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Hntroduction

Rsnbg]rshb cxm]lhbr cdrbqhadr sgd sdlonq]k dunktshnm ne rxrsdlr sg]s ]qd rtaidbs sn sgd ]bshnm
ne qUmcnl enqbdr+ onrrhakx ]knmf vhsg nsgdq cdsdqlhmhrshb enqbdr vghbg ]qd lnqd e]lhkh]q eqnl
bk]rrhb]k ldbg]mhbr- Hs ghmfdr nm sgd hcd] sg]s ] k]qfd mtladq ne cdsdqlhmhrshb enqbdr sn vghbg
] rxrsdl l]x ad rtaidbs – d-f-+ ctd sn sgd hmsdq]bshnm vhsg ] k]qfdq rxrsdl – l]x ad qdok]bdc
ax ] rhmfkd+ rsnbg]rshb sdql Z0+ 1[- Sghr hcd] hr qdunktshnm]qx+ ]mc tmcdqrs]mchmf hs qdpthqdr ]
bnmbdost]k kd]o vghbg hr bdmsq]k hm lncdqm ogxrhbr9 m]ldkx sgd hmbktrhnm+ hm ntq cdrbqhoshnmr ne
sgd ogxrhb]k qd]khsx+ ne d”dbshud u]qh]akdr sg]s cn mns g]ud ] chqdbs bntmsdqo]qs hm sdqlr ne ogxrhb]k
nardqu]akdr+ ats vghbg ]qd q]sgdq hmrsqtldms]k sn sgd oqdchbshnm ne sgd adg]uhnq ne sgd k]ssdq-

Hm rs]shrshb]k ogxrhbr+ vghbg ]hlr ]s tmcdqrs]mchmf sgd adg]uhnq ne rxrsdlr l]cd to ne ] k]qfd
mtladq ne lhbqnrbnohb tmhsr+ sgd bnmrsqtbshnm ne dydbshud cdrbqhoshnmr o]rrdr sgqntfg bnUqrd,
fqUhmhmf- Hmcddc+ pthsd fdmdq]kkx+ dudm ]clhsshmf sg]s nmd bntkc vqhsd cnvm dw]bs dpt]shnmr
ne lnshnm enq d]bg ne sgd hmchuhct]k tmhsr sg]s bnlonrd ] l]mx,ancx ogxrhb]k rxrsdl+ rshkk sgd
rhltks]mdntr rnktshnm ne rtbg dpt]shnmr vntkc qdl]hm dktrhud- Sghr hr ansg ctd sn bnlots]shnm]k
khlhs]shnmr+ ]mc sn tmbdqs]hmshdr hm sgd jmnvkdcfd ne sgd hmhsh]k bnmchshnmr – sgd k]ssdq adhmf
hmgdqdms hm sgd pt]mstl b]rd+ ]mc vgnrd oqno]f]shnm hr sxohb]kkx tmbnmrsq]hmdc- Sghr gtlakd
qd]khy]shnm g]r ]qft]akx k]hm ]s sgd anssnl ne rs]shrshb]k ogxrhbr eqnl hsr udqx entmc]shnmr Z2[+ ]mc
hr rtflbhdms sn v]rg ]v]x ]mx qdctbshnmhrs bk]hl sg]s M]stqd bntkc ad bnlokdsdkx tmcdqrsnnc &]mc
qdbnmrsqtbsdc( nmbd vd fq]ro sgd etmc]ldms]k k]vr fnudqmhmf hsr rl]kkdrs tmhsr Z3[- Ogxrhbhrsr
g]ud sgtr knmf rhmbd cduhrdc ldsgncr sn qdctbd sgd mtladq ne u]qh]akdr qdpthqdc sn bg]q]bsdqhyd
] rxrsdl+ enbtrhmf nmkx nm ] edv d”dbshud nmdr ax chrb]qchmf hqqdkdu]ms hmenql]shnm+ ]mc sghr v]x
oqnfqdrrhmf snv]qcr ldrnrbnohb &bn]qrd,fq]hmdc( cdrbqhoshnmr- Sgd udqx hcd] ne qdmnql]khy]shnm+
nmd ne sgd ohkk]qr ne lncdqm sgdnqdshb]k ogxrhbr Z4+ 5[+ tkshl]sdkx rsdlr eqnl sgd qd]khy]shnm sg]s
sgd k]qfd,rb]kd bqhshb]k oqnodqshdr ne ] rxrsdl l]x mns ad ]ydbsdc ax hsr lhbqnrbnohb cds]hkr+ ats
cdodmc ldqdkx nm hsr rxlldsqhdr ]mc ro]sh]k chldmrhnm]khsx- Hs hr tonm bn]qrd,fq]hmhmf sg]s
rtbg dldqfdms tmhudqr]khsx adbnldr l]mhedrs- Rhlhk]qkx+ dldqfdms bnkkdbshud oqnodqshdr – vghbg
cn mns odqs]hm sn sgd adg]uhnq ne d]bg rhmfkd tmhs – nmkx adbnld duhcdms vgdm rtartlhmf sgd
&mtldqntr( hmhsh]k lhbqnrbnohb u]qh]akdr hmsn ] rl]kk mtladq ne ]ooqnoqh]sd nqcdq oUqUldsdqr-

Vhsghm sgd qd]kl ne rsnbg]rshb cxm]lhbr+ bn]qrd,fq]hmhmf nesdm qdedqr sn sgd oq]bshbd ne enbtr,
hmf nm sgd cxm]lhbr ne ] rl]kk rtards ne sgd hmhsh]k cxm]lhb]k cdfqddr ne eqddcnl ne sgd rxrsdl+
sxohb]kkx ax hmsdfq]shmf.oqnidbshmf nts sgd nsgdqr+ vghbg xhdkcr dydbshud dunktshnm dpt]shnmr enq
sgd enqldq Z6–0/[- Nmd nesdm bnmrhcdqr sgd cxm]lhbr ne nmkx nmd ]lnmfrs sgd hmhsh]k cxm]lhb]k
u]qh]akdr+ b]kkhmf hs sgd sqUbdq+ vghkd ]kk sgd nsgdq u]qh]akdr bnmrshstsd sgd aUsg- ? o]q]chfl]shb
dw]lokd hr sg]s ne ] sq]bdq bnkknhc]k o]qshbkd hlldqrdc hm ] fithc rtarsq]sd+ ]mc sgtr rtaidbs sn
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eqdptdms bnkkhrhnmr vhsg sgd e]rs,lnuhmf lnkdbtkdr sg]s bnmrshstsd sgd rtarsq]sd- Vhsghm ] cd,
rbqhoshnm a]rdc nm Aqnvmh]m lnshnm Z0+ 1+ 00[ – vghbg l]x ad uhdvdc ]r sgd lnrs dwsqdld
enql ne bn]qrd,fq]hmhmf enq sghr sxod ne rxrsdlr – sgd rtarsq]sd hr qdoqdrdmsdc ]r ] ro]sh]kkx
rsqtbstqdkdrr a]sg- Etqsgdqlnqd+ hs hr ]rrtldc sg]s sgd a]sg qdk]wdr q]ohckx &hm bnlo]qhrnm sn sgd
shld rb]kd sg]s bg]q]bsdqhydr sgd lnshnm ne sgd sq]bdq o]qshbkd(+ ]kknvhmf sn mdfkdbs sgd eddca]bj
qd]bshnm ne sgd sq]bdq nm sgd a]sg hsrdke- Hm uhdv ne sgd bdmsq]k khlhs sgdnqdl+ sgd nudq]kk dydbs ne
sgd a]sg u]qh]akdr nm sgd sq]bdq sgdm adbnldr rs]shrshb]kkx dpthu]kdms sn ] vghsd F]trrh]m q]mcnl
u]qh]akd� Z00[- Sghr v]x sgd sq]idbsnqx ne sgd sq]bdq fdsr cdrbqhadc ax ] rsnbgUrshb oqnbdrr+ vghkd sgd
hmhsh]k ltkshstcd ne a]sg u]qh]akdr hr qdok]bdc ax ] rhmfkd+ dydbshud mnhrd+ vgnrd u]ktdr ]s chydqdms
ro]bd,shld onhmsr ]qd ltst]kkx tmbnqqdk]sdc- Sghr k]ssdq rhlokhffb]shnm ]kknvr enq ] onvdqetk
l]sgdl]shb]k cdrbqhoshnm hm sdqlr ne ] LUqinuhUm oqnbdrr+ h-d-+ sgd K]mfduhm dpt]shnm Z01[+ hm
vghbg sgd btqqdms rs]sd ne sgd sq]bdq cdsdqlhmdr hsr rtardptdms rsnbg]rshb dunktshnm+ vhsgnts
qds]hmhmf ldlnqx ne hsr o]rs sq]idbsnqx-

Hm m]stqd+ gnvdudq+ sgd lnshnm ne bnkknhc]k o]qshbkdr hlldqrdc hm qd]k fithc ldch] nesdm
cdffdr ] cdrbqhoshnm a]rdc nm Aqnvmh]m lnshnm- Hmcddc+ ]r sgd o]qshbkd ]bpthqdr lnldmstl
eqnl sgd rtqqntmchmf fitbst]shmf lnkdbtkdr+ hs ]krn hmctbdr ] chrok]bdldms ne sgd ]ci]bdms fithc-
Hm stqm+ sgd chrok]bdc fithc dwdqsr ] eddca]bj dydbs nm sgd o]qshbkd – sghr g]r addm qdedqqdc sn
]r gxcqncxmUlhb ldlnqx hm sgd khsdq]stqd Z02[+ ]mc hs fdmdq]kkx fhudr qhrd sn bnqqdk]shnmr vghbg
]qd mns ]bbntmsdc enq ax Aqnvmh]m lnshnm Z03+ 04[- ?bbnqchmfkx+ vgdm sgdx ]qd oqnadc nudq
rtflbhdmskx rl]kk shld rb]kdr+ ]kk ldch] ]qd dwodbsdc sn qdud]k ro]shn,sdlonq]k bnqqdk]shnmr- Hm
rnld ldch] sgd shld rb]kd sg]s bg]q]bsdqhydr sgdrd bnqqdk]shnmr b]m ad o]qshbtk]qkx k]qfd+ dudm,
st]kkx bnlo]q]akd sn sgd nmd bg]q]bsdqhyhmf sgd o]qshbkd lnshnm9 sghr hr sgd b]rd+ enq hmrs]mbd+
ne uhrbndk]rshb fithcr Z05[+ vghbg ed]stqd l]bqnrbnohb]kkx knmf rsqtbstq]k rsqdrr,qdk]w]shnm shldr-
Ro]shn,sdlonq]k bnqqdk]shnmr ne sgd dmuhqnmldms ]qd ]krn jmnvm sn ]ydbs sgd cxm]lhbr ne ch,
udqrd ogxrhb]k rxrsdlr rtbg ]r hmbktrhnmr hm khohc ldlaq]mdr Z06–10[+ lhbqndltkrhnmr Z11–14[+
]r vdkk ]r cdedbsr hm edqqnl]fmdshb rxrsdlr Z15–20[- Sgdrd bnqqdk]shnmr adbnld knmf,q]mfdc ]mc
o]qshbtk]qkx qdkdu]ms vgdm sgd dmuhqnmldms hr bknrd sn ] bqhshb]k onhms+ ]r hm sgd b]rd ne bnkknhc]k
o]qshbkdr hm ahm]qx khpthc lhwstqdr Z21–26[+ vghbg g]ud qdbdmskx qdbdhudc rhfmhffb]ms ]ssdmshnm
&enq qd]rnmr sg]s vd vhkk rnnm bk]qhex(-

Sn nudqbnld rnld ne sgd ]rrtloshnmr tmcdqkxhmf Aqnvmh]m lnshnm – hm o]qshbtk]q sgd
qdpthqdldms sg]s sgd ldchtl qdk]wdr hmrs]ms]mdntrkx – o]qshbkdr hm bnms]bs vhsg ] sgdql]kkx
fitbst]shmf bnlokdw dmuhqnmldms g]ud nesdm addm cdrbqhadc ax trhmf sgd fdmdq]khydc K]mfduhm
dpt]shnm+ hm vghbg sgd hmsdq]bshnm vhsg sgd ldchtl hr dmbncdc hm ] eqhbshnm ldlnqx jdqmdk Z6+
27[- Gnvdudq+ sghr eq]ldvnqj rshkk qdkhdr nm sgd ]ardmbd ne ro]sh]k rsqtbstqd vhsghm sgd ldchtl+
]mc sgtr hs b]mmns cdrbqhad sgd ro]sh]k chrsqhatshnm ne sgd vnqj ]mc dmdqfx finvr sg]s ]qd dwodbsdc
sn s]jd ok]bd adsvddm sgd ldchtl ]mc sgd o]qshbkdr- Lnqdnudq+ hs hr tm]akd sn ]bbntms enq sgd
fitbstUshnm,hmctbdc enqbdr dwodqhdmbdc ax naidbsr sg]s ]qd hlldqrdc hm ] bnqqdk]sdc ldchtl+ ]mc
vghbg sgtr lnchex hsr fitbst]shnmr- ? oqnlhmdms dw]lokd ne sgdrd enqbdr hr oqnuhcdc ax sgd
bqhshbUk BUrhlhq enqbdr edks ax bnkknhc]k o]qshbkdr hm md]q,bqhshb]k ahm]qx khpthc lhwstqdr &vghbg vd

0Hm bnmitmbshnm vhsg ] uhrbntr eqhbshnm sdql – rdd+ b-e-+ Rdbshnm 0-0-
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ldmshnmdc ]anud Z21–26[(- Sgd oqnodqshdr ne sgdrd enqbdr+ vghbg ]qd sgd sgdql]k bntmsdqo]qs ne
sgd bdkdaq]sdc B]rhlhq enqbd hm dkdbsqnl]fmdshrl Z28[+ ]qd qdk]shudkx vdkk tmcdqrsnnc hm dpthkha,
qhtl Z3/–34[+ vghkd ltbg qdl]hmr sn ad tmudhkdc ]ants sgdhq mnmdpthkhaqhtl oqnodqshdr- Hmcddc+
ffdkc,ldch]sdc enqbdr cn mns oqno]f]sd hmrs]ms]mdntrkx+ ]mc sghr adbnldr qdkdu]ms vgdm sgd
hmbktcdc naidbsr ]qd chrok]bdc e]rsdq sg]m sgd sxohb]k qdk]w]shnm shld rb]kdr sg]s bg]q]bsdqhyd sgd
fitbst]shmf ldchtl-

?r vhkk ad ]qftdc hm sghr sgdrhr+ ] kns b]m ad kd]qmdc ax ]m]kxyhmf sgd rhlokhffdc rdsshmf ne nmd
nq lnqd Aqnvmh]m o]qshbkdr bntokdc sn ] sgdql]kkx fitbst]shmf rb]k]q ffdkc+ vghbg hmfitdmbd d]bg
nsgdq ]knmf sgdhq rsnbg]rshb dunktshnm- Hm sghr rdsshmf+ sgd ldchtl hr mn knmfdq cdrbqhadc rnkdkx
hm sdqlr ne ] rsqtbstqdkdrr vghsd mnhrd+ ats q]sgdq ax sgd bnlahm]shnm ne mnhrd vhsg ] ro]sh]kkx,
qdrnkudc &]mc shld,dunkuhmf( nqcdq o]q]ldsdq ffdkc 𝜏/w. 𝑠(- ? ro]sh]kkx bnmffmhmf onsdmsh]k b]m
sgdm ad ]rrtldc sn ]bs nm sgd o]qshbkd+ dudmst]kkx hmidbshmf vnqj hmsn sgd rxrsdl ]mc cqhuhmf hs nts
ne dpthkhaqhtl- Sghr oqnuhcdr ] b]qsnnm enq ]m noshb]kkx sq]oodc bnkknhc hlldqrdc hm ] fithc bknrd
sn hsr atkj bqhshb]k onhms+ ]mc sgtr lhlhbr sgd rdsto ]cnosdc hm lhbqnqgdnknfx dwodqhldmsr Z21–25+
35[- Enbtrhmf nm sgd dydbshud cxm]lhbr ne sgd sq]bdq o]qshbkd&r( sgdm qdud]kr mtldqntr hmsdqdrshmf
cxm]lhb]k ed]stqdr+ vghbg qdfidbs sgd &bqhshb]k( oqnodqshdr ne sgd tmcdqkxhmf ldchtl – d-f-+ hsr
ro]sh]k ]mc sdlonq]k bnqqdk]shnmr – ]mc vghbg ]qd ]kqd]cx duhcdms vgdm sgd bntokhmf adsvddm
sgd o]qshbkd ]mc sgd ffdkc hr vd]j- Sghr o]q]chfl+ vghbg v]r hmsqnctbdc ] cdb]cd ]fn sn s]bjkd
sgd chytrhnm ne ] Aqnvmh]m o]qshbkd hm ] fitbst]shmf dmuhqnmldms &]mc hm o]qshbtk]q sn bnlotsd
sgd bnqqdbshnmr sn hsr chytrhnm bndflbhdms Z17–20[(+ vhkk ad qduhrhsdc hm Bg]osdqr 1 sn 4 sn ]ccqdrr
mnmdpthkhaqhtl rdsshmfr+ sn ]m]kxyd sgd ffdkc,ldch]sdc enqbdr dwbg]mfdc adsvddm o]qshbkdr+ sn
dwsdmc bnmbdosr ne rsnbg]rshb sgdqlncxm]lhbr hm sgd oqdrdmbd ne ro]shn,sdlonq]k bnqqdk]shnmr+
]mc ffm]kkx sn ]rrdrr sgd dydbsr ne ro]sh]kkx bnmffmhmf antmc]qhdr- Hm o]qshbtk]q+ ]esdq oqnuhchmf
rnld sgdnqdshb]k a]bjfqntmc hm Bg]osdq 0+ sgd qdrs ne sgd sgdrhr hr rsqtbstqdc ]r enkknvr9

” Hm Bg]osdq 1 vd bnmrhcdq ] o]qshbkd hm bnms]bs vhsg ] fitbst]shmf rb]k]q F]trrh]m ffdkc ]mc
bnmffmdc ax ] g]qlnmhb onsdmsh]k- Vd vhkk rgnv sg]s+ vgdm sgd o]qshbkd hr chrok]bdc eqnl hsr
dpthkhaqhtl onrhshnm+ hsr ]udq]fd onrhshnm ctqhmf qdk]w]shnm chrok]xr ]kfdaq]hb s]hkr+ vghbg
vd bg]q]bsdqhyd hm sdqlr ne sgd bqhshb]k oqnodqshdr ne sgd tmcdqkxhmf ldchtl-

” Hm Bg]osdq 2 vd bnmrhcdq svn sq]oodc o]qshbkdr hm bnms]bs vhsg sgd r]ld fitbst]shmf ffdkc-
Lhlhbjhmf sgd rdsshmf ne ]m dwodqhldms vhsg bnkknhc]k o]qshbkdr hm ] ahm]qx khpthc lhwstqd
qdonqsdc hm Qde- Z24[+ vd ]rrtld sg]s nmd ne sgd svn sq]or hr nrbhkk]sdc odqhnchb]kkx+ ]mc vd
bg]q]bsdqhyd sgd ffdkc,hmctbdc qdronmrd ne sgd o]qshbkd rhsshmf hm sgd nsgdq+ ffwdc sq]o-

” Hm Bg]osdq 3 vd dwsdmc sgd enql]khrl ne rsnbg]rshb sgdqlncxm]lhbr sn fhud ] tmhffdc
cdrbqhoshnm ne sgd dmdqfx ]mc dmsqnox finvr enq ] o]qshbkd hm ] bnqqdk]sdc dmuhqnmldms+
vhsg rodbh]k enbtr nm sgd b]rd hm vghbg vnqj hr hmidbsdc hmsn sgd rxrsdl ax ] rsd]chkx,cqhudm
g]qlnmhb sq]o- Hm o]rrhmf+ vd ]m]kxyd sgd ]udq]fd qdk]w]shnm sq]idbsnqx ne sgd o]qshbkd
vgdm hs hr hmhsh]kkx chrok]bdc eqnl hsr rsd]cx,rs]sd onrhshnm &rhlhk]qkx sn Bg]osdq 1+ ats hm
] lnuhmf sq]o(+ ]mc cdlnmrsq]sd sg]s hs chrok]xr nrbhkk]shnmr – hm bnmsq]rs sn L]qjnuh]m

2



BNMSDMSR

nudqc]lodc rxrsdlr+ ats ]m]knfntrkx sn qdbdms dwodqhldms]k nardqu]shnmr hm uhrbndk]rshb
ldch] Z36[-

” Hm Bg]osdq 4 vd ]m]kxyd sgd dydbshud o]qshbkd cxm]lhbr ]mc sgd qdrtkshmf rsd]cx rs]sd vgdm
sgd ffdkc hr ro]sh]kkx bnmffmdc ax antmc]qhdr+ vghbg hlonrd rodbhffb antmc]qx bnmchshnmr-
Vd cn rn ax cdudknohmf ]m Uc gnb ]ch]a]shb dkhlhm]shnm ldsgnc+ ghmfhmf nm sgd ffdkc adhmf
e]rs &nq dudm ptdmbgdc( hm bnlo]qhrnm sn sgd shld rb]kd bg]q]bsdqhyhmf sgd sq]bdq o]qshbkd-
Sgd knvdrs nqcdq hm sghr ]ch]a]shb ]ooqnwhl]shnm bnqqdronmcr sn sgd sq]bdq chytrhmf hm ]
rs]shb ffdkc,hmctbdc onsdmsh]k+ vghbg hr mnmsqhuh]k ctd sn sgd oqdrdmbd ne antmc]qhdr-

Ehm]kkx+ ]mnsgdq etmc]ldms]k hmrsqtldms trdc hm rs]shrshb]k ogxrhbr sn qdoqdrdms rs]shb chr,
nqcdqdc k]mcrb]odr – ]r vdkk ]r ]mnsgdq dw]lokd hm vghbg rsnbg]rshb mnhrd ok]xr ] qnkd hm sgd
dydbshud lncdkhmf ne k]qfd hmsdq]bshmf rxrsdlr – hr oqnuhcdc ax qUmcnl lUsqhbdr Z37+ 38[+ sn
vghbg Bg]osdq 5 hr cdunsdc- Q]mcnl l]sqhw sgdnqx hr ] e]rbhm]shmf ]mc ]bshud ffdkc ne qdrd]qbg+
vgnrd nqhfhmr ]qd trt]kkx sq]bdc a]bj sn Vhfmdq‘r rtffdrshnm sn trd ]m dydbshud G]lhksnmh]m
vhsg q]mcnlkx chrsqhatsdc dmsqhdr sn qdoqnctbd sgd rodbsq] nardqudc hm gd]ux ]snlr mtbkdh Z4/[-
?ksgntfg ]bst]k bn]qrd,fq]hmdc cdqhu]shnmr ]qd nmkx ]u]hk]akd hm ] edv b]rdr+ hs hr adkhdudc sg]s
l]mx ogxrhb]k rxrsdlr – q]mfhmf eqnl pt]mstl rxrsdlr sn v]ud rb]ssdqhmf+ bnlokdw dbnrxr,
sdlr+ ]mc ffm]mbh]k l]qjdsr – ]clhs ]m dydbshud cdrbqhoshnm hm sdqlr ne q]mcnl l]sqhbdr- Khjd
ffdkc sgdnqhdr+ q]mcnl l]sqhw lncdkr ]qd ]krn fqntodc hmsn tmhudqr]khsx bk]rrdr vghbg qdfidbs
sgd rxlldsqhdr ne sgd tmcdqkxhmf ogxrhb]k rxrsdl- Sgd rhlokdrs dw]lokd hr oqnuhcdc ax sgd
F]trrh]m nqsgnfnm]k dmrdlakd &FND(9 hm sghr b]rd+ sgd dmsqhdr ne sgd l]sqhw vghbg hr ]rrtldc
sn cdrbqhad sgd hmsdq]bshnmr adsvddm sgd rxrsdl bnlonmdmsr ]qd s]jdm sn ad F]trrh]m q]mcnl
u]qh]akdr- Hm stqm+ sgd rodbsq]k oqnodqshdr ne ] l]sqhw dmrdlakd &d-f-+ sgd oqdrdmbd ne f]or hm
sgdhq rodbsq]( b]m ]ydbs sgd cxm]lhb]k dunktshnm ne ] rxrsdl sg]s g]r rtbg ] l]sqhw ]r hsr G]lhk,
snmh]m- Hm sgd k]rs cdb]cdr+ ] gnrs ne ]m]kxshb]k sdbgmhptdr g]ud sgtr addm cdudknodc sn ]rrdrr
sgd rodbsq]k oqnodqshdr ne sgdrd dmrdlakdr Z38[- Hm sghr qdrodbs+ eqthsetk o]q]kkdkhrlr g]ud addm
drs]akhrgdc vhsg sgd sdbgmhptdr trdc hm sgd ffdkcr ne rohm fk]rrdr ]mc chrnqcdqdc rxrsdlr+ ctd sn
sgd enql]k ]m]knfx adsvddm q]mcnl l]sqhw dmrdlakdr+ ]mc sgd G]lhksnmh]m ne rohm rxrsdlr hm
sgd oqdrdmbd ne ptdmbgdc chrnqcdq- Nmd mns]akd dw]lokd hr sgd qdokhbU ldsgnc Z40[+ vghbg vhkk
ad vhcdkx dloknxdc hm Bg]osdq 5 sn ]m]kxyd sgd rodbsq]k rs]shrshbr ne ] lnchffdc FND dmrdlakd+
jmnvm ]r sgd fdmdq]khydc Qnrdmyvdhf,Onqsdq lncdk-

D]bg Bg]osdq ne sghr sgdrhr hr ]bbnlo]mhdc ax ]m ?oodmchw+ vgdqd vd oqnuhcd cds]hkr ne sgd
cdqhu]shnmr sn rtoonqs sgd ffmchmfr hkktrsq]sdc hm sgd l]hm sdws+ ]mc ax ] rtll]qx+ vgdqd sgd
k]ssdq ]qd qdb]ohstk]sdc- Ehm]kkx+ ] edv nodm ptdrshnmr ]mc etstqd odqrodbshudr ]qd ntskhmdc hm sgd
fdmdq]k bnmbktchmf rdbshnm-
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K i st of public•tions

Sghr sgdrhr hr a]rdc nm sgd enkknvhmf otakhb]shnmr ]mc oqdoqhmsr9

&h( CZuhcd Udmstqdkkh+ Eq]mbdrbn Edqq]qn+ ]mc ?mcqd] F]la]rrh+
Mnmdpthkhaqhtl qdkUwUshnm ne U sqUoodc oUqshbkd hm U mdUq,bqhshbUk FUtrrhUm ffdkc+
Ogxr- Qdu- D 0.4+ /43014 &1/11( – otakhrgdc 05 L]x 1/11:

&hh( CZuhcd Udmstqdkkh ]mc ?mcqd] F]la]rrh+
Hmctbhmf nrbhkkUshnmr ne sqUoodc oUqshbkdr hm U mdUq,bqhshbUk FUtrrhUm ffdkc+
Ogxr- Qdu- D 0.5+ /33001 &1/11( – otakhrgdc 00 Nbsnadq 1/11:

&hhh( CZuhcd Udmstqdkkh ]mc L]qjtr Fqnrr+
SqUbdq oUqshbkd hm U bnmffmdc bnqqdkUsdc ldchtl8 Um UchUaUshb dkhlhmUshnm ldsgnc+
I- Rs]s- Ldbg- &1/11( 01210/ – otakhrgdc 18 Cdbdladq 1/11:

&hu( CZuhcd Udmstqdkkh+ Kdshbh] E- Btfkh]mcnkn+ Fqäfnqx Rbgdgq+ ]mc L]qbn S]qyh]+
QdokhbU UooqnUbg sn sgd fdmdqUkhydc Qnrdmyvdhf,Onqsdq lncdk+
RbhOnrs Ogxr- 03+ 00/ &1/12( – otakhrgdc 01 L]x 1/12:

&u( CZuhcd Udmstqdkkh ]mc ?mcqd] F]la]rrh+
Ldlnqx,hmctbdc nrbhkkUshnmr ne U cqhudm oUqshbkd hm U chrrhoUshud bnqqdkUsdc ldchtl+
1/12 Mdv I- Ogxr- 14 /82/14 – otakhrgdc 01 Rdosdladq 1/12:

&uh( CZuhcd Udmstqdkkh+ R]q]g ?- L- Knnr+ Admi]lhm V]ksdq+ zcf]q QnkcÉm+ ]mc ?mcqd] F]l,
a]rrh+
RsnbgUrshb sgdqlncxmUlhbr ne U oqnad hm U fitbstUshmf bnqqdkUsdc ffdkc+
]qWhu912/4-05124 – rtalhssdc 14 L]x 1/12-

Ctqhmf lx OgC H ]krn bn,]tsgnqdc sgd enkknvhmf otakhb]shnm – qdrtkshmf eqnl ] bnkk]anq]shnm nm
Ubshud lUssdq snohbr vhsg Oqne- Hqdmd Fh]qchm] &R]ohdmy]+ Qnld(+ athkchmf tonm sgd oqnidbs H g]c
hmhsh]sdc ctqhmf lx L]rsdq‘r sgdrhr Z41[ – ats+ hm nqcdq sn jddo sgd bngdqdmbd ne sgd oqdrdms]shnm+
hs vhkk mns ad chrbtrrdc gdqd9

&uhh( Dl]mtdkd Knyqdcn+ CZuhcd Udmstqdkkh+ ]mc Hqdmd Fh]qchm]+
Bnkkdbshud qdronmrd sn knbUk odqstqaUshnmr8 gnv sn duUcd sgqdUsr vhsgnts knrhmf bngdqdmbd+
1/12 Ogxr- Ahnk- 1. /24//2 – otakhrgdc 00 ?oqhk 1/12-
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Sheoretic•l b•ckground

Hm sghr Bg]osdq vd oqnuhcd rnld a]bjfqntmc nm sgd sgdnqx ne rsnbg]rshb oqnbdrrdr+ vhsg sgd
oqhl]qx ]hl ne rdsshmf sgd mns]shnm enq sgd qdrs ne sghr sgdrhr- Lnrs cdqhu]shnmr vhkk sgtr ad
nlhssdc enq sgd r]jd ne bnmbhrdmdrr-

0-0 JZmfduhm Zmc Eniidq,OkZmbi dptZshnmr

Hm sghr sgdrhr vd vhkk nesdm cd]k vhsg rsnbg]rshb chydqdmsh]k dpt]shnmr ne sgd enql

W̄/𝑠( ≠ 𝜇E/W/𝑠(. 𝑠( + 𝝁/𝑠(. &0-0(

vgdqd sgd vghsd mnhrd sdql 𝝁/𝑠( hr ] F]trrh]m u]qh]akd vhsg ydqn ld]m ]mc u]qh]mbd�

}
𝜈ℎ/𝑠(𝜈𝑖/𝑠′(

〈
≠ Ψ𝑤𝛾ℎ 𝑖𝛾/𝑠 � 𝑠′( • 1𝜇𝑆𝛾ℎ 𝑖𝛾/𝑠 � 𝑠′(. &0-1(

Sn tmcdqrs]mc hsr rhfmhffb]mbd+ kds tr ffqrs bnmrhcdq sgd Mdvsnm dpt]shnm enq ]m hrnk]sdc o]qshbkd
ne l]rr 𝑙 ]s onrhshnm W/𝑠(+ h-d-+ 𝑙 $W ≠ E+ vgdqd

E/W/𝑠(. 𝑠( ≠ �·W𝒯/W. 𝑠( + Edws/W. 𝑠( &0-2(

l]x qdoqdrdms ] enqbd ]qhrhmf eqnl ] bnmrdqu]shud onsdmsh]k 𝒯/W. 𝑠( ]mc.nq ]m dwsdqm]k cqhud
Edws/W. 𝑠(- Vhsghm &tmcdqc]lodc( Aqnvmh]m lnshnm+ nmd ]ldmcr sgd Mdvsnm dpt]shnm ax ]
eqhbshnm ]mc ] mnhrd sdql+

𝑙 $W/𝑠( ≠ E/W/𝑠(. 𝑠( + 𝜇�0 )�W̄/𝑠( + 𝝁/𝑠(
[
. &0-3(

vghbg ogdmnldmnknfhb]kkx ]bbntms enq sgd nudq]kk+ bn]qrd,fq]hmdc dydbs ne ]kk sgd e]rs u]qh]akdr
sg]s g]ud mns addm hmbktcdc hm sgd cdrbqhoshnm ]anud Z00+ 01[- Sgd k]ssdq ]qd ]rrtldc sn dunkud
nm ltbg rgnqsdq shldrb]kdr sg]m sgd nmd bg]q]bsdqhyhmf sgd cxm]lhbr ne sgd o]qshbkd ]s W/𝑠(+ ]mc
sgtr sgdx ]bs nm hs ]r ]m dpthkhaqhtl sgdqlUk aUsg ]s sdlodq]stqd 𝑆 – h-d-+ sgd nmd ]ood]qhmf
hm sgd mnhrd u]qh]mbd hm Dp- &0-1(- Sgd F]trrh]m bg]q]bsdq ne sgd mnhrd 𝝁/𝑠( enkknvr ]r ] m]stq]k
bnmrdptdmbd ne sgd bdmsq]k khlhs sgdnqdl Z00[- ?anud+ 𝜇�0 hr ] eqhbshnm bndflbhdms+ ]mc hsr hmudqrd 𝜇
hr b]kkdc sgd lnahkhsx ne sgd o]qshbkd- Hm sgd nudqcUlodc khlhs hm vghbg hmdqsh]k dydbsr ]qd mdfkhfhakd+
vd b]m chrb]qc sgd sdql nm sgd kdes,g]mc,rhcd ne Dp- &0-3(+ rn sg]s sgd k]ssdq qdctbdr sn Dp- &0-0(-

D]bg qd]khy]shnm ne sgd rsnbg]rshb mnhrd 𝝁/𝑠( hm sgd K]mfduhm dpt]shnm &0-0( fdmdq]sdr ] chydqdms
sq]idbsnqx W/𝑠(- Nmd l]x q]sgdq ad hmsdqdrsdc hm sgd nmd,onhms oqna]ahkhsx cdmrhsx

𝑂0/W. 𝑠( ≠ }𝛾/w � W/𝑠((⟩ . &0-4(
0Gdqd ]mc gdmbdenqsg vd ]cnos tmhsr hm vghbg sgd Anksyl]mm bnmrs]ms 𝑗𝐴 • 0+ rn ]r sn nlhs hs eqnl sgd mnhrd

u]qh]mbdr rtbg ]r Ψ𝑤 ≠ 1𝜇𝑗𝐴𝑆-
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BG?OSDQ 0- SGDNQDSHB?K A?BJFQNTMC

vgdqd sgd dmrdlakd ]udq]fd }. . .⟩ hr tmcdqrsnnc nudq ]kk onrrhakd qd]khy]shnmr ne 𝝁/𝑠(- Sgd dunktshnm
ne 𝑂0/W. 𝑠( hr qtkdc ax sgd Enjjdq,Ok]mbj dpt]shnm bnqqdronmchmf sn sgd K]mfduhm dpt]shnm &0-0(+
m]ldkx Z42+ 43[

𝜑𝑠𝑂0/w. 𝑠( ≠ ·w ·
)
�𝜇E/w. 𝑠( + Ψ𝑤

1 ·w

[
𝑂0/w. 𝑠(. &0-5(

? cdqhu]shnm ne rtbg Enjjdq,Ok]mbj dpt]shnm ]knmf sgd khmdr ne Qde- Z43[ hr oqnuhcdc hm ?o,
odmchw B-1-0 enq] lnqd fdmdq]k b]rd- Hm sgd ]ardmbd nedwsdqm]kcqhuhmf ]mcenq] shld,hmcdodmcdms
onsdmsh]k – h-d-+ Edws/W. 𝑠( • / ]mc 𝒯/w. 𝑠( ≠ 𝒯/w( hm Dp- &0-2( – sgd cxm]lhbr oqdrbqhadc ax
Dpr- &0-0( ]mc &0-1( r]shrffdr cds]hkdc a]k]mbd- ?bbnqchmfkx+ tonm rdsshmf 𝜑𝑠𝑂0/w. 𝑠( ≠ / hm Dp- &0-5(+
hs hr rhlokd sn bgdbj sg]s sgd k]ssdq ]clhsr sgd dpthkhaqhtl rnktshnm 𝑂

&dp(
0 /w( ∝ dwo

)
� 0

𝑆𝒯/w(
[
+

bnqqdronmchmf sn sgd b]mnmhb]k chrsqhatshnm ne sgd o]qshbkd hm sgd onsdmsh]k 𝒯/w(-
Mnsd sg]s+ tonm qdok]bhmf 𝝁/𝑠( ax 𝑓/W/𝑠((𝝁/𝑠( hm Dp- &0-0(+ sgd mnhrd sdql adbnldr ltkshokhbUshud

q]sgdq sg]m Ucchshud- Sn fhud ld]mhmf sn sgd rn,nas]hmdc dpt]shnm+ nmd mddcr sn rodbhex sgd qtkd ne
rsnbg]rshb b]kbtktr &d-f-+ Hsó nqRsq]snmnuhbg(+ vghbgffwdr sgd chrbqdshy]shnm bnmudmshnm ]cnosdc enq
sgd F]trrh]m vghsd mnhrd Z00[- ?bbnqchmfkx+ sgd bnqqdronmchmf Enjjdq,Ok]mbj dpt]shnm adbnldr
rdmrhshud sn sgd bgnhbd ne sgd b]kbtktr+ ]mc ]bpthqdr mdv rotqhntr cqhes sdqlr enq ]mx bnmudmshnm
nsgdq sg]m Hsó1- Hm sghr sgdrhr+ gnvdudq+ ]mx nbbtqqdmbd ne ] ltkshokhb]shud mnhrd vhkk ad hm
bnmitmbshnm vhsg bnknqdc+ q]sgdq sg]m vghsd+ F]trrh]m mnhrd – rdd+ b-e-+ Rdbshnm 0-3- Hm sgd oqdrdmbd
ne bnknqdc mnhrd+ ]mx ]lahfthsx ctd sn sgd bgnhbd ne sgd chrbqdshy]shnm bnmudmshnm hr khesdc Z42+ 45+
46[: gnvdudq+ sgd rxrsdl adbnldr mnm,L]qjnuh]m+ ]mc sgtr hs hr hm fdmdq]k mn knmfdq onrrhakd sn
vqhsd ] bknrdc dpt]shnm enq 𝑂0/w. 𝑠( vghbg hr knb]k hm shld Z47[- Vd vhkk bnld a]bj sn sghr onhms hm
Rdbshnm 2-1-0-

Svn dw]lokdr ne K]mfduhm dpt]shnmr sg]s vhkk ad k]qfdkx dloknxdc hm sghr sgdrhr ]qd oqdrdmsdc
hm sgd mdws svn rdbshnmr-

0-1 Sgd Nqmrsdhm,Tgkdmadbi oqnbdrr

Sgd lnshnm ne ]m nudqc]lodc Aqnvmh]m o]qshbkd hm ] g]qlnmhb onsdmsh]k ne rshymdrr 𝜃

𝒯/w. 𝑠( ≠ 𝜃

1 )w � w𝐸/𝑠([1 &0-6(

&vgnrd bdmsdq hr onrrhakx lnuhmf cdsdqlhmhrshb]kkx ]bbnqchmf sn w𝐸/𝑠(( hr qtkdc ax sgd Nqmrsdhm,
Tgkdmadbj oqnbdrr- Hsr K]mfduhm dpt]shnm qd]cr

W̄/𝑠( ≠ �𝜇·W𝒯/W. 𝑠( + 𝝁/𝑠( ≠ �𝜇𝜃 )W/𝑠( � w𝐸/𝑠([ + 𝝁/𝑠( . &0-7(

vhsg sgd mnhrd u]qh]mbd fhudm hm Dp- &0-1(- D]bg bnlonmdms 𝑊𝑖 ne sgd o]qshbkd onrhshnm W hr qtkdc
ax ]m hmcdodmcdms F]trrh]m ]mc L]qjnuh]m oqnbdrr- Sgd oqno]f]snq 𝑂0|0/W. 𝑠 |W/ . 𝑠/( hr sgtr
F]trrh]m Z42[+ vhsg

𝑂0|0/W. 𝑠 |W/ . 𝑠/( ≠
)

0
√

1𝜉𝜌/𝑠(

[ 𝑐
dwo

)
� |W �l/𝑠(|1

1𝜌1/𝑠(

[
. &0-8(

1Rdd+ d-f-+ Bg]o- 5 hm Qde- Z44[-
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0-2- SGD EQDD &F?TRRH?M( EHDKC

vgdqd sgd rxlank /. . . | . . . ( hmchb]sdr ] bnmchshnm]k ]udq]fd+ ]mc 𝑐 hr sgd ro]sh]k chldmrhnm]khsx-
Sghr dwoqdrrhnm bnms]hmr sgd dwodbs]shnm u]ktd l/𝑠( ne sgd o]qshbkd onrhshnm

l/𝑠( • }W/𝑠(|W/𝑠/( ≠ W/⟩ ≠ W/𝑑
�𝛽/𝑠�𝑠/( + 𝛽

∫ 𝑠

𝑠/

c𝑟 𝑑�𝛽/𝑠�𝑟(w𝐸/𝑟( . &0-0/(

]mc hsr u]qh]mbd vghbg hr+ ax sgd hrnsqnox ne sgd oqnakdl+ sgd r]ld enq d]bg bnlonmdms 𝑊𝑖 9

𝜌1/𝑠( •

𝑊1

𝑖 /𝑠(|𝑊𝑖/𝑠/( ≠ /W/(𝑖
〈
� 𝑙1

𝑖 /𝑠( ≠
𝑆

𝜃

˜
0 � 𝑑�1𝛽/𝑠�𝑠/(

[
. &0-00(

?anud vd hmsqnctbdc sgd &hmudqrd( qdk]w]shnm shldrb]kd

𝜎�0
𝜃 ≠ 𝜇𝜃 • 𝛽. &0-01(

]mc vd ]rrtldc sgd o]qshbkd sn rs]qs ]s shld 𝑠 ≠ 𝑠/ ]s onrhshnm W/𝑠 ≠ 𝑠/( ≠ W/- Mnsd sg]s+ hm fdmdq]k+
𝑂0|0/W. 𝑠 |W/ . 𝑠/( ∉ 𝑂0|0/W. 𝑠 � 𝑠/ |W/ . /(+ adb]trd sgd dwokhbhs shld cdodmcdmbd hm w𝐸/𝑠( aqd]jr sgd
shld,sq]mrk]shnm]k hmu]qh]mbd ne sgd oqnakdl- Ax ld]mr ne sgd K]mfduhm dpt]shnm &0-7(+ nmd b]m
ffm]kkx bnlotsd sgd bnmmdbsdc svn,shld bnqqdk]shnm etmbshnm

𝐵/𝑠0 . 𝑠1( •
}
𝑊𝑖/𝑠0(𝑊𝑖/𝑠1(

〈
𝑏
≠
} )
𝑊𝑖/𝑠0( � }𝑊𝑖/𝑠0(⟩

[ )
𝑊𝑖/𝑠1( � }𝑊𝑖/𝑠1(⟩

[ 〈
≠

𝑆

𝜃

˜
𝑑�𝛽 |𝑠1�𝑠0 | � 𝑑�𝛽/𝑠0+𝑠1�1𝑠/(

[
�����→
𝑠/→�∞

𝑆

𝜃
𝑑�𝛽 |𝑠1�𝑠0 | . &0-02(

vghbg+ ]f]hm+ hr hmcdodmcdms ne sgd u]ktd ne 𝑖+ vghkd bnqqdk]shnmr }𝑊𝑖/𝑠0(𝑊ℎ∉𝑖/𝑠1(⟩𝑏 u]mhrg- ?s
knmf shldr &d-f-+ 𝑠/ → �∞(+ 𝐵/𝑠0 . 𝑠1( adbnldr shld,sq]mrk]shnm]k hmu]qh]ms+ ]mc sgd rxrsdl ]ss]hmr
sgd sgdql]k dpthkhaqhtl cdrbqhadc ax sgd oqna]ahkhsx chrsqhatshnm

𝑂rs
0 /w( ≠ /1𝜉𝑆†𝜃(

�𝑐†1 dwo
)
�𝜃𝑤1†/1𝑆(

[
. &0-03(

0-2 Sgd eqdd �FZtrrhZm( ffdkc

Dpt]shnm &0-7( cdrbqhadr sgd rsnbg]rshb dunktshnm ne d]bg ne sgd 𝑐 ro]sh]k bnlonmdmsr ne sgd
onrhshnm W/𝑠( ne ] o]qshbkd- Hm sghr Rdbshnm vd enbtr hmrsd]c nm sgd dunktshnm ne ] rb]k]q ffdkc+
vgnrd u]ktd 𝜏/w. 𝑠( ∈ N hr cdffmdc hm bnqqdronmcdmbd ne dudqx ro]sh]k onhms w ∈ N𝑐 &vghbg enql
] bnmshmttl(- Vd sgtr bnmrhcdq hsr rsnbg]rshb dunktshnm vgdm rtaidbs sn sgd K]mfduhm dpt]shnm

𝜑𝑠𝜏/w. 𝑠( ≠ �𝐶/ℎ·(�
𝛾ℋ𝜏

𝛾𝜏/w. 𝑠( + 𝜁/w. 𝑠( ≠ �𝐶/ℎ·(�
)
/𝑞 � ∇1(𝜏/w. 𝑠(

[
+ 𝜁/w. 𝑠( &0-04(

&vgdqd 𝛾†𝛾𝜏 hmchb]sdr ] etmbshnm]k cdqhu]shud(+ ]mc sn sgd pt]cq]shb G]lhksnmh]m

ℋ𝜏)𝜏[ ≠
∫

c𝑐w
)
0
1 /·𝜏(1 + 𝑞

1𝜏
1
[
. &0-05(

Hm sgd k]ssdq+ sgd o]q]ldsdq 𝑞 ld]rtqdr sgd cduh]shnm eqnl sgd bqhshbUk onhms 𝑞 ≠ /+ ]s vghbg
sgd bnqqdkUshnm kdmfsg 𝜈 ≠ 𝑞�0†1 chudqfdr &hsr qnkd vhkk ad dktbhc]sdc rgnqskx(- Hm sgd K]mfduhm
dpt]shnm &0-04(+ sgd o]q]ldsdq � s]jdr sgd u]ktd � ≠ / enq ] mnm,bnmrdqudc cxm]lhbr ne sgd nqcdq

8



BG?OSDQ 0- SGDNQDSHB?K A?BJFQNTMC

o]q]ldsdq 𝜏+ nq � ≠ 1 he 𝜏 hr rtaidbs sn knb]k bnmrdqu]shnm ctqhmf sgd dunktshnm+ hm sgd rdmrd sg]s
Dp- &0-04( b]m sgdm ad b]rs hm sgd enql 𝜑𝑠𝜏/w. 𝑠( ≠ �· � I/w. 𝑠( enq ] rths]akd btqqdms I/w. 𝑠(- Sgdrd
svn bgnhbdr ne � bnqqdronmc sn lncdk ? ]mc lncdk A hm sgd bk]rrhffb]shnm ne Qde- Z48[+ hm vghbg
sgd rdke,hmsdq]bshnm sdql ∼ 𝜏3 hr mdfkdbsdc+ h-d-+ vhsghm sgd F]trrh]m ]ooqnwhl]shnm- Mnsd sg]s+
enq � ≠ /+ Dp- &0-04( enql]kkx qdrdlakdr sgd K]mfduhm dpt]shnm &0-7( enq W/𝑠(+ tonm qdok]bhmf sgd
fq]chdms nodq]snq ·W ax ] etmbshnm]k cdqhu]shud- Ehm]kkx+ 𝜁/w. 𝑠( hr ] vghsd F]trrh]m mnhrd ffdkc
vhsg ydqn ld]m ]mc u]qh]mbd

}𝜁/w. 𝑠(𝜁/w′. 𝑠′(⟩ ≠ 1𝐶𝑆/ℎ·(�𝛾𝑐/w � w′(𝛾/𝑠 � 𝑠′(. &0-06(

vhsg 𝐶 ]mc 𝑆 cdmnshmf+ qdrodbshudkx+ sgd lnahkhsx ne sgd ffdkc ]mc sgd sdlodq]stqd ne sgd a]sg-
Sgd Enjjdq,Ok]mbj dpt]shnm bnqqdronmchmf sn Dp- &0-04( hr ]m]knfntr sn Dp- &0-5(+ h-d- Z5/+ 50[+

𝜑𝑠𝑂0/)𝜏[. 𝑠( ≠
∫

c𝑐𝑤
𝛾

𝛾𝜏/w(

)
𝐶/ℎ∇(�

𝛾ℋ𝜏

𝛾𝜏/w( + 𝐶𝑆/ℎ∇(� 𝛾

𝛾𝜏/w(

[
𝑂0/)𝜏[. 𝑠(. &0-07(

Hm o]qshbtk]q+ Dp- &0-07( ]clhsr ]r hsr dpthkhaqhtl rnktshnm sgd b]mnmhb]k chrsqhatshnm

𝑂
&dp(
0 )𝜏[ ∝ dwo

]
� 0
𝑆
ℋ𝜏)𝜏[

{
≠ dwo

]
� 0

1𝑆

∫
1

c𝑐𝑝

/1𝜉(𝑐
𝜏p/𝑝1 + 𝑞(𝜏�p

{
. &0-08(

vgdqd vd hmsqnctbdc sgd Entqhdq bnmudmshnm 𝑒 /w( ≠
︸
)c𝑐𝑝 †/1𝜉(𝑐[ dwo/ℎp · w( 𝑒p- Rhmbd ℋ𝜏 hr

F]trrh]m+ sgd dpthkhaqhtl fitbst]shnmr ne 𝜏 b]m ad rhlokx nas]hmdc ax ffqrs bnmrsqtbshmf sgd
fdmdq]shmf etmbshnm]k Z51[

𝒱)𝑖[ ≠
∫

𝒞𝜏 dwo
]
� 0
𝑆
ℋ𝜏)𝜏[ �

∫
c𝑐𝑤 𝑖/w(𝜏/w(

{
∝ dwo

)
𝑆

1

∫ c𝑐𝑝

/1𝜉(𝑐
𝑖p 𝑖�p

𝑝1 + 𝑞

(
. &0-1/(

]mc sgtr
}
𝜏/w(𝜏/.(

〈
≠
∫
1

c𝑐𝑝

/1𝜉(𝑐
𝑑 ℎp·w

𝛾1𝒱)𝑖[
𝛾 𝑖p𝛾 𝑖�p

〉〉〉〉
𝑖≠/

≠ 𝑆

∫
1

c𝑐𝑝

/1𝜉(𝑐
𝑑 ℎp·w

𝑝1 + 𝑞
• 𝑆𝜈1�𝑐 𝑓/𝑤†𝜈(. &0-10(

vhsg 𝑤 • |w|- Hm sgd k]rs rsdo vd qdrb]kdc lnldms] ]r � • 𝑝𝜈+ sgtr hcdmshexhmf sgd rb]khmf etmbshnm

𝑓/𝑥( •
∫
1

c𝑐�

/1𝜉(𝑐
𝑑 ℎy·x

�1 + 0
≠

𝑥0�𝑐†1

/1𝜉(𝑐†1
𝐽𝑐†1�0/𝑥( ≃

𝑥≫0

/𝜉𝑥(/0�𝑐(†1

1/0+𝑐(†1
𝑑�𝑥 . &0-11(

vgdqd𝐽𝜇 hr ] lnchffdc Adrrdk etmbshnm ne sgd rdbnmc jhmc2 Z52[- Hm fdmdq]k+ }𝜏/w(𝜏/.(⟩ hm Dp- &0-10(
q]ohckx cdb]xr sn ydqn enq k]qfd u]ktdr ne 𝑤†𝜈+ ]mc hm sghr rdmrd sgd o]q]ldsdq 𝑞 ≠ 𝜈�1 hm sgd
G]lhksnmh]m ℋ𝜏 hm Dp- &0-05( bnmsqnkr sgd ro]sh]k q]mfd ne sgd ffdkc fitbst]shnmr ]s dpthkhaqhtl-
Hm o]qshbtk]q+ 𝜈 chudqfdr ]s sgd bqhshb]k onhms 𝑞 ≠ /+ ]mc sgd k]qfd,𝑤 adg]uhnq ne }𝜏/w(𝜏/.(⟩ sgtr
adbnldr ]kfdaq]hb Z51[-

Vd mnv qdvqhsd Dpr- &0-04( ]mc &0-06( hm Entqhdq ro]bd+ vghbg fhudr3

𝜏̄p/𝑠( ≠ ��𝑝𝜏p/𝑠( + 𝜁p/𝑠(. &0-12(

}𝜁p/𝑠(𝜁p′/𝑠′(⟩ ≠ Ψ𝜏/𝑝(𝛾𝑐/p + p′(𝛾/𝑠 � 𝑠′( • 1𝐶𝑆𝑝�𝛾𝑐/p + p′(𝛾/𝑠 � 𝑠′(. &0-13(

2Hm 𝑐 ≠ 0 ]mc 2+ enq hmrs]mbd+ Dp- &0-11( rhlokhffdr sn 𝑓/𝑥( ≠ dwo/�𝑥(†1 ]mc 𝑓/𝑥( ≠ dwo/�𝑥(†/3𝜉𝑥(+ qdrodbshudkx-
3Sgd bnllnm g]ahs ne b]qqxhmf ]qntmc /1𝜉(𝑐 e]bsnqr hm sgdrd enqltk]r b]m ad ]unhcdc ax mnql]khyhmf sgd cdks]

chrsqhatshnm hm Entqhdq ro]bd ]r
︸
)c𝑐𝑝 †/1𝜉(𝑐[𝛾𝑐/p( ≠ 0- Hm sghr sgdrhr vd vhkk ]cnos sghr cdffmhshnm-

0/
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vgdqd vd hmsqnctbdc sgd &hmudqrd( qdk]w]shnm shldrb]kd ne sgd ffdkc

𝜎�0
𝜏 /𝑝( ≠ �𝑝 • 𝐶𝑝�/𝑝1 + 𝑞(. &0-14(

Sghr rgnvr sg]s sgd qdk]w]shnm shld 𝜎𝜏/𝑝 ∼ /( enq sgd knmf,v]udkdmfsg Entqhdq lncdr ne sgd ffdkc
l]x adbnld ]qahsq]qhkx k]qfd enq lncdk ? cxm]lhbr &� ≠ /( ]s 𝑞 ≠ /- Sgd r]ld g]oodmr enq
lncdk A cxm]lhbr &� ≠ 1( enq fdmdqhb u]ktdr ne 𝑞+ h-d-+ ]krn ny,bqhshb]khsx+ ctd sn sgd oqdrdmbd
ne sgd bnmrdqu]shnm k]v enq vghbg 𝜎�0

𝜏 /𝑝 → /( ≠ /- Sgdrd knmf,v]udkdmfsg lncdr ]qd ]kv]xr
oqdrdms hm sgd atkj+ vghkd sgdx ]qd bts,ny hm ] bnmffmdc fdnldsqx rtbg ]r sg]s bnmrhcdqdc hm
Qder- Z53+ 54[+ ]mc gdqd hm+ b-e-+ Bg]osdq 4-

Sgd Fqddm etmbshnm ne Dp- &0-12(+ h-d-+ sgd ]udq]fd rnktshnm
}
𝜏p/𝑠(

〈
ne

𝜏̄p/𝑠( ≠ ��𝑝𝜏p/𝑠( + 𝜁p/𝑠( + 𝛾/𝑠(. &0-15(

hr b]kkdc sgd qdronmrd oqnoUfUsnq ne sgd eqdd ffdkc+ ]mc hs qd]cr

𝐹𝑝/𝑠( ≠ 𝑑��𝑝 𝑠Δ/𝑠(. &0-16(

vgdqd Δ/𝑠( hr sgd Gd]uhrhcd rsdo etmbshnm- Sn bnlotsd sgd svn,onhms etmbshnm+ vd mnsd sg]s
Dp- &0-12( hr enql]kkx hcdmshb]k sn sg]s ne sgd Nqmrsdhm,Tgkdmadbj o]qshbkd hm Dp- &0-7(+ rn hs hr d]rx
sn cdqhud Z55[

}𝜏p/𝑟0(𝜏o/𝑟1(⟩ ≠ 𝛾𝑐/o + p(𝐵𝐶
𝑝 /𝑟0 . 𝑟1( + 𝐹𝑝/𝑟0 � 𝑠/(𝐹𝑜/𝑟1 � 𝑠/(𝜏p/𝑠/(𝜏o/𝑠/(. &0-17(

enq shldr 𝑟0 . 𝑟1 k]qfdq sg]m sgd hmhsh]k shld 𝑠/- Gdqd

𝐵𝐶
𝑝 /𝑟0 . 𝑟1( ≠

𝑆

𝑝1 + 𝑞

˜
𝑑��𝑝 |𝑟1�𝑟0 | � 𝑑��𝑝/𝑟0+𝑟1�1𝑠/(

[
&0-18(

hr sgd bnqqdk]shnm etmbshnm bnqqdronmchmf sn sgd b]rd ne Chqhbgkds hmhsh]k bnmchshnm 𝜏p/𝑠/( • /
&sn ad bnlo]qdc vhsg Dp- &0-02((+ rtbg sg]s 𝐵𝐶

𝑝 /𝑟0 . 𝑟1 ≠ 𝑠/( ≠ 𝐵𝐶
𝑝 /𝑟0 ≠ 𝑠/ . 𝑟1( ≠ /- Hs ]krn bnhm,

bhcdr vhsg sgd bnmmdbsdc bnqqdk]shnm etmbshnm }𝜏p/𝑟0(𝜏o/𝑟1(⟩𝑏 bnlotsdc vhsg ]mx nsgdq ffwdc
hmhsh]k bnmchshnm 𝜏p/𝑠/(- Enq 𝑠/ → �∞ vd qdbnudq eqnl Dp- &0-17( sgd bnqqdk]shnm etmbshnm hm sgd
rs]shnm]qx rs]sd+ h-d-+ }𝜏p/𝑟0(𝜏o/𝑟1(⟩ → 𝛾𝑐/o + p(𝐵𝑝/𝑟1 � 𝑟0( vhsg sgd dpthkhaqhtl bnqqdk]snq

𝐵𝑝/𝜎( ≠
𝑆

𝑝1 + 𝑞
𝑑��𝑝 |𝜎| . &0-2/(

vghbg hr shld,sq]mrk]shnm]k hmu]qh]ms+ ]r dwodbsdc- ?ksdqm]shudkx+ he vd ]rrtld sg]s 𝜏p/𝑠/( hr
q]mcnlkx cq]vm eqnl sgd rs]shnm]qx chrsqhatshnm ne sgd ffdkc hm Dp- &0-08( ]mc vd ]udq]fd sgd
bnqqdk]shnm etmbshnm hm Dp- &0-17( nudq ]kk onrrhakd hmhsh]k bnmchshnmr+ vd fds }𝜏p/𝑠/(𝜏o/𝑠/(⟩h-b- ≠

𝛾𝑐/o + p(𝑆†/𝑝1 + 𝑞(+ ]mc ]f]hm hs enkknvr sg]s }𝜏p/𝑟0(𝜏o/𝑟1(⟩h-b- ≠ 𝛾𝑐/o + p(𝐵𝑝/𝑟1 � 𝑟0(-
Sgd khmd]q rtrbdoshahkhsx 𝜙𝑝/𝑠( ne sgd eqdd ffdkc hr trt]kkx cdffmdc ax ]cchmf sn ℋ𝜏 ] khmd]q

bntokhmf ℋ𝜏 → ℋ𝜏 �
︸

c𝑐𝑤 ℎ/w(𝜏/w(+ rn sg]s eqnl Dp- &0-04( hs enkknvr

𝜙𝑝/𝑠 . 𝑠/( ≠ 𝜙𝑝/𝑠 � 𝑠/( •
𝛾 }𝜏p/𝑠(⟩
𝛾ℎp/𝑠/(

≠ 𝐶𝑝�𝐹𝑝/𝑠 � 𝑠/(. &0-20(

00
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Lnqdnudq+ 𝜙𝑝/𝑠( hr khmjdc sn sgd dpthkhaqhtl bnqqdk]snq 𝐵𝑝/𝑠( hm Dp- &0-2/( ax sgd fitbst]shnm,
chrrho]shnm sgdnqdl Z43[

𝑆𝜙𝑝/𝜎( ≠ �Δ/𝜎(
𝜑

𝜑𝜎
𝐵𝑝/𝜎(. &0-21(

Hs hr ]krn rsq]hfgsenqv]qc sn cdqhud sgd qdk]shnm

𝐵𝐶
𝑝 /𝑟0 . 𝑟1( ≠ Ψ𝜏/𝑝(

∫ lhm/𝑟0 .𝑟1(

𝑠/

c𝑡 𝐹𝑝/𝑟0 � 𝑡(𝐹�𝑝/𝑟1 � 𝑡(. &0-22(

vghbg adbnldr+ hm dpthkhaqhtl ]mc hm Entqhdq ro]bd &vhsg 𝑒 /𝜓( •
︸
1

c𝑠 dwo/�ℎ𝜓𝑠( 𝑒 /𝑠((+

𝐵̂𝑝/𝜓( ≠ Ψ𝜏/𝑝(𝐹̂𝑝/�𝜓(𝐹̂�𝑝/𝜓(. &0-23(

Hs hr hmrsqtbshud sn bnlo]qd 𝜙𝑝 ]mc 𝐵𝑝 sn sgd fdmdq]k rb]khmf enql ne sgd cxm]lhb]k rtrbdosh,
ahkhsx ]mc svn,shld etmbshnm dwodbsdc sn gnkc md]q bqhshb]khsx Z43[+ ax sgd rb]khmf gxonsgdrhr9

𝜙𝜏/𝑝 . 𝑠( ≠ |𝑝 |�1+𝜁+�𝜙±

)
𝑝𝜈.

𝑠𝑍�/
𝜎/𝜈�

(
. 𝐵𝜏/𝑝 . 𝑠( ≠ |𝑝 |�1+𝜁𝐵±

)
𝑝𝜈.

