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Initial plan for the lectures

Overview

VM moduli spaces in type II/CY3 and GW/GV invariants
BPS indices and Donaldson-Thomas invariants

Quiver quantum mechanics and multi-centered black holes
BPS spectra on local CY threefolds

HM moduli spaces in type 1l/CY3 (if time permits)
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1. A very brief history of string theory

Born as a model of hadronic bound states/resonances [veneziano'6s],
reborn as a candidate quantum theory of gravity [Scherk Schwarz'74,
String Theory is now (among other virtues) an extraordinarily effective
discovery machine for mathematics.

T T T T

m? (GeV2)
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Effective action in II/CY3

@ InlIA on X, the moduli space factorizes into vector and
hypermultiplets: M4 = My (X) x My(X)
e My: special Kahler (K&hler structure + B-field);
dimc MV = h171 (X),
e My: quaternion-Kahler (complex structure, RR fields, dilaton);
dimyg My = h2’1 (X) +1;
e Similarly in IB/X, My = My(X) x My(X)
dimg My = h2’1(X), dimyg My = h171 (X) +1
@ Dilaton sits in My = SK metric on My is exact at tree level, while
QK metric on My receives quantum corrections.
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Mirror symmetry and enumerative geometry

@ Mirror symmetry exchanges
hy1(X) < ha1(X), My(X) < My(X), Mp(X) < Mp(X)

@ Focussing on M /(X), [Candelas de la Ossa Green Parkes'90] reduced the
counting on rational curves on the quintic threefold Xs to a period
integral computation on the mirror quintic Xs = Xs/Z2:

Ym =K + Z k3 GW&O) qd
k>1

=5+ 2875 2. + 609250 - 2° q2 + 317206375 & q3 .

° ngg) € 7, related to GV(g) € Z by multicover formula

Z Z GW(Q) 2rit3 _ Z Z

g=075>0 g=0 k=13>0

V(g
k/\)zg 2 ekatB
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BPS states and BPS index

@ Due to NV = 2 SUSY, any state satisfies the BPS bound
Mip > |Z,(7)| where ~ is the electromagnetic charge vector,
valued in the lattice K(X), and Z; is a linear form on ', varying
holomorphically with the VM scalars z.

@ BPS states saturate the inequality, and form short representation
of the SUSY algebra. They can only disappear by pairing up with
another short representation, or by decaying into the continuum of
multi-particle states.

@ The decay [v1 + 72] — [71] @ [12] is only possible on codimension
1 walls of marginal stability inside M (X), where the central
charges Z,, and Z,, are aligned, in particular 3[Z,,Z,,] = 0.

@ The BPS index Q.(v) := Tr_ (—1)?% counting BPS states up to
sign is independent of HM moduli, but may jump across walls of
marginal stability, as is familiar from Seiberg-Witten theory.
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Wall-crossing in Seiberg-Witten theory

u-plane © U=00
Z((nm,ne);u)=a(u) net+ap(u) nm

Monopole: (71m,1.) = +(1,0)
Dyons: (#m,ne) = +(1,-1)

W-bosons: (nm,n.) =+(0,1)
Dyons: (nm,ne) = =(1,n)
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BPS indices and Donaldson-Thomas invariants

@ At weak string coupling, BPS states are represented by
Dp-branes wrapped on p-dimensional supersymmetric cycles in
the internal space. In lIA, those are those are the DO-brane,
D2-brane wrapped on an effective curve C, D4-brane wrapped on
an effective divisor D and D6-brane wrapped on X. In lIB,
D3-branes wrapped on special Lagrangian submanifolds of X.

@ More generally, multi-particle BPS states are objectsina
triangulated category, C = D? Coh(X) in lIA/X or C = Fuk(X) in
IIB/)N( . One-particle BPS states correspond to stable objects with
respect to a stability condition o = (Z,.A) € StabC [Bridgeland 2007].

@ The mathematical counterpart of the BPS index is the
Donaldson-Thomas invariant Q,(~), roughly given by the
(weighted) Euler number of the moduli space of semi-stable
objects E € A of charge ~, where semi-stable means that
arg Z(E') < arg Z(E) for any subobject 0 # E’ C E.
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2. Reminder on triangulated categories

@ Recall that (topological) branes are objects of a triangulated
category. This is an additive category equipped with an
isomorphism £ — £[1] and a collection of exact triangles

AN

satisfying various axioms; in particular, If A3 B 3 ¢ S A[1]is
exact, then the two cyclic permutations are also exact:

A

B,

B c 3 an 2
cl-1 EvadBlc

Physically, [1] is CPT and the triangles encode the allowed decays
B—~A+C,C—~B+AA— B+C.
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D Coh(X) is a triangulated category.

@ Given an Abelian category A, recall that the (bounded) derived
category D(.A) has objects given by (finite length) complexes
&€ = (E™)pez of objects E" € A, ch& =5 (—1)"ch E", and
morphisms given by 1) chain maps f € Hom(&, ) modulo chain
homotopies, i.e. f ~ g for which the following diagram commutes:

£ £ < £
a2 gn-1 s en dy ent A
fn—1,9n-1 fn,gn fn1,9n41
hn—1 hn hn+1 hn+2
df_z ar 1 d aZ

ke 1 n- Fn fn+1 n+1

with f, — gn = d7_hy + hp, 1S for all n; and 2) by formally
inverting quasi-isomorphisms. The latter are maps f € Hom(&, F)
such that f : H"(£) — H"(F) is an isomorphism.
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D Coh(X) is a triangulated category.

