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Thez discussion below is directly inspired by the book “Algebraic curves” by R. Walker,
especially the Chapter 4, “Formal power series”, and its sections 3.2 3.3 and 4. The aim is
to “resolve the singularity” of an algebraic curve f(x, y) = 0 assuming f and its derivatives
vanish at (0,0). One first draws the “Newton polygon”: for each monomial axαnyn one
draws a point P (n, αn). In fact for each value of n the only point of interest is the point
with minimal value of exponent αn above (n, 0). If for some n there is no term axαnyn,
then no point is drawn above (n, 0). Finally one draws the convex envelope from below
of these points, that is all points are above or on the envelope. This is called the Newton
polygon. For the example: f = x2 + 4x3 + 6x4− 4x4 ∗ y+ (−2x− 4x2− 2x3)y2 + y4 +x2y5

The points on the Newton polygon are denoted P0, P1, .... where Pn is above (n, 0).The
edges of the polygon are lines L1 starting from P0 ending at some Pl, on which there are 2
or more points, then L1, etc. A line L from Pj = (j, αj) to Pk = (k, αk) has the equation
α + γη = β where γ is minus its slope:

γ = −αk − αj
k − j

, β = αk + γk

Its characteristic property (convexity) is that for any point P = (n, α) in the Newton
diagram one has α + γn > β except if P is on L in which case there is equality.
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This is directly related to the usefulness of the Newton polygon for our problem. One
tries solutions of f(x, y) = 0 of the form y = Cxγ, valid to lowest order in x. Inserting into
f, a monomial axαnyn becomes aCnxαn+nγ so the exponent is minimized by taking points
on an edge of the Newton polygon and keeps a constant value β on this edge, provided γ
is minus the slope of the edge.

Concentrate on some edge L from Pj to Pk and let γ be minus its slope. Then
f(x, y) = (

∑
l alC

l)xβ + o(xβ) for y = Cxγ where the terms o(xβ) vanish faster than xβ

when x→ 0. Here
∑

l alC
l is a non trivial polynomial in C of the form Cj

∑k−j
h=0 aj+hC

h.
Thus C is determined by an equation φ(C) = 0 where φ is a polynomial of degree (k− j).
Note that if one used a line containing only one point P it would not be possible to find
an appropriate C. Hence the line must contain at least two points P (in this case φ is
of degree 1), or more. This justifies that only edges of the Newton polygon are to be
considered.

Finally the strategy is then, for each line L, to choose a solution C of φ(C) = 0 and
then define y1 so that y = xγ(C + y1). Inserting into f(x, y) = 0 this will produce an
equation between x and y1, that one renormalises for reasons which will appear below, by
defining:

f1(x, y1) = x−βf(x, xγ(C + y1))

Due to the choice of C terms of lowest order will disappear in f1(x, y1) and one proceeds
recursively, constructing the Newton polygon of f1 etc.

However it is very important to notice that, even if all exponents are integers in
the initial equation f = 0, the exponent γ has a denominator (k − j) hence fractional
exponents will appear. To cope with this situation one introduces the field of fractional
formal power series. Such a series is a semi-infinite formal series of the form

+∞∑
n=−N

an(x1/m)n = a−Nx
−N/m(1 +

∞∑
n=1

bnx
n/m)

Note here that the summation is finite on the left, limited to a −N (which may be
positive) and that the denominator m is fixed for all fractional exponents of a given
expansion, but is generally arbitrary. Hence given two so-called “Puiseux expansions”
one can find a common denominator and write them as ordinary formal series of a given
variable t = x1/m. It is then obvious that one can formally multiply or divide series of
the form (1 +

∑∞
n=1 bnt

n), i.e. at each order one has only a finite number of operations to
perform. For example 1/(1 + b1t+ b− t2 + · · ·) = 1 + c1t+ c2t

2 + · · · requires

b1 + c1 = 0, b2 + b1c1 + c2 = 0, · · ·

so c1 then c2 etc are successively determined. It is then clear that these semi-infinite
formal series form a field. The Newton-Puiseux construction ensures that in fact this field
is algebraically closed, that is for any polynomial in y with coefficients Puiseux series in
x: a0(x) + a1(x)y + · · ·+ an(x)yn one can find a root y=y(x) which is a Puiseux series in
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x, and thus decompose completely the polynomial as
∏

k(y−yk(x)) (by recursion). Hence
the polynomial equation f(x, y) = 0 of degree n in y has exactly n solutions y = yk(x)
where the yk are Puiseux expansions. This is what we show below. Note that since the
polynomial

∑
k ak(x)yk has only a finite number of coefficients ak(x) one can assume a

common denominator m for all the fractional exponents appearing in f .

Let us come back to the line L of the Newton polygon of minus slope γ. Since αj and
αk are of the form nj/m and nk/m it is clear that γ is rational of the form p/q where p
and q are relatively prime. Hence for any Pl on line L one has q(αl − αj) = −p(l − j)
thus q divides (l − j) so l is of the form l = j + sq for some integer s. This implies that
in the above equation for C, Cj

∑k−j
h=0 aj+hC

h = 0, h is in fact of the form sq, so that
only cq appears in the equation. So φ(C) = φ1(C

q) where φ1 is a polynomial of degree
(k − j)/q. Instances of this situation occur in the examples below. As long as q > 1
reduction of the degree of the equation on C occurs, but also potentially the fractional
exponents appearing in the computation may get an extra factor q (since γ has it) so it
is capital that at some point in the chain f → f1 → f2 → · · · the denominator q becomes
equal to 1 and stays there, as we see below. This implies that the series we construct has
fractional exponents with bounded denominators i.e. is a Puiseux series.