𝑠𝑍�/
𝜎/𝜈�

(
. &0-24(

Gdqd 𝜈 hr sgd bnqqdk]shnm kdmfsg ne sgd ffdkc+ � hr hsr cxm]lhb]k bqhshb]k dwonmdms+ ]mc 𝜁 hsr ]mnl],
kntr chldmrhnm: ffm]kkx+ 𝜎/ ]mc 𝑍/ qdoqdrdms rnld lhbqnrbnohb shld ]mc kdmfsg rb]kdr+ qdrodbshudkx-
Sgd rb]khmf etmbshnmr 𝜙± ]mc 𝐵± ]qd vdkk adg]udc ]s sgd bqhshb]k onhms+ vgdqd sgdx s]jd ] bnmrs]ms
u]ktd – cdodmchmf hm fdmdq]k nm vgdsgdq sgd bqhshb]k onhms hr ]ooqn]bgdc eqnl ]anud &+( nq
eqnl adknv &�(- Bnlo]qhmf vhsg Dpr- &0-16(+ &0-2/( ]mc &0-20(+ ]mc trhmf 𝑞 ≠ 𝜈�1+ nmd cdctbdr
sg]s � ≠ 1+ � ]mc 𝜁 ≠ / hm sgd b]rd ne lncdk ? &� ≠ /( ]mc lncdk A &� ≠ 1( vhsghm sgd F]trrh]m
]ooqnwhl]shnm Z43[-

0-3 Bnknqdc mnhrd Zmc fdmdqZkhydc JZmfduhm dptZshnm

Rn e]q vd g]ud bnmrhcdqdc dw]lokdr ne L]qjnuh]m lncdkr: gnvdudq+ sn ptnsd U]m J]lodm+ ’mnm,
LUqinu hr sgd qtkd) LUqinu hr sgd dwbdoshnm“ Z56[- Sgd K]mfduhm dpt]shnm &0-0( v]r vqhssdm tmcdq
sgd ]rrtloshnm sg]s sgd u]qh]akdr sg]s bnlonrd sgd sgdql]k a]sg qdk]w hmrsUmsUmdntrkx sn sgdhq
dpthkhaqhtl bnmffftq]shnm+ vghbg hr ]m hcd]khy]shnm u]khc vgdm sgd sxohb]k shld rb]kd ne sgd a]sg
o]qshbkdr hr ltbg rl]kkdq sg]m sgd nmd bg]q]bsdqhyhmf sgd sq]bdq o]qshbkd- He sghr rdo]q]shnm ne
shld rb]kdr aqd]jr cnvm+ nmd dwodbsr ldlnqx sdqlr sn ]ood]q hm sgd dpt]shnm sg]s fnudqmr sgd
dunktshnm ne W/𝑠(+ vghbg sgtr adbnldr mnm,L]qjnuh]m- Dwokhbhs bn]qrd,fq]hmdc cdqhu]shnmr ne
sgd dydbshud o]qshbkd cxm]lhbr b]m ad odqenqldc hm rnld rhlokd rdsshmfr &d-f-+ ] o]qshbkd bntokdc
khmd]qkx sn ] a]sg l]cd ne g]qlnmhb nrbhkk]snqr Z0/+ 57[(+ ]kknvhmf sn cdqhud sgd &khmd]q( fdmdqUkhydc
K]mfduhm dpt]shnm Z6+ 27[

∫ 𝑠

�∞
c𝑡𝒥 /𝑠 � 𝑡(W̄/𝑡( ≠ E/W/𝑠(. 𝑠( + �/𝑠(. &0-25(

Gdqd+ E ]f]hm hmbktcdr sgd enqbdr dwdqsdc nm sgd o]qshbkd ]s onrhshnm W+ vghkd sgd dydbs ne sgd
hmsdq]bshnm adsvddm sgd o]qshbkd ]mc sgd ldchtl hr dmbncdc hm ] eqhbshnm jdqmdk𝒥 /𝑠( ]bshmf nm sgd

01
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o]qshbkd udknbhsx- Ehm]kkx+ � hr ] bnknqdc F]trrh]m mnhrd+ ld]mhmf sg]s hs dwghahsr mnmsqhuh]k sdlonq]k
bnqqdk]shnmr- He sgd rxrsdl hr ]s dpthkhaqhtl+ ] fdmdq]khydc Dhmrsdhm qdk]shnm &nq fitbst]shnm,
chrrho]shnm qdk]shnm ne sgd ffqrs sxod Z6[( rshkk gnkcr+ h-d-+

}
𝜖ℎ/𝑠(𝜖 𝑖/𝑠′(

〈
≠ 𝛾ℎ 𝑖𝑆𝒥 /|𝑠 � 𝑠′|(. &0-26(

Hm rnld b]rdr+ ldlnqx jdqmdkr ]mc.nq bnknqdc mnhrdr b]m sgdlrdkudr ad sgntfgs ne ]r he
fdmdq]sdc ax rsnbg]rshb chydqdmsh]k dpt]shnmr+ rtbg ]r sgd NT oqnbdrr cdrbqhadc hm Rdbshnm 0-1-
Hm rtbg b]rdr+ nmd b]m dwsdmc sgd ro]bd ne u]qh]akdr eqnl W/𝑠( ]knmd sn {W/𝑠(. �/𝑠({+ rn ]r sn nas]hm
]f]hm ] L]qjnuh]m oqnbdrr- Hm ?oodmchw ? vd oqdrdms ]m dw]lokd ne sghr LUqinuhUm dladcchmf+
vghbg hr qdkdu]ms enq sgd lncdk vd vhkk k]sdq hmsqnctbd hm Bg]osdq 1- Fdmdq]kkx rod]jhmf+ fhudm ]
jdqmdk 𝒥 /𝑠( bg]q]bsdqhydc ax 𝑚 qdk]w]shnm shld rb]kdr+ nmd mddcr sn hmsqnctbd 𝑚 mdv cxm]lhb]k
u]qh]akdr sn l]jd sgd rxrsdl L]qjnuh]m Z0/[- He+ nm sgd bnmsq]qx+ 𝒥 /𝑠( cdb]xr ]r ] onvdq k]v &h-d-+
rb]kd,eqdd(+ sgdm sgdqd hr mn ffmhsd,chldmrhnm ro]bd hm vghbg sgd oqnbdrr hr L]qjnuh]m- Rhmbd ]
onvdq,k]v cdb]x b]m ad nas]hmdc ax rtllhmf ]m hmffmhsd mtladq ne dwonmdmsh]kr+ d]bg vhsg hsr
sxohb]k cdb]x shld &d-f-+

︸ ∞
/ c𝛽 𝑑�𝛽𝑠 ≠ 0†𝑠(+ nmd b]m dmuhrhnm sg]s ] L]qjnuh]m dladcchmf b]m

ad nas]hmdc hm sghr b]rd ax bntokhmf W/𝑠( sn ] bnmshmttl ne cxm]lhb]k u]qh]akdr – nq hm nsgdq
vnqcr+ sn ] ffdkc rtbg ]r sgd nmd cdrbqhadc hm Rdbshnm 0-2-

0-4 EtmbshnmZk qdoqdrdmsZshnmr

Sgd K]mfduhm dpt]shnm &0-0( &]r vdkk ]r hsr fdmdq]khy]shnm chrbtrrdc hm sgd oqduhntr rdbshnmr(
]clhsr trdetk etmbshnm]k qdoqdrdms]shnmr Z58–61[+ vghbg vd aqhdfix chrbtrr gdqd- Pthsd fdmdq]kkx+
vd rs]qs eqnl Z62[

ℒ𝜏/w. 𝑠( ≠ 𝐸)𝜏[ + 𝜁/w. 𝑠(. &0-27(

vgdqd ℒ hr ] chydqdmsh]k nodq]snq &d-f-+ ℒ ≠ 𝜑𝑠 �∇1
w(+ ]mc 𝐸)𝜏[ hr ] enqbhmf sdql: ffm]kkx+ 𝜁/w. 𝑠( hr ]

rsnbg]rshb mnhrd cdrbqhadc ax sgd oqna]ahkhsx cdmrhsx etmbshnm]k𝒪)𝜁[+ mnql]khydc ]r
︸
𝒞𝜁𝒪)𝜁[ ≠

0+ ]mc vhsg ydqn ld]m4- Vd cdmnsd ax 𝜏𝑟 ≠ 𝜏𝑟/w. 𝑠 |𝜁( ] rhmfkd sq]idbsnqx ne sgd rsnbg]rshb oqnbdrr
𝜏/w. 𝑠(– h-d-+ ] rnktshnm ne Dp- &0-27( fhudm ] bdqs]hm qd]khy]shnm ne sgd mnhrd 𝜁- Dwodbs]shnm u]ktdr
ne nardqu]akd pt]mshshdr rtbg ]r 𝒩/𝜏( b]m ad du]kt]sdc ]r

}
𝒩/𝜏(

〈
≠
∫

𝒞𝜁𝒪)𝜁[𝒩
�
𝜏𝑟/w. 𝑠 |𝜁(

(
≠
∫

𝒞𝜁𝒪)𝜁[
∫

𝒞𝜏 𝒩
�
𝜏
(
𝛾
)
𝜏 � 𝜏𝑟/w. 𝑠 |𝜁(

[

≠
∫

𝒞𝜁𝒪)𝜁[
∫

𝒞𝜏 𝒩
�
𝜏
(
𝛾
)
ℒ𝜏 � 𝐸)𝜏[ � 𝜁

[
|ℐ |. &0-28(

vgdqd hm sgd k]rs rsdo vd trdc Dp- &0-27(+ ]mc vd hmsqnctbdc sgd I]bnah]m5

ℐ ≠ cds
)
ℒ � 𝛾𝐸

𝛾𝜏

(
. &0-3/(

4Gdqd vd nmkx bnmrhcdq ]cchshud mnhrd enq rhlokhbhsx+ ats fdmdq]khy]shnmr ]qd onrrhakd Z45+ 46+ 63[- Mnsd sg]s
}𝜁⟩ ∉ / b]m ad qd]arnqadc hmsn sgd cdffmhshnm ne 𝐸)𝜏[ hm Dp- &0-27(-

5Hm fdmdq]k vd hmchb]sd ax |ℐ | •
}
ℐℐ†+ vhsg sgd ]cinhms ℐ† ≠ cds

4
ℒ† � 𝛾𝐸††𝛾𝜏

(
-
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Hmsdfq]shmf nudq 𝜁 hlldch]sdkx xhdkcr

}
𝒩/𝜏(

〈
≠
∫

𝒞𝜏 𝒪
)
ℒ𝜏 � 𝐸)𝜏[

[
|ℐ | 𝒩

�
𝜏
(
. &0-30(

vgdqd 𝒪
)
ℒ𝜏 � 𝐸)𝜏[

[
∼ 𝑑�𝒫NL)𝜏[ hr jmnvm ]r sgd fdmdq]khydc Nmr]fdq,L]bgkto etmbshnm]k Z58[-

He sgd mnhrd 𝜁 hr F]trrh]m+ sgdm

𝒪)𝜁[ ≠ 0√
cds

�
1𝜉𝐹𝜁

( dwo
)
�0

1

∬
c]𝑤 c]𝑥 𝜁/]𝑤(𝐹�0

𝜁 /]𝑤 . ]𝑥(𝜁/ ]𝑥(
[
. &0-31(

vgdqd vd bnkkdbshudkx hmchb]sdc ax ]𝑤 • /w. 𝑠( sgd ro]sh]k ]mc sdlonq]k bnnqchm]sdr+ ]mc vd b]kkdc
𝐹𝜁/]𝑤 . ]𝑥( • }𝜁/]𝑤(𝜁/ ]𝑥(⟩- Vd b]m sgtr vqhsd

}
𝒩/𝜏(

〈
≠

0√
cds

�
1𝜉𝐹𝜁

(
∫

𝒞𝜏 |ℐ | 𝑑�𝒫NL)𝜏[ 𝒩/𝜏(. &0-32(

vhsg sgd Nmr]fdq,L]bgkto etmbshnm]k

𝒫NL)𝜏[ •
0
1

∬
c]𝑤 c]𝑥

�
ℒ𝜏 � 𝐸)𝜏[

(
]𝑤 𝐹

�0
𝜁 /]𝑤 . ]𝑥(

�
ℒ𝜏 � 𝐸)𝜏[

(
]𝑥 . &0-33(

He 𝒪)𝜁[ hr bgnrdm F]trrh]m+ gnvdudq+ ] lnqd bnmudmhdms bgnhbd hr sn bnmrsqtbs sgd qdronmrd
etmbshnm enql]khrl Z6/–61[ ]r enkknvr- Rs]qshmf eqnl Dp- &0-28(+ adenqd hmsdfq]shmf nudq 𝜁 vd hmrdqs
sgd enkknvhmf qdoqdrdms]shnm ne sgd cdks] etmbshnm9

𝛾
)
ℒ𝜏 � 𝐸)𝜏[ � 𝜁

[
≠
∫

𝒞)ℎ𝜏̂[ dwo
]
�
∫

c]𝑤 𝜏̂/]𝑤(
�
ℒ𝜏 � 𝐸)𝜏[ � 𝜁

(
]𝑤

{
. &0-34(

vgdqd vd hmsqnctbdc sgd bnmitf]sd u]qh]akd &nq qdronmrd ffdkc( 𝜏̂- Bnlotshmf sgd F]trrh]m
etmbshnm]k hmsdfq]k nudq 𝜁 hm Dp- &0-28( sgdm xhdkcr

}
𝒩/𝜏(

〈
≠
∬

𝒞𝜏𝒞)ℎ𝜏̂[ |ℐ | 𝑑�𝒫LRQ)𝜏.𝜏̂[ 𝒩/𝜏(. &0-35(

𝒫LRQ)𝜏. 𝜏̂[ ≠
∫

c]𝑤 𝜏̂/]𝑤(
�
ℒ𝜏 � 𝐸)𝜏[

(
]𝑤 �

0
1

∬
c]𝑤 c]𝑥 𝜏̂/]𝑤(𝐹�0

𝜁 /]𝑤 . ]𝑥(𝜏̂/ ]𝑥(. &0-36(

Sgd hrrtd ne sgd I]bnah]m hm Dp- &0-3/( hr chrbtrrdc+ d-f-+ hm Bg]o- 3 ne Qde- Z64[+ vgdqd hs hr rgnvm
sg]s hs qdctbdr sn ] 𝜏,cdodmcdms sdql oqnonqshnm]k sn Δ//(+ vghbg stqmr nts mns sn ]ydbs sgd
dwodbs]shnm u]ktd ne ogxrhb]k nardqu]akdr- Vd cn mns dmsdq gdqd hsr hmsdqoqds]shnm+ ats vd ldqdkx
mnsd sg]s rtbg ] sdql b]m ad mdfkdbsdc tonm ]cnoshmf sgd Hsó bnmudmshnm enq vghbg Δ//( • /-

Hm o]qshbtk]q+ enq sgd b]rd ne sgd NT o]qshbkd ]mc eqdd ffdkc cdrbqhadc hm Rdbshnmr 0-1 ]mc 0-2+
sgd bnqqdronmchmf cxm]lhb]k ]bshnmr qd]c

𝒫𝑤)W.〉W[ ≠
∫

c𝑠
]〉W/𝑠( · )W̄/𝑠( � E/W/𝑠(. 𝑠(

[
� Ψ𝑤

1 |〉W/𝑠(|1
{
. &0-37(

𝒫𝜏)𝜏. 𝜏̂[ ≠
∫

c𝑠
∫ c𝑐𝑝

/1𝜉(𝑐
˜
𝜏̂�p/𝑠(

�
𝜑𝑠 + �𝑝

(
𝜏p/𝑠( �

Ψ𝜏/𝑝(
1 𝜏̂1

p/𝑠(
[
. &0-38(

Vd vhkk bnlldms etqsgdq nm sgd k]ssdq hm ?oodmchw B-8-
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1

Qel•x•tion in • ne•r,critic•l
environment

?r vd ntskhmdc hm sgd hmsqnctbshnm+ hm sgd ffqrs edv Bg]osdqr ne sghr sgdrhr vd ]hl ]s cdrbqhahmf
sgd cxm]lhbr ne ] sq]bdq o]qshbkd hm ] fitbst]shmf bnqqdk]sdc ldchtl- Hm fdmdq]k+ rstcxhmf sgd
lnshnm ne bnkknhc]k o]qshbkdr hm bnms]bs vhsg sgdql]kkx fitbst]shmf dmuhqnmldmsr oqnuhcdr ] snnk
sn oqnad sgd qgdnknfhb]k oqnodqshdr ne rnes,l]ssdq rxrsdlr Z65+ 66[- ?ksgntfg o]rs rstchdr g]ud
lnrskx enbtrdc nm sgd adg]uhnq ne sq]bdq o]qshbkdr o]rrhudkx b]qqhdc ax ] fitbst]shmf rnkudms+ hm
qdbdms xd]qr hmbqd]rhmf ]ssdmshnm g]r addm o]hc sn b]rdr hm vghbg sgd o]qshbkd ]mc sgd rnkudms ]ydbs
d]bg nsgdq cxm]lhb]kkx Z15–20+ 67+ 68[- Sgd b]rd hm vghbg sgd ldchtl hr ] fithc md]q ] bqhshb]k
onhms+ sgtr chrok]xhmf knmf,q]mfd ro]sh]k bnqqdk]shnmr ]mc knmf qdk]w]shnm shldr+ hr o]qshbtk]qkx
hmsdqdrshmf adb]trd hs cdffdr ] cdrbqhoshnm a]rdc nm sgd &fdmdq]khydc( K]mfduhm dpt]shnm – ]mc
b]kkr hmrsd]c enq lnqd rnoghrshb]sdc lncdkr vghbg ]qd ]akd sn ]bbntms enq sgd ro]sh]k rsqtbstqd ne
sgd ldchtl+ ]mc enq sgd ffdkc,ldch]sdc enqbdr hs hmctbdr adsvddm dmbknrdc naidbsr- Gdqd vd vhrg
sn rs]qs ffkkhmf sghr f]o ax ]m]kxyhmf ] rhlokd rdsto ]mc ax oqdchbshmf sgd cxm]lhbr ne pt]mshshdr
sg]s ]qd &hm oqhmbhokd( d]rhkx ]bbdrrhakd hm dwodqhldmsr- Sgd o]q]chfl vd g]ud hm lhmc hr sg]s
ne ] md]q,bqhshb]k fithc rtbg ]r ] ahm]qx khpthc lhwstqd Z24+ 25[+ hm vghbg ] bnkknhc]k o]qshbkd hr
sq]oodc ax noshb]k svddydqr: vd sgdm knnj enq rhfm]stqdr ne sgd bnqqdk]shnmr ne sgd tmcdqkxhmf
ldchtl hm sgd qdrtkshmf cxm]lhbr ne sgd o]qshbkd+ hm o]qshbtk]q ax hmrodbshmf sgd ]udq]fd ]mc
bnqqdk]shnm etmbshnmr ne hsr onrhshnm-

Hm sghr Bg]osdq vd sgtr rstcx sgd mnm,dpthkhaqhtl cxm]lhbr ne ] oqnad o]qshbkd hm bnms]bs
vhsg ] fitbst]shmf ldchtl bknrd sn sgd atkj bqhshb]k onhms ne ] bnmshmtntr og]rd sq]mrhshnm+ ]mc
sq]oodc hm ] g]qlnmhb onsdmsh]k- Sgd ldchtl hr lncdkdc ]r ] rb]k]q nqcdq o]q]ldsdq 𝜏/w. 𝑠(
rtaidbs sn ] chrrho]shud nq bnmrdqudc qdk]w]shnm]k cxm]lhbr vhsghm sgd F]trrh]m ]ooqnwhl]shnm
&lncdk ? ]mc A+ ]r chrbtrrdc hm Rdbshnm 0-2(- Sghr l]x qdoqdrdms sgd qdk]shud bnmbdmsq]shnm ne
sgd svn rodbhdr hm ] ahm]qx khpthc lhwstqd+ nq sgd cduh]shnm ne sgd knb]k fithc cdmrhsx 𝜋 eqnl hsr
bqhshb]k u]ktd 𝜋𝑏 hm ] rhmfkd,bnlonmdms fithc &h-d-+ 𝜏/w( ∝ 𝜋 � 𝜋𝑏(- Sgd oqnad qdoqdrdmsr hmrsd]c
]m nudqc]lodc bnkknhc]k o]qshbkd hmsdq]bshmf vhsg sgd rb]k]q ffdkc uh] ] sq]mrk]shnm]kkx hmu]qh]ms
khmd]q bntokhmf- Adb]trd ne sghr bntokhmf+ sgd o]qshbkd ]mc sgd ffdkc ]ydbs d]bg nsgdq cxm]lhb]kkx
]knmf sgdhq rsnbg]rshb dunktshnm+ hm rtbg ] v]x sg]s cds]hkdc a]k]mbd hr etkffkkdc ]s ]kk shldr- ?
udknbhsx ffdkc u/w. 𝑠( rgntkc ad hmbktcdc sn ]kknv enq sgd gxcqncxm]lhb sq]mronqs ne sgd ffdkc
]mc sgd o]qshbkd+ ats vd vhkk mdfkdbs hs gdqd enq rhlokhbhsx Z48[- Mnmdsgdkdrr+ sghr lhmhl]k lncdk
]kqd]cx chrok]xr mnmkhmd]q ]mc mnm,L]qjnuh]m dydbsr hm sgd qdrtkshmf cxm]lhbr ne sgd o]qshbkd+
vghbg l]jd ]m]kxshb]k oqdchbshnmr chflbtks adxnmc odqstqa]shnm sgdnqx-

Gdqd vd enbtr nm sgd dydbshud cxm]lhbr ne sgd oqnad o]qshbkd+ ]mc vd rstcx gnv hs hr ]ydbsdc

04



BG?OSDQ 1- QDK?W?SHNM HM ? MD?Q,BQHSHB?K DMUHQNMLDMS

ax sgd oqdrdmbd ne sgd ffdkc- ? rdqhdr ne vnqjr Z17–20[ ]m]kxydc sgd cxm]lhbr ne ]m tmbnmffmdc
o]qshbkd rsnbg]rshb]kkx chytrhmf hm bnms]bs vhsg ] rb]k]q F]trrh]m ffdkc+ rstcxhmf sgd qdrtkshmf
dydbshud chytrhnm bnmrs]ms- ? qdbdms vnqj Z7/[ hmudrshf]sdc hmrsd]c sgd ]tsn,bnqqdk]shnm etmbshnm
ne ] o]qshbkd fitbst]shmf hm ] g]qlnmhb sq]o hm bnms]bs vhsg ] F]trrh]m ffdkc vhsg bnmrdqudc
cxm]lhbr &lncdk A(+ ] oqnakdl vghbg v]r s]bjkdc vhsghm sgd vd]j,bntokhmf ]ooqnwhl]shnm-
Hm o]qshbtk]q+ sghr oqnudc sgd dldqfdmbd ne ]kfdaq]hb s]hkr hm sgd ]tsn,bnqqdk]shnm ]s knmf shldr
&rtodqhlonrdc sn hsr trt]k dwonmdmsh]k cdb]x(+ sgd dwonmdms ne vghbg cdodmcr nmkx nm sgd ro]sh]k
chldmrhnm]khsx ne sgd rxrsdl- Sgdrd qdrtksr cn mns cdodmc nm sgd cds]hkr ne sgd bgnrdm hmsdq]bshnm
onsdmsh]k adsvddm sgd o]qshbkd ]mc sgd ldchtl+ oqnuhcdc sg]s hs hr khmd]q ]mc sq]mrk]shnm]kkx
hmu]qh]ms – hm sghr rdmrd+ sgdx ]qd bg]q]bsdqhydc ax ] bdqs]hm cdfqdd ne tmhudqr]khsx- ? rhlhk]q
rdsto v]r ]m]kxydc hm Qde- Z53[+ vgdqd sgd rsd]cx rs]sd ]mc dydbshud cxm]lhbr ne ] o]qshbkd hm
bnms]bs vhsg ] bqhshb]k F]trrh]m ffdkc vdqd hmudrshf]sdc hm sgd oqdrdmbd ne ro]sh]k bnmffmdldms enq
sgdffdkc- Hm sgd b]rd ne ] khmd]q bntokhmf adsvddm sgd fitbst]shmfffdkc ]mc sgd o]qshbkd+ ]m dydbshud
Enjjdq,Ok]mbj dpt]shnm v]r nas]hmdc tmcdq sgd ]rrtloshnm ne q]ohc qdk]w]shnm ne sgd ffdkc enq
d]bg onrhshnm ne sgd o]qshbkd- Sghr ]kknvdc enq sgd ]ch]a]shb dkhlhm]shnm ne sgd ffdkc cdfqddr ne
eqddcnl+ fhudm ax hsr dhfdmlncdr hm ] ffmhsd anw rtaidbs sn bdqs]hm antmc]qx bnmchshnmr+ eqnl
sgd bntokdc dpt]shnmr ne lnshnm ne sgd rxrsdl – vd vhkk bnld a]bj sn sghr oqnakdl hm+ b-e-+
Bg]osdq 4-

?r ] ffqrs rsdo snv]qcr sgd ]m]kxrhr ne mnmdpthkhaqhtl rbdm]qhnr vhsghm sgd lncdk cdrbqhadc
]anud+ hm sghr Bg]osdq vd ]m]kxyd sgd qdk]w]shnm ne sgd o]qshbkd ]esdq hs hr qdkd]rdc e]q eqnl hsr
onrhshnm ne ldbg]mhb]k dpthkhaqhtl hm sgd g]qlnmhb sq]o- Vhsghm ] vd]j,bntokhmf dwo]mrhnm+
hm Rdbshnm 1-1 vd ffqrs rgnv sg]s sgd ]udq]fd onrhshnm ne sgd o]qshbkd hsrdke chrok]xr ]m ]kfdaq]hb
adg]uhnq ]s knmf shldr- Hsr cdb]x dwonmdmsr+ vghbg b]m ad dwoqdrrdc rnkdkx hm sdqlr ne sgd ro]sh]k
chldmrhnm]khsx ne sgd rxrsdl ]mc sgd cxm]lhb]k bqhshb]k dwonmdms � ne sgd ffdkc+ stqm nts sn ad
qdk]sdc sn sgnrd ne sgd ]tsn,bnqqdk]shnm etmbshnm ne sgd onrhshnm ne sgd o]qshbkd ax sgd fitbst]shnm,
chrrho]shnm sgdnqdl- Ntq ]m]kxrhr ]cchshnm]kkx qdud]kr ] sq]mrhdms ]kfdaq]hb adg]uhnq vghbg hr
dmshqdkx ctd sn sgd mnmkhmd]qhsx ne sgd dydbshud o]qshbkd cxm]lhbr+ ]mc vghbg hr sgdqdenqd nts ne
sgd qd]bg ne khmd]q qdronmrd sgdnqx-

Hm sgd r]ld rohqhs ]r hm Qde- Z53[ &rdd ]krn+ b-e-+ Bg]osdq 4(+ hm Rdbshnm 1-2 vd cdqhud ]m dydbshud
Enjjdq,Ok]mbj dpt]shnm enq sgd lnshnm ne sgd o]qshbkd hm sgd ]ch]a]shb khlhs ax hmsdfq]shmf nts sgd
ffdkc cdfqddr ne eqddcnl+ vghbg ]qd ] bnmshmttl ne u]qh]akdr hm sgd atkj- Vd trd sghr dydbshud
dpt]shnm sn rstcx ]f]hm sgd oqnakdl ne qdk]w]shnm snv]qcr dpthkhaqhtl+ ]mc sgtr vd hmudrshf]sd
sgd onrrhakd l]sbghmf adsvddm sgd odqstqa]shud ]mc sgd ]ch]a]shb oqdchbshnmr: sghr ]kknvr tr sn
knb]sd oqdbhrdkx sgd onhms ]s vghbg sgd ]ch]a]shb ]ooqnwhl]shnm aqd]jr cnvm- Hm o]qshbtk]q vd
ffmc+ ]r dwodbsdc+ sg]s sgd k]ssdq e]hkr bknrd sn bqhshb]khsx+ ]mc dudm e]q eqnl bqhshb]khsx vgdm sgd
ffdkc cxm]lhbr hr bnmrdqudc-

Hm Rdbshnm 1-3 vd ffm]kkx sdrs ntq odqstqa]shud+ ]m]kxshb]k oqdchbshnmr ]f]hmrs mtldqhb]k rhlt,
k]shnmr+ rn ]r sn dwbktcd sgd onrrhahkhsx sg]s ghfgdq,nqcdq bnqqdbshnmr hm sgd bntokhmf bnmrs]ms 𝜅
adbnld hmbqd]rhmfkx qdkdu]ms ]s knmf shldr: sghr v]x vd oqnud sg]s sgd pt]khs]shud ed]stqdr ne ntq
]m]kxshb]k oqdchbshnmr+ a]rdc nm ] odqstqa]shud dwo]mrhnm hm 𝜅+ qdl]hm u]khc adxnmc odqstqa]shnm
sgdnqx- Sgd oqdchbshnmr ne sghr Bg]osdq ]qd rtll]qhydc hm Rdbshnm 1-4-

05



1-0- SGD LNCDK

𝜏/w(

W

Ehftqd 1-09 Ohbsnqh]k qdoqdrdms]shnm ne sgd lncdk9 ] o]qshbkd hr hm bnms]bs vhsg ] fitbst]shmf rb]k]q
ffdkc 𝜏/w( ]mc sq]oodc ax ] g]qlnmhb onsdmsh]k-

Sgd bnmsdms ne sghr Bg]osdq g]r addm otakhrgdc ]r ’C- Udmstqdkkh+ E- Edqq]qn+ ]mc ?- F]la]rrh+
Mnmdpthkhaqhtl qdkUwUshnm ne U sqUoodc oUqshbkd hm U mdUq,bqhshbUk FUtrrhUm ffdkc+ Ogxr- Qdu- D 0.4+ /43014
&1/11(“ Z70[-

1-0 Sgd lncdk

?r ]mshbho]sdc ]anud+ sgd rxrsdl bnmrhcdqdc gdqd bnmrhrsr ne ] g]qlnmhb]kkx sq]oodc o]qshbkd
bntokdc sn ] rb]k]q nqcdq o]q]ldsdq ffdkc+ ]r rbgdl]shb]kkx qdoqdrdmsdc hm Ehf- 1-0- Sgd sns]k
G]lhksnmh]m ne sgd rxrsdl qd]cr Z7/[

ℋ )𝜏.W[ ≠ ℋ𝜏)𝜏[ +ℋhms)𝜏.W[ +𝒯/W(. &1-0(

Ehqrs+ sgd ldchtl hr lncdkdc ax ] rb]k]q F]trrh]m ffdkc 𝜏/w. 𝑠( hm 𝑐 ro]sh]k chldmrhnmr+ vhsg
G]lhksnmh]m ℋ𝜏)𝜏[ ]r fhudm hm Dp- &0-05(- Rdbnmc+ sgd sdql

𝒯/W( ≠ 𝜃

1 |W|1 &1-1(

qdoqdrdmsr ] bnmffmhmf g]qlnmhb onsdmsh]k vhsg dk]rshb bnmrs]ms 𝜃+ vghkd sgd 𝑐,chldmrhnm]k udb,
snq W cdmnsdr sgd onrhshnm ne ] qdedqdmbd onhms nm sgd oqnad o]qshbkd+ d-f-+ hsr bdmsdq- K]rs+ sgd
hmsdq]bshnm sdql hm Dp- &1-0( hr bgnrdm ]r

ℋhms ≠ �𝜅
∫

c𝑐w𝜏/w(𝑈/w � W(. &1-2(

Sghr bntokhmf adsvddm sgd o]qshbkd ]mc sgd ffdkc hr khmd]q ]mc sq]mrk]shnm]k hmu]qh]ms9 sghr l]x
ogxrhb]kkx lncdk+ enq dw]lokd+ ] bnkknhc chrok]xhmf ] oqdedqdmsh]k ]crnqoshnm snv]qcr nmd ne sgd
svn bnlonmdmsr ne ] ahm]qx lhwstqd- Sgd hmsdq]bshnm onsdmsh]k 𝑈/w( hr ] etmbshnm sg]s lncdkr
sgd rg]od ne sgd o]qshbkd+ hm sgd rdmrd sg]s sgd ffdkc hmsdq]bsr vhsg sgd o]qshbkd vhsghm hsr ro]sh]k
dwsdms+ cdsdqlhmdc ax sgd rtoonqs ne 𝑈/w(- Enq rogdqhb]kkx rxlldsqhb sq]bdqr+ hs b]m ad bgnrdm ]r
𝑈/w( ≠ 𝛾/w( hm sgd b]rd ne ] onhms,khjd o]qshbkd: lnqd fdmdq]kkx+ vd vhkk ]rrtld sg]s𝑈/w( ≠ 𝑈/𝑤†𝑄(
hr hrnsqnohb ]mc bg]q]bsdqhydc ax ] rhmfkd kdmfsg rb]kd+ m]ldkx sgd ’q]chtr“ 𝑄 ne sgd o]qshbkd+ ]mc
hr q]ohckx cdb]xhmf enq k]qfd |w|†𝑄: enq hmrs]mbd+

𝑈𝐹/w( ≠
4√

1𝜉𝑄
(�𝑐

dwo
)
�|w|1†/1𝑄1(

[
. &1-3(
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BG?OSDQ 1- QDK?W?SHNM HM ? MD?Q,BQHSHB?K DMUHQNMLDMS

Vd bgnnrd 𝑈/w( sn ad mnql]khydc rn sg]s hsr hmsdfq]k nudq ]kk ro]bd hr dpt]k sn tmhsx9 sghr v]x
sgd rsqdmfsg ne sgd hmsdq]bshnm hr rds nmkx ax sgd bntokhmf bnmrs]ms 𝜅- He 𝜅 ]mc 𝑈/w( hm Dp- &1-0(
]qd bgnrdm sn ad onrhshud+ sgdm bnmffftq]shnmr ]qd e]unqdc hm vghbg sgd ffdkc 𝜏 hr dmg]mbdc ]mc
]rrtldr oqdedqdmsh]kkx onrhshud u]ktdr hm sgd uhbhmhsx ne sgd o]qshbkd-

?cnoshmf sgd lhmhl]k lncdk hm Dp- &1-0( hr ogxrhb]kkx lnshu]sdc ]r enkknvr- Tonm ]ooqn]bg,
hmf sgd bqhshb]k onhms+ sgd ro]sh]k bnqqdk]shnmr ]bqnrr sgd ldchtl ]mc bnmrdptdmskx sgd bg]q,
]bsdqhrshb shldrb]kd ne hsr cxm]lhbr fqnv ]qahsq]qhkx k]qfd – rdd Rdbshnm 0-2- Sgd rxrsdl sgtr
chrok]xr tmhudqr]k ed]stqdr+ vghbg ]qd hmbqd]rhmfkx hmcdodmcdms ne hsr lhbqnrbnohb cds]hkr+ ]mc
sgdqdenqd ] lhmhl]k cdrbqhoshnm ne sgd ldchtl hm sdqlr ne ] rths]akx,bgnrdm+ bn]qrd,fq]hmdc
nqcdq o]q]ldsdq hr rtflbhdms ]r knmf ]r nmd hr hmsdqdrsdc hm hsr k]qfd,chrs]mbd ]mc knmf,shld ad,
g]uhntq- Lnqdnudq+ vd dwodbs sgd lhbqnrbnohb cdfqddr ne eqddcnl ne sgd ldchtl sn dunkud
ltbg e]rsdq sg]m ] ldrnrbnohb bnkknhc]k o]qshbkd vghbg hr hm bnms]bs vhsg hs- Vd sgtr hcdmshex
sgd o]qshbkd bnnqchm]sd ]mc sgd nqcdq o]q]ldsdq ]r sgd rknv cdfqddr ne eqddcnl ne sgd rxrsdl+
vghkd ]kk sgd nsgdq cdfqddr ne eqddcnl dydbshudkx bnmrshstsd ] sgdql]k a]sg &rdd ]krn Rdbshnm 0-0(-
Hm sghr rhlokhffdc lncdk+ vd mdfkdbs gxcqncxm]lhb dydbsr ]mc nsgdq rknv u]qh]akdr sg]s rgntkc
ad s]jdm hmsn ]bbntms vgdm cdrbqhahmf qd]k fithcr nq ahm]qx khpthc lhwstqdr Z43+ 48[- ?mnsgdq
bkd]q khlhs]shnm ne sgd lncdk hr sg]s sgd ffdkc drrdmsh]kkx odqld]sdr sgd o]qshbkd+ vgdqd]r hm ]
lnqd qd]khrshb rbdm]qhn+ sgd hmsdq]bshnm adsvddm sgd ffdkc ]mc sgd o]qshbkd rgntkc ad cdrhfmdc sn
dwbktcd sgd ffdkc eqnl sgd ogxrhb]k dwsdms ne sgd o]qshbkd- Gnvdudq+ vd dwodbs sg]s sgd knmf,shld
oqnodqshdr ne sgd rxrsdl &vghbg vd enbtr nm hm sghr Bg]osdq( vhkk mns ad cq]rshb]kkx ]ydbsdc ax
sgd lhbqnrbnohb cds]hkr ne sgd hmsdq]bshnm – ]r duhcdmbdc+ enq hmrs]mbd+ ax sgd e]bs sg]s lnrs ne sgd
pt]khs]shud bnmbktrhnmr oqdrdmsdc adknv ]mc hm sgd mdws Bg]osdqr ]qd drrdmsh]kkx hmcdodmcdms ne
sgd o]qshbkd rhyd 𝑄+ ]mc qnatrs ]f]hmrs bg]mfhmf sgd etmbshnm]k enql ne sgd hmsdq]bshnm onsdmsh]k
𝑈/w( hm Dp- &1-2(-

Kds tr mnv chrbtrr sgd inhms rsnbg]rshb cxm]lhbr ne sgd o]qshbkd ]mc sgd ffdkc- Vd ]rrtld
] otqdkx qdk]w]shnm]k cxm]lhbr enq sgd ffdkc ]r hm Dp- &0-04(+ vghbg vd rodbh]khyd gdqd sn ℋ hm
Dp- &1-0(9

𝜑𝑠𝜏/w. 𝑠( ≠ �𝐶/ℎ·(�
)
/𝑞 � ∇1(𝜏/w. 𝑠( � 𝜅𝑈/w � W(

[
+ 𝜁/w. 𝑠(. &1-4(

?r dwok]hmdc hm Rdbshnm 0-2+ sgd bgnhbdr � ≠ / nq 1 bnqqdronmc sn ] mnm,bnmrdqudc nq knb]kkx
bnmrdqudc cxm]lhbr ne sgd nqcdq o]q]ldsdq 𝜏+ qdrodbshudkx – h-d-+ lncdk ? nq A vhsghm sgd
F]trrh]m ]ooqnwhl]shnm Z48[- Sgd u]qh]mbd ne sgd F]trrh]m mnhrd𝜁/w. 𝑠( hr fhudm hm Dp- &0-06(+ vhsg
𝐶 ]mc 𝑆 cdmnshmf+ qdrodbshudkx+ sgd lnahkhsx ne sgd ffdkc ]mc sgd sdlodq]stqd ne sgd dmuhqnmldms-
Vd qdb]kk sg]s sgd o]q]ldsdq 𝑞 ≥ / ld]rtqdr sgd cduh]shnm eqnl bqhshb]khsx+ ]mc bnmsqnkr sgd
ro]sh]k bnqqdk]shnm kdmfsg 𝜈 ≠ 𝑞�0†1 ne sgd ffdkc fitbst]shnmr ]s dpthkhaqhtl-

Sgd cxm]lhbr ne sgd oqnad o]qshbkd hr ]rrtldc sn ad cdrbqhadc ax sgd nudqc]lodc K]mfduhm
dpt]shnm &rdd Rdbshnm 0-0(

W̄/𝑠( ≠ �𝜇·𝑊ℋ + 𝝁/𝑠( ≠ �𝜇𝜃W + 𝜇𝜅e + 𝝁/𝑠(. &1-5(

vgdqd 𝜇 hr sgd lnahkhsx ne sgd oqnad+ vghkd sgd enqbd e ]bshmf nm sgd o]qshbkd hr fhudm ax sgd

07



1-0- SGD LNCDK

fq]chdms ne sgd hmsdq]bshnm dmdqfx

e/W. 𝜏: 𝑠( • ·W

∫
c𝑐𝑤 𝜏/w. 𝑠(𝑈/w � W/𝑠(( ≠

∫ c𝑐𝑝

/1𝜉(𝑐
ℎp𝜏p/𝑠(𝑈�𝑝 𝑑 ℎp·W/𝑠(. &1-6(

Sgd o]qshbkd ]mc sgd ffdkc ]qd ]rrtldc sn ad hm bnms]bs vhsg sgd r]ld sgdql]k a]sg ]s sdlodq]stqd
𝑆+ rn sg]s 𝝁/𝑠( hr ]krn ] vghsd F]trrh]m mnhrd vhsg ydqn ld]m ]mc bnqqdk]shnmr ]r hm Dp- &0-1(-

Sgd K]mfduhm dpt]shnm enq sgd ffdkc hm Entqhdq ro]bd qd]cr

𝜏̄p ≠ ��𝑝𝜏p + 𝐶𝜅𝑝�𝑈𝑝𝑑
�ℎp·W + 𝜁p . &1-7(

vhsg �𝑝 • 𝐶𝑝�/𝑝1+ 𝑞( ]r hm Dp- &0-14(+ ]mc mnhrd bnqqdk]shnmr ]r hm Dp- &0-13(- Hs ltrs ad mnsdc sg]s
]m tmantmcdc fqnvsg ne sgd ydqn lncd 𝜏p≠. hr hlokhdc ax Dp- &1-7( enq lncdk ? cxm]lhbr vgdm
𝑞 ≠ /- Vghkd sghr g]r mn bnmrdptdmbd nm sgd o]qshbkd cxm]lhbr &rdd Dp- &1-6((+ hm ] lnqd qd]khrshb
rxrsdl nmd vntkc mddc sn bntmsdq]bs sghr fqnvsg ax ]cchmf ] rths]akd bgdlhb]k onsdmsh]k – d-f-+
ℋ𝜏 ↦→ ℋ𝜏 + 𝜅

︸
cw𝜏/w(-

Tonm rvhsbghmf ny sgd bntokhmf adsvddm sgd o]qshbkd ]mc sgd ffdkc+ h-d-+ ax rdsshmf 𝜅 ≠ /+
sgd svn rsnbg]rshb oqnbdrrdr W/𝑠( ]mc 𝜏/w. 𝑠( ]qd mnm,hmsdq]bshmf+ ]mc sgdhq rnktshnm hr sgd nmd
rtll]qhydc hm Rdbshnmr 0-1 ]mc 0-2- Sgdx ]qd bg]q]bsdqhydc ax sgd &hmudqrd( qdk]w]shnm shldrb]kdr
𝜎𝜃 ]mc 𝜎𝜏/𝑝( fhudm hm Dpr- &0-01( ]mc &0-14(+ qdrodbshudkx: hm o]qshbtk]q+ sgd qdk]w]shnm shld 𝜎𝜏/𝑝 ∼
/( enq sgd knmf,v]udkdmfsg lncdr ne sgd ffdkc l]x adbnld ]qahsq]qhkx k]qfd enq lncdk ? cxm]lhbr
]s 𝑞 ≠ /+ ]mc enq lncdk A cxm]lhbr enq fdmdqhb u]ktdr ne 𝑞+ h-d-+ ]krn ny,bqhshb]khsx-

Rhmbd sgd cxm]lhbr hm Dpr- &1-4( ]mc &1-5( r]shrffdr cds]hkdc a]k]mbd+ sgd inhms dpthkhaqhtl chr,
sqhatshnm ne sgd ffdkc ]mc sgd o]qshbkd hr sgd b]mnmhb]k nmd+ 𝑂dp)𝜏.W[ ∝ dwo

�
�𝛼ℋ )𝜏.W[

(
+ vgdqd

𝛼 ≠ 0†𝑆- ?bbnqchmfkx+ sgd dpthkhaqhtl chrsqhatshnm 𝑂dp/W( ne sgd o]qshbkd hr entmc ax l]qfhm]khy,
hmf 𝑂dp)𝜏.W[ ]r

𝑂dp/W( ∝
∫

𝒞𝜏 𝑑�𝛼ℋ )𝜏.W[. &1-8(

? ffqrs rnldvg]s tmdwodbsdc qdrtks+ vghbg vd oqnud hm ?oodmchw A-1+ hr sg]s 𝑂dp/W( hr ]bst]kkx
mns ]ydbsdc ax sgd oqdrdmbd ne sgd ffdkc+ ]mc nmd rshkk ffmcr 𝑂dp/W( ∝ dwo/�𝛼𝒯/W(( – h-d-+ sgd
rs]shnm]qx rs]shrshbr ne sgd o]qshbkd hr rnkdkx ]mc dmshqdkx cdsdqlhmdc ax sgd sq]oohmf onsdmsh]k- Sgd
]qftldms vd hmunjd hr bnlokdsdkx fdmdq]k9 hs qdkhdr mdhsgdq nm sgd khmd]qhsx ne sgd bntokhmf mnq
nm sgd bgnhbd ne ] eqdd ffdkc sgdnqx+ ]mc mns dudm nm sgd trd ne ] pt]cq]shb o]qshbkd onsdmsh]k- Sgd
nmkx qdpthqdldms hr sg]s sgd cxm]lhbr nbbtqr hm sgd atkj &h-d-+ sgdqd ltrs ad mn antmc]qhdr(+ ]mc
sg]s sgd bntokhmf adsvddm sgd ffdkc ]mc sgd o]qshbkd hr sq]mrk]shnm]kkx hmu]qh]ms- Vd dlog]rhyd
sg]s sgd dpthkhaqhtl chrsqhatshnm ne sgd o]qshbkd vntkc hmcddc cdodmc nm sgd jhmc ne bntokhmf
]mc antmc]qx bnmchshnmr he vd g]c bnmrhcdqdc ] rxrsdl hm ] bnmffmdc fdnldsqx+ sgtr aqd]jhmf
sq]mrk]shnm]k hmu]qh]mbd – rdd Qder- Z53+ 54[ ]mc+ b-e-+ Bg]osdq 4- Lnqdnudq+ dudm hm sgd atkj
bnmrhcdqdc gdqd+ sgd l]qfhm]k dpthkhaqhtl chrsqhatshnm 𝑂dp)𝜏[ ne sgd ffdkc ]knmd cndr hmcddc fds
lnchffdc ax sgd oqdrdmbd ne W-

Hmsdqdrshmf ]rodbsr ne sgd ffdkc,o]qshbkd hmsdq]bshnm b]m hmrsd]c ad cdctbdc ax hmudrshf]shmf
sgd cxm]lhb]k oqnodqshdr ne sgd oqnad- Hm sghr Bg]osdq vd sgtr rds nts sn oqdchbs sgd cxm]lhbr ne
sgd ]udq]fd o]qshbkd onrhshnm ]r hs qdk]wdr snv]qcr sgd bdmsdq ne sgd g]qlnmhb sq]o+ adhmf hmhsh]kkx
chrok]bdc eqnl sgd onrhshnm ne ldbg]mhb]k dpthkhaqhtl bnqqdronmchmf sn W ≠ /-
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1-1 VdZi,bntokhmf ZooqnwhlZshnm

Sgd bntokdc mnmkhmd]q dpt]shnmr &1-4( ]mc &1-5( enq sgd cxm]lhbr ne sgd o]qshbkd ]mc sgd ffdkc ]qd
mns dw]bskx rnku]akd+ ]mc sgtr vd qdrnqs sn ] odqstqa]shud dwo]mrhnm hm sgd bntokhmf rsqdmfsg 𝜅+
bnlotshmf sgd qdkdu]ms nardqu]akdr ]s sgd knvdrs mnmsqhuh]k nqcdq hm sghr o]q]ldsdq Z7/[- Hs ltrs
ad mnsdc sg]s 𝜅 hr mns chldmrhnmkdrr9 chldmrhnm]k ]m]kxrhr ne sgd G]lhksnmh]m hm Dp- &1-0( fhudr

)𝜏[ ≠ ℰ0†1ℒ0�𝑐†1 . )𝜅[ ≠ ℰ0†1ℒ𝑐†1�0 &1-0/(

enq sgd chldmrhnmr )𝜏[ ]mc )𝜅[ ne sgd ffdkc ]mc sgd bntokhmf+ hm tmhsr ne dmdqfx ℰ ]mc kdmfsg ℒ-
Vd bnmrhcdq sgd enkknvhmf enql]k dwo]mrhnmr ne sgd ffdkc ]mc ne sgd bnnqchm]sdr ne sgd o]qshbkd9

𝜏/w. 𝑠( ≠
∞∑
𝑚≠/

𝜅𝑚𝜏/𝑚(/w. 𝑠(. W/𝑠( ≠
∞∑
𝑚≠/

𝜅𝑚W/𝑚(/𝑠(. &1-00(

]mc trd sgdl sn bnlotsd sgd knvdrs nqcdq bnqqdbshnm sn sgd ]udq]fd o]qshbkd onrhshnm

}W/𝑠(⟩ ≠ }W//(/𝑠(⟩ + 𝜅1 }W/1(/𝑠(⟩ + 𝒩
4
𝜅3

(
. &1-01(

Hmcddc+ nmd b]m ]qftd – nm sgd a]rhr ne sgd hmu]qh]mbd ne sgd dpt]shnmr ne lnshnm tmcdq {𝜅 ↔
�𝜅. 𝜏 ↔ �𝜏{ – sg]s }W/0(/𝑠(⟩ ≠ /+ gdmbd sgd ffqrs mnmsqhuh]k sdql hr ne 𝒩

�
𝜅1( - Nmd b]m sgdm

hmrdqs sgd dwo]mrhnm hm Dp- &1-00( hmsn sgd dpt]shnmr ne lnshnm &1-4( ]mc &1-5(+ ]mc qdpthqd sg]s
sgdx ]qd r]shrffdc nqcdq ax nqcdq hm 𝜅- Sghr hr cnmd hm ?oodmchw A-2+ vgdqd vd cdqhud

}𝑊/1(
𝑖
/𝑠(⟩ ≠ 𝜇

∫ c𝑐𝑝

/1𝜉(𝑐
ℎ𝑝𝑖

〉〉𝑈𝑝

〉〉1 ∫ 𝑠

𝑠/

c𝑟1 𝑑
�𝛽/𝑠�𝑟1(

·
∫ 𝑟1

𝑠/

c𝑟0

˜
𝜙𝑝/𝑟0 . 𝑟1( + 𝜇𝑝1𝑑�𝛽/𝑟1�𝑟0(𝐵𝑝/𝑟0 . 𝑟1(

[
𝑃p/𝑟0 . 𝑟1(. &1-02(

Sgd etmbshnmr 𝐵𝑝 ]mc 𝜙𝑝 ]qd sgd rs]shnm]qx bnqqdk]snq ]mc rtrbdoshahkhsx ne sgd F]trrh]m ffdkc hm
sgd ]ardmbd ne sgd o]qshbkd chrbtrrdc hm Rdbshnm 0-2+ rdd Dpr- &0-2/( ]mc &0-20(- Vd ]krn hmsqnctbdc

𝑃p/𝑟0 . 𝑟1( • }𝑑 ℎp·)W//(/𝑟1(�W//(/𝑟0([⟩ . &1-03(

vgdqd sgd ]udq]fdr ]qd s]jdm nudq sgd mnm,hmsdq]bshmf oqnbdrrdr vhsg 𝜅 ≠ /: sgdx ]qd bnlotsdc
ax rs]mc]qc ldsgncr hm ?oodmchw A-0- Sn cdqhud Dp- &1-02( vd ]rrtldc enq rhlokhbhsx sg]s sgd
hmhsh]k bnmchshnm ne sgd ffdkc 𝜏p/𝑠/( hr dwsq]bsdc eqnl hsr rs]shnm]qx chrsqhatshnm qd]bgdc adenqd sgd
o]qshbkd hr ots hm bnms]bs vhsg sgd ffdkc – sghr cndr mns ]ydbs sgd knmf,shld oqnodqshdr ne sgd
o]qshbkd vghbg vd enbtr nm hm sghr Bg]osdq &rdd ?oodmchw A-2(-

Vd ffqrs rodbh]khyd Dp- &1-02( sn sgd b]rd ne ] o]qshbkd sg]s hr qdkd]rdc+ ]s shld 𝑠 ≠ 𝑠/+ eqnl sgd
hmhsh]k onrhshnm W/𝑠/( ≠ W/ ∉ / &sgd ]anud dwoqdrrhnm enq }𝑊/1(

𝑖
/𝑠(⟩ vntkc qdl]hm u]khc he sgd hmhsh]k

bnmchshnm W//(/𝑠/( vdqd cq]vm hmrsd]c eqnl ] q]mcnl chrsqhatshnm(- Sgd ]rxlosnshb adg]uhnq
ne sgd qdrtkshmf W/𝑠( ]s knmf shldr hr sgdm dw]lhmdc hm ?oodmchw A-3+ vgdqd vd bnmrhcdq sgd
fdmdq]k b]rd hm vghbg 𝑈𝑝 ∼ 𝑝𝑚 - ?ksgntfg vd g]ud ]rrtldc 𝑈/w( sn ad mnql]khydc sn tmhsx hm

1/
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Ehftqd 1-19 Dunktshnm ne sgd ]udq]fd onrhshnm }𝑊/𝑠(⟩ ne ] g]qlnmhb]kkx sq]oodc o]qshbkd hmhsh]kkx
qdkd]rdc nts ne dpthkhaqhtl ]mc bntokdc sn ] ffdkc dunkuhmf vhsg lncdk ? &sno qnv( nq lncdk
A &anssnl qnv( cxm]lhbr+ enq u]qhntr cdbqd]rhmf chrs]mbdr 𝑞 eqnl sgd bqhshb]k onhms- Sgd okns
onhmsr ]qd nas]hmdc eqnl sgd mtldqhb]k hmsdfq]shnm ne sgd ]m]kxshb]k oqdchbshnm to sn 𝒩

�
𝜅1( fhudm

hm Dp- &1-02(+ ]mc sgdx ]qd inhmdc ax ] khmd]q hmsdqonk]shnm sn fthcd sgd dxd- Sgd dwonmdmsr ne sgd
onvdq,k]v cdb]xr ]fqdd vhsg sgnrd oqdchbsdc hm Dpr- &1-05( ]mc &1-06(- Hm sgdrd oknsr 𝜅+ 𝑆+ 𝐶 ]qd
rds sn tmhsx+ ]mc sgd hmsdq]bshnm onsdmsh]k hr F]trrh]m vhsg 𝑄 ≠ 0- Hm sgd sno qnv vd rds 𝜇 ≠ 0/+
𝑗 ≠ /.0+ ]mc 𝑊/ ≠ 0/+ vghkd hm sgd anssnl qnv sgdrd o]q]ldsdqr ]qd ]krn rds sn tmhsx-

qd]k ro]bd &gdmbd 𝑈𝑝≠/ ≠ 0(+ sghr l]x lncdk sgd b]rd hm vghbg sgd o]qshbkd hr khmd]qkx bntokdc sn
sgd 𝑚,sg &dudm( cdqhu]shud ne sgd ffdkc uh] ]m hmsdq]bshnm sdql ne sgd enql

ℋhms ≠ �𝜅
∫

c𝑐w𝑈/w � W(·𝑚𝜏/w( &1-04(

hm sgd G]lhksnmh]m hm Dp- &1-0(- Adknv vd rtll]qhyd sgd l]hm qdrtksr ne sghr ]m]kxrhr- Hm nqcdq
sn khfgsdm sgd mns]shnm+ vd vhkk nesdm nlhs sgd rtflw 𝑖 eqnl }𝑊𝑖/𝑠(⟩+ rhmbd hsr nmkx mnm,ydqn
bnlonmdms hr sgd nmd ]knmf sgd hmhsh]k chrok]bdldms W/-
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BG?OSDQ 1- QDK?W?SHNM HM ? MD?Q,BQHSHB?K DMUHQNMLDMS

1-1-0 Jnmf,shld adgZuhnq ne sgd onrhshnm

Ax chqdbs hmrodbshnm ne Dp- &1-02( hm sgd b]rd ne lncdk ? ]mc A cxm]lhbr &rdd ?oodmchw A-3(+ vd
ffmc sgd knmf,shld ]rxlosnshbr ne sgd ld]m o]qshbkd onrhshnm }𝑊/𝑠(⟩ sn ad fhudm hm lncdk ? ax�

}𝑊/𝑠(⟩ ∼


𝑠𝑑�𝛽𝑠 enq 𝑞 < 𝛽†𝐶 .

𝑠�/0+𝑐†1(𝑑�𝐶𝑞𝑠 enq 𝑞 < 𝛽†𝐶 .
&1-05(

]mc hm lncdk A ax

}𝑊/𝑠(⟩ ∼


𝑠�/1+𝑐†1( enq 𝑞 < /.

𝑠�/0+𝑐†3( enq 𝑞 ≠ /.
&1-06(

Sgdrd qdrtksr g]ud ] bkd]q ogxrhb]k hmsdqoqds]shnm9 sgd knmf,shld cxm]lhbr ne sgd o]qshbkd hr
oq]bshb]kkx cdsdqlhmdc ax sgd rknvdrs shldrb]kd bg]q]bsdqhyhmf sgd rxrsdl- Sgd svn bnlodshmf
shldrb]kdr ]qd fhudm ax 𝜎𝜃 ≠ 𝛽�0 ]mc 𝜎𝜏/𝑝( hm Dpr- &0-01( ]mc &0-14(+ vgdqd vd rds 𝑝 ≠ / hm sgd
k]ssdq hm nqcdq sn ]bbntms enq sgd knmfdrs v]udkdmfsg lncd+ vghbg hr hmffmhsd hm sgd atkj- Bnmrhcdq
ffqrs sgd b]rd ne lncdk ? cxm]lhbr+ enq vghbg 𝜎�0

𝜏 /𝑝 ≠ /( ≠ 𝐶𝑞- Rtflbhdmskx ]v]x eqnl sgd bqhshb]k
onhms – h-d-+ enq k]qfd 𝑞+ vgdqd sgd ffdkc dunkudr lnqd q]ohckx sg]m sgd o]qshbkd – sgd lnshnm ne
sgd k]ssdq hr drrdmsh]kkx tm]ydbsdc- Tonm ]ooqn]bghmf bqhshb]khsx – h-d-+ ax qdctbhmf sgd u]ktd
ne 𝑞 snv]qcr / – sgd cxm]lhbr ne sgd ffdkc adbnldr hmrsd]c hmbqd]rhmfkx rknvdq ]mc dudmst]kkx
hs qdoqdrdmsr sgd knmfdrs shldrb]kd9 sghr cdsdqlhmdr sgd bg]mfd hm sgd q]sd ne dwonmdmsh]k cdb]x
nardqudc hm Dp- &1-05(- Ehm]kkx+ ]s bqhshb]khsx &𝑞 ≠ /( sgd chudqfdmbd ne sgd shldrb]kd bg]q]bsdqhyhmf
sgd ffdkc cxm]lhbr hmctbdr bnqqdronmchmfkx ] rb]kd,eqdd adg]uhnq ne sgd sq]bdq o]qshbkd- Hm lncdk
A+ nm sgd nsgdq g]mc+ 𝜎𝜏/𝑝 → /( hr hmffmhsd dudm ]v]x eqnl bqhshb]khsx+ ctd sn sgd oqdrdmbd ne ]
bnmrdqu]shnm k]v9 ]r ] qdrtks+ sgd cxm]lhbr ne sgd sq]bdq o]qshbkd hr ]kv]xr bnmsqnkkdc ax sgd ffdkc
enq ]mx u]ktd ne sgd o]q]ldsdq 𝑞-

Sgd oqdchbshnm hm Dp- &1-02( hr oknssdc hm Ehf- 1-1+ vghbg rgnv ]m hmhsh]k dwonmdmsh]k cdb]x
enkknvdc ax ] bqnrrnudq snv]qcr sgd ]kfdaq]hb adg]uhnq+ nmbd sgd kd]chmf nqcdq bnmsqhatshnm
}𝑊//(/𝑠(⟩ ≠ 𝑊/ dwo/�𝛽𝑠( g]r e]cdc nts- Hm ?oodmchw A-4 vd khmj sgd cdb]x dwonmdmsr enq 𝑞 ≠ /
vhsg sgd cxm]lhb]k bqhshb]k dwonmdms � ≠ 1 + � ne sgd tmcdqkxhmf F]trrh]m lncdk: sgdqd vd ]krn
cdqhud sgd ]rxlosnshbr ne sgd ]udq]fd onrhshnm ]s knmf shldr

}𝑊𝑖/𝑠(⟩ ≃
√

1𝜉𝜅1

𝑑𝜇𝑗1 𝑠�/𝑐+1(†�
∫ c𝑐𝑜

/1𝜉(𝑐
𝑜𝑖 |𝑈𝑜𝑠�0†� |1 /o · W.( 𝜙𝑜𝑠�0†� /𝑠 � 0†𝛽( . &1-07(

?s bqhshb]khsx+ 𝑞 ≠ /+ sghr fhudr fdmdqhb]kkx

}𝑊/𝑠(⟩ ≃ 𝜅1𝑏0𝑊/
𝑗

/𝛽𝑠(�0 /𝐶𝑠(�/𝑐+1𝑚(†� ∼ 𝑠�0�/𝑐+1𝑚(†� . &1-08(

vgdqd 𝑏0 hr ] mtldqhb]k bnmrs]ms &rdd Dp- &A-48( hm ?oodmchw A-4(+ ]mc sgd dudm hmsdfdq 𝑚 hmchb]sdr
] bntokhmf sn sgd 𝑚,sg cdqhu]shud ne sgd ffdkc+ ]r hm Dp- &1-04(- Enq 𝑚 ≠ /+ vd qdbnudq eqnl Dp- &1-08(

0Sgd knmf,shld adg]uhnq enq sgd ny,bqhshb]k b]rd hm lncdk ? v]r qdonqsdc hmbnqqdbskx hm Qde- Z70[-
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1-1- VD?J,BNTOKHMF ?OOQNWHL?SHNM
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Ehftqd 1-29 �Z( ?udq]fd o]qshbkd onrhshnm }𝑊/𝑠(⟩ hm sgd oqdrdmbd ne ] bntokhmf sn sgd 𝑚,sg cdqhu]shud
ne sgd ffdkc+ ]r hm Dp- &1-04(- Sgd okns rgnvr sgd b]rd ne bqhshb]k lncdk ? hm 𝑐 ≠ 0+ ]mc sgd nardqudc
cdb]x dwonmdmsr ]fqdd vhsg sgnrd oqdchbsdc hm Dp- &1-08( enq � ≠ 1- Hm sghr okns sgd hmsdq]bshnm
onsdmsh]k hr F]trrh]m vhsg 𝑄 ≠ 0- �a( Hmcdodmcdmbd ne sgd knmf,shld adg]uhntq ne sgd ]udq]fd
onrhshnm ne sgd o]qshbkd eqnl sgd o]qshbtk]q bgnhbd ne sgd hmsdq]bshnm onsdmsh]k 𝑈/w(- Sgd okns
rgnvr sgd bnqqdbshnm }𝑊/1(/𝑠(⟩ enq lncdk ? hm 𝑐 ≠ 0 &sgd kd]chmf nqcdq dwonmdmsh]k sdql hr
hqqdkdu]ms ]s knmf shldr(- Sgd dwonmdms ne sgd ]kfdaq]hb cdb]x hr mns ]ydbsdc ax sgd rodbhffb enql
ne 𝑈/w(+ ats nmkx ax sgd adg]uhnq ne hsr Entqhdq sq]mrenql 𝑈𝑝 enq 𝑝 → /+ hm ]fqddldms vhsg sgd
]rxlosnshb dwoqdrrhnm hm Dp- &1-07(- Nm sgd bnmsq]qx+ sgd rgnqs,shld adg]uhnq hr rdmrhshud sn sgd
o]qshbtk]q bgnhbd ne 𝑈/w(- Sgd enqlr ne sgd hmsdq]bshnm onsdmsh]k qdonqsdc gdqd ]qd F]trrh]m
𝑈𝑝 ≠ dwo

�
�𝑄1𝑝1†1

(
+ anw 𝑈𝑝 ≠ rhmb/𝑄𝑝†1(+ btro 𝑈𝑝 ≠ 0†/0 + 𝑄1𝑝1(+ vgdqd 𝑄 hmchb]sdr sgd khmd]q

rhyd ne sgd o]qshbkd- Hm sgdrd oknsr vd rds 𝑞 ≠ /+ vghkd 𝜅+ 𝜇+ 𝑗+ 𝑆+ 𝐶+ ]mc 𝑊/ ]qd rds sn tmhsx-

sgd bqhshb]k dwonmdmsr hm Dpr- &1-05( ]mc &1-06( ax rdsshmf � ≠ 1 &lncdk ?( nq � ≠ 3 &lncdk A(+
qdrodbshudkx- Rodbh]khyhmf Dp- &1-07( sn sgd mnm,bqhshb]k b]rd ne lncdk A qdmcdqr+ hmrsd]c+

}𝑊/𝑠(⟩ ≃ 𝜅1𝑏1𝑊/𝐶

𝑗𝛽
/𝐶𝑞(�/1+𝑚+𝑐†1( 𝑠�1�/𝑐+𝑚(†1 . &1-1/(

vgdqd sgd mtldqhb]k bnmrs]ms 𝑏1 hr fhudm hm Dp- &A-5/(- Sghr cdodmcdmbd hr+ ]r dwodbsdc+ fdmdqhb]kkx
]kfdaq]hb vhsg ] sdlonq]k cdb]x sg]s hr e]rsdq sg]m hm sgd bqhshb]k b]rd- Ehftqd 1-2] rgnvr gnv sgd
u]ktd ne 𝑚 bg]mfdr sgd cdb]x dwonmdms ne sgd ]rxlosnshb adg]uhnq hm ]fqddldms vhsg Dp- &1-08(-
Lnqdnudq+ Dp- &1-07( qdud]kr sg]s sgd cds]hkr ne sgd hmsdq]bshnm onsdmsh]k 𝑈𝑝 cn mns ]ydbs sgd k]qfd,
𝑠 adg]uhnq ne sgd o]qshbkd9 hmcddc+ sgd hmsdq]bshnm onsdmsh]k nmkx dmsdqr Dp- &1-07( uh] 𝑈𝑜𝑠�0†� ≃
𝑈𝑜≃/+ ld]mhmf sg]s svn chrshmbs onsdmsh]kr vhsg sgd r]ld adg]uhnq enq 𝑜 ≃ / xhdkc dw]bskx sgd
r]ld ]rxlosnshb dwoqdrrhnm enq sgd ]udq]fd onrhshnm- Sghr hr udqhffdc hm Ehf- 1-2a+ vgdqd sgd
]udq]fd onrhshnm hr oknssdc enq u]qhntr bgnhbdr ne 𝑈/w( ]mc sgd bnqqdronmchmf btqudr adbnld
hmchrshmfthrg]akd ]s knmf shldr-

Hm Rdbshnm 1-3-1 vd vhkk bnlldms nm gnv sn ]lokhex sgd knmf,shld ]kfdaq]hb cdb]x &vghbg hr
lnrs qdkdu]ms ]s 𝑞 ≠ /( hm onrrhakd dwodqhldms]k qd]khy]shnmr ne sgd rxrsdl-

Nmd l]x ]rj sgd dwsdms sn vghbg sgd qdrtksr vd nas]hmdc uh] ] vd]j,bntokhmf dwo]mrhnm bntkc
ad qdsqhdudc ax trhmf ] rhlokdq khmd]q qdronmrd ]m]kxrhr- Sgd khmd]q qdronmrd &KQ( hr enql]kkx
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BG?OSDQ 1- QDK?W?SHNM HM ? MD?Q,BQHSHB?K DMUHQNMLDMS

Ehftqd 1-39 Qdk]w]shnm ne sgd ]udq]fd onrhshnm }𝑊/𝑠(⟩ snv]qcr dpthkhaqhtl hm 𝑐 ≠ 0 bqhshb]k lncdk
? vgdm sgd hmhsh]k onrhshnm 𝑊/ hr bgnrdm rtflbhdmskx k]qfd rn ]r sn dlog]rhyd sgd mnmkhmd]q
qdronmrd- Nodm aktd bhqbkdr qdoqdrdms sgd sgdnqdshb]k oqdchbshnm hm Dp- &1-02(+ vghkd qdc ffkkdc
bhqbkdr ]qd sgd qdrtksr ne mtldqhb]k rhltk]shnmr odqenqldc ]s 𝑆 ≠ / &vd itrshex sghr bgnhbd ]mc
cdrbqhad sgd rhltk]shnm ldsgnc hm Rdbshnm 1-3 ]mc ?oodmchw A-7(- Rsq]hfgs khmdr hmchb]sd sgd
hmsdqldch]sd ]mc ]rxlosnshb onvdq,k]v cdb]xr &rdd sdws(- Sgd o]q]ldsdqr trdc hm sgd rhltk]shnm
]qd 𝜇 ≠ 0+ 𝑗 ≠ /.0+ 𝑊/ ≠ 04/+ 𝐶 ≠ 0+ 𝑄 ≠ 0+ 𝜅 ≠ /.14+ hmsdfq]shnm shldrsdo Γ𝑠 ≠ /./0+ ]mc k]sshbd
rhyd 𝐾 ≠ 1/37-

qdbnudqdc eqnl Dp- &1-02( ]r

}𝑊𝑖/𝑠(⟩KQ • 𝑊/
c

c𝑊/
}𝑊/1(

𝑖
/𝑠(⟩

〉〉〉〉
𝑊/≠/

&1-10(

&sgd ydqnsg,nqcdq sdql sqhuh]kkx u]mhrgdr( ]mc hs stqmr nts+ vhsg ghmcrhfgs+ sg]s sgd knmf,shld
]rxlosnshb dwoqdrrhnm hm Dp- &1-07( enq sgd ]udq]fd onrhshnm hr hmcddc khmd]q hm W/- ?s rgnqs
]mc hmsdqldch]sd shldr+ gnvdudq+ mnmkhmd]q bnmsqhatshnmr ]qhrd vghbg ]qd dmbncdc hm sgd etkk
qdronmrd hm Dp- &1-02(+ ats sgdx vntkc ad lhrrdc he vd sqtmb]sd hs sn sgd khmd]q nqcdq- ? rhlokd v]x
sn ghfgkhfgs sgdl hr sn bgnnrd W/ k]qfd dmntfg rn ]r sn kd]ud sgd khmd]q qdronmrd qdfhld9 Ehf- 1-3
rgnvr sgd dldqfdmbd ne ]m hmsdqldch]sd ]kfdaq]hb adg]uhnq vhsg chydqdms cdb]x dwonmdmsr+
vghbg hr bnqqdbskx cdrbqhadc ax Dp- &1-02( ]mc hr ]bst]kkx nardqudc hm mtldqhb]k rhltk]shnmr
oqdrdmsdc etqsgdq adknv hm Rdbshnm 1-3- Vd fhud ] rdlh,ogdmnldmnknfhb]k cdrbqhoshnm ne sghr
sq]mrhdms adg]uhnq hm Rdbshnm 1-3-0 ]mc hm ?oodmchw A-5: ntq ]m]kxrhr ]kknvr tr sn oqdchbs sgd
]lokhstcd ]mc sgd rknod ne sgd ]udq]fd onrhshnm hm sghr qdfhld+ ]r vdkk ]r ]m drshl]sd ne sgd
bqnrrnudq shld 𝑠𝑏 ]s vghbg sgd cdb]x dwonmdmsr hm Dpr- &1-05( ]mc &1-06( ]qd qdbnudqdc-

1-1-1 BnloZqhrnm vhsg sgd Ztsn,bnqqdkZshnm etmbshnm

Sgd oqdchbshnmr oqdrdmsdc ]anud ]qd sn ad bnlo]qdc vhsg sgd knmf,shld adg]uhnq ne sgd ]tsn,
bnqqdk]shnm etmbshnm 𝐵/𝑠( • }W/𝑠( · W//(⟩- Sgd b]rd ne lncdk A cxm]lhbr hr chrbtrrdc hm Qde- Z7/[+
vgdqd hs v]r rgnvm sg]s

}𝑊/𝑠( · 𝑊//(⟩ ∼


𝑠�𝑐†3 enq 𝑞 ≠ /.