@ D(A) has a shift functor [m] which shifts complexes by one place
to the left.

@ Triangles come from the mapping cone construction: Given two
objects £, F and a morphism f € Hom(&, F), one can construct a
new object G, called the mapping cone of f and denoted by
cone(f),

1 0 1
B (E) B (1) E
FO F1

F2

which fits in the exact sequence & LFrsgo &[1]. It describes

a tachyon condensate on a system of a brane F and anti-brane &,
with f being the tachyon vev.
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Stability condition on a triangulated category - Def. 1

A pair (Z,P) where Z : K(C) — C is a group homomorphism (called
central charge), and P(¢) (called slicing) is a full additive subcategory
for every ¢ € R such that

a) forall E € P(¢), Z(E) = m(E)ée'™ for some m(E) > 0
b) P(¢+1) =P(o)[1]
c) forall ¢ > ¢z, Hom(P(¢1), P(¢2)) =

)

d) for any non-zero object E € C, there are a finite decreasing

sequence of real numbers ¢ > ¢» > --- > ¢, and a collection of
exact triangles (called Harder-Narasimhan filtration)

0

En+ -E

REVAVAVAVAWA

such that A; € P(¢;) for every j.
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Stability condition on a triangulated category - Def. 2

@ Equivalently, a pair (Z,.A) where Z : K(C) — C is again a group
homomorphism and A is a heart of a bounded t-structure such
that for any non-zero element E € A, the central charge Z(E) lies
in the upper half plane minus the real positive axis, i.e.

VO£AECA SZ(E)>0 or (3Z(E)=0andRZ(E) < 0)

@ Recall that a t-structure is a full subcategory F C C such that
F[1] ¢ Fandfor all E € C, there exists a distinguished triangle
F — E — Gsuchthat F ¢ F and G € F*, with
Ft:={G:Hom(F,G) = 0YF € F}. The heart of F is the
intersection A = F N F+[1], and is a full Abelian subcategory.

@ The equivalence between slicings P and hearts A is via
F =P(Rsp) and A = P((0,1]), where P(/) is the
extension-closed subcategory of C generated by {P(¢), ¢ € I}.
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Space of stability conditions and DT invariants

@ It turns out that an extra support condition is necessary to ensure
a nice wall-crossing formula:

e) There exists a constant C > 0 such that, for all o-semistable
objects E € A, |(E)| < C|Z(E)| where | - || is any fixed Euclidean
normon ' ® R.

@ With this extra axiom, any connected component in the space
Stab C is then locally homeomorphic to I' ® C, in particular has
complex dimension dim¢ Stab X = rk " [Bridgeland 2007].

@ For any generic ¢ € StabC and primitive v € T, the DT invariant
Q.(7) is defined as the (weighted) Euler number of the moduli
space M,(v) of o-semistable objects in A with class .

@ For non-primitive v € I',, one first defines a rational invariant

Q,(v) € Q following Joyce (2008), and then sets
K) —
2(1) = Y "9, (/K.

kly
where p(k) is the Mébius function.
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Motivic DT invariants

@ More generally, one may define motivic rational invariants Q, (v, y)
given in favorable cases by the Laurent-Poincaré polynomial of
M (), and their ‘integer’ counterpart

1( ) -1/ s K
Z KOk —1/yF) Qo (/K ¥"),

@ Physically, the refinement parameter y is a fugacity for angular
momentum. Spatial rotations act on M, () via Lefschetz action.
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Kontsevich-Soibelman wall-crossing formula

@ Following KS we introduce the quantum torus algebra A with
generators e,,y € I satisfying

e, ey = (-y)"ey

@ For any ray /¢ in the upper half-plane #, and for o generic, define
the element U, in the (pronilpotent completion of the) group
G=¢é"

Qo’(’%y)e’y) <Qa(%y)ev>
U,(t) = exp | ————) = Exp | —F————
0=l p( y -y Il & y -y

v:Z5(v)€El v:Zo (7)€L

@ For any strict sector V C H, define U, (V) =[],y U,(¢) where
the product over all active rays ¢, ordered according to the phase.
@ The KS wall-crossing formula states that, for any path
t € [0,1] — o(t) in Stab X such that no active ray exits or enters
the sector V, then U, oy(V) = U,1)(V).
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Wall-crossing formula - infinitesimal version

@ For an infinitesimal path across a wall where the phase of two
primitive vectors ~1,v» become aligned,

1T Ui (Mvyi + Ny2) = 1T U-(Mv1 + N72)
M>0,N>0, M>0,N>0,
ged(M,N)=1,M/N| ged(M,N)=1,M /Nt
where

Us(y) = exp (Z %/(ylwﬁ) em)

k>1

@ Using the BCH formula eXeYe=X = e ¥¢™* and truncating to the
subalgebra Ay n spanned bz €mnyy+ny, With m < M,n < N, one
can compute AQ(M, N) := Q. (My1 + Nvy2) — Q_(Mv1 + N»)
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Wall-crossing formula - exemples

Setting xk(m) = M and vi2 = (71,72),
y=1/y

AQ(1,1) =r(y12) 2+(0,1) 24.(1,0)

AQ(1,2) =r(2712) 24 (0,2) 21 (1,0)
+ 1K) [0 PR (1,0) + £(112) 2, (0.1) R, (1,1)

