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Theoretical Framework



Statistical Mechanics and the Ergodic Hypothesis

Microscopic models

Macroscopic observables
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Ergodicity breaking
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Ergodicity breaking

Ergodicity breaking signals the emergence
of rich, interesting and complex phenomena

(Phase transitions)
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Slow relaxational dynamics

Long-range correlations and persistent memory 

Sensitivity to rare-events Metastability

Finite-size effects

Ergodicity breaking

...but it comes with its fair share
of complications when we attempt to study it
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The Critical Clusters for Frustrated Spin Systems



Correlation functionGlobal magnetization density

The main classical model - Ising spins
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The Ferromagnetic Ising model
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The Ferromagnetic Ising model
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Critical slowing down

At the critical point 

Relaxation time

In a numerical simulation, an initial random
configuration acquires the spatial correlations slowly
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The critical clusters of the Ising model

The Critical Clusters for Frustrated Spin Systems 7/30



The critical clusters of the Ising model
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They serve as the basis of efficient Monte Carlo algorithms!

The critical clusters of the Ising model

[Fortuin, Kasteleyn (1969); Coniglio, Klein (1980)]

[Swendsen, Wang (1986); Wolff (1989)]

Bond probability
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The critical clusters of frustrated models

}}
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Can become negative!

The critical clusters of frustrated models

}}

[Newman, Stein (2007)]

[Coniglio et al. (1991)]

[Chayes, Redner, Machta (1998)]

[Houdayer et al. (2001)]
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fixed connectivity 

Exact solution via the cavity method:

= 3

Percolation on the Bethe lattice
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The critical clusters of frustrated models
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The critical transition and the exponents coincide!

The critical clusters of frustrated models

...also for other frustrated models
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The critical transition and the exponents coincide!

...but probabilities are negative!

The critical clusters of frustrated models

...also for other frustrated models
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[Baity-Jesi et al. (2019)]

The ergodic hypothesisThe main classical model - Ising spinsThe ergodic hypothesisThe spin glass phase

There is no (trivial) symmetry breaking field!
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Two replica clusters

Multiple replica clusters

The critical clusters for the spin glass transition

[Newman, Stein (2007)]

[Münster, Weigel (2023)]
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Multiple replica clusters

The critical clusters for the spin glass transition

Percolation and thermodynamic
transitions coincide, for all
within the paramagnetic to
spin glass transition

Is this parameter "I" physical?
Does "I" depend on ?
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The SWAP Method for Frustrated Spin Systems



[Guiselin, Tarjus, Berthier (2022)]

Is there a underlying growing correlation?

Random First
Order Transition

(RFOT)

Or is it just a dynamical effect? 
(No thermodynamics) Dynamical

Facilitation

[Kirkpatrick et al. (1989)]

[Lubchenko, Wolynes (2007)]

[Garrahan, Chandler (2003)]

The ergodic hypothesisThe main classical model - Ising spinsThe ergodic hypothesisStructural glasses

Kinetically
Constrained

Models (KCM)
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[Berthier et al. (2016)]

For some models there is a tremendous acceleration!

The ergodic hypothesisThe main classical model - Ising spinsThe ergodic hypothesisThe SWAP method for particle systems
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[Berthier et al. (2016)]

For some models there is a tremendous acceleration!
[Wyart, Cates (2017)]

[Gutiérrez, Garrahan, Jack (2019)]

The ergodic hypothesisThe main classical model - Ising spinsThe ergodic hypothesisThe SWAP method for particle systems

Then the slowing down is mainly a dynamical effect

It also accelerates a KCM!
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The 2d (soft) Edwards-Anderson model

The ergodic hypothesisThe SWAP method for spin systems
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}

partially annealed

The 2d (soft) Edwards-Anderson model

The ergodic hypothesisThe main classical model - Ising spinsThe ergodic hypothesisWithin the spin glass phaseThe ergodic hypothesisThe main classical model - Ising spinsThe ergodic hypothesisThe SWAP method for spin systems
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[Alfaro Miranda, Cugliandolo, Tarzia (2024)]

The ergodic hypothesisThe main classical model - Ising spinsThe ergodic hypothesis2d spin glass ground state sampling

Autocorrelation of the effective bonds Probability of finding a ground state
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[Alfaro Miranda, Cugliandolo, Tarzia (2024)]

How does it work?
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2-3 orders of magnitude acceleration!