𝑠�/0+𝑐†1( enq 𝑞 < /.
&1-11(
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1-2- ?CH?A?SHB ?OOQNWHL?SHNM

Sghr qdrtks b]m ad qd,cdqhudc vhsghm sgd r]ld odqstqa]shud eq]ldvnqj ]r vd chc enq sgd ]udq]fd
onrhshnm+ ]r chrbtrrdc hm ?oodmchw E ne Qde- Z70[- Sgd b]kbtk]shnm b]m sgdm ad dwsdmcdc sn lncdk
?+ enq vghbg vd ffmc Z70[

}𝑊/𝑠( · 𝑊//(⟩ ∼


𝑠1𝑑�𝛽𝑠 enq 𝑞 < 𝛽†𝐶 .

𝑠�𝑐†1𝑑�𝐶𝑞𝑠 enq 𝑞 < 𝛽†𝐶.
&1-12(

Sgd rhlhk]qhshdr adsvddm sgd svn rdsr ne dwonmdmsr &rdd Dpr- &1-05( ]mc &1-06(( ]ood]q sn ad ]
l]mhedrs]shnm ne sgd fitbst]shnm,chrrho]shnm sgdnqdl ]s knmf shldr- Hmcddc+ nmd bntkc vqhsd enq
sgd o]qshbkd ] khmd]qhydc dydbshud dpt]shnm Z7/[ hm sgd enql

𝑊̄/𝑠( ≠ 𝐸)𝑊[ + ℎ/𝑠( + 𝜈/𝑠(. &1-13(

vgdqd 𝜈/𝑠( hr vghsd F]trrh]m mnhrd+ ℎ/𝑠( hr ]m dwsdqm]k enqbhmf sdql+ ]mc 𝐸)𝑊[+ onrrhakx mnmknb]k
hm shld+ bnms]hmr sgd dydbsr ne sgd hmsdq]bshnm vhsg sgd ffdkc- Sgd jmnvkdcfd ne sgd qdronmrd
etmbshnm 𝑄/𝜎( vntkc ]kknv nmd sn dwoqdrr+ vhsghm sgd khmd]q qdronmrd qdfhld+

}𝑊/𝑠(⟩ ≠
∫ 𝑠

𝑠/

c𝑠′ 𝑄/𝑠 � 𝑠′(ℎ/𝑠′(. &1-14(

Mnv+ rstcxhmf sgd qdk]w]shnm ne𝑊/𝑠( rs]qshmf eqnl ]m hmhsh]k bnmchshnm 𝑊/ ∉ / hr s]ms]lntms sn rds,
shmf ℎ/𝑠( ≠ 𝑊/𝛾/𝑠 � 𝑠/( hmsn sgd dydbshud dpt]shnm &1-13(+ sgtr nmd bnmbktcdr sg]s }𝑊/𝑠(⟩ ≠ 𝑊/𝑄/𝑠(-
Sgdm hs hr bkd]q sg]s ]s knmf shldr+ h-d-+ rtflbhdmskx bknrd sn dpthkhaqhtl+ sgd fitbst]shnm,chrrho]shnm
sgdnqdl gnkcr+ qdk]shmf sgd khmd]q qdronmrd hm Dpr- &1-05( ]mc &1-06( vhsg sgd bnqqdk]shnm etmbshnm
𝐵/𝑠( hm Dpr- &1-12( ]mc &1-11( ]bbnqchmf sn

𝑄/𝑠 < /( ≠ � 0
𝑗𝐴𝑆

c𝐵/𝑠(
c𝑠 . &1-15(

1-2 :chZaZshb ZooqnwhlZshnm

Hm sghr Rdbshnm vd b]qqx nts ] ffqrs,nqcdq ]ch]a]shb dkhlhm]shnm ne sgd ffdkc cdfqddr ne eqddcnl sg]s
]qd ]rrtldc sn ad e]rs bnlo]qdc sn sgd lnshnm ne sgd o]qshbkd9 sghr v]x vd nas]hm ]m dydbshud
dpt]shnm enq sgd cxm]lhbr ne sgd o]qshbkd ]knmd- Mnsd sg]s oqnidbshmf sgd e]rs cdfqddr ne eqddcnl
nudq sgd cxm]lhbr ne sgd sq]bdq o]qshbkd ]cnoshmf sgd Lnqh,Yv]myhf rbgdld Z6+ 7[+ vghbg qdmcdqr
] khmd]q dpt]shnm+ l]x kd]c sn tmbnmsqnkkdc qdrtksr hm sgd oqdrdms b]rd+ adb]trd sgd dydbshud
o]qshbkd cxm]lhbr hr ]bst]kkx mnmkhmd]q Z71+ 72[- Vd enkknv hmrsd]c Qde- Z8[ ]mc vd hmsdfqUsd nts
sgd ffdkc cdfqddr ne eqddcnl trhmf ] sq]mro]qdms ]mc ogxrhb]kkx hmsthshud oqnbdctqd- Hm sgd
oqnbdrr+ vd fdmdq]khyd sgd ]ooqn]bg ne Qder- Z8+ 73+ 74[ sn sgd b]rd hm vghbg ] bnmshmttl ne e]rs
u]qh]akdr ]qd bntokdc sn ] rhmfkd rknv u]qh]akd &rdd ?oodmchw A-6 enq etqsgdq cds]hkr(-

?r hs hr btrsnl]qx hm sghr bnmsdws Z8[+ vd vhkk hmhsh]kkx bgnnrd ]r ] rl]kk o]q]ldsdq enq sgd
]ch]a]shb dwo]mrhnm sgd q]shn 𝜇†𝐶 ne sgd lnahkhsx ne sgd o]qshbkd sn sg]s ne sgd ffdkc- Gnvdudq+
hs hr bkd]q eqnl sgd chrbtrrhnm hm Rdbshnm 1-0 sg]s sgd sqtd shld rb]kd enq sgd qdk]w]shnm ne sgd
ffdkc u]qh]akdr hr dwoqdrrdc ax Dp- &0-14(+ rn sg]s sgd knmf,v]udkdmfsg Entqhdq lncdr dwghahs rknv
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BG?OSDQ 1- QDK?W?SHNM HM ? MD?Q,BQHSHB?K DMUHQNMLDMS

qdk]w]shnm bknrd sn bqhshb]khsx &nq dudm e]q eqnl bqhshb]khsx enq ] bnmrdqudc cxm]lhbr+ h-d-+ lncdk
A(- Vd sgtr dwodbs sgd ]ch]a]shb ]ooqnwhl]shnm sn dudmst]kkx aqd]j cnvm: hm sgd enkknvhmf+ vd
vhkk ad hmsdqdrsdc hm knb]shmf vgdm sghr aqd]jcnvm nbbtqr ]mc onrrhakx l]sbghmf sgd ]ch]a]shb
]ooqnwhl]shnm vhsg sgd vd]j,bntokhmf rnktshnm hm Dp- &1-02(-

1-2-0 DΨdbshud Eniidq,OkZmbi dptZshnm

Kds tr fn a]bj sn sgd bntokdc dpt]shnmr ne lnshnm &1-5( ]mc &1-7( enq sgd o]qshbkd ]mc sgd ffdkc+
qdrodbshudkx- Vd nardqud sg]s sgd dpt]shnmr enq sgd Entqhdq bnlonmdmsr 𝜏p/𝑠( cdbntokd nudq sgd
lncdr p9 sghr gnkcr sqtd adb]trd vd ]qd bnmrhcdqhmf sgd F]trrh]m lncdk+ vghbg qdmcdqr khmd]q
dpt]shnmr ne lnshnm- Nmd rgntkc gnvdudq ad]q hm lhmc sg]s sgd ffdkc 𝜏/w. 𝑠( hr qd]k+ vghbg hlokhdr
𝜏∗
p ≠ 𝜏�p: sghr rtffdrsr sn rdo]q]sd hsr qd]k ]mc hl]fhm]qx o]qsr 𝜏𝑄

p • Qd
]
𝜏p

{
]mc 𝜏𝐻

p • Hl
]
𝜏p

{
Z50[- Vd sgdm qdvqhsd Dpr- &1-5( ]mc &1-7( ]r

W̄ ≠ �𝛽W + 𝜇𝜅

∫ c𝑐𝑝

/1𝜉(𝑐
p
4
𝜏𝑄
p 𝑓

𝐻
p � 𝜏𝐻

p𝑓
𝑄
p

(
+ 𝝁/𝑠(. &1-16(

𝜏̄𝑄.𝐻
p ≠ ��𝑝𝜏

𝑄.𝐻
p + 𝐶𝜅𝑝�𝑓𝑄.𝐻

p + 𝜁𝑄.𝐻
p . &1-17(

vgdqd vd cdffmdc 𝑓p/W( • 𝑈𝑝 dwo/�ℎp · W(+ ]mc sgd mnhrd bnqqdk]shnmr qd]c

}𝜁𝑄.𝐻
p /𝑠(𝜁𝑄.𝐻

p′ /𝑠
′(⟩ ≠

�𝜏
1

)
𝛾𝑐/p � p′( ± 𝛾𝑐/p + p′(

[
𝛾/𝑠 � 𝑠′(. }𝜁𝑄p /𝑠(𝜁𝐻p′/𝑠′(⟩ ≠ /. &1-18(

vhsg �𝜏 • 1𝐶𝑆𝑝�- Sgd dpt]shnmr ne lnshnm enq 𝜏𝑄.𝐻
p ]qd mnv bnlokdsdkx cdbntokdc+ ]mc sgtr

sgdhq shld,cdodmcdms oqna]ahkhsx chrsqhatshnm e]bsnqhydr hmsn

𝒪
)
𝜏.W. 𝑠

[
≠

∑
p∈1𝑐

𝑂
4
𝜏𝑄
p :W. 𝑠

(
𝑂
4
𝜏𝐻
p:W. 𝑠

(
. &1-2/(

Bkd]qkx+ sghr 𝒪 cndr mns e]bsnqhyd hmsn ]m W,cdodmcdms ]mc ] 𝜏,cdodmcdms o]qs+ he mns onrrhakx ]s
sgd hmhsh]k shld 𝑠/- Mnsd sg]s sgd mnhrd sdql hm Dp- &1-18( rshkk bnqqdk]sdr 𝜏𝜌

p vhsg 𝜏𝜌
�p+ enq 𝜌 ≠ 𝑄. 𝐻-

Vgdm vd vqhsd sgd Enjjdq,Ok]mbj dpt]shnm bnqqdronmchmf sn sgd rds ne K]mfduhm dpt]shnmr &1-16(
]mc &1-17(+ sghr oqnctbdr lhwdc cdqhu]shudr hm sgd enql 𝛾1†/𝛾𝜏𝜌

p𝛾𝜏
𝜌
�p(+ vghbg b]m mnmdsgdkdrr

ad cd]ks vhsg ax mnshmf sg]s 𝜏𝑄
�p ≠ 𝜏𝑄

p ]mc 𝜏𝐻
�p ≠ �𝜏𝐻

p- Vd sgtr nas]hm

𝜑𝑠𝒪 ≠
)
ℒ𝑊 +

∫ c𝑐𝑝

/1𝜉(𝑐
4
ℒ𝑄

p + ℒ𝐻
p

([
𝒪 . &1-20(

vgdqd+ b]kkhmf · • ·𝑊 ]mc �𝑤 • 1𝜇𝑆+ vd hmsqnctbdc sgd nodq]snqr

ℒ𝑊 ≠ · �
)
𝛽W � 𝜇𝜅

∫ c𝑐𝑝

/1𝜉(𝑐
p
4
𝜏𝑄
p 𝑓

𝐻
p � 𝜏𝐻

p𝑓
𝑄
p

([
+ �𝑤

1 ∇1 &1-21(

]mc

ℒ𝜌
p ≠

𝛾

𝛾𝜏𝜌
p

)
�𝑝𝜏

𝜌
p � 𝐶𝜅𝑝�𝑓𝜌p/W(

[
+
�𝜏
1

𝛾1

𝛾/𝜏𝜌
p(1

. &1-22(
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1-2- ?CH?A?SHB ?OOQNWHL?SHNM

Sgd rdbnmc bnmrhcdq]shnm hr sg]s sgd bntokhmf vhsg sgd ffdkc hm sgd dpt]shnm ne lnshnm enq W hr
khmd]q- Sgd oqnakdl ne sgd ]ch]a]shb dkhlhm]shnm ne ] e]rs u]qh]akd eqnl ] rxrsdl ne svn rsnbg]rshb
chydqdmsh]k dpt]shnmr v]r ]ccqdrrdc+ d-f-+ hm Qde- Z8[ ]mc fdmdq]khydc hm Qder- Z73+ 74[ sn sgd
b]rd ne ] ltksh,chldmrhnm]k Enjjdq,Ok]mbj dpt]shnm khmd]q hm sgd e]rs u]qh]akdr- Vd rjdsbg hm
?oodmchw A-6 gnv sgd r]ld ldsgnc b]m ad m]stq]kkx dwsdmcdc sn Dp- &1-20(+ vghbg bnms]hmr ]
bnmshmttl ne e]rs u]qh]akdr- Sgd qdrtkshmf Enjjdq,Ok]mbj dpt]shnm enq sgd rknv u]qh]akd W/𝑠(
stqmr nts sn ad

𝜑𝑠𝑂/W. 𝑠( ≠ ℒdy
𝑊 𝑂/W. 𝑠(. &1-23(

vgdqd+ hm sgd b]rd ne ]m hrnsqnohb hmsdq]bshnm onsdmsh]k+

ℒdy
𝑊 ≠ · � /𝜙𝛽W( + 𝜙𝜇𝑆∇1 + 𝒩

)4 𝜇
𝐶

(1
(
. &1-24(

vhsg 𝜙 • 0 � 𝜅1𝜆 ]mc

𝜆 • 𝜇

𝐶𝑐

∫
1

c𝑐𝑝

/1𝜉(𝑐
𝑝1��

/𝑝1 + 𝑞(1 |𝑈𝑝 |1. &1-25(

Sghr hmsdfq]k bnmudqfdr+ ]s ffmhsd u]ktdr ne 𝑞+ oqnuhcdc sg]s sgd hmsdq]bshnm onsdmsh]k 𝑈𝑝 cdb]xr
rtflbhdmskx e]rs enq k]qfd 𝑝+ sgtr oqnuhchmf rnld enql ne tksq],uhnkds btsny- Vd l]x hcdmshex+
U onrsdqhnqh+ sgd bndflbhdms 𝜅1𝜆 ]r sgd ]bst]k chldmrhnmkdrr rl]kk o]q]ldsdq hm sgd ]ch]a]shb
dwo]mrhnm vghbg dldqfdr m]stq]kkx eqnl sgd b]kbtk]shnm-

Dpt]shnm &1-23( hr l]qjdckx L]qjnuh]m: mnm,L]qjnuh]m dydbsr vntkc ]ood]q ]s sgd mdws
odqstqa]shud nqcdq+ gdqd mdfkdbsdc Z8[- Hs rgnvr sg]s+ to sn sgd rdbnmc nqcdq hm sgd ]ch]a]shb
]ooqnwhl]shnm+ sgd nmkx dydbs ne sgd hmsdq]bshnm vhsg sgdffdkc hr sn qdmnql]khyd sgd cqhes ]mc chyt,
rhnm bndflbhdmsr ax sgd r]ld ]lntms hm sgd dpt]shnm ne lnshnm enq ]m nsgdqvhrd chytrhmf o]qshbkd
hm ] onsdmsh]k9 sghr+ hm stqm+ hr dpthu]kdms sn qdrb]khmf shld ]bbnqchmf sn 𝑠 → 𝜙𝑠- Sghr hr dwodbsdc
hm nqcdq enq Dp- &1-23( sn qdmcdq sgd bnqqdbs rsd]cx rs]sd chrsqhatshnm 𝒪dp /W( ∝ dwo

�
�𝛼𝑗𝑊1†1

(
ne

sgd o]qshbkd+ vghbg cndr mns cdodmc nm 𝜅 &?oodmchw A-1(- Rtbg ] cdodmcdmbd dldqfdr hmrsd]c
ctqhmf qdk]w]shnm9 hm e]bs+ Dp- &1-23( hlokhdr rsq]hfgsenqv]qckx sg]s ] o]qshbkd hmhsh]kkx chrok]bdc
eqnl hsr dpthkhaqhtl onrhshnm ]s shld 𝑠/ ≠ / vhkk qdk]w a]bj ]r

}𝑊]c/𝑠(⟩ ≠ 𝑊/𝑑
�𝜙𝛽𝑠 . &1-26(

1-2-1 BnloZqhrnm vhsg sgd odqstqaZshud rnktshnm

Hs hr m]stq]k ]s sghr onhms sn hmudrshf]sd he ]mc vgdm sgd odqstqa]shud rnktshnm hm Dp- &1-02( l]sbgdr
sgd ]ch]a]shb ]ooqnwhl]shnm hm Dp- &1-26(- Sn ]ccqdrr sghr hrrtd+ vd bnmrhcdq sgdhq q]shn

𝜁 • }𝑊]c/𝑠(⟩
}𝑊/𝑠(⟩ � 0 ≠ 𝜅1

)
𝜆𝛽𝑠 � }𝑊/1(/𝑠(⟩

𝑊/
𝑑𝛽𝑠

[
+ 𝒩

4
𝜅3

(
. &1-27(

vghbg u]mhrgdr vgdm sgd ]ch]a]shb ]ooqnwhl]shnm fhudr sgd r]ld qdrtks ]r sgd vd]j,bntokhmf
dwoqdrrhnm ]s sghr odqstqa]shud nqcdq- Mnsd sg]s 𝜁 b]m ad bnlotsdc ]m]kxshb]kkx ax bgnnrhmf+ enq
hmrs]mbd+ ] F]trrh]m nq 𝛾,khjd onsdmsh]k+ ]r cds]hkdc hm ?oodmchw G ne Qde- Z70[- Hm nqcdq enq 𝜁 sn
u]mhrg enq rnld shld 𝑠+ ]mc sgdqdenqd enq sgd ]ch]a]shb ]ooqnwhl]shnm sn ad ]bbtq]sd+ vd mddc
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BG?OSDQ 1- QDK?W?SHNM HM ? MD?Q,BQHSHB?K DMUHQNMLDMS

}𝑊/1(/𝑠(⟩ 𝑑𝛽𝑠 sn ad khmd]q hm 𝑠- Nmd lhfgs dwodbs sghr sn ad sgd b]rd ]s knmf shldr 𝑠9 hmcddc+ sgd
o]qshbkd lnudr e]rsdq hmhsh]kkx+ vgdm hs hr qdkd]rdc+ vghkd hs rknvr cnvm ]r hs qd]bgdr sgd anssnl
ne sgd g]qlnmhb sq]o+ sgtr l]jhmf gdtqhrshb]kkx sgd ]ch]a]shb ]ooqnwhl]shnm lnqd qdkh]akd- Vd
g]ud ]kqd]cx ]m]kxydc sgd adg]uhnq ne }𝑊/1(/𝑠(⟩ hm sghr qdfhld ansg enq lncdk ? hm Dp- &1-05(+
]mc lncdk A hm Dp- &1-06(+ rn vd bnmbktcd sg]s9

&h( Sgd ]ch]a]shb ]ooqnwhl]shnm hr mdudq ]bbtq]sd hm lncdk A9 hmcddc+ }𝑊/1(/𝑠(⟩ ]kv]xr cdb]xr
]kfdaq]hb]kkx ]s k]qfd 𝑠 ]mc sgdqd hr mn v]x sg]s hs b]m bntmsdqa]k]mbd sgd sdql 𝑑𝛽𝑠 + sgtr
b]trhmf |𝜁| sn fqnv vhsgnts antmcr- Sghr hr mns rtqoqhrhmf+ adb]trd hm sgd vgnkd ]ch]a]shb
dkhlhm]shnm oqnbdctqd vd g]ud trdc sgd q]shn ne sgd svn lnahkhshdr 𝜇†𝐶 ]r ] rl]kk ]ch],
a]shbhsx o]q]ldsdq: gnvdudq+ sgd ]bst]k shldrb]kd 𝜎𝜏 enq sgd qdk]w]shnm ne sgd ffdkc hr fhudm
hm Dp- &0-14(+ vghbg rgnvr sg]s+ enq ]mx bgnhbd ne 𝐶 ]mc 𝑞+ sgdqd ]qd ]kv]xr knmf,v]udkdmfsg
Entqhdq lncdr hm lncdk A sg]s qdk]w rknvdq sg]m sgd o]qshbkd-

&hh( Ax sgd r]ld snjdm+ sgd shldrb]kd enq qdk]w]shnm hm lncdk ? hr fhudm ax Dp- &0-14( vhsg � ≠ /+
rn sg]s sgd rknvdrs lncd hr bg]q]bsdqhydc ax 𝜎�0

𝜏 /𝑝 ≠ /( ≠ 𝐶𝑞- Vd ]qd kdc sn sgd bnmbktrhnm
sg]s }𝑊/1(/𝑠(⟩ 𝑑𝛽𝑠 b]m nmkx onrrhakx adg]ud khmd]qkx hm 𝑠 vgdm 𝐶𝑞 < 𝛽+ ]r hs hr bkd]q ax knnjhmf
]s Dp- &1-05(- Adhmf 𝜎�0

𝜃 ≠ 𝛽 sgd shldrb]kd ne qdk]w]shnm ne sgd o]qshbkd hm sgd sq]o+ sghr hlokhdr
sg]s dudm sgd rknvdrs ffdkc lncd ltrs qdk]w e]rsdq sg]m sgd o]qshbkd-

Hm ?oodmchw G ne Qde- Z70[ vd cdsdqlhmd+ enq sgd b]rd ne lncdk ?+ sgd khmd]q fqnvsg bndflbhdms
𝑍 cdffmdc ]r }𝑊/1(/𝑠(⟩ 𝑑𝛽𝑠 ≃ 𝑍𝑠+ enq 𝑠 ≫ 𝜎𝜃+ vghbg dmsdqr sgd cdffmhshnm ne 𝜁 hm Dp- &1-27(: vd sgdm
bnlo]qd hs sn sgd u]ktdr ne 𝜆 hm Dp- &1-25( bnlotsdc vhsg sgd r]ld hmsdq]bshnm onsdmsh]k &vghbg
hr bgnrdm sn ad F]trrh]m enq cdffmhsdmdrr(- Sghr v]x vd oqnud sg]s sgd a]k]mbhmf hm Dp- &1-27(
cndr nbbtq+ sgtr l]jhmf 𝜁 ≠ / ]s knmf shldr9 sghr oqnuhcdr ] l]sbghmf adsvddm sgd odqstqa]shud
]mc sgd ]ch]a]shb rnktshnmr enq 𝜎𝜏 ≪ 𝜎𝜃-

1-3 MtldqhbZk rhltkZshnm

Hm nqcdq sn udqhex sgd u]khchsx ne ntq ]m]kxshb]k oqdchbshnmr adxnmc sgd u]qhntr ]ooqnwhl]shnmr
bnmrhcdqdc+ vd mtldqhb]kkx rhltk]sd sgd rxrsdl ax chqdbs hmsdfq]shnm ne sgd bntokdc K]mfduhm
dpt]shnmr ne lnshnm enq sgd ffdkc ]mc sgd o]qshbkd+ Dpr- &1-4( ]mc &1-5(+ qdrodbshudkx- Sn sghr dmc+
vd chrbqdshyd sgd ffdkc nudq ] k]sshbd ne rhyd 𝐾 ]mc vd ]cnos odqhnchb antmc]qx bnmchshnmr+ ]r
cdrbqhadc hm ?oodmchw A-7- ? fqd]s rhlokhffb]shnm ]qhrdr ax mnshbhmf sg]s sgd knmf,shld ]rxlosnshb
dwoqdrrhnm vd entmc hm Dp- &1-07( enq sgd ]udq]fd onrhshnm ne sgd o]qshbkd cndr mns cdodmc nm
sgd sdlodq]stqd 𝑆 &vghbg ]ydbsr hmrsd]c sgd cxm]lhbr ]s hmsdqldch]sd shldr ]mc sgd ]lokhstcd
ne sgd sgdql]k fitbst]shnmr(- ?s knmf shldr ]mc bknrd sn sgd dpthkhaqhtl onrhshnm W ≠ /+ mnhrd
fitbst]shnmr l]jd hs bg]kkdmfhmf sn nardqud bkd]qkx sgd ]kfdaq]hb cdb]x oqdchbsdc hm Dpr- &1-05(
]mc &1-06(- Hm ]cchshnm+ hs hr vdkk jmnvm sg]s udqx k]qfd rxrsdlr ]qd mddcdc hm nqcdq sn r]lokd
sgd uhbhmhsx ne ] atkj bqhshb]k onhms vhsgnts hmbtqqhmf hm ffmhsd,rhyd dydbsr- ?bbnqchmfkx+ vd ffqrs
rhltk]sd sgd mnhrdkdrr dpt]shnmr ne lnshnm+ bnqqdronmchmf sn rdsshmf 𝑆 ≠ /+ hm k]qfd rxrsdlr hm
𝑐 ≠ 0 ]mc 𝑐 ≠ 1+ ffmchmf dwbdkkdms ]fqddldms vhsg sgd ]m]kxshb]k oqdchbshnm hm Dp- &1-02( ]mc hsr
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1-3- MTLDQHB?K RHLTK?SHNM

Ehftqd 1-49 ?udq]fd onrhshnm }𝑊/𝑠(⟩ ne sgd o]qshbkd hm mtldqhb]k rhltk]shnmr ne sgd mnhrdkdrr
dpt]shnmr ne lnshnm+ bnqqdronmchmf sn 𝑆 ≠ /+ hm 𝑐 ≠ 0 &kdes( ]mc 𝑐 ≠ 1 &qhfgs(- ?kk sgd rhltk],
shnmr ]qd hm dwbdkkdms ]fqddldms vhsg sgd knmf,shld adg]uhnq oqdchbsdc hm Dpr- &1-05( ]mc &1-06(
&bnqqdronmchmf sn sgd rknodr hmchb]sdc ax sgd rnkhc rsq]hfgs khmdr(- Vd cn mns rgnv gdqd sgd etkk
oqdchbshnm hm Dp- &1-02( enq fq]oghb]k bk]qhsx+ ]r hs hr ]klnrs hmchrshmfthrg]akd eqnl sgd rhltk]shnm
onhmsr &ats vd cn oqdrdms rtbg ] bnlo]qhrnm hm Ehfr- 1-3 ]mc 1-5](- Sgd o]q]ldsdqr trdc hm sgd
rhltk]shnm ]qd 𝜇 ≠ 0+ 𝑗 ≠ /.0+ 𝑊/ ≠ 1+ 𝐶 ≠ 0+ 𝑄 ≠ /.4+ 𝜅 ≠ /.14+ ]mc Γ𝑠 ≠ /./0- Sgd rxrsdl rhyd hr
bgnrdm sn ad 𝐾 ≠ 1/37 hm sgd 𝑐 ≠ 0 b]rd+ ]mc 𝐾 ≠ 401 hm sgd 𝑐 ≠ 1 b]rd-

knmf,shld ]kfdaq]hb adg]uhnq- Sghr hr oqdrdmsdc hm Ehf- 1-4+ vghbg rgnvr sgd ]udq]fd onrhshnm
hm rhltk]shnmr odqenqldc ]s rl]kk u]ktdr ne sgd bntokhmf 𝜅 &rnkhc khmdr qdoqdrdms sgd rknod ne
sgd knmf,shld ]kfdaq]hb adg]uhnq oqdchbsdc ax Dpr- &1-05( ]mc &1-06((- Vd sgdm enbtr nm nmd ne
sgdrd btqudr ]mc vd qd,hmsqnctbd sgd mnhrd ax bnmrhcdqhmf 𝑆 ∉ /+ rgnvhmf sg]s hm e]bs sgd dydbs
ne sgdql]k fitbst]shnmr nm sgd ]udq]fd o]qshbkd chrok]bdldms hr mdfkhfhakd oqnuhcdc sg]s nmd
]udq]fdr nudq ] rtflbhdmskx k]qfd mtladq 𝑀 ne qd]khy]shnmr- Hmcddc+ vd rgnv hm Ehf- 1-5] sg]s
dudm sgd mnhrx btqud ]fqddr vhsg sgd oqdchbshnm hm Dp- &1-02(+ vhsg rb]qbd cdodmcdmbd nm sgd
rodbhffb bgnhbd ne sgd hmsdq]bshnm onsdmsh]k 𝑈𝑝 + oqnuhcdc sg]s hsr bg]q]bsdqhyhmf kdmfsg rb]kd 𝑄 hr
ne sgd r]ld nqcdq ]r sgd nmd trdc hm sgd rhltk]shnm &vghbg hr odqenqldc ax ]cnoshmf ] F]trrh]m
hmsdq]bshnm onsdmsh]k+ rdd ?oodmchw A-7(-

1-3-0 :mZkxrhr ne sgd sqZmrhdms adgZuhnq enq kZqfd 𝑊/

?r ]mshbho]sdc hm Rdbshnm 1-1-0+ ax bgnnrhmf ] rtflbhdmskx k]qfd u]ktd ne sgd hmhsh]k chrok]bdldms
𝑊/ nmd nardqudr ]m hmsdqldch]sd+ ]kfdaq]hb adg]uhnq hm sgd ]udq]fd o]qshbkd onrhshnm+ ghfgkhfgsdc
hm Ehf- 1-3- Sghr vntkc mns ad b]ostqdc ax ] khmd]q qdronmrd ]m]kxrhr ne sgd rxrsdl+ ats hs hr
bnqqdbskx cdrbqhadc ax sgd odqstqa]shud oqdchbshnm hm Dp- &1-02(- Hm sghr Rdbshnm vd trd rtbg
]m]kxshb]k oqdchbshnm snfdsgdq vhsg mtldqhb]k rhltk]shnmr ne sgd rxrsdl hm nqcdq sn oqnuhcd
] ogdmnldmnknfhb]k cdrbqhoshnm ne sghr sq]mrhdms adg]uhnq vhsghm sgd rl]kk,𝜅 qdfhld+ vgdqd
Dp- &1-02( ]fqddr vdkk vhsg mtldqhb]k c]s]- Ax hmrodbshmf rdudq]k qdk]w]shnm btqudr bnqqdronmchmf
sn chydqdms u]ktdr ne sgd hmhsh]k chrok]bdldms 𝑊/+ nmd b]m nardqud sgd enkknvhmf9

&h( Enq rgnqs shldr 𝑠 ≪ 𝜎𝜃 ≠ 𝛽�0+ sgd cxm]lhbr hr cnlhm]sdc ax sgd hmhsh]k dwonmdmsh]k cdb]x
cdsdqlhmdc ax sgd enqbd dwdqsdc ax sgd g]qlnmhb sq]o- He nmd hmrhrsr nm hrnk]shmf sgd 𝒩

�
𝜅1(
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&]( &a(

Ehftqd 1-59 �Z( ?udq]fd o]qshbkd onrhshnm }𝑊/𝑠(⟩ ctqhmf sgd qdk]w]shnm sn dpthkhaqhtl hm 𝑐 ≠ 0
bqhshb]k lncdk A+ hm sgd oqdrdmbd ne mnhrd- Rhltk]shnm qdrtksr ]qd oknssdc ]r ] rnkhc qdc khmd+ vghkd
sgd aktd cnsr qdoqdrdms sgd sgdnqdshb]k oqdchbshnm hm Dp- &1-02(: sgdx ]qd rgnvm sn ad hm bnlokdsd
]fqddldms- Sgd o]q]ldsdqr trdc hm sgd rhltk]shnm ]qd 𝑞 ≠ /+ 𝑊/ ≠ 1+ Γ𝑠 ≠ /./0+ 𝑆 ≠ /.0+ 𝐾 ≠ 017+
]mc 𝑀 ≠ 6.6·0/7 qd]khy]shnmr- �a( ?udq]fd o]qshbkd onrhshnm }𝑊/𝑠(⟩ ctqhmf hsr qdk]w]shnm snv]qcr
dpthkhaqhtl hm 𝑐 ≠ 0 bqhshb]k lncdk ?+ vgdm sgd hmhsh]k onrhshnm 𝑊/ hr bgnrdm rtflbhdmskx k]qfd
rn ]r sn dlog]rhyd sgd mnmkhmd]q qdronmrd- Hm sgd l]hm okns+ sgd u]qhntr btqudr bnqqdronmc sn
hmbqd]rhmf u]ktdr ne 𝑊/+ ]mc sgd ]rrnbh]sdc bqnrrnudq shld 𝑠𝑏 hr rddm sn rghes snv]qcr k]qfdq shldr-
Hm sgd hmrds+ sgd r]ld btqudr ]qd bnkk]ordc ]bbnqchmf sn sgd rb]khmf enql hm Dp- &1-28( &rdd sgd
l]hm sdws(- Hm sgd rhltk]shnm vd trdc 𝑆 ≠ /+ Γ𝑠 ≠ /./0+ ]mc 𝐾 ≠ 7081- Hm ansg &]( ]mc &a( vd rds
𝜅 ≠ /.14+ ]mc 𝑗 ≠ /.0+ vghkd sgd o]q]ldsdqr 𝑄+ 𝜇+ ]mc 𝐶 vdqd rds sn tmhsx-

bnqqdbshnm sn sgd ]udq]fd onrhshnm ax rtasq]bshmf sgd kd]chmf nqcdq dwonmdmsh]k cdb]x+ sgdx
vntkc nardqud ]m hmhsh]k fqnvsg &pt]khs]shudkx ]m]knfntr sn Ehf- 1-6]( vgnrd oqdbhrd enql
hr hmfitdmbdc ax ]kk sgd lhbqnrbnohb cds]hkr ne sgd bnmffmhmf onsdmsh]k ]mc ne sgd hmsdq]bshnm
onsdmsh]k+ rtbg ]r 𝛽+ 𝑄 ]mc sgd etmbshnm]k enql ne 𝑈/w( &rdd+ d-f-+ Ehf- 1-2a(-

&hh( Enq 𝑠 � 𝜎𝜃 ]mc to sn ] bqnrrnudq shld vghbg vd cdmnsd ax 𝑠𝑏 + sgd ]udq]fd chrok]bdldms
ne sgd o]qshbkd cdb]xr ]kfdaq]hb]kkx vhsg ]m dwonmdms sg]s cndr mns bnhmbhcd vhsg sgd nmd
dudmst]kkx chrok]xdc ]s knmfdq shldr- Sghr dwonmdms rgnvr rnld tmhudqr]k ed]stqdr+ ]r hs
nmkx cdodmcr nm sgd ro]sh]k chldmrhnm]khsx ne sgd rxrsdl ]mc nm sgd bqhshb]k oqnodqshdr
ne sgd ffdkc &h-d-+ nm hsr cxm]lhb]k bqhshb]k dwonmdms �(- Lnqdnudq+ pthsd rtqoqhrhmfkx+ sgd
]lokhstcd ne }𝑊/𝑠(⟩ hm sghr qdfhld stqmr nts sn ad hmcdodmcdms ne sgd u]ktd ne 𝑊/ hsrdke+ ]
bkd]q dw]lokd ne mnmkhmd]q qdronmrd-

&hhh( Enq 𝑠 < 𝑠𝑏 + vd qdbnudq sgd ]rxlosnshb cdb]x dwonmdmsr oqdchbsdc ax Dpr- &1-05( ]mc &1-06(+
hm ]fqddldms vhsg khmd]q qdronmrd ]m]kxrhr- Sgd bqnrrnudq shld 𝑠𝑏 adbnldr k]qfdq tonm
hmbqd]rhmf 𝑊/-

Sgd oqnakdl hr ]m]kxydc hm etkk cds]hkr hm ?oodmchw A-5- Vd rs]qs ax hcdmshexhmf sgd bqnrrnudq
shld 𝑠𝑏 vhsg sgd qdk]w]shnm shldrb]kd ne sgd ffdkc nudq kdmfsg rb]kdr bnlo]q]akd vhsg 𝑊/9 sghr
shldrb]kd b]m ad qd]c hm Dp- &0-14( ax rdsshmf 𝑝 ∼ 0†𝑊/+ vghbg xhdkcr hm sgd bqhshb]k b]rd 𝑠𝑏 ∼ 𝑊�

/†𝐶-
Sgd ogxrhb]k lnshu]shnm hr sgd enkknvhmf- ?s shld 𝑠 ≠ / sgd o]qshbkd hr qdkd]rdc hm onrhshnm 𝑊/

2/



1-3- MTLDQHB?K RHLTK?SHNM

]mc dmsdqr hm bnms]bs vhsg sgd ffdkc: rhmbd sgd k]ssdq g]r ] mnmydqn qdk]w]shnm shld+ ]s rgnqs shldr
𝑠 ≲ 𝜎𝜃 vd dwodbs sgd o]qshbkd sn ad cq]ffdc oqhl]qhkx ax sgd qdrsnqhmf enqbd ne sgd g]qlnmhb
sq]o+ 𝑊̄ ≃ �𝛽𝑊/- Nm ] shldrb]kd fhudm ax 𝜎𝜃 ≠ 𝛽�0 sgd o]qshbkd bnudqr ] chrs]mbd ne sgd nqcdq
ne Γ𝑊 ∼ 𝑊/+ rn sg]s hs adbnldr qdkdu]ms sn bnmrhcdq sgd shld 𝑠𝑏/𝑊/( s]jdm ax sgd ffdkc hm nqcdq
sn qd]qq]mfd nudq rtbg ] chrs]mbd- Nmbd sgd ffdkc g]r qd]bgdc ] rs]sd bknrd sn hsr dpthkhaqhtl
bnmffftq]shnm ]qntmc sgd o]qshbkd &vghbg hr ax mnv bknrd sn sgd bdmsdq ne sgd g]qlnmhb sq]o(+ sgdm
sgd cxm]lhbr hr b]ostqdc ax khmd]q qdronmrd ]mc vd qdbnudq sgd ]rxlosnshb qdrtksr ne Rdbshnm
1-1-0- Ne bntqrd sgd sq]mrhdms qdfhld b]mmns ad ]ooqdbh]sdc he nmd bgnnrdr ] rl]kk u]ktd ne 𝑊/+
rhlokx adb]trd bnqqdronmchmfkx 𝑠𝑏 ≪ 𝜎𝜃-

Lnshu]sdc ax sgd ogdmnldmnknfhb]k nardqu]shnm rs]sdc ]anud sg]s sgd adg]uhnq ne sgd o]qshbkd
hr ]kfdaq]hb vhsghm sgd sq]mrhdms qdfhnm 𝑠 ≲ 𝑠𝑏 + vghkd sgd ]lokhstcd hr hmcdodmcdms ne 𝑊/+ vd
oqnonrd enq shldr 𝑠 ≫ 𝜎𝜃 sgd rb]khmf ]mr]sy

}𝑊/𝑠(⟩ ≃ 𝑏/𝑠
��/ 𝑒 /𝑠†𝑠𝑏( . &1-28(

vgdqd 𝑒 /𝜎( hr ] rb]khmf etmbshnm vhsg sgd oqnodqsx sg]s

𝑒 /𝜎( ∼


𝜎�𝛼/ enq 𝜎 ≫ 0.

bnmrs- enq 𝜎 ≲ 0.
&1-3/(

Sgd hmsdqldch]sd dwonmdms �/ ]mc sgd bndflbhdms 𝑏/ &sgd k]ssdq to sn rnld mtldqhb]k bnmrs]ms(
b]m mnv ad cdsdqlhmdc eqnl ]m ]rxlosnshb l]sbghmf ne Dp- &1-28( vhsg sgd knmf,shld dwoqdrrhnm
}𝑊𝑖/𝑠(⟩ ≃ 𝑏∞𝑊/ 𝑠

��∞ + vgdqd 𝑏∞ ]mc �∞ ]qd jmnvm eqnl ntq oqduhntr ]rxlosnshb b]kbtk]shnm+
Dpr- &1-07( ]mc &1-08(- Sghr fhudr ]s bqhshb]khsx

�/ ≠ 0 + 𝑐 � 0
�

. ]mc 𝑏/ ∝ 𝜅1

𝛽𝑗
𝐶/0�𝑐(†� . &1-30(

? rhlhk]q ]m]kxrhr b]m ad qdod]sdc enq sgd ny,bqhshb]k b]rd hm lncdk A+ xhdkchmf enq 𝜈 ≪ 𝑊/ ]
bqnrrnudq shld 𝑠𝑏 ∼ 𝑊1

/†/𝐶𝑞( vhsg hmsdqldch]sd dwonmdms ]mc oqnonqshnm]khsx e]bsnq

�/ ≠ 1 + 𝑐 � 0
1 . ]mc 𝑏/ ∝ 𝜅1𝐶

𝛽𝑗
/𝐶𝑞(�/𝑐+2(†1 . &1-31(

Hm Ehf- 1-5a vd okns sgd ]udq]fd onrhshnm ne sgd o]qshbkd hm sgd b]rd ne bqhshb]k lncdk ? &𝑐 ≠ 0( enq
sgqdd u]ktdr ne sgd hmhsh]k chrok]bdldms 𝑊/- Hm sgd l]hm okns vd nardqud sg]s sgd sgqdd btqudr
rg]qd sgd r]ld ]lokhstcd vhsghm sgd sq]mrhdms qdfhnm 𝜎𝜃 ≪ 𝑠 ≲ 𝑠𝑏 + vhsg 𝑠𝑏 adbnlhmf k]qfdq ]r
𝑊/ hr hmbqd]rdc- Hm sgd hmrds vd dwghahs sgd bnkk]ord ne sgd sgqdd btqudr ]bbnqchmf sn sgd rb]khmf
]mr]sy hm Dp- &1-28(+ vghbg b]m dpthu]kdmskx ad vqhssdm ]r }𝑊𝑖/𝑠(⟩ ≃ 𝑏/𝑠

�/
𝑏 𝑒1 /𝜎( tonm cdffmhmf

𝜎 ≠ 𝑠†𝑠𝑏 ]mc 𝑒1/𝜎( • 𝜎��/ 𝑒 /𝜎(- Oknsshmf 𝑠
��/
𝑏 }𝑊𝑖/𝑠(⟩ ur /𝑠†𝑠𝑏( rgnvr hmcddc sg]s ] rhmfkd btqud

𝑒1 /𝜎( vdkk cdrbqhadr sgd cxm]lhbr enq 𝑠 ≫ 𝜎𝜃-

1-3-1 Gnv sn Zlokhex sgd knmf,shld ZkfdaqZhb cdbZx

Gdqd vd ]ccqdrr sgd ptdrshnm ne gnv sn bnmsqnk sgd nudq]kk ]lokhstcd ne sgd ]kfdaq]hb cdb]x
oqdchbsdc enq sgd ]udq]fd o]qshbkd onrhshnm- Hmcddc+ ]ksgntfg ntq lncdk hr mns ld]ms sn cdrbqhad
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sgd cxm]lhbr ne ]m ]bst]k bnkknhc hm ] fithc+ hs rshkk l]jdr rdmrd sn bgdbj vgdsgdq hs vntkc ad
hm oqhmbhokd onrrhakd sn ]lokhex hs ]mc l]jd hs bnlo]q]akd vhsg sgd kdmfsg rb]kd ne sgd bnkknhc
q]chtr 𝑄- ? m]hud knnj ]s sgd ]rxlosnshb dwoqdrrhnmr hm Dpr- &1-08( ]mc &1-1/(+ vghbg ]qd khmd]q hm
𝑊/+ vntkc kd]c sn sgd &vqnmf( bnmbktrhnm sg]s sgd ]kfdaq]hb cdb]x b]m ad dmg]mbdc ax hmbqd]rhmf
𝑊/- Gnvdudq+ vd g]ud bgdbjdc hm Rdbshnm 1-3-0 sg]s sgd bqnrrnudq shld 𝑠𝑏 ]s vghbg sgd ]rxlosnshb
]kfdaq]hb cdb]x rs]qsr sn ad rddm hmbqd]rdr tonm hmbqd]rhmf 𝑊/- ?bbnqchmfkx+ nmd rgntkc adssdq
]rj9 gnv k]qfd hr sgd ]udq]fd onrhshnm ]s shld 𝑠𝑏 + vgdm sgd cdb]x ]rrtldr hsr ]rxlosnshb ]kfdaq]hb
enql; Hmsdqdrshmfkx+ oktffhmf sgd u]qhntr drshl]sdr enq 𝑠𝑏 fhudm hm Rdbshnm 1-3-0 hmsn Dpr- &1-08(
]mc &1-1/( kd]cr sn sgd r]ld dwoqdrrhnm enq sgd onrhshnm ]s sgd bqnrrnudq shld+ h-d-+

}𝑊/𝑠𝑏(⟩ ≠
𝜅1𝑏𝐶

𝑗𝛽
𝑊0�𝑐��

/ . &1-32(

vgdqd sgd mtldqhb]k bnmrs]ms 𝑏 hr dhsgdq 𝑏0 nq 𝑏1 enq sgd bqhshb]k nq ny,bqhshb]k b]rdr+ qdrodbshudkx-
Sghr dwoqdrrhnm sdkkr tr sg]s sgd noshl]k u]ktd ne 𝑊/ rgntkc ad bgnrdm ]r rl]kk ]r onrrhakd hm
nqcdq sn ]lokhex sgd dydbs+ ats rshkk rtflbhdmskx k]qfd rn ]r sn r]shrex sgd ]rrtloshnm 𝑠𝑏 < 𝜎𝜃
hmsqnctbdc hm Rdbshnm 1-3-0-

Vd mnv qdb]kk sg]s sgd bntokhmf o]q]ldsdq 𝜅 hr mns chldmrhnmkdrr &rdd Dp- &1-0/((+ rn sg]s sgd
mnshnm ne ’rl]kk 𝜅“ vd g]ud nesdm ]cnosdc hm sgd oqduhntr rdbshnmr g]r sn ad l]cd lnqd oqdbhrd-
Sn cn sghr+ vd mnv bgnnrd sn ld]rtqd kdmfsgr hm tmhsr ne sgd o]qshbkd q]chtr 𝑄- Sgd onrhshnm ]s
shld 𝑠𝑏 b]m sgdm ad bnmudmhdmskx dwoqdrrdc ]r1

}𝑊/𝑠𝑏(⟩ ≠ 𝑓1𝑄 /𝑊/†𝑄(0�𝑐�� . &1-33(

vgdqd sgd chldmrhnmkdrr bntokhmf 𝑓1 • 𝑏𝜅1𝐶†/𝑗𝛽𝑄𝑐+�( dldqfdr m]stq]kkx ]r sgd ]bst]k rl]kk
o]q]ldsdq enq ntq odqstqa]shud dwo]mrhnm hm Dp- &1-00(-

Hm ?oodmchw A-8 vd enbtr nm sgd b]rd ne sgd mnm,bqhshb]k lncdk A+ vghbg hr sgd bknrdrs sn
dwodqhldms]k qd]khy]shnmr ]lnmf sgd lncdkr vd bnmrhcdqdc hm sghr Bg]osdq- Bgnnrhmf enq sgd
u]qhntr o]q]ldsdqr ne sgd lncdk sgd sxohb]k u]ktdr bnqqdronmchmf sn dwodqhldmsr vhsg rhkhb]
o]qshbkdr hlldqrdc hm ahm]qx fithc lhwstqdr Z24+ 32[+ vd rgnv sg]s sgd ]lokhstcd ne sgd dydbs
vd oqdchbsdc hm Dp- &1-32( hr hm oqhmbhokd vdkk vhsghm sgd qd]bg ne chfhs]k uhcdn lhbqnrbnox-

1-3-2 : ghms Zs sgd kZqfd,𝜅 adgZuhnq

Sgd ]fqddldms adsvddm sgd odqstqa]shud rnktshnm hm Dp- &1-02( ]mc sgd mtldqhb]k rhltk]shnmr
itrshffdr sgd vd]j,bntokhmf ]ooqnwhl]shnm vd ]cnosdc sgqntfgnts sghr Bg]osdq+ ]mc dmrtqdr sg]s
sgd ghfgdq,nqcdq bnmsqhatshnmr sg]s vd g]ud rxrsdl]shb]kkx mdfkdbsdc cn mns adbnld hmbqd]rhmfkx
qdkdu]ms ]s knmf shldr+ ]s kd]rs ]r knmf ]r sgd bntokhmf bnmrs]ms 𝜅 hr rl]kk- Mnv vd b]m trd sgd
mtldqhb]k rhltk]shnm sn dwoknqd sgd qdfhld hm vghbg 𝜅 adbnldr k]qfdq- Vd vhkk bnmrhcdq enq
cdffmhsdmdrr sgd b]rd ne bqhshb]k lncdk A hm 𝑐 ≠ 0 ]mc bgnnrd u]ktdr ne sgd bntokhmf𝜅 ∈ )/.14�1.//[-
Vhsg sgd bgnhbd ne o]q]ldsdqr 𝑗 ≠ /.0 ]mc 𝐶+ 𝛽+ ]mc 𝑄 rds sn tmhsx+ sghr bnqqdronmcr sn s]jhmf
sgd chldmrhnmkdrr bntokhmf 𝑓 cdffmdc hm Rdbshnm 1-3-1 vhsghm sgd q]mfd 𝑓 ∈ )/.44 � 3.31[-

1?m toodq antmc nm sgd u]ktd ne 𝜅 b]m hm oqhmbhokd ad nas]hmdc ax qdpthqhmf }𝑊/𝑠𝑏(⟩ ≪ 𝑊/ eqnl Dp- &1-32(-
Gnvdudq+ sghr antmc hr fdmdq]kkx snn knnrd sn ad ne oq]bshb]k trd-
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&]( &a(

Ehftqd 1-69 �Z( Odqstqa]shud bnqqdbshnm sn sgd ]udq]fd onrhshnm }𝑊/𝑠(⟩ ctqhmf sgd qdk]w]shnm sn
dpthkhaqhtl hm 𝑐 ≠ 0 bqhshb]k lncdk A- Aktd cnsr qdoqdrdms sgd sgdnqdshb]k oqdchbshnm ne }𝑊/1(/𝑠(⟩
hm Dp- &1-02(+ vghkd vd oknssdc hm chydqdms rg]cdr ne qdc &]mc chydqdms c]rghmf( sgd pt]mshsx
) }𝑊⟩ � }𝑊//(⟩[†𝜅1 drshl]sdc hm mtldqhb]k rhltk]shnmr enq hmbqd]rhmf u]ktdr ne 𝜅 ∈ )/.14 � 1.//[+
eqnl khfgsdrs sn c]qjdrs &]mc eqnl rgnqsdrs sn knmfdrs c]rghmf(- Enq d]bg btqud vd rtasq]bsdc
eqnl sgd c]s] sgd otqdkx dwonmdmsh]k cdb]x ]mc chuhcdc ax𝜅1- Enq k]qfd u]ktdr ne𝜅+ nmd nardqudr
pt]khs]shudkx sgd r]ld onvdq,k]v cdb]x ]s knmf shldr+ vgnrd nmrds hr mnmdsgdkdrr cdk]xdc ]r
𝜅 hmbqd]rdr- �a( ?udq]fd o]qshbkd onrhshnm }𝑊/𝑠(⟩ ctqhmf hsr qdk]w]shnm sn dpthkhaqhtl hm 𝑐 ≠ 0
bqhshb]k lncdk A- Vd bgnrd ] k]qfd u]ktd ne sgd bntokhmf bnmrs]ms 𝜅+ vdkk adxnmc sgd odqstqa]shud
qdfhld vgdqd ]fqddldms hr nardqudc adsvddm rhltk]shnm c]s] ]mc ntq ]m]kxshb]k oqdchbshnm-
Gdqd sgd sgdnqdshb]k oqdchbshnm hmcddc e]hkr sn cdrbqhad dudm sgd pt]khs]shud adg]uhnq ne sgd
]udq]fd onrhshnm ]s rgnqs shldr &rdd l]hm sdws(- Hm sgd rhltk]shnm vd trdc 𝜅 ≠ 1- Hm ansg &]( ]mc
&a( vd bgnrd 𝑆 ≠ /+ 𝑗 ≠ /.0+ 𝑊/ ≠ 1+ Γ𝑠 ≠ /./0+ ]mc 𝐾 ≠ 017+ vghkd sgd o]q]ldsdqr 𝜇+ 𝐶+ 𝑄 vdqd
rds sn tmhsx-

Ehftqd 1-6] bnlo]qdr sgd oqdchbshnm hm Dp- &1-02( vhsg sgd bnqqdronmchmf sns]k bnqqdbshnm
sn sgd ]udq]fd onrhshnm+ hmbktchmf ghfgdq,nqcdqr+ vghbg vd b]m dwsq]bs eqnl sgd rhltk]shnm
c]s] ax rtasq]bshmf eqnl sgd ld]rtqdc sq]idbsnqx }𝑊/𝑠(⟩ sgd otqdkx dwonmdmsh]k cdb]x

}
𝑊//(/𝑠(

〈
oqdchbsdc ]s 𝒩

�
𝜅/( + ]mc sgdqdenqd chuhchmf ax𝜅1- Nmd nardqudr sg]s ]s knmf shldr sgd dwonmdms ne

sgd ]kfdaq]hb cdb]x cndr mns bg]mfd tonm hmbqd]rhmf 𝜅+ ats sgd ]lokhstcd oqdchbsdc ax Dp- &1-07(
]bpthqdr onrhshud bnqqdbshnmr bnlhmf eqnl ghfgdq,nqcdq bnmsqhatshnmr- Sgd shld ]s vghbg sgd
nmrds ne sgd onvdq,k]v adg]uhnq nbbtqr ]krn rghesr snv]qcr knmfdq shldr ]r sgd u]ktd ne𝜅 hmbqd]rdr-

? bnllnm ed]stqd hm ]kk sgd btqudr rgnvm hm Ehf- 1-6] hr sg]s sgd 𝒩
�
𝜅1( bnqqdbshnm+ vghbg

u]mhrgdr ]s 𝑠 ≠ /+ fqnvr to sn ] l]whltl u]ktd adenqd cdb]xhmf ]kfdaq]hb]kkx sn ydqn- Nmd
b]m dmuhrhnm sg]s+ enq k]qfd dmntfg 𝜅+ sgd bnqqdbshnm 𝜅1 }𝑊/1(/𝑠(⟩ vntkc adbnld k]qfdq sg]m sgd
kd]chmf sdql }𝑊//(/𝑠(⟩+ sgtr ]ydbshmf hsr lnmnsnmhb adg]uhnq- Ne bntqrd rtbg ] rbdm]qhn hr vdkk
adxnmc sgd qd]bg ne sgd ]rxlosnshb dwo]mrhnm hm Dp- &1-00(+ ]mc hm e]bs hs hr oqnudm vqnmf hm sgd
mtldqhb]k rhltk]shnmr odqenqldc ]s k]qfd 𝜅 vghbg vd qdonqs hm Ehf- 1-6a+ vgdqd ] bkd]q cdo]qstqd
eqnl sgd vd]j,bntokhmf oqdchbshnm hr nardqudc dudm ]s rgnqs shldr-

Hm o]rrhmf+ vd nardqud sg]s sgd hmhsh]k fqnvsg ne sgd bnqqdbshnm }𝑊/1(/𝑠(⟩ sn sgd ]udq]fd onrhshnm
rgnvm hm Ehf- 1-6] ]krn oqdrdmsr ]m ]kfdaq]hb adg]uhnq &]ksgntfg+ ne bntqrd+ sgd dydbs hr l]rjdc
ax sgd kd]chmf dwonmdmsh]k bnmsqhatshnm hm sghr rgnqs,shld qdfhld(- Gnvdudq+ sgd bg]q]bsdqhyhmf
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BG?OSDQ 1- QDK?W?SHNM HM ? MD?Q,BQHSHB?K DMUHQNMLDMS

dwonmdmsr ]qd entmc hm sghr b]rd sn cdodmc nm sgd rodbhffb bgnhbd ne sgd hmsdq]bshnm onsdmsh]k𝑈/w(+
vghkd sgdx ]qd hm fdmdq]k hmrdmrhshud sn sgd u]ktd ne 𝑞 pt]mshexhmf sgd chrs]mbd eqnl bqhshb]khsx-

1-4 RtllZqx ne sghr BgZosdq

Hm sghr Bg]osdq vd ]m]kxydc sgd qdk]w]shnm snv]qcr dpthkhaqhtl ne ] o]qshbkd khmd]qkx bntokdc
sn ] rb]k]q F]trrh]m ffdkc+ ansg enkknvhmf ] rsnbg]rshb dunktshnm vghbg r]shrffdr cds]hkdc a]k]mbd-
Vnqjhmf vhsghm ] vd]j,bntokhmf dwo]mrhnm+ vd g]ud rgnvm sg]s+ ctd sn sgd bntokhmf vhsg sgd
ffdkc+ sgd ]udq]fd onrhshnm ne sgd o]qshbkd chrok]xr ]m ]kfdaq]hb cdb]x ]s knmf shldr &rdd Dpr- &1-05(
]mc &1-06(( he sgd ffdkc hr bknrd sn hsr atkj bqhshb]k onhms &rdd Ehf- 1-1(+ ]mc ]krn e]q eqnl bqhshb]khsx enq
] bnmrdqudc ffdkc cxm]lhbr &lncdk A(- ?s bqhshb]khsx+ vd qdk]sdc sgdrd cdb]x dwonmdmsr vhsg sgd
cxm]lhb]k bqhshb]k dwonmdms � ne sgd tmcdqkxhmf F]trrh]m cxm]lhb]k ffdkc sgdnqx+ rdd Dp- &1-08(-
Sgdrd dwonmdmsr dwghahs ] bdqs]hm cdfqdd ne tmhudqr]khsx+ hm sgd rdmrd sg]s sgdx cdodmc nmkx nm sgd
ro]sh]k chldmrhnm]khsx ne sgd rxrsdl ats mns nm sgd rodbhffb enql ne sgd bntokhmf onsdmsh]k adsvddm
sgd ffdkc ]mc sgd o]qshbkd+ oqnuhcdc sg]s hs hr khmd]q ]mc sq]mrk]shnm]kkx hmu]qh]ms- Vd rtoonqsdc
sgdrd oqdchbshnmr adxnmc sgd odqstqa]shud ]ooqnwhl]shnm sgqntfg mtldqhb]k hmsdfq]shnm ne sgd
K]mfduhm dpt]shnmr ne lnshnm+ ]r rgnvm hm Ehfr- 1-4 ]mc 1-5-

Hm sgd ]ch]a]shb khlhs+ vd cdqhudc ]m dydbshud Enjjdq,Ok]mbj dpt]shnm enq sgd o]qshbkd ax
hmsdfq]shmf nts sgd ffdkc cdfqddr ne eqddcnl eqnl sgd bntokdc dpt]shnmr ne lnshnm: sgdm vd
trdc hs hm nqcdq sn nas]hm ]m ]ch]a]shb ]ooqnwhl]shnm ne hsr qdk]w]shnm snv]qcr dpthkhaqhtl- Sgd
l]sbghmf ne sgd ]ch]a]shb rnktshnm vhsg sg]s nas]hmdc uh] sgd vd]j,bntokhmf ]ooqnwhl]shnm hr
nmkx onrrhakd enq] chrrho]shudffdkc cxm]lhbr &lncdk ?(+ ]mc rtflbhdmskx e]q eqnl bqhshb]khsx rn sg]s
𝜎𝜏 ≪ 𝜎𝜃 – adhmf 𝜎𝜏 ]mc 𝜎𝜃 sgd qdk]w]shnm shldrb]kdr ne sgd mnmhmsdq]bshmfffdkc ]mc ne sgd o]qshbkd+
qdrodbshudkx &rdd Dpr- &0-14( ]mc &0-01((- Hm o]qshbtk]q+ rhmbd 𝜎𝜏 b]m adbnld ]qahsq]qhkx k]qfd ]s sgd
bqhshb]k onhms ctd sn sgd oqdrdmbd ne knmf,v]udkdmfsg lncdr+ sgd ]ch]a]shb ]ooqnwhl]shnm b]m
mdudq ad ]ookhdc enq ] bqhshb]k ffdkc hm sgd atkj+ ]r hs v]r gdtqhrshb]kkx dwodbsdc- Lnqdnudq+ hm sgd
b]rd ne ] bnmrdqudc ffdkc cxm]lhbr &lncdk A( sgd ]ch]a]shb ]ooqnwhl]shnm e]hkr ]krn ]v]x eqnl
bqhshb]khsx+ adb]trd ne sgd oqdrdmbd ne rtbg rknv lncdr enq ]mx u]ktd ne sgd o]q]ldsdq 𝑞-

