums over all elements of the group and

makes use of the “rearrangement lemma’”, in which one writes
dfda) = D> flde) =D flg),
geG h=g'geG geG

(left invariance), the same thing with ¢’g changed into g¢’ (right invariance), and also
D g => fleh=> flg .
e g~ leG geG

Can one do similar operations in continuous groups, the finite sum being replaced by an
integral, which converges and enjoys the same invariances ? This requires the existence of an

integration measure, with left and right invariance, and invariance under inversion:

du(g) = du(y'.g) = du(g.g") = du(g™")
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such that [ du(g)f(g) be finite for any continuous function f on the group.

One may prove (and we admit) that
e if the group is compact, such a measure exists and is unique up to a normalization.

This is the Haar measure.

For example, in the unitary group U(n), one may construct explicitly the Haar measure,
using the method proposed in chap. 0, Appendix 0: one first defines a metric on U(n) by
writing ds? = tr dU.dUT in any parametrization; this metric is invariant under U — UU’ or
U — U'U and by U — U~! = UT; the measure du(U) that follows has the same properties.
See Appendix C for the explicit calculation for SU(2) and U(n), and more details in the TD.

Conversely if the group is non compact, left and right measures may still exist, they may even coincide, (for
non compact abelian or semi-simple groups) but their integral over the group diverges.

Thus, if G is locally compact, (i.e. any point has a basis of compact neighbourhoods), one proves that
there exists a left invariant measure, unique up to a multiplicative constant. There exists also a right invariant

measure, but they may not coincide. For example, take

=1 1)

one easily checks that dur(g) = y~2dxdy, dugr(g) =y~ 'dxdy are left and right invariant measures, respec-

z,y € Ry > 0}
tively, and that their integrals diverge. See [Bul.

1.2.5 Lie groups

Imposing more structure on a continuous group leads us in a natural way to the notion of Lie

groups.
According to the usual definition, a Lie group is a topological group which is also a differentiable manifold
and such that the composition and inverse operations G X G — G and G — G are infinitely differentiable
functions. One sometimes also requests them to be analytic real functions, i.e. functions for which the Taylor
series converges to the function. That the two definitions coexist in the literature is a hint that the weakest
(infinite differentiability) implies the strongest. In fact, according to a remarkable theorem (Montgomery and
Zippen, 1955), much weaker hypotheses suffice to ensure the Lie group property.
A topological connected group which is locally homeomorphic to R?, for some finite d, is a Lie group. In other
words, the existence of a finite number of local coordinates, together with the properties of being a topological
group (continuity of the group operations), are sufficient to imply the analyticity properties ! ® This shows that

the structure of Lie group is quite powerful and rigid. There exist, however, infinite dimensional Lie groups.
To avoid a mathematical discussion unnecessary for our purpose, we shall restrict ourselves
to continuous groups of finite size matrices. In such a group, the matrix elements of ¢ € G
depend continuously on real parameters (£1,£2,---€%) € D C R% and in the group operations
g(€") = g(€").9(€), and g(&)~" = g(€"), the " are continuous (in fact analytic) functions of the

& (and £7). Such a group is called a Lie group, and d is its dimension.
More precisely, in the spirit of differential geometry, one has in general to introduce several domains D,

with continuous (in fact analytic) transition functions between coordinate charts, etc.

3For an elementary example of such a phenomenon, consider a function f of one real variable, satisfying
f@)f(y) = f(x +y). Under the only assumption of continuity, show that f(z) = exp kx, hence that it is

analytic !
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Examples : all the matrix groups presented in §1.1 are Lie groups. Check that the dimension
of U(n) is n?, that of SU(n) is n? — 1, that O(n) or SO(n) is n(n—1)/2. What is the dimension
of Sp(2n,R) ? of the Galilean group in R3*? of the Lorentz and Poincaré groups ?

Show that dim(Sp(2n, R))=dim(USp(n))=dim(SO(2n + 1)). We shall see below in Chap. 3 that this is not
an accident.

The study of a Lie group and of its representations involves two steps: first a local study of
its tangent space in the vicinity of the identity (its Lie algebra), and then a global study of its
topology, i.e. an information not provided by the local study.

1.3 Local study of a Lie group. Lie algebra

1.3.1 Algebras and Lie algebras. Definitions

Let us first recall the definition of an algebra.
An algebra is a vector space over a field (for physicists, R or C), endowed with a product

denoted X * Y, (not necessarily associative), bilinear in X and Y

()\1X1 +>\2X2) xY = )\1X1 *Y+)\2X2*Y (113)

Examples: the set M (n,R) or M(n,C) of n x n matrices with real, resp. complex coefficients,
is an associative algebra for the usual matrix product. The set of vectors of R? is a (non
associative !) algebra for the vector product (denoted A in the French literature, and x in the
anglo-saxon one) .

A Lie algebra is an algebra in which the product, denoted [ X, Y] and called Lie bracket, has

the additional properties of being antisymmetric and of satisfying the Jacobi identity

[X,Y] = —[Y, X] (1.15)
(X1, [Xo, X5]] + [Xo, [X3, Xa]] + [X5, [X1, Xo]] = 0. (1.16)

Examples : Any associative algebra for a product denoted *, in particular any matrix

algebra, is a Lie algebra for a Lie bracket defined by the commutator
(X, Y]=X*Y -V xX .

The bilinearity and antisymmetry properties are obvious, and verifying the Jacobi identity
takes one line. Another example: the space R? with the above-mentionned vector product is in
fact a Lie algebra, with the Jacobi identity following from the “double vector product” formula,
ux (vxw)=(uw)v— (uv)w. If we write (v A W); = €;;,v;wy, in terms of the completely
antisymmetric tensor €, the Jacobi identity is indeed what we encountered in (0.27).

(See Chap. 0, (0.27).)
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1.3.2 Tangent space in a Lie group

Consider a Lie group G and a one-parameter subgroup g(t), where t is a real parameter taking
values in a neighborhood of 0, with ¢g(0) = e; in other words, g(t) is a curve in G, assumed to

be differentiable, and passing through the identity, and one assumes that (for ¢ near 0)

g(t1)g(ts) = g(ti +t2) g7 '(t) = g(—1) . (1.17)

The composition law in this subgroup locally amounts to the addition of parameters ¢; thus,
locally, this one-parameter subgroup is isomorphic to the abelian group R. It is then natural

to differentiate

gt +0t) =g(t)g(dt) < g Ht)g(t +ot) = g(6t) . (1.18)

As we have chosen to restrict ourselves to matrix groups, (with e = I, the identity matrix), we

may write the linear tangent map in the form
g(6t) =T +6tX + - -

which defines a vector X in the tangent space. One may also write

d
X =Zg)] . (1.19)

t=0

this is the velocity at ¢ = 0 (or at g = e) along the curve. Equation (1.18) thus reads

g'(t)=gt)X . (1.20)