[Alfaro Miranda, Cugliandolo, Tarzia (2024)]

Maybe dynamical facilitation plays 
an important role in the efficiency of
the SWAP algorithm for particles

The ergodic hypothesisThe main classical model - Ising spinsThe ergodic hypothesisRelaxation time speed up
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The Importance of Rare Events in

Many-Body Localization



The ergodic hypothesisThe main classical model - Ising spinsThe ergodic hypothesisAnderson localization

Non-interacting quantum particles in a disordered potential

[Anderson (1958)]
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The ergodic hypothesisThe main classical model - Ising spinsThe ergodic hypothesisAnderson localization

Non-interacting quantum particles in a disordered potential
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The ergodic hypothesisThe main classical model - Ising spinsThe ergodic hypothesisMany-body localization (MBL)

Interacting quantum particles in a disordered potential

Can the localized phase survive interactions?
[Fleishman, Anderson (1980); Gornyi, Mirlin, Polyakov (2005); Basko, Aleiner, Altshuler (2006)]

Ergodicity breaking transition:

In the MBL phase the system retains memory
of the initial condition after infinite time
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} } }

Many-body localization (MBL)

The XXZ spin-1/2 chain with a random field

nearest-neighbor interactions disorder

[Oganesyan, Huse (2007)]

hopping
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} } }

,

Many-body localization (MBL)

For any generic quantum stateThe XXZ spin-1/2 chain with a random field

nearest-neighbor interactions disorder

[Oganesyan, Huse (2007)]

hopping
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} } }

[Altshuler, Gefen, Kamenev, Levitov (1997)]

Recast the many-body quantum dynamics into the diffusion
of a single fictitious particle on the Hilbert (or Fock) space graph  

Hilbert space picture:

,

Many-body localization (MBL)

The XXZ spin-1/2 chain with a random field

nearest-neighbor interactions disorder

correlated energies

[Oganesyan, Huse (2007)]

hopping

For any generic quantum state

nearest-neighbor hopping
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Is it a bona fide phase transition?

?
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• Numerics are constrained to small systems 

• Avalanche instability in the thermodynamic limit?

• Rare many-body resonances

[Sierant, Zakrzewski (2022)]

Is it a bona fide phase transition?

It is hard to draw conclusions!

[Luitz, Laflorencie, Alet (2015)]

[De Roeck, Huveneers (2017); Szołdra et al. (2024)]

[Morningstar et al. (2022); Ha et al. (2023)]

[Colbois et al. (2024)]

?
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• Rare many-body resonances

Is it a bona fide phase transition?

[Morningstar et al. (2022); Ha et al. (2023)]

[Colbois et al. (2024, 2025)]

?

[Crowley, Chandran (2020)]

[Long et al. (2022)]

[Garret, Roy, Chalker (2021)]

[Villalonga, Clark (2020)] [De Tomasi et al. (2021)]
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[Alfaro Miranda et al. (2025)]

Delocalization probability

| ||0 = | =
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The large deviation method
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"conductance"
in Hilbert space

[Biroli, Hartmann, Tarzia (2024)]
[Alfaro Miranda et al. (2025)]



The phase diagram
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of long-range resonances
accounting for the effect 

The 'size' of the many-body resonances
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[Alfaro Miranda et al. (2025)]



Conclusions and Outlook



The Critical Clusters for Frustrated Spin Systems

The SWAP Method for Frustrated Spin Systems

The Importance of Rare Events in Many-Body Localization

Is there another way of generating the clusters with     < 0 ?

For the paramagnetic to spin glass transiton: 

Do a similar spatially-correlated pattern emerge in the structural case?

Characterize the statistics of disorder realizations (importance sampling)

Coupling to a thermal bath, can we see avalanches?

Quasi-periodic potentials?
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Thank you!