Ehm]kkx vd rgnvdc sg]s+ ax bgnnrhmf ] rtflbhdmskx k]qfd u]ktd ne sgd hmhsh]k chrok]bdldms 𝑊/+
] sq]mrhdms ]kfdaq]hb qdfhld hr nardqudc hm sgd ]udq]fd onrhshnm ne sgd o]qshbkd- Sghr vntkc ad
dmshqdkx lhrrdc he nmd g]c ]cnosdc ] khmd]q qdronmrd ]m]kxrhr+ vghkd hs hr bnqqdbskx cdrbqhadc
ax ntq odqstqa]shud oqdchbshnm hm Dp- &1-02(- Sgd l]hm ed]stqdr ne sghr hmsdqldch]sd qdfhld ]qd
dmbncdc hm sgd rb]khmf enql vd oqnonrdc hm Dp- &1-28(-

Vd dlog]rhyd sg]s sgd bnmbktrhnmr vd qd]bgdc hm sghr Bg]osdq ]qd hm oqhmbhokd pt]khs]shudkx
sdrs]akd vhsg btqqdmskx ]u]hk]akd dwodqhldms]k rdstor+ enq hmrs]mbd ax lhbqnrbnohb nardqu]shnm
ne rhkhb] o]qshbkdr sq]oodc ax noshb]k svddydqr ]mc hlldqrdc hm ] ahm]qx khpthc lhwstqd bknrd sn
sgd bqhshb]k onhms ne hsr cdlhwhmf sq]mrhshnm Z24+ 25[-

? ptdrshnm vd kdes nodm hm sghr Bg]osdq hr vgdsgdq sgd hmbktrhnm hm sgd G]lhksnmh]m ne
]cchshnm]k sdqlr vghbg ]qd mnmkhmd]q hm sgd ffdkc 𝜏 l]x g]ud ]m dydbs nm sgd cdb]x dwonmdmsr
ne sgd ]udq]fd o]qshbkd onrhshnm- Vd dwodbs sgd k]ssdq sn cdodmc hm fdmdq]k nm sgd rs]shb ]mc
cxm]lhb tmhudqr]khsx bk]rrdr ne sgd atkj ffdkc G]lhksnmh]m+ rn sg]s ]cchshnm]k sdqlr hmunkuhmf
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1-4- RTLL?QX NE SGHR BG?OSDQ

𝜏 &ats mns W( rgntkc ok]x ] qnkd vgdmdudq sgdx ]qd qdkdu]ms hm sgd qdmnql]khy]shnm fqnto rdmrd-
Nm sgd nsgdq g]mc+ mnmkhmd]q bntokhmfr rtbg ]r ∼ 𝜏2/w(𝑈/w�W( &vghbg g]ud sgd r]ld rxlldsqx
]r sgnrd bnmrhcdqdc hm sghr Bg]osdq( l]x stqm nts sn oqnuhcd rtakd]chmf bnmsqhatshnmr ]s knmf
shldr- U]qhntr qdk]sdc oqnakdlr b]m ad ]ccqdrrdc vhsghm sghr lncdk+ ]mc rnld ne sgdl vhkk ad
dwoknqdc hm sgd enkknvhmf Bg]osdqr- Rnld etstqd odqrodbshudr vhkk hmrsd]c ad hkktrsq]sdc hm sgd
Bnmbktrhnmr-
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Monequilibrium field ,medi•ted
inter•ctions

Naidbsr hlldqrdc hm ] fitbst]shmf ldchtl dwodqhdmbd hmctbdc hmsdq]bshnmr ctd sn sgd bnmrsq]hmsr
sgdx hlonrd nm hsr fitbst]shmf lncdr- ?lnmf sgdrd hmsdq]bshnmr Z28+ 30+ 75–8/[ ]qd sgd bqhshb]k
B]rhlhq enqbdr Z3/+ 31–33+ 80[ nardqudc hm bk]rrhb]k rxrsdlr bknrd sn sgd bqhshb]k onhms ne ] rdbnmc,
nqcdq og]rd sq]mrhshnm9 sgdx ]qd sgd sgdql]k ]mc bk]rrhb]k bntmsdqo]qs ne sgd vdkk,jmnvm B]rhlhq
dydbs hm pt]mstl dkdbsqncxm]lhbr Z28[- Bnlo]qdc sn nsgdq dydbshud enqbdr ]bshmf+ d-f-+ hm rnes
l]ssdq ]mc bnkknhc]k chrodqrhnmr+ bqhshb]k B]rhlhq enqbdr ]qd bg]q]bsdqhydc ax ] q]mfd vghbg b]m
ad bnmudmhdmskx bnmsqnkkdc ax ]bshmf nm sgd sgdqlncxm]lhb chrs]mbd eqnl sgd bqhshb]k onhms Z32[-
Dudm vgdm fitbst]shnmr ]qd mdfkhfhakd+ o]qshbkdr cdenqlhmf ] bnqqdk]sdc dk]rshb ldchtl rshkk
dwodqhdmbd ffdkc,ldch]sdc hmsdq]bshnmr Z81+ 82[-

Sgd rs]shb oqnodqshdr ne sgdrd enqbdr hm dpthkhaqhtl ]qd ax mnv vhcdkx tmcdqrsnnc hm sdqlr
ne sgd eqdd dmdqfx ne sgd rxrsdl+ ]mc ne hsr cdodmcdmbd nm sgd rdo]q]shnm adsvddm sgd bnmffmhmf
rtqe]bdr Z3/–31[- Gnvdudq+ sghr eq]ldvnqj hr fdmdq]kkx tm]akd sn cdrbqhad sgd enqbdr ]qhrhmf hm
mnmdpthkhaqhtl bnmchshnmr+ rtbg ]r sgnrd cdsdqlhmdc ax ] lnuhmf naidbs &ats ]krn ax sdlodq]stqd
fq]chdmsr Z83[+ nq hm ]bshud rxrsdlr Z84–87[(- Hm nqcdq sn bhqbtludms sgd chflbtkshdr sg]s ]qhrd
vgdm hlonrhmf antmc]qx bnmchshnmr nm lnuhmf rtqe]bdr+ nmd b]m ]ksdqm]shudkx hmsqnctbd hm sgd
sns]k G]lhksnmh]m ne sgd rxrsdl rnld rths]akd hmsdq]bshnm onsdmsh]kr adsvddm sgd ffdkc ]mc sgd
hmbktcdc naidbsr9 ]bst]k antmc]qx bnmchshnmr lhfgs ad dudmst]kkx qdbnudqdc hm sgd enql]k khlhs
hm vghbg sgd hmsdq]bshnm rsqdmfsg adbnldr hmffmhsd Z88–0/0[- Sghr ]ooqn]bg hr o]qshbtk]qkx rthsdc
enq rstcxhmf sgd dydbsr ne antmc]qx bnmchshnmr hlonrdc nm q]mcnlkx fitbst]shmf rtqe]bdr+ rtbg
]r sgnrd ne Aqnvmh]m o]qshbkdr hmsdq]bshmf vhsg ] bnqqdk]sdc ldchtl Z82+ 0/1[-

?r hm sgd oqduhntr Bg]osdq+ gdqd vd ]qd o]qshbtk]qkx hmsdqdrsdc hm sgd b]rd hm vghbg sgd
ldchtl tmcdq bnmrhcdq]shnm hr ] fithc md]q ] bqhshb]k onhms+ vghbg chrok]xr knmf,q]mfd ro]sh]k
bnqqdk]shnmr ]mc knmf qdk]w]shnm shldr- Hm sghr Bg]osdq vd sgtr rstcx sgd cxm]lhbr ne svn oqnad
o]qshbkdr+ sq]oodc ]mc jdos ]s ] bdqs]hm chrs]mbd ax svn bnmffmhmf g]qlnmhb onsdmsh]kr+ ]mc hm
bnms]bs vhsg ] fitbst]shmf ldchtl bknrd sn sgd atkj bqhshb]k onhms ne ] bnmshmtntr og]rd sq]mrhshnm-
?r hm Bg]osdq 1+ vd bg]q]bsdqhyd sgd ldchtl ax ] rb]k]q nqcdq o]q]ldsdq 𝜏/w. 𝑠( rtaidbs sn ]
chrrho]shud nq bnmrdqudc qdk]w]shnm]k cxm]lhbr+ vghkd vd mdfkdbs gxcqncxm]lhb dydbsr- Sgd svn
nudqc]lodc Aqnvmh]m o]qshbkdr ]qd sgdm l]cd sn hmsdq]bs vhsg sgd rb]k]qffdkc uh] ] sq]mrk]shnm]kkx
hmu]qh]ms khmd]q bntokhmf- Rhmbd sghr bntokhmf ]ood]qr hm sgd rxrsdl G]lhksnmh]m+ sgd o]qshbkdr
]mc sgd ffdkc ]ydbs d]bg nsgdq cxm]lhb]kkx ]knmf sgdhq rsnbg]rshb dunktshnm+ hm rtbg ] v]x sg]s
cds]hkdc a]k]mbd gnkcr ]s ]kk shldr-
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BG?OSDQ 2- MNMDPTHKHAQHTL EHDKC,LDCH?SDC HMSDQ?BSHNMR

? qdbdms dwodqhldms Z24[ qdonqsdc sgd nardqu]shnm ne ] sdlodq]stqd,bnmsqnkkdc rxmbgqnmhy],
shnm ne sgd lnshnm ne svn bnkknhc]k o]qshbkdr hlldqrdc hm ] ahm]qx khpthc lhwstqd bknrd sn sgd
bqhshb]k onhms ne hsr cdlhwhmf sq]mrhshnm- Hm o]qshbtk]q+ sgd svn bnkknhcr vdqd sq]oodc ax svn nosh,
b]k svddydqr+ ]mc sgdhq chrs]mbd v]r odqhnchb]kkx lnctk]sdc ax ro]sh]kkx lnuhmf nmd ne sgd svn
sq]or9 sgd rxmbgqnmhy]shnm sgdm nbbtqqdc tonm ]ooqn]bghmf sgd bqhshb]k sdlodq]stqd ne sgd fithc-
Rhmbd sgd dkdbsqnrs]shb ]mc gxcqncxm]lhb enqbdr ]bshmf nm sgd rxrsdl stqmdc nts sn ad hmrdmrhshud
sn hsr bqhshb]k rs]sd+ sgdx bntkc mns ad qdronmrhakd enq sgd nardqudc rxmbgqnmhy]shnm- Sgdrd qdrtksr
vdqd sgdm dwok]hmdc hm sdqlr ne sgd hmrs]ms]mdntr ]bshnm ne sgd rs]shb bqhshb]k B]rhlhq enqbd ]qhr,
hmf adsvddm sgd svn bnkknhcr ]s dpthkhaqhtl &h-d-+ sgd nmd bnlotsdc eqnl sgd dpthkhaqhtl enqbd
vhsghm sgd Cdqi]fthm ]ooqnwhl]shnm Z22+ 0/2[(-

Lnshu]sdc ax sghr dwodqhldms]k rstcx+ vd ]hl gdqd ]s hmudrshf]shmf sgd onrrhakd dldqfdmbd
ne sghr adg]uhntq hm ntq lhmhl]k lncdk+ ]mc gnv hs hr ]ydbsdc ax sgd onrrhakd qds]qc]shnm hm
sgd ’oqno]f]shnm“ ne sgd enqbd Z0/1[- Hm o]qshbtk]q+ vd ]m]kxyd sgd rhlokd rdsto hm vghbg sgd
bdmsdq ne nmd ne sgd svn g]qlnmhb sq]or hr cqhudm odqhnchb]kkx vhsg ] stm]akd eqdptdmbx Ψ+ rn sg]s
sgd rxrsdl dudmst]kkx qd]bgdr ] mnmdpthkhaqhtl odqhnchb rs]sd- Ntq ]m]kxrhr enkknvr sgd r]ld
khmdr ]r hm sgd oqduhntr Bg]osdq- Vnqjhmf vhsghm ] vd]j,bntokhmf dwo]mrhnm+ vd ffqrs cdqhud ]
l]rsdq dpt]shnm vghbg etkkx cdrbqhadr sgd lnshnm ne sgd o]qshbkd hm sgd ro]sh]kkx ffwdc sq]o- Vd
sgdm nas]hm+ hm sgd ]ch]a]shb khlhs+ ]m dydbshud K]mfduhm dpt]shnm enq hsr lnshnm ax hmsdfq]shmf
nts sgd ffdkc cdfqddr ne eqddcnl- ?r vd rsqdrrdc hm Bg]osdq 1+ tonm ]ooqn]bghmf bqhshb]khsx sgd
qdk]w]shnm shldrb]kd ne sgd ffdkc fqnvr hmbqd]rhmfkx k]qfd+ sgtr tmcdqlhmhmf sgd ]rrtloshnm
ne e]rs qdk]w]shnm vghbg sgd oqduhntr ]ch]a]shb ]ooqnwhl]shnm rbgdld ghmfdr nm- ?bbnqchmfkx+
vd ffqrs ]m]kxyd sgd cxm]lhbr hm sgd vd]j,bntokhmf ]ooqnwhl]shnm ]mc sgdm bnlo]qd hs sn sgd
]ch]a]shb rnktshnm+ sgtr cdsdqlhmhmf sgd khlhsr ne u]khchsx ne sgd k]ssdq ]mc bg]q]bsdqhyhmf sgd
cxm]lhb]k oqnodqshdr ne sgd enqldq-

Sgd qdrs ne sgd oqdrdms]shnm hr nqf]mhydc ]r enkknvr- Hm Rdbshnm 2-0 vd hmsqnctbd sgd lncdk ]mc
sgd mns]shnm- Hm Rdbshnm 2-1 vd rstcx+ vhsghm ] vd]j,bntokhmf dwo]mrhnm+ sgd hmctbdc lnshnm ne
nmd ne sgd sq]oodc o]qshbkdr vgdm sgd nsgdq o]qshbkd hr enqbdc odqhnchb]kkx+ vghkd hm Rdbshnm 2-2 vd
rstcx sgd r]ld pt]mshsx ats vhsghm sgd ]ch]a]shb ]ooqnwhl]shnm- Hm Rdbshnm 2-3 vd bg]q]bsdqhyd
sgd vd]j,bntokhmf rnktshnm ]mc bnlo]qd hs vhsg sn ]ch]a]shb ]ooqnwhl]shnm: ] bnlo]qhrnm vhsg
mtldqhb]k rhltk]shnmr hr oqdrdmsdc hm Rdbshnm 2-4- Hm Rdbshnm 2-5 vd dwsdmc ntq eq]ldvnqj sn
sgd b]rd hm vghbg lnqd sg]m svn o]qshbkdr ]qd hlldqrdc hm sgd ffdkc- Vd ffm]kkx rtll]qhyd ntq
qdrtksr hm Rdbshnm 2-6-

Sgd bnmsdms ne sghr Bg]osdq g]r addm otakhrgdc ]r ’C- Udmstqdkkh ]mc ?- F]la]rrh+ Hmctbhmf
nrbhkkUshnmr ne sqUoodc oUqshbkdr hm U mdUq,bqhshbUk FUtrrhUm ffdkc+ Ogxr- Qdu- D 0.5+ /33001 &1/11(“ Z0/3[-

2-0 Sgd lncdk

Sgd rxrsdl bnlonrdc ax sgd svn o]qshbkdr ]mc sgd ffdkc bnmrhcdqdc hm sghr Bg]osdq hr cdrbqhadc
ax sgd G]lhksnmh]m

ℋ ≠ ℋ𝜏 +𝒯� +𝒯𝑥 +ℋhms . &2-0(
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2-0- SGD LNCDK

Ehftqd 2-09 Svn o]qshbkdr ne q]chtr 𝑄 &aktd ]mc qdc rogdqdr( ]qd sq]oodc hm svn chrshmbs g]qlnmhb
onsdmsh]kr ro]bdc ]o]qs ax ] chrs]mbd Γ ≫ 𝑄- Sgd o]qshbkdr ]qd hlldqrdc hm ] ldchtl &fqdx
a]bjfqntmc( qdoqdrdmsdc gdqd ax ] rb]k]q F]trrh]m ffdkc &rdd G]lhksnmh]m hm Dp- &2-0((+ ]mc sgdx
hmsdq]bs vhsg hs- Sgd bdmsqd ne sgd sq]o bnms]hmhmf sgd o]qshbkd Y hr cqhudm odqhnchb]kkx hm shld
]bbnqchmf sn Dp- &2-01(+ vhsg ] cqhuhmf ]lokhstcd ℓ ≪ Γ-

]mc hs hr rbgdl]shb]kkx qdoqdrdmsdc hm Ehf- 2-0- Ehqrs+ sgd ldchtl hr lncdkdc ax ] rb]k]q F]trrh]m
ffdkc 𝜏/w. 𝑠( hm 𝑐 ro]sh]k chldmrhnmr+ ]r hm Bg]osdq 1+ vhsg sgd G]lhksnmh]m ℋ𝜏 fhudm hm Dp- &0-05(-
Sgd sdqlr

𝒯𝑥/X( ≠
𝜃𝑥

1 |X|1 ]mc 𝒯�/Y( ≠
𝜃�

1 |Y � y𝐸/𝑠(|1 &2-1(

hm Dp- &2-0( qdoqdrdms svn bnmffmhmf g]qlnmhb onsdmsh]kr vhsg dk]rshb bnmrs]msr 𝜃𝑥 ]mc 𝜃� enq
sgd svn o]qshbkdr- Sgd 𝑐,chldmrhnm]k udbsnqr X ]mc Y cdmnsd sgd onrhshnm ne sgd bdmsdqr ne sgd
o]qshbkdr: vd vhkk rnldshldr qdedq sn sgdl bnkkdbshudkx ]r W𝑍 + vhsg 𝑍 ≠ 𝑥 . �- Sgd onrhshnm ne sgd
bdmsdq ne sgd rdbnmc sq]o hr dwsdqm]kkx bnmsqnkkdc ]mc hr fhudm ax y𝐸/𝑠(-

Ehm]kkx+ sgd hmsdq]bshnm sdql hm Dp- &2-0( hr fhudm ax

ℋhms
)
𝜏.X.Y

[
≠ �𝜅

∫
c𝑐𝑤 𝜏/w()𝑈 /�(/w � Y( +𝑈 /𝑥(/w � X([. &2-2(

fdmdq]khyhmf sgd nmd hm Dp- &1-2( sn sgd b]rd ne svn o]qshbkdr- Hm sgd enkknvhmf+ vd vhkk lnrskx
bgnnrd enq sgd rg]od etmbshnmr 𝑈 /�( ]mc 𝑈 /𝑥( ] F]trrh]m vhsg u]qh]mbd 𝑄 &rdd Dp- &1-3((+ sgd k]ssdq
qdoqdrdmshmf sgd ’q]chtr“ ne ansg o]qshbkdr-

Sgd ffdkc hr ]rrtldc sn dunkud ]bbnqchmf sn ] qdk]w]shnm]k cxm]lhbr Z48[ hmunkuhmf sgd G]lhk,
snmh]m hm Dp- &2-0(9

𝜑𝑠𝜏/w. 𝑠( ≠ �𝐶/ℎ·(�
𝛾ℋ

𝛾𝜏/w. 𝑠( + 𝜁/w. 𝑠( ≠ �𝐶/ℎ·(�
)
/𝑞 � ∇1(𝜏 � 𝜅

∑
𝑍

𝑈 /𝑍(/w � W𝑍/𝑠((
[
+ 𝜁. &2-3(

nq dpthu]kdmskx hm Entqhdq ro]bd

𝜏̄p ≠ ��𝑝𝜏p + 𝜅𝐶𝑝�
∑
𝑍

𝑈
/𝑍(
𝑝 𝑑�ℎp·W𝑍 + 𝜁p . &2-4(

vgdqd �𝑝 v]r hmsqnctbdc hm Dp- &0-14(+ ]mc vhsg sgd u]qh]mbd ne sgd mnhrd 𝜁 fhudm hm Dpr- &0-06(
]mc &0-13(- Sgd svn o]qshbkdr dunkud hmrsd]c ]bbnqchmf sn sgd nudqc]lodc K]mfduhm dpt]shnmr

X̄/𝑠( ≠ �𝜇𝑥·𝑋ℋ + 𝝁/𝑥(/𝑠( ≠ �𝛽𝑥X + 𝜅𝜇𝑥e𝑥 + 𝝁/𝑥( . &2-5(

vgdqd vd hmsqnctbdc 𝛽𝑥 • 𝜇𝑥𝜃𝑥 + ]mc

Ȳ/𝑠( ≠ �𝜇�·𝑌ℋ + 𝝁/�(/𝑠( ≠ �𝛽� )Y � y𝐸/𝑠([ + 𝜅𝜇�e� + 𝝁/�(. &2-6(
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Sgd bnmrs]msr 𝜇𝑍 cdmnsd sgd lnahkhshdr ne sgd svn o]qshbkdr+ vghkd sgd enqbd e𝑍 nm d]bg o]qshbkd hr
fhudm ax sgd fq]chdms ne sgd hmsdq]bshnm onsdmsh]k

e𝑍/W𝑍 . 𝜏: 𝑠( • ∇𝑊𝑍

∫
c𝑐𝑤 𝜏/w(𝑈𝑍/w � W𝑍/𝑠(( ≠

∫ c𝑐𝑝

/1𝜉(𝑐
ℎp𝑈 /𝑍(

�𝑝 𝜏p/𝑠(𝑑 ℎp·W𝑍/𝑠(. &2-7(

Ansg o]qshbkdr ]qd ]rrtldc sn ad hm bnms]bs vhsg ] sgdql]k a]sg ]s sgd r]ld sdlodq]stqd 𝑆 ]r sgd
ffdkc+ rn sg]s 𝝁/𝑍(/𝑠( ]qd ]krn F]trrh]m tmbnqqdk]sdc vghsd mnhrdr r]shrexhmf sgd Dhmrsdhm qdk]shnm

}𝜈/𝑍(
ℎ
/𝑠(𝜈/𝑎(

𝑖
/𝑠′(⟩ ≠ 1𝜇𝑍𝑆𝛾𝑍𝑎𝛾ℎ 𝑖𝛾/𝑠 � 𝑠′(. &2-8(

Mnsd sg]s+ vhsg sghr bgnhbd ne u]qh]mbdr enq 𝜁 ]mc 𝝁/𝑍(+ nmd dwodbsr sgd rxrsdl sn qdk]w sn ] Fhaar
rs]sd vhsg sgd sns]k G]lhksnmh]m fhudm hm Dp- &2-0(+ h-d-+

𝒪dp)𝜏.X.Y[ ∝ 𝑑�𝛼ℋ)𝜏.X.Y[. &2-0/(

Ax rdsshmf 𝜅 ≠ /+ vd nas]hm sgqdd mnm,hmsdq]bshmf rsnbg]rshb oqnbdrrdr vgnrd dunktshnm v]r
rtll]qhydc hm Rdbshnm 0-0: sgdx ]qd bg]q]bsdqhydc ax sgd qdk]w]shnm shldrb]kdr

𝜎�0
𝑍 ≠ 𝜇𝑍 𝑗𝑍 • 𝛽𝑍 . vhsg 𝑍 ∈ {𝑥 . �{. &2-00(

]mc 𝜎𝜏/𝑝( fhudm hm Dp- &0-14(-
Hm sgd enkknvhmf+ vd vhkk ad hmsdqdrsdc hm sgd mnmdpthkhaqhtl odqhnchb rs]sd ]ss]hmdc ]s knmf

shldr ax sgd rxrsdl vgdm vd ]ookx ]m dwsdqm]k odqhnchb enqbhmf sn sgd bdmsdqy𝐸/𝑠( ne sgd g]qlnmhb
sq]o ne sgd rdbnmc o]qshbkd9

y𝐸/𝑠( ≠ ö +: rhm/Ψ𝑠(. &2-01(

Gdqd � qdoqdrdmsr sgd ]udq]fd rdo]q]shnm adsvddm sgd svn sq]or+ ]r cdohbsdc hm Ehf- 2-0- Vgdm
mns rodbhffb]kkx hmsdqdrsdc hm sgd lnshnm ne sgd bdmsdq Y/𝑠( ne sgd cqhudm o]qshbkd+ vd vhkk nesdm
]cnos sgd cdsdqlhmhrshb khlhs 𝜃� → ∞ hm vghbg sgd o]qshbkd enkknvr sgd lnshnm ne sgd sq]o vhsg
mn cdk]x ]mc mn fitbst]shnmr+ h-d-+ vhsg Y/𝑠( ≠ y𝐸/𝑠( &rdd ]krn ?oodmchw B-0(-

2-1 VdZi,bntokhmf ZooqnwhlZshnm

Sgd bntokdc mnmkhmd]q dpt]shnmr &2-3(+ &2-5( ]mc &2-6( enq sgd ffdkc ]mc sgd svn o]qshbkdr cn mns
kdmc sgdlrdkudr sn ]m ]m]kxshb rnktshnm- Vd vhkk sgdm qdrnqs sn ] odqstqa]shud dwo]mrhnm ne sgd
dpt]shnmr ne lnshnm hm onvdqr ne sgd bntokhmf bnmrs]ms 𝜅+ ]mc b]kbtk]sd sgd qdkdu]ms nardqu]akdr
]s sgd knvdrs mnmsqhuh]k nqcdq hm sghr o]q]ldsdq- Nmd v]x sn oqnbddc &vghbg g]r addm rtbbdrretkkx
otqrtdc hm Qder- Z7/+ 70[ hm sgd b]rd ne ] rhmfkd o]qshbkd+ rdd Bg]osdq 1( hr sn enql]kkx dwo]mc sgd
ffdkc ]mc sgd o]qshbkd bnnqchm]sdr hm ] rdqhdr enq rl]kk𝜅+ ]r hm Dp- &1-00(- Nmd sgdm rtarshstsdr sgdrd
dwo]mrhnmr hmsn sgd dpt]shnmr ne lnshnm enq sgd ffdkc ]mc sgd o]qshbkdr+ ]mc bnlotsdr sgd cdrhqdc
nardqu]akdr nqcdq ax nqcdq hm 𝜅: vd enkknv sghr ]ooqn]bg hm ?oodmchw A ne Qde- Z0/3[+ ]mc cdqhud
sgd ]udq]fd onrhshnm }X/𝑠(⟩ enq sgd r]jd ne hkktrsq]shnm- Gnvdudq+ rhmbd vd ]qd l]hmkx hmsdqdrsdc hm
sgd mnmdpthkhaqhtl odqhnchb rs]sd ]ss]hmdc ax sgd rxrsdl ]s knmf shldr vgdm sgd o]qshbkd cdmnsdc
ax Y hr rtaidbs sn ] odqhnchb dwsdqm]k cqhuhmf+ hs vhkk ad bnmudmhdms sn vnqj+ hmrsd]c+ ]s sgd kdudk

3/



2-1- VD?J,BNTOKHMF ?OOQNWHL?SHNM

ne ] l]rsdq dpt]shnm9 sghr vhkk l]jd hs d]rhdq sn hcdmshex sq]mrhdms sdqlr vghbg ok]x mn qnkd hm
sgd odqhnchb rs]sd+ ]mc b]kbtk]shnmr vhkk rhlokhex rhfmhffb]mskx- Lnqdnudq+ he nmd hr ]akd sn cdqhud
]m dunktshnm dpt]shnm enq sgd nmd,onhms oqna]ahkhsx chrsqhatshnm 𝑂0/x. 𝑠(+ sgdm sgd dwodbs]shnm
u]ktd ne ]mx nmd,shld nardqu]akd &d-f-+ sgd u]qh]mbd( b]m ad bnlotsdc rsq]hfgsenqv]qckx ]mc
vhsgnts qdpthqhmf sgd b]kbtk]shnm ne sgd bnqqdronmchmf odqstqa]shud rdqhdr- Vghkd nmd fdmdqhb]kkx
dwodbsr sgd dydbshud cxm]lhbr ne sgd o]qshbkd sn ad mnm,L]qjnuh]m+ ]mc sgdqdenqd mns mdbdrr]qhkx
b]ostqdc ax ] l]rsdq dpt]shnm enq 𝑂0/x. 𝑠(+ vd vhkk rdd adknv sg]s sghr cdrbqhoshnm hr gnvdudq
uh]akd vhsghm sgd vd]j,bntokhmf ]ooqnwhl]shnm-

2-1-0 LZrsdq dptZshnm

Gdqd vd cdqhud ] l]rsdq dpt]shnm enq sgd oqna]ahkhsx cdmrhsx etmbshnm ne sgd onrhshnm X/𝑠(vghbg
hr u]khc to sn 𝒩

�
𝜅1( - Sn sghr ]hl+ vd rs]qs eqnl sgd K]mfduhm dpt]shnm &2-4( enq sgd ffdkc- Trhmf

sgd qdronmrd oqno]f]snq ne sgd eqdd ffdkc fhudm hm Dp- &0-16(+ vd b]m rnkud enq 𝜏p/𝑠( hm Dp- &2-4( ]r

𝜏p/𝑠( ≠
∫ 𝑠

𝑠/

c𝑟 𝐹𝑝/𝑠 � 𝑟(
)
𝜅𝐶𝑝�

∑
𝑍

𝑈
/𝑍(
𝑝 𝑑�ℎp·W𝑍/𝑟( + 𝜁p/𝑟(

[
. &2-02(

vgdqd vd rds sgd hmhsh]k bnmchshnm 𝜏p/𝑠 ≠ 𝑠/( ≠ / enq rhlokhbhsx+ ]r vd ]qd hmsdqdrsdc hm sgd
knmf,shld oqnodqshdr ne sgd rxrsdl- Rtarshstshmf Dp- &2-02( hmsn Dp- &2-5(+ vd nas]hm ]m dydbshud
K]mfduhm dpt]shnm enq sgd onrhshnm X/𝑠( ne sgd o]qshbkd lnuhmf hm sgd ffwdc g]qlnmhb sq]o- ?
l]rsdq dpt]shnm enq sgd ]rrnbh]sdc oqna]ahkhsx chrsqhatshnm 𝑂0/x. 𝑠( b]m sgdm ad cdqhudc eqnl
hsr udqx cdffmhshnm 𝑂0/x. 𝑠( ≠ }𝛾/x � X/𝑠((⟩+ vgdqd sgd ]udq]fd hr tmcdqrsnnc nudq ]kk onrrhakd
qd]khy]shnmr ne sgd rsnbg]rshb mnhrdr 𝜁p/𝑠( ]mc 𝝁/𝑥 .�(/𝑠(- Sgd dpt]shnm hr enql]kkx nas]hmdc ]r

𝜑𝑠𝑂0/x. 𝑠( ≠ �·x ·
}
𝛾/x � X/𝑠((X̄/𝑠(

〈
. &2-03(

]mc ax rtarshstshmf X̄/𝑠( eqnl sgd dydbshud K]mfduhm dpt]shnm &2-5( hm vghbg 𝜏/w. 𝑠( g]r addm
qdok]bdc ax Dp- &2-02(- Vd oqnuhcd sgd cds]hkr ne sgd b]kbtk]shnm hm ?oodmchw B-1-0 ]mc vd qdonqs
gdqd nmkx sgd ffm]k qdrtks9

𝜑𝑠𝑂0/x. 𝑠( ≠ℒ/𝑂0/x. 𝑠( + 𝜅1ℒ�/𝑠(𝑂0/x. 𝑠(

+ 𝜅1
∫ 𝑠

𝑠/

c𝑟
∫

cwℒ/x. w: 𝑠 . 𝑟(𝑂1/x. 𝑠: w. 𝑟( + 𝒩
4
𝜅3

(
. &2-04(

Gdqd
ℒ/ • ·x ·

�
𝛽𝑥x + 𝜇𝑥𝑆·x

(
&2-05(

hr sgd Enjjdq,Ok]mbj nodq]snq enq ]m Nqmrsdhm,Tgkdmadbj o]qshbkd Z42[+ vghkd

ℒ�/𝑠( • ·x · 𝜇𝑥
∫ c𝑐𝑝

/1𝜉(𝑐
ℎp𝑈 /𝑥(

𝑝 𝑈
/�(
�𝑝 𝑑

�ℎp·x𝐸/�(p /𝑠(. &2-06(

vhsg
𝐸
/�(
p /𝑠( •

∫ 𝑠

𝑠/

c𝑟 𝜙𝑝/𝑠 � 𝑟( }𝑑 ℎp·Y/𝑟(⟩/ . &2-07(
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vgdqd sgd eqdd,ffdkc rtrbdoshahkhsx 𝜙𝑝 v]r fhudm hm Dp- &0-20(- Sgd pt]mshsx 𝐸
/�(
p /𝑠( qdoqdrdmsr ]m

]cchshnm]k+ mnmkhmd]q cqhes enqbd ctd sn sgd oqdrdmbd ne sgd rdbnmc o]qshbkd hm onrhshnm Y- Sgd
]udq]fd }. . .⟩/ hm Dp- &2-07( hr hmsdmcdc nudq sgd hmcdodmcdms &𝜅 ≠ /( oqnbdrr+ ]mc hr bnlotsdc
hm ?oodmchbdr A-0 ]mc B-0- Ehm]kkx+ vd mnsd sg]s Dp- &2-04( hmunkudr ] bnmunktshnm ne sgd svn,
shld oqna]ahkhsx chrsqhatshnm 𝑂1/x. 𝑠: w. 𝑟( vhsg ] ldlnqx jdqmdk ℒ/x. w: 𝑠 . 𝑟(- Sghr hr sxohb]k hm
mnm,L]qjnuh]m oqnakdlr+ vgdqd nmd trt]kkx nas]hmr ] ghdq]qbgx ne l]rsdq dpt]shnmr khmjhmf
sgd 𝑚,onhms chrsqhatshnm 𝑂𝑚/w𝑚 . 𝑠𝑚 : w𝑚�0 . 𝑠𝑚�0: . . . : w0 . 𝑠0(vhsg 𝑂𝑚+0 &rdd enq hmrs]mbd Qder- Z47+ 0/4[(-
Sghr jdqmdk qd]cr &rtll]shnm nudq sgd qdod]sdc hmchbdr 𝑖 ]mc 𝑗 hr hlokhdc(

ℒ/x. w: 𝑠 . 𝑟( • 𝜇𝑥∇𝑗
x

∫ c𝑐𝑝

/1𝜉(𝑐
ℎ𝑝𝑗 |𝑈 /𝑥(

𝑝 |1𝑑�ℎp·/x�w(
˜
𝜙𝑝/𝑠 � 𝑟( � ℎ𝜇𝑥𝐵𝑝/𝑠 . 𝑟: 𝑠/(𝑑�𝛽𝑥/𝑠�𝑟(𝑝𝑖∇ 𝑖

x

[
. &2-08(

vgdqd 𝐵𝑝/𝑟0 . 𝑟1: 𝑠/( hr sgd ffdkc bnqqdk]snq enq 𝜅 ≠ / &rdd Dp- &0-18((- ?s knmf shldr+ ax s]jhmf sgd
enql]k khlhs 𝑠/ → �∞+ sgd k]ssdq qdmcdqr sgd dpthkhaqhtl enql 𝐵𝑝/𝑠 � 𝑟( hm Dp- &0-2/(+ ]mc sgd
ldlnqx jdqmdk ℒ adbnldr shld,sq]mrk]shnm]k hmu]qh]ms+ h-d-+ ℒ/x. w: 𝑠 . 𝑟( ≠ ℒ/x. w. 𝑠 � 𝑟(- Ehm]kkx+
hm Dp- &2-08( sgd mns]shnm · 𝑖

x hr rgnqsg]mc enq 𝜑†𝜑𝑥𝑖 -
?r dwodbsdc+ Dp- &2-04( b]m ad dwoqdrrdc ]r 𝜑𝑠𝑂0/x. 𝑠( ≠ �·x · I/x. 𝑠( enq ] rths]akx bgnrdm

btqqdms I/x. 𝑠(+ rn sg]s oqna]ahkhsx bnmrdqu]shnm hr ft]q]msddc- Lnqdnudq+ knnjhmf ]s Dp- &2-06(
nmd hlldch]sdkx nardqudr sg]s9

&h( Sgd bnmsqhatshnm ne sgd rdbnmc o]qshbkd hm onrhshnm Y sn sgd dunktshnm dpt]shnm ne sgd ffqrs
hr nmkx lhkckx mnm,L]qjnuh]m9 hmcddc+ vghkd ℒ�/𝑠( cdodmcr nm sgd bnlokdsd o]rs ghrsnqx
ne Y/𝑠(+ hs hr gnvdudq hmcdodmcdms ne sgd o]rs ghrsnqx ne X/𝑠(- Hm sgd khlhs 𝜃� → ∞ hm vghbg
sgd lnshnm ne Y/𝑠( adbnldr cdsdqlhmhrshb+ sgd ghrsnqx Y/𝑠( ≠ y𝐸/𝑠( hr jmnvm ]mc sgd cqhes
sdql hm Dp- &2-06( adbnldr L]qjnuh]m-

&hh( Sgd bnmsqhatshnm ne sgd rdbnmc &]mc onrrhakx ne ]mx nsgdq ]cchshnm]k( o]qshbkd dmsdqr khmd]qkx
hm sgd l]rsdq dpt]shnm enq 𝑂0/x. 𝑠(-

Sgdrd nardqu]shnmr l]x ]ood]q rtqoqhrhmf+ ats hm e]bs sgdx ]ookx nmkx sn sgd dydbshud cxm]lhbr
to sn 𝒩

�
𝜅1( - Hmcddc+ ]r chrbtrrdc hm ?oodmchw B-1-0+ 𝑂1/x. 𝑠: w. 𝑟( ]s sgd mdws odqstqa]shud nqcdq

hm 𝜅 r]shrffdr ] l]rsdq dpt]shnm bnlokdsdkx ]m]knfntr sn Dp- &2-04( hmunkuhmf ansg Y/𝑠( ]mc
𝑂2/x. 𝑠: w. 𝑟: w′. 𝑟′(-

2-1-1 Mnmdpthkhaqhtl odqhnchb rsZsd

Vd ]qd hmsdqdrsdc hm sgd mnmdpthkhaqhtl odqhnchb rs]sd qd]bgdc ]s knmf shldr ax sgd rxrsdl
vgdm ] odqhnchb enqbhmf hr ]ookhdc sn sgd o]qshbkd vhsg onrhshnm Y/𝑠(+ ]r hm Dp- &2-01(- Sgd s]rj hr
rhfmhffb]mskx rhlokhffdc vgdm nmd qd]khydr sg]s sgd sdql bnms]hmhmf sgd ldlnqx jdqmdk ℒ/𝑠 . 𝑟( hm
sgd l]rsdq dpt]shnm &2-04( b]m ad chrb]qcdc hm sgd odqhnchb rs]sd9 vd oqnud sghr e]bs hm ?oodmchw
B-1-1- Vd ]qd sgtr kdes vhsg sgd &L]qjnuh]m( l]rsdq dpt]shnm

𝜑𝑠𝑂0/x. 𝑠( ≠ ℒ/𝑂0/x. 𝑠( + 𝜅1ℒ�/𝑠(𝑂0/x. 𝑠( + 𝒩
4
𝜅3

(
. &2-1/(
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2-1- VD?J,BNTOKHMF ?OOQNWHL?SHNM

vhsg ℒ�/𝑠( cdffmdc hm Dp- &2-06( ]mc

𝐸
/�(
p /𝑠( •

∫ ∞

/
c𝑡 𝜙𝑝/𝑡( }𝑑 ℎp·Y/𝑠�𝑡(⟩/ . &2-10(

Sgd k]ssdq bnhmbhcdr vhsg Dp- &2-07( ]esdq s]jhmf sgd khlhs enq 𝑠/ → �∞- ? odqstqa]shud rnktshnm
ne Dp- &2-1/( b]m mnv ad entmc ax dwo]mchmf hm onvdqr ne sgd bntokhmf bnmrs]ms

𝑂0/x. 𝑠( ≠ 𝑂
&/(
0 /x. 𝑠( + 𝜅1𝑂

&1(
0 /x. 𝑠( + 𝒩

4
𝜅3

(
. &2-11(

Sghr hr cnmd hm ?oodmchw B-1-2+ vgdqd vd cdqhud ]m dwoqdrrhnm enq 𝑂&1(
0 /x. 𝑠( vghbg b]m ad trdc

sn bnlotsd dwodbs]shnm u]ktdr ne pt]mshshdr rtbg ]r sgd ]udq]fd o]qshbkd chrok]bdldms eqnl sgd
sq]o bdmsdq+ h-d-+

}X/𝑠(⟩ ≠ �𝜇𝑥𝜅1
∫ c𝑐𝑝

/1𝜉(𝑐
ℎp𝑢/p(𝑑�𝑆𝑝1†/1𝜃𝑥(

∫ 𝑠

�∞
c𝑠′ 𝐸/�(p /𝑠′(𝑑�𝛽𝑥/𝑠�𝑠′( + 𝒩

4
𝜅3

(
. &2-12(

vgdqd vd hmsqnctbdc enq aqduhsx
𝑢/p( • 𝑈

/𝑥(
𝑝 𝑈

/�(
�𝑝 . &2-13(

Vgdm ] odqhnchb dwsdqm]k enqbhmf hr ]ookhdc sn sgd o]qshbkd hmY/𝑠(+ vd dwodbs sgd hmctbdc qdronmrd
ne sgd o]qshbkd hm X/𝑠( sn ad hm fdmdq]k mnmkhmd]q &]r hs hr bkd]q eqnl Dp- &2-10(( ]mc sgdqdenqd
]mg]qlnmhb+ ats rshkk odqhnchb- Sghr rtffdrsr sn knnj enq ]m dwoqdrrhnm ne }X/𝑠(⟩ hm sgd enql ne ]
Entqhdq rdqhdr9 sghr hr cnmd hm ?oodmchw B-1-2+ vgdqd vd bnlotsd+ to sn 𝒩

�
𝜅1( + sgd btltk]ms

fdmdq]shmf etmbshnm ne sgd o]qshbkd onrhshnm

knf

𝑑�ℎo·X/𝑠(

〈
≠ �

𝑆𝑜1

1𝜃𝑥
� 𝜇𝑥𝜅

1
∑
𝑚∈R

)∫ c𝑐𝑝

/1𝜉(𝑐
𝑑
�𝑆𝑝1

1𝜃𝑥 𝑢/p(𝑍𝑚/p(ℓ𝑚/o · p(
[
𝑑 ℎ𝑚Ψ𝑠 . &2-14(

vgdqd 𝑍𝑚/p( hr sgd 𝑚,sg Entqhdq bndflbhdms ne sgd etmbshnm 𝐸
/�(
p /𝑠( cdffmdc hm Dp- &2-10(+ vghkd

ℓ𝑚/o · p( qd]cr

ℓ𝑚/o · p( • /o · p(
∫ ∞

/
c𝜎 dwo

)
�ℎ𝑚Ψ𝜎 � 𝛽𝑥𝜎 �

𝑆

𝜃𝑥
/o · p(𝑑�𝛽𝑥𝜎

[
. &2-15(

Vgdm ] otqd rhmtrnhc]k enqbhmf hr ]ookhdc sn sgd rxrsdl ]r hm Dp- &2-01(+ sgd dwodbs]shnm u]ktd
sg]s ]ood]qr hm Dp- &2-07( s]jdr sgd rhlokd enql &rdd ?oodmchbdr A-0 ]mc B-0(

}𝑑 ℎp·Y/𝑠(⟩/ ≠ dwo
]
�
𝑆𝑝1

1𝜃�
+ ℎp · )� +: rhm/Ψ𝑠 � 𝜂�([

{
. &2-16(

Enq k]sdq bnmudmhdmbd vd g]ud hmsqnctbdc sgd og]rd rghes

𝜂𝑍 ≠ ]qbs]m/Ψ†𝛽𝑍(. &2-17(

gdqd vhsg 𝑍 • �+ vghbg hr ] ld]rtqd ne sgd cdk]x ]bbtltk]sdc ax sgd o]qshbkd ]s onhms Y vghkd
enkknvhmf sgd lnshnm ne sgd bdmsdq y𝐸/𝑠( ne hsr g]qlnmhb sq]o ne ffmhsd rsqdmfsg 𝜃� - Vd b]m sgdm trd

32



BG?OSDQ 2- MNMDPTHKHAQHTL EHDKC,LDCH?SDC HMSDQ?BSHNMR

sgd btltk]ms fdmdq]shmf etmbshnm hm Dp- &2-14( sn bnlotsd sgd dwodbs]shnm u]ktd ne sgd onrhshnm
]mc sgd u]qh]mbd ne sgd o]qshbkd X+ vghbg qd]c

}X/𝑠(⟩ ≠𝜅1
∑
𝑚∈R

�ℎ𝜇𝑥𝐶
𝛽𝑥 + ℎ𝑚Ψ

)∫ c𝑐𝑝

/1𝜉(𝑐
p𝑝�𝑢/p(𝐼𝑚/p · :(

�𝑝 + ℎ𝑚Ψ
𝑑�𝑆𝑝

1†/1𝑗𝑜(+ℎp·�
[
𝑑 ℎ𝑚/Ψ𝑠�𝜂�( + 𝒩

4
𝜅3

(
.

&2-18(

𝑋1
𝑖 /𝑠(

〈
𝑏
≠

𝑆

𝜃𝑥

]
0 � 𝜅1

∑
𝑚∈R

𝜇𝑥𝐶

1𝛽𝑥 + ℎ𝑚Ψ

)∫ c𝑐𝑝

/1𝜉(𝑐
𝑝1
𝑖
𝑝�𝑢/p(𝐼𝑚/p · :(
�𝑝 + ℎ𝑚Ψ

𝑑
�𝑆𝑝1

1𝑗𝑜 +ℎp·�
[
𝑑 ℎ𝑚/Ψ𝑠�𝜂�(

{
+ 𝒩

4
𝜅3

(
.

&2-2/(

vgdqd 𝐼𝑚 hr sgd lnchffdc Adrrdk etmbshnm ne sgd ffqrs jhmc- Hm sgd dwoqdrrhnmr ]anud vd hmsqnctbdc
𝑗𝑜 rtbg sg]s 0†𝑗𝑜 ≠ 0†𝜃� + 0†𝜃𝑥 : hm sgd cdsdqlhmhrshb khlhs 𝜃� → ∞+ nmd g]r 𝑗𝑜 → 𝜃𝑥 ]mc 𝜂� → /
&rdd Dp- &2-17((- Nmd b]m ]krn bgdbj sg]s+ rhmbd sgd hmsdfq]mc etmbshnmr hm Dpr- &2-18( ]mc &2-2/(
g]ud ] cdffmhsd o]qhsx hm p+ sgdm sgd qdrtkshmf dwoqdrrhnmr ]qd qd]k,u]ktdc-

2-1-2 DΨdbshud ffdkc hmsdqoqdsZshnm

Sgd enql ne sgd l]rsdq dpt]shnm &2-04(+ nas]hmdc hm sgd khlhs ne rl]kk bntokhmf 𝜅+ kdmcr hsrdke sn ]
rhlokd ogxrhb]k hmsdqoqds]shnm- Sgd nqhfhm]k oqnakdl bnmrhrsdc ne svn o]qshbkdr vgnrd qdbhoqnb]k
hmsdq]bshnmr ]qd ldch]sdc ax sgd ffdkc 𝜏+ ]mc sgd rsqdmfsg ne rtbg hmsdq]bshnmr hr bnmsqnkkdc ax
sgd bntokhmf 𝜅- ?ookxhmf ] odqhnchb cqhuhmf ne 𝒩

�
𝜅/( nm sgd o]qshbkd Y hmctbdr ] chrok]bdldms

ne 𝒩
�
𝜅1( nm sgd o]qshbkd X+ ]r rgnvm ax Dpr- &2-18( ]mc &2-2/(- Ax sgd r]ld snjdm+ ]mx eddca]bj

qd]bshnm neYctd snXvhkk ad ]s kd]rs ne𝒩
�
𝜅3( ]mc+ ]r rtbg+ hs vhkk mns bnmsqhatsd sn sgd dwoqdrrhnmr

chrbtrrdc gdqd+ vghbg ]qd u]khc to sn ]mc hmbktchmf 𝒩
�
𝜅1( - Vd ]krn mnsdc ]anud sg]s sgd lnshnm

ne sgd o]qshbkd Y cndr mns ]ydbs sgd ldlnqx jdqmdk hm sgd l]rsdq dpt]shnm &2-04(+ vgnrd oqdrdmbd
hr sgtr nmkx sn ad ]rbqhadc sn sgd rdke,hmsdq]bshnm ne sgd o]qshbkd X+ ]f]hm ldch]sdc ax sgd ffdkc
𝜏- Nmbd sghr bnmsqhatshnm g]r e]cdc nts ]mc sgd knmf,shld odqhnchb rs]sd hr qd]bgdc &rdd sgd
chrbtrrhnm hm ?oodmchw B-1-1(+ sgd o]qshbkd X hr drrdmsh]kkx lnuhmf vhsghm sgd ld]m dydbshud
ffdkc

}
𝜏dy〈 nas]hmdc ax sqd]shmf sgd o]qshbkd Y ]r ] rntqbd sdql+ h-d-+

}
𝜏dy
p /𝑠(

〈
≠ 𝜅

∫ 𝑠

�∞
c𝑟 𝜙𝑝/𝑠 � 𝑟(𝑈 /�(

𝑝


𝑑�ℎp·Y/𝑟(

〈
. &2-20(

vgdqd ]f]hm 𝜙𝑝/𝑡( hr sgd khmd]q rtrbdoshahkhsx ne sgd ffdkc qdonqsdc hm Dp- &0-20(- Hmcddc+ vd rgnv
hm ?oodmchw B-2 gnv Dpr- &2-18( ]mc &2-2/( enq sgd ]udq]fd chrok]bdldms ]mc u]qh]mbd ne sgd
o]qshbkd X b]m ad qdsqhdudc ax rstcxhmf sgd cxm]lhbr ne X ]r he hs vdqd hlldqrdc hmsn sgd ld]m
dydbshud ffdkc hm Dp- &2-20(+ ats hm sgd ]ardmbd ne sgd rdbnmc o]qshbkd Y-

Vd b]m athkc ]m ]m]knfx vhsg B]rhlhq enqbd b]kbtk]shnmr Z30[+ hm vghbg sgd B]rhlhq dmdqfx
hm sgd oqdrdmbd ne svn rtqe]bdr b]m ad bnlotsdc ax s]jhmf hmsn ]bbntms sgd ltkshokd rb]ssdqhmfr
ne sgd eqddkx oqno]f]shmf ffdkc adsvddm sgd svn rtqe]bdr – h-d-+ ax ffqrs bnmrhcdqhmf hsr eqdd
oqno]f]snq+ vghbg oqno]f]sdr fitbst]shnmr eqnl nmd rtqe]bd sn sgd nsgdq+ ]mc sgdm rtllhmf
nudq ]kk onrrhakd mtladqr ne qntmc,sqho qdfidbshnmr Z0/5[- Ntq odqstqa]shud b]kbtk]shnm to sn
𝒩

�
𝜅1( bnqqdronmcr sn qdrsqhbshmf sghr rtl sn sgd ffqrs rb]ssdqhmf-
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Ax dwsdmrhnm+ nmd b]m bnmuhmbd nmdrdke sg]s+ vhsghm sghr vd]j,bntokhmf dwo]mrhnm vgdqd
ltkshokd rb]ssdqhmfr ]qd mdfkdbsdc+ sgd dydbs ne sgd oqdrdmbd ne ]mx nsgdq o]qshbkd vhsghm sgd
r]ld ldchtl vntkc rhlokx ]cc to sn sg]s ne sgd o]qshbkd Y hm fdmdq]shmf sgd dydbshud ffdkc hm
Dp- &2-20(- Sghr hr hm bnmsq]rs vhsg nsgdq sxodr ne fitbst]shnm,hmctbdc hmsdq]bshnmr rtbg ]r B]rhlhq
enqbdr Z30[+ vghbg g]ud ] mnm,]cchshud m]stqd- ?ksgntfg vd g]ud cq]vm gdqd sghr bnmbktrhnm nm
sgd a]rhr ne ] vd]j,bntokhmf dwo]mrhnm+ vd vhkk hm e]bs udqhex hm Rdbshnm 2-5 sg]s sghr o]hqvhrd
]cchshuhsx odqrhrsr adxnmc sgd odqstqa]shud qdfhld-

2-1-3 : ogxrhbZk antmc nm sgd uZktd ne 𝜅

Sgd bntokhmf bnmrs]ms 𝜅 ]qntmc vghbg vd bnmrsqtbsdc ] odqstqa]shud dwo]mrhnm hr mns chldm,
rhnmkdrr – rdd Dp- &1-0/(- Hs hr sgtr trdetk sn bk]qhex vg]s vd ld]m ax vd]j bntokhmf- Gdqd]esdq+
kds tr bgnnrd enq cdffmhsdmdrr ] F]trrh]m hmsdq]bshnm onsdmsh]k𝑈 /𝑍(/w( ]r hm Dp- &1-3( enq ansg o]qsh,
bkdr: ]rrtld sg]s sgdx g]ud sgd r]ld q]chtr 𝑄+ rn sg]s 𝑢/p( ≠ dwo

�
�𝑝1𝑄1( &rdd Dp- &2-13((- Hm e]bs+

sgd rodbhffb bgnhbd ne sgd hmsdq]bshnm onsdmsh]k hr hm fdmdq]k k]qfdkx hqqdkdu]ms Z7/+ 70[ ]mc vg]s
qd]kkx l]ssdqr hr hsr bg]q]bsdqhrshb kdmfsg rb]kd 𝑄+ vghbg rdsr ] TU btsny nm sgd ffdkc fitbst]shnmr
&rdd ]krn ?oodmchw B-4(-

Hm nqcdq sn nas]hm ]m toodq antmc nm sgd u]ktd ne sgd bntokhmf bnmrs]ms 𝜅 enq vghbg sgd
odqstqa]shud dwo]mrhnm kd]cr sn qdkh]akd oqdchbshnmr+ vd l]x hmrodbs sgd u]qh]mbd cdqhudc hm
Dp- &2-2/( vghbg+ ax cdffmhshnm+ b]mmns adbnld mdf]shud- ? rhlokd b]kbtk]shnm &rdd ?oodmchw D
hm Qde- Z0/3[( rgnvr sg]s sghr qdpthqdldms hr ]kv]xr etkffkkdc he nmd bgnnrdr

𝜅1 ≤ 1𝑐𝜃𝑥

4
1
√
𝜉〉𝑄(𝑐 . &2-21(

vgdqd vd hmsqnctbdc sgd dydbshud o]qshbkd q]chtr

〉𝑄1 • 𝑆†/1𝑗𝑜( + 𝑄1. &2-22(

Mnsd sg]s+ hm e]bs+ sghr dydbshud q]chtr ]ood]qr hm Dp- &2-18( q]sgdq sg]m 𝑄 nq 𝑆 rdo]q]sdkx- Sghr
hlokhdr sg]s sgd nmkx dydbs ne sdlodq]stqd nm sgd ]udq]fd o]qshbkd onrhshnm }X/𝑠(⟩ hr sg]s ne
qdmnql]khyhmf sgd q]chtr 𝑄 ne sgd o]qshbkd ax sgd ]udq]fd ld]m rpt]qd chrok]bdldms ne sgd
o]qshbkd hm sgd sq]o ]knmd+ vghbg enkknvr eqnl dptho]qshshnm sgdnqdl ]r }𝑋1

𝑖
⟩/ ∼ 𝑆†𝑗𝑜 -

2-2 :chZaZshb ZooqnwhlZshnm

?mx ]ch]a]shb dkhlhm]shnm rbgdld Z42+ 70[ ne sgd ffdkc cdfqddr ne eqddcnl 𝜏p/𝑠( eqnl sgd bntokdc
dpt]shnmr ne lnshnm &2-3(+ &2-5(+ ]mc &2-6( qdkhdr nm sgd ]rrtloshnm sg]s sgd lnshnm ne sgd svn
o]qshbkdr hr ltbg rknvdq sg]m sgd qdk]w]shnm shldrb]kdr ne sgd ffdkc- Mnsd sg]s+ ctd sn bqhshb]k
rknvhmf cnvm+ sghr hr dwodbsdc sn g]oodm nmkx rtflbhdmskx e]q eqnl bqhshb]khsx &vd vhkk l]jd sghr
rs]sdldms lnqd oqdbhrd k]sdq(- Vgdm sghr hr sgd b]rd+ sgd ffdkc dydbshudkx dpthkhaq]sdr ]qntmc sgd
hmrs]ms]mdntr onrhshnmr ne sgd svn o]qshbkdr+ gdmbd chrsqhatshmf ]bbnqchmf sn

𝒪rs
)
𝜏 |X.Y

[
≠

0
𝒱rs/X.Y( 𝑑

�𝛼/ℋ𝜏+ℋhms( . &2-23(
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vgdqd ℋ𝜏 ]mc ℋhms vdqd fhudm hm Dpr- &0-05( ]mc &2-2(+ qdrodbshudkx+ ]mc vgdqd vd hmsqnctbdc
sgd o]qshshnm etmbshnm

𝒱rs/X.Y( •
∫

𝒞𝜏 𝑑�𝛼/ℋ𝜏+ℋhms(. &2-24(

?m dydbshud G]lhksnmh]m ℋdy/X.Y( cdrbqhahmf sgd chrsqhatshnm ne sgd o]qshbkdr ]knmd b]m sgtr
ad nas]hmdc ax l]qfhm]khyhmf sgd dpthkhaqhtl Anksyl]mm chrsqhatshnm hm Dp- &2-0/( nudq sgd ffdkc
cdfqddr ne eqddcnl+ h-d-+

𝒪dp/X.Y( ∝ 𝑑�𝛼ℋdy/X.Y( •
∫

𝒞𝜏 𝑑�𝛼ℋ)𝜏.X.Y[ ≠ 𝑑�𝛼/𝒯𝑥+𝒯�(
∫

𝒞𝜏 𝑑�𝛼/ℋ𝜏+ℋhms( . &2-25(

vgdqd sgd k]rs hmsdfq]k hr mnsghmf ats 𝒱rs/X.Y( hm Dp- &2-24(- Eqnl sghr o]qshshnm etmbshnm nmd
b]m m]stq]kkx cdqhud sgd dydbshud hmsdq]bshnm onsdmsh]k 𝑈𝑏/w( ]r

𝒱rs/X.Y( ∝ 𝑑�𝛼𝜅
1𝑈𝑏/Y�X( . &2-26(

]mc sgdqdenqd eqnl Dp- &2-25( hs enkknvr sg]s

ℋdy/X.Y( ≠ 𝒯𝑥/X( +𝒯�/Y( + 𝜅1𝑈𝑏/Y � X(. &2-27(

Sgd bntokhmf sn sgd ffdkc hm sgd dwonmdmsh]k ne Dp- &2-24( hr khmd]q+ rn sgd F]trrh]m hmsdfq]k b]m
ad odqenqldc d]rhkx &rdd ?oodmchw B-4(+ qdrtkshmf hm

𝑈𝑏/w( ≠ �
∫ c𝑐𝑝

/1𝜉(𝑐
𝑢/p(
𝑝1 + 𝑞

𝑑 ℎp·w. &2-28(

Hm sghr dwoqdrrhnm vd g]ud ]kqd]cx rtasq]bsdc sgd rdke,dmdqfx bnmsqhatshnmr+ h-d-+ sgd dmdqfx
mddcdc sn aqhmf d]bg ne sgd svn o]qshbkdr &rdo]q]sdkx( eqnl ]m hmffmhsd chrs]mbd hmsn sgd ffdkc9
]r ] qdrtks+ 𝑈𝑏/w → ∞( ≠ /- ?m ]m]kxrhr ne sgd k]ssdq hr oqdrdmsdc hm ?oodmchw B-4 enq sgd b]rd
ne o]qshbkdr vhsg qns]shnm]kkx hmu]qh]ms hmsdq]bshnm vhsg sgd ffdkc- Sgd dydbshud onsdmsh]k 𝑈𝑏/w(
hr oknssdc hm Ehf- 2-1]+ snfdsgdq vhsg sgd bnqqdronmchmf hmctbdc enqbd E𝑏/w( ≠ �𝜅1·w𝑈𝑏/w(+ hm
nmd ro]sh]k chldmrhnm ]mc enq sgd bgnhbd ne hcdmshb]k F]trrh]m hmsdq]bshnm onsdmsh]kr 𝑈 /𝑍(/w(
adsvddm sgd ffdkc ]mc sgd o]qshbkdr- ? rhlhk]q pt]khs]shud adg]uhnq hr nardqudc hm ghfgdq ro]sh]k
chldmrhnmr ]mc enq chydqdms hmsdq]bshnm onsdmsh]kr bg]q]bsdqhydc ax sgd r]ld btsny rb]kd 𝑄- Sgd
hmctbdc enqbd E𝑏/w( ed]stqdr ] l]whltl ]s ] chrs]mbd 𝑤l]w hlokhbhskx cdffmdc ax sgd bnmchshnm hm
Dp- &B-57(+ vghkd hs cdb]xr sn ydqn ansg enq rl]kk ]mc k]qfd u]ktdr ne 𝑤 ≠ |w|- Ansg 𝑈𝑏/w( ]mc E𝑏/w(
cdb]x ]r dwo/�𝑤†𝜈(vgdm 𝑤 hr k]qfd bnlo]qdc sn sgd bnqqdk]shnm kdmfsg 𝜈 ≠ 𝑞�0†1 &rdd Dp- &B-54((-
Nmd dwodbsr hm fdmdq]k 𝑈𝑏/w( ]mc E𝑏/w( sn dwghahs ]m ]kfdaq]hb cdb]x enq 𝑞 ≠ / &rdd ?oodmchw B-4(+
ats vd vhkk mns dwoknqd sghr hrrtd etqsgdq rhmbd vd vhkk ]rrtld sg]s sgd ldchtl g]r ] ffmhsd
&]ksgntfg onrrhakx udqx rl]kk( bnqqdk]shnm kdmfsg 𝜈-

Sgd o]qshbkd cxm]lhbr ]s sgd knvdrs nqcdq hm sgd ]ch]a]shb ]ooqnwhl]shnm hr sgdm nas]hmdc ax
]udq]fhmf sgd dpt]shnmr ne lnshnm &2-5( ]mc &2-6( enqX/𝑠( ]mcY/𝑠( nudq sgd rs]shnm]qx chrsqhatshnm
𝒪rs

)
𝜏:X.Y

[
ne sgd ffdkc 𝜏 enq ffwdc X ]mc Y+ fhudm hm Dp- &2-23(- Sgd qdrtkshmf dydbshud UchUaUshb

K]mfduhm dpt]shnm enq sgd o]qshbkd X rtaidbs sn sgd ffwdc sq]o+ cdqhudc hm ?oodmchw B-5+ hr

X̄/𝑠( ≠ �𝜇𝑥𝜃𝑥X � 𝜇𝑥𝜅
1∇𝑥𝑈𝑏/Y � X( + 𝝁/𝑥( ≠ �𝜇𝑥∇𝑥

)
𝒯𝑥/X( + 𝜅1𝑈𝑏/Y � X(

[
+ 𝝁/𝑥( . &2-3/(
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&]( &a(

Ehftqd 2-19 �Z( Ehdkc,hmctbdc dydbshud onsdmsh]k𝑈𝑏/𝑤( ]mc enqbd 𝐸𝑏/𝑤(vhsghm sgd ]ch]a]shb ]ooqnw,
hl]shnm &hm ro]sh]k chldmrhnm 𝑐 ≠ 0(+ ]r ] etmbshnm ne sgd !bdmsdq,sn,bdmsdq! chrs]mbd 𝑤 adsvddm
sgd o]qshbkdr- Sgdx ]qd oknssdc hm tmhsr ne sgd ffdkc bnqqdk]shnm kdmfsg 𝜈 ≠ 𝑞�0†1 ]mc qdrb]kdc ax
sgd 𝑄,cdodmcdms o]qs ne sgdhq ]rxlosnshb ]lokhstcd bnlotsdc hm Dp- &B-54(- Gdqd 𝑄 bnqqdronmcr
sn sgd khmd]q rhyd ne sgd o]qshbkdr vghbg bg]q]bsdqhydr sgd hmsdq]bshnm onsdmsh]kr 𝑈 /𝑍(/w(+ bgnrdm
sn ad F]trrh]m ]r hm Dp- &1-3(- Sgd enqbd rgnvr ] l]whltl ]s ] chrs]mbd 𝑤l]w hlokhbhskx cdffmdc
ax sgd bnmchshnm hm Dp- &B-57(+ vghkd hs ]ooqn]bgdr ydqn enq ansg rl]kk ]mc k]qfd u]ktdr ne 𝑤†𝜈-
Sgd o]q]ldsdqr trdc hm sgd okns ]qd 𝑄 ≠ /.4 ]mc 𝑞 ≠ 0- �a( Dpthkhaqhtl onrhshnm ne sgd o]qshbkd
X hm sgd ffwdc,sq]or khlhs &rnkhc khmd(+ ]mc sdlonq]k ld]m u]ktd ne sgd ]udq]fd onrhshnm }𝑋/𝑠(⟩ ne
sgd o]qshbkd hm sgd ffwdc sq]o &c]rgdc khmd+ hmchb]sdc ax 𝑎/ ]mc 𝑏/ hm+ b-e-+ Rdbshnm 2-2-2-0(- Sgd svn
btqudr qdedq sn nmd ro]sh]k chldmrhnm+ ]mc rgnv sgd adg]uhnq ]r ] etmbshnm ne 𝑞†𝑞Γ ≠ /Γ†𝜈(1 &rdd
Dp- &2-33((- Sgd onrhshnm ne sgd o]qshbkd X vgdm hs hr nmkx rtaidbs sn sgd dpthkhaqhtl ]ssq]bshnm sn
sgd o]qshbkd Y hr cdrbqhadc ax Dp- &2-31(- Sgd sdlonq]k ld]m u]ktd }𝑋/𝑠(⟩ hr sgd r]ld hm sgd ]ch],
a]shb &𝑎/( ]mc hm sgd cxm]lhb]k qdronmrd &𝑏/(+ ]r oqdchbsdc ax Dp- &2-40(+ ]mc hs hr Ψ,hmcdodmcdms-
Sgd o]q]ldsdqr trdc hm sgd okns ]qd 𝛽𝑥 ≠ 0+ 𝐶 ≠ 0/+ 〉𝑄 ≠ /.6+ Γ ≠ 2+ ]mc ℓ ≠ 0-

vghbg &]r dwodbsdc( vd qdbnfmhyd ]r ]m nudqc]lodc K]mfduhm cxm]lhbr bnlotsdc ]r he sgd svn
o]qshbkdr hmsdq]bs uh] sgd dydbshud+ ffdkc,hmcdodmcdms G]lhksnmh]m bnlotsdc hm Dp- &2-27(- Vd
vhkk cdmnsd ]r X]c/𝑠( sgd rnktshnm ne sgd K]mfduhm dpt]shnm &2-3/(+ vghbg qd]cr+ enq rl]kk 𝜅 &rdd
sgd cds]hkr hm ?oodmchw B-5(+