As usual in differentiable geometry, (see Appendix B.3), the tangent space T.G at e to the
group G, which we denote g from now on, is the vector space generated by the tangent vectors

to all one-parameter subgroups (i.e. all velocity vectors at t = 0). If coordinates £~ of G have

_9_
Jea -

The dimension (as a vector space) of this tangent space is equal to the dimension of the (group)

been chosen in the vicinity of e (= I), a tangent vector is a differential operator X = X

manifold defined above as the number of (real) parameters dim g = dim G.
In the case of a group G C GL(n,R) to which we are restricting ourselves, X € g C M (n,R),
the set of real n x n matrices, and one may carry out all calculations in that algebra. In

particular, one may integrate (1.20) as

tn
g(t) =exptX = Z EX" , (1.21)
n=0

a converging sum. (In fact, the assumption that the group is a matrix group may be relaxed,
provided one makes sense out of the map exp from g to G, a map that enjoys some of the usual

properties of the exponential, see Appendix B.4.)
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1.3.3 Relations between the tangent space g and the group G

1. If G is the linear group GL(n,R), g is the algebra of real n x n matrices, denoted M (n,R).
If G is the group of unitary matrices U(n), g is the space of anti-Hermitian n x n matrices.
Moreover they are traceless if G = SU(n). Likewise, for the orthogonal O(n) group, g is made

of skew-symmetric, hence traceless, matrices.
For the symplectic group G =USp(n), g is generated by “anti-selfdual” quaternionic matrices, see Appendix A.

For each of these cases, check that the characteristic property (anti-Hermitian, skew-symmetric,

tracelessness, ... ) is preserved by the commutator, thus making g a Lie algebra.

2. The exponential map plays an important role in the reconstruction of the Lie group G from

its tangent space g. One may prove, and we admit, that
e the map X € g e* € G is bijective in the neighborhood of the identity;
e it is surjective (= every element in G is reached) if G is connected and compact;

e it is injective (any g € G has only one antecedent) only if G is simply connected. An
example of non-injectivity is provided by G =U(1), for which g = iR and all the i(z+27k),
k € Z have the same image by exp. The converse is in general wrong: for example in

iTNn.o

SU(2) which is simply connected, if n is a unit vector, e = —1, hence all elements

imn.o of g =su(2) have the same image!

* Example of a non-compact group for which the exp map is non surjective: G=SL(2,R), for which g=sl(2,R),
the set of real traceless matrices. For any A € g, hence traceless, use its characteristic equation to show that
tr A2t =0, tr A?" = 2(—det A)", hence tr e# = 2cosh/—det A > —2. There exist in G, however, matrices
of trace < —2, for instance diag (-2, —3).

* For a non compact group, the exp map may still be useful. One may prove that any element of a matrix
group may be written as the product of a finite number of exponentials of elements in its Lie algebra. [Cornwell
p 151].

x Observe that one still has det eX = e X, a property easily established if X belongs to the set of diago-
nalizable matrices. As the latter are dense in M (d,R), the property holds true in general.

1.3.4 The tangent space as a Lie algebra

Let us now show that the tangent space g of G at e = [ has a Lie algebra structure. Given
two one-parameter groups generated by two independent vectors X et Y of g, we measure their
lack of commutativity by constructing their commutator (in a sense different from the usual
one!) g = eXeWe e Y : for small t ~ u, this g is close to the identity, and may be written

g=expZ, Z € g. Compute Z to the first non trivial order

eXee e = (I +1X + 32X (I +uY + 3u’Y?) (I — tX + 32X (I — uY + $u?Y?)
=T+ (XY —-YX)tu+ O(t?) . (1.22)

The computation has been carried out in the associative algebra of matrices, the neutral element

being denoted I. All the neglected terms are of third order since ¢t ~ u. To order 2, one thus
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sees the appearance of the commutator in the usual sense, XY — Y X, i.e. the Lie bracket of

matrices X and Y. In general, for an arbitrary Lie group, the bracket is defined by

XYt X e = o7 7 = tu[X, Y]+ O(t*) (1.23)

’

and one proves that this bracket has the properties (1.15) of a Lie bracket.
This fundamental result follows from a detailed discussion of the local form of the group operations in a Lie

group (“Lie equations”, see for example [OR]).

e Adjoint map in the Lie algebra g. Baker-Campbell-Hausdorff formula

Let us introduce a handy notation. For any X € g, let ad X be the linear operator in the Lie
algebra defined by
Y~ (ad X)Y :=[X,Y], (1.24)

hence
(ad?X)Y = [X,[X,-- [X, Y] ]]
with p brackets (commutators).
Given two elements X and Y in g, and e* and e¥ the elements they generate in G, does
there exist a Z € g such that eXe¥ = ¢Z ? The answer is yes, at least for X et Y small enough.
Note first that if [X,Y] = 0, the ordinary rules of computation apply and Z = X +Y. In

general, the Baker-Campbell-Hausdorff formula, that we admit, gives an explicit expression of
Z.

€X6Y = EZ

1
7z = X+/ dtyp(expad X exptadY)Y (1.25)
0

where 9(.) is the function
ulnu 1 1 9
w(u)—u_l—l—l—é(u—l)—a(u—l) +-- (1.26)

which is regular at « = 1. The first terms in the expansion in powers of X and Y read explicitly

Z=X+Y+ %[X, Y]+ %([X, X, Y]] + [V [V, X]]) T (1.27)

This complicated formula has some useful particular cases. Hence if X et Y commute with [X, Y], (1.25)
boils down to

XY = XHYHFIXY] _ XAV 3XY] (1.28)

a formula that one may prove directly using the general identity

1
X X n
e"Ye " = EO !ad XY (1.29)

tX

(which is nothing else than the Taylor expansion at ¢t = 0 of e!XYe™'X evaluated at ¢t = 1), and writing and

solving the differential equation satisfied by f(t) = !X et¥', f(0) =1

P = (X + e Xye ) f(r) (1.30)
= (X+Y + X, Y)f(t) . (1.31)

September 10, 2013 J.-B. Z M2 ICFP/Physique Théorique 2012



44 Chap.1. Groups. Lie groups and Lie algebras

On the other hand, to first order in Y, one may replace the argument of ¢ in (1.25) by expad X and then
ad Bn n n 2
Z=X+Y —(-1)"(adX)" Y +0(Y?) (1.32)
= nl

where the B, are the Bernoulli numbers: = = > B,  By=1 By =

o

By = —3—10 and, beside B; = —1

1
67 27

all B of odd index vanish. Still to first order in Y, one has also
1
€X+Y — €X +/ dtetXYe(l—t)X + O(y?)
0

which is obtained by writing and solving the differential equation satisfied by F(t) = expt(X +Y).exp —tX.
The convergence of these expressions may be proven for X et Y small enough. Note that
this BCH formula makes only use of the ad map in the Lie algebra, and not of the ordinary

matrix multiplication in GL(d,R). This is what makes it a canonical and universal formula.