£Q(2,2) =r(4y12) 04 (0,2) 24 (2.0)

+ /{(2’712) EJr(‘I ) o)§+(1 ) 2) + §+(07 1 )§+(27 1)]
+ r(712) 5(2712) 24(0,1)Q24(1,0)Q24.(1,1)

+ o ls(2)? [0, (2,002, (0,12 + 0,(0.2)2, (1,07
+ 3 1K0n2)P K(2912) 2. (0,172, (1,07

Each contribution has a multi-centered black hole interpretation (see
later).
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Relation to KS symplectomorphisms in GMN story

@ Define x, == /y ; and take the limit y — 1: satisfies the Lie
algebra of (twisted) Hamiltonian vector fields on a symplectic torus

[y Xl = (= 1) (3,4 ) Xy

@ The factor (—1){") can be absorbed by introducing a quadratic
refinement 1(7)(v') = (—1) Vb,

@ The operators K, := Exp <y

5-), in the limit y — 1, acts by
X,\// — K’YX'V,K’Y_1 = X'Y/(1 _ X’Y)<’Y”Y/>

@ The operator U,(¢) is recognized as [],.7 K ) in GMN

construction (see Laura’s lectures).

(v)et
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3. Space of stability conditions and physical slice

@ The space of stability condition, if not empty, is a complex space
of dimension dim¢ = rk(I') = 2dim¢ My(X). The physical stability
conditions form a complex Lagrangian subspace, determined by
the genus zero prepotential (hence by mirror symmetry).

@ The mathematical construction of stability conditions C = D? Coh X
for a compact CY3 X is a difficult problem. Weak stability
conditions (where the support property is relaxed) are much
easier to construct, and still satisfy the wall-crossing formula.

@ Until recently, stability conditions on compact CY 3-folds were only
known to exist near large volume, by suitably deforming a class of
weak stability conditions subject to a certain conjectural inequality
[Bayer Macri Toda 2011]. This is what | am going to explain now.

@ Recently, [chuny Li 2006] has obtained stability conditions near large
volume for any smooth projective variety without assuming the
BMT inequality. Still, BMT provides very useful empty regions !
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Constructing stability conditions for compact CY3

@ Let X is a smooth project CY threefold of Picard rank 1, and
denote by H the generator of NS X. We aim to construct stability
condition ¢ for the large volume central charge

. 2 3
Z(E) = — /X e (bHiDH ch(E) = % ch? — ch§ +i (tchg —% chg>

where chf := [, e %" ch(E).H3K, chy := ch”.
@ Start with the Abelian category of coherent sheaves Coh X and
introduce, for any E € Coh X and b € R, the slope function
ch?(E)
E)="—"
Hb( ) Chg(E)
A coherent sheaf E is called slope semi-stable if j15(E") < up(E)
for any subsheaf E’ C E. It is known that any slope semistable
sheaf satisfies the classical Bogolomov-Gieseker inequality

(ch?(E))? — 2chB(E) ch3(E) = (chy)? — 2chgchy > 0.

if cho(E) # 0, +oo otherwise
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Constructing stability conditions for compact CY3

@ Let
e 7T, C Coh X be the subcategory generated by slope-semi-stable
sheaves E with pp(E) > 0,
@ F, C Coh X be the subcategory generated by slope-semi-stable
sheaves E with up(E) < 0.
@ Then A, := (Fp[1], Tp) is the heart of a bounded t-structure on
DP(C) generated by length two complexes of the form

E=(F LR T) with ker d € Tp and coker d € Fp.

@ For objects in the heart A, and a € R, consider the central
charge function

1
Zp.a(€) = —achi +5 a ch§ +ia? chf .
The resulting pair (Z 2, Ap) satisfies the axioms of a weak stability

condition but is not an actual stability condition since the central
charge of skyscraper sheaves vanishes.
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Constructing stability conditions for compact CY3

@ For any object £ € Ay, we define the ‘tilt’

_ R[Zoa(E)]  ch3(E) — 5 &P chg(€)
Noalt) = - S[Zba(8)] a chb(€) ’

with Np o(§) = +oo if ch?(€) = 0. Then E € A, is semistable with

respect to the pair (Zp 4, Ap) iff for any 0 # F C E in Ap, we have
Np,a(F) < Npa(E).

@ Again, any such semistable object E € Ay, satisfies the classical
Bogomolov inequality (22). Conjecturally, it also satisfies the
following inequality /Bayer Macri Toda 2011] involving chg,

a° [(ch?)2 —2chBchy| + 4(ch8)? —6chPch? >0,
@ The BMT inequality is known to hold true for X5 i 2019].
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Constructing stability conditions for compact CY3

@ Next define the family of central charges parametrized by
(a,b,a, B) € R* with a > 0,a > 0,

1
Zapop(E) = (_ ch§ +8 chd +a chf,’) +i <a ch} 5 a ch8>

This includes the LV central charge for a= /3 12,a = } 2,3 = 0.