}X]c/𝑠(⟩ ≠ �𝜅1𝜇𝑥

∫ c𝑐𝑝

/1𝜉(𝑐
ℎp𝑢/p(
𝑝1 + 𝑞

𝑑�𝑆𝑝
1†/1𝜃𝑥(

∫ ∞

/
c𝑡 𝑑�𝛽𝑥𝑡


𝑑 ℎp·Y/𝑠�𝑡(

〈
/
+ 𝒩

4
𝜅3

(
. &2-30(

Sghr dwoqdrrhnm rgntkc ad bnlo]qdc sn sgd ]bst]k rnktshnm ne sgd cxm]lhbr hm Dp- &2-18(- Hm
?oodmchw B-5-1 vd rgnv gnv vd l]x qdbnudq sghr qdrtks rs]qshmf eqnl sgd cxm]lhb]k dwoqdrrhnm
hm Dp- &2-12( ]mc s]jhmf sgd enql]k khlhs 𝐶 → ∞ ne dwsqdldkx e]rs ffdkc qdk]w]shnm+ vghbg gnvdudq
hr nmkx ld]mhmfetk he vd ]rrtld 𝑝�/𝑝1 + 𝑞( ∉ / &rdd Dp- &0-14((- Bkd]qkx sghr k]rs bnmchshnm hr mns
etkffkkdc hm sgd oqdrdmbd ne rknv lncdr9 qdb]kkhmf sgd chrbtrrhnm ]ants shldrb]kdr hm Rdbshnm 0-2+
sgdrd lncdr ]ood]q hm lncdk ? ]s bqhshb]khsx+ ats ]krn ny,bqhshb]khsx hm lncdk A-
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2-2-0 Ehwdc sqZor

Hm sgd ]ardmbd ne ] shld,cdodmcdms dwsdqm]k enqbhmf+ ansg sgd cxm]lhb]k dwoqdrrhnm hm Dp- &2-12(
]mc sgd ]ch]a]shb dwoqdrrhnm hm Dp- &2-30( cdrbqhad sgd rhlokd dpthkhaqhtl ]ssq]bshnm adsvddm
sgd svn o]qshbkdr+ ldch]sdc ax sgd ffdkc- Sghr b]m ad rddm dwokhbhskx ax ffwhmf sgd onrhshnm ne sgd
o]qshbkd hm Y/𝑠( sn ] bnmrs]ms u]ktd Y • �9 hm ansg dpt]shnmr+ sgd shld hmsdfq]k b]m ad rhlokx
bnlotsdc ]mc vd fds

}X/𝑠(⟩ . }X]c/𝑠(⟩ ���→
Y•�

𝜅1

𝜃𝑥

∫ c𝑐𝑝

/1𝜉(𝑐
p 𝑑�〉𝑄1𝑝1

𝑝1 + 𝑞
rhm/p · �(. &2-31(

enq ansg lncdk ? ]mc A- Sghr dwoqdrrhnm b]m ad ]ksdqm]shudkx nas]hmdc &to sn 𝒩
�
𝜅1(( ax qdpthqhmf

sg]s sgd sns]k enqbd Esns ]bshmf nm sgd o]qshbkd ]s onrhshnm X u]mhrgdr+ h-d-+

Esns ≠ �𝜃𝑥X � 𝜅1·x𝑈𝑏/Y � X( • /. &2-32(

vghbg bnqqdronmcr sn sgd bnmchshnm ne ldbg]mhb]k dpthkhaqhtl qd]bgdc vgdm sgd enqbd cdqhudc
eqnl sgd ffdkc,hmctbdc onsdmsh]k 𝑈𝑏 fhudm hm Dp- &2-28( bntmsdqa]k]mbdr sgd qdrsnqhmf ]ssq]bshnm
ne sgd g]qlnmhb sq]o ne rsqdmfsg 𝜃𝑥 - Hm Ehf- 2-1a vd okns sgd qdrtkshmf dpthkhaqhtl onrhshnm ne
sgd o]qshbkd X ]r ] etmbshnm ne 𝑞†𝑞Γ ≠ /Γ†𝜈(1+ g]uhmf cdffmdc

𝑞Γ • Γ�1. &2-33(

Sgd okns rgnvr sg]s sgd ]ssq]bshnm hr l]whltl ]s bqhshb]khsx ]mc hs cdb]xr lnmnsnmhb]kkx ]r vd
hmbqd]rd sgd o]q]ldsdq 𝑞-

2-2-1 Odqhnchb cqhuhmf

Kds tr rodbh]khyd Dp- &2-30( sn sgd b]rd hm vghbg ] rhmtrnhc]k enqbhmf hr ]ookhdc sn nmd ne sgd
o]qshbkdr &Y( ]r hm Dp- &2-01(- ?r enq sgd cxm]lhb]k b]rd+ vd dwodbs sgd qdronmrd ne sgd nsgdq
o]qshbkd &X+ hm sgd rs]shb sq]o( sn ad odqhnchb+ ats mns g]qlnmhb- Vd b]m sgdm dwo]mc }X]c/𝑠(⟩ hm
Entqhdq rdqhdr ]r

}X]c/𝑠(⟩ ≠
∞∑

𝑚≠�∞
a𝑚𝑑

ℎ𝑚Ψ𝑠 ≠ a/ + 1
∞∑
𝑚≠0

|a𝑚 | bnr/𝑚Ψ𝑠 + 𝜂𝑚(. &2-34(

vgdqd |a𝑚 | ]mc 𝜂𝑚 hmchb]sd sgd bnlokdw lnctktr ]mc sgd og]rd+ qdrodbshudkx+ ne sgd Entqhdq
bndflbhdmsr

a𝑚 •
Ψ
1𝜉

∫ 1𝜉
Ψ

/
c𝑠 𝑑�ℎ𝑚Ψ𝑠 }X]c/𝑠(⟩ . &2-35(

vhsg sgd oqnodqsx a�𝑚 ≠ a∗
𝑚 - Sgdrd bndflbhdmsr b]m ad d]rhkx bnlotsdc ax ld]mr ne Dpr- &2-16(

]mc &B-30(+ xhdkchmf

a𝑚 ≠
�ℎ𝜅1𝑑�ℎ𝑚𝜂�

𝜃𝑥/0 + ℎ𝑚Ψ†𝛽𝑥(

∫ c𝑐𝑝

/1𝜉(𝑐
p𝐼𝑚/p · :(
𝑝1 + 𝑞

𝑑�𝑝
1〉𝑄1+ℎp·Γ . &2-36(
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vgdqd 〉𝑄 hr sgd dydbshud o]qshbkd q]chtr cdffmdc hm Dp- &2-22(- Sgdx ]qd sn ad bnlo]qdc vhsg sgd
]m]knfntr bndflbhdmsr b𝑚 ne sgd dwo]mrhnm ne sgd cxmUlhbUk qdronmrd }X/𝑠(⟩ vghbg vd b]m qd]c
eqnl Dp- &2-18(+ h-d-+

b𝑚 ≠
�ℎ𝜅1𝐶𝑑�ℎ𝑚𝜂�

𝜃𝑥/0 + ℎ𝑚Ψ†𝛽𝑥(

∫ c𝑐𝑝

/1𝜉(𝑐
p𝑝�𝐼𝑚/p · :(
�𝑝 + ℎ𝑚Ψ

𝑑�𝑝
1〉𝑄1+ℎp·Γ. &2-37(

Vd chrbtrr sghr bnlo]qhrnm hm Rdbshnm 2-3+ vghkd vd enbtr adknv nm sgd ]ch]a]shb qdronmrd- Hm
sgd enkknvhmf+ vd vhkk hmchb]sd enq aqduhsx 𝑎𝑚 • |a𝑚 |+ 𝑏𝑚 • |b𝑚 |: gnvdudq+ nmd b]m bgdbj sg]s
sgdhq nmkx mnmydqn bnlonmdms hr sgd nmd ]knmf sgd chqdbshnm ne : ]mc �-

2-2-2 :mZkxrhr ne sgd ZchZaZshb qdronmrd

Vd ]qd hmsdqdrsdc gdqd hm rstcxhmf sgd adg]uhnq ne sgd ]ch]a]shb qdronmrd hm Dp- &2-30( ]r vd u]qx
sgd dwsdqm]k cqhuhmf eqdptdmbx Ψ- Sn sghr dmc+ hs hr trdetk sn qdvqhsd sgd bnqqdronmchmf Entqhdq
bndflbhdmsr a𝑚 hm Dp- &2-36( ]r

a𝑚/Ψ( ≠
a𝑚/Ψ ≠ /(

0 + ℎ𝑚Ψ†𝛽𝑥
. &2-38(

vgdqd a𝑚/Ψ ≠ /( ≠ �ℎ𝜅1𝑑�ℎ𝑚𝜂�ℐ𝑚†𝜃𝑥 + g]uhmf cdffmdc

ℐ𝑚 •
∫ c𝑐𝑝

/1𝜉(𝑐
p 𝑑�𝑝

1〉𝑄1

𝑝1 + 𝑞
𝐼𝑚/p · :(𝑑 ℎp·Γ. &2-4/(

2-2-2-0 LdZm uZktd

Sgd sdlonq]k ld]m u]ktd a/ • a//Ψ( ≠ a//Ψ ≠ /( ]qntmc vghbg sgd nrbhkk]shnmr nbbtq hr sgd
r]ld hm sgd ]ch]a]shb ]mc cxm]lhb]k qdronmrd+ h-d-+ b/ ≠ a/9 eqnl Dpr- &2-37( ]mc &2-38(+ hs qd]cr

a/ ≠ b/ ≠
𝜅1

𝜃𝑥

∫ c𝑐𝑝

/1𝜉(𝑐
p 𝑑�𝑝

1〉𝑄1

𝑝1 + 𝑞
𝐼//p · :( rhm/p · Γ(. &2-40(

Sghr pt]mshsx hr oknssdc hm Ehf- 2-1a ]r ] etmbshnm ne sgd bnqqdk]shnm kdmfsg 𝜈 ne sgd ffdkc9 sgd
]udq]fd hr l]whltl ]s bqhshb]khsx+ 𝑞 ≠ /+ ]mc hs cdb]xr lnmnsnmhb]kkx ]r ∼ 𝑞�0 ]r nmd lnudr ]v]x
eqnl sgd bqhshb]k onhms-

Vd mnsd sg]s sgd sdlonq]k ld]m u]ktd a/ ne sgd &]mg]qlnmhb( nrbhkk]shnmr hr Ψ,hmcdodmcdms+
ats hs cndr mns bnhmbhcd vhsg sgd onrhshnm ne ldbg]mhb]k dpthkhaqhtl hm Dp- &2-31( ]r knmf ]r sgd
cqhuhmf ]lokhstcd : cndr mns u]mhrg- Sghr hr dwodbsdc+ rhmbd sgd ffdkc,hmctbdc ]ssq]bshnm hr
mnmkhmd]q &rdd+ b-e-+ Dp- &B-50( hm ?oodmchw B-4 ]mc Ehf- 2-1](- Hmcddc+ kds tr ]m]kxyd ] rhmfkd
nrbhkk]shnm hm nmd ro]sh]k chldmrhnm+ ]mc bnmrhcdq sgd rdbnmc cdqhu]shud ne sgd hmctbdc enqbd ℎ •
𝜑1
𝑤𝐸𝑏/𝑤(

〉〉
𝑤≠𝑤dp

∉ / bnlotsdc hm bnqqdronmcdmbd ne sgd dpthkhaqhtl hmsdqo]qshbkd chrs]mbd 𝑤 ≠ 𝑤dp

&rdd Dp- &2-32((- Vgdm sgd svn o]qshbkdr ]ooqn]bg d]bg nsgdq+ he ℎ < / &ℎ < /(+ sgdx dwodqhdmbd ]
rsqnmfdq &vd]jdq( ]ssq]bshnm vghbg hr mns bnlokdsdkx bntmsdqa]k]mbdc ax ] oqnonqshnm]kkx vd]jdq
&rsqnmfdq( ]ssq]bshnm edks vghkd sgdx ]qd etqsgdq ]v]x eqnl d]bg nsgdq- Sgd mds qdrtks hr sg]s sgdx
rodmc lnqd &kdrr( shld bknrd sn nmd ]mnsgdq sg]m sgdx vntkc he sgd ]ssq]bshnm vdqd sgd r]ld
ctqhmf sgd svn og]rdr ne sgd nrbhkk]shnm &]r hs g]oodmr hm ] khmd]q enqbd fq]chdms+ enq vghbg ℎ ≠ /(-
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&]( &a(

Ehftqd 2-29 �Z( ?lokhstcd ne sgd ffqrs sgqdd Entqhdq g]qlnmhbr &hmcdwdc ax 𝑚( ne sgd ]ch]a]shb
qdronmrd hm Dp- &2-36(+ hm ro]sh]k chldmrhnm 𝑐 ≠ 0 ]mc enq Ψ ≠ /- Sghr oqnuhcdr ]m hmchb]shnm
nm sgd q]shn ne sgdhq l]fmhstcdr ]krn enq Ψ ∉ /+ rdd Dp- &2-41(- Sgdx ]qd oknssdc ]r ] etmbshnm
ne 𝑞†𝑞Γ ≠ /Γ†𝜈(1 &rdd Dp- &2-33((- Sgd ]ch]a]shb qdronmrd hr hm fdmdq]k cnlhm]sdc ax sgd ffqrs
g]qlnmhb+ ats sgd k]ssdq hr rtooqdrrdc hm bnqqdronmcdmbd ne ] rodbhffb u]ktd 𝑞0 ne 𝑞 &rdd sgd l]hm
sdws(- Sgd o]q]ldsdqr trdc hm sgd okns ]qd 𝛽𝑥 ≠ 0+ 〉𝑄 ≠ /.6+ Γ ≠ 2+ ]mc ℓ ≠ /.4- �a( ?lokhstcd
|a0 | ]mc qdk]shud og]rd 𝛾𝜂 ne sgd ffqrs Entqhdq g]qlnmhb hm sgd ]ch]a]shb qdronmrd+ rdd Dp- &2-36(-
Sgd ]lokhstcd hr mnql]khydc ax |a0/Ψ ≠ /(|+ rdd Dp- &2-41(+ ]mc 𝛾𝜂 hr sgd og]rd chydqdmbd vhsg
qdrodbs sn sgd ld]m onrhshnm ne sgd cqhudm o]qshbkd }Y/𝑠(⟩/+ rdd Dp- &2-45(- Sgd btqudr hm sghr okns
]qd sgdm hmcdodmcdms ne ]kk sgd nsgdq o]q]ldsdqr-

Hm ?oodmchw G ne Qde- Z0/3[ vd cdqhud ]f]hm+ trhmf khmd]q qdronmrd sgdnqx+ sgd u]ktd ne sgd
sdlonq]k ]udq]fd ne sgd nrbhkk]shnmr enq rl]kk cqhuhmf ]lokhstcdr :9 hsr dwoqdrrhnm hr fhudm hm
Dp- &G1( sgdqdhm+ ]mc hs cndr mns bnhmbhcd vhsg sgd u]ktd ne a/ hm Dp- &2-40( he mns enq: ≠ /- Hmcddc+
khmd]q qdronmrd sgdnqx b]mmns b]ostqd sgd dydbs ne sgd cxm]lhb]k odqstqa]shnm nm sgd ld]m u]ktd
ne sgd nrbhkk]shnmr+ vghbg hr pt]cq]shb hm : &adhmf 𝐼//𝑤( ≃ 0 � 𝑤1†3 enq rl]kk 𝑤 hm Dp- &2-40((-

2-2-2-1 :lokhstcd

Sgd ]lokhstcd ne sgd 𝑚,sg g]qlnmhb ne }X]c⟩ hr entmc ax hmrodbshmf Dp- &2-38(+ ]mc hs qd]cr

|a𝑚/Ψ(| ≠
|a𝑚/Ψ ≠ /(|√
0 + /𝑚Ψ†𝛽𝑥(1

. &2-41(

Hs hr hmsdqdrshmf ffqrs sn bnlo]qd sgd qdk]shud l]fmhstcd ne |a𝑚/Ψ ≠ /(| enq u]qhntr 𝑚9 sgdx ]qd
oknssdc hm Ehf- 2-2] ]r ] etmbshnm ne sgd q]shn 𝑞†𝑞Γ ≠ /Γ†𝜈(1 &rdd Dp- &2-33((- Enq 𝑞 ≃ 𝑞Γ sgd
]lokhstcd ne sgd ffqrs g]qlnmhb ]ss]hmr ] l]whltl9 sghr bnqqdronmcr sn sgd bnqqdk]shnm kdmfsg
𝜈 adhmf ne sgd r]ld nqcdq ]r sgd ]udq]fd rdo]q]shnm Γ adsvddm sgd svn sq]or+ h-d-+ 𝜈 ∼ Γ-

Hm fdmdq]k+ hs ]ood]qr eqnl Ehf- 2-2] sg]s sgd ]ch]a]shb qdronmrd hr drrdmsh]kkx ]mc fdmdqhb]kkx
cdsdqlhmdc ax hsr cnlhm]ms ffqrs g]qlnmhb- ?ksgntfg ghfgdq g]qlnmhbr adbnld lnqd qdkdu]ms
vgdm sgd ]lokhstcd ℓ ne sgd cqhuhmf hr ltbg k]qfdq sg]m sgd dydbshud o]qshbkd q]chtr 〉𝑄+ sgdx rshkk
qdl]hm rl]kk bnlo]qdc sn sgd ffqrs g]qlnmhb ]r knmf ]r ℓ ]mc 〉𝑄 ≪ Γ- ?r ]m dwbdoshnm+ gnvdudq+

4/



2-2- ?CH?A?SHB ?OOQNWHL?SHNM

Ehf- 2-2] rgnvr sg]s sgd ffqrs g]qlnmhb hr rhfmhffb]mskx qdctbdc ]s ] rl]kk u]ktd ne 𝑞 vghbg vd
cdmnsd ax 𝑞0- Dwo]mchmf enq rl]kk enqbhmf ]lokhstcdr : sgd dpt]shnm |/a0(ℎ | • / sg]s cdffmdr 𝑞0+
nmd ffmcr

ℓ𝑖

∫ c𝑐𝑝

/1𝜉(𝑐
𝑑�𝑝

1〉𝑄1

𝑝1 + 𝑞0
𝑝ℎ 𝑝𝑖 𝑑

ℎp·� • /. &2-42(

Sghr dpt]shnm stqmr nts sn ad sgd r]ld ]r sgd bnmchshnm hm Dp- &B-44(+ vghbg cdffmdr sgd chrs]mbd
wl]w ]s vghbg sgd ffdkc,hmctbdc hmsdqo]qshbkd enqbd E𝑏/w( hr l]whltl &rdd Ehf- 2-1](+ ]r hs hr bkd]q ax
hcdmshexhmf w • � ]mc 𝑢/p( • dwo

4
�𝑝1〉𝑄1

(
- Sgd ogxrhb]k hmsdqoqds]shnm hr sgd enkknvhmf9 enq 𝑞 ≠ 𝑞0

]mc rl]kk :+ sgd ]udq]fd hmsdqo]qshbkd chrs]mbd � ]bst]kkx bnhmbhcdr vhsg sgd chrs]mbd w ≠ wl]w ]s
vghbg sgd ffdkc,hmctbdc enqbd E𝑏/w( hr l]whltl- Dwo]mchmf E𝑏/w( ]s sgd kd]chmf nqcdq ]qntmc
w ≠ wl]w fhudr ] enqbd fq]chdms vghbg hr ]s kd]rs pt]cq]shb hm |w� wl]w |+ rn sg]s sgd qdronmrd knrdr
hsr khmd]q bnlonmdms &h-d-+ sgd ffqrs g]qlnmhb hm hsr Entqhdq dwo]mrhnm – enq dw]lokd+ eddchmf
rhm/Ψ𝑠( hmsn ] pt]cq]shb enqbd fq]chdms vntkc qdmcdq rhm1/Ψ𝑠(+ vgnrd eqdptdmbx hr cntakdc(-
Mnsd sg]s sgd hcdmshffb]shnm adsvddm Dpr- &2-42( ]mc &B-44( hr mns ]bbhcdms]kkx ctd sn sgd bgnhbd
ne ] F]trrh]m hmsdq]bshnm onsdmsh]k 𝑈𝑝 ≠ dwo

�
�𝑝1𝑄1†1

(
9 sgd fdmdq]khy]shnm sn ]mnsgdq hmsdq]bshnm

onsdmsh]k 𝑈′
𝑝 hr rsq]hfgsenqv]qckx nas]hmdc ax qdok]bhmf dwo

4
�𝑝1〉𝑄1

(
↦→ |𝑈′

𝑝 |1 dwo
�
�𝑝1𝑆†1𝜃𝑜

(
hm

Dp- &2-42( &rdd Dpr- &2-13( ]mc &2-22((- Hm ansg b]rdr+ vd rdd sg]s sgd nmkx dydbs ne sgd sdlodq]stqd
𝑆 hr sn qdmnql]khyd sgd o]q]ldsdq 𝑄 &vghbg bg]q]bsdqhydr 𝑈𝑝( ax sgd ld]m,rpt]qd chrok]bdldms
ne sgd o]qshbkd hm sgd sq]o: hm sgd b]rd hm vghbg𝑈𝑝 hr F]trrh]m+ 𝑄 fdsr rhlokx qdok]bdc ax 〉𝑄 cdffmdc
hm Dp- &2-22(-

Hm ?oodmchw B-5-2 vd cdsdqlhmd sgd u]ktd 𝑞0 ne 𝑞 ]s vghbg sghr eqdptdmbx cntakhmf nbbtqr enq
sgd b]rd 𝑐 ≠ 0 &rdd Dp- &B-73((- Gnvdudq+ eqnl sgd ]anud chrbtrrhnm hs dldqfdr sg]s ] rhlhk]q pt]k,
hs]shud adg]uhnq gnkcr ]krn enq 𝑐 < 0+ ]r vd bgdbj vhsghm khmd]q qdronmrd sgdnqx hm ?oodmchw G
ne Qde- Z0/3[- Hmcddc+ sgd nbbtqqdmbd ne eqdptdmbx cntakhmf qdkhdr nmkx nm sgd dwhrsdmbd ne ]
knb]k l]whltl hm sgd hmctbdc enqbd &rdd Ehf- 2-1](+ ] ed]stqd vghbg fndr onrrhakx adxnmc ntq
o]qshbtk]q bgnhbd ne ] F]trrh]m hmsdq]bshnm onsdmsh]k 𝑈/w( &rdd+ enq hmrs]mbd+ sgd ]m]kxrhr ne sgd
sgds],onsdmsh]k hm ?oodmchw B-4 ]mc sg]s ne sgd bqhshb]k B]rhlhq enqbd hm Qde- Z0/6[(- Vd ]mshbho]sd
gdqd sg]s eqdptdmbx cntakhmf hr ]bst]kkx ] ed]stqd ne sgd ]ch]a]shb qdronmrd vghbg hr nardqudc
hm sgd etkk cxm]lhb]k qdronmrd nmkx vgdm sgd ]ch]a]shb ]ooqnwhl]shnm hr ]ookhb]akd – sghr vhkk
ad rgnvm adknv hm Rdbshnm 2-3-0-

Ehm]kkx+ enq ]mx fhudm u]ktd ne 𝑞+ Dp- &2-41( rgnvr sg]s sgd ]lokhstcd |a𝑚 | hr l]whltl ]s knv
cqhuhmf eqdptdmbhdr Ψ+ vghkd hs cdb]xr ]r ∼ Ψ�0 tonm hmbqd]rhmf Ψ adxnmc u]ktdr sg]s ]qd k]qfdq
sg]m 𝜎�0

𝑥 • 𝛽𝑥 9 sghr hr rgnvm hm Ehf- 2-2a+ vgdqd sgd ]lokhstcd |a0 | ne sgd ffqrs g]qlnmhb hr oknssdc
]r ] etmbshnm ne Ψ†𝛽𝑥 - Vd qdb]kk sg]s 𝜎𝑥 hr sgd shldrb]kd sg]s bg]q]bsdqhydr sgd qdk]w]shnm ne sgd
o]qshbkd X hm hsr g]qlnmhb sq]o-

2-2-2-2 OgZrd

Vgdm 𝑞 < 𝑞0 sgd ]ch]a]shb qdronmrd hr cnlhm]sdc ax hsr ffqrs g]qlnmhb+ vghbg hr bnlokdsdkx
bg]q]bsdqhydc ax hsr ]lokhstcd |a0 | rstchdc ]anud ]mc ax hsr og]rd 𝜂0 &rdd Dp- &2-34((+ vghbg vd
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]m]kxyd gdqd- Sghr og]rd b]m ad dwsq]bsdc eqnl sgd bnlokdw Entqhdq bndflbhdms a0 hm Dp- &2-38( ]r

𝜂0 ≠ �
�
𝜂𝑥 + 𝜂� + 𝜉†1

(
+ 𝜉 · rhfm/ℐ0(. &2-43(

vgdqd 𝜂𝑍 hr fhudm hm Dp- &2-17( ]mc rhfm/ℐ0( ≠ ±0+ cdodmchmf nm sgd rhfm ne ℐ0 fhudm hm Dp- &2-4/(-
Hm 𝑐 ≠ 0 ]mc enq 𝑞 < 𝑞0+ sgd hmsdfq]k ℐ0 hr mdf]shud9 sghr b]m ad bgdbjdc uh] ] mtldqhb]k du]kt]shnm
ne Dp- &2-4/( vhsghm ] q]mfd ne o]q]ldsdqr bnlo]shakd vhsg ntq ogxrhb]k rdsshmf hm Ehf- 2-0+ h-d-+
Γ ≫ ℓ. 〉𝑄- Vd qdb]kk sg]s sgd ]udq]fd lnshnm ne sgd cqhudm o]qshbkd hr fhudm+ ]s knvdrs nqcdq hm 𝜅+
ax &rdd ?oodmchw B-0(

}Y/𝑠(⟩/ ≠ ö +: bnr/Ψ𝑠 � 𝜂� � 𝜉†1(. &2-44(

vgdqd sgd ]udq]fd hr bnlotsdc nudq sgd hmcdodmcdms &𝜅 ≠ /( oqnbdrr- Ax bnlo]qhmf Dpr- &2-43(
]mc &2-44( vhsg Dp- &2-34(+ vd b]m dwsq]bs sgd ]bst]k og]rd chydqdmbd 𝛾𝜂 adsvddm }X/𝑠(⟩ ]mc
}Y/𝑠(⟩/+ h-d-+

𝛾𝜂 • 𝜂0 � /�𝜂� � 𝜉†1( ≠ �𝜂𝑥 � 𝜉. &2-45(

Hm sgd rknv,enqbhmf khlhs Ψ ≪ 𝛽𝑥 hs hr 𝜂𝑥 → /+ ]mc eqnl Dp- &2-45( vd cdctbd sg]s sgd o]qshbkd
X/𝑠( lnudr hm bntmsdqog]rd vhsg qdrodbs sn Y/𝑠(- Sghr hr ogxrhb]kkx dwodbsdc+ ]r sgd o]qshbkd X
eddkr ] rsqnmfdq ]ssq]bshnm vgdm sgd o]qshbkd Y hr bknrdq sn hs sg]m vgdm hs hr etqsgdq ]o]qs- Hm
sgd e]rs,enqbhmf khlhs Ψ ≫ 𝛽𝑥 + vgdqd 𝜂𝑥 → 𝜉†1+ vd fds hmrsd]c 𝛾𝜂 ≠ �2𝜉†19 sgd o]qshbkd X/𝑠(
cdudknor ] 𝜉†1 og]rd rghes vhsg qdrodbs sn sgd cqhudm o]qshbkd Y/𝑠(- Sgd rhst]shnm hr cdohbsdc hm
Ehf- 2-2a &hmrds(+ vgdqd vd okns sgd og]rd chydqdmbd 𝛾𝜂 ]mc vd rgnv sg]s hs u]qhdr rlnnsgkx ax
𝜉†1 nudq ] rb]kd cdsdqlhmdc ax 𝛽𝑥 -

Vd ldmshnm sg]s ] qhbgdq ogdmnldmnknfx hr dwodbsdc hm ro]sh]k chldmrhnm 𝑐 < 0+ vgdqd sgd
chqdbshnm ne sgd cqhuhmf : bntkc hm oqhmbhokd ad bgnrdm sn ad nqsgnfnm]k sn sg]s ne sgd ]udq]fd
rdo]q]shnm � adsvddm sgd svn sq]or- Hm sghr rdsto+ nmd b]m bgdbj sg]s sgd rhfm ne sgd hmsdfq]k
ℐ0 hm Dp- &2-4/( hr onrhshud+ rn sg]s Dp- &2-45( qd]cr 𝛾𝜂 ≠ �𝜂𝑥 - Hm sgd rknv,enqbhmf khlhs hm vghbg
𝜂𝑥 → /+ sgd svn o]qshbkdr vntkc sgdm lnud hm og]rd &𝛾𝜂 ≠ /(+ ]r ogxrhb]kkx dwodbsdc ax ]qfthmf
]f]hm sg]s sgdhq ]ssq]bshnm hr rsqnmfdq vgdm sgdx ]qd ro]sh]kkx bknrd sn nmd ]mnsgdq+ sg]m vgdm
sgdx ]qd etqsgdq ]o]qs-

2-3 :mZkxrhr ne sgd cxmZlhbZk qdronmrd

Hm sghr rdbshnm vd ]m]kxyd sgd cxm]lhb]k qdronmrd }X/𝑠(⟩ ne sgd o]qshbkd hm sgd ffwdc vdkk+ vhsghm
sgd vd]j,bntokhmf ]ooqnwhl]shnm fhudm hm Dp- &2-18(- ?kk sgd ffftqdr vd oqdrdms ]mc chrbtrr
adknv qdedq enq rhlokhbhsx sn sgd b]rd 𝑐 ≠ 0+ ats sgd l]hm pt]khs]shud ed]stqdr ne sgd qdronmrd
odqrhrs hm ghfgdq ro]sh]k chldmrhnmr-

Vd rs]qs ax enbtrhmf nm sgd Entqhdq bndflbhdmsr ne sgd cxm]lhb]k qdronmrd fhudm hm Dp- &2-37(
]mc ax bnlo]qhmf sgdl sn sgnrd ne sgd ]ch]a]shb qdronmrd fhudm hm Dp- &2-36(- Ehqrs ]mc mns
rtqoqhrhmfkx+ sgdx bnhmbhcd enq ] u]mhrghmf cqhuhmf eqdptdmbx+ h-d-+ b𝑚/Ψ ≠ /( ≠ a𝑚/Ψ ≠ /(9 sgdhq
chydqdmbd hr nmkx l]mhedrs hm sgd cxm]lhbr- Rdbnmckx+ ] bnllnm e]bsnq /0+ ℎ𝑚Ψ†𝛽𝑥(�0 ltkshokhdr
ansg rdsr ne bndflbhdmsr+ ]mc sghr hr sgd nmkx ok]bd vgdqd sgd qdk]w]shnm shldrb]kd 𝜎�0

𝑥 ≠ 𝛽𝑥 ne
sgd ffwdc sq]o ]ood]qr- Vd g]ud rddm hm Rdbshnm 2-2-2 gnv hs hr sghr e]bsnq ]knmd sg]s cdsdqlhmdr
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&]( &a(

Ehftqd 2-39 �Z( ?lokhstcd |𝑎0 | ]mc |𝑏0 | ne sgd ffqrs &]mc lnrs qdkdu]ms( Entqhdq bnlonmdmsr hm sgd
]ch]a]shb ]mc cxm]lhb]k qdronmrd enq lncdk ? ]mc A+ oknssdc ]r ] etmbshnm ne 𝑞†𝑞Γ ≠ /Γ†𝜈(1 &rdd
Dp- &2-33((- Sgd ]lokhstcdr ne sgd nrbhkk]shnmr hm sgd svn b]rdr ]qd o]qshbtk]qkx chydqdms tonm
cdbqd]rhmf 𝑞 enq 𝑞 < 𝑞Γ+ vgdqd sgd ]ch]a]shb qdronmrd qd]bgdr hsr l]whltl adenqd cdbqd]rhmf
snv]qcr ydqn &rdd ]krn Ehf- 2-2] ]mc sgd chrbtrrhnm hm Rdbshnm 2-3-0(- Gdqd sgd ]lokhstcd hr
oknssdc enq ] cqhuhmf eqdptdmbx Ψ < Ψod]j &rdd chrbtrrhnm hm Rdbshnm 2-3-1-0(- Sgd o]q]ldsdqr
trdc hm sgd okns ]qd 𝛽𝑥 ≠ 0+ 𝐶 ≠ 0/+ 〉𝑄 ≠ /.6+ Γ ≠ 2+ ℓ ≠ 0+ ]mc Ψ ≠ /.24- �a( U]ktdr 𝑞ℓ.𝐴 ne
sgd o]q]ldsdq 𝑞 rtbg sg]s+ enq ] fhudm u]ktd ne sgd cqhuhmf eqdptdmbx Ψ+ sgd ]lokhstcd ne sgd
cxm]lhb]k qdronmrd hm lncdk ?+ A l]sbgdr sg]s ne sgd ]ch]a]shb ]ooqnwhl]shnm &rdd sgd l]hm sdws
enq etqsgdq dwok]m]shnmr(- Ax rb]khmf ]qftldmsr+ vd dwodbs 𝑞ℓ ∼ Ψ ]mc 𝑞𝐴 ∼

√
Ψ &rdd Dp- &2-46((-

Sgd o]q]ldsdqr trdc hm sgd fq]og ]qd 𝛽𝑥 ≠ 0+ 𝐶 ≠ 0//+ 〉𝑄 ≠ /.6+ Γ ≠ 2+ ]mc ℓ ≠ 0-

sgd oqnodqshdr ne sgd ]ch]a]shb qdronmrd ]r ] etmbshnm ne Ψ+ rdd Dp- &2-38(: hsr pt]khs]shud ed]stqdr
&]lokhstcd+ og]rd( ]qd ]m]knfntr sn sgnrd ne ] knv,o]rr ffksdq hm bhqbths dkdbsqnmhbr- Dudm sgntfg
sgd cdodmcdmbd nm Ψ hr lnqd bnlokhb]sdc hm Dp- &2-37(+ sghr ’ffksdq“ qdl]hmr ]mc hs bg]q]bsdqhydr
sgd cxm]lhb]k qdronmrd enq eqdptdmbhdr Ψ ≥ 𝛽𝑥 -

Vd mnshbdc hm Rdbshnm 2-2-2-1 sg]s+ hm fdmdq]k+ sgd ffqrs Entqhdq g]qlnmhb cnlhm]sdr sgd ]ch],
a]shb qdronmrd &rdd Ehf- 2-2](- Nmd b]m bgdbj sg]s sghr hr ]krn sgd b]rd enq sgd cxm]lhb]k qdronmrd+
ansg ]s knv Ψ &vghbg hr mns rtqoqhrhmf+ rhmbd enq Ψ ≠ / sgd svn rdsr ne Entqhdq bndflbhdmsr a𝑚

]mc b𝑚 bnhmbhcd( ]mc enq ghfgdq cqhuhmf eqdptdmbhdr adb]trd+ enq k]qfd Ψ+ nmd g]r |b𝑚 | ∼ /𝑚Ψ(�1

eqnl Dp- &2-37(- Hm sgd enkknvhmf+ vd vhkk sgdm enbtr lnrskx nm sgd ]m]kxrhr ne sgd ffqrs g]qlnmhb+
ad]qhmf hm lhmc sg]s sgd ydqnsg g]qlnmhb+ h-d-+ sgd ]udq]fd u]ktd ]qntmc vghbg sgd o]qshbkd X
nrbhkk]sdr+ hr sgd r]ld ]r sg]s ne sgd ]ch]a]shb ]ooqnwhl]shnm &rdd Dp- &2-40((+ vgnrd ed]stqdr g]ud
addm cdrbqhadc hm Rdbshnm 2-2-2-0-

2-3-0 :chZaZshb khlhs

Kds tr ffqrs bnlo]qd sgd cxm]lhb]k qdronmrd sn sgd ]ch]a]shb nmd- Knnjhmf ]s Ehf- 2-3]+ vghbg
rgnvr sgd ]lokhstcd ne sgd ffqrs g]qlnmhb ]r ] etmbshnm ne 𝑞 ≠ 𝜈�1+ hs ]ood]qr sg]s enq ]mx ffwdc
u]ktd ne sgd cqhuhmf eqdptdmbx Ψ sgdqd dwhrsr ] sgqdrgnkc u]ktd 𝑞ℓ nq 𝑞𝐴 &cdodmchmf nm sgd lncdk
bnmrhcdqdc( rtbg sg]s enq 𝑞 ≥ 𝑞ℓ.𝐴/Ψ( sgd rxrsdl cxm]lhbr adbnldr dydbshudkx ]ch]a]shb- Vgdm
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sghr g]oodmr+ sgd ]lokhstcd ne sgd cxm]lhb]k qdronmrd hm lncdk ?.A hr udqx vdkk ]ooqnwhl]sdc
ax sg]s ne sgd ]ch]a]shb qdronmrd+ ]mc sgd bnqqdronmchmf btqudr hm Ehf- 2-3] bnhmbhcd-

Sghr b]m ad tmcdqrsnnc hm sdqlr ne sgd bnlodshshnm adsvddm sgd qdk]w]shnm shldrb]kd 𝜎𝜏
ne sgd ffdkc+ vghbg hr fhudm hm Dp- &0-14(+ ]mc sgd nmd rds ax sgd dwsdqm]k odqhnchb cqhuhmf+ h-d-+
𝜎Ψ ∼ Ψ�0- Sxohb]k ffdkc fitbst]shnmr ]qd sgnrd vhsg v]ududbsnq 𝑝 ∼ 𝜈�0+ vgdqd 𝜈 ∼ 𝑞�0†1 hr
sgd ffdkc bnqqdk]shnm kdmfsg- Vd dwodbs sgd ]ch]a]shb ]ooqnwhl]shnm sn ad ]bbtq]sd vgdm sgd
shldrb]kd 𝜎

sxo
𝜏 ne sgdrd sxohb]k fitbst]shnmr hr ltbg rgnqsdq sg]m 𝜎Ψ+ h-d-+ 𝜎sxo

𝜏 • 𝜎𝜏/𝑝 ∼ 𝜈�0( ≪ 𝜎Ψ9
] rhlokd b]kbtk]shnm hmchb]sdr sg]s sgd sgqdrgnkc u]ktdr 𝑞ℓ.𝐴 ]qd fhudm ax

𝑞ℓ ∼ Ψ†𝐶 . 𝑞𝐴 ∼
}
Ψ†𝐶. &2-46(

Sghr hr udqhffdc hm Ehf- 2-3a+ vgdqd vd okns 𝑞ℓ ]mc 𝑞𝐴 ]r ] etmbshnm ne sgd cqhuhmf eqdptdmbx Ψ-
Sgd rxlankr bnqqdronmc sn mtldqhb]k drshl]sdr ne 𝑞ℓ.𝐴 nas]hmdc ax hmrodbshmf oknsr ]m]knfntr
sn sg]s ne Ehf- 2-3]+ vghkd sgd rnkhc khmdr bnqqdronmc sn Dp- &2-46(-

Mnsd sg]s sgd shldrb]kd 𝜎𝑥 ∼ 𝛽�0
𝑥 + vghbg bg]q]bsdqhydr sgd qdk]w]shnm ne sgd o]qshbkd X hm hsr

g]qlnmhb sq]o+ cndr mns ]ydbs sghr hmsdqok]x adsvddm 𝜎Ψ ]mc 𝜎𝜏- ?r ]mshbho]sdc ]anud+ hs ldqdkx
bnmsqhatsdr ] bnllnm rb]khmf e]bsnq )0+ /Ψ†𝛽𝑥(1[�0†1 sn sgd ]lokhstcd ne sgd ffqrs g]qlnmhb ]mc
qdrtksr hmsn ] og]rd rghes 𝜂𝑥 fhudm ax Dp- &2-17(- Sghr hr hm e]bs bnmrhrsdms vhsg sgd dydbshud ffdkc
hmsdqoqds]shnm vd f]ud hm Rdbshnm 2-1-29 sgd o]qshbkd X lnudr tmcdq sgd dydbs ne sgd dwbhs]shnmr
fdmdq]sdc nm sgd ffdkc 𝜏 ax sgd lnshnm ne sgd o]qshbkd Y- ?mx eddca]bj ne sgd o]qshbkd X nm sgd
ffdkc hr mdfkdbsdc+ adb]trd vd ]qd bnmrhcdqhmf nmkx sgd knvdrs mnmsqhuh]k nqcdq hm ] odqstqa]shud
dwo]mrhnm hm sgd bntokhmf 𝜅- ?bbnqchmfkx+ ]ch]a]shbhsx cdodmcr nm gnv e]hsgetkkx sgd ffdkc 𝜏

&vghbg qdk]wdr nm ] ffmhsd shldrb]kd( hr ]akd sn sq]mrlhs sgd dwbhs]shnm fdmdq]sdc ax sgd lnshnm ne
sgd o]qshbkd Y9 sgd rl]kkdq sgd cqhuhmf eqdptdmbx Ψ+ sgd lnqd ]bbtq]sd sghr sq]mrlhrrhnm adbnldr-
Vg]s g]oodmr sn sgd o]qshbkd X ]esdq sgd ’ldrr]fd“ hr qdbdhudc vhkk nmkx dudmst]kkx cdodmc nm
hsr bg]q]bsdqhrshb shldrb]kd 𝜎𝑥 -

Ntsrhcd sgd ]ch]a]shb qdfhld+ sgd ]ch]a]shb ]mc cxm]lhb]k qdronmrdr ]qd pt]khs]shudkx che,
edqdms drodbh]kkx enq 𝑞 < 𝑞Γ ≠ Γ�1+ sgd k]ssdq adhmf sgd u]ktd ne 𝑞 ]qntmc vghbg sgd ]ch]a]shb
qdronmrd qd]bgdr hsr l]whltl &rdd Ehf- 2-3] ]mc sgd chrbtrrhnm hm Rdbshnm 2-2-2-1(- Sghr ]krn
l]qjr sgd onhms ]s vghbg sgd bnqqdk]shnm kdmfsg ne sgd ffdkc adbnldr ne sgd r]ld nqcdq ne l]fmh,
stcd ]r sgd ]udq]fd rdo]q]shnm adsvddm sgd svn sq]or+ h-d-+ 𝜈 ∼ Γ- Hm Rdbshnm 2-2-2-1 vd cdrbqhadc
sgd ogdmnldmnm ne eqdptdmbx cntakhmf hm sgd ]ch]a]shb qdronmrd9 sgd ]lokhstcd ne hsr ffqrs
g]qlnmhb cdbqd]rdr tonm cdbqd]rhmf 𝑞 adknv 𝑞Γ+ ]mc u]mhrgdr ]s 𝑞 ≠ 𝑞0 &rdd Ehf- 2-2a(- Vd
b]m bnmbktcd sg]s+ hm fdmdq]k+ eqdptdmbx cntakhmf hr mns nardqudc hm sgd cxm]lhb]k qdronmrd+
tmkdrr sgd ]ch]a]shb ]ooqnwhl]shnm hr ]bbtq]sd &h-d-+ ]s rl]kk cqhuhmf eqdptdmbx Ψ ]mc k]qfd ffdkc
lnahkhsx 𝐶+ ]bbnqchmf sn sgd chrbtrrhnm ]anud(-

2-3-1 Eqdptdmbx cdodmcdmbd ne sgd cxmZlhbZk qdronmrd

Sgd adg]uhnq ne sgd ]bst]k cxm]lhb]k qdronmrd hm Dp- &2-18( ]r ] etmbshnm ne sgd cqhuhmf eqdptdmbx
Ψ hr qhbgdq sg]m sg]s ne sgd ]ch]a]shb qdronmrd- Sgd khlhshmf b]rdr ne rknv ]mc e]rs cqhuhmf ]qd
]m]kxshb]kkx ]bbdrrhakd+ vghkd enq hmsdqldch]sd u]ktdr ne sgd cqhuhmf eqdptdmbx Ψ vd b]m du]kt]sd
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Ehftqd 2-49 ?lokhstcdr |𝑎0 | ]mc |𝑏0 | ne sgd ffqrs Entqhdq g]qlnmhb hm sgd ]ch]a]shb ]mc cxm]lhb]k
qdronmrdr+ qdrodbshudkx+ rgnvm ]r etmbshnmr ne sgd cqhuhmf eqdptdmbx Ψ hm 𝑐 ≠ 0+ enq ansg lncdkr
? ]mc A- Enq k]qfd Ψ+ sgd ]lokhstcd cdb]xr ]r Ψ�0 enq sgd ]ch]a]shb qdronmrd ]mc ]r Ψ�1 hm
sgd cxm]lhb]k b]rd &rdd sgd hmrds hm knf,knf rb]kd+ vgdqd vd hmchb]sdc sgd ]rxlosnshb adg]uhnqr
vhsg cnssdc khmdr(- Enq rl]kk u]ktdr ne Ψ+ sgd cxm]lhb]k qdronmrd hr sxohb]kkx k]qfdq sg]m sgd
nmd oqdchbsdc ax sgd ]ch]a]shb ]ooqnwhl]shnm+ ]mc hs hr od]jdc ]qntmc Ψod]j fhudm hm Dp- &2-48(-
Bknrd sn Ψ ∼ /+ ansg qdronmrdr bnkk]ord nm sgdhq rs]shb ]lokhstcd fhudm hm Dp- &2-47(: ]kk sgd
btqudr hm sghr okns ]qd mnql]khydc ax sghr u]ktd- Sgd o]q]ldsdqr trdc hm sgd fq]og ]qd 𝜇𝑥 ≠ 0+
𝜃𝑥 ≠ 0+ 𝐶 ≠ 0+ 〉𝑄 ≠ /.6+ Γ ≠ 2+ ℓ ≠ 0+ ]mc 𝑞 ≠ 0/�3-

mtldqhb]kkx sgd hmsdfq]kr sg]s ]ood]q hm Dp- &2-18(- Vd b]m sgdm trd sgd hmrhfgs vd f]hmdc hm
Rdbshnm 2-2-2 hm nqcdq sn q]shnm]khyd sgd pt]khs]shud adg]uhnq nardqudc hm sgd oknsr-

Hm nqcdq sn rhlokhex sgd chrbtrrhnm ax dmenqbhmf ] rdo]q]shnm ne shldrb]kdr+ vd bnmrhcdq hm
sghr Rdbshnm ] k]qfd u]ktd ne sgd hmudqrd shldrb]kd 𝛽𝑥 ≠ 𝜎�0

𝑥 - Hmcddc+ ]r ]mshbho]sdc ]anud+ sgd
]lokhstcd ne }X/𝑠(⟩ hr rhfmhffb]mskx qdctbdc ]s eqdptdmbhdr Ψ ≫ 𝛽𝑥 + ]mc sghr vntkc l]jd sgd
ed]stqdr ne sgd cxm]lhb]k qdronmrd g]qckx ]ooqdbh]akd- Kds tr ]krn rds sgd o]q]ldsdq 𝑞 ≪ 𝑞Γ &rdd
Dp- &2-33((+ ] bgnhbd vghbg vd vhkk lnshu]sd etqsgdq adknv-

2-3-1-0 :lokhstcd

Sgd l]hm pt]khs]shud ed]stqdr ne sgd cxm]lhb]k qdronmrd ]qd chrok]xdc hm Ehf- 2-4+ vgdqd vd okns
sgd ]lokhstcd |b0 | ne sgd ffqrs Entqhdq g]qlnmhb &rdd Dp- &2-37(( ]r ] etmbshnm ne Ψ enq lncdkr
? ]mc A+ ]mc vd bnlo]qd hs sn sgd ]lokhstcd ne sgd ]ch]a]shb qdronmrd- Enq u]mhrghmf Ψ ansg
qdronmrdr bnkk]ord nm ] bnllnm pt]rh,rs]shb btqud+ vghbg enkknvr eqnl Dpr- &2-34( ]mc &2-36(
sn &2-4/( ]r

1|a0/Ψ ≠ /(| ≠ 1|b0/Ψ ≠ /(| ≠ 1𝜅1ℐ0†𝜃𝑥 . &2-47(

Enq rl]kk ats mnmydqn Ψ+ nm sgd nsgdq g]mc+ sgd cxm]lhb]k qdronmrd hr sxohb]kkx k]qfdq sg]m sgd
nmd oqdchbsdc vhsghm sgd ]ch]a]shb ]ooqnwhl]shnm- Sgd enqldq ]ood]qr sn ad od]jdc ]qntmc ]
eqdptdmbx Ψod]j vghbg b]m ad hcdmshffdc ]r sgd hmudqrd qdk]w]shnm shldrb]kd ne sgd ffdkc 𝜏 nudq ]
chrs]mbd bnlo]q]akd vhsg sgd ]udq]fd rdo]q]shnm Γ adsvddm sgd svn sq]or- Sghr b]m ad nas]hmdc
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eqnl Dp- &0-14( ax rdsshmf 𝑝 ≃ 0†Γ9 enq 𝑞 ≪ 𝑞Γ ≠ Γ�1+ vd ffmc

Ψod]j ∼ 𝜎�0
𝜏 /𝑝 ≃ 0†Γ( ≃ 𝐶†Γ� . &2-48(

vgdqd � ≠ 1 + � hr sgd cxm]lhb]k bqhshb]k dwonmdms ne sgd ffdkc 𝜏 &vd qdb]kk sg]s � ≠ / ]mc 1
enq lncdk ? ]mc A qdrodbshudkx Z43[(- ?bbnqchmfkx+ Ψod]j hr chydqdms enq lncdk ? ]mc lncdk A
cxm]lhbr-

Ehm]kkx+ enq k]qfd Ψ+ sgd ]lokhstcd ne sgd cxm]lhb]k qdronmrd cdb]xr ]r Ψ�1+ ]s nccr vhsg
sgd ]ch]a]shb qdronmrd vghbg cdb]xr ]r Ψ�0+ rn sg]s sgd enqldq adbnldr dudmst]kkx rl]kkdq sg]m
sgd k]ssdq- Sghr hr rgnvm hm sgd hmrds ne Ehf- 2-4+ vgdqd sgd ]lokhstcd hr oknssdc ]r ] etmbshnm ne
Ψ hm knf,knf rb]kd+ snfdsgdq vhsg sgd ]rxlosnshb cdb]xr ldmshnmdc ]anud-

Kds tr mnv lnshu]sd sgd bgnhbd 𝑞 ≪ 𝑞Γ- Sgd ]qftldms vd f]ud hm Rdbshnm 2-3-0 vgdm chr,
btrrhmf sgd ]ch]a]shb khlhs b]m ad qdudqrdc9 enq dudqx ffwdc u]ktd ne sgd o]q]ldsdq 𝑞+ sgdqd vhkk
ad ] cqhuhmf eqdptdmbx Ψℓ.𝐴/𝑞( rtbg sg]s+ vgdm Ψ ≤ Ψℓ.𝐴/𝑞(+ sgd cxm]lhbr ne sgd rxrsdl hr vdkk
]ooqnwhl]sdc ax sgd ]ch]a]shb nmd- Sgdhq u]ktd b]m ad entmc ax hmudqshmf Dp- &2-46(+ h-d-+

Ψℓ ∼ 𝐶𝑞 . Ψ𝐴 ∼ 𝐶𝑞1. &2-5/(

Rhmbd sgd bg]q]bsdqhrshb eqdptdmbx rb]kd ne sgd cxm]lhb]k qdronmrd hr fhudm ax Ψod]j &rdd Ehf- 2-4(+
hm nqcdq sn ]ooqdbh]sd sgd chydqdmbd vhsg qdrodbs sn sgd ]ch]a]shb qdronmrd vd ltrs qdpthqd
Ψℓ.𝐴/𝑞( ≪ Ψod]j- Ax bgnnrhmf 𝑞 ≪ 𝑞Γ sghr qdpthqdldms hr ]tsnl]shb]kkx r]shrffdc+ ]r hs b]m ad
bgdbjdc ax trhmf sgd cdffmhshnm ne Ψod]j hm Dp- &2-48(- He+ nm sgd bnmsq]qx+ nmd bgnnrdr 𝑞 � 𝑞Γ+
sgdm hmsdqldch]sd b]rdr nbbtq hm vghbg sgd od]j rghesr snv]qcr k]qfdq u]ktdr ne Ψ+ vghkd rshkk
qdl]hmhmf e]q eqnl sgd ]ch]a]shb khlhs-

Rhlhk]qkx+ hm oknsshmf sgd ]lokhstcd ne sgd cxm]lhb]k qdronmrd ]r ] etmbshnm ne 𝑞 hm Ehf- 2-3]
vd bgnrdΨ ≪ Ψod]j- Hm e]bs+ g]c vd bgnrdm hmrsd]cΨ ≫ Ψod]j+ sgd cxm]lhb]k ]lokhstcd vntkc
g]ud addm rl]kkdq sg]m sgd ]ch]a]shb ]lokhstcd+ ]mc hs vntkc g]ud ]ooqn]bgdc sgd k]ssdq eqnl
adknv hm bnqqdronmcdmbd ne 𝑞ℓ.𝐴/Ψ(-

2-3-1-1 OgZrd

Hm ]m]knfx vhsg vg]s vd chc enq sgd ]ch]a]shb qdronmrd chrbtrrdc hm Rdbshnm 2-2-2-2+ eqnl sgd
Entqhdq bndflbhdms b0 hm Dp- &2-37( nmd b]m cdsdqlhmd sgd og]rd ne sgd cxm]lhb]k qdronmrd vghbg
vd hmchb]sd ax 𝜀0+ rn ]r sn chrshmfthrg hs eqnl sgd og]rd 𝜂0 ne sgd ]ch]a]shb qdronmrd- Hm o]qshbtk]q+
nmd ffmcr

𝜀0 ≠ �
�
𝜂𝑥 + 𝜂� + 𝜉†1

(
+ ]qf/𝐻0(. &2-50(

vgdqd ]qf/𝐻0( hmchb]sdr sgd ]qftldms ne sgd bnlokdw hmsdfq]k

𝐻0 •
∫ c𝑐𝑝

/1𝜉(𝑐
𝑝 | |𝑝

�𝐼0/p · :(
�𝑝 + ℎΨ

𝑑�𝑝
1〉𝑄1+ℎp·Γ. &2-51(

Hm sgd dwoqdrrhnm ]anud 𝑝 | | hmchb]sdr sgd bnlonmdms ne p ]knmf : ]mc �- Enq Ψ → /+ vd mnsd sg]s
𝐻0 ≃ ℐ0†𝐶 &rdd Dp- &2-4/(( ]mc vd qdbnudq sgd ]ch]a]shb khlhs vhsg 𝜀0 ≃ 𝜂0- Enq Ψ → ∞+ hmrsd]c+
nmd ffmcr

𝐻0 ≃ 0
ℎΨ

∫ c𝑐𝑝

/1𝜉(𝑐
𝑝 | |𝑝

�𝐼0/p · :(𝑑�𝑝1〉𝑄1+ℎp·Γ. &2-52(
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2-3- ?M?KXRHR NE SGD CXM?LHB?K QDRONMRD

&]( &a(

Ehftqd 2-59 �Z( Og]rd ne sgd ]ch]a]shb ]mc cxm]lhb qdronmrdr+ rgnvm ]r ] etmbshnm ne sgd cqhuhmf
eqdptdmbx Ψ hm 𝑐 ≠ 0- Hm ansg b]rdr sgd qdk]shud og]rdr 𝛾𝜂 ]mc 𝛾𝜀+ qdrodbshudkx+ ]qd ld]rtqdc
vhsg qdrodbs sn sgd lnshnm ne sgd cqhudm o]qshbkd }Y/𝑠(⟩/ &rdd Dpr- &2-45( ]mc &2-53((- Enq k]qfd
u]ktdr ne Ψ+ sgd qdronmrd hm lncdk ? hr hm og]rd vhsg sgd lnshnm ne sgd cqhudm o]qshbkd &h-d-+
𝛾𝜀 → /(+ vghkd hm lncdk A hs hr hm bntmsdqog]rd &h-d-+ 𝛾𝜀 → �𝜉(- Sgdx ]qd ansg hm bnmsq]rs
vhsg sgd ]ch]a]shb ]ooqnwhl]shnm+ vghbg oqdchbsr ] 𝜉†1 og]rd rghes 𝛾𝜂- Enq rtflbhdmskx rl]kk Ψ+
sgd sgqdd qdronmrdr ltrs bnhmbhcd ]mc vd qdbnudq sgd ogxrhb]kkx e]lhkh]q ohbstqd hm vghbg sgd
lnshnm hr hm bntmsdqog]rd vhsg qdrodbs sn }Y/𝑠(⟩/ vhsg 𝛾𝜀 ≠ 𝛾𝜂 ≠ 𝜉- Enq hmsdqldch]sd u]ktdr ne
Ψ+ sgd og]rd hm sgd cxm]lhb]k qdronmrd u]qhdr q]ohckx ]mc mnm,lnmnsnmhb]kkx+ he 〉𝑄 ≪ Γ+ adenqd
qd]bghmf hsr ]rxlosnshb u]ktd- Sgd o]q]ldsdqr trdc hm sgd okns ]qd 𝛽𝑥 ≠ 0+ 𝐶 ≠ 0/�2+ 〉𝑄 ≠ /.3+
Γ ≠ 2+ ℓ ≠ /.0+ ]mc 𝑞 ≠ 0/�2- �a( Og]rd 𝜀0 ne sgd cxm]lhb]k qdronmrd+ rgnvm ]r ] etmbshnm
ne sgd chrs]mbd Γ adsvddm sgd svn sq]or+ enq rl]kk u]ktdr ne sgd cqhuhmf eqdptdmbx Ψ &rdd sgd
l]hm sdws(- Sgd adg]uhnq ne 𝜀0 ]r ] etmbshnm ne Γ hr ]rxlosnshb]kkx khmd]q+ vhsg ] rknod 𝜃 vghbg hr
hmcdodmcdms ne sgd ro]sh]k chldmrhnm]khsx 𝑐: enq sgd b]rd ne lncdk ?+ hs hr oqdchbsdc ax Dp- &2-55(-
Sgd o]q]ldsdqr trdc hm sgd fq]og ]qd 𝛽𝑥 ≠ 0+ 𝐶 ≠ /.0+ 〉𝑄 ≠ 0+ ℓ ≠ /.0+ ]mc 𝑞 ≠ 0/�2-

Hm ]m]knfx vhsg Rdbshnm 2-2-2-2+ vd enbtr nm sgd og]rd chydqdmbd 𝛾𝜀 vhsg qdrodbs sn sgd lnshnm
ne sgd cqhudm o]qshbkd }Y/𝑠(⟩/+ h-d-+

𝛾𝜀 • 𝜀0 � /�𝜂� � 𝜉†1( ≠ �𝜂𝑥 + ]qf/𝐻0(. &2-53(

Qdb]kkhmf sg]s 𝜂𝑥 → 𝜉†1 enq k]qfd Ψ+ hs enkknvr eqnl Dp- &2-52( sg]s 𝛾𝜀 ≃ 𝜉†1 ± 𝜉†1+ vgdqd sgd
rhfm ne sgd k]rs sdql b]m ad cdsdqlhmdc ax odqenqlhmf sgd hmsdfq]shnm nudq p hm Dp- &2-52( ]mc hs hr
hm fdmdq]k chydqdms enq lncdk ? nq A &rdd ?oodmchw B-6 – hm 𝑐 ≠ 0+ sgd oktr rhfm bnqqdronmcr sn
lncdk ?+ ]mc sgd lhmtr rhfm sn lncdk A(- Sgd lnshnm ne X enq k]qfd Ψ hr sgtr dhsgdq hm og]rd nq
hm bntmsdqog]rd vhsg sgd lnshnm ne sgd cqhudm o]qshbkd+ cdodmchmf nm sgd lncdk9 hm ansg b]rdr+
sghr hr hm rg]qo bnmsq]rs vhsg sgd ]ch]a]shb ]ooqnwhl]shnm+ vghbg oqdchbsr ] 𝜉†1 og]rd rghes &rdd
Ehf- 2-2a hm sgd r]ld khlhs(- Gnvdudq+ sgd ]ooqnwhl]shnm vd trdc sn cdqhud Dp- &2-52( b]m nmkx
ad ]bbtq]sd he Ψ hr k]qfdq sg]m ]kk sgd ogxrhb]k eqdptdmbhdr hmunkudc hm sgd oqnakdl- He vd ]rrtld
sg]s sgd rxrsdl hr rtflbhdmskx bknrd sn bqhshb]khsx rn sg]s 𝜈 ≫ 〉𝑄+ sgdm sgd dydbshud o]qshbkd q]chtr〉𝑄 ok]xr sgd qnkd ne ] btsny ]mc sgd e]rsdrs shldrb]kd hr qdoqdrdmsdc ax 𝜎𝜏/𝑝 ∼ 0†〉𝑄(- ?bbnqchmfkx+
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vd dwodbs sgd cxm]lhb]k og]rd sn qd]bg hsr ]rxlosnshb u]ktd enq

Ψ ≫ Ψbtsny • 𝜎�0
𝜏 /𝑝 ∼ 0†〉𝑄( ∼ 𝐶†〉𝑄� . &2-54(

Qdb]kk sg]s sgd ]lokhstcd |b0 | ne sgd cxm]lhb]k qdronmrd rs]qsr cdbqd]rhmf enq Ψ ≫ Ψod]j &rdd
Rdbshnm 2-3-1-0 ]mc Dp- &2-48((+ ]mc vhsghm ntq rdsto ne Ehf- 2-0 vhsg 〉𝑄 ≪ Γ hs hr Ψbtsny ≫ Ψod]j-
?r ] qdrtks+ sgd ]rxlosnshb u]ktd ne 𝜀0 vhkk mns ad qd]bgdc hm oq]bshbd he mns enq u]mhrghmf u]ktdr
ne sgd ]lokhstcd |b0 |+ ]mc nmd nardqudr hmrsd]c ] og]rd vghbg hr q]ohckx bg]mfhmf ]r ] etmbshnm
ne Ψ+ chydqdms hm fdmdq]k eqnl sgd ]ch]a]shb og]rd 𝜂0 &he mns ax bnhmbhcdmbd(- Sghr b]m ad rddm hm
Ehf- 2-5]+ vghbg bnlo]qdr sgd qdk]shud og]rd 𝛾𝜀 ne sgd cxm]lhb]k qdronmrd sn sg]s ne sgd ]ch]a]shb
qdronmrd+ 𝛾𝜂+ ]r ] etmbshnm ne Ψ-

Lnqdnudq+ rhmbd 〉𝑄 &vghbg dmsdqr hm 𝐻0 cdffmdc hm Dp- &2-51(( cdodmcr nm sgd sdlodq]stqd
𝑆 uh] Dp- &2-22(+ ]m hmsdqdrshmf ntsbnld ne sgd ]m]kxrhr oqdrdmsdc ]anud hr sg]s sgd og]rd 𝜀0

hsrdke hr 𝑆,cdodmcdms hm ntq lncdk- Sghr v]r mns sgd b]rd enq sgd og]rd 𝜂0 vhsghm sgd ]ch]a]shb
]ooqnwhl]shnm+ rdd Dp- &2-43(-