1.3.5 An explicit example: the Lie algebra of SO(n)

From the definition of elements of g as tangent vectors in G at e = I, or else from the construc-
tion of one-parameter subgroups associated with each X € g, follows the interpretation of X
as “infinitesimal generator” of the Lie group G. The actual determination of the Lie algebra of
a given Lie group GG may be done in several ways, depending on the way the group is defined
or represented.

If one has an explicit parametrization of the elements of G in terms of d real parameters,
infinitesimal generators are obtained by differentiation wrt these parameters. See in Chap. 0,
the explicit cases of SO(3) and SU(2) treated in that way.

If the group has been defined as the invariance group of some quadratic form in variables x,
one may derive an expression of the infinitesimal generators as differential operators in x. Let
us illustrate it on the group O(n), the invariance group of the form Y, 27 in R™. The most
general linear transformation leaving that form invariant is x — 2’ = Ox, with O orthogonal.

T

In an infinitesimal form, O = I +w, and w = —w" is an arbitrary skew-symmetric real matrix.

An infinitesimal transformation of the form §z* = w’;27 may also be written

o' =wliapl = —gWM Jyat (1.33)

Jkl = $kal — xlﬁk . Jkl$i = l‘kéil — mléik (134)

(note that we allow to raise and lower freely the indices, thanks to the signature (4)" of the
metric). This yields an explicit representation of infinitesimal generators of the so(n) algebra

as differential operators. It is then a simple matter to compute the commutation relations®
[Jz'j, Jkl] = 5il<]jk - 5,’ij1 - 5jl<]z'k + (5ij¢1 . (135)

(In other words, the only non-vanishing commutators are of the form [J;;, Jix] = —Jj for any

triplet i # j # k # i, and those that follow by antisymmetry in the indices.)

4Note that wrt to the calculation carried out in the O(1,3) group in Chap. 0, § 0.6.2, we have changed our

conventions and use here anti-Hermitian generators.
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One may proceed in a different way, by using a basis of matrices in the Lie algebra, regarded
as the space of skew-symmetric n x n matrices. Such a basis is provided by matrices A;; labelled

by pairs of indices 1 <1 < j < n, with matrix elements
(Aij)kl = 00j1 — Oudjk -

Hence the matrix A;; has only two non vanishing (and opposite) elements, at the intersection of
the i-th row and j-th column and vice versa. Check that these matrices A;; have commutation

relations given by (1.35).

Exercise : repeat this discussion and the computation of commutation relations for the group SO(p, q) of

invariance of the form Y% z? — figﬂ x2. Tt is useful to introduce the metric tensor g = diag ((+1)7, (—1)9).

A physical application: Noether currents for the “O(n) model”
A field theory frequently considered (see F. David’s course and Chap. 4) is the O(n) model.
Its Lagrangian, written here in the Euclidean version of the theory and for a real bosonic field
¢ = {¢*} with n components,
A
4

is invariant under O(n) rotations. The Noether currents are derived from infinitesimal transfor-

L= (09 + g’ + S8 (1.36)

mations of the previous type ¢ = 3°, . dw" A;;@, or, in components, dF = > i Swi (A" ¢,
namely (up to a possible factor) j,(fj) = %(Aij)kl ¢ = 0,01(A;;)" ¢, Using the antisym-

metry of matrices A and the Euler-Lagrange equations, show that these currents are indeed

divergenceless, which implies the conservation of dimso(n) = $n(n — 1) “charges”.

1.3.6 An example of infinite dimension: the Virasoro algebra

In these notes, we are restricting our attention to Lie groups and algebras of finite dimension. Let us give here
an example of infinite dimension. One considers diffeomorphisms z — 2z’ = f(z) where f is an analytic (holo-
morphic) function of its argument except maybe at 0 and at infinity. (One also speaks of the “diffeomorphisms
of the circle”.) This is obviously a group and an infinite dimensional manifold, which manifests itself in the

algebra of infinitesimal diffeomorphisms z — 2z’ = z + €(z), generated by differential operators £,

0
0, = —2"T1— 7 1.
e ne (1.37)
which satisfy
[l lm] = (N —Mm)lppm - (1.38)

This Lie algebra is the Witt algebra. A modified form of this algebra, with a central extension (see. Chap.
2), i.e. with an additional “central” generator ¢ commuting with all generators, is called Virasoro algebra and

appears naturally in physics. Calling L,, et ¢ the generators of that algebra

(Lo, Lin] = (0 — m) Ly + %n(nz ~Dnm e Ln] =0. (1.39)
(The L,, may be thought of as quantum realizations of the operators ¢,,, with the ¢ term resulting from quantum

effects. . .)

Check that the Jacobi identity is indeed satisfied by this algebra. One proves that this is the most general
central extension of (1.38) that respects the Jacobi identity. Show that the subalgebra generated by Ly, Ly is
not affected by the central term. What is the geometric interpretation of the corresponding transformations?

The Virasoro algebra plays a central role in the construction of conformal field theories in 2d and in their

application to two-dimensional critical phenomena and to string theory. More details in [DFMS].
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1.4 Relations between properties of g and GG

Let us examine how properties of G translate in g.

1.4.1 Simplicity, semi-simplicity

Let us define the infinitesimal version of the notion of invariant subgroup. An ideal (also
sometimes called an invariant subalgebra) in a Lie algebra g is a subspace J of g which is stable
under multiplication (defined by the Lie bracket) by any element of g, i.e. such that [J,g] C J.
The ideal is called abelian si [J, 3] = {0}.

A Lie algebra g is simple if g has no other ideal than {0}. It is semi-simple if g has no other
abelian ideal than {0}.

Example. Consider the Lie algebra of SO(4), denoted so(4), see the formulae given in (1.35)

for so(n). It is easy to check that the combinations
1 1 1
Ay = §(J12 — J34), Ay = §(J13 + Jog), A= §<J14 = J23)
commute with
1 1 1
B, = §(J12 + Ja4), By = 5(_J13 + Jaa), By = 5(‘]14 + Ja3)

and that
(A, Aj] = €k Ak (B;, B;] = €1 B , [A;, Bj] =0

where one sees two commuting copies of so(3). One writes so(4)=so0(3)® so(3). Obviously the
algebra so(4) is not simple, but it is semi-simple.

Notice the difference between this case of so(4) and the case of the algebra so(1,3) studied in Chap. 0, § 0.6.2.
There, the indefinite signature forced us to complexify the algebra to “decouple” the two copies of the algebra
so(3).

One has the following relations
G simple = g simple
G semi-simple = g semi-simple
but the converse is not true ! Several different Lie groups may have the same Lie algebra, e.g.