@ Similar to the construction of A, define
e Tpa C Ap as the subcategory generated by semi-stable objects in
Ap with Nb,a(g) > 0,
e Fpa C Ap as the subcategory generated by semi-stable objects in
Ap with Np 4(€) < 0.
@ Then define Ap 5 = (Fp.a[1], Tb,a)- By design, SZp ., 5(E) > 0 for
any E € Ap 5. One checks that (Z; .43, Ab,4) Satisfies the axioms
of a (full) stability condition whenever o > % a + % alpg|.
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Physics of the BMT inequality

@ Rewrite the BMT inequality as

1
é(ch$ —2chq chy)(&4b?)+(3 chg chg — chy chp)b+(2 ch3 —3 chy chg) > 0

@ It is automatically satisfied throughout the (a, b) upper half-plane,
unless ch satisfies the inequality

Py := 8 chq ch3 +6 ch3 chg +9 ch3 ch§ —3 ch? ch3 —18 chg chy cha chg > 0

in which case it is violated in a semi-circle intersecting the axis

p. — Chichs—3chachg +v/Ps
o ch? +-2chg chy
@ Identifying p°® = chg /x, p' = chy /K, g1 = —cha, o = chs, P4 is
recognized as —I4(7y), the quartic polynomial entering in the
entropy Sgy = 7/ l4(7y) of spherically symmetric black holes.
@ Hence BMT provides an empty chamber whenever single
centered BH are ruled out !
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DT invariants at large volume

At large volume, some DT invariants can be computed explicitly in
terms of GV invariants:
@ For point classes (D0-branes), Q;(0,0,0,k) = —x(X) Yk #0
@ For curve classes (D2-branes), Q,y(0,0, 8, k) = Gvg)) VK.
@ For unit D6-brane charge, Q,y(1,0, —/3, k) coincides with the
Pandharipande-Thomas invariant PT(3, k) counting stable pairs
E = (Ox > F), where F is a pure one-dimensional sheaf with
[F] = s and x(F) = k, and s is a section with zero-dimensional
cokernel.
@ The generating series Zpr(t,q) = 3.4 ,PT(Q, n)e*™?q" is
determined by higher genus GV invariants via [MNOP06, Pardon23]

Zrt)= TTT1 T (- Careemes) 7 65

>0 9 m=1-g

@ These properties are clear physically from the M-theory picture.
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String theory/M-theory dictionary

Type llA string is secretly 11D SUGRA/M-theory compactified on
a circle of radius Rs = gsfs, with 11D Planck scale Ep = gs/ ls.
DO-branes are KK momenta of the 11D graviton: - =

gsls
Fundamental strings are wrapped M2-branes: elg = %;

D2-branes are unwrapped M2: -1, = L
Js e €P

— FRs
gs€5 &8

D4-branes are wrapped M5-branes:

@ NS5-branes are unwrapped M5: Lﬂ x

D6-branes are KK/TN monopoles: W =5
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S-duality conjecture

@ Rank 0 DT invariants ©,y(0, D, 8, k) physically count D4-D2-D0
brane bound states. Since a D4-brane arises by wrapping an
M5-brane on S', it is described by a 2D (0,4) SCFT.

@ The generating series ¢p(v,7) ~ Y5, Q(0,D, 8, k) g* €™ is
identified as the elliptic genus of the SCFT, and should transform
as a Jacobi form under SL(2,Z) : (1, 2) — (&45, 24) Maidacena
Strominger Witten 1997]

@ This expectation is correct for for D an ample, irreducible divisor,
such that the SCFT has discrete spectrum. Otherwise, it should
transform as a mock Jacobi form with specific modular anomaly
[Alexandrov BP Manschot 2019].

@ Can we test this prediction mathematically ?
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Wall-crossing in space of weak stability conditions

@ In the space of weak stability conditions (Z 4, Ap), the chamber
structure is quite simple: walls are nested half-circles in the
Poincaré upper half-plane spanned by z = b + iﬁ. Moreover, for

P4(v) > 0, the BMT inequality provides an empty chamber.

@ Consider a D6-brane with charge v = (1,0, —f, n) such that
P4(v)) > 0. At large volume, we know 0, +() = PT(5, m). By
studying wall-crossing from the BMT chamber where Qy, +(v) = 0,
one can extract the indices of the D4-D2-D0 branes emitted at
each wall !
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A new explicit formula (S. Feyzbakhsh’23)

Theorem Let (C, H) be a smooth polarised CY threefold with

Pic(C) = Z.H satisfying the BMT conjecture. There is f(x) such that

o Ifa:= > f(ﬂ;,H) then the stable pair invariant PT(8, m) =

v,y (DX X 5 PT(B, 1) Q2 (o, 1, B g B —m- 6’.H>

where xpw g = B.H+ B . H+m—m — %3 — ﬂ—zcg(X).H.
@ The sum runs over (', m') € Ho(C,Z) & Hy(C, Z) such that

0<p.H<H + 38 1 .H

! H)>? "H H—p'.H)? .H+p".H
CGLHESH oy BRSSP | g

In particular, 5'.H < 3.H.