Another remark is that we are looking for a solution of the form

y = C0x
γ0 + C1x

γ0+γ1 + · · ·

where the exponents are increasing, so that γ0 may be negative but all other exponents
are positive. But γ1 is precisely the exponent that we find analyzing f1 since then y1 =
xγ−1(C1 + y2), etc. This implies that when analyzing the Newton diagrams of f1, f2,
etc. one must keep only the lines of negative slope. But by convexity these are the lines
starting from P0 and ending when the lines become flat, because afterwards they will be
of positive slope.

In fact the set of lines starting from some P0 becomes flat on the horizontal axis for
the following reason. Consider what happens to a term axαnyn when going from f to f1.
Of course it produces a term axαn+γn−β(y1 + C)n in f1. Expanding (y1 + C)n produces
points to the left of the point with yn1 . Importantly these points have a strictly positive
exponent in x, except if P is on the line L in which case the exponent vanishes. This
means that points on L produce terms on the horizontal axis of the form (m, 0) for all
values 0 <= m <= n, except of course if their coefficient vanishes. This occurs certainly
for m = 0 for in this case we are looking at the term ax0Cn in the above equation, and
the sum of all such terms for points on L is precisely the equation φ(C) = 0.

It is possible to find precisely the value r such that the Newton polygon of f1 has
a first point (r, 0), so that the only relevant edges are P0, P1, · · · , Pr−1Pr (or edges with
several such points on them). To do that, suppose that C corresponds to a multiple root
of order r of φ (perhaps r = 1) so that φ(ξ) = (ξ−C)rψ(ξ) and ψ(C) 6= 0. Then the sum
of the above terms for points of L is clearly (y1 + C)jφ(y1 + C) = yr1(y1 + C)jψ(y1 + C)
which starts from yr1 with a non vanishing coefficient Cjψ(C) and produce other terms
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with higher powers of y1 which may vanish. This implies that the first point Pn on the
horizontal axis is just Pr. In particular if the root is simple, r = 1 and there is just
one relevant edge of horizontal width 1. We see below that in this case one can solve
f1(x, y1) = 0 in a much simpler way.

Note that r is the multiplicity of a root of φ and the degree of φ is (k−j) so r <= (k−j).
Hence the horizontal width of an edge of f1 is smaller than the horizontal width of the
edge of f from which it is derived. In the successive steps f , f1,f2 etc. such widths may
only decrease, so at some point they must become stationnary, and one gets r = r0. In
this case φ can only be of the form (ξ − C)r0 otherwise if the exponent is smaller than
r0 one would get a point at the left of (r, 0) at the next step. This implies that the first
edge of the Newton polygon is just P0Pr, and that the denominator q in γ is 1. Otherwise
we have φ(ξ) = φ1(ξ

q) which is incompatible with φ(x) = (ξ − C)r since the right hand
side expands on all powers of ξ not only on powers multiple of q. Since q = 1, γ is an
integer and no new denominator can appear in the fractional exponents. From there one
can iterate the Puiseux construction indefinitely from the unique edge that appears at the
leftmost position of the Newton polygon at each step, and so get the Puiseux expansion
of a root of f(x, y) = 0 as claimed above. This finally proves the theorem that the field
of fractional formal series is algebraically closed.

However there is a shortcut when we get at a stage where there is an edge P0P1 of
horizontal width 1. In this case one can simply insert a power series development of
the variable x1/m in the equation fj(x, y) = 0 and the terms are successively determined.
Replacing x1/m by a variable t one can assume m = 1. Suppose for example that one wants
to solve f(x, y) = 0 where f = a0(x) + a1(x)y + · · · where by hypothesis a0(x) = a0nx

n +
a0n+1x

n+1+· · · and a1(x) = 1+a11x+a12x
2+· · · etc. This implies that the points P0 = (0, n)

and P1 = (1, 0) are as assumed, and the coeff 1 is chosen by normalisation of f . Then at
lowest order one must have y = −a0nxn and then expanding y = −a0nxn+b1x

n+1+b2x
n+2+

· · · one gets successively equations b1 + a0n+1− a0na11 = 0, b2 + a0n+2− a0na21 + b1a
1
1 + · · · = 0.

We see that bn is determined in terms of the previous b1, · · · , bn−1 and the coefficients akj .

From the geometric viewpoint consider a solution y expanded as a formal series in
x1/m with m minimal. Then one can introduce a new variable t such that x = tm and
y =

∑
k akt

k. A priori this is a formal power series but it can be shown that it is in
fact a convergent power series defining an analytic function in some disk of convergence.
This is because f(x, y) = 0 has solutions y(x) analytic in x for x 6= 0, and thus y(t) can
be analytically continued at t = 0. The point p(t) = (tm, y(t)) depends analytically of
the local parameter t and describes a smooth branch of the curve f(x, y) = 0. This is
also called a “place” in a more algebraic context. The point (0, 0) is called the center
of the place. What we have proved shows that each point on the curve is the center of
at least one place. Moreover for each place like above there are exactly m roots y(x)
of f(x, y) = 0 which exchange between themselves by performing rotations around the
origin. Conversely each root belongs to exactly one place. Finally at the singular point
(0, 0) we have an intersection of several different places. If each one has an associated mj

one must have
∑

jmj = n the degree in y of f .
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