SO(3) which is simple, and SU(2) which is not semi-simple, as seen above in §1.1.7. °

1.4.2 Compacity. Complexification

A semi-simple Lie algebra is said to be compact if it is the Lie algebra of a compact Lie group.
At first sight, this definition looks non intrinsic to the algebra and seems to depend on the Lie group from which

it derives. We shall see below that a condition (Cartan criterion) allows to remove this dependance.

5Beware! Some authors call “simple” any Lie group whose Lie algebra is simple. This amounts to making a
distinction between the concepts of simple group and simple Lie group. The latter is such that it has no non
trivial invariant Lie group. Thus the Lie group SU(2) is a simple Lie group but not a simple group, as it has an

invariant subgroup Z, which is not of Lie type...
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At this stage one should examine the issue of complexification. Several distinct groups may
have different Lie algebras, that become isomorphic when the parameters are complexified.

For instance, the groups O(3) et O(2,1), the first compact, the second non compact, have Lie

algebras
Xy = 20, — y0,
0(3) Xy =20, — 20, (X1, Xo] = y0, — 20, = X etc
| X3 =90, — 20,
(X, = 20, + y0. [)?1,)?2] :yax—xﬁy:)?g
0(2,1) Xy =20, + 20,  [Xo,Xs] = =20, —yd. = — X, (1.40)
X; = YO, — x0y [)Nfg,)N(l] = 20, — 20, = — X

\

that non isomorphic on the real numbers, but z')N(I, i)N(Q et —)~(3 verify the o(3) algebra. The
algebras o(3) and o(2,1) are said to have the same complexified form g., or else, to be two real
forms of g, but only one of them, namely o(3), (or so(3)=su(2)), is compact. This complexified
form is the sl(2,C) algebra, of which sl(2,R) is another non compact real form. (See Exercise

B and TD).

The algebras so(4) and so(1,3) studied above and in Chap. 0 provide another example of
two algebras, which are two non-isomorphic real forms of the same complexified form.
Another example is provided by sp(2n,R) et usp(n). (See Appendix A).

More generally, one may prove ([FH] p. 130) that

e any semi-simple complex Lie algebra has a unique real compact form.

To summarize, local topological properties of the Lie group are transcribed in the Lie alge-
bra. The Lie algebra, however, is unable to capture global topological properties of the group,

as we discuss now.

1.4.3 Connectivity, simple-connectivity

— If G is non connected and G’ is the subgroup of the connected component of the identity, the
Lie algebras of G and G’ coincide: g = g¢'.

— If G is non simply connected, let G be its universal covering group. G et G being locally
isomorphic, they have the same Lie algebra. Examples: U(1) and R; SO(3) and SU(2); SO(1,3)
and SL(2,C).

To summarize:

Given a Lie group GG, we have constructed its Lie algebra. Conversely, a theorem by Lie asserts
that any (finite-dimensional) Lie algebra is the Lie algebra of some Lie group [Ki-Jr, p.34].
More precisely, to every Lie algebra g corresponds a unique connected and simply connected
Lie group G, whose Lie algebra is g. Any other connected Lie group G’ with the same Lie
algebra g has the form G’ = G/H with H a finite or discrete invariant subgroup of G. This
agrees with what we saw above: if G is the covering group of G'; G’ = G/m(G"). For example
U(1)=R/Z, SO(3)=SU(2)/Z,. If G' is non connected, the previous property applies to the

connected component of the identity.
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1.4.4 Structure constants. Killing form. Cartan criteria

Given a basis {t,} in a d-dimensional Lie algebra g, any element X of g reads X = Zizl xt
The structure constants of g (in that basis), defined by

[tarta] = Cy' 8 | (1.41)

are clearly antisymmetric in their two lower indices C /@7 =—-C 507. Return to the linear operator
ad X defined above in (1.24)

adX Z=[X,Z]=> 2°2°C,Jt,

and for X, Y € g consider the linear operator ad X ad Y which acts in the Lie algebra according
to
adXadY Z = [X,[V, Z]] = C,y Cyla"y 1, .

Exercises (easy !): show that the Jacobi identity is equivalent to the identity
Z (C(adECﬁ,yé + Cﬁ(sec,ya(s + 0756 aﬁ(s) - O (142)
5

(note the structure : a cyclic permutation on the three indices a, 3,y with € fixed and summation
over the repeated d); and show that this identity may also be expressed as
[ad X,adY]Z = ad [X,Y]Z . (1.43)

Taking the trace of this linear operator ad X adY defines the Killing form

(X,Y) :=tr(ad Xad Y) angcﬁjxayﬁ = gupz®y” (1.44)

a symmetric bilinear form (a scalar product) on vectors of the Lie algebra. The symmetric

tensor g,p is thus given by

Gap = Z C’a(ﬁC’m‘s = tr (adt, adtg) .

7,6

(Symmetry in «, 3 is manifest on the 1st expression, it follows from the cyclicity of the trace
in the 2nd.)

Note that this Killing form is invariant under the action of any ad Z :
VX,Y.Zeg (Z.X].Y)+(X,[Z.Y])=0 (1.45)

(think of ad Z as an infinitesimal generator acting like a derivative, either on the first term,
or on the second). Indeed the first term equals tr (ad Zad XadY — ad Xad ZadY’) while the
second is tr (ad Xad ZadY — ad XadYad Z), and they cancel thanks to the cyclicity of the
trace. One may prove that in a simple Lie algebra, an invariant symmetric form is necessarily

a multiple of the Killing form.
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One may then use the tensor g,z to lower the 3d label of C’aﬁv, thus defining
Caﬁ'y = aﬂég’ﬂs = Caﬁacfysncéne :

Let us then show that this C,s, is completely antisymmetric in «, 3,7. Given the already
known antisymmetry in «, 3, it suffices to show that C,, is invariant by cyclic permutations.

This follows from (1.45) which may be written in a more symmetric form as
(X,[Y,Z]) = (V,[Z,X]) = (Z,[X,Y]) = Copy 2y’ 2" = Chyay’ 22 = Copz 2%y”,  (1.46)

thus proving the announced property.

A quite remarkable theorem of E. Cartan states that:

e (i) A Lie algebra is semi-simple iff the Killing form is non-degenerate, i.e. det g # 0.
e (ii) A real semi-simple Lie algebra is compact iff the Killing form is negative definite.
Those are the Cartan criteria.

In one way, property (i) is easy to prove. Suppose that g is not semi-simple and let us show that det g = 0.
Let J be an ideal of g, choose a basis of g made of a basis of J, {t;}, i« = 1,---r, complemented by t,, a =
r+1,---d. For 1 <14,j <r, compute g;; = Zaﬁ C’mﬂC’jﬁ"‘. By definition of an ideal, « and (8 are themselves
between 1 and r, g;; = Zlﬁk,lér C’ile’jlk. Hence the restriction of the Killing form of g to J is the Killing form
of J. If moreover the ideal is assumed to be abelian, g;; = 0 and ¢, = 0 (Exercise: check that point!). The
form is obviously degenerate (det g = 0). The reciprocal, det g = 0 = g non semi-simple, is more delicate to
prove.