Corollary (Castelnuovo bound): PT(3, m) = 0 unless m > — (2"

B.H
2
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The ad hoc function f(x)

x+5 if0o<x<i g
Vx4 if1t<x<®

) =9 2x+3 if8<x<?
%x+% if§<x<3 2
sx+1 if3<x e

X
T, B9 5,
8 4

@ Green: a = 3(x + 1), above which PT = 0 by Castelnuovo
@ Orange: a = v2x below which BMT provides no empty chamber
@ Blue: a = f(x) above which our theorem applies

@ Arrows: spectral flow
(B.H,m) — (B.H + sk, m — kB.H — Srk(k + 1)) preserving the
discriminant
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Tests of modularity for the quintic threefold

In this way, we can compute lots of terms in ¢p = 3, h,(7) ©(r, v) for
D = H primitive and check modularity, confirming the guess in Gaiotto
Strominger and Yin 2006]. Similar results for 1-parameter CY threefolds.

ho = q 3¢ (5 — 800q + 5850042 + 5817125q° + 75474060100g*
+28096675153255q° + 3756542229485475¢°

+277591744202815875q" + 1361098501470988875008 + . .. )

hyq —q 2+3 (o +8625q — 113850042 + 377747400093
+3102750380125g* + 577727215123000¢° + . .. )

hip—q 2it5 (M — 121850092 + 4419692509° + 953712511250g*
+21757125002375049° + 222586952645096250° + . .. )

B. Pioline (LPTHE, Paris) BPS state counting in ST/CY3 Hamburg, 7-11/09/2026 33/74



Tests of modularity for the quintic threefold

@ This confirms the guess by [Gaiotto Strominger Yin 2006]:

h _ 1 [ 222887E}+1093010E3E2+177095EF £
= | 35831808

25(458287EF Es+967810E; EZ+66895E ) D
53747712

_l’_
25(155587E +1054810E; E2+282595E,4E2)
+ 8957952

2 5
D?| ¥
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Quantum geometry from stability and modularity

Gopakumar-Vafa
. . (9) Direct integration
invariants Nﬁ -

new constraints on

MNOF relation holomorphic ambiguities

Modular
bootstrap

Rank 0 DT-invariants
hN,u (7-)

Pandharipande-Thomas
invariants PT(3, n)

Vi (N

) Wall crossing T

Alexandrov Feyzbakhsh Klemm BP Schimannek’23
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4. Stability conditions for CY3 singularities and quivers

@ For non-compact toric CY threefold, the BPS spectrum is under

much better control. The derived category D; Coh X of compactly
supported coherent sheaves is isomorphic to the derived category
of representations of a certain quiver with potential (Q, W). This
holds also in non-toric case, provided there exist a tilting sequence
T = @_, T; with Ext*(T, T) = OVk # 0 generating D® Coh X.
Stab X then contains a region where the heart A is equivalent to
the quiver heart, up to tilt. In this region, Q,(y) coincides with the
DT invariant Qy(d) associated to the moduli space of §-stable
quiver representations, for a specific dimension vector d(v) and
King stability (aka Fayet-lliopoulos) parameters 6(d).

Physically, quiver representations describe vevs of open strings
stretched between fractional D-branes. They occur on the Higgs
branch of a SUSY gauge theory in 0 + 1 dimensions known as
quiver quantum mechanics, which also describes the dynamics of
BPS black holes !
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Quiver quantum mechanics

Consider a supersymmetric gauge theory in 0 + 1 dimensions (aka
quiver quantum mechanics, or 1D GLSM), with matter content
encoded in a quiver with potential (Q, W):

@ each node i € Q represents a vector multiplet (x;, A;, \j, D;)
transforming in the adjoint of U(d).

@ each arrow a: i — j € Qy represents a chiral multiplet (4,12, F9)
in the bifundamentalr epresentation (d;, d;) of U(d;) x U(d))

@ The (super)potential is a sum W(®) = > o We Tr[],, ®% over
oriented closed cycles ¢ € Q..

@ In addition, one must specify a gauge coupling ¢; and
Fayet-lliopoulos (FI) parameter {; € R for each node
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Quiver quantum mechanics

The following Lagrangian leads to 4 supersymmetries:

1 S oo
L= Z Z—egTr [(VIX,')Z + (Xi A X,')2 + Dﬂ

i€Q !
+ 3 [IVi0f2 + |F32 - %07 — 0752 — $3(Dj0% — ¢°D)
acQy
ow
— Z 0; Tr(Dy) + Z |:aq)aFa + C.C.:|
i€Q acQy
with VX; = 0¢X; + i[A;, Xj]. Eliminating fields D;, F2 leads to
1 — =12 - - 12 62 P) 8W 2
V = Z 276.2TI‘(X,'/\X,') —I—Z HXk(Da—(DaX,'H —I—Z ?IDi—i-Z 9pa

ie Qo ! acQ ie Qo ac )y

where D=3, i a0 — Daji GADa — ; Idg,
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Higgs branch and Coulomb branch descriptions

Classical supersymmetric vacua fall into 2 branches:
@ The Higgs branch where X; = 0 and

W o
Va e 01, =0 and Vie Q, Y 30— )" %92 = ¢, Idg

a:l—j a;j—i

@ The Coulomb branch where $2 = 0 and X; are commuting,
diagonal matrices.

Unlike in Ben'’s lectures on 3D mirror symmetry, these are NOT
different superselection sectors. Rather two effective, in principle
equivalent descriptions where either vector or chiral multiplets have
been integrated out. As in 3D, the Coulomb branch has quantum
corrections.
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Higgs branch and quiver representations

@ Observe first that solutions to D; = 0 can only exist on
hyperplanes 6(d) = >_,cq, di i = 0. When this holds, the fields ®&
provide a representation of the quiver with potential (Q, W),

R(Q, d) = @4 Hom(C%, C%)

satisfying the conditions O0W /oa = 0 for all a € Q.

@ As usual, one can enforce the D-term condition by acting with
Gc = [[; GL(d;, C), provided one restricts to semi-stable
representations & such that 6(d) < 6(d) for any subrep ® c ®.