Ehm]kkx+ hm Ehf- 2-5a vd okns sgd og]rd 𝜀0 ]r ] etmbshnm ne sgd ]udq]fd rdo]q]shnm Γ adsvddm
sgd sq]or ]mc enq rl]kk u]ktdr ne sgd cqhuhmf eqdptdmbx Ψ9 sgd cdodmcdmbd ne 𝜀0 nm Γ stqmr
nts sn ad khmd]q enq rtflbhdmskx k]qfd Γ- Sgd bnqqdronmchmf rknod 𝑗 hr hmcdodmcdms ne sgd ro]sh]k
chldmrhnm]khsx 𝑐+ ]mc hs b]m ad dwsq]bsdc dwokhbhskx hm sgd b]rd ne lncdk ? ax trhmf sgd ldsgnc
ne rsddodrs cdrbdms9 sghr hr cnmd hm ?oodmchw B-6-1+ vgdqd vd rgnv sg]s

𝑗 • �
𝜑𝜀0

𝜑Γ
≠
)
𝑞1 + /Ψ†𝐶(1

[0†3 rhm
)
0
1 ]qbs]m

)
Ψ
𝐶𝑞

((
. &2-55(

Sghr e]bs rtffdrsr ]m hmsdqdrshmf hmsdqoqds]shnm vhsghm sgd dydbshud ffdkc ohbstqd oqdrdmsdc hm
Rdbshnm 2-1-2- Hmcddc+ sgd qdronmrd ne sgd o]qshbkd X sn ] rl]kk rhmtrnhc]k odqstqa]shnm fdmdq]sdc
ax sgd o]qshbkd Y ]s ] chrs]mbd Γ ]o]qs dydbshudkx qd]cr

}X/𝑠(⟩ ≃ Q/Ψ( bnr/Ψ𝑠 � 𝑗Γ + 𝜀𝑗(. &2-56(

vgdqd sgd og]rd rghes 𝜀𝑗 ]mc Q/Ψ( ≃ |b0 | &rdd Dp- &2-37(( cdodmc hm fdmdq]k nm sgd u]qhntr
o]q]ldsdqr ne sgd oqnakdl- Dpt]shnm &2-56( cdrbqhadr ] v]ud oqno]f]shmf nts ne sgd rntqbd Y/𝑠(+
]mc hm sghr ]m]knfx sgd o]q]ldsdq 𝑗 ok]xr sgd qnkd ne ]m dydbshud v]udmtladq- Sghr rhlokhffdc
ohbstqd cndr mns ]ookx vgdm Ψ adbnldr k]qfd bnlo]qdc sn sgd nsgdq bg]q]bsdqhrshb eqdptdmbhdr ne
sgd rxrsdl+ adb]trd sgdm vd g]ud rddm sg]s 𝜀0 ltrs r]stq]sd sn ] bnmrs]ms khlhshmf u]ktd &vghbg
hr+ hm o]qshbtk]q+ hmcdodmcdms ne Γ(- Lnqdnudq+ ]kadhs rl]kk+ sgd bnmsqhatshnm ne ghfgdq g]qlnmhbr
vhkk rshkk lnchex sgd ffqrs g]qlnmhb bnmsqhatshnm cdrbqhadc ax Dp- &2-56(-

2-4 MtldqhbZk rhltkZshnm

Hm sghr Rdbshnm vd hmudrshf]sd sgd u]khchsx ne ntq ]m]kxshb]k oqdchbshnmr+ cdqhudc vhsghm sgd vd]j,
bntokhmf dwo]mrhnm+ ax chqdbs hmsdfq]shnm ne sgd bntokdc K]mfduhm dpt]shnmr ne lnshnm ne sgd
ffdkc hm Dp- &2-3(+ ]mc ne sgd svn o]qshbkdr hm Dpr- &2-5( ]mc &2-6(- Sn sghr dmc+ vd chrbqdshyd sgd
ffdkc 𝜏 nudq ] k]sshbd ne rhcd 𝐾 hm 𝑐 ≠ 0 nq 𝑐 ≠ 1 ro]sh]k chldmrhnmr+ ]r cdrbqhadc hm ?oodmchw B-7+
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&]( &a(

Ehftqd 2-69 ?udq]fd onrhshnm }𝑋/𝑠(⟩ ne sgd o]qshbkd hm sgd ffwdc sq]o+ &]( hm 𝑐 ≠ 0+ ]mc &a( hm 𝑐 ≠ 1-
Sgd qdrtksr ne sgd mtldqhb]k rhltk]shnmr &bnknqdc khmdr( ]qd qdonqsdc snfdsgdq vhsg sgd ]m]kxshb]k
oqdchbshnm hm Dp- &2-18( &rxlankr(+ rgnvhmf dwbdkkdms ]fqddldms- Sgd o]q]ldsdqr trdc hm ansg
fq]ogr ]qd 𝜇𝑥 ≠ 0+ 𝐶 ≠ 0+ 𝜃𝑥 ≠ /.0+ 𝑞 ≠ /.0+ 𝜅 ≠ /.4+ Γ ≠ 1/+ ℓ ≠ 4+ Ψ ≠ 1𝜉 · 0/�2+ k]sshbd
rhcd 𝐾 ≠ 017+ ]mc hmsdfq]shnm shld rsdo 𝛾𝑠 ≠ /./0- Hm o]mdk &]( vd rds 𝑄 ≠ 0.4+ 𝑆 ≠ /./0+ ]mc
vd ]udq]fdc nudq 𝑀 ≠ 0/4 qd]khy]shnmr ne sgd sgdql]k mnhrd ]ood]qhmf hm Dpr- &2-3( ]mc &2-5(- Hm
o]mdk &a( sgd mnhrd hr ]ardms &bnqqdronmchmf sn 𝑆 ≠ /(+ ]mc vd s]jd ] rhmfkd qd]khy]shnm ne sgd
cxm]lhbr vhsg sgd dydbshud o]qshbkd q]chtr 〉𝑄 ≠ 0.4054 &rdd sgd l]hm sdws(+ bnqqdronmchmf sn sgd
u]ktdr ne 𝑄 ]mc 𝑆 bnmrhcdqdc hm o]mdk &]( ]mc ]r nas]hmdc eqnl Dp- &2-22(-

]mc vd ]rrtld odqhnchb antmc]qx bnmchshnmr- Vd bnmrhcdq+ enq rhlokhbhsx+ sgd khlhs 𝜃� → ∞ enq
sgd cqhudm o]qshbkd Y/𝑠(+ vghbg sgtr dunkudr cdsdqlhmhrshb]kkx ]bbnqchmf sn Dp- &2-01(+ vghkd sgd
rdbnmc o]qshbkd X/𝑠( tmcdqfndr Aqnvmh]m chytrhnm tmcdq sgd dydbsr ne hsr ffwdc sq]o-

Vd ffqrs rhltk]sd sgd rxrsdl hm 𝑐 ≠ 0 hm sgd oqdrdmbd ne mnhrd- Ehftqd 2-6] bnlo]qdr sgd
]udq]fd nudq l]mx qd]khy]shnmr ne sgd rhltk]sdc sq]idbsnqhdr ne sgd o]qshbkdr vhsg sgd ]m]kxshb]k
oqdchbshnmr hm Dp- &2-18(+ rgnvhmf ] fnnc ]fqddldms enq ansg lncdk ? ]mc lncdk A- Enq sghr
rhltk]shnm vd bgnrd ] rds ne o]q]ldsdqr sg]s onrdr lncdk ? bknrd sn sgd ]ch]a]shb qdfhld+ vghkd
lncdk A hr ]bst]kkx e]q eqnl hs- ?r ] qdrtks+ sgd btqud bnqqdronmchmf sn lncdk ? hr &]klnrs( hm
bntmsdqog]rd vhsg qdrodbs sn sgd dwsdqm]k cqhuhmf ∼ ℓ rhm/Ψ𝑠(+ vghkd sgd btqud bnqqdronmchmf
sn lncdk A g]r ] fdmdqhb og]rd- Vd bgnrd ] k]qfd u]ktd ne sgd cqhuhmf ]lokhstcd ℓ rn ]r sn
dlog]rhyd ]krn sgd bnmsqhatshnm ne ghfgdq Entqhdq g]qlnmhbr+ ]ksgntfg sgd ffqrs g]qlnmhb rshkk
cnlhm]sdr sgd qdronmrd+ ]r dwodbsdc-

? etqsgdq bnmbktrhnm vd b]m cq]v eqnl sghr ]fqddldms adsvddm sgdnqdshb]k oqdchbshnmr ]mc
mtldqhb]k rhltk]shnmr hr sgd enkknvhmf- ?r vd dlog]rhydc hm Rdbshnm 2-1-3+ sgd oqdchbshnm enq
}X/𝑠(⟩ hm Dp- &2-18( cndr mns chrshmfthrg sgd rdo]q]sd dydbsr ne g]uhmf ] k]qfdq o]qshbkd q]chtr 𝑄

eqnl sgnrd ne ] ghfgdq sdlodq]stqd 𝑆+ adhmf sgdl s]mfkdc hmsn sgd dydbshud q]chtr 〉𝑄 cdffmdc
hm Dp- &2-22(- Sghr nardqu]shnm ]bst]kkx rhlokhffdr sgd s]rj ne odqenqlhmf mtldqhb]k rhltk]shnmr
hm ghfgdq ro]sh]k chldmrhnm 𝑐+ vgdqd sgdx adbnld knmfdq ]mc lnqd qdrntqbd,cdl]mchmf9 vd
rhlokx rds 𝑆 ≠ / ]mc rhltk]sd sgd mnhrdkdrr &h-d-+ cdsdqlhmhrshb( dpt]shnmr ne lnshnm+ bnqqdbshmf〉𝑄 ]bbnqchmfkx- Ehftqd 2-6a dwdlokhffdr sghr hm 𝑐 ≠ 1+ enq sgd r]ld rds ne o]q]ldsdqr ]r sgnrd trdc
hm Ehf- 2-6]- Sgd btqudr vd nardqud ]qd pt]khs]shudkx rhlhk]q sn sgnrd hm 𝑐 ≠ 0+ ]mc ]f]hm sgdx
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]qd hm fnnc ]fqddldms vhsg sgd ]m]kxshb]k oqdchbshnm- Hm sghr rdbnmc okns hs ]ood]qr dudm lnqd
duhcdmskx sg]s sgd nrbhkk]shnmr ne sgd oqnad o]qshbkd ]qd mns g]qlnmhb+ ]r ] qdrtks ne sgd mnmkhmd]q
hmsdq]bshnm-

2-5 Dwsdmrhnm sn lZmx oZqshbkdr

Hm Rdbshnm 2-1 vd mnsdc sg]s sgd bnmsqhatshnm ne ]mx ]cchshnm]k o]qshbkd dmsdqr khmd]qkx hm sgd
l]rsdq dpt]shnm &2-04( vghbg cdrbqhadr sgd nmd,onhms oqna]ahkhsx 𝑂0/x. 𝑠( ne sgd onrhshnm X/𝑠( ne
sgd o]qshbkd- Hm Rdbshnm 2-1-2 vd etqsgdq bnlldmsdc sg]s sgd d”dbshud ffdkc hm vghbg sgd o]qshbkd X
dunkudr b]m ad nas]hmdc ax rhlokx rtllhmf sgd bnmsqhatshnmr ne ]kk sgd nsgdq o]qshbkdr+ vghbg
]qd ]bshmf ]r rntqbd sdqlr enq sgd ffdkc 𝜏- Hs vntkc sgtr ]ood]q sg]s ltksh,ancx dydbsr ]qd ]ardms
hm ntq lncdk+ ]mc sg]s sgd hmctbdc hmsdq]bshnmr ]qd hmcddc o]hqvhrd,]cchshud+ ]s nccr vhsg
nsgdq sxodr ne fitbst]shnm,hmctbdc hmsdq]bshnmr rtbg ]r B]rhlhq enqbdr- Rhlhk]q bnmbktrhnmr g]ud
addm qdbdmskx qd]bgdc hm Qde- Z81[+ vgdqd hs v]r rgnvm sg]s ffdkc,ldch]sdc enqbdr adsvddm onhms,
khjd o]qshbkdr khmd]qkx bntokdc sn ] F]trrh]m ffdkc hm dpthkhaqhtl ]qd hmcddc o]hqvhrd,]cchshud+
hmcdodmcdmskx ne sgd rsqdmfsg ne sgd khmd]q bntokhmf- Gnvdudq+ sghr hr hm oqhmbhokd mns sgd b]rd
enq mnmdpthkhaqhtl rdsshmfr+ rtbg ]r sgd nmd bnmrhcdqdc hm sghr Bg]osdq- Rhmbd ntq ]m]kxrhr v]r
a]rdc nm ] odqstqa]shud cdrbqhoshnm u]khc enq ] rl]kk bntokhmf 𝜅+ hs hr sgdm m]stq]k ]s sghr onhms
sn ]rj vgdsgdq o]hqvhrd,]cchshuhsx gnkcr adxnmc sgd odqstqa]shud qdfhld- Hm nqcdq sn ]mrvdq
sghr ptdrshnm+ vd mnv ]rrtld sg]s 𝑀 o]qshbkdr {W0 .W1 . . . . .W𝑀 { ]qd hm bnms]bs vhsg sgd ffdkc 𝜏

]r hm Rdbshnm 2-0+ rn sg]s

ℋ ≠ ℋ𝜏 +
𝑀∑
𝑍≠0

𝒯𝑍/W𝑍( +ℋhms . &2-57(

vgdqd 𝒯𝑍 ]qd fdmdqhb bnmffmhmf onsdmsh]kr+ ]mc

ℋhms ≠ �𝜅
𝑀∑
𝑍≠0

∫
c𝑐w𝜏/w(𝑈 /𝑍(/w � W𝑍( &2-58(

fdmdq]khydr Dp- &2-2( sn l]mx o]qshbkdr- Sgd ffdkc 𝜏 rshkk dunkudr ]bbnqchmf sn Dp- &2-3(+ vghkd sgd
o]qshbkdr enkknv

W̄𝑍/𝑠( ≠ E𝑍/W𝑍 . 𝑠( + 𝜅𝜇𝑍e𝑍/W𝑍 . 𝜏( + 𝝁/𝑍(/𝑠(. &2-6/(

vgdqd vd cdmnsdc ax 𝜇𝑍 sgd lnahkhsx bndflbhdmsr+ 𝝁/𝑍(/𝑠( ]qd hmcdodmcdms vghsd F]trrh]m mnhrdr
vhsg sgd r]ld u]qh]mbd ]r hm Dp- &2-8(+ ]mc e𝑍 hr cdffmdc]r hm Dp- &2-7(- Sn l]jd bnms]bsvhsgDp- &2-5(
vd b]m bgnnrd E𝑍/W𝑍 . 𝑠( • �𝜇𝑍·𝑊𝑍𝒯𝑍/W𝑍/𝑠((+ rn ]r sn cdrbqhad sgd dpthkhaqhtl fitbst]shnmr ne sgd
o]qshbkdr hm sgdhq bnmffmhmf onsdmsh]kr 𝒯𝑍/W𝑍( ]mc hm bnms]bs vhsg sgd ffdkc- Gnvdudq+ E𝑍/W𝑍 . 𝑠(
b]m ]krn ad dwokhbhskx shld,cdodmcdms &d-f-+ ]r hm Dp- &2-6((+ rn sg]s sgd oqnakdl hr hm fdmdq]k nts
ne dpthkhaqhtl &]mc rhlhk]q sn sgd nmd chrbtrrdc ]anud(-

Hm nqcdq sn rstcx sgd cxm]lhbr hmctbdc ax sgd rds ne K]mfduhm dpt]shnmr &2-3( ]mc &2-6/(+ hs hr
bnmudmhdms sn bnmrhcdq sgd bnqqdronmchmf L]qshm–Rhffh]–Qnrd Z18+ 6/–61[ cxm]lhb]k etmbshnm]k
𝒫)𝜏. 𝜏̂. {W𝑍 .〉W𝑍{[+ ]r cds]hkdc hm ?oodmchw B-8- Gdqd vd hmchb]sdc ax 𝜏̂/w. 𝑠( ]mc 〉W𝑍/𝑠( sgd u]qh,
]akdr cxm]lhb]kkx bnmitf]sd sn 𝜏/w. 𝑠( ]mc W𝑍/𝑠(+ qdrodbshudkx- Hmsdfq]shmf nts sgd ffdkcr 𝜏 ]mc
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2-6- RTLL?QX NE SGHR BG?OSDQ

𝜏̂ eqnl sgd cxm]lhb]k etmbshnm]k 𝒫 enql]kkx xhdkcr ]m dydbshud etmbshnm]k 𝒫dy){W𝑍 .〉W𝑍{[9 ]mx
dwodbs]shnm u]ktd nudq sgd qd]khy]shnm ne sgd mnhrdr ne pt]mshshdr rtbg ]r 𝒩 ){W𝑍{[+ hmunkuhmf sgd
o]qshbkdr ats mns sgd ffdkc+ b]m sgdm ad dwoqdrrdc ]r

}𝒩 ){W𝑍{[⟩ ≠
∫ 〉

𝑀∑
𝑍≠0

𝒞W𝑍 𝒞〉W𝑍

(
𝒩 ){W𝑍{[ 𝑑�𝒫dy){W𝑍 .〉W𝑍{[ . &2-60(

vgdqd 𝒞W𝑍 hmchb]sdr ] o]sg hmsdfq]k nudq sgd qd]khy]shnmr ne W𝑍 &]mc rhlhk]qkx enq 𝒞〉W𝑍(-
Sgd hmsdfq]shnm nudq sgd ffdkcr 𝜏 ]mc 𝜏̂ hm sgd cxm]lhb]k etmbshnm]k 𝒫 fhudm hm Dp- &B-0//( hr

onrrhakd enq ]mx u]ktd ne 𝜅+ adb]trd sgd ffdkc G]lhksnmh]m ℋ𝜏 hm Dp- &0-05( hr F]trrh]m ]mc sgd
ffdkc,o]qshbkdr bntokhmf hr khmd]q- Sghr qdrtksr hm sgd dydbshud etmbshnm]k

𝒫dy){W𝑍 .〉W𝑍{[ ≠ 𝒫/){W𝑍 .〉W𝑍{[ � 𝜅1𝒫𝜅){W𝑍 .〉W𝑍{[. &2-61(

vgdqd sgd eqdd o]qs 𝒫/ b]m ad dwoqdrrdc ]r ] rtl ne rhmfkd,o]qshbkd bnmsqhatshnmr &rdd Dp- &B-88((+

𝒫/){W𝑍 .〉W𝑍{[ ≠
𝑀∑
𝑍≠0

𝒫𝑍)W𝑍 .〉W𝑍[. &2-62(

vghkd sgd hmsdq]bshmf o]qs 𝒫𝜅 bnms]hmr ] rtl nudq svn,o]qshbkd bnmsqhatshnmr &rdd Dp- &B-0/8((+

𝒫𝜅){W𝑍 .〉W𝑍{[ ≠
𝑀∑

𝑍 .𝑎≠0
𝒫𝑍𝑎)W𝑍 .〉W𝑍 .W𝑎 .〉W𝑎[. &2-63(

vgdqd sgd dwokhbhs enql ne 𝒫𝑍𝑎 hr oqnuhcdc hm Dp- &B-0/8(- Sgd cxm]lhb]k ]bshnm hm Dp- &2-61( hr
l]qjdckx o]hqvhrd ]cchshud+ ]r hs hr nmkx vqhssdm hm sdqlr nenmd, ]mc svn,ancx sdqlr- Lnqdnudq+ hs
hr dw]bs enq ]mx u]ktd ne sgd bntokhmf𝜅- Vd b]m sgtr bnmbktcd sg]s ghfgdq,nqcdq bnqqdbshnmr vghbg
vd g]ud mns hmbktcdc hm ntq odqstqa]shud b]kbtk]shnm vhkk g]ud sgd dydbs ne qdmnql]khyhmf sgd
&o]hqvhrd( hmsdq]bshnm onsdmsh]k+ ats sgdx vhkk mns hmsqnctbd ]mx ]cchshnm]k ltksh,ancx hmsdq]bshnm-
Hm sghr qdrodbs+ sgd bnmbktrhnmr ne Qde- Z81[ qd]chkx dwsdmc ]krn nts ne dpthkhaqhtl-

2-6 RtllZqx ne sghr BgZosdq

Hm sghr Bg]osdq vd bnmrhcdqdc svn Aqnvmh]m o]qshbkdr hmsdq]bshmf vhsg sgd r]ld fitbst]shmf ffdkc+
vghbg ]qd sgdqdenqd rtaidbs sn ffdkc,ldch]sdc enqbdr9 sgdrd b]m ad trdc sn hmctbd rxmbgqnmhy]shnm
vgdm nmd ne sgd svn o]qshbkdr hr dwsdqm]kkx cqhudm- Hm dpthkhaqhtl+ sgdrd enqbdr b]m ad nas]hmdc
ax hmsdfq]shmf nts sgd ffdkc cdfqddr ne eqddcnl eqnl sgd rxrsdl bnlonrdc ax sgd o]qshbkdr ]mc
sgd ffdkc9 vhsghm sghr UchUaUshb ]ooqnwhl]shnm+ sgd dydbshud K]mfduhm cxm]lhbr ne sgd o]qshbkdr
qdl]hmr L]qjnuh]m- Sgd r]ld gnkcr he sgd ldchtl hr mns hmrs]ms]mdntrkx hm dpthkhaqhtl+ ats
rshkk bg]q]bsdqhydc ax ] qdk]w]shnm shldrb]kd vghbg hr rgnqs bnlo]qdc sn sg]s bg]q]bsdqhyhmf sgd
lnshnm ne sgd o]qshbkdr- Gnvdudq+ he sgd qdk]w]shnm shld ne sgd ldchtl adbnldr knmfdq+ sgdm sgd
]ch]a]shb ]ooqnwhl]shnm e]hkr+ ]mc chydqdms sdbgmhptdr ]qd mddcdc sn rstcx sgd &mnmdpthkhaqhtl(
cxm]lhbr ne sgd o]qshbkdr-
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BG?OSDQ 2- MNMDPTHKHAQHTL EHDKC,LDCH?SDC HMSDQ?BSHNMR

Vd dwdlokhffdc sgdrd e]bsr ax rstcxhmf ] rhlokd+ xds qhbg+ lncdk hm vghbg ] rb]k]q F]trrh]m
ffdkc hr khmd]qkx bntokdc sn svn nudqc]lodc Aqnvmh]m o]qshbkdr jdos ro]sh]kkx rdo]q]sdc ax svn
bnmffmhmf g]qlnmhb sq]or &Ehf- 2-0(- Sghr hr ] m]stq]k dwsdmrhnm ne sgd lncdk bnmrhcdqdc hm
Bg]osdq 1 sn sgd b]rd ne svn o]qshbkdr- Nmd ne sgd svn sq]or hr cqhudm odqhnchb]kkx vhsg ] stm]akd
eqdptdmbx Ψ+ vghbg ]kknvr tr sn oqnad sgd cxm]lhb]k qdronmrd ne sgd nsgdq o]qshbkd nudq ] q]mfd
ne eqdptdmbhdr vghbg ro]mr ]bqnrr sgd u]qhntr shldrb]kdr ne sgd rxrsdl- ?r sgd ffdkc ]ooqn]bgdr
hsr bqhshb]k onhms 𝑞 ≠ /+ hsr qdk]w]shnm shldrb]kd chudqfdr+ ]mc nmd nardqudr ] fq]ct]k cdo]qstqd
eqnl sgd bnmchshnm ne ]ch]a]shb qdronmrd oqdrdmsdc ]anud- Vhsghm ] vd]j,bntokhmf dwo]mrhnm+
vd ffqrs cdqhudc sgd l]rsdq dpt]shnm &2-1/( sg]s cdrbqhadr sgd cxm]lhbr ne sgd mnm,cqhudm o]qshbkd
hm sgd mnmdpthkhaqhtl odqhnchb rs]sd ]ss]hmdc ax sgd rxrsdl ]s knmf shldr- Sghr b]m ad trdc sn
cdsdqlhmd sgd btltk]ms fdmdq]shmf etmbshnm ne sgd o]qshbkd onrhshnm qdonqsdc hm Dp- &2-14(+ eqnl
vghbg nmd b]m cdctbd+ hmsdq ]kh]+ sgd ]udq]fd ]mc u]qh]mbd ne sgd ]bst]k cxmUlhbUk qdronmrd ne
sgd o]qshbkd fhudm hm Dpr- &2-18( ]mc &2-2/(+ qdrodbshudkx-

Sgd k]ssdq g]r sn ad bnlo]qdc sn sgd ]ch]a]shb qdronmrd hm Dp- &2-30(+ vghbg vd cdqhudc hm
Rdbshnm 2-2 tmcdq sgd ]rrtloshnm ne e]rs ffdkc qdk]w]shnm- Hsr adg]uhnq ]r ] etmbshnm ne sgd cqhuhmf
eqdptdmbx Ψ hr sqhuh]kkx ]m]knfntr sn sg]s ne ] knv,o]rr ffksdq hm bhqbths dkdbsqnmhbr &Ehf- 2-2a(+
]mc sgdqdenqd vd enbtr nm hsr cdodmcdmbd nm sgd ffdkc bnqqdk]shnm kdmfsg 𝜈 ≠ 𝑞�0†1 &Ehf- 2-2](9
sgd ]lokhstcd ne sgd nrbhkk]shnmr hmctbdc nm sgd o]qshbkd hm sgd ffwdc sq]o ed]stqdr ] od]j vgdm
𝜈 ∼ Γ+ adhmf Γ sgd ]udq]fd rdo]q]shnm adsvddm sgd svn sq]or+ vghkd hs cdb]xr sn ydqn enq ansg
k]qfdq ]mc rl]kkdq u]ktdr ne 𝜈- Nardquhmf sgd qdronmrd ne rtbg ] o]qshbkd sgdm adbnldr ] v]x sn
oqnad sgd dpthkhaqhtl dydbshud onsdmsh]k𝑈𝑏/w( hmctbdc adsvddm sgd svn o]qshbkdr ax sgd oqdrdmbd
ne sgd ffdkc+ rdd Dp- &2-28( ]mc Ehf- 2-1]- Adhmf 𝑈𝑏/w( mnmkhmd]q+ hmsdqdrshmf ogdmnldm] rtbg ]r
eqdptdmbx cntakhmf b]m nbbtq tmcdq odqhnchb cqhuhmf &rdd Rdbshnm 2-2-2-1(-

Bnmudqrdkx+ sgd adg]uhnq ne sgd ]bst]k cxm]lhb]k qdronmrd ]r ] etmbshnm ne Ψ hr rhfmhffb]mskx
qhbgdq ]mc hs hr cdsdqlhmdc ax sgd hmsdqok]x adsvddm sgd u]qhntr shldrb]kdr bg]q]bsdqhyhmf sgd
rxrsdl- Hm o]qshbtk]q+ sgdrd ]qd sgd qdk]w]shnm shld ne sgd o]qshbkd hm hsr sq]o &rdd Dp- &2-00((+ sgd
shldrb]kd rds ax sgd dwsdqm]k cqhuhmf vhsg eqdptdmbx Ψ+ ]mc sgd qdk]w]shnm shldr ne sgd ffdkc
&rdd Dp- &0-14(( ]bqnrr sgd sxohb]k kdmfsg rb]kdr ne sgd rxrsdl9 sgd ffdkc bnqqdk]shnm kdmfsg 𝜈+ sgd
]udq]fd rdo]q]shnm Γ adsvddm sgd svn sq]or+ sgd q]chtr 𝑄 ]mc sgd ld]m rpt]qd chrok]bdldms
ne sgd o]qshbkd hm sgd sq]o &rdd Dp- &2-22((- Hm Rdbshnm 2-3 vd rstchdc hm cds]hk sgd ]lokhstcd
&Ehfr- 2-3] ]mc 2-4( ]mc sgd og]rd &Ehfr- 2-5] ]mc 2-5a( ne sghr cxm]lhb]k qdronmrd- Hm o]qshbtk]q+
sgd ]lokhstcd ne sgd nrbhkk]shnmr chrok]xr ] od]j vgdm sgd cqhuhmf eqdptdmbx Ψ l]sbgdr sgd
qdk]w]shnm shldrb]kd ne sgd ffdkc nudq ] kdmfsg rb]kd ne sgd nqcdq ne Γ &rdd Ehf- 2-4(- Lnqdnudq+
enq rtflbhdmskx rknv cqhuhmf+ sgd og]rd 𝜀0 chrok]xr ] khmd]q cdodmcdmbd nm Γ &rdd Ehf- 2-5a ]mc
Dp- &2-55((- Ansg sgdrd ed]stqdr ]qd mns b]ostqdc ax sgd ]ch]a]shb qdronmrd+ vgnrd ]lokhstcd
cdb]xr lnmnsnmhb]kkx tonm hmbqd]rhmf Ψ+ ]mc vgnrd og]rd 𝜂0 hr Γ,hmcdodmcdms- Ehm]kkx+ hm sgd
khlhs ne e]rs cqhuhmf &h-d-+ k]qfd Ψ( sgd cxm]lhb]k qdronmrd oqdchbsr ] 𝜉†1 og]rd rghes vhsg qdrodbs
sn sgd ]ch]a]shb ]ooqnwhl]shnm &rdd Ehf- 2-5](+ vghbg hr ] bkd]q dydbs ne qds]qc]shnm-

Hm o]rrhmf+ vd hmsdqoqdsdc sgdrd qdrtksr hm sdqlr ne sgd d”dbshud ffdkc &rdd Rdbshnm 2-1-2(9 vhsghm
sgd vd]j,bntokhmf ]ooqnwhl]shnm+ nmd b]m rstcx sgd cxm]lhbr ne ] sq]bdq o]qshbkd ]r he hs vdqd
hlldqrdc hm sgd dydbshud ffdkc fdmdq]sdc ax sgd lnshnm ne ]kk sgd nsgdq o]qshbkdr bntokdc sn sgd
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2-6- RTLL?QX NE SGHR BG?OSDQ

r]ldffdkc+ vghbg b]m ad sqd]sdc ]r rntqbd sdqlr- Hm e]bs+ hs stqmr nts sg]s sgd dwbhs]shnmr fdmdq]sdc
ax d]bg ne sgdrd lnuhmf o]qshbkdr bnmsqhatsd ]cchshudkx sn sgd ]udq]fd dydbshud ffdkc fhudm hm
Dp- &2-20(- Sghr ed]stqd odqrhrsr adxnmc sgd odqstqa]shud qdfhld+ ]r vd udqhffdc hm Rdbshnm 2-5 ax
cdsdqlhmhmf sgd cxm]lhb]k etmbshnm]k sg]s cdrbqhadr sgd l]mx,o]qshbkd cxm]lhbr enq ]mx u]ktd
ne sgd bntokhmf bnmrs]ms 𝜅+ ]mc bgdbjhmf sg]s hs cndr mns fhud qhrd sn fdmthmd l]mx,ancx dydbsr-

Vd ffm]kkx sdrsdc sgd ]bbtq]bx ne sgd odqstqa]shud ]ooqn]bg ax bnlo]qhmf hsr ]m]kxshb]k oqd,
chbshnmr vhsg sgd qdrtksr ne sgd mtldqhb]k hmsdfq]shnm ne sgd bntokdc dpt]shnmr ne lnshnm ne
sgd o]qshbkdr ]mc sgd ffdkc+ ffmchmf hm fdmdq]k ] fnnc ]fqddldms &rdd Ehf- 2-6(- Vd bnmbktcd ax
mnshmf sg]s mns nmkx sgd jhmc ne rxrsdlr hmudrshf]sdc gdqd ]qd vdkk vhsghm sgd qd]bg ne btqqdms
dwodqhldmsr Z25[+ ats ] rhlhk]q rdsto g]r hm e]bs ]kqd]cx addm rstchdc hm Qde- Z24[+ vgdqd sgd ln,
shnm ne rhkhb] o]qshbkdr hlldqrdc hm ] md]q,bqhshb]k ahm]qx khpthc lhwstqd v]r nardqudc ax chfhs]k
uhcdn,lhbqnrbnox+ ]mc rxmbgqnmhy]shnm ne sgdhq lnshnm tmcdq dwsdqm]k cqhuhmf v]r qdonqsdc
tonm ]ooqn]bghmf sgd bqhshb]k onhms-
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Hm sghr Bg]osdq vd dk]anq]sd etqsgdq nm sgd lncdk chrbtrrdc hm sgd oqduhntr nmdr+ ]mc enbtr nm
sgd oqnakdl ne ] o]qshbkd cq]ffdc ]s bnmrs]ms udknbhsx sgqntfg ] bnqqdk]sdc ldchtl- Sgd ]bshnm
ne ]m dwsdqm]k ’]fdms“+ vghbg otlor dmdqfx hmsn sgd rxrsdl ax cqhuhmf sgd o]qshbkd+ hr dwodbsdc
sn oqnctbd mnmsqhuh]k dmdqfdshb ]mc dmsqnohb finvr ansg vhsghm sgd ldchtl+ ]mc adsvddm sgd
ldchtl ]mc sgd o]qshbkd- Gnvdudq+ rs]mc]qc rsnbg]rshb sgdqlncxm]lhbr cndr mns ]kknv sn
cdrbqhad rtbg finvr+ adb]trd hs qdkhdr nm sgd ]rrtloshnm ne ] ro]sh]kkx rsqtbstqdkdrr a]sg vgnrd
dpthkhaqhtl hr mns odqstqadc ax sgd oqdrdmbd ne ] cqhudm oqnad- ?r vd mnsdc hm sgd oqduhntr
Bg]osdqr+ sgdrd ]rrtloshnmr ]qd fdmdqhb]kkx uhnk]sdc hm ] ldchtl sg]s oqdrdmsr l]bqnrbnohb
ro]shn,sdlonq]k bnqqdk]shnmr-

Hm sgd ffqrs o]qs ne sghr Bg]osdq &eqnl Rdbshnm 3-0 sn Rdbshnm 3-2( vd sgtr dwsdmc sgd eq]ldvnqj
ne rsnbg]rshb sgdqlncxm]lhbr Z0/7+ 0/8[ sn hmbktcd sgd b]rd hm vghbg sgd ldchtl chrok]xr ro]shn,
sdlonq]k bnqqdk]shnmr- Vd vhkk chrbtrr sgdhq hlokhb]shnmr nm sgd rs]shrshbr ne sgd vnqj hmidbsdc hm
sgd rxrsdl+ ]mc nm sgd ro]sh]kkx,qdrnkudc gd]s chrrho]shnm cdmrhsx- Ntq bnmrsqtbshnm m]stq]kkx
qdmcdqr sgd rs]mc]qc rsnbg]rshb sgdqlncxm]lhbr enq ] oqnad hm ] vghsd sgdql]k a]sg tonm rdsshmf
𝜅 ≠ /+ vgdqd 𝜅 hr sgd bntokhmf adsvddm sgd oqnad ]mc sgd fitbst]shmf nqcdq o]q]ldsdq- Vhsg
sgdrd mdv snnkr hm g]mc+ vd vhkk ad hm ] onrhshnm sn ]m]kxyd sgd oqnakdl ne ] o]qshbkd cq]ffdc ]s
bnmrs]ms udknbhsx sgqntfg sgd ldchtl ax ] lnuhmf g]qlnmhb sq]o+ vghbg hr ] rdsto bnllnmkx
trdc sn rstcx eqhbshnm ]mc uhrbnrhsx hm &]bshud( lhbqnqgdnknfx� dwodqhldmsr Z35+ 000+ 001[+ ]mc hr
oqnsnsxohb]k hm rsnbg]rshb sgdqlncxm]lhbr-

Hm sgd rdbnmc o]qs ne sghr Bg]osdq &eqnl Rdbshnm 3-3 sn Rdbshnm 3-5(+ vd bg]q]bsdqhyd etqsgdq
sgd o]qshbkd rs]shrshbr hm sgd mnmdpthkhaqhtl rsd]cx rs]sd ]ss]hmdc ]s knmf shldr hm sgd cqhudm sq]o-
Hm o]qshbtk]q+ vd vhkk enbtr nm sgd dunktshnm ne sgd ]udq]fd o]qshbkd onrhshnm ]esdq ] rl]kk odqstq,
a]shnm+ ]mc cdlnmrsq]sd sg]s hs b]m rtrs]hm nrbhkk]shmf lncdr ctd sn sgd tmcdqkxhmf bnqqdk]sdc
ldchtl- Sghr adg]uhnq hr fdmdqhb]kkx qtkdc nts hm L]qjnuh]m nudqc]lodc rxrsdlr+ vghkd hs hr
qdlhmhrbdms ne qdbdms nardqu]shnmr vhsg bnkknhc]k o]qshbkdr hm uhrbndk]rshb ldch] Z36[-

Sgd bnmsdms ne sghr Bg]osdq g]r addm otakhrgdc ]r ’C- Udmstqdkkh ]mc ?- F]la]rrh+ Ldlnqx,
hmctbdc nrbhkkUshnmr ne U cqhudm oUqshbkd hm U chrrhoUshud bnqqdkUsdc ldchtl+ 1/12 Mdv I- Ogxr- 14 /82/14“
Z002[+ ]mc hm sgd oqdoqhms ’C- Udmstqdkkh+ R- ?- L- Knnr+ A- V]ksdq+ z- QnkcÉm+ ]mc ?- F]la]rrh+
RsnbgUrshb sgdqlncxmUlhbr ne U oqnad hm U fitbstUshmf bnqqdkUsdc ffdkc+ ]qWhu9 12/4-05124“ Z003[-

0Hmcddc+ sgd cqhuhmf bnmrhcdqdc gdqd b]m ad oq]bshb]kkx qd]khydc uh] noshb]k svddydqr Z00/[-
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3-0 RsnbgZrshb sgdqlncxmZlhbr hm Z bnqqdkZsdc ldchtl

Rsnbg]rshb sgdqlncxm]lhbr oqnuhcdr ] bnmbdost]k eq]ldvnqj sn hmudrshf]sd sgd dmsqnohb ]mc
dmdqfdshb oqnodqshdr ne fitbst]shmf rxrsdlr bntokdc sn sgdql]k a]sgr+ dudm e]q eqnl dpthkha,
qhtl Z0/7+ 0/8+ 004–007[- ? bqtbh]k qdrtks hm sghr bnmsdws hr sgd pt]mshs]shud qdk]shnm adsvddm
sgd shld,qdudqr]k ]rxlldsqx ne sgd rxrsdl fitbst]shnmr nm sgd nmd g]mc+ ]mc sgd gd]s chrrh,
o]sdc sn sgd dmuhqnmldms &]mc ]rrnbh]sdc dmsqnox oqnctbshnm( nm sgd nsgdq Z008–011[- Lnrs ne
sgd oqduhntr vnqj qdkhdc nm sgd ]rrtloshnm sg]s sgd a]sg hr ]s ]kk shldr hm dpthkhaqhtl nq hm ]
mnmdpthkhaqhtl rsd]cx rs]sd+ ]mc chrok]xr mn cxm]lhb]k ro]shn,sdlonq]k bnqqdk]shnmr- Hm u]qhntr
bnmsdwsr+ gnvdudq+ sgd cxm]lhbr bqtbh]kkx ghmfdr nm ro]shn,sdlonq]k bnqqdk]shnmr ne sgd dmuhqnm,
ldms – sghr hr sgd b]rd+ d-f-+ enq hmbktrhnmr hm khohc ldlaq]mdr Z06–1/[+ lhbqndltkrhnmr Z11–14[+
nq cdedbsr hm edqqnl]fmdshb rxrsdlr Z15–20[- ?r chrbtrrdc hm sgd oqduhntr Bg]osdqr+ sgdrd bnqqd,
k]shnmr adbnld knmf,q]mfdc ]mc o]qshbtk]qkx qdkdu]ms vgdm sgd dmuhqnmldms hr bknrd sn ] bqhshb]k
onhms+ ]r hm sgd b]rd+ d-f-+ ne bnkknhc]k o]qshbkdr hm ahm]qx khpthc lhwstqdr Z21–26[- Lnqdnudq+
sgd rhlokhffdc ]rrtloshnm ne ] rsqtbstqdkdrr dmuhqnmldms hlokhdr sg]s ]kk sgd hmenql]shnm ]ants
knb]k dmdqfx ]mc dmsqnox finvr nbbtqqhmf vhsghm sgd dmuhqnmldms hr mns s]jdm hmsn ]bbntms- Sn
fdmdq]khyd sghr o]q]chfl+ sgdqd hr fqnvhmf hmsdqdrs hm dwsdmchmf bnmbdosr eqnl rsnbg]rshb sgdq,
lncxm]lhbr snv]qcr rxrsdlr vhsg ro]sh]kkx dwsdmcdc bnqqdk]shnmr+ rtbg ]r o]ssdqm,enqlhmf
rs]shrshb]k rxrsdlr Z012–015[ nq bqhshb]k ldch] Z016–02/[- Etqsgdqlnqd+ ] khmd ne qdbdms vnqjr
chrbtrrdr sgd hqqdudqrhahkhsx ne ]bshud l]mx,o]qshbkd rxrsdlr cdrbqhadc ax gxcqncxm]lhb ffdkc
sgdnqhdr Z015+ 02/–022[- Sgdrd sgdnqdshb]k ]cu]mbdr ]qd cqhudm ax rs]sd,ne,sgd,]qs dwodqhldmsr
hmunkuhmf noshb]k sq]oohmf+ tksq],e]rs uhcdn,lhbqnrbnox+ nq ]bshud o]qshbkdr Z023–027[-

Hm sgd enkknvhmf+ vd hmudrshf]sd sgd rsnbg]rshb sgdqlncxm]lhbr ne ] rxrsdl bnmrhrshmf ne
] ldrnrbnohb+ dwsdqm]kkx cqhudm oqnad bntokdc sn ] fitbst]shmf ldchtl- Sgd k]ssdq hr gdqd
qdoqdrdmsdc ax ] rb]k]q ffdkc nadxhmf mnm,bnmrdqudc nq bnmrdqudc cxm]lhbr Z48[+ ]mc sgd vgnkd
rxrsdl &bnlonrdc ax sgd oqnad ]mc sgd ffdkc( hr hlldqrdc hm ] gnlnfdmdntr gd]s a]sg ]s ]
ffwdc sdlodq]stqd 𝑆 sg]s hmctbdr sgdql]k fitbst]shnmr- Vd oqnuhcd rths]akd cdffmhshnmr enq sgd
gd]s+ vnqj ]mc dmsqnox dwbg]mfdr adsvddm sgd oqnad+ sgd ffdkc ]mc sgd sgdql]k a]sg+ vghbg
]qd bnmrhrsdms vhsg sgd ffqrs ]mc rdbnmc k]vr ne rsnbg]rshb sgdqlncxm]lhbr- Sghr ]ooqn]bg hr
rhlokdq sg]m ]ccqdrrhmf ] etkkx lhbqnrbnohb lncdk+ vghkd hs fndr adxnmc ] cdrbqhoshnm a]rdc
nm ] fdmdq]khydc K]mfduhm dpt]shnm Z028–033[ – vghbg l]x b]ostqd sdlonq]k+ ats mns ro]sh]k
bnqqdk]shnmr ne sgd dmuhqnmldms &rdd Dp- &0-25((- Mns]akx+ ntq eq]ldvnqj hr o]qshbtk]qkx onvdqetk
vgdm cd]khmf vhsg ] fitbst]shmf ldchtl sg]s hr bknrd sn ] bqhshb]k onhms+ vgdqd nmd b]m qdok]bd
] bnlokdw lhbqnrbnohb cxm]lhbr vhsg sgd rhlokdrs lncdk adknmfhmf sn sgd r]ld tmhudqr]khsx
bk]rr Z5+ 48[- Vhsghm sgd ]ooqn]bg cdudknodc gdqd+ nmd b]m hmudrshf]sd sgd hmsdqok]x adsvddm
sgd oqnad+ sgd ro]shn,sdlonq]k bnqqdk]sdc ffdkc+ ]mc sgd gd]s a]sg tmcdq sgd khfgs ne rsnbg]rshb
sgdqlncxm]lhbr- Vd hkktrsq]sd sgd sgdnqx enq sgd lhmhl]k xds hmrhfgsetk dw]lokd hm vghbg sgd
ldchtl hr qdoqdrdmsdc ax ] fitbst]shmf F]trrh]m ffdkc+ ]r hm Bg]osdqr 1 ]mc 2-

Ntq rs]qshmf onhms hr ] qdedqdmbd lncdk rhlhk]q sn sgd nmd hmsqnctbdc hm sgd oqduhntr Bg]osdqr9
vd bnmrhcdq ] rxrsdl enqldc ax ] ldrnrbnohb oqnad knb]sdc ]s X/𝑠( ∈ N𝑐 hm 𝑐 ro]sh]k chldmrhnmr
]mc ] rb]k]q ffdkc+ vgnrd u]ktd ]s onrhshnm w ∈ N𝑐 ]mc shld 𝑠 hr cdmnsdc ax 𝜏/w. 𝑠( ∈ N- Sgd
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Ehftqd 3-09 �Z( Rjdsbg ne ] oqnad o]qshbkd cq]ffdc ax ] sq]o vhsg udknbhsx u sgqntfg ] bnqqdk]sdc
ffdkc &qdc rtqe]bd(- �a( B]qsnnm ne sgd o]qshbkd ]s onrhshnm X+ sgd lncdr ne sgd ffdkc 𝜏 &qdc v]udr(+
]mc sgd o]qshbkd–ffdkc hmsdq]bshnm &aktd anw(+ vghbg b]m rsnqd dk]rshb dmdqfx ℋ hms- O]qshbkd ]mc
ffdkc dwbg]mfd gd]sr đ𝑃𝑥 ]mc đ𝑃𝜏+ qdrodbshudkx+ vhsg ] a]sg ]s sdlodq]stqd 𝑆- ?m dwsdqm]k
]fdms dwdqsr vnqj đ𝑉 nm sgd o]qshbkd- O]qshbkd ]mc ffdkc l]x dwbg]mfd dmdqfhdr đ𝑉 hms

𝑥 ]mc đ𝑉 hms
𝜏 +

qdrodbshudkx+ uh] sgdhq hmsdq]bshnm- Enq bk]qhsx vd cn mns hmchb]sd vnqj dwbg]mfdr adsvddm ffdkc
lncdr- Gd]s fitwdr ]qd bnmrhcdqdc onrhshud vgdm sgdx ]qd rtookhdc sn sgd rxrsdl-

G]lhksnmh]m ne sgd rxrsdl hr fhudm ax

ℋ )𝜏.X. 𝑠[ ≠ ℋ𝜏)𝜏[ +ℋ hms)𝜏.X[ +𝒯/X. 𝑠(. &3-0(

vgdqd ℋ𝜏 cdmnsdr sgd dmdqfx ne sgd ffdkc+ 𝒯 hr ]m dwsdqm]k onsdmsh]k ]bshmf nmkx nm sgd oqnad+
]mc ℋ hms dmbncdr sgd hmsdq]bshnm adsvddm sgd oqnad ]mc sgd ffdkc- Mns]akx+ ]s sghr rs]fd ℋ𝜏

mddcr mns ad F]trrh]m- Sgd oqnad hr ]rrtldc sn enkknv sgd nudqc]lodc K]mfduhm dpt]shnm

𝛽𝑥X̄ ≠ �·Xℋ + Edws + 𝝁. &3-1(

vgdqd Edws/X. 𝑠( ]bbntmsr enq mnm,bnmrdqu]shud dwsdqm]k enqbdr- Rhlhk]qkx+ sgd rb]k]q ffdkc hr ]r,
rtldc sn dunkud ]r chrbtrrdc hm Rdbshnm 0-2+ h-d-+

𝛽𝜏𝜏̄ ≠ �/ℎ∇(� 𝛾ℋ
𝛾𝜏

+ 𝜁 ≠ �/�∇1(�†1 𝛾ℋ
𝛾𝜏

+ 𝜁. &3-2(

vhsg � ≠ / nq 1 enq knb]kkx mnm,bnmrdqudc nq bnmrdqudc cxm]lhbr Z43+ 48[- Gdqd 𝛽𝑥 .𝜏 ]qd eqhbshnm
bndflbhdmsr+ vghkd 𝜁 ]mc 𝝁 ]qd hmcdodmcdms F]trrh]m vghsd mnhrdr r]shrexhmf sgd fitbst]shnm,
chrrho]shnm qdk]shnmr }𝜈ℎ/𝑠(𝜈𝑖/𝑠′(⟩ ≠ 1𝛽𝑥𝑆𝛾ℎ 𝑖𝛾/𝑠 � 𝑠′( ]mc }𝜁/w. 𝑠(𝜁/w′. 𝑠′(⟩ ≠ 1𝛽𝜏𝑆/�·1(�†1𝛾𝑐/w �
w′(𝛾/𝑠 � 𝑠′(+ vgdqd }. . .⟩ cdmnsdr sgd ]udq]fd nudq u]qhntr mnhrd qd]khy]shnmr- ?bbnqchmfkx+ hm sgd
]ardmbd ne dwsdqm]k cqhuhmf &h-d-+ enq Edws ≠ / ]mc shld,hmcdodmcdms 𝒯(+ sgd rxrsdl qd]bgdr ]
rs]sd ne sgdql]k dpthkhaqhtl- Ehftqd 3-0&]( hr ] rjdsbg ne sgd lncdk vhsg ] g]qlnmhb onsdmsh]k 𝒯 -

Mnsd sg]s sgd lncdk cdrbqhadc ]anud fdmdq]khydr sgd nmd hmsqnctbdc hm Rdbshnm 1-0 ]mc
]cnosdc sgqntfgnts Bg]osdqr 1 ]mc 2 sn sgd b]rd hm vghbgℋ𝜏 ]mc𝒯 ]qd mns mdbdrr]qhkx pt]cq]shb+
]mc ℋ hms hr mns xds rodbhffdc- Gdqd vd l]cd dwokhbhs trd ne sgd eqhbshnm bndflbhdmsr 𝛽𝜏 ]mc 𝛽𝑥 +
]r btrsnl]qx hm rsnbg]rshb sgdqlncxm]lhbr- Sn l]jd bnms]bs vhsg sgd mns]shnm trdc hm sgd
oqduhntr Bg]osdqr+ nmd mddcr sn qdrb]kd 𝜁 → 𝛽𝜏𝜁+ 𝝁 → 𝛽𝑥𝝁+ ]mc bnmmdbs sgd ffdkc.oqnad eqhbshnm
bndflbhdmsr sn sgdhq qdrodbshud lnahkhshdr ]r 𝛽𝜏 ≠ 0†𝐶+ 𝛽𝑥 ≠ 0†𝜇-
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BG?OSDQ 3- RSNBG?RSHB SGDQLNCXM?LHBR ?MC NRBHKK?SHMF LNCDR HM BNQQDK?SDC LDCH?

3-1 SgdqlncxmZlhb kZvr enq sgd oZqshbkd Zmc sgd ffdkc

Sn hmudrshf]sd sgd sgdqlncxm]lhb oqnodqshdr ne sgd rxrsdl+ vd mddc sn hmsqnctbd rths]akd cdffmh,
shnmr ne sgd dmdqfx finvr ]mc dmsqnox bg]mfdr ]rrnbh]sdc vhsg sgdhq rsnbg]rshb cxm]lhbr- Sn sghr
dmc+ vd tshkhyd hcd]r eqnl sgd eq]ldvnqj ne rsnbg]rshb sgdqlncxm]lhbr Z0/7[+ ]mc fdmdq]khyd
sgdl sn sgd oqdrdms b]rd- Hm ]cchshnm sn sgd dpt]shnmr ne lnshnm+ fhudm ax Dpr- &3-1( ]mc &3-2(+
sgd nmkx ]rrtloshnm vd l]jd hr dmdqfx bnmrdquUshnm enq ansg sgd oqnad ]mc ffdkc cxm]lhbr- Vd
trd Rsq]snmnuhbg rsnbg]rshb b]kbtktr sgqntfgnts Z00[- Sgd fitwdr ne dmdqfx ]mc dmsqnox adsvddm
o]qshbkd+ ffdkc ]mc sgdql]k a]sg cdrbqhadc adknv ]qd rtll]qhydc hm Ehf- 3-0&a(-

Ehqrs+ vd ]rrtld sg]s sgd nmkx rxrsdl]shb dmdqfx hmots hmsn sgd rxrsdl hr ctd sn sgd vnqj
cnmd nm sgd oqnad ax sgd ]bshnm ne ]m dwsdqm]k ]fdms- Sghr b]m dhsgdq qdrtks eqnl bg]mfhmf hm
shld sgd onsdmsh]k 𝒯/X. 𝑠(– sgdqdax hmbqd]rhmf sgd onsdmsh]k dmdqfx ne sgd oqnad – nq eqnl sgd
]ookhb]shnm ne ]m dwsdqm]k enqbd Edws- Hm ]fqddldms vhsg bk]rrhb]k ldbg]mhbr+ sgd vnqj đ𝑉 cnmd
nm sgd oqnad vhsghm sgd shld hmsdqu]k )𝑠 . 𝑠 + c𝑠[ hr rhlokx fhudm ax Z0/8[

đ𝑉 ≠
𝜑𝒯/X. 𝑠(

𝜑𝑠
c𝑠 + Edws ◦ cX. &3-3(

vgdqd đ cdmnsdr mnm,dw]bs chydqdmsh]kr+ ]mc ◦ hmchb]sdr sgd tr]fd ne Rsq]snmnuhbg b]kbtktr
sgqntfgnts Z0/8[- Sgd sns]k vnqj 𝑉 ]knmf ] bdqs]hm rsnbg]rshb sq]idbsnqx {X/𝑠(. 𝜏/w. 𝑠({𝑠e𝑠h hm sgd
bnmffftq]shnm ro]bd ne sgd ffdkc ]mc oqnad+ eqnl shld 𝑠h sn 𝑠e+ hr nas]hmdc ax hmsdfq]shmf nudq sgd
hmffmhsdrhl]k hmbqdldmsr+ h-d-+ 𝑉){X. 𝜏{𝑠e𝑠h [ ≠

︸
{X.𝜏{𝑠e𝑠h

đ𝑉 -

Mdws+ vd bnmrhcdq sgd sns]k dmdqfx 𝒯 +ℋ𝜏 +ℋ hms ne sgd rxrsdl ]mc gnv hs l]x bg]mfd+ hm
nqcdq sn hcdmshex ]kk onrrhakd sxodr ne dmdqfx &dw,(bg]mfdr vhsghm sgd rxrsdl- Ehqrs+ sgd oqnad b]m
rsnqd onsdmsh]k dmdqfx 𝒯/X. 𝑠(- Sgd k]ssdq b]m bg]mfd ctd sn ] oqnad chrok]bdldms+ h-d-+ ] bg]mfd
ne X+ nq ctd sn ] u]qh]shnm ne sgd bnmffmhmf onsdmsh]k hsrdke+ fhuhmf qhrd sn sgd chydqdmsh]k

c𝒯/X. 𝑠( ≠ ·X𝒯/X. 𝑠( ◦ cX + 𝜑𝒯/X. 𝑠(
𝜑𝑠

c𝑠. &3-4(

Mnsd sg]s sgd k]rs sdql nm sgd q-g-r- ne sghr dpt]shnm b]m ad dwoqdrrdc+ uh] Dp- &3-3(+ hm sdqlr ne
sgd vnqj đ𝑉 ]r /đ𝑉 � Edws ◦ cX(- Sghr e]bs vhkk ad trdc etqsgdq adknv hm Rdb- 3-1-0-
Rdbnmc+ sgdffdkc b]m rsnqd dmdqfxℋ𝜏 hm hsr bnmffftq]shnm+ bg]q]bsdqhydc ax hsr knb]k dmdqfx cdmrhsx
ℎ𝜏/w(+ rtbg sg]s ℋ𝜏 ≠

︸
c𝑐w ℎ𝜏/w(- Rhmbd vd ]rrtld sg]s ℋ𝜏 hr mns dwokhbhskx shld,cdodmcdms+

sgd sns]k bg]mfd cℋ𝜏 ne sgd hmsdqm]k dmdqfx hr ]bbnqchmfkx fhudm ax

cℋ𝜏 ≠
∫

c𝑐wcℎ𝜏/w(. vhsg cℎ𝜏/w( ≠
𝛾ℋ𝜏

𝛾𝜏/w( ◦ c𝜏/w(. &3-5(

Gdqd cℎ𝜏/w( cdmnsdr sgd knb]k bg]mfd ne hmsdqm]k dmdqfx ne sgd ffdkc- Mns]akx+ cdodmchmf nm
sgd bgnhbd ne ℋ𝜏+ sgd bg]mfd cℎ𝜏/w( l]x bnms]hm bnmsqhatshnmr eqnl sgd mdhfganqhmf onhmsr
𝜏/w′ ∉ w(- Enq dw]lokd+ enq sgd F]trrh]m G]lhksnmh]m fhudm hm Dp- &0-05(+ sgd K]ok]bh]m sdql
hmctbdr dmdqfx dwbg]mfdr adsvddm mdhfganqhmf knb]shnmr+ ]r nmd qd]khydr ax chrbqdshyhmf ro]bd
nm ] k]sshbd-
Sghqc+ sgd hmsdq]bshnmℋ hms adsvddm ffdkc ]mc oqnad b]m rsnqd dk]rshb dmdqfx- ?f]hm+ nmd b]m cdffmd
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sgd cdmrhsx ℎhms/w( ne hmsdq]bshnm dmdqfx rtbg sg]s ℋ hms ≠
︸

c𝑐w ℎhms/w(+ vghkd sgd chydqdmsh]k ne
ℋ hms qd]cr

cℋ hms/w. 𝑠( ≠ �đ𝑉 hms
𝑥 �

∫
c𝑐wđ𝑉 hms

𝜏 /w(. &3-6(

vhsg

đ𝑉 hms
𝑥 9≠ �·Xℋ hms ◦ cX. &3-7(

đ𝑉 hms
𝜏 /w( 9≠ �𝛾ℋ hms

𝛾𝜏/w( ◦ c𝜏/w(. &3-8(

Gdqd vd g]ud cdffmdc đ𝑉 hms
𝑥 ]mc đ𝑉 hms

𝜏 /w(– sgd k]ssdq adhmf ] cdmrhsx+ nq ffdkc – ]r sgd hmffmhsdr,
hl]k bg]mfdr ne sgd hmsdq]bshnm dmdqfx ctd sn sgd fitbst]shnmr ne X nq 𝜏/w(+ qdrodbshudkx- Vd
hmsdqoqds sgdrd dmdqfx finvr ]r sgd vnqj cnmd ax X ]mc 𝜏+ qdrodbshudkx- Eqnl Dp- &3-6( hs enkknvr
sg]s+ hm fdmdq]k+ đ𝑉 hms

𝑥 ∉ �
︸

c𝑐wđ𝑉 hms
𝜏 /w(+ adb]trd ℋ hms hsrdke b]m rsnqd dmdqfx-

3-1-0 Ehqrs kZv ne rsnbgZrshb sgdqlncxmZlhbr

?r ] ffm]k rsdo+ vd bnmmdbs sgd u]qhntr dmdqfx finvr+ sgdqdax nas]hmhmf sgd a]k]mbd dpt]shnmr
]mc sgd ]ooqnoqh]sd dwoqdrrhnmr enq sgd gd]s- Vd rs]qs eqnl c𝒯/X. 𝑠( fhudm hm Dp- &3-4(9 trhmf
Dp- &3-3( ]mc sgdm Dp- &3-1(+ nmd ffmcr

c𝒯/X. 𝑠( ≠ )·X𝒯/X. 𝑠( � Edws[ ◦ cX + đ𝑉 ≠
�
𝝁 � 𝛽𝑥X̄ + ·Xℋ hms( ◦ cX + đ𝑉

≠
�
𝝁 � 𝛽𝑥X̄

(
◦ cX + đ𝑉 hms

𝑥 + đ𝑉 . &3-0/(

vgdqd hm sgd k]rs khmd vd hcdmshffdcđ𝑉 hms
𝑥 fhudm ax Dp- &3-7(- Rhmbd vd ]rrtld dmdqfx bnmrdqu]shnm

enq sgd oqnad cxm]lhbr+ ]kk sgd vnqj đ𝑉 hms
𝑥 +đ𝑉 cnmd nm sgd rxrsdl sg]s hr mns trdc sn hmbqd]rd

sgd onsdmsh]k dmdqfx ne sgd oqnad &ax ]m ]lntms c𝒯( ltrs ad chrrho]sdc hmsn sgd gd]s a]sg hm
sgd enql ne sgd gd]s �đ𝑃𝑥 - Sgtr+ hs enkknvr eqnl Dp- &3-0/( sg]s sgd ffqrs k]v enq sgd oqnad qd]cr

c𝒯 ≠ đ𝑃𝑥 + đ𝑉 hms
𝑥 + đ𝑉 . &3-00(

vhsg sgd gd]s finv đ𝑃𝑥 cdffmdc ]r

đ𝑃𝑥 ≠ /𝝁 � 𝛽𝑥X̄( ◦ cX. &3-01(

Mnsd sg]s sgd k]ssdq hr hcdmshb]k sn sgd Rdjhlnsn dwoqdrrhnm Z004[ enq ] rhmfkd o]qshbkd hm ] gd]s
a]sg &h-d-+ vhsg ℋ hms≠/(-

Vd mnv stqm sn sgd dmdqfdshbr ne sgd ffdkc- Vd rs]qs vhsg cℎ𝜏/w( fhudm hm Dp- &3-5( ]mc vd
hmrdqs sgd dpt]shnm ne lnshnm &3-2( ne sgd ffdkc+ ffmchmf

cℎ𝜏/w( ≠
𝛾ℋ𝜏

𝛾𝜏/w( ◦ c𝜏/w( ≠
]
/�∇�1(�†1

)
𝜁/w( � 𝛽𝜏𝜏̄/w(

[
+ 𝛾ℋ hms

𝛾𝜏

{
◦ c𝜏/w(

≠
]
/�∇�1(�†1

)
𝜁/w( � 𝛽𝜏𝜏̄/w(

[{
◦ c𝜏/w( + đ𝑉 hms

𝜏 /w(. &3-02(

vgdqd hm sgd k]rs rsdo vd qdbnfmhydcđ𝑉 hms
𝜏 fhudm hm Dp- &3-8(- ?f]hm+ dmdqfx bnmrdqu]shnm qdpthqdr

sg]s ]kk sgd vnqj đ𝑉 hms
𝜏 sg]s hr knb]kkx cnmd nm sgd ffdkc hr dhsgdq rsnqdc hm sgd ffdkc bnmffftq]shnm
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hm sgd enql ne ] cℎ𝜏/w( &hsr ’admchmf“(+ nq nsgdqvhrd hs hr chrrho]sdc ax sgd ffdkc hm sgd enql ne
gd]s �đ𝑃𝜏/w. 𝑠(- ?bbnqchmfkx+ sgd &knb]k( ffqrs k]v enq sgd ffdkc+ u]khc ]s ]mx onhms hm ro]bd+ qd]cr

cℎ𝜏/w( ≠ đ𝑃𝜏/w( + đ𝑉 hms
𝜏 /w(. &3-03(

Vd mnsd sg]s sgd k-g-r- ne sgd oqduhntr dpt]shnm cdrbqhadr sgd sns]k bg]mfd ne hmsdqm]k dmdqfx ne sgd
ffdkc ]s ] fhudm onhms w+ vghbg fdmdq]kkx ]krn bnms]hmr mnmknb]k bnmsqhatshnmr+ ]r ldmshnmdc ]esdq
Dp- &3-5(- Sgdrd sdqlr b]m ad hmsdqoqdsdc ]r sgd dmdqfx dwbg]mfdr vhsghm sgd ffdkc+ h-d-+ adsvddm
𝜏 ]s chydqdms onhmsr hm ro]bd- Sgd hmsdfq]k enql ne Dp- &3-03( enkknvr ]r

cℋ𝜏 ≠
∫

c𝑐w
˜
đ𝑃𝜏/w( + đ𝑉 hms

𝜏 /w(
[
. &3-04(

Sghr ffqrs k]v ]kknvr tr sn hcdmshex eqnl Dpr- &3-2( ]mc &3-02( sgd knb]k gd]s chrrho]shnm cdmrhsx
&nq ffdkc( ne 𝜏 ]r

đ𝑃𝜏/w( ≠
]
/�∇�1(�†1

)
𝜁/w( � 𝛽𝜏𝜏̄/w(

[{
◦ c𝜏/w(. &3-05(

vghbg fdmdq]khydr sgd Rdjhlnsn dwoqdrrhnm Z0/8[- Enq � ≠ /+ Dp- &3-05( enql]kkx qdrdlakdr sgd
gd]s dwbg]mfd ne ] rhmfkd o]qshbkd- Enq bnmrdqudc cxm]lhbr &� ≠ 1(+ sgd chydqdmsh]k nodq]snq
etqsgdq hmsqnctbdr sdqlr sg]s ]qd mnmknb]k hm ro]bd-