Likewise, property (ii) is relatively easy to prove in the sense compactness = definite negative form.
Start from an arbitrary positive definite symmetric bilinear form; for example in a given basis {t,}, con-
sider (X,Y) = > 2%®. For a compact group G, one can make this form invariant by averaging over G :
o(X,Y) == [du(g)(gXgt,gYg™"). It is invariant p(gXg~',gYg ') = ¢(X,Y), or in infinitesimal form,
o([Z, X], Y]+ (X, [Z,Y]) =0, (cf (1.45)). Tt is also positive definite. Let e, be a basis which diagonalizes it,
©(eq, es) = 0ap. Let us calculate in that basis the matrix of the ad X operator and show that it is antisymmetric,
(adX)a,@ = —(adX)ga :

(ad X)ap = @(ea, [X, ep]) = —p(es, [X, ea]) = —(ad X)ga -
Hence the Killing form
(X,X) =tr(ad Xad X) = > (ad X)ag(ad X)ga = — Y _((ad X)ap)* <0
o, a,B
is negative semi-definite, and if the algebra is semi-simple, it is negative definite, q.e.d.

Example. The case of SO(3) or SU(2) is familiar. The structure constants are given by the
completely antisymmetric tensor Cyg, = €43,. The Killing form is g,3 = —20.5. Exercise :
compute the Killing form for the algebra so(2, 1), (see Exercise B).

A last important theorem (again by Cartan !) states that

e Any semi-simple Lie algebra g is a direct sum of simple Lie algebras g;

g=Digi .

This is a simple consequence of (1.46). Consider a semi-simple algebra g with an ideal J and call € the
complement of J wrt the Killing form, i.e. (J,&) = 0. By (1.46), ([¢,7],7) = (€, [3,7]) = (€,TJ) = 0 (since J is
a subalgebra), and ([€,7], &) = (J,€) = 0 (since J is an ideal), hence [€, J], orthogonal to any element of g for
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the non-degenerate Killing form, vanishes, [€, J] = 0, which means that g = J @ €. Iterating the argument on

¢, one gets the announced property.
Cartan made use of these properties to classify the simple complex and real Lie algebras.

We return to this classification in Chap. 3.

1.4.5 Casimir operator(s)

With previous notations, given a semi-simple Lie algebra g, hence with an invertible Killing

form, and a basis {t,} of g, we define

Cy=Y  g"taty (1.47)
a,B

where g*” is the inverse of gng, i.€. gayg?”® = 67.

Formally, this combinaison of the ¢’s, which does not make use of the Lie bracket, does not live in the Lie algebra
but in its universal enveloping algebra Ug, defined as the associative algebra of polynomials in elements of g.
Here, since we restricted ourselves to g C M (n,R), Ug may also be considered as a subalgebra of M (n,R).

Let us now show that C5 has a vanishing bracket (commutator) with any ¢, hence with any

element of g. This is the quadratic Casimir operator.

[Ca,t,] = Zgaﬁ[tat[% t,]
a,f
- Zgaﬁ (ta[tﬁv tv] + [taa tv]tﬁ)
a,f

= Z 9*7Cy (tats + tsta) (1.48)
o,B,0

= Y 99 Caultals + tota) -
a,3,0,k

The term Br g*P¢°*Cp,,. is antisymmetric in a < §, while the term in parentheses is sym-
metric. The sum thus vanishes, q.e.d.

One shows that in a simple Lie algebra, (more precisely in its universal enveloping algebra), a
quadratic expression in ¢ that commutes with all the ¢’s is proportional to the Casimir operator
Cs. In other words, the quadratic Casimir operator is unique up to a factor.

Example. In the Lie algebra so(3)= su(2), the Casimir operator C5 is (up to a sign) J?,
which, as everybody knows, commutes with the infinitesimal generators J? of the algebra. In a
non simple algebra, there are as many quadratic operators as there are simple components, see
for example the two Casimir operators J? and K? in the (complexified) so(1,3)~ su(2)& su(2)
algebra of the Lorentz group (see Chap. 0 § 0.6.2); or P? and W? in the Poincaré algebra, see

Chap. 0, § 0.6.5.

There may exist other, higher degree Casimir operators. Check that

Oy = g goacs gt C 2O B O Pty et (1.49)

a1f1 T azfBe

has a vanishing bracket with any ¢,. What is that C5 in su(2) ? See Bourbaki ([Bo], chap. 3.52) for a discussion

of these general Casimir operators. See also exercice C below.
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If one remembers that infinitesimal generators (vectors of the Lie algebra) may be regarded
as differential operators in the group coordinates, one realizes that the Casimir operators
yield invariant (since commuting with the generators) differential operators. In particular,
the quadratic Casimir operator corresponds to an invariant Laplacian on the group (see Chap.

0, § 0.2.3 for the case of SO(3)).

These Casimir operators will play an important role in the study of group representations.
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Appendix A. Quaternion field and symplectic groups

A.1 Quaternions
The set of quaternions is the algebra over C generated by 4 elements, e;, i = 1,2, 3,
=091+ q¢Wer +¢Pes +¢®es Y ecC (A1)
with multiplication e? = ejegez = —1, from which it follows that
e1e9 = —ege] = €3

and cyclic permutations. One may represent the e; in terms of Pauli matrices : e; — —io;.
The conjugate of g is the quaternion

7=q"1-qWe; — qPey — e . (A.2)
not to be confused with its complex conjugate
¢ = 01+ ¢W%e; + D% ey + ¢P*es . (A.3)

Note that ¢g := |¢|> = (¢©)2 + (¢")? + (¢)? + (¢®)?, the square norm of the quaternion, and hence
q~! = G/|q|? if this norm is non-vanishing.

One may also define the Hermitian conjugate of g as

(in accordance with the fact that Pauli matrices are Hermitian).

Note that conjugation and Hermitian conjugation reverse the order of factors

(192) = @21 (1q2)" = CI;(II . (A.5)

A real quaternion is a quaternion of the form (A.1) with ¢(*) € R , hence identical with its complex
conjugate.

The set of real quaternions forms a field, which is also a space of dimension 4 over R. It is denoted H (from
Hamilton).