@ This is a special case of stability condition on D? Rep(Q, W) with
Z(d)=— Z,EQ 0;d; +i2,€0 pid; for p; > 0 and Euler form

ald,d)=> dd— > dd
i€Q (a:i—j)eQy

@ For acyclic quivers, Qy(d) can be computed by wall-crossing from
trivial stability & = 0 [Reineke 2002]. Otherwise, a hard problem.
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Coulomb branch

@ Restricting to Abelian case d; = 1 first, and integrating out chiral
multiplets, one finds the supersymmetric Lagrangian on R3”,
n=1Ql:

n n

1 /. . |

L=>. 5¢2 (XIZ + DIZ) + (~UiDi+ A; - X;) + fermions
=1 i=1

where U;(¥) and A;(X) are determined via

"y

Xi
Here ~; € Z% are the basis vectors supported on node i.

@ Remarkably, this describes the dynamics of n BPS black holes
with mass m; = 1/€?, charge ~; and 0; = 23(e~'*Z(v;)) !
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BPS states as BPS black holes

@ At strong coupling gs > 1, D-branes lose their meaning, but one
can represent BPS states as supersymmetric solutions of the low
energy effective action.

@ Stationary, supersymmetric solutions can be shown to be of the
form
ds? = —e?Y(dt + A)2 + e 2Y(dx? + dx2 + dx3)

where the scale factor U, 1-form A and VM multiplet scalars are
determined by harmonic functions H : R® — I ® R [Denef 200],

_') Z +57 VZZ’YI
i=
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BPS states from single-centered black holes

@ For a single pole, this describes a spherically symmetric BPS
black hole with charge ~, interpolating between R3! at |7]| = oo
and AdS, x S, at the horizon at ¥ = 0. VM scalars follow the
gradient flow of |Z;(y)|, until they reach a local minimum z, () at
the horizon, called attractor point.

@ The Bekenstein-Hawking argument predicts that such a black hole
should describe O(eSe+) micro-states of charge ~, with
Sgy = 7r|ZZ*(7)(7)|2. A highly non-trivial prediction for DT theory !
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BPS states as multi-centered black holes

@ For multiple poles, multi-centered solutions exist provided Denef’s
balance conditions are satisfied,

: (i) 51 -1
Vi, Z = :9i7 J:§Z<71771>|—f —j'
/

B. Pioline (LPTHE, Paris) BPS state counting in ST/CY3 Hamburg, 7-11/09/2026



Quantizing multi-centered black holes

@ For 2 centers, BPS bound states exist iff v12601 > 0. Itis
straightforward to solve the quantum mechanics of 2 mutually
non-local dyons and reproduce the primitive wall-crossing formula
(Denef Moore 2007)

AQ(ay + ag) = (=1) 12 {0y, ag)| Qo) Qarz)

@ In general, the space M,({~;,0;}) of solutions to Denef’s
equations form a symplectic space of dimension 2n — 2, with an
Hamiltonian action of SO(3) generated by J [de Boer, £1-Showk,
Messamah, van den Bleeken 2008].

@ Quantum mechanically, BPS states are harmonic spinors on
Mp({~i,0i}). The equivariant Dirac index counting them is easily
computed by localization with respect to rotations along the z axis,
and reproduces the Kontsevich-Soibelman wall-crossing formula
[Manschot BP Sen 2010].
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Attractor flow tree formula

@ More generally, one can use the black hole picture to express the
index Qz(v) in terms of attractor indices Q.(v) = Q,(,)().

@ In order to properly deal with Bose-Fermi statistics, while ensuring
manifest charge conservation, it is useful to introduce the rational
DT invariant (note similarity with multicover formula for GW(ﬁO) N

Q) i= 3 /)

dlyi
@ The formula then takes the form jpDenef Greene Raugas 2001],

9-({i})
"2 2 m;d|n1*'
Y=y1++n

where g-({7;}) is a sum over attractor flow trees, describing
multicentered black holes as iterated two-centered bound states.
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Attractor flow tree formula for quivers

e Define the attractor invariant as Q..(v;) = Qg, (,)(7;) for self-stability
condition 0, (v) = (v,7i) = 05(d) = =>4, & + >4 G-

@ For any decomposition v = v + - - - + yp, consider the set T, of
rooted binary trees T with n leaves, with charges ~, and stability
parameters at each vertex v € V7 defined through

W= 7L(v)+zﬂ(v() :
0, = ep(v)+%<’)/v,_>

where p(v), L(v), R(v) are the parent and two descendents of v:

O
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Attractor flow tree formula for quivers

@ Define the sum over stable attractor flow trees
9({1i}) = X rer Mvev, 30wy YRW)) [s8n Ov(i(v)) + sen (i), YRW))]

@ The index Qy(v) is then given for any generic 6 by [Alexandrov BP
2018; Argliz Bousseau 2023]

. i Z 9o {'71} H
- * /
n=17="y1++7n | Aut({3i})] =51
@ This formula, along with many others, is implemented in the
Mathematica package CoulombHiggs.m available on GitHub.

@ This reduces the computation of DT invariants for quivers to
determining Q,(d). In general, one can show that Q. (v) =0
unless + is a basis vector ~; or v has support on an oriented cycle.
For quivers associated to CY singularities, attractor invariants are
even more restricted.
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5. BPS spectrum on CY3 singularities

For a non-compact CY3 admitting a tilting sequence T = @!_, T;,
D, Coh X (where ¢ stands for compact support) is isomorphic to
D Rep(Q, W) for a certain quiver with potential. This includes

@ Orbifolds C3/I where T is a discrete subgroup of SU(3), and their
crepant resolutions. The T;’s are called fractional branes.