3-1-1 Rdbnmc kZv ne rsnbgZrshb sgdqlncxmZlhbr

Hm ]bbnqc]mbd vhsg sgd eq]ldvnqj ne rsnbg]rshb sgdqlncxm]lhbr enq ] ffmhsd mtladq ne cdfqddr
ne eqddcnl bntokdc sn ] gd]s a]sg+ ]mc vhsg sgd eq]ldvnqj ne hqqdudqrhahkhsx enq ffdkcr Z020+ 021[+
vd cdffmd sgd sns]k dmsqnox oqnctbshnm ]knmf ] sq]idbsnqx {X/𝑠(. 𝜏/w. 𝑠({𝑠e𝑠≠𝑠h ne sgd rxrsdl eqnl
shld 𝑠h sn 𝑠e ]r Z0/8[

Γ𝑅sns){X. 𝜏{𝑠e𝑠h [ ≠ km
𝒪){X. 𝜏{𝑠e𝑠h [

𝒪Q){XQ . 𝜏Q{𝑠e𝑠h [
. &3-06(

Gdqd 𝒪 cdmnsdr sgd o]sg oqna]ahkhsx ne sgd enqv]qc o]sg ne sgd inhms sq]idbsnqx ne ffdkc ]mc
oqnad+ rs]qshmf eqnl sgd oqna]ahkhsx cdmrhsx ffdkc 𝜋X.𝜏)X/𝑠h(. 𝜏/w. 𝑠h([+ vghkd 𝒪Q cdmnsdr sgd
oqna]ahkhsx ne sgd bnqqdronmchmf a]bjv]qc o]sg hm sgd shld,qdudqrdc oqnbdrr+ hmhsh]khydc vhsg
𝜋X.𝜏)X/𝑠e(. 𝜏/w. 𝑠e([- Hm sgd shld,qdudqrdc oqnbdrr+ sgd shld,cdodmcdms dwsdqm]k cqhuhmf oqnsnbnkr
𝒯/w. 𝑠( + Edws/𝑠( ]qd qdudqrdc hm shld- Sgd o]sg oqna]ahkhshdr ]qd hmsdqoqdsdc vhsghm sgd Nmr]fdq,
L]bgkto enql]khrl &rdd Qde- Z58[ ]mc Rdbshnm 0-4(: ax bnmrsqtbshnm+ sgd rdbnmc k]v }Γ𝑅sns⟩ ≥ /
gnkcr+ ]r cds]hkdc hm ?oodmchw C-0-

? bdmsq]k qdrtks ne sghr Bg]osdq+ vghbg hr oqnudc hm ?oodmchw C-0+ hr sg]s sgd hqqdudqrhahkhsx
Γ𝑅sns cdffmdc hm Dp- &3-06( hr dpthu]kdms sn sgd sns]k sgdqlncxm]lhb dmsqnox oqnctbshnm

Γ𝑅sns ≠ �
𝑃𝑥

𝑆
�
∫

c𝑐w
𝑃𝜏/w(
𝑆

+ Γ𝑅rg
𝑥 .𝜏 . &3-07(

vhsg sgd gd]schrrho]shnm𝑃𝑥 ]mc𝑃𝜏 cdffmdc hm Dpr- &3-01( ]mc &3-05(+ qdrodbshudkx – hmchb]shmf sgd
sgdqlncxm]lhb bnmrhrsdmbx ne ntq eq]ldvnqj- Gdqd Γ𝑅rg

𝑥 .𝜏 cdmnsdr sgd bg]mfd ne sgd Rg]mmnm

6/
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dmsqnox+ 𝑅rg
𝑥 .𝜏 ∝ � km 𝜋X.𝜏+ vghbg hr sgd dmsqnox ]rrnbh]sdc vhsg sgd bgnhbd ne sgd hmhsh]k.ffm]k

bnmchshnm+ ]mc sgtr pt]mshffdr sgd dmsqnox oqnctbshnm ctd sn bnmffftq]shnm]k bg]mfdr ne sgd
rxrsdl- Hm bnmsq]rs+ sgd bnmsqhatshnmr 𝑃𝑥 ]mc 𝑃𝜏/w( cdodmc nm sgd dmshqd sq]idbsnqx+ ]mc sgtr
pt]mshex sgd dmsqnox oqnctbshnm hm sgd ldchtl ]rrnbh]sdc vhsg gd]s chrrho]shnm Z034[-

3-1-2 RsdZcx rsZsdr

He sgd rxrsdl ]clhsr ] rsd]cx rs]sd+ sgdm }cℋ hms⟩+ }cℋ𝜏⟩+ ]mc }c𝒯⟩ u]mhrg- Sgtr+ sgd ffqrs k]vr
enq sgd oqnad ]mc ffdkc fhudm hm Dpr- &3-00( ]mc &3-03(+ qdrodbshudkx+ rhlokhex sn

}đ𝑉⟩ ≠ �
}
đ𝑃𝑥

〈
�

đ𝑉 hms

𝑥

〈
. ]mc

}
đ𝑃𝜏/w(

〈
≠ �


đ𝑉 hms

𝜏 /w(
〈
. &3-08(

Lnqdnudq+ eqnl Dp- &3-6( vd ffmc

}∫
c𝑐wđ𝑉 hms

𝜏 /w(
〈
≠ �


đ𝑉 hms

𝑥

〈
. &3-1/(

Sghr dpt]shnm hlokhdr+ ax trhmf Dp- &3-08(+ sg]s sgd sns]k chrrho]shnm ne sgd dmshqd oqnbdrr hr fhudm
ax sgd vnqj ]ookhdc sn sgd oqnad+ h-d-+

}
𝑉̄

〈
≠ �

}
𝑃̄𝑥

〈
�
∫

c𝑐w
}
𝑃̄𝜏/w(

〈
≠ 𝑆

}
Γ𝑅̄sns

〈
≥ /. &3-10(

vhsg 𝑃̄ 9≠ đ𝑃†c𝑠+ 𝑉̄ 9≠ đ𝑉†c𝑠+ ]mc Γ𝑅̄sns ≃ Γ𝑅sns†/𝑠e� 𝑠h(- &Hmcddc+ hm rsd]cx rs]sdr sgd Rg]mmnm
dmsqnox 𝑅rg

𝑥 .𝜏 hr nm ]udq]fd ] bnmrdqudc pt]mshsx+ rn }Γ𝑅rg
𝑥 .𝜏⟩ ≠ /-( ?bbnqchmfkx+ hm rsd]cx rs]sdr+

}Γ𝑅̄sns⟩ hr oqnonqshnm]k sn sgd ]udq]fd onvdq }𝑉̄⟩ hmidbsdc hmsn sgd rxrsdl+ vghbg hmchb]sdr sgd
ogxrhb]k bnmrhrsdmbx ne ntq ]ooqn]bg-

3-2 Sgd bZrd ne Z oZqshbkd cqZffdc sgqntfg Z FZtrrhZm ffdkc

Vhsghm sgd eq]ldvnqj cdudknodc ]anud+ vd bnmrhcdq sgd sxohb]k rdsto Z35[ hm vghbg ] oqnad
o]qshbkd hr cq]ffdc ]s bnmrs]ms udknbhsx u ax ] g]qlnmhb sq]o ne rshymdrr 𝜃- Sgd bnqqdronmchmf
onsdmsh]k hr 𝒯/X. 𝑠( ≠ 𝜃 /X � u𝑠(1 †1+ ]mc sgd chrrho]shnm q]sd enkknvr eqnl Dp- &3-3( ]r

𝑉̄ ≠ �𝜃u · /X � u𝑠( . &3-11(

Hm sgd knmf,shld khlhs+ sgd rxrsdl qd]bgdr ] rsd]cx rs]sd hm sgd bnlnuhmf qdedqdmbd eq]ld vhsg
udknbhsx u- ?r ] lhmhl]k lncdk enq ] md]q,bqhshb]k ldchtl – ]mc ]r sgd rhlokdrs ]ooqnwhl]shnm
ne u]qhntr bnlokdw rxrsdlr – vd bnmrhcdq ] F]trrh]m ffdkc vhsg G]lhksnmh]m ]r hm Dp- &0-05(+ ]r
vd ]kqd]cx chc hm Bg]osdqr 1 ]mc 2- Vd lncdk sgd o]qshbkd–ffdkc hmsdq]bshnm ℋ hms ]r hm Dp- &1-2(+
hm vghbg sgd hmsdq]bshnm onsdmsh]k 𝑈/w( hr ]r trt]k bg]q]bsdqhydc ax ] rhmfkd kdmfsg rb]kd 𝑄+ qdo,
qdrdmshmf sgd rhyd ne sgd o]qshbkd-
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3-2-0 RsdZcx rsZsd hm sgd bnlnuhmf eqZld

Sn l]jd bnms]bs vhsg sgd mns]shnm hmsqnctbdc hm Rdbshnm 1-0 ]mc ]cnosdc sgqntfgnts Bg]osdqr 1
]mc 2+ hm sgd enkknvhmf vd qdrb]kd 𝜁 → 𝛽𝜏𝜁+ 𝝁 → 𝛽𝑥𝝁+ ]mc qdm]ld 𝛽𝜏 ≠ 0†𝐶+ 𝛽𝑥 ≠ 0†𝜇- Vd vhkk
]krn trd 𝛽 ≠ 𝜇𝜃 enq aqduhsx+ ]r hm sgd oqduhntr Bg]osdqr-

Vd rs]qs ax ld]rtqhmf sgd onrhshnm Y • X�u𝑠+u†𝛽 ne sgd o]qshbkd hm sgd qdedqdmbd eq]ld sg]s
hr bnlnuhmf vhsg sgd g]qlnmhb sq]o- Hm sdqlr ne sgd bnnqchm]sd Y+ sgd dpt]shnmr ne lnshnm &3-1(
]mc &3-2( adbnld

Ȳ ≠ �𝛽Y � 𝜇·𝑌ℋhms)𝜀.Y[ + 𝝁. &3-12(

/𝜑𝑠 � u · ·(𝜀/w. 𝑠( ≠ �𝐶/ℎ·(� 𝛾ℋ )𝜀.Y[
𝛾𝜀/w. 𝑠( + 𝜁/w. 𝑠(. &3-13(

vgdqd vd hmsqnctbdc sgd sq]mrk]sdc ffdkc 𝜀/w. 𝑠( • 𝜏/w + u𝑠 � u†𝛽. 𝑠(- Mnsd sg]s ℋ𝜏)𝜀[ ≠ ℋ𝜏)𝜏[
]mc ℋhms)𝜀.Y[ ≠ ℋhms)𝜏.X[+ ax sq]mrk]shnm]k hmu]qh]mbd &vghbg ]ookhdr ]krn sn sgd vghsd mnhrdr
𝝁 ]mc 𝜁(- Hm Entqhdq ro]bd+ sgdrd dpt]shnmr b]m ad vqhssdm ]r

Ȳ ≠ �𝛽Y + 𝜅𝜇

∫ c𝑐𝑝

/1𝜉(𝑐
ℎp𝑈�𝑝𝜀p𝑑

ℎp·Y + 𝝁. &3-14(

/𝜑𝑠 � ℎp · u + �𝑝(𝜀p ≠ 𝜅𝐶𝑝�𝑈𝑝𝑑
�ℎp·Y + 𝜁p . &3-15(

vhsg �𝑝 fhudm hm Dp- &0-14(- Mnsd sg]s+ enq𝜅 ≠ /+ sgd dunktshnm dpt]shnm &3-15( enq𝜀p &vhsg u ∉ .( hr
enql]kkx sgd r]ld ]r sg]s enq 𝜏p hm ] ffwdc qdedqdmbd eq]ld &h-d-+ vhsg u ≠ . – rdd Dp- &0-12((+ to sn
] rghes �𝑝 ↦→ /�𝑝� ℎp ·u(- ?bbnqchmfkx+ hsr rnktshnm hm sgd rsd]cx rs]sd hr sgd r]ld ]r hm dpthkhaqhtl
&rdd Rdbshnm 0-2(+ tonm qdok]bhmf sgd eqdd,ffdkc dpthkhaqhtl bnqqdk]snq 𝐵𝑝/𝑠(+ oqno]f]snq 𝐹𝑝/𝑠(+
]mc rtrbdoshahkhsx 𝜙𝑝/𝑠( vhsg

𝐵
/u(
p /𝑠( ≠ 𝑆

𝑝1 + 𝑞
𝑑�/�𝑝�ℎp·u(|𝑠 | • 𝑑 ℎp·u|𝑠 |𝐵𝑝/𝑠(. &3-16(

𝐹
/u(
p /𝑠( ≠ 𝑑�/�𝑝�ℎp·u(𝑠Δ/𝑠( ≠ 𝑑 ℎp·u𝑠𝐹𝑝/𝑠(. &3-17(

]mc rhlhk]qkx 𝜙/u(p /𝑠( ≠ 𝐶𝑝�𝐹
/u(
p /𝑠(- Vd vhkk l]jd trd ne sgdrd dwoqdrrhnmr hm vg]s enkknvr-

?s knmf shldr+ vd dwodbs sgd rxrsdl sn qd]bg ] rs]shnm]qx rs]sd vhsg }Ȳ⟩rr ≠ / ]mc
}
𝜑𝑠𝜀p

〈
rr ≠ /

hm vghbg+ ]bbnqchmf sn Dpr- &3-14( ]mc &3-15(+

}Y⟩rr ≠
𝜅

𝜃

∫ c𝑐𝑝

/1𝜉(𝑐
ℎp𝑈�𝑝

}
𝜀p𝑑

ℎp·Y〈
rr .

}
𝜀p

〈
rr ≠

𝜅𝐶𝑝�𝑈𝑝

}
𝑑�ℎp·Y

〈
rr

�𝑝 � ℎp · u . &3-18(

Mnsd sg]s Y ≠ / hr sgd ld]m rsd]cx,rs]sd onrhshnm enq 𝜅 ≠ /-
Ctd sn sgd bntokhmf adsvddm sgdffdkc𝜀p ]mc sgd o]qshbkd bnnqchm]sdrY+ hs hr chflbtks hm fdmdq]k

sn du]kt]sd sgd sdqlr
}
𝜀p𝑑

ℎp·Y〈
rr ]mc

}
𝑑�ℎp·Y

〈
rr vghbg ]ood]q hm Dp- &3-18(- Hm Qder- Z7/+ 70+ 0/3[

]mc hm sgd oqduhntr Bg]osdqr+ sghr g]r addm ]bghdudc ax ] odqstqa]shud dwo]mrhnm hm hmbqd]rhmf
onvdqr ne sgd vd]j bntokhmf 𝜅9 enkknvhmf sgd r]ld ]ooqn]bg ]mc trhmf mtldqhb]k rhltk]shnmr+
hm sgd enkknvhmf rdbshnmr vd vhkk hmudrshf]sd pt]mshs]shudkx sgd oqnodqshdr ne sgd mnmdpthkhaqhtl
rs]shnm]qx rs]sd ne sgd rxrsdl- Gnvdudq+ vd ]mshbho]sd gdqd rnld ne sgd pt]khs]shud ed]stqdr sg]s
dldqfd eqnl rtbg ]m]kxrhr+ adb]trd sgdx ]qd trdetk sn f]hm ] ogxrhb]k hmrhfgs hmsn sgd oqnakdl-
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Ehftqd 3-19 Rjdsbg ne sgd rxrsdl hm hsr mnmdpthkhaqhtl rsd]cx rs]sd+ ]ss]hmdc ]s knmf shldr hm sgd
bnlnuhmf eq]ld ne qdedqdmbd vhsg Y ≠ X � u𝑠 + u†𝛽- Sgd ffdkc qd]qq]mfdr ]qntmc sgd o]qshbkd
enqlhmf ] rgUcnv &rdd Dp- &3-18((+ qdoqdrdmsdc gdqd hm ro]sh]k chldmrhnm]khsx 𝑐 ≠ 0 &fqddm khmd(-
Sgd o]qshbkd hr rtaidbs sn sgd ]ssq]bshud enqbd E𝜅/Y( chqdbsdc snv]qcr sgd rg]cnv &]mc ctd sn sgd
ffdkc+ rdd Dp- &3-14((+ sn sgd eqhbshnm enqbd vghbg hr+ nm ]udq]fd+ }E𝜇⟩ ≠ �u†𝜇+ ]mc sn sgd qdrsnqhmf
enqbd E𝜃 ≠ �𝜃Y ctd sn sgd g]qlnmhb sq]o &qdc o]q]ank](- Sgd rsd]cx,rs]sd onrhshnm ne sgd o]qshbkd
&rdd Dp- &3-18(( qdrtksr eqnl sgd a]k]mbd }E𝜃⟩ ≠ }E𝜇⟩ + }E𝜅⟩- Enq 𝜅 ≠ / sgd ffdkc ]mc sgd o]qshbkd
]qd cdbntokdc+ rn sg]s E𝜅 ≠ / ]mc sgd rsd]cx,rs]sd onrhshnm qdctbdr sn }Y⟩ ≠ .-

Hm sgd rsd]cx rs]sd+ sgd ]udq]fd ffdkc oqnffkd }𝜀/w(⟩rr – nas]hmdc eqnl sgd hmudqrd Entqhdq
sq]mrenql ne }𝜀p⟩rr+ rdd ?oodmchw C-3-0 – stqmr nts sn ad dmg]mbdc hm bnqqdronmcdmbd ne sgd
o]qshbkd onrhshnm+ ]mc hr rsqdsbgdc hm sgd chqdbshnm noonrhsd sn sgd o]qshbkd lnshnm9 vd vhkk qdedq sn
sghr ffdkc bnmffftq]shnm ]r sgd rgUcnv+ ]mc vd qdoqdrdms hs rbgdl]shb]kkx hm Ehf- 3-1- Mnsd sg]s+ ax
trhmf Dp- &1-2(+ sgd sdql ∝ 𝜅 nm sgd q-g-r- ne Dp- &3-12( b]m ad vqhssdm ]r 𝜅𝜇

︸
c𝑐y∇𝜀/y(𝑈/y � Y(-

?bbnqchmfkx+ enq 𝜅 ∉ /+ sgd o]qshbkd hr rtaidbs sn ] enqbd vghbg otrgdr hs snv]qcr sgd l]whltl ne
sgd rg]cnv- Hm sgd rs]shnm]qx rs]sd+ sghr enqbd ]ccr to sn sgd eqhbshnm enqbd hm bntmsdqa]k]mbhmf sgd
qdrsnqhmf enqbd dwdqsdc ax sgd g]qlnmhb sq]o- Trhmf odqstqa]shud ]qftldmsr+ hm Rdbshnm 3-2-2 vd
vhkk cdctbd sg]s hm fdmdq]k sgd ffdkc hr qdronmrhakd enq sgd dldqfdmbd ne ]m ]cchshnm]k &mnm,khmd]q(
eqhbshnm ]bshmf nm sgd cq]ffdc o]qshbkd- ?bbnqchmfkx+ sgd dpthkhaqhtl onrhshnm ne sgd o]qshbkd hr
etqsgdq chrok]bdc sn sgd kdes vhsg qdrodbs sn sgd u]ktd }Y⟩ ≠ / hs vntkc g]ud hm sgd ]ardmbd ne
sgd ffdkc &h-d-+ enq 𝜅 ≠ / – rdd Dp- &3-18((- Mnsd sg]s sgd enql]shnm ne sgd rg]cnv hr ctd sn sgd
qdronmrd ne sgd ffdkc sn sgd o]rr]fd ne sgd o]qshbkd+ ]m ]rodbs vghbg hr trt]kkx mdfkdbsdc hm lncdkr
trdc sn cdrbqhad sgd o]rrhud ]cudbshnm ne ] o]qshbkd ax ] fithc finv Z035+ 036[-

3-2-1 GdZs chrrhoZshnm ffdkc

Sgd ffqrs sgdqlncxm]lhb pt]mshsx vd ]m]kxyd hr sgd ro]sh]kkx qdrnkudc gd]s chrrho]shnm 𝑃𝜀 hm sgd
bnlnuhmf qdedqdmbd eq]ld- Hm Ehf- 3-2 vd rgnv mtldqhb]k qdrtksr enq

}
𝑃̄𝜀

〈
ne ] ffdkc hm 𝑐 ≠ 1 vhsg

� ≠ / &rdd sgd cds]hkr hm ?oodmchw C-4(- Enq rl]kk u]ktdr ne sgd bnqqdk]shnm kdmfsg 𝜈 Zrdd o]mdk
&]([+ vd nardqud sg]s

}
𝑃̄𝜀

〈
hr drrdmsh]kkx mdfkhfhakd &vhsghm mtldqhb]k tmbdqs]hmshdr( ]mc chrok]xr

mn chrbdqmhakd ro]sh]k rsqtbstqd- Hm bnmsq]rs+ he 𝜈 fqnvr ]mc adbnldr bnlo]q]akd sn sgd o]qshbkd
rhyd 𝑄 Zo]mdk &a([+ qdfhnmr ne ]udq]fd gd]s chrrho]shnm &

}
𝑃̄𝜀

〈
< /( nq ]arnqoshnm &

}
𝑃̄𝜀

〈
< /( rs]qs
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Ehftqd 3-29 ?udq]fd knb]k gd]s chrrho]shnm q]sd }𝑃̄𝜀/y(⟩ ax sgd ffdkc hmsn sgd a]sg+ hm ] eq]ld
bnlnuhmf ]s udknbhsx u vhsg sgd g]qlnmhb sq]o &rdd Ehf- 3-0(- Sgdrd qdrtksr ne mtldqhb]k rhltk],
shnmr &rdd ?oodmchw C-4( qdedq sn ] F]trrh]m ffdkc hm 𝑐 ≠ 1 vhsg mnm,bnmrdqudc cxm]lhbr ]mc+
eqnl &]( sn &b(+ hmbqd]rhmf u]ktdr ne 𝜈†𝑄+ vgdqd 𝜈 hr sgd bnqqdk]shnm kdmfsg ]mc 𝑄 sgd oqnad rhyd
&hmchb]sdc vhsg c]rg,cnssdc bhqbkdr(- O]mdk &c( rgnvr }𝑃̄𝜀/y(⟩ ]knmf sgd cq]f chqdbshnm �| + enq
�⊥ ≠ / ]mc sgd u]ktdr ne 𝜈 bnmrhcdqdc hm &]–b(- Vd trdc 𝐾 ≠ 017+ Γ𝑠 ≠ 0/�1+ 𝜅 ≠ 4+ 𝑢 ≠ 4+ ]
F]trrh]m onsdmsh]k 𝑈 vhsg u]qh]mbd 𝑄 ≠ 3+ ]mc rds ]kk sgd nsgdq o]q]ldsdqr sn tmhsx-

cdudknohmf- Bknrd sn bqhshb]khsx+ vhsg 𝜈 ≫ 𝑄 Zo]mdk &b([+ ] chrrho]shnm chonkd enqlr+ vhsg ] qdfhnm
ne gd]s ]arnqoshnm hm eqnms ne sgd o]qshbkd+ vgnrd ro]sh]k dwsdms hr ]ooqnwhl]sdkx fhudm ax 𝜈-
Gdmbd+ rtqoqhrhmfkx+ hm eqnms ne sgd o]qshbkd sgd gd]s a]sg rtookhdr mds dmdqfx ]r he hs v]r bntokdc
sn ] bnnkdq naidbs- Mnsd sg]s sgd rdbnmc k]v Zrdd Dp- &3-10([ hlokhdr

}
𝑃̄𝑥

〈
+
︸

c𝑐w
}
𝑃̄𝜀/w(

〈
< /+

ats hs cndr mns oqdbktcd knb]k gd]s ]arnqoshnm+ h-d-+
}
𝑃̄𝜀/w(

〈
< / enq rnld w- Sn etqsgdq dktbhc]sd

sgd nqhfhm ne sghr dydbs+ adknv vd ]m]kxshb]kkx hmudrshf]sd sgd rs]shrshbr ne o]qshbkd ]mc ffdkc enq
u]qhntr u]ktdr ne 𝑢 ≠ |u| ]mc 𝜈+ ]mc sgd chrrho]sdc onvdq-

3-2-2 OZqshbkd rsZshrshbr Zmc admchmf ne sgd ffdkc

Vd mnv ]rrtld 𝜅 sn ad rl]kk+ ]mc trd hs ]r ] odqstqa]shud o]q]ldsdq Z53+ 7/+ 70+ 0/3+ 002[- Eqnl
Dp- &3-15( vd b]m b]kbtk]sd sgd ld]m rs]shnm]qx oqnffkd

}
𝜀o

〈
rs+ h-d-+ sgd rg]cnv cdrbqhadc ]anud

– sghr hr cds]hkdc hm ?oodmchw C-3-0- Sgd rg]cnv hr rgnvm hm Ehf- 3-3&]( enq ] ffdkc hm 𝑐 ≠ 0 vhsg
� ≠ /9 sgd ffdkc hr rsqnmfkx adms ]qntmc sgd o]qshbkd+ vghkd }𝜀/�(⟩rs ∝ dwo/�|� |†ℓ±( enq � → ±∞+
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vhsg &rdd ?oodmchw C-3-0(

ℓ± ≠ 𝜈

〉

√
0 +

)
𝜈𝑢

1𝐶

(1
±
)
𝜈𝑢

1𝐶

(
. &3-2/(

E]q eqnl bqhshb]khsx &𝜈 → /+ rdd hmrds(+ sgd rg]cnv u]mhrgdr+ q]shnm]khyhmf sgd bnqqdronmchmf
u]mhrghmf ne }𝑃̄𝜀/y(⟩ hm Ehf- 3-2&](-

Uh] ] odqstqa]shud ]ooqn]bg+ vd b]m hmudrshf]sd sgd o]qshbkd fitbst]shnmr ]m]kxshb]kkx- Sgd
lnldms fdmdq]shmf etmbshnm 𝑓/p( • }dwo/�ℎp · Y(⟩ ne sgd o]qshbkd onrhshnm ]s sgd knvdrs mnmsqhuh]k
nqcdq hm 𝜅 qd]cr &rdd ?oodmchw C-2(

km 𝑓/p( ≠ �
𝑝1𝑆

1𝜃 + ℎ𝜅1

𝜃

∫ ∞

/

c𝑡
𝜌1

1/𝑡(

∫ c𝑐𝑜

/1𝜉(𝑐
/o · u(
𝑜1 + 𝑞

|𝑈𝑜 |1𝐹/u(
o /𝑡(𝑑�𝑜1𝜌1

1/𝑡(
˜
0 � 𝑑�/o·p(𝜌

1
1/𝑡(

[
. &3-20(

vhsg 𝜌1
1/𝑡( • 𝑆 /0 � 𝑑�𝛽𝑡( †𝜃+ ]mc 𝐹

/u(
o /𝑡( ]r hm Dp- &3-14(- Hmsdqdrshmfkx+ Dp- &3-20( oqdchbsr ] mnm,

F]trrh]m rs]shrshbr ne sgd o]qshbkd onrhshnm- Hm ]cchshnm+ sgd u]qh]mbd }𝑌𝑘𝑌𝑙⟩𝑏 ∝ 𝛾𝑘𝑙 bg]mfdr
]mhrnsqnohb]kkx bnlo]qdc sn sgd b]rd u ≠ .+ rn sg]s sgd onrhshnm chrsqhatshnm hr dknmf]sdc hm sgd
chqdbshnm o]q]kkdk sn u Z037[- Etqsgdqlnqd+ ℎ∇p𝑓 |p≠. fhudr sgd ]udq]fd chrok]bdldms

}Y⟩ ≠ �𝜅
1

𝜃

∫ c𝑐𝑜

/1𝜉(𝑐
o /o · u(
𝑜1 + 𝑞

|𝑈𝑜 |1
∫ ∞

/
c𝑡 𝐹

/u(
o /𝑡(𝑑�𝑜1𝜌1

1/𝑡( . &3-21(

vghbg stqmr nts sn ad chqdbsdc ]knmf �u: gdmbd+ sgd ffdkc hmctbdr ] rghes ne sgd oqna]ahkhsx cdmrhsx
ne sgd o]qshbkd onrhshnm+ vghbg k]fr adghmc sgd ]udq]fd rs]shnm]qx u]ktd hm sgd ]ardmbd ne sgd
ffdkc Zrdd sgd hmrds ne Ehf- 3-3&a([- Rtbg ] k]f hr sgd ennsoqhms ne ]m tmcdqkxhmf ]cchshnm]k rntqbd
ne chrrho]shnm+ vghbg vd ]m]kxyd mdws-

3-2-3 Onvdq fitbstZshnmr

Eqnl sgd fdmdq]shmf etmbshnm hm Dp- &3-20(+ vd b]m ]bbdrr sgd chrsqhatshnm ne sgd chrrho]sdc onvdq-
Hmcddc+ qdvqhshmf Dp- &3-11( hm sdqlr ne Y fhudr 𝑉̄ ≠ 𝜇�0𝑢1 � 𝜃u · Y+ ]mc sgtr

km
}
dwo

�
�ℎ𝜆𝑉̄

(〈
≠ �ℎ𝜆𝜇�0𝑢1 + km 𝑓/�𝜆𝜃u(. &3-22(

dmbnchmf ]kk lnldmsr ne sgd chrrho]sdc onvdq- Sn rstcx sgd hlo]bs ne sgd ffdkc+ vd enbtr nm sgd
]udq]fd onvdq

}𝑉̄⟩ ≠ 𝜇�0𝑢1 � 𝜃u · }Y⟩ • }𝑉̄⟩/ + }𝑉̄⟩𝜅 . &3-23(

vgdqd vd hcdmshex sgd chrrho]shnm q]sd }𝑉̄⟩/ ≠ 𝜇�0𝑢1 ≥ / hm sgd ]ardmbd ne sgd ffdkc+ vghkd
}𝑉̄⟩𝜅 ≠ �𝜃u · }Y⟩ ≥ / dmbncdr sgd ]cchshnm]k chrrho]shnm ctd sn sgd ffdkc- ?bbnqchmf sn Dp- &3-10(+
sgdrd ]qd etqsgdq dpt]k sn sgd dmsqnox oqnctbshnm ]s 𝜅 ≠ / ]mc 𝜅 < /+ h-d-+ }𝑉̄⟩/ ≠ 𝑆

}
𝑅̄sns

〈
/ ]mc

}𝑉̄⟩𝜅 ≠ 𝑆
}
𝑅̄sns

〈
𝜅
+ qdrodbshudkx- Hm Ehf- 3-3&a( vd rgnv sgd odqstqa]shud oqdchbshnm enq }𝑉̄⟩𝜅 ]r

] etmbshnm ne 𝑢+ ]mc sgd bnqqdronmchmf mtldqhb]k c]s] eqnl rhltk]shnmr &rdd ?oodmchw C-4(+
vghbg ]qd hm fnnc ]fqddldms- Vd ffmc sg]s }𝑉̄⟩𝜅 fdmdq]kkx chrok]xr sgqdd chrshmbs qdfhldr1 tonm

1Sgd ffqrs ]mc sgd sghqc ]lnmf sgdrd qdfhldr ]qd bnmrhrsdms vhsg sgd rb]khmf ne cq]f enqbdr qdonqsdc hm Qder- Z15–17[+
vgdqd o]qshbkdr lnuhmf vhsg bnmrs]ms udknbhsx &h-d-+ vhsgnts onrhshnm]k fitbst]shnmr( vdqd rstchdc-
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�7/ �5/ �3/ �1/ / 1/ 3/ 5/ 7/
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0/+
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0/1

∼ dwo ’�|y|<!�(

∼ dwo ’�|y|<!�(

y<Q

}ϕ
’y
(〉 r

s

u ¡ /.0
u ¡ /.1
u ¡ /.3
u ¡ /.7
u ¡ 0.5

�4/ / 4/
/

/.0

/.1
ξ<Q ¡ 7

ξ<Q ¡ 0

ξ<Q ¡ /.0

0/�1 0/�0 0/+ 0/0 0/1 0/2
0/�3

0/�2

0/�1

0/�0

0/+

0/0

0/1

0/2

u

� V̂
〈 �

<λ
�

ξ ¡ 0/ ξ ¡ 0/2�1

ξ ¡ 0/1 ξ ¡ 0/4�1

ξ ¡ 0/2 ξ ¡ 0/5�1

ξ ¡ ∞

0/�1 0/0 0/3

0/�3

0/�1

0/+

u

�
}Y

〉<
λ
1

&]( &a(

Ehftqd 3-39 �Z( Rsd]cx,rs]sd dwodbs]shnm u]ktd }𝜀/�(⟩rs ne sgd ffdkc hm sgd bnlnuhmf eq]ld+ enq
u]qhntr cq]f udknbhshdr 𝑢 < /+ hm 𝑐 ≠ 0 ]mc vhsg mnm,bnmrdqudc cxm]lhbr- Sgd rgUcnv }𝜀/�(⟩rs
fi]ssdmr tonm hmbqd]rhmf 𝑢 &]s ffwdc bnqqdk]shnm kdmfsg 𝜈 ≠ 0/+ l]hm okns( nq tonm cdbqd]rhmf
𝜈 &]s ffwdc 𝑢 ≠ 4+ hmrds(- }𝜀/�(⟩rs cdb]xr dwonmdmsh]kkx tonm hmbqd]rhmf |� | vhsg chydqdms cdb]x
kdmfsgr ℓ± hm eqnms ne nq adghmc sgd o]qshbkd – rdd Dp- &3-2/(- Vd trdc 𝑈𝑝 ≠ dwo

�
�𝑝1𝑄1†1

(
]mc

𝑄1 + 𝑆†𝜃 ≠ 0+ vghkd sgd nsgdq o]q]ldsdqr vdqd rds sn tmhsx- �a( ?cchshnm]k chrrho]shnm q]sd Zrdd
Dp- &3-23([ ]r ] etmbshnm ne 𝑢+ enq u]qhntr u]ktdr ne 𝜈 &vhsg 𝑆 ≠ /.0+ vghkd sgd nsgdq o]q]ldsdqr
vdqd rds sn nmd(- Rxlankr bnqqdronmc sn rhltk]shnmr- Hmrds9 rb]kdc bnqqdbshnm � }𝑌⟩ †𝜅1 sn sgd
]udq]fd o]qshbkd onrhshnm Zrdd Dp- &3-21([-

hmbqd]rhmf 𝑢9 ffqrs+ |}𝑌⟩| fqnvr khmd]qkx Zrdd Ehf- 3-3&a(+ hmrds[+ rn sg]s }𝑉̄⟩𝜅 ∝ 𝑢1+ ]r hs vntkc
ad sgd b]rd enq trt]k Rsnjdr eqhbshnm- ?esdq ] bqnrrnudq+ hm sgd rdbnmc qdfhld |}𝑌⟩| ∝ 0†𝑢+ ]mc
sgdqdenqd }𝑉̄⟩𝜅 ok]sd]tr ]s hmsdqldch]sd 𝑢+ vghbg hmchb]sdr ] bnmrs]ms dmdqfdshb bnrs ]rrnbh]sdc
vhsg sgd o]qshbkd–ffdkc hmsdq]bshnm- Ehm]kkx+ hm sgd sghqc qdfhld+ |}𝑌⟩| r]stq]sdr ]mc sgtr }𝑉̄⟩𝜅 ∝ 𝑢-
Vd qdl]qj sg]s sgd rdbnmc ]mc sghqc mnm,RsnidrhUm qdfhldr b]mmns ad b]ostqdc ax ] khmd]q FKD
– rdd ?oodmchw C-1-

Vd oqdrdms ] sgnqntfg ]m]kxrhr ne sgdrd qdfhldr hm ?oodmchw C-3-0+ enq sgd b]rd � ≠ /+
]mc rtll]qhyd hs gdqd- Ehqrs+ ax hmrdqshmf hmsn Dp- &3-14( sgd enql]k rnktshnm ne Dp- &3-15( enq
𝜀o/𝑠(+ ]m dydbshud dpt]shnm enq Y/𝑠( b]m ad nas]hmdc+ vghbg hr mnm,L]qjnuh]m ]mc mnmkhmd]q-
Gnvdudq+ hm sgd khlhs ne rl]kk 𝑢+ sgd ffdkc hr rtflbhdmskx e]rs sn dpthkhaq]sd ]qntmc sgd o]qshbkd
]s d]bg hmrs]ms hm shld Z53+ 0/3[- Bnmudqrdkx+ enq k]qfd 𝑢+ sgd dunktshnm ne sgd ffdkc hr rn rknv
sg]s sgd o]qshbkd dmbntmsdqr ]m dydbshudkx rs]shb ffdkc bnmffftq]shnm- ?bbnqchmfkx+ sgd ffqrs svn
qdfhldr b]m ad pt]mshs]shudkx b]ostqdc ax ]ch]a]shb]kkx qdok]bhmf sgd ffdkc 𝜀o/𝑠( hm Dp- &3-14(
vhsg hsr ld]m &bnlnuhmf( oqnffkd

}
𝜀o

〈
rs+ h-d-+ vhsg sgd rg]cnv rgnvm hm Ehf- 3-3&](+ qdrtkshmf

hm ]m ]ooqnwhl]sdkx L]qjnuh]m dunktshnm ne Y/𝑠(- Hm bnmsq]rs+ ]s hmsdqldch]sd u]ktdr ne 𝑢+ sgd
shldrb]kdr ne sgd o]qshbkd cxm]lhbr ]qd bnlo]q]akd vhsg

𝜎𝜈 • 0†/𝐶𝑞( ≠ 𝜈1†𝐶 . &3-24(

vghbg pt]mshffdr sgd qdk]w]shnm shldrb]kd ne sgd ffdkc 𝜀 nudq hsr bnqqdk]shnm kdmfsg 𝜈 ≠ 𝑞�0†1 &rdd
Dp- &0-14( vhsg 𝑝 ≃ 𝜈�0 ]mc � ≠ 1(- ?r ] qdrtks+ sgd ]ch]a]shb ]ooqnwhl]shnm hr mn knmfdq ]bbtq]sd9
sgd o]qshbkd cxm]lhbr vhsghm sgd bqnrrnudq adsvddm sgd ffqrs svn qdfhldr hr cnlhm]sdc ax sgd
ldlnqx dydbsr b]trdc ax sgd ltst]k hmfitdmbd ne sgd o]qshbkd ]mc sgd ffdkc- Ehm]kkx+ hm sgd sghqc
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qdfhld+ sgd rg]cnv adbnldr mdfkhfhakd bnlo]qdc sn sgd &bqhshb]k( fitbst]shnmr ne sgd ffdkc+ ]mc
sgd o]qshbkd dydbshudkx dmbntmsdqr ] qntfg k]mcrb]od qdrtkshmf eqnl sgdl- Mns]akx+ ]r sgd ffdkc
]ooqn]bgdr bqhshb]khsx &𝜈 → ∞(+ sgd ]lokhstcd ne hsr fitbst]shnmr chudqfdr Z43[+ ]mc sgtr sgd k]rs
&mnm,Rsnjdrh]m( qdfhld dwsdmcr sn rl]kk u]ktdr ne 𝑢-

3-3 Ldlnqx,hmctbdc nrbhkkZshnmr

G]uhmf cdudknodc ] rsnbg]rshb sgdqlncxm]lhbr eq]ldvnqj enq ] oqnad hm ] bnqqdk]sdc ldchtl+
vghbg vd dwdlokhffdc enq ] cq]ffdc o]qshbkd+ vd mnv stqm sn sgd rstcx ne sgd cxm]lhbr ne
sgd k]ssdq+ ]mc vd ]m]kxyd ]m hmsqhfthmf ]m]knfx vhsg sgd cxm]lhbr ne ] oqnad hm ] uhrbndkUrshb
ldchtl- Hm fdmdq]k+ sgd rsnq]fd ]mc chrrho]shnm ne dmdqfx vhsghm sgd bnlokdw lhbqnrsqtbstqd
ne uhrbndk]rshb fithcr sq]mrk]sd hmsn ] l]bqnrbnohb]kkx knmf rsqdrr,qdk]w]shnm shld+ vghbg fhudr
qhrd sn mnm,Mdvsnmh]m adg]uhnq Z05[- Cq]ffhmf ] bnkknhc]k o]qshbkd sgqntfg rtbg ] fithc – ]r
hs hr sxohb]kkx cnmd hm ]bshud lhbqnqgdnknfx dwodqhldmsr Z65+ 000+ 038–041[ – sgtr cqhudr sgd
ldchtl nts ne dpthkhaqhtl+ tmkhjd sgd b]rd ne Aqnvmh]m lnshnm- Hm stqm+ sghr ]ydbsr sgd rs]shrshbr
ne sgd o]qshbkd onrhshnm Z042[- ?s ] bn]qrd,fq]hmdc kdudk+ sgd qdrtkshmf o]qshbkd cxm]lhbr hr nesdm
ogdmnldmnknfhb]kkx cdrbqhadc ax ]m nudqc]lodc fdmdq]khydc K]mfduhm dpt]shnm &FKD+ rdd
Rdbshnm 0-3(9 gdqd sgd dydbs ne sgd hmsdq]bshnm adsvddm sgd o]qshbkd ]mc sgd ldchtl hr dmbncdc
hm ] eqhbshnm jdqmdk 𝒥 /𝑠( ]bshmf nm sgd o]qshbkd udknbhsx ]r

︸ 𝑠

�∞ c𝑡𝒥 /𝑠 � 𝑡(𝑊̄/𝑡( ≠ 𝐸/𝑊 . 𝑠( + 𝜖/𝑠(+
vgdqd 𝐸 hmbktcdr sgd enqbdr dwdqsdc nm sgd o]qshbkd ]s onrhshnm 𝑊+ vghkd 𝜖 hr ] bnknqdc F]trrh]m
mnhrd-

Qdbdmskx+ hs g]r addm dwodqhldms]kkx rgnvm sg]s uhrbndk]rshbhsx b]m fhud qhrd sn nrbhkk]shmf
lncdr hm sgd nudqc]lodc lnshnm ne bnkknhc]k o]qshbkdr cqhudm sgqntfg sgd ldchtl Z36[- Sghr
hr rnldgnv tmdwodbsdc ]mc mnsdvnqsgx+ adb]trd nrbhkk]shnmr &vghbg sxohb]kkx nbbtq hm rxrsdlr
vhsg tmcdqc]lodc cxm]lhbr( ]qd rsqhbskx enqahccdm ]s dpthkhaqhtl+ ]r rgnvm+ d-f-+ hm Qde- Z36[-
Gdtqhrshb]kkx+ nmd l]x mnsd sg]s hmsdfq]shmf ax o]qsr sgd qds]qcdc eqhbshnm hm sgd FKD ]anud enq,
l]kkx qdmcdqr ] sdql

︸ 𝑠

�∞ c𝑡ℳ/𝑠�𝑡( $𝑊/𝑡(+ vgdqd ℳ/𝑠( ∼
︸ 𝑠 c𝑡𝒥 /𝑡( b]m ad qd]chkx hmsdqoqdsdc

&he onrhshud( ]r ] ldlnqx,hmctbdc hmdqshU Z6[+ vghbg hr fdmdq]kkx ]ardms eqnl sgd cdrbqhoshnm ne
L]qjnuh]m nudqc]lodc rxrsdlr-

Ldlnqx sdqlr hm sgd dydbshud dunktshnm dpt]shnm ne ] o]qshbkd ]bst]kkx ]ood]q pthsd m]stq]kkx
hm l]mx ogxrhb]k rxrsdlr+ ]esdq hmsdfq]shmf sgd rknv cdfqddr ne eqddcnl nts ne sgd nqhfhm]k+ lh,
bqnrbnohb cxm]lhbr hm vghbg sgdx ]qd bntokdc sn sgnrd cdrbqhahmf sgd sq]bdq o]qshbkd Z7+ 043+ 044[-
Enq dw]lokd+ ]anud ]mc hm sgd oqduhntr Bg]osdqr vd enqltk]sdc ] lhmhl]k lncdk enq chytrhnm
hm ] sgdql]kkx fitbst]shmf bnqqdk]sdc ldchtl hm sdqlr ne sgd inhms nudqc]lodc cxm]lhbr ne ]
o]qshbkd ]mc ] rb]k]q F]trrh]m ffdkc 𝜏/w. 𝑠(+ sgd k]ssdq adhmf bg]q]bsdqhydc ax ] bnqqdk]shnm kdmfsg
𝜈 ]mc ] ffmhsd qdk]w]shnm shld- He sgd bntokhmf adsvddm sgd ffdkc ]mc sgd o]qshbkd hr bgnrdm sn ad
khmd]q+ sgdm sgd ffdkc b]m ad hmsdfq]sdc nts dw]bskx+ qdrtkshmf hmsn ]m dydbshud dunktshnm dpt]shnm
enq sgd o]qshbkd – rdd+ b-e-+ Dp- &3-52(- Sghr dpt]shnm oqnuhcdr hmrhfgsr nm sgd bnmmdbshnm adsvddm
sgd dldqfhmf ldlnqx jdqmdk ]mc sgd ed]stqdr ne sgd nqhfhm]k lhbqnrbnohb lncdk+ ]r vd vhkk
rgnv hm sgd enkknvhmf-

66



BG?OSDQ 3- RSNBG?RSHB SGDQLNCXM?LHBR ?MC NRBHKK?SHMF LNCDR HM BNQQDK?SDC LDCH?

W

/ W/

u

Ehftqd 3-49 Rdsto ne sgd oqnakdl- ? o]qshbkd hr ro]sh]kkx bnmffmdc ax ] g]qlnmhb onsdmsh]k+ sgd
bdmsdq ne vghbg hr cq]ffdc ]s bnmrs]ms udknbhsx u- Sgd o]qshbkd hmsdq]bsr vhsg ] sgdql]kkx fitb,
st]shmf nqcdq o]q]ldsdq 𝜏 &qdc a]bjfqntmc( ]bbnqchmf sn sgd G]lhksnmh]m hm Dp- &0-05(- Sgd
o]qshbkd onrhshnm W/𝑠( hr ld]rtqdc hm ] bnlnuhmf eq]ld ne qdedqdmbd+ bgnrdm rn sg]s }W⟩ ≠ / hm
sgd rsd]cx rs]sd &rdd Rdbshnm 3-4 enq cds]hkr(- ?s shld 𝑠 ≠ / sgd o]qshbkd hr rtccdmkx chrok]bdc ax ]
rl]kk ]lntms W/ eqnl hsr btqqdms onrhshnm+ ]mc sgd dmrthmf qdk]w]shnm hr nardqudc-

Hm sghr bnmsdws+ hs hr m]stq]k sn ]rj vgdsgdq sgd ldlnqx jdqmdk hm sgd dydbshud dunktshnm
dpt]shnm ne sgd sq]bdq o]qshbkd+ vghbg nqhfhm]sdr eqnl sgd ro]shn,sdlonq]k bnqqdk]shnmr ne sgd
ffdkc+ l]x fhud qhrd sn nrbhkk]shmf lncdr rhlhk]q sn sgnrd nardqudc hm uhrbndk]rshb fithcr Z36[
– vghbg+ hmrsd]c+ ]qd oqhl]qhkx ctd sn sgd ldbg]mhb]k qdronmrd ne sgd ldchtl- Sn ]ccqdrr
sghr ptdrshnm+ vd bnmrhcdq ]f]hm sgd rdsshmf ne ] o]qshbkd cqhudm ]s bnmrs]ms udknbhsx sgqntfg ]
fitbst]shmf F]trrh]m ffdkc+ ]r chrbtrrdc hm Rdbshnm 3-2- Vd ffqrs hmsdfq]sd nts sgd ffdkc cdfqddr
ne eqddcnl+ sgtr nas]hmhmf ]m dydbshud &mnm,khmd]q( dpt]shnm vghbg cdrbqhadr sgd lnshnm ne sgd
o]qshbkd hm sgd rsd]cx rs]sd qd]bgdc ax sgd rxrsdl ]s knmf shldr- Ax khmd]qhyhmf sghr dpt]shnm
]mc hmrodbshmf sgd ]m]kxshb rsqtbstqd ne sgd ffdkc,hmctbdc ldlnqx jdqmdk+ vd cdlnmrsq]sd sg]s
c]lodc nrbhkk]shnmr ]qd hmcddc chrok]xdc ax sgd o]qshbkd ctqhmf sgd qdk]w]shnm sg]s nbbtqr ]esdq hs
g]r addm chrok]bdc eqnl hsr rsd]cx,rs]sd onrhshnm- Sgdrd nrbhkk]shnmr ]qd bnmffqldc uh] mtldqhb]k
rhltk]shnmr ne sgd lncdk- Sgd rhlokhbhsx ne ntq lncdk ]kknvr tr sn rstcx hm cds]hk gnv sgd
hmsdqok]x adsvddm sgd u]qhntr shldrb]kdr ne sgd rxrsdl chbs]sdr sgd dldqfdmbd ne sgd o]qshbkd
nrbhkk]shnmr+ ]mc sn cdsdqlhmd sgdhq eqdptdmbx ]mc sxohb]k cdb]x shld-

Hm sgd enkknvhmf+ vd vhkk ad oqhl]qhkx hmsdqdrsdc hm dwoknqhmf sgd dydbs ne sgd ffdkc vgdm sgd
bntokhmf 𝜅 hr qdk]shudkx rsqnmf+ ]mc sgtr vd vhkk ]cnos ] chydqdms ]ooqn]bg bnlo]qdc sn sgd
odqstqa]shud nmd trdc hm sgd oqduhntr rdbshnmr- Hm o]qshbtk]q+ hm Rdbshnm 3-4 vd ffqrs ]m]kxyd sgd
qdk]w]shnm ne ] o]qshbkd hmhsh]kkx chrok]bdc eqnl hsr rsd]cx,rs]sd onrhshnm+ tmcdq sgd ]rrtloshnm
sg]s sgdql]k fitbst]shnmr ]qd mdfkhfhakd- Sghr ]kknvr nmd sn cdsdqlhmd ]m ]m]kxshb dwoqdrrhnm
ne sgd o]qshbkd sq]idbsnqx W/𝑠( enq fdmdqhb u]ktdr ne 𝜅- Sgd dydbs ne sgdql]k mnhrd vgdm 𝑆 ∉ / hr
sgdm ]rrdrrdc hm Rdbshnm 3-5+ vgdqd vd ]krn bnlo]qd ntq ]m]kxshb]k oqdchbshnmr vhsg mtldqhb]k
rhltk]shnmr-

3-4 Mnhrdkdrr khlhs

Hm sghr Rdbshnm vd vhkk enbtr nm sgd mnhrdkdrr khlhs ne sgd cxm]lhbr+ h-d-+ sgd khlhs hm vghbg sgd
]lokhstcd 𝑆 ne sgd rsnbg]rshb mnhrdr 𝝁/𝑠( ]mc 𝜁/w. 𝑠( hr rds sn ydqn- Hm sgd ]ardmbd ne sgdql]k mnhrd+
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sgd dpt]shnmr ne lnshnm &3-14( ]mc &3-15( adbnld cdsdqlhmhrshb ]mc mn fitbst]shnmr nbbtq- ?b,
bnqchmfkx+ }Y⟩rr ≠ Y&rr(+

}
𝜀p

〈
rr ≠ 𝜀&rr(

p + vghkd
}
𝜀p𝑑

ℎp·Y〈
rr ≠ 𝜀&rr(

p 𝑑 ℎp·Y
&rr( ]mc

}
𝑑�ℎp·Y

〈
rr ≠ 𝑑�ℎp·Y

&rr( -
Sgdm+ ax trhmf Dp- &3-18( hm sgd rsd]cx rs]sd+ nmd qd]chkx ffmcr sg]s

Y&rr( ≠
𝜅1𝐶

𝜃

∫ c𝑐𝑝

/1𝜉(𝑐
ℎp

𝑝� |𝑈𝑝 |1

�𝑝 � ℎp · u . &3-25(

𝜀&rr(
p ≠

𝜅𝐶𝑝�𝑈𝑝 dwo
)
�ℎp · Y&rr([

�𝑝 � ℎp · u . &3-26(

Dpt]shnm &3-26( oqnuhcdr sgd dwoqdrrhnm ne sgd rg]cnv hm sgd ]ardmbd ne sgdql]k mnhrd- ?r
]mshbho]sdc hm Rdbshnm 3-3+ vd ]hl sn cdrbqhad sgd lnshnm ne sgd o]qshbkd ]esdq hs hr rtccdmkx
chrok]bdc+ ]s shld 𝑠 ≠ 𝑠/+ eqnl sgd onrhshnm hs ]rrtldr hm sgd rs]shnm]qx rs]sd – ] rbgdl]shb
qdoqdrdms]shnm hr oqnuhcdc hm Ehf- 3-4- Hm nqcdq sn cn sghr+ nmd b]m rnkud Dp- &3-15( &vgdqd 𝜁𝑝 ≠ /
hm sgd khlhs vd ]qd hmsdqdrsdc hm( ax ]rrtlhmf sg]s sgd ffdkc bnmffftq]shnm ]s shld 𝑠 ≠ 𝑠/ hr sgd nmd
ne sgd rs]shnm]qx rs]sd – h-d-+ 𝜀p/𝑠 ≠ 𝑠/( ≠ 𝜀&rr(

p hr trdc ]r sgd hmhsh]k bnmchshnm ne sgd cxm]lhbr-
Sgd qdrtkshmf dunktshnm ne sgd ffdkc sgtr qd]cr

𝜀p/𝑠( ≠ 𝐹
/u(
p /𝑠 � 𝑠/(𝜀&rr(

p + 𝜅𝑈𝑝

∫ 𝑠

𝑠/

c𝑟 𝜙/u(p /𝑠 � 𝑟(𝑑�ℎp·Y/𝑟(. &3-27(

Dpt]shnm &3-25( rtffdrsr sgd m]stq]k bg]mfd ne qdedqdmbd eq]ld+ hm vghbg sgd nqhfhm ne sgd bnnq,
chm]sd rxrsdl bnqqdronmcr sn Y&rr(- ?bbnqchmfkx+ vd hmsqnctbd W • Y � Y&rr(+ rn sg]s sgd qdrshmf
onrhshnm ne sgd o]qshbkd hr W ≠ / hm sgd rs]shnm]qx rs]sd &]r cdohbsdc hm Ehf- 3-4(- Ax rtarshstshmf
𝜀p/𝑠( entmc hm Dp- &3-27( hmsn Dp- &3-14( vhsg 𝝁 ≠ .+ vd nas]hm sgd &mnhrdkdrr( dydbshud dpt]shnm

W̄/𝑠( ≠ � 𝛽
)
W/𝑠( + Y&rr([ + 𝜅1𝜇

∫ c𝑐𝑝

/1𝜉(𝑐
ℎp|𝑈𝑝 |1

�𝑝 � ℎp · u𝜙
/u(
p /𝑠 � 𝑠/(𝑑 ℎp·W/𝑠(

+ 𝜅1𝜇

∫ 𝑠

𝑠/

c𝑡
∫ c𝑐𝑝

/1𝜉(𝑐
ℎp|𝑈𝑝 |1𝜙/u(p /𝑠 � 𝑡(𝑑 ℎp·)W/𝑠(�W/𝑡([. &3-28(

Sghr mnm,khmd]q dpt]shnm vhsg ldlnqx b]mmns ad fdmdqhb]kkx rnkudc- Gnvdudq+ etqsgdq ]m]kxshb]k
oqnfqdrr b]m ad l]cd ax ]rrtlhmf sg]s sgd o]qshbkd hr ]bst]kkx odqstqadc ax ] rl]kk+ rtccdm
chrok]bdldms W/ ]v]x eqnl hsr qdrshmf onrhshnm+ ]r rjdsbgdc hm Ehf- 3-4- Tmcdq sghr ]rrtloshnm+
hs hr onrrhakd sn khmd]qhyd Dp- &3-28( ]qntmc W ≠ /+ vghbg kd]cr &tonm trhmf Dp- &3-25(( sn

𝑊̄𝑖/𝑠( ≠ � 𝑊𝑖/𝑠(
)
𝛽 + 𝜅1𝜇𝐶

∫ c𝑐𝑝

/1𝜉(𝑐
𝑝1
𝑖
𝑝� |𝑈𝑝 |1

�𝑝 � ℎp · u

[
+ 𝜅1𝜇

∫ 𝑠

𝑠/

c𝑡
∫ c𝑐𝑝

/1𝜉(𝑐
𝑝1
𝑖 |𝑈𝑝 |1𝜙/u(p /𝑠 � 𝑡(𝑊𝑖/𝑡(.

&3-3/(

enq 𝑖 ≠ 0. . . . . 𝑐- Kds tr mnv hmsqnctbd sgd ldlnqx jdqmdk

�𝑖/𝑠( • 𝜅1𝜇

∫ c𝑐𝑝

/1𝜉(𝑐
𝑝1
𝑖 |𝑈𝑝 |1𝜙𝑝/𝑠( &3-30(

]mc hsr K]ok]bd sq]mrenql �̂𝑖/𝑟( ≠
︸ ∞

/ c𝑠 𝑑�𝑟𝑠�𝑖/𝑠(: hm sdqlr ne sgdrd pt]mshshdr+ sgd khmd]qhydc
dpt]shnm ne lnshnm &3-3/( b]m ad vqhssdm hm sgd bnlo]bs enql

𝑊̄𝑖/𝑠( ≠ �𝑊𝑖/𝑠(
)
𝛽 + �̂𝑖//(

[
+
∫ 𝑠

𝑠/

c𝑡 �𝑖/𝑠 � 𝑡(𝑊𝑖/𝑡(. &3-31(

68



BG?OSDQ 3- RSNBG?RSHB SGDQLNCXM?LHBR ?MC NRBHKK?SHMF LNCDR HM BNQQDK?SDC LDCH?