A.2 Quaternionic matrices

Let us consider matrices () with quaternionic elements (Q);; = ¢i;, or Q@ = (gi;). One may apply to @ the

conjugations defined above. One may also transpose (). The Hermitian conjugate of @) is defined by

(@i = aj; - (A.6)
The dual QT of a quaternionic matrix Q is the matrix
(@Q@%)ij = @i - (A7)

(It plays for quaternionic matrices the same role as Hermitian conjugates for complex matrices.) A quaternionic
matrix is self-dual if

Q" =Q = (aij) = (@) , (A.8)
it is real quaternionic if

Qf = Q' hence %ij = 435 (A.9)

i.e. if its elements are real quaternions.
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A.3 Symplectic groups Sp(2n,R) and USp(n), and the Lie algebras
sp(2n) et usp(n)

Consider the 2n x 2n matrix

0 I
S = " (A.10)
-I, 0
(with I, the n X n identity matrix) and the associated “skew-symmetric” bilinear form
n
(X,Y) = X"SY = (@i¥isn — ViTitn) - (A.11)
i=1

The symplectic group Sp(2n,R) is the group of real 2n x 2n matrices that preserve that form

BTSB=35. (A.12)

0

quaternions, and the symplectic group is then generated by quaternionic n x n matrices Q satisfying Q%.Q = I,
o
imaginary for @ = 1,3. This group is non compact. Its Lie algebra sp(2n,R) is generated by real matrices
A such that ATS + SA = 0. The dimension of that group or of its Lie algebra is n(2n + 1). For n = 1,
Sp(2,R)=SL(2,R).

A related group is USp(n), generated by unitary real quaternionic n x n matrices Q% = Qf = Q~!. This is

0 1
In the basis where X7 = (21, 2,11, %2, Tni2, -+ ), the matrix S = diag < ) ) = diag (—e2) in terms of

(check !); the matrix B being real, however, the elements of @) are such that ¢;.” are real for a = 0,2 and purely

the invariance group of the quaternionic Hermitian form 3 Z;y;, x,y € H™. It is compact since it is a subgroup
of U(2n). Its Lie algebra usp(n) is generated by antiselfdual real quaternionic matrices A = —Af = —Af
(check!). Tts dimension is again n(2n + 1). For n = 1, USp(1)=SU(2).

Expressing the condition on matrices A of sp(n,R) in terms of quaternions, one sees that the two algebras

sp(2n,R) and usp(n) have the same complexified algebra, namely sp(2n, C). Only usp(n) is compact.

Appendix B. A short reminder of topology and differential

geometry.

B.1 A lexicon of some concepts of topology used in these notes

Topological space : set E with a collection of open subsets, with the property that the union of
open sets and the intersection of a finite number of them is an open subset, and that F and ()
are open.
Closed subset of FE : complement of an open subset of F.
Neighborhood of a point x : subset E that contains an open set containing z. Let V(z) be the
set of neighborhoods of x.

A topological space is separated (or Hausdorff) if two distinct points have distinct neighbor-
hoods. This will always be assumed in these notes.
Basis of neighborhoods B(z) of a point x : subset of V(z) such that any V' € V(x) contains a
W € B(x). (Intuitively, a basis is made of “enough” neighborhoods.)
Continuous function: a function f from topological space E to topological space F' is called

continuous if the inverse image of every open set in F'is open in E.
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Compact space E: topological (separated) space such that from any covering of E by open sets,
one may extract a finite covering.
Consequences: if F is compact,
— any infinite sequence of points in £ has an accumulation point in F;
—if f: EF+— F is continuous, f(F) is compact;
— any continuous real function on £ is bounded.
If £ is a subspace of R, Ef compact < E closed and bounded (Heine-Borel).
Locally compact space : (separated) space in which any point has at least one compact neigh-
borhood. Examples : R is not compact but is locally compact ; Q is neither compact nor locally

compact.

B.2 Notion of manifold

A manifold M of dimension n is a space which locally, in the vicinity of each point, “resembles”
R"™ or C". Counter-examples are given by two secant lines, or by ——(). More precisely,
there exists a collection of neighborhoods U; covering M, with charts f;, i.e. invertible and
bicontinuous (homeomorphisms) functions between U; and an open set of R™: f;(U;) C R™. Let
m be a point of M, m € U;, and f;(m) = (x', 22, ...2") its image in R™ : (2!, 22, ...2") are
the local coordinates of m, which depend on the map. It is fundamental to know how to change
the coordinate chart. The manifold is said to be differentiable of class C* if for any pair of
open sets U; and U; with a non-empty intersection, f; o f;* which maps f;(U; N U;) C R™ onto
fi(U; N U;) C R™ is of class C*.

Example : the sphere S? is an analytic manifold of dimension 2. One may choose as two
open sets the sphere with its North, resp. South, pole removed, with a map to R? given by the
stereographic projection (see Problem below) from that pole.

A Riemann manifold is a differentiable real manifold on the tangent vectors of which a
positive definite inner product has been defined. If the inner product is only assumed to be a non

degenerate form of signature (4+1)?, (—1)""?), the manifold is said to be pseudo-Riemannian.

o)
oxt?

In local coordinates z°, we have X = X' and the inner product and the squared length

element are given by the metric tensor g

(X,Y) = g; X'Y7 ds® = g;jdz'dx’ . (B.1)

B.3 Tangent space

In differential geometry, a tangent vector X to a manifold M at a point z¢ is a linear differential operator, of

first order in the derivatives in xg, acting on functions f on M. In local coordinates z,

;0
X: J@eYx Ll s
% z Zo
and under a change of coordinates {z'} — {y'}, these operators transform by the Jacobian matrix % =
> gz; % with the transformation of X* — Y7 that follows from it.
v | 4 O
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Figure 1.4: The field of tangent vectors to the curve C(¢) is a left-invariant vector field

Tangent vector to a curve : if a curve C(t) passes through the point o at ¢ = 0, one may differentiate a

function f along that curve

which defines the tangent vector to the curve C at point xg, also called velocity vector and denoted C(¢)|t—o =
C’'(0).
The tangent space to M at xp, denoted T, M, is the vector space generated by the velocity vectors of all

curves passing through zo. The space T, M has a basis made of aii

) it has the same dimension as M.

If a vector X, tangent to M at x is assigned for any x, this defines a vector field on the manifold M.

B.4 Lie group. Exponential map

Take a group G, e its identity. Let C(¢) be a curve passing through C(0) = e, and let X, = (C'(¢))i=0 be its
velocity vector at e. For g € G, one defines the left translate g.C(t) of C by g. Its velocity at g, X, = (9.C(t))}—0,
is called a left translated vector of X.. The vector field g — X, is said to be left-invariant, it is the set of left
translated vectors of X.. The tangent space at e and the space of invariant vector fields are thus isomorphic,

and are both denoted g.

Conversely, given a tangent vector X, at e, let
C(t) = exptX, (B.2)

be the unique solution to the differential equation
C'(t) = Xew) (B.3)

which expresses that the curve C(¢) is tangent at any of its points to the left-invariant vector field, that equation
being supplemented by the initial condition that C'(0) = e. (This first-order differential equation has a solution,
determined up to a constant (in the group), and that constant is fixed uniquely by the initial condition.)