@ Local surfaces Kg where S a surface admitting a (strong, full,
cyclic) exceptional collection of sheaves £ = (Eq, ..., E/),
Mutations of £ lead to different quivers whose derived categories
DRep(Q, W) are isomorphic.

@ Toric CY3 singularities, for which (Q, W) can be read off from
periodic tiIings [Franco, Hanany Kennaway, Vegh and Wecht 2005]
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P

Orbifold quiver for Kpe = C3/Z3

E1:O 71:[170701
EZZQ(1)[1] 72:[_2’17%]
Es=0(-1)2] n=[.-13
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Attractor conjecture for local CY3 folds

@ For (Q, W) associated to a CY3 singularity, the structure of
attractor invariants is conjecturally very simple [Beaujard BP Manschot
20205: Q9(y) = 0 unless ~ is one of the basis vectors ~;, or
<77 _> =0

@ For C3/Zg3, this can be argued from the expected dimension
Moy(7). For v = (04, da, d3), the attractor stability parameters are

0F =3(ds — cb), 05=3(dy — ), 05=3(ch—di)

Depending on the sign of 07, either &5, or &, or ®5, must vanish
forall o = 1,2,3. The first case occurs when 65 > 0,635 < O:

dime Mj(v) =3(didb + dods — dady) — 02 — d2 — d + 1
2 2

=1 — Q(d) — 5(119? + §d39§ <1

where Q(d) = d? + d3 + d2 — did> — dads — 034 is a positive
quadratic form with kernel along (1,1, 1).
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BPS spectrum on local CY3 folds

@ Assuming the Attractor Conjecture is true, we can compute Qp(7)
for any (v, 0) using the attractor flow tree formula.

@ Foro = (Z,A) € Stab X, the heart A coincides with the quiver
heart only in regions of Stab X where the objects T; in the tilting
sequence are stable and their central charge Z,(T;) lies in a
common half plane. In particular, the quiver description is not valid
at large volume !

@ Scattering diagrams give a way to track down DT invariants across
Stab X.

52/74
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Scattering diagrams on triangulated categories

@ For a general triangulated category C, define the scattering
diagram D,,(C) as the union of codimension-one loci in StabC,

Ry(y) ={o:argZ(y) =¥+ 3, Qz(v) # 0}

equipped with (suitably regularized) automorphism
_ ﬁa(v) Q5(v)
Us(7) = exp (y‘1 -y 7) = Exp (y—1 yX”)

@ The WCF ensures that the diagram is locally consistent: for any
small path P : t € [0,1] — StabC around a codimension-two
intersection, [[; Uy 1) (7)) =1

@ For a given quiver, the scattering diagram D in the space R of
King stability conditions defined by

R(7) ={0 e R% : (6,7) =0, Qu(y) # 0}
is globally consistent, [; Uy;)(vi)“ = 1 for any path.
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Scattering diagram for Kronecker quivers

oe

01> 0,0, <0: dimMg(y)=mniny — g —n3 +1

7 7 7

Kj is relevant for (Aq, Az) AD theory, K, for pure Seiberg-Witten theory.
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Scattering diagram for Seiberg-Witten with N; = 1

@ The BPS spectrum is described by a 3-node acyclic quiver, with
nodes associated to the monopole v = [0, 1; 1/2], quark
~v2 = [1,0; —1] and dyon 3 = [1, —1; 1/2] where the entries
denote the electric,magnetic and U(1) flavor charge [q, p; S].

@ Since ((1,—1,1),—) =0, taking a slice 61 — 02 + 63 =1,

/
@ @ /
l
T TNy

@ Outgoing rays are (1,1, 1) (corresponding to the W-boson with
charge [2,0;0]), (1,0, 1) (corresponding to the other quark in the
SU(2) doublet, with charge [1,0; —1]), and semi-classical dyons
(k+1,k,K),(k+1,k+1,k),(k,k+1,k+1),(k,k, k + 1) with
charge [q,+1; +1/2] for g € Z.
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Scattering diagram for the C3/Z3 quiver

Restricting to the hyperplane 61 + 6> + 65 = 1, primary scatterings only:
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Scattering diagram for the C3/Z3 quiver

Restricting to the hyperplane 6 + 6> + 63 = 1, adding secondary rays:
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Kahler moduli space of X = Kpe

@ By local mirror symmetry, the Kahler moduli space of X = Kz is
the quotient X;(3) = H/I'{(3). It admits two cusps LV, C and one
orbifold point o of order 3.

@ A BPS state on X is a stable object E in the bounded derived
category C of compactly supported sheaves on X, with charge
v(E) = ch(m«(E)) = [r,d, cha] ~ [D4, D2, DO]
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Central charge as Eichler integral

@ Stab X has complex dimension 3. Up to C* action, the central
charge can be written as

Z(y)=—rTp+dT —chy

Orbits of GL*(2,R) are labelled by s = 372 and w = — 312,
Geometric stability conditions exist above the parabola w > %32
[Bayer Macri 2011]. .

@ Along the physical slice, isomorphic to Mg =H, Tp, T are
holomorphic functions of =, given by periods of a logarithmic
one-form on the mirror curve. They satisfyi a Picard-Fuchs
equation of degree 3 and admit an integral representation

T\ (1/2 (1
(1) = (fa) * [ (o) e
where C(7) = % =1-9g+... is aweight 3 Eisenstein series
for '1(3).