Let us now prove that the function exp defined by (B.2) satisfies property (1.17). Note that C(t) satisfies
(B.3), and so does C(t +t'). Thus C(t+t') = k.C(t), (with k constant in the group), and that constant is fixed
by taking t = 0, C(t') = k, hence C(t +t') = C(¢)C(t) and C(—t) = C(t)™!, qged.

In the case of matrix groups considered in this course, the function exp is of course identical to the expo-

nential function defined by its Taylor series (1.21).
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Appendix C. Invariant measure on SU(2) and on U(n)

The group SU(2) being isomorphic to a sphere S is compact and one may thus integrate a
function on the group with a wide variety of measures dju(g). The invariant measure, such that
du(g.g91) = du(gr.9) = du(g=t) = du(g), is, on the other hand, unique up to a factor.

A possible way to determine that measure is to consider the transformation U — U’ = U.V
where U,V and hence U’ are unitary of the form (0.10) (i.e. U = ugl —u.0, u € S etc) ; if the
condition u3 +u? = 1 is momentarily relaxed (but v3 +v? = 1 maintained), this defines a linear
transformation u — u’ which conserves the norm det U = u2 + u? = u + u’? = det U’. This is
thus an isometry of the space R* which preserves the natural measure d*u d(u? — 1) on the unit
sphere S® of equation det U = 1. In other terms, that measure on the sphere S gives a right
invariant measure: du(U) = du(U.V). One may prove in a similar way that it is left invariant:
dp(U) = du(V.U). Tt is also invariant under U — U~!, since inversion in SU(2) amounts to the
restriction to S? of the orthogonal transformation ug — ug, u — —u in R*, which preserves of

course the natural measure on S° :
dp(U) = du(UV) = dp(VU) = dp(U™) .

The explicit form of the measure depends on the chosen parametrization. If one uses the

direction n (or its two polar angles 6 et ¢) and the rotation angle v, one finds
L. ,9 .
du(U) = 5 sin Esmde df d¢ (C.1)

normalized for SU(2) to

T 2w 2
v(SU(2)) = /SU@) du(U) = %/0 desmefo d¢/0 dwsm2% = 27 (C.2)

which is the “area” of the unit sphere S* and the volume of SU(2). For SO(3) where the angle
¥ has a range restricted to (0, 7), one finds instead v(SO(3)) = fso(g) du(g) = 7.
The expression in any other coordinate system, like the Euler angles, is then obtained by

computing the adequate Jacobian
1
du(U) = gsinﬁda dB dr . (C.3)

(Note that 0 < < 47 for SU(2), whereas 0 < a < 27 and 0 < 3 < 7).
Compare these results with those obtained by a different method in Chap. 0, App. 0.

e Case of U(n).
Let us discuss rapidly the case of U(n), using the method of Chap. 0, App. 0. Any unitary matrix U € U(n)
may be diagonalized in the form

U=VAVT, (C.4)

with A = diag (A1,---,\,) and the \; are in fact of modulus one, \; = €. These \; may be regarded as
“radial” variables, while V' represents the “angular” variables. Note that V has to be restricted not to commute
with the diagonal matrix A. If the latter is generic, with distinct eigenvalues A;, V' lives in U(n)/U(1)™. The
natural metric, invariant under U ~— U'U or + UU’, reads tr (dUAUT). But dU = V(dA + [dX, AV,
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where dX := VTdV is anti-Hermitian (and with no diagonal elements, why?). Thus tr (AUdUT) = 3, |da;|* +
23 i, ldX; 12|Xi —X;|? which defines the metric tensor g,s in coordinates €% = (a;, RX;;, 3X;;) and determines

the integration measure

du(U) = \/detngga = const. |A(e™)[? Hdaid,u(V) . (C.5)

Here A(A) is the Vandermonde determinant

/\;L—l /\g—l . )‘271
AN =[N =x) =] ° . (C.6)
i<j A1 Ao e Ay
1 1 - 1

The “radial” part of the integration measure is thus given by |A(e¥)|?[[da; up to a constant factor, or
equivalently
dpu(U) = const. 2']_:gsiHQ (0%2%) Hdai x angular part . (C.7)
Note that this radial part of the measure suffices if one has to integrate over the group a function of U
which is invariant by U — VUV, V €U(n). For example [ du(U)tr P(U), with P a polynomial.
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Exercises and Problem for chapter 1

A. Action of a group on a set
A group G is said to act on a set E if there exists a homomorphism § of G into the group of bijections of F
into itself.

1. Write explicitly the required conditions.

One then defines the orbit O(z) of a point z € E as the set of images 3(g)z for all g € G.

2. Show that belonging to the same orbit is an equivalence relation.

3. Example : action of O(n) on R™. What are the orbits?

4. A space is homogeneous if it has only one orbit. Show that a trivial example is given by the action of
translations on R™. More generally, what can be said of the left action of G on itself, with £ = G 7 Give other
examples of homogeneous spaces for G = O(3) or £ =0(1,3).

5. Omne also defines the isotropy group S(z) of the element x € E, (also called stabilizer, or, by physicists,
little group): this is the subgroup of G leaving z invariant:

S(x) ={g € GlB(g)r = =} . (1.49)

Show that if  and y belong to the same orbit, their isotropy groups are conjugate. ~What is the isotropy
group of a point € R™ under the action of SO(n) ? of a time-like vector p in Minkowski space under the action
of the Lorentz group? Is S(z) an invariant subgroup?

6. Show that there exists a bijection between points of the orbit O(z) and the coset space G/S(x). For a
finite group G, deduce from it a relation between the orders (cardinalities) of G, O(z) and S(x). Is this set
G/S(x) homogeneous for the action of G ?

Chap. 2 will be devoted to the particular case where FE is a vector space, with the linear transformations
of GL(E) acting as bijections: one then speaks of representations of G in E.

B. Lie groups and algebras of dimension 3.

1. Recall the definition of the group SU(1,1). What is its dimension ?

2. Which equation defines its Lie algebra? What does that imply on the matrix elements of X € su(1,1)?
Prove that one may write a basis of su(1,1) in terms of 3 Pauli matrices and compute their commutation
relations. Is this algebra isomorphic to the so(3) algebra?

3. Ome now considers the linear group SL(2,R). What is its definition ? How is its Lie algebra defined?
Give a basis in terms of Pauli matrices.

4. Prove the isomorphism of the two algebras su(1,1) et sl(2,R).

5. Same questions with the algebra so(2,1) : definition, dimension, commutation relations, isomorphism
with one of the previous algebras?

6. Using the Cartan criteria, discuss the semi-simplicity and the compactness of these various algebras.
What is their relationship with su(2)?