B. Pioline (LPTHE, Paris) BPS state counting in ST/CY3 Hamburg, 7-11/09/2026 59/74



Central charge as Eichler integral

@ This provides an computationally efficient analytic continuation of
Z; throughout H, and gives access to monodromies:

1 1 00 1
— ar - Z T|l—=|m dc|-|T
T + TD mp b a TD
dTo—b

where (m, mp) are period integrals of C from 7, to Z72~.
@ At large volume 7 — ioco, using C = 1 + O(q) one finds

1 1
2+~ +0(q)

T=7+0(q), Tp= > 8

in agreement with Z;(v) ~ — [ e~ "" \/Td(S) ch(E).
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Large volume scattering diagram for Kpz

@ Consider the large volume slice with

ZYV(y) = —r% T2 4+dT —chy, T =s+it
@ Since RZ(v) = 3r(t? — s2) + ds — chy that each ray Ro(7) is
contained in a branch of hyperbola asymptoting to t = +(s — %)
for r # 0, or a vertical line when r = 0. Walls of marginal stability
W(~,~") are half-circles centered on real axis.
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Large volume scattering diagram

@ The objects O(m) and O(m)[1] are known to be stable throughout
the large volume slice [Arcara Bertram (2013)]. The corresponding rays
are 45 degree lines ending at s = m.

@ The region of validity of the orbifold exceptional collection and its
mutations are valid covers the vicinity of the boundary at t = 0,
hence there can be no other initial ray. /Bousseau'19].
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Scattering diagram in affine coordinates

Actually, Bousseau used different coordinates such that the rays
become line segment rx + dy — chy = 0. This works for any :

CR(eMT)  R(eVTo) 1,

1
cos 1) = 2

cos 1)
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Flow tree formula at large radius

@ This implies that all BPS states at large volume must arise as
bound states of fluxed D4 and anti D4-branes. But how to find the
possible constituents for given v and (s, t) ?

@ Think of R(v) as the worldline of a fictitious particle of charge r,
mass M? = $ad? — r ch, moving in a constant electric field. This
makes it clear that constituents must lie in the past light cone.

@ Moreover, the ‘electric potential’ ¢s(v) = 2(d — sr) = 232, /t
increases along the flow. The first scatterings occur after a time
t > 1, after each constituent k;0(m;) has moved by |As| > 1, by
which time ¢s(v;) > |kil.

@ Since ps(7y) is additive at each vertex, this gives a bound on the
number and charges of constituents contributing to Qs 1(7):

Zk“ mlv 2]_75 S—tSm/§S+t, Z|kl‘§@5(ry)
i

B. Pioline (LPTHE, Paris) BPS state counting in ST/CY3 Hamburg, 7-11/09/2026 64/74



Flow trees for v = [0,4, 1)

® {{-30(-2),20(-1)},0}:
Ks(2,3)Kio(1,1) — —156

® {~0O(=3),{-0(-1),20}}:
K3(1 2)K12(1 1)—> —36

Total: Qa0(7) = —192 = GV

"""

B. Pioline (LPTHE, Paris)
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Exact scattering diagram

@ The scattering diagram Dg along the physical slice should
interpolate between D} and D, and be invariant under I'(3).

@ Under 7 g7 With n € Z, O — O[n]. Hence there is a doubly
infinite family of initial rays emitted at = = 0, associated to O[n]:

@ Similarly, there must be an infinite family of rays emitted from
T = g with g # 0 mod 3, corresponding to '{(3)-images of O.
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Exact scattering diagram for small ¢

@ For |y| small enough, the only rays which reach the large volume
region are those associated to O(m) and O(m)[1]. Thus, the
scattering diagram Dy} is isomorphic to Dg" inside U, (n):
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Scattering diagram in affine coordinates

@ To see this, map both of them to the (x, y)-plane [Bousseau'19]

R (e7T) _ R (7% Tp)

costp cos 1

such that R () becomes a line segment rx + dy — ch, = 0.

@ The initial rays R,,(O(m)) are tangent to the parabola y = —%xz
at x = m, but the origin of each ray is shifted to x = m+ Vtan
where V is the quantum volume

YV =39T(0) = 427:2% [Lig(ez’“ﬁ)} ~ 0.463
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Affine scattering diagram, v» = 0
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Exact scattering diagram, ¢» = 0.824
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Exact scattering diagram for ¢ = &5

@ For ¢ = £7, the geometric rays {3Z-(y) = 0} coincide with lines

of constant s = 32 = ¢, independent of chy:
ST r

TN AV >4 KA

@ Hence, there is no wall-crossing between 7, and 7 = ico when
—1 < 9 <0, explaining why the Gieseker index Q. () agrees
with the quiver index Q¢(~) in the anti-attractor chamber.

Douglas Fiol Romelsberger'00, Beaujard BP Manschot’20
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Some future directions

@ Higher del Pezzo surfaces, higher rank toric singularities
@ Framed BPS states and line operators

@ D4-D2-D0 indices on multiparameter compact CY3

@ Compute attractor invariants in compact CY3

@ DT invariants seem to control the resurgent structure of
topological strings, why ?

Exact QK metric on HM moduli space, including NS5/KKM
instantons
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Thank you for your attention, and mind the wall !

Marcel Aymé
Le passe-muraille
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