(For the geometric relationship between the groups SU(1,1), SL(2,R) et SO(1,2)), see §13 and §24, vol. 1
of [DNF].

C. Casimir operators in u(n).

1. Prove that the n? matrices taiz) of size n x n, 1 <,4,j < n, with elements (t(;;))as = diad;» form a basis
of the algebra u(n). Compute their commutation relations and the structure constants of the algebra.

2. Compute the Killing form in that basis and check that the properties related to Cartan criteria are
satisfied.

3. Show that the elements in the envelopping algebra C'(") = Elgil,ig,---irgn Liivig)t(inis) =~ t(irdy) COMmMute
with all £(;;) and are thus Casimir operators of degree r.

4. How to modify this discussion for the su(n) algebra? ([Bu], chap 10).
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Problem : Conformal transformations

I-1. We recall that in a (classical) local, translation invariant field theory, one may define a stress-energy tensor
O, () such that

e under an infinitesimal change of coordinates z# — a* = z# + a#(x), the action has a variation
59 = / d'e (9,a,) O (2) (1.50)

e O,, is conserved: 0,0"(x) =0 ;
e we assume that ©,, is symmetric in p, v.

Prove that if © is traceless, © /* = 0, the action is also invariant under dilatations, x# — 2" = (14 d\)xH.
2. In a Riemannian or pseudo-Riemannian manifold of dimension d, with a metric tensor g, () of signature
{(+1)?, (=1)4P}, a conformal transformation is a coordinate transformation 2* — x'* which is a local dilatation

of lengths
ds® = g (v)dztdx” — ds" = g, (2')da™dx" = a(x)ds? (1.51)

a) Write the infinitesimal form of that condition, when z# — z'# = z* + a*(x). (Hint : One may relate the
dilatation parameter 1 + do to a* by taking some adequate trace.)
b) Prove that for an Euclidean or pseudo-Euclidean space of metric g, = diag {(+1)?, (—1)¢~P}, that condition

may be recast as
2
Ouay, + 0ya, = Eg,“,apa" . (1.52)

3. Prove, using (1.50,1.52), that under the conditions of 1. and 2.b, any field theory invariant under
translations, rotations and dilatations is also invariant under conformal transformations.

4. We now study consequences of (1.52). We set D := 19,a”.

e a) Differentiating (1.52) with respect to ¥, prove that
d%a, = (2 —d)9,D. (1.53)

e b) Differentiating (1.53) w.r.t. o, prove that in dimension d > 1, D is a harmonic function : 92D = 0.

e ¢) We assume in the following that d > 2. Differentiating (1.53) w.r.t. =¥, symmetrizing it in u and v
and using (1.52), prove that if d > 2, then 9,0, D = 0. Show that it implies the existence of a constant
scalar h and of a constant vector k such that D = k,x* + h.

e d) Differentiating (1.52) w.r.t. ° and antisymmetrizing it in v and o, prove that
0u(0say — Ovae) = 2(guvke — guoky) = 0, (2kex, — 2k, x5 ). (1.54)
e ¢) Show that it implies the existence of a constant skew-symmetric tensor l,, such that
sy — Oyay = (2koxy — 2k, w05) + 25y , (1.55)
which, together with (1.52), gives
O0sy = Tvko — Toky + lov + Guokpr” + hgvo -

e f) Conclude that the general expression of an infinitesimal conformal transformation in dimension d > 2
reads 1
a, = kyx’x, — 537[,1‘”]@, 4+ 1ly,2% + hxy, + ¢, (1.56)

with ¢ a constant vector®. On how many independent real parameters does such a transformation depend

in dimension d ?

6This pretty argument is due to Michel Bauer.
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Figure 1.5: Stereographic projection from the North pole

II-1. One learns in geometry that in the (pseudo-)Euclidean space of dimension d > 2, conformal transfor-
mations are generated by translations, rotations, dilatations and “special conformal transformations”, obtained
by composition of an inversion z# — z#/x?, a translation and again an inversion. Write the finite and the
infinitesimal forms of special conformal transformations, and show that this result is in agreement with (1.56),
which justifies the previous assertion.

2. Write the expression of infinitesimal generators P, of translations, J,,,, of rotations, D of dilatations and
K,, of special transformations, as differential operators in z.

3. Write with the minimum of calculations the commutation relations of these generators (Hint : use
already known results on the generators P, and J,,, and make use of homogeneity and of the definition of
special conformal transformations to reduce the only non-trivial computation to that of [K,, P,]). Check that
these commutation “close” on this set of generators P, J, D et K.

4. What is the dimension of the conformal group in the Euclidean space R¢ ?

III-1. To understand better the nature of the conformal group, one now maps the space R%, completed by
the point at infinity and endowed with its metric x> = 22 4+ --- + xﬁ , on the sphere S%. This sphere is defined
by the equation r? + rﬁ_H = 1 in the space R%*t! and the mapping is the stereographic projection from the
“North pole” r =0, rqy1 = 1 (see Fig. 1.5). Prove that

2x x2 -1

r=— T = —n .
x2+1 RN |

What is the image of the point at infinity ? What is the effect of the inversion in R? on the point 7 = (r,74,1) €
S 2

2. The previous sphere is in turn regarded as the section of the light-cone C in Minkowski space M 441 of
equation 23 —z% — 22 +1 = 0 by the hyperplane zp = 1. Prove that this establishes a one-to-one correspondance
between points of RY U {co} and rays of the light-cone (i.e. vectors up a dilatation) and that the expression of
x € R? as a function of z = (29,2, 24+1) € C is

z
X=—.
20 — Zd+1

3. We now want to prove that the action of the conformal group in R? follows from linear transformations
in M 441 that preserve the light-cone. Without any calculation, show that these transformations must then
belong to the Lorentz group in M1 g1, that is O(1,d + 1).

a) What are the linear transformations of z corresponding to rotations of x in R?? Show that dilatations
of x correspond to “boosts” of rapidity 8 in the plane (2o, z4+1), by giving the relation between the dilatation
parameter and the rapidity.

b) Let us now consider transformations of O(1,d + 1) that preserve zo — z44+1. Write the matrix T, of such

an infinitesimal transformation acting on coordinates (zg, 2z, zq4+1), and such that 0z = a(zg — z441) (to first
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order in a). To which transformation of x € R? does it correspond? Compute by exponentiation of T}, the
matrix of a finite transformation (Hint: compute the first powers 772, T3...).

c) What is finally the interpretation of the inversion in R? in the Lorentz group of M g+17 What can be
said about special conformal transformations? What is the dimension of the group O(1,d 4+ 1)? What can be
concluded about the relation between the Lorentz group in Minkowski space M 441 and the conformal group
R%?

IV. Last question: Do you know conformal transformations in the space R? that are not of the type discussed
in I1.17
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