Vd qdbnfmhyd Dp- &3-31( ]r sgd mnhrdkdrr khlhs ne ]m nudqc]lodc fdmdq]khydc K]mfduhm dpt]shnm
– rdd Rdbshnm 0-3- Ax rdsshmf 𝑠/ ≠ /+ sgd rnktshnm ne sgd k]ssdq dpt]shnm vhsg hmhsh]k bnmchshnm
𝑊𝑖/𝑠 ≠ /( ≠ 𝑊/ b]m ad bnmudmhdmskx dwoqdrrdc hm K]ok]bd ro]bd ]r

𝑊̂𝑖/𝑟( ≠
𝑊/

𝑟 + 𝛽 �
)
�̂𝑖/𝑟( � �̂𝑖//(

[ . &3-32(

vgdqd+ ]r hm sgd b]rd ne �̂𝑖 ]esdq Dp- &3-30(+ 𝑊̂𝑖/𝑟( rs]mcr enq sgd K]ok]bd sq]mrenql ne 𝑊𝑖/𝑠(-

3-4-0 Sgd ldlnqx idqmdk �/𝑠(

Sgd cxm]lhbr ne 𝑊𝑖/𝑠( hr cdsdqlhmdc ax sgd ]m]kxshb rsqtbstqd ne sgd etmbshnm �̂𝑖/𝑟( hm sgd bnlokdw
ok]md+ vghbg vd chrbtrr gdqd- Enq k]sdq bnmudmhdmbd+ vd hmsqnctbd sgd enkknvhmf shldrb]kdr9

𝜎𝑄 • 𝑄�†𝐶 . &3-33(

𝜎𝑢 • 𝑄†𝑢. &3-34(

Sgd ffqrs shldrb]kd 𝜎𝑄 hr sgd shld s]jdm ax ] bqhshb]k ffdkc hm nqcdq sn qdk]w nudq ] chrs]mbd ne nqcdq
𝑄9 sghr b]m ad rddm ax trhmf Dp- &0-14( vhsg 𝑞 ≠ /+ 𝑝 ≃ 0†𝑄+ ]mc � • 1+ �- Vd qdb]kk sg]s 𝑄 dmsdqr
]r ] kdmfsg rb]kd hm 𝑈/w(+ ]mc ok]xr sgd qnkd ne sgd q]chtr ne sgd o]qshbkd cdrbqhadc ax 𝑈/w(: hm sgd
enkknvhmf+ vd vhkk nesdm bgnnrd ]m dwonmdmsh]kkx cdb]xhmf onsdmsh]k

𝑈/w( ≠ 0
Ψ𝑐�𝐷/𝑐(𝑄𝑐

dwo/�|w|†𝑄(. &3-35(

vgdqd Ψ𝑐 hr sgd 𝑐,chldmrhnm]k rnkhc ]mfkd+ ]mc �𝐷/�( hr sgd Dtkdq f]ll] etmbshnm- Sgd rdbnmc
shldrb]kd 𝜎𝑢 hm Dp- &3-34( qdoqdrdmsr+ hmrsd]c+ sgd shld s]jdm ax sgd lnuhmf sq]o sn bnudq ] chrs]mbd
ne nqcdq 𝑄: dpthu]kdmskx+ 𝜎�0

𝑢 drshl]sdr sgd rgd]q q]sd md]q sgd cqhudm o]qshbkd Z36[-
Ax qdrb]khmf lnldms] ]r 𝑜 ≠ 𝑝𝑄 hm Dp- &3-30( ]mc du]kt]shmf sgd K]ok]bd sq]mrenql+ vd

nas]hm
�̂𝑖/𝑟( ≠

𝜅1𝜇

𝑄𝑐
𝑒 /𝑟: 𝜎𝑄 . 𝜎𝑢 . 𝑄. 𝜈( ≠ 𝜅1𝜇

𝑄𝑐
𝑒 /𝑟𝜎𝑄 . 𝜎𝑄†𝜎𝑢 . 𝑄†𝜈(. &3-36(

vgdqd sgd oqde]bsnq 𝜅1𝜇†𝑄𝑐 g]r sgd ogxrhb]k chldmrhnmr ne ]m hmudqrd shld+ vghkd 𝑒 hr ] chldm,
rhnmkdrr rb]khmf etmbshnm cdffmdc ]r

𝑒 /𝜂0 . 𝜂1 . 𝜂2( ≠
∫ c𝑐𝑥

/1𝜉(𝑐
𝑥1
𝑖
𝑥� |𝑈𝑥†𝑄 |1

𝜂0 + 𝑥�
�
𝑥1 + 𝜂1

2
(
� ℎ𝜂1x · u

. &3-37(

Mnsd sg]s 𝑈𝑥†𝑄 hr hm e]bs 𝑄,hmcdodmcdms ax bnmrsqtbshnm &rdd+ d-f-+ Dp- &3-35((- Lnqdnudq+ sgd
shldrb]kd 𝜎𝜃 &rdd Dp- &0-01(( vghbg cdsdqlhmdr sgd qdk]w]shnm shld ne sgd o]qshbkd &cdbntokdc
eqnl sgd ffdkc( hm sgd g]qlnmhb sq]o cndr mns dmsdq sgd ldlnqx jdqmdk+ vghbg sgtr cdrbqhadr
rnkdkx sgd hmsdq]bshnm adsvddm sgd ldchtl ]mc sgd o]qshbkd- Ax rtarshstshmf Dp- &3-36( hmsn
Dp- &3-32(+ nmd dudmst]kkx ffmcr

𝑊̂𝑖/𝑟( ≠
𝑊/†𝛽

0 + 𝑟†𝛽 � 𝑓 ) 𝑒 /𝑟( � 𝑒 //([ . &3-38(
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vgdqd vd hmsqnctbdc sgd chldmrhnmkdrr bntokhmf bnmrs]ms

𝑓 • 𝜅1

𝜃𝑄𝑐
. &3-4/(

]mc vgdqd vd rhlokhffdc sgd mns]shnm ax dwokhbhskx hmchb]shmf nmkx sgd cdodmcdmbd nm 𝑟 ne
𝑒 hmsqnctbdc hm Dp- &3-36(- Sgd bntokhmf bnmrs]ms 𝑓 b]m ad trdc sn pt]mshex sgd dydbs ne sgd
hmsdq]bshnm vhsg sgd ldchtl nm sgd o]qshbkd cxm]lhbr- Vd mnsd sg]s 𝑊̂/𝑟( hm Dp- &3-38( r]shrffdr
sgd hmhsh]k u]ktd sgdnqdl enq K]ok]bd sq]mrenqlr Z045[+ h-d-+

khl
𝑟→∞

𝑟𝑊̂/𝑟( ≠ 𝑊/𝑠 ≠ /+( ≠ 𝑊/ . &3-40(

]r dwodbsdc – hmcddc+ nmd b]m bgdbj sg]s 𝑒 /𝑟( ∼ 0†𝑟 enq k]qfd 𝑟-
Hm nqcdq sn fds ogxrhb]k hmrhfgs hmsn sgd cxm]lhbr ne sgd o]qshbkd+ hs hr bnmudmhdms sn bnmrhcdq

sgd b]rd hm vghbg sgd shldrb]kdr 𝜎𝑄 ]mc 𝜎𝜃+ vghbg 𝑊̂𝑖 cdodmcr nm uh] 𝑒 + ]qd vdkk rdo]q]sdc-
Sghr hr ]bst]kkx ]bghdudc hm sgd rsqnmf,bnmffmdldms khlhs Z037[+ cdffmdc ]r sgd khlhs hm vghbg 𝜎𝜃+
cdsdqlhmdc ax sgd g]qlnmhb sq]o+ hr rgnqsdq sg]m sgd sxohb]k qdk]w]shnm shld 𝜎𝑄 ne sgd ffdkc+ h-d-+
𝜎𝑄 ≫ 𝜎𝜃 nq+ dpthu]kdmskx+

𝜋 • 𝜎𝑄†𝜎𝜃 ≠ 𝛽𝜎𝑄 ≫ 0. &3-41(

Hm sghr khlhs vd vhkk enbtr nm sgd cxm]lhbr enq shldr 𝑠 ≫ 𝜎𝜃+ rn sg]s 𝜎𝜃 hr hmcddc sgd rl]kkdrs
shldrb]kd hm sgd oqnakdl- ? bnmudmhdms v]x ne rhmfkhmf nts sgd adg]uhnq hm sghr sdlonq]k qdfhld
hr sn bnmrhcdq+ hm Dp- &3-32(+ sgd enql]k khlhs 𝛽 → ∞ ]mc sgtr

𝑊̂ &rb(/𝑟( • khl
𝛽→∞

𝛽𝑊̂/𝑟( ≠ 𝑊/
0 � 𝑓 ) 𝑒 /𝑟( � 𝑒 //([ . &3-42(

sgd ]m]kxrhr ne vghbg hr rhlokhffdc ax sgd e]bs sg]s 𝑊̂/rb(/𝑟( cdodmcr nm 𝑟 nmkx uh] sgd etmbshnm
𝑒 /𝑟(- ?r ] cq]va]bj ne sghr ]ooqn]bg+ 𝑊̂/rb(/𝑟( cdffmdc ]anud mn knmfdq r]shrffdr sgd hmhsh]k u]ktd
sgdnqdl ]mc+ ]r ] bnmrdptdmbd+ hsr hmudqrd K]ok]bd sq]mrenql 𝑊/rb(/𝑠( chudqfdr hm sgd hmhsh]k
sdlonq]k qdfhnm 𝑠 ≤ 𝜎𝜃- Adxnmc sghr hmhsh]k qdfhld+ gnvdudq+ sgd etmbshnmr 𝑊/rb(/𝑠( ]mc 𝛽𝑊/𝑠( ]qd
dwodbsdc sn ]fqdd pt]mshs]shudkx &]r chrbtrrdc hm+ b-e-+ Rdbshnm 3-4-2(-

3-4-1 Sgd bZrd ne lncdk :

Sn l]jd etqsgdq oqnfqdrr vhsg ntq ]m]kxrhr+ vd enbtr gdqd nm sgd nmd,chldmrhnm]k b]rd 𝑐 ≠ 0+
vhsg sgd ffdkc onhrdc ]s hsr bqhshb]k onhms 𝑞 ≠ / &etqsgdq adknv vd bnmrhcdq ]krn sgd b]rd 𝑞 < /(- Hm
]cchshnm+ vd bgnnrd ]m dwonmdmsh]k hmsdq]bshnm onsdmsh]k ]r hm Dp- &3-43(+ vghbg s]jdr ] o]qshbtk]qkx
rhlokd enql hm Entqhdq ro]bd+ m]ldkx

𝑈𝑝 ≠ /0 + 𝑝1𝑄1(�0. &3-43(

Sghr bgnhbd qdmcdqr sgd dwoqdrrhnmr adknv lnqd ]ldm]akd sn ]m]kxshb]k l]mhotk]shnm- Hm e]bs+
sgd qdrtkshmf ldlnqx jdqmdk hm Dp- &3-36( adbnldr

�̂/𝑟( ≠ 𝜅1𝜇

𝑄

∫
1

c𝑝
1𝜉

𝑝�

/0 + 𝑝1(1/𝑝� � ℎ𝑝𝜎𝑄†𝜎𝑢 + 𝑟𝜎𝑄(
. &3-44(
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Ehftqd 3-59 Dunktshnm ne sgd o]qshbkd onrhshnm 𝑊/𝑠( ]r ] etmbshnm ne shld 𝑠+ hm sgd mnhrdkdrr khlhs-
?s 𝑠 ≠ / sgd o]qshbkd hr qdkd]rdc eqnl sgd onrhshnm 𝑊/𝑠 ≠ /+( ≠ 𝑊/ ]v]x eqnl sgd rsd]cx,rs]sd
onrhshnm 𝑊 ≠ /- Sgd chrok]xdc rxlankr ]qd nas]hmdc eqnl sgd mtldqhb]k K]ok]bd hmudqrhnm ne
𝑊̂ &rb(/𝑟( hm Dp- &3-42(+ bnqqdronmchmf sn sgd rsqnmf,bnmffmdldms khlhs- Sgd okns qdedqr sn lncdk
? ]s bqhshb]khsx hm ro]sh]k chldmrhnm]khsx 𝑐 ≠ 0 &rdd Rdbshnm 3-4-1(+ ]mc v]r nas]hmdc ax ffwhmf
sgd Vdhrrdmadqf mtladq 𝑣 ≠ /.64 &rdd Dp- &3-46((+ vghkd u]qxhmf sgd bntokhmf rsqdmfsg 𝑓 &rdd
Dp- &3-4/((+ vhsg 𝑊/ ≠ 0- Sgd rn,nas]hmdc 𝑊 &rb(/𝑠( chydqr eqnl sgd ]bst]k 𝛽𝑊/𝑠( nmkx ]s rgnqs shldr
𝑠 < 𝜎𝜃+ vgdqd sgd enqldq chudqfdr &vghkd sgd k]ssdq sdmcr sn 𝛽𝑊/ – rdd Dp- &3-40((-

vgdqd vd cqnoodc sgd rtarbqhos 𝑖 eqnl �̂𝑖/𝑟( rhmbd vd ]qd bnmrhcdqhmf 𝑐 ≠ 0- Hm sgd F]trrh]m
lncdk ?+ sgd cxm]lhb]k dwonmdms � dpt]kr 1+ rn sg]s sgd hmsdfq]mc hm �̂/𝑟( oqdrdmsr svn rhlokd
onkdr hm 𝑝 ≠ ±ℎ ]mc svn ]cchshnm]k onkdr hm

𝑝± ≠ ℎ

〉
𝜎𝑄
1𝜎𝑢

±

√
𝑟 𝜎𝑄 +

)
𝜎𝑄
1𝜎𝑢

(1 
• ℎ )𝑣 ± 𝛼/𝑟([. &3-45(

Enq k]sdq bnmudmhdmbd+ vd o]q]ldsdqhydc sgdrd k]ssdq svn onkdr ]r hmchb]sdc ]anud+ vhsg

𝑣 • 𝜎𝑄
1𝜎𝑢

≠
𝑢𝑄��0

1𝐶 &3-46(

&rdd Dpr- &3-33( ]mc &3-34((+ ]mc 𝛼/𝑟( •
}
𝑟 𝜎𝑄 + 𝑣1- Hm sgd bnmsdws ne lhbqnqgdnknfx dwodqhldmsr

bnmctbsdc hm uhrbndk]rshb ldch]+ nmd trt]kkx hcdmshffdr sgd Vdhrrdmadqf mtladq Vh • 𝜎𝑟†/1𝜎𝑢(+
vgdqd 𝜎𝑟 hr sgd sxohb]k qdk]w]shnm shldrb]kd ne sgd ldchtl- Enq ] bqhshb]k ffdkc sghr shldrb]kd hr
]bst]kkx oqnuhcdc ax 𝜎𝑄 &rdd Dp- &3-33((+ ]mc sgdqdenqd sgd o]q]ldsdq 𝑣 hmsqnctbdc hm Dp- &3-46(
]anud hr qd]chkx hcdmshffdc vhsg sgd Vdhrrdmadqf mtladq Vh ne sgd rxrsdl tmcdq hmudrshf]shnm
gdqd- Ax trhmf bnlokdw hmsdfq]shnm+ nmd sgdm ffmcr sg]s �̂/𝑟( hm Dp- &3-44( b]m ad dwoqdrrdc ]r

�̂/𝑟( ≠ 𝜅1𝜇

𝑄

𝛼/𝑟()0 + 𝛼/𝑟([1 � 𝑣1)1 + 𝛼/𝑟([
3𝛼/𝑟()0 + 𝛼/𝑟( + 𝑣[1)0 + 𝛼/𝑟( � 𝑣[1 . &3-47(

Sghr dwoqdrrhnm hlokhdr �̂/𝑟 ≠ /( ≠ 𝜅1𝜇†)3𝑄/0 + 1𝑣(1[+ vghbg b]m ad hmrdqsdc hmsn Dp- &3-32(
snfdsgdq vhsg �̂/𝑟( fhudm ]anud hm nqcdq sn nas]hm ]m ]m]kxshb]k dwoqdrrhnm enq 𝑊̂/𝑟(- Sgd k]ssdq
b]m sgdm ad hmudqsdc mtldqhb]kkx sn cdsdqlhmd 𝑊/𝑠(- ?m dw]lokd ne sgd qdrtkshmf 𝑊/𝑠( hr rgnvm
hm Ehf- 3-5+ vghbg qdedqr sn sgd rsqnmf,bnmffmdldms khlhs+ vghkd ] bnlo]qhrnm vhsg mtldqhb]k
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3-4- MNHRDKDRR KHLHS

rhltk]shnmr hr oqdrdmsdc hm+ b-e-+ Rdbshnm 3-5-1- Sgd nrbhkk]snqx bg]q]bsdq ne sghr 𝑊/𝑠( hr bkd]qkx
uhrhakd eqnl sgd ffftqd ]mc hs b]m ad ]lokhffdc ax hmbqd]rhmf sgd bntokhmf rsqdmfsg 𝑓 &] rxrsdl]shb
]m]kxrhr ne sghr cdodmcdmbd hr oqdrdmsdc hm sgd mdws rtardbshnm(-

Ax hmrodbshmf Dpr- &3-36( ]mc &3-37(+ vd ffm]kkx mnsd sg]s sgd dwoqdrrhnm ne �̂/𝑟( enq lncdk ?
]v]x eqnl bqhshb]khsx &h-d-+ vhsg 𝑞 < /( b]m ad nas]hmdc eqnl Dp- &3-47( ax ld]mr ne sgd rtarshstshnm

𝑟 ↦→ 𝑟 + 𝜎�0
𝜈 . &3-48(

vgdqd 𝜎𝜈 ≠ 0†/𝐶𝑞( ≠ 𝜈1†𝐶 &rdd Dp- &3-24((-

3-4-2 QdkZwZshnm hm sgd rsqnmf,bnmffmdldms khlhs

Hm sgd rsqnmf,bnmffmdldms khlhs hmsqnctbdc hm Dp- &3-42(+ sgd ]m]kxshb oqnodqshdr ne 𝑊̂ &rb(/𝑟( ]qd
bnlokdsdkx cdsdqlhmdc ax sgnrd ne sgd ldlnqx jdqmdk �̂/𝑟( ]mc+ hm o]qshbtk]q+ ne sgd ]rrnbh]sdc
etmbshnm 𝑒 /𝑟( hmsqnctbdc hm Dp- &3-36(- Sghr jdqmdk v]r rodbh]khydc hm Dp- &3-47( sn sgd b]rd ne
lncdk ? ]s bqhshb]khsx &𝑞 ≠ /(+ vghkd enq 𝑞 < / nmd b]m trd sgd bg]mfd ne u]qh]akd hmchb]sdc hm
Dp- &3-48(- Sgd k]ssdq hlokhdr 𝑊̂

&rb(
𝑞 /𝑟( ≠ 𝑊̂

&rb(
𝑞≠//𝑟 + 𝐶𝑞(+ ]mc sgdqdenqd

𝑊
&rb(
𝑞 /𝑠( ≠

∫ 𝑏+ℎ∞

𝑏�ℎ∞

c𝑟
1𝜉ℎ 𝑑

𝑟𝑠 𝑊̂
&rb(
𝑞 /𝑟( ≠ 𝑑�𝐶𝑞𝑠𝑊

&rb(
𝑞≠//𝑠(. &3-5/(

?anud vd ghfgkhfgsdc sgd cdodmcdmbd ne 𝑊 &rb(/𝑠( nm 𝑞 uh] ] rtarbqhos- Sgd hmudqrd K]ok]bd sq]mr,
enql ne 𝑊̂ &rb(/𝑟( hm sgd oqduhntr dwoqdrrhnm hr nas]hmdc+ ]r trt]k+ ax odqenqlhmf sgd Aqnlvhbg
hmsdfq]k ]knmf ] udqshb]k khmd sg]s hr nm sgd kdes ne sgd kdeslnrs onkd ne sgd hmsdfq]mc hm sgd bnlokdw
ok]md- ?bbnqchmfkx+ hm lncdk ?+ sgd cxm]lhb]k oqnodqshdr ne 𝑊 &rb(/𝑠( hm sgd ny,bqhshb]k b]rd 𝑞 ∉ /
]qd sgd r]ld ]r hm sgd bqhshb]k b]rd 𝑞 ≠ /+ to sn ]m ]cchshnm]k dwonmdmsh]k cdb]x e]bsnq dwo/�𝑠†𝜎𝜈(
&rdd Dp- &3-24((-

? rdbnmc qdl]qj]akd ed]stqd ne 𝑊̂ &rb(/𝑟( hr sg]s hs cdodmcr nm 𝑟 nmkx uh] sgd bnlahm]shnm 𝑟 𝜎𝑄
– rdd Dpr- &3-36( ]mc &3-37(+ ]mc sgd cdffmhshnm ne 𝜎𝑄 hm Dp- &3-33(- S]jhmf sgd hmudqrd K]ok]bd
sq]mrenql ne 𝑊̂ &rb(/𝑟( ]r hm Dp- &3-5/( ]mc bg]mfhmf sgd hmsdfq]shnm u]qh]akd ]r 𝑟′ • 𝑟𝜎𝑄+ hs enkknvr
sg]s 𝑊 &rb(/𝑠( ≠ 𝜎�0

𝑄
𝑊 &rb(/𝑠†𝜎𝑄(- Vd cdctbd sg]s qdrb]khmf 𝑟 𝜎𝑄 ↦→ 𝑟 hm 𝑊̂ &rb(/𝑟( rhlokx bnqqdronmcr

sn ld]rtqhmf shld 𝑠 hm tmhsr ne 𝜎𝑄- ?s bqhshb]khsx &𝜈 → ∞(+ sgd dwokhbhs cdodmcdmbd nm 𝑄 ne
�̂/𝑟(+ vghbg nbbtqr hm Dp- &3-36( nmkx uh] 𝑄†𝜈+ hr sgdqdenqd knrs- ?bbnqchmfkx+ sgd qdrtkshmf 𝑊̂ &rb(/𝑟(
dudmst]kkx cdodmcr nmkx nm sgd o]hq ne o]q]ldsdqr /𝑣 . 𝑓( – rdd Dpr- &3-4/( ]mc &3-45( sn &3-47(-

Kds tr sgdm enbtr nm sgd ]m]kxshb rsqtbstqd ne 𝑊̂ &rb(/𝑟( hm sgd bnlokdw ok]md 𝑟 ∈ 1+ enq 𝑞 ≠ /
]mc vhsg 𝜎𝑄 • 0- Ehqrs+ eqnl Dp- &3-45( vd hmedq sgd oqdrdmbd ne ] aq]mbg bts ]knmf sgd qd]k ]whr
enq Qd{𝑟{ < �𝑣+ ]r rgnvm hm Ehf- 3-6&](- Sgd dw]bs onrhshnm ne sgd onkdr ne 𝑊̂ &rb(/𝑟( hm Dp- &3-42(
b]mmns ad cdsdqlhmdc ]m]kxshb]kkx: gnvdudq+ sgdx ]qd d]rhkx entmc mtldqhb]kkx- Hmcddc+ sgd okns
ne Qd{𝑊̂/𝑟({ hm sgd bnlokdw ok]md+ rgnvm hm Ehf- 3-6&]( ]r ] bnknql]o+ qdud]kr sgd oqdrdmbd ne ]
o]hq ne bnlokdw bnmitf]sd onkdr hm 𝑟± ≠ �𝛾 ± ℎΨ+ vhsg Ψ ≥ /- Sgd qdc c]rgdc khmd hm sgd okns
hmchb]sdr sgd sq]idbsnqx ne sgdrd onkdr tonm u]qxhmf 𝑓 ]s ffwdc 𝑣 < 0- Sgd onkdr ]ood]q enq ]
rl]kk 𝑓 ≠ 𝑓∗ < /+ hm sgd uhbhmhsx ne sgd nqhfhm 𝑟 ≠ �𝑣 ne sgd aq]mbg bts+ ]mc g]ud ] u]mhrghmf
hl]fhm]qx o]qs Ψ ≠ /: tonm hmbqd]rhmf 𝑓+ sgdx cdo]qs eqnl sgd aq]mbg bts ]mc ]bpthqd ] mnmydqn
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BG?OSDQ 3- RSNBG?RSHB SGDQLNCXM?LHBR ?MC NRBHKK?SHMF LNCDR HM BNQQDK?SDC LDCH?

Ehftqd 3-69 ?m]kxshb rsqtbstqd ne sgd K]ok]bd sq]mrenql 𝑊̂/𝑟( ne 𝑊/𝑠( hm sgd bnlokdw ok]md 𝑟 ∈ 1+
enq lncdk ? hm ro]sh]k chldmrhnm 𝑐 ≠ 0+ ]s bqhshb]khsx 𝑞 ≠ /+ ]mc hm sgd rsqnmf,bnmffmdldms khlhs
&rdd Rdbshnm 3-4-2(- �Z( Okns ne Qd{𝑊̂/𝑟({+ vghbg rgnvr sgd oqdrdmbd ne ] aq]mbg bts enq Qd{𝑟{ < �𝑣+
]mc ] o]hq ne bnlokdw bnmitf]sd onkdr 𝑟± ≠ �𝛾±ℎΨvhsg mnmydqn hl]fhm]qx o]qsΨ < /- Sgd k]ssdq
cdsdqlhmdr sgd nrbhkk]snqx eqdptdmbx Ψ ne 𝑊/𝑠( ]esdq ] rgnqs hmhsh]k sq]mrhdms &rdd ]krn Ehf- 3-5(-
Sgd okns bnqqdronmcr sn 𝑣 ≠ /.6+ ]mc sgd qdc c]rgdc khmdr hmchb]sd sgd sq]idbsnqhdr ne sgd onkdr hm
sgd bnlokdw ok]md+ vghbg dldqfd nts ne sgd aq]mbg bts ]mc lnud ]v]x eqnl hs tonm hmbqd]rhmf
sgd u]ktdr ne 𝑓 ∈ )/.21. 06[- �a( Hl]fhm]qx o]qs Ψ ne sgd toodq onkd 𝑟+ ]r ] etmbshnm ne 𝑣 ]mc 𝑓-
Nrbhkk]shnmr cdudkno enq ]mx u]ktd ne 𝑓 ]r rnnm ]r 𝑣 � 0+ vghkd sgdx ]qd ]ardms vhsghm sgd vghsd
qdfhnm+ vgdqd sgdqd ]qd mn onkdr ]mc sgd cdb]x hr bnmsqnkkdc ax sgd aq]mbg bts- Sgd eqdptdmbx Ψ
hr ld]rtqdc hm tmhsr ne 𝜎�0

𝑄
– rdd Dp- &3-33(- �b( Qd]k o]qs 𝛾 ne sgd onkdr &vghbg bnmsqnkr sgd q]sd

ne sgd dwonmdmsh]k c]lohmf ne sgd nrbhkk]shnm ]lokhstcd( ]r ] etmbshnm ne 𝑣 ]mc 𝑓- Nrbhkk]shnmr
stqm nts sn ad hmbqd]rhmfkx c]lodc tonm hmbqd]rhmf sgd u]ktd ne 𝑣- ?r hm o]mdk &a(+ mn onkdr
dldqfd vhsghm sgd vghsd qdfhnm hm sghr ok]md-

hl]fhm]qx o]qsΨ < /- ?r 𝑓 hr etqsgdq hmbqd]rdc+ sgd svn onkdr dudmst]kkx lnud sn sgd qhfgs ne sgd
aq]mbghmf onhms &h-d-+ |𝛾 | < |𝑣 |(+ ]mc sgtr sgdx adbnld sgd cnlhmUms rhmftk]qhshdr- Sgd oqdrdmbd
ne ] cnlhm]ms bnlokdw onkd hm sgd ]m]kxshb rsqtbstqd ne 𝑊̂ &rb(/𝑟( hlokhdr sgd dldqfdmbd ne ]m
nrbhkk]snqx adg]uhnq ne 𝑊 &rb(/𝑠( ]s knmf shldr+ vhsg eqdptdmbx Ψ &rdd ?oodmchw C-5 enq ]cchshnm]k
cds]hkr(- Sgdrd ]qd sgd nrbhkk]shnmr ed]stqdc hm Ehf- 3-5+ vgdqd vd oknssdc 𝑊 &rb(/𝑠( &nas]hmdc uh]
mtldqhb]k hmudqrhnm ne sgd ]m]kxshb]k rnktshnm enq 𝑊̂ &rb(/𝑟(( enq hmbqd]rhmf u]ktdr ne sgd bntokhmf
rsqdmfsg 𝑓+ vghkd jddohmf 𝑣 ffwdc-

Ehftqd 3-6&a( rgnvr sgd nrbhkk]shnm eqdptdmbx Ψ ]r ] etmbshnm ne sgd u]ktdr ne sgd o]q]ldsdqr
/𝑣 . 𝑓(- Vhsghm sgd vghsd qdfhnm ne sgd okns sgdqd ]qd mn onkdr+ ]mc sgtr mn nrbhkk]shnmr nbbtq-
Dudm enq rl]kk u]ktdr ne 𝑓+ hmrsd]c+ bnlokdw onkdr ]ood]q ]mc nrbhkk]shnmr ]qd rddm sn cdudkno
]r rnnm ]r 𝑣 � 0: lnqdnudq+ Ψ hr hm fdmdq]k ]m hmbqd]rhmf etmbshnm ne 𝑣+ enq ]mx ffwdc u]ktd ne
𝑓- Vd qdb]kk sg]s 𝑣 ≠ Vh ld]rtqdr sgd q]shn adsvddm sgd qdk]w]shnm shld ne sgd ldchtl ]mc
sgd shldrb]kd 𝜎𝑢 rds ax sgd lnuhmf sq]o &rdd Dp- &3-46((- Sghr rtffdrsr ] v]x sn q]shnm]khyd sgd
’cxm]lhb]k og]rd ch]fq]l“ hm Ehf- 3-6&a(- Hmcddc+ enq rl]kk 𝑓 ]mc rtflbhdmskx k]qfd u]ktdr ne sgd
cq]ffhmf roddc 𝑢 ∝ 𝑣 &rdd Dpr- &3-34( ]mc &3-46((+ sgd ffdkc hr mn knmfdq ]akd sn pthbjkx qd]qq]mfd
]qntmc sgd hmrs]ms]mdntr onrhshnm ]rrtldc ax sgd o]qshbkd ]s ] fhudm shld9 sgd mnm,L]qjnuh]m
hmsdqok]x adsvddm sgd cxm]lhbr ne sgd o]qshbkd ]mc sgd rg]cnv hr sgdm ]s sgd nqhfhm ne sgd bnlokdw
nrbhkk]snqx adg]uhnq ne 𝑊/𝑠(- Sgd dydbsr ne sghr hmsdqok]x adbnld hmbqd]rhmfkx oqnlhmdms tonm
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3-4- MNHRDKDRR KHLHS

hmbqd]rhmf sgd bntokhmf rsqdmfsg 𝑓+ rn sg]s ]s k]qfd 𝑓 nmd nardqudr ]m nrbhkk]snqx adg]uhnq dudm
enq 𝑣 ≲ 0-

Bnmudqrdkx+ sgdrd nrbhkk]shnmr ]qd hmbqd]rhmfkx c]lodc tonm hmbqd]rhmf sgd cq]ffhmf roddc+
h-d-+ enq 𝑣 ≫ 0- Sghr hr rgnvm hm Ehf- 3-6&b(+ vgdqd vd okns sgd qd]k o]qs 𝛾 ne sgd cnlhm]ms onkd
]r ] etmbshnm ne /𝑣 . 𝑓( – hmcddc+ sgd k]ssdq bnmsqnkr sgd knmf,shld dwonmdmsh]k cdb]x ne 𝑊/𝑠( &rdd
?oodmchw C-5(- Sn tmcdqrs]mc sgd c]lohmf ]s k]qfd 𝑣 ∝ 𝑢+ vd ffqrs mnsd sg]s sgd rg]od ne sgd
rg]cnv 𝜀&rr(/w( hr fhudm ax sgd Entqhdq sq]mrenql ne 𝜀&rr(

p hm Dp- &3-18(9 tonm hmrodbshnm+ sgd k]ssdq
rgnvr sg]s sgd ]lokhstcd ne sgd rg]cnv hsrdke cdbqd]rdr tonm hmbqd]rhmf 𝑢 &rdd Ehf- 3-3&]((- Sghr
hr dwodbsdc+ rhmbd sgd ffmhsd qdk]w]shnm shld ne sgd ffdkc 𝜀 cndr mns ]kknv 𝜀 sn qd]bs hmrs]ms]mdntrkx
sn sgd o]rr]fd ne sgd o]qshbkd+ ]mc sgtr ]s ] udqx k]qfd roddc 𝑢 sgd rg]cnv b]mmns athkc to ]s ]kk-
Sgd c]lohmf ne sgd nrbhkk]shnmr ]s k]qfd u]ktdr ne 𝑣 sgtr rhlokx qdfidbsr sgdrd e]bsr-

Vd dlog]rhyd sg]s mn onkdr dldqfd hm 𝑊̂/𝑟( vhsghm sgd vghsd qdfhnm hm sgd /𝑣 . 𝑓(,ok]md hm
Ehf- 3-6&a+b(- Bnqqdronmchmfkx+ sgd knmf,shld adg]uhnq ne 𝑊/𝑠( hm sg]s qdfhnm hr cdsdqlhmdc rnkdkx
ax sgd aq]mbg bts &rdd Ehf- 3-6&]((9 ]r vd qdb]kk hm ?oodmchw C-5+ sghr fdmdqhb]kkx hlokhdr sg]s 𝑊/𝑠(
cdb]xr lnmnsnmhb]kkx ]r 𝑊/𝑠( ∼ 𝑠�𝑍 dwo/�𝑎𝑠(+ enq rnld onrhshud bnmrs]msr 𝑍 ]mc 𝑎 &rdd Dp- &C-51((-
Bnmudqrdkx+ tonm hmbqd]rhmf 𝑓 e]q adxnmc sgd u]ktdr sg]s Ehf- 3-6&]( qdedqr sn+ sgd qd]k o]qs �𝛾 ne
sgd onkdr 𝑟± dudmst]kkx adbnldr onrhshud- Sghr vntkc hlokx ]m tmantmcdc &nrbhkk]snqx( fqnvsg
ne 𝑊/𝑠( ]s knmf shldr &rdd ?oodmchw C-5 enq cds]hkr(+ ]mc sgtr hs rhfm]kr sgd aqd]jcnvm ne sgd
khmd]q,qdronmrd ]ooqnwhl]shnm vhsghm vghbg rtbg rnktshnm g]r addm cdqhudc-

Adxnmc sgd rsqnmf,bnmffmdldms khlhs chrbtrrdc rn e]q+ h-d-+ tonm cdbqd]rhmf sgd u]ktd ne 𝛽+
mdv onkdr dudmst]kkx ]ood]q hm sgd bnlokdw,𝑟 ok]md rgnvm hm Ehf- 3-6&](- ?ksgntfg sgd oqdbhrd
u]ktd ne Ψ ]s ] bdqs]hm onhms /𝑣 . 𝑓( ne sgd ok]md hr hm fdmdq]k lnchffdc bnlo]qdc sn sgd u]ktd hs
g]r hm sgd rsqnmf,bnmffmdldms khlhs 𝜋 ≫ 0 &rdd Dp- &3-41((+ vd ffmc sg]s sgd nrbhkk]snqx m]stqd ne
sgd rnktshnm 𝑊/𝑠( odqrhrsr+ vhsghm sgd r]ld q]mfd ne u]ktdr ]r hm Ehf- 3-6&a(+ cnvm sn 𝜋 � 0- Mnsd
sg]s+ ]esdq qdrb]khmf 𝑟′ • 𝑟 𝜎𝑄 hm Dp- &3-38(+ sgd k]ssdq qd]cr

𝑊̂𝑖/𝑟′†𝜎𝑄( ≠
𝑊/†𝛽

0 + 𝑟′†𝜋 � 𝑓 ) 𝑒 /𝑟′†𝜎𝑄( � 𝑒 //([ . &3-50(

rgnvhmf &]r dwodbsdc( sg]s sgd rsqnmf,bnmffmdldms khlhs adbnldr hmbqd]rhmfkx ]bbtq]sd ]r 𝜋 ≫ 0
– bnlo]qd vhsg Dp- &3-42(- Lnqdnudq+ Ehfr- 3-5 ]mc 3-6 &snfdsgdq vhsg sgd mtldqhb]k rhltk]shnmr
oqdrdmsdc hm+ b-e-+ Rdbshnm 3-5-1( rgnv sg]s 𝑊/𝑠( sxohb]kkx cdb]xr sn ydqn nm ] rb]kd ne ] edv sdmr ne
𝜎𝑄- ?r ] qdrtks+ dudm enq 𝜋 ≲ 0+ sgd rsqnmf,bnmffmdldms khlhs vdkk ]ooqnwhl]sdr sgd adg]uhnq ne
𝑊/𝑠( ]s shldr 𝑠 < 𝜎𝜃 ≠ 𝛽�0- Hmcddc+ ax s]jhmf sgd hmudqrd K]ok]bd sq]mrenql ne 𝑊̂𝑖/𝑟( hm Dp- &3-38(
]mc b]kkhmf � • 𝑟𝑠+ nmd nas]hmr

𝑊𝑖/𝑠( ≠ /𝛽𝑠(�0
∫
𝐴

c�

1𝜉ℎ
𝑑�𝑊/

0 + �†/𝛽𝑠( � 𝑓 ) 𝑒 /�†𝑠( � 𝑒 //([ . &3-51(

vgdqd sgd hmsdfq]shnm hr hmsdmcdc ]knmf sgd Aqnlvhbg bnmsntq ]r hm Dp- &3-5/(- Sgd sdql �†/𝛽𝑠(
]s sgd cdmnlhm]snq b]m ad r]edkx mdfkdbsdc ]r rnnm ]r 𝛽𝑠 ≫ 0+ xhdkchmf hm e]bs 𝑊𝑖/𝑠( ≃ 𝑊

&rb(
𝑖
/𝑠(†𝛽

&rdd Dp- &3-42((-
?v]x eqnl sgd bqhshb]k onhms &h-d-+ enq 𝑞 < /(+ sgd c]lodc nrbhkk]shnmr ne 𝑊/𝑠( odqrhrs+ ats sgdx

]qd ]cchshnm]kkx rtooqdrrdc ax sgd dwonmdmsh]k e]bsnq dwo/�𝐶𝑞𝑠( ≠ dwo/�𝑠†𝜎𝜈( &rdd Dpr- &3-24(
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]mc &3-5/((- S]jhmf hmsn ]bbntms ]kk sgd sqdmcr ghfgkhfgsdc ]anud+ vd dwodbs sg]s sgd nrbhkk]snqx
adg]uhnq ne 𝑊/𝑠( hr l]whl]kkx ]lokhffdc vhsghm sgd shldrb]kd vhmcnv 𝜎𝜃 < 𝜎𝑄 < 𝜎𝜈+ vgdqd sgd
rdbnmc hmdpt]khsx bnqqdronmcr sn qdpthqhmf 𝜈 < 𝑄 &rdd Dpr- &3-24( ]mc &3-33((- Mnsd sg]s hmbqd]rhmf
sgd sq]o rsqdmfsg 𝜃 g]r sgd dydbs ne ansg hmbqd]rhmf 𝛽 &sgtr otrghmf sgd rxrsdl etqsgdq hmsn sgd
rsqnmf,bnmffmdldms qdfhld(+ ]mc cdbqd]rhmf sgd dydbshud bntokhmf 𝑓 ]mc sgdqdenqd cdbqd]rhmf
sgd ]lokhstcd ne sgd nrbhkk]shnmr &rdd Ehf- 3-6&a+b((- ?bbnqchmfkx+ nrbhkk]shnmr fdmdqhb]kkx cdudkno
]s hmsdqldch]sd u]ktdr ne 𝜃+ vghkd sgdx u]mhrg ansg ]s udqx k]qfd ]mc udqx rl]kk u]ktdr ne 𝜃- Sghr
v]r ]krn sgd b]rd hm dwodqhldmsr odqenqldc nm bnkknhc]k o]qshbkdr cq]ffdc hm uhrbndk]rshb ldch]
&rdd Qde- Z36[ ]mc Ehf- 4 sgdqdhm(-

Ehftqd 3-6 ]cchshnm]kkx bnmffqlr sg]s mn nrbhkk]shnmr nbbtq he sgd sq]o hr mns cq]ffdc+ h-d-+ enq
𝑢 ≠ / &gdmbd 𝑣 ≠ /(- Sghr v]r ]krn sgd b]rd hm sgd dwodqhldmsr ne Qde- Z36[ hmunkuhmf ] uhrbndk]rshb
ldchtl &rdd Ehf- 2 sgdqdhm(- Sghr e]bs ]krn ]fqddr vhsg sgd ]m]kxshb]k ]mc mtldqhb]k qdrtksr ne
Bg]osdq 1+ vgdqd sgd qdk]w]shnm snv]qcr dpthkhaqhtl ne ] sq]oodc o]qshbkd hm bnms]bs vhsg ]
md]q,bqhshb]k F]trrh]m ffdkc v]r hmudrshf]sdc odqstqa]shudkx hm sgd bntokhmf 𝜅 Z70[- Hm o]qshbtk]q+
vd g]c entmc sg]s }𝑊/𝑠(⟩ cdbqd]rdr ]kfdaq]hb]kkx tonm hmbqd]rhmf shld 𝑠 enq lncdk ? ]s bqhshb]khsx+
]mc fdmdqhb]kkx enq lncdk A- Enq bnlokdsdmdrr+ hm ?oodmchw C-6 vd qdbnmrhcdq sghr oqnakdl
vhsghm sgd mnhrdkdrr ats mnm,odqstqa]shud ]ooqn]bg oqdrdmsdc hm sghr Rdbshnm+ ]mc vd qd,cdqhud
sgd dwonmdmsr ne sgd knmf,shld ]kfdaq]hb cdb]x ne }𝑊/𝑠(⟩ qdonqsdc hm Dpr- &1-05( ]mc &1-06(-

Ehm]kkx+ vd mnsd sg]s hm Qde- Z36[ ]m ]m]knfx vhsg ] rsnbg]rshb tmcdqc]lodc g]qlnmhb nrbhk,
k]snq v]r rtffdrsdc+ ]r hs v]r rgnvm sg]s rtbg ] rhlokhffdc lncdk &vhsg ] onrhshud+ ldlnqx,
hmctbdc l]rr sdql( hr ]akd sn qdoqnctbd pt]mshs]shudkx sgd nrbhkk]shnmr nardqudc ]s knmf shldr hm
sgd cq]ffdc bnkknhc]k o]qshbkd- Vghkd rtbg ]m ]m]knfx stqmr nts sn ad hm]ooqnoqh]sd hm ntq b]rd
ctd sn sgd mnm,]m]kxshb adg]uhnq ne sgd ldlnqx jdqmdk+ hm ?oodmchw C-7 vd chrbtrr hm cds]hk
hsr bnlo]qhrnm vhsg sgd sgdnqdshb]k lncdk enq uhrbndk]rshb fithcr trdc hm Qde- Z36[- Hm o]qshbtk]q+
sgd ldlnqx jdqmdkr �/𝑠( dldqfhmf hm sgd oqdrdms b]rd ]mc hm uhrbndk]rshb ldch] ]ood]q sn ad
ansg mdf]shud ]s knmf shldr 𝑠+ bnmffqlhmf sg]s sgd mdfUshud qdronmrd ne sgd rtqqntmchmf ldchtl
&vgnrd nqhfhm hm ntq lncdk g]r addm bk]qhffdc hm sgd oqduhntr Rdbshnmr( hr qdronmrhakd enq sgd
dldqfdmbd ne sgd nrbhkk]shmf lncdr dwghahsdc ax sgd nudqc]lodc o]qshbkd-

3-5 DΨdbsr ne sgdqlZk fitbstZshnmr

Sgdql]k fitbst]shnmr ]bs nm sgd ffdkc ]mc sgd o]qshbkd+ uh] sgd mnhrd sdqlr 𝝁/𝑠( ]mc 𝜁𝑝/𝑠( hm
Dpr- &3-14( ]mc &3-15(+ vgdmdudq 𝑆 ∉ /- Sgd oqdrdmbd ne sgd sgdql]k mnhrd qdoqdrdmsr ]m nars]bkd
sn sgd ]m]kxshb]k cdqhu]shnm ne sgd shld,cdodmcdms qdk]w]shnm ne sgd o]qshbkd+ adb]trd hs lnchffdr
sgd rsd]cx,rs]sd ]udq]fd ne ansg sgd onrhshnm }Y⟩rr ne sgd o]qshbkd ]mc sgd ffdkc

}
𝜀p

〈
rr hm Dp- &3-18(-

Nmbd hmbnqonq]sdc hmsn sgd dydbshud dpt]shnm ne lnshnm ne sgd o]qshbkd+ sgd ffdkc,hmctbdc fitb,
st]shnmr stqm nts sn ad mnm,F]trrh]m+ ]r vd vhkk udqhex rgnqskx: hm nqcdq sn ]bbntms enq sgdl+
vd rg]kk qdrnqs adknv sn ] odqstqa]shud dwo]mrhnm hm sgd bntokhmf bnmrs]ms 𝜅- Vd dlog]rhyd
sg]s sgd &mnhrdkdrr( dydbshud dpt]shnm &3-28( hr ]bst]kkx mnm,odqstqaUshud hm 𝜅+ ]mc rn hr hsr rnktshnm
hm Dp- &3-38(- Dwo]mchmf sgd cxm]lhbr enq rl]kk 𝜅 hr itrs ] bnlots]shnm]k snnk sn s]jd fitbst],
shnmr hmsn ]bbntms ]m]kxshb]kkx+ ats sgd pt]khs]shud bnmbktrhnmr vd qd]bg ]qd u]khc adxnmc sgd
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odqstqa]shud qdfhld+ ]r vd bnmffql hm Rdbshnm 3-5-1 ax trhmf mtldqhb]k rhltk]shnmr-

3-5-0 VdZi,bntokhmf ZooqnwhlZshnm

Sgd dydbshud dpt]shnm &3-28( hm Rdbshnm 3-4 v]r cdsdqlhmdc ffqrs ax bgnnrhmf sgd rg]cnv rs]sd hm
Dp- &3-26( ]r sgd hmhsh]k bnmchshnm enq sgd ffdkc 𝜀 ]s shld 𝑠 ≠ 𝑠/+ ]mc sgdm ax lnuhmf sn ] qdedqdmbd
eq]ld hm vghbg sgd qdrshmf onrhshnm ne sgd o]qshbkd bnqqdronmcr sn W ≠ /- Hm sghr Rdbshnm vd
]cnos ] chydqdms rsq]sdfx9 hmrsd]c ne dwokhbhskx cdsdqlhmhmf sgd rs]shnm]qx rg]cnv bnmffftq]shnm
&vghbg hr chflbtks hm sgd oqdrdmbd ne sgdql]k fitbst]shnmr(+ vd ffqrs rnkud enq 𝜀p/𝑠( ]r vd chc hm
Dp- &3-27(+ ats vd hlonrd sgd fi]s hmhsh]k bnmchshnm 𝜀p/𝑠 ≠ 𝑠/( ≠ / ]s sgd hmhsh]k shld 𝑠/ ]mc vd s]jd
hmsn ]bbntms sgd bnmsqhatshnmr ctd sn sgd mnhrd- Oktffhmf sgd qdrtks hmsn Dp- &3-14( sgdm xhdkcr

Ȳ/𝑠( ≠ �𝛽Y/𝑠( + 𝝁/𝑠( + 𝜅𝜇

∫ c𝑐𝑝

/1𝜉(𝑐
ℎp𝑈�𝑝 𝑑 ℎp·Y/𝑠(

)
𝜖p/𝑠( + 𝜅𝑈𝑝

∫ 𝑠

�∞
c𝑟 𝜙/u(p /𝑠 � 𝑟(𝑑�ℎp·Y/𝑟(

[
. &3-52(

vgdqd vd hmsqnctbdc sgd bnknqdc F]trrh]m mnhrd

𝜖p/𝑠( •
∫ 𝑠

�∞
c𝑟 𝐹/u(

p /𝑠 � 𝑟(𝜁p/𝑟(. &3-53(

vghbg g]r ydqn ld]m ]mc sgd bnqqdk]snq 𝐵/u(p /𝑠( Zrdd Dp- &3-16([- ?ksgntfg vd chc mns rodbhex sgd
rs]shnm]qx rg]cnv bnmffftq]shnm ne sgd ffdkc &rdd Ehf- 3-1( ]r sgd hmhsh]k bnmchshnm ne hsr dunktshnm+
nmd b]m bnmuhmbd nmdrdke sg]s rtbg ] bnmffftq]shnm hr hmduhs]akx qdbnudqdc ax s]jhmf sgd khlhs
𝑠/ → �∞+ rhmbd hs bnhmbhcdr vhsg sgd mnmdpthkhaqhtl rsd]cx rs]sd ne sgd rxrsdl- Sgd kd]chmf
bnqqdbshnm sn sgd ]udq]fd o]qshbkd onrhshnm }Y⟩+ ctd sn sgdql]k fitbst]shnmr+ b]m hm oqhmbhokd ad
]bbdrrdc ax ffqrs s]jhmf sgd ]udq]fd ne Dp- &3-52(+ ]mc sgdm rdsshmf 𝜑𝑠 }Y⟩ ≠ / sn ffmc sgd rsd]cx,
rs]sd qdrtks }Y⟩rr – rdd ?oodmchw C-3-0- Hm e]bs+ gnvdudq+ vd g]ud ]kqd]cx b]kbtk]sdc }Y⟩rr hm
Dp- &3-21(- Hm ]m]knfx vhsg sgd cdqhu]shnm hm Rdbshnm 3-4+ vd mnv bg]mfd qdedqdmbd eq]ld sn
W • Y � }Y⟩rr hm Dp- &3-52(+ vd s]jd sgd ]udq]fd nudq sgdql]k fitbst]shnmr+ ]mc vd khmd]qhyd sgd
qdrtkshmf dpt]shnm- Sghr v]x vd ffmc sgd dunktshnm ne sgd UudqUfd onrhshnm }W/𝑠(⟩ sn ad fhudm ax

𝜑𝑠
}
𝑊𝑖/𝑠(

〈
≠ �

}
𝑊𝑖/𝑠(

〈 )
𝛽 + �̂𝑖/𝑟 ≠ /(

[
+
∫ 𝑠

�∞
c𝑡 �𝑖/𝑠 � 𝑡(

}
𝑊𝑖/𝑡(

〈
. &3-54(

vghbg hr enql]kkx sgd r]ld ]r Dp- &3-31(+ ats vgdqd 𝑊𝑖/𝑠( hr qdok]bdc ax
}
𝑊𝑖/𝑠(

〈
+ sgd hmhsh]k shld

𝑠/ hr rds sn �∞+ ]mc sgd ldlnqx jdqmdk hr qdok]bdc ax

�𝑖/𝑠( • 𝜅1𝜇

∫ c𝑐𝑝

/1𝜉(𝑐
𝑝1
𝑖 |𝑈𝑝 |1𝑑�𝑝

1𝜌1
1/𝑠(

˜
𝜙/u(p /𝑠( + 𝜇𝑝1𝑑�𝛽𝑠𝐵/u(p /𝑠(

[
. &3-55(

?r dwodbsdc+ bnlo]qdc sn sgd ldlnqx jdqmdk enq sgd mnhrdkdrr b]rd hm Dp- &3-30(+ vghbg hmbktcdr
nmkx sgd ffqrs sdql nm sgd q-g-r- ne Dp- &3-55(+ sgd oqdrdms nmd hmbktcdr ] rdbnmc sdql ∝ 𝐵

/u(
p /𝑠( ctd

sn sgdql]k fitbst]shnmr- Mnsd sg]s sgd hmsdfq]shnm hm sgd u]qh]akd 𝑡 hm Dp- &3-54( qtmr eqnl �∞+
]mc sghr e]bs oqdudmsr ] chqdbs rnktshnm ne sgd dpt]shnm ne lnshnm ax trhmf sgd K]ok]bd sq]mrenql
Z046[- Gnvdudq+ hm nqcdq sn cdsdqlhmd sgd qdronmrd ne sgd ]udq]fd o]qshbkd onrhshnm sn ] rtccdm
chrok]bdldms W/ hlonrdc ]s shld 𝑠 ≠ / eqnl hsr rs]shnm]qx u]ktd }W⟩ ≠ /+ nmd b]m knnj enq ]
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rnktshnm }W/𝑠(⟩ ne Dp- &3-55( vhsg }W/𝑠(⟩ • / enq 𝑠 < /+ ]mc }W/𝑠(⟩ ≠ W/ ]s 𝑠 ≠ /- Hm sghr v]x+ }W/𝑠(⟩
enq 𝑠 < / enkknvr hlldch]sdkx eqnl ] K]ok]bd sq]mrenql ]r hm Dp- &3-32(+ vhsg }𝑊̂𝑖/𝑟(⟩ hm ok]bd
ne 𝑊̂𝑖/𝑟(+ ]mc vhsg sgd ldlnqx jdqmdk �𝑖/𝑠( fhudm ax sgd mdv dwoqdrrhnm hm Dp- &3-55(- Hm sghr
b]rd+ ]m dwoqdrrhnm ne sgd etmbshnm �̂𝑖/𝑟( hm bknrdc enql &rtbg ]r sgd nmd entmc hm Rdbshnm 3-4-1
hm sgd mnhrdkdrr khlhs( b]mmns ad nas]hmdc- Hm rohsd ne sghr bnlokhb]shnm+ rstcxhmf sgd rsqnmf,
bnmffmdldms khlhs oqnuhcdr ]kqd]cx u]kt]akd hmenql]shnm bnmbdqmhmf sgd l]hm dydbsr ne sgdql]k
fitbst]shnmr- Hm e]bs+ hm Rdbshnm 3-4-2 hs v]r rgnvm sg]s sghr khlhs ]bst]kkx b]ostqdr sgd o]qshbkd
dunktshnm enq shldr 𝑠 < 𝜎𝜃- Oqnbddchmf ]r hm Dp- &3-42(+ vd sgdm hmrodbs sgd enql]k khlhs 𝛽 → ∞+
vghbg g]r sgd dydbs ne rtooqdrrhmf sgd sdql oqnonqshnm]k sn sgd ffdkc bnqqdk]snq 𝐵

/u(
p /𝑠( hm sgd

ldlnqx jdqmdk fhudm hm Dp- &3-55(- ?bbnqchmfkx+ sghr qdrtksr hmsn

}𝑊̂ &rb(/𝑟(⟩ ≠ 𝑊/
0 � 𝑓 ) 𝑒 /𝑟( � 𝑒 //([ . &3-56(

vgdqd sgd etmbshnm 𝑒 /𝑟( hr sgd r]ld ]r hm Dp- &3-37( tonm qdok]bhmf 𝑈𝑝 vhsg 〉𝑈𝑝 • 𝑈𝑝𝑑
�𝑆𝑝1†/1𝜃(-

Rhmbd sgd qnkd ne 𝑈𝑝 hr drrdmsh]kkx sg]s ne oqnuhchmf ] k]qfd,lnldmstl btsny enq 𝑝 � 0†𝑄 Z70+
0/3[+ vd bnmbktcd sg]s 〉𝑈𝑝 qdoqdrdmsr ]m dydbshud qdmnql]khy]shnm ne sgd o]qshbkd q]chtr 𝑄+ vghbg
hr qdok]bdc ax ] bnlahm]shnm ne 𝑄 ]mc sgd sgdqlUk kdmfsg

𝑘 ≠
}
𝑆†/1𝜃(. &3-57(

Mnsd sg]s 𝑘 bnhmbhcdr vhsg sgd ld]m rpt]qdc chrok]bdldms ne sgd o]qshbkd hm hsr g]qlnmhb sq]o
ctd rnkdkx sn sgdql]k fitbst]shnmr- Enq hmrs]mbd+ ] bgnhbd ne 𝑈𝑝 ]r hm Dpr- &3-35( ]mc &3-43( xhdkcr
|𝑈𝑝 |1 ≃ 0 � 1𝑝1𝑄1 enq rl]kk 𝑝+ rn sg]s |〉𝑈𝑝 |1 ≃ 0 � 1𝑝1/𝑄1 + 𝑘1(+ ]mc sgdqdenqd 𝑄 hr dydbshudkx
qdmnql]khydc ]r 𝑄 ↦→

√
𝑄1 + 𝑘1-

3-5-1 MtldqhbZk rhltkZshnmr

Hm sghr rdbshnm vd oqdrdms ]mc chrbtrr sgd qdrtksr ne mtldqhb]k rhltk]shnmr ne sgd rxrsdl hm nmd
ro]sh]k chldmrhnm+ vghbg bnmffql ntq ]m]kxshb]k oqdchbshnmr+ ]krn adxnmc sgd mnhrdkdrr khlhs
oqdrdmsdc hm Rdbshnm 3-4 ]mc sgd odqstqa]shnm sgdnqx chrbtrrdc hm Rdbshnm 3-5- Hm o]qshbtk]q+ sgd
mtldqhb]k c]s] ]qd nas]hmdc uh] ] chqdbs hmsdfq]shnm ne sgd K]mfduhm dpt]shnmr enq sgd o]qshbkd ]mc
sgd ffdkc+ rhlhk]qkx sn Rdbshnm 1-3+ ats trhmf sgd rsnbg]rshb Qtmfd,Jtss] ]kfnqhsgl cdrbqhadc hm
Qde- Z047[ &vghbg hr rthsdc enq hmudrshf]shmf ]krn b]rdr vhsg ]m dwokhbhskx shld,cdodmcdms dwsdqm]k
cq]f(- Sgd ffdkc hr hmhsh]kkx oqdo]qdc+ ]s shld 𝑠 ≠ �𝒮 + hm sgd fi]s bnmffftq]shnm 𝜏/w. 𝑠 ≠ �𝒮 ( ≠ /:
sgd g]qlnmhb onsdmsh]k vghbg sq]or sgd o]qshbkd hr cq]ffdc enq ] bdqs]hm shld 𝒮 tmshk sgd rxrsdl
qd]bgdr hsr rsd]cx rs]sd+ hm vghbg sgd ]udq]fd o]qshbkd onrhshnm rsnor dunkuhmf hm sgd bnlnuhmf
eq]ld ne qdedqdmbd- ?s shld 𝑠 ≠ /+ sgd o]qshbkd bnnqchm]sd hr rtccdmkx chrok]bdc ax ]m ]lntms
𝑊/ ]mc hsr qdk]w]shnm hr qdbnqcdc- Rhmbd sgd ]bst]k onrhshnm ne sgd o]qshbkd ]s shld 𝑠 ≠ /� cdodmcr
nm sgd qd]khy]shnm ne sgd mnhrd+ hs fitbst]sdr- ?bbnqchmfkx+ sgd qdrtks ne sghr chrok]bdldms hr
dpthu]kdms sn dwsq]bshmf sgd hmhsh]k o]qshbkd onrhshnm ]s shld 𝑠 ≠ /+ eqnl ] chrsqhatshnm sg]s hr
sgd r]ld ]r sgd nmd hm sgd rsd]cx rs]sd+ ats rghesdc hm ro]bd ax ]m ]lntms 𝑊/- Vd qdod]s sgd
vgnkd oqnbdrr &hmbktchmf sgdql]khy]shnm( rdudq]k shldr+ ]mc vd ffm]kkx s]jd sgd ]udq]fd nudq sgd
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&]( &a(

Ehftqd 3-79 Dunktshnm ne sgd ]udq]fd onrhshnm }𝑊/𝑠(⟩ ne sgd o]qshbkd+ ]esdq ] rl]kk chrok]bdldms
𝑊/ eqnl hsr onrhshnm hm sgd rsd]cx rs]sd – rdd Ehf- 3-4- �Z( Bqhshb]k lncdk ? hm ro]sh]k chldmrhnm
𝑐 ≠ 0- Sgd c]s] nas]hmdc eqnl mtldqhb]k rhltk]shnmr &rnkhc khmdr+ rdd sgd l]hm sdws( ]qd bnlo]qdc
vhsg sgd ]m]kxshb]k oqdchbshnm &rxlankr( b]kbtk]sdc uh] sgd mtldqhb]k hmudqrhnm ne sgd K]ok]bd
sq]mrenql hm Dpr- &3-38( ]mc &3-47(+ rgnvhmf fnnc ]fqddldms- Hm sgd rhltk]shnmr+ sgd hmsdq]bshnm
onsdmsh]k 𝑈𝑝 v]r bgnrdm sn ad dwonmdmsh]k ]r hm Dp- &3-43(- Vd trdc sgd o]q]ldsdqr 𝜅 ≠ 4+
𝐾 ≠ 14//+ 𝑞 ≠ /+ 𝑄 ≠ 4+ 𝜇 ≠ 4+ 𝜃 ≠ /.1+ 𝐶 ≠ 14+ ]mc 𝑢 ∈ )3. 7[+ bnqqdronmchmf sn 𝑓 ≠ 14+
𝜋 ≠ 0+ ]mc 𝑣 ]r hmchb]sdc hm sgd kdfdmc- �a( Mnm,bqhshb]k lncdk A hm ro]sh]k chldmrhnm 𝑐 ≠ 0-
Hm sghr b]rd ]m ]m]kxshb]k oqdchbshnm hm bknrdc enql hr mns ]u]hk]akd+ ]mc sgdqdenqd vd qdonqs
nmkx sgd btqudr nas]hmdc eqnl mtldqhb]k rhltk]shnmr9 sgd pt]khs]shud adg]uhnq ne sgd qdrtkshmf
dunktshnm hr rhlhk]q sn sg]s ne lncdk ? hm o]mdk &](- Hm o]qshbtk]q+ sgd eqdptdmbx Ψ ne sgd c]lodc
nrbhkk]shnmr hmbqd]rdr tonm hmbqd]rhmf 𝑣- Hm sghr rhltk]shnm sgd hmsdq]bshnm onsdmsh]k v]r bgnrdm
sn ad F]trrh]m+ h-d-+ 𝑈𝑝 ≠ dwo

�
�𝑝1𝑄1†1

(
- Vd ]krn rds 𝑄+ 𝜇+ 𝜃+ ]mc 𝐶 sn tmhsx+ vghkd vd bgnrd

𝜅 ≠ 5+ 𝐾 ≠ 0/13+ 𝑞 ≠ /.14+ ]mc 𝑢 ∈ )/.7. 0.5[+ bnqqdronmchmf sn 𝑓 ≠ 25 vhsg 𝑣 ]mc 𝜋 ]r hm o]mdk
&](- Hm ansg o]mdkr &]( ]mc &a(+ vd bgnrd 𝑊/ ≠ 0+ 𝑆 ≠ 0/�1+ ]m hmsdfq]shnm shld rsdo Γ𝑠 ≠ 0/�1+
]mc vd ]udq]fdc nudq 0/3 qd]khy]shnmr ne sgd cxm]lhbr-

u]qhntr qd]khy]shnmr- Rhltk]shnmr ]qd odqenqldc vhsg odqhnchb antmc]qx bnmchshnmr hm nqcdq sn
]ooqnwhl]sd sgd adg]uhnq ne sgd o]qshbkd hm sgd atkj- Sgd k]sshbd dwsdmrhnm 𝐾 hr bgnrdm rtflbhdmskx
k]qfd rn ]r sn ]unhc rshqqhmf dydbsr9 hm e]bs+ ] o]qshbkd cq]ffdc ]knmf ] qhmf ne ffmhsd kdmfsg 𝐾

rnnm fdmdq]sdr rotqhntr ffdkc btqqdmsr+ vghbg hm fdmdq]k lnchex sgd o]qshbkd rs]shrshbr- Sgd u]ktd
ne sgd o]qshbkd chrok]bdldms 𝑊/ hr bgnrdm vhsghm sgd khmd]q,qdronmrd qdfhld+ vghbg hr udqhffdc
] onrsdqhnqh ax bnlo]qhmf rhltk]shnmr odqenqldc enq u]qhntr &rl]kk( u]ktdr ne 𝑊/+ bgdbjhmf
sg]s sgd bnqqdronmchmf ]udq]fd o]qshbkd sq]idbsnqhdr }𝑊/𝑠(⟩ bnkk]ord nmsn d]bg nsgdq ]esdq sgdhq
]lokhstcd hr qdrb]kdc ax 𝑊/-

Ehftqd 3-7 oqdrdmsr sgd qdrtksr ne sgd mtldqhb]k rhltk]shnmr cdrbqhadc ]anud- Hm o]qshbtk]q+
Ehf- 3-7] bnqqdronmcr sn sgd b]rd ne bqhshb]k lncdk ?+ vghbg vd rstchdc ]m]kxshb]kkx hm Rdbshnm 3-4-1-
Enq u]qhntr u]ktdr ne sgd sgd cq]f udknbhsx 𝑢 &vghbg cdsdqlhmdr sgd u]ktd ne sgd Vdhrrdmadqf
mtladq 𝑣 hmchb]sdc hm sgd okns+ rdd Dp- &3-46((+ vd okns }𝑊/𝑠(⟩ &rnkhc khmd( ne ] o]qshbkd sg]s hr
hmhsh]kkx chrok]bdc eqnl hsr rsd]cx,rs]sd onrhshnm ax ]m ]lntms 𝑊/+ ]r ] etmbshnm ne sgd shld
𝑠 dk]ordc eqnl sgd chrok]bdldms- Sgdrd mtldqhb]k btqudr ]qd bnlo]qdc vhsg ntq ]m]kxshb]k
oqdchbshnm &rxlankr(+ vghbg hr nas]hmdc ax mtldqhb]k K]ok]bd hmudqrhnm ne Dpr- &3-38( ]mc &3-47(+
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]mc hm vghbg sgd o]qshbkd q]chtr 𝑄 hr qdok]bdc ax sgd dydbshud q]chtr /𝑄1 + 𝑘1(0†1 sn ]bbntms
enq sgdql]k fitbst]shnmr &rdd chrbtrrhnm ]s sgd dmc ne Rdbshnm 3-5-0(- Sgd oknsr rgnv ]m nudq]kk
]fqddldms vhsghm sgd dmshqd shld q]mfd+ hmbktchmf sgd e]rs hmhsh]k cdb]x chrok]xdc ]s rgnqs shldr-
Hm fdmdq]k+ sghr cdb]x cdudknor nudq ] shldrb]kd 𝑠 ∼ 𝜎𝜃+ enkknvdc ax ]m nrbhkk]shmf adg]uhnq vghbg
odqrhrsr nudq ] edv sdmr ne 𝜎𝑄- Enkknvhmf ntq chrbtrrhnm ]s sgd dmc ne Rdbshnm 3-4-2+ sgd k]ssdq
qdfhnm 𝑠 < 𝜎𝜃 hm Ehf- 3-7] hr drrdmsh]kkx cdrbqhadc ax sgd rsqnmf,bnmffmdldms khlhs- Sghr khlhs
stqmr nts sn cdrbqhad ]bbtq]sdkx sgd mtldqhb]k c]s] dudm vgdm sgd bgnhbd ne o]q]ldsdqr hr mns
rsqhbskx hmsn sgd rsqnmf,bnmffmdldms qdfhld 𝜋 ≫ 0+ ]r rgnvm hm Ehf- 3-7] &rdd b]oshnm(+ vghbg
bnqqdronmcr sn 𝜎𝜃 ≠ 𝛽�0 ≠ 0+ 𝜎𝑄 ≠ 0+ ]mc sgdqdenqd 𝜋 ≠ 0- Sghr e]bs bnmffqlr sgd dwodbs]shnm sg]s
sgd ogdmnldmnknfx cdrbqhadc ax sgd cxm]lhb]k og]rd ch]fq]l oqdrdmsdc hm Ehf- 3-6 ]bst]kkx
b]qqhdr nudq lncdq]sdkx adxnmc sgd rsqnmf,bnmffmdldms khlhs-

Ntq oqduhntr chrbtrrhnm hm Rdbshnm 3-4 qdud]kdc sg]s sgd adg]uhnq ne sgd mnhrdkdrr lncdk
hr bnlokdsdkx cdsdqlhmdc ax ffwhmf sgd chldmrhnmkdrr mtladqr 𝑓 ≠ 𝜅1†/𝜃𝑄(+ 𝜋 ≠ 𝛽𝑄1†𝐶+ ]mc
𝑣 ≠ 𝑄𝑢†/1𝐶(– rdd Dpr- &3-4/(+ &3-41( ]mc &3-46(+ gdqd rodbh]khydc enqlncdk? hm ro]sh]kchldmrhnm
𝑐 ≠ 0- Sgdql]k fitbst]shnmr ]qd+ hmrsd]c+ odqstqa]shudkx pt]mshffdc ax sgd q]shn 𝑘†𝑄 ne sgd sgdql]k
kdmfsg 𝑘 &rdd Dp- &3-57(( sn sgd o]qshbkd q]chtr 𝑄 – rdd Rdbshnm 3-5-0- Mnsd sg]s sgd dydbshud o]qshbkd
cxm]lhbr ]s bqhshb]khsx 𝑞 ≠ / g]r addm vqhssdm hm sgd oqduhntr Rdbshnmr hm sdqlr ne 𝑚 ≠ 0/ ogxrhb]k
u]qh]akdr &h-d-+ 𝑊+ 𝑠+ 𝜃+ 𝑄+ 𝜇+ 𝜅+ 𝐶+ 𝑢+ 𝑊/+ ]mc 𝑆(+ ats nmkx 𝑗 ≠ 3 chrshmbs ogxrhb]k tmhsr &h-d-+ l]rr+
kdmfsg+ shld ]mc sdlodq]stqd(- Sgd ogxrhbr ne sgd lncdk hr sgtr ]bst]kkx b]ostqdc ax sgd ltst]k
cdodmcdmbd ne sgd 𝑚 � 𝑗 ≠ 5 chldmrhnmkdrr o]q]ldsdqr

𝑊

𝑊/
≠ 𝐸

)
𝑠

𝜎𝑄
:𝑣 . 𝜋. 𝑓 .

𝑘

𝑄

(
. &3-58(

]r rtffdrsdc ax chldmrhnm]k ]m]kxrhr Z048[- Hm sgd rhltk]shnmr+ vd bgnrd 𝜋 ≠ 0 ]mc ] k]qfd
dydbshud bntokhmf 𝑓 ≃ 14+ vghkd vd u]qhdc sgd Vdhrrdmadqf mtladq𝑣 vhsghm sgd q]mfd / < 𝑣 ≲ 0-
Vd ffm]kkx ]ccdc sgdql]k fitbst]shnmr ne lncdq]sd rsqdmfsg ax stmhmf sgd mnhrd sdlodq]stqd 𝑆

rn sg]s 𝑘†𝑄 ≃ 0/�0 � 0/�1- Sghr bgnhbd e]bhkhs]sdr sgd mtldqhb]k bnlots]shnm ]mc mn rhfmhffb]ms
pt]khs]shud bg]mfd nbbtqqdc ]s ghfgdq sdlodq]stqdr-

Hm Ehf- 3-7a vd rgnv sgd qdrtksr ne rhltk]shnmr ]m]knfntr sn sgnrd oqdrdmsdc hm Ehf- 3-7]+ ats
enq ] ffdkc sg]s dunkudr ]bbnqchmf sn sgd bnmrdqudc cxm]lhbr oqdrbqhadc ax lncdk A- Hm ]cchshnm+
vd bgnrd gdqd ] ffmhsd bnqqdk]shnm kdmfsg 𝜈 ≃ 1𝑄+ rn sg]s sgd rxrsdl hr ny bqhshb]khsx- ?ksgntfg
]m]kxshb]k oqdchbshnmr b]mmns ad cdqhudc hm bknrdc enql enq lncdk A+ sgd rhltk]shnmr rgnv ]
adg]uhnq rhlhk]q sn sg]s ne lncdk ?- Sghr hr hmsdqdrshmf hm uhdv ne onrrhakd dwodqhldms]k hmudrsh,
f]shnmr ne sgd dydbsr pt]khs]shudkx oqdchbsdc hm sghr Bg]osdq+ adb]trd ny,bqhshb]k lncdk A lnqd
qd]khrshb]kkx qdoqdrdmsr+ d-f-+ sgd b]rd ne bnkknhc]k o]qshbkdr hlldqrdc hm ] ahm]qx khpthc lhwstqd
Z23–25[ &rshkk ]rrtlhmf sg]s gxcqncxm]lhbr dydbsr ]qd mdfkhfhakd(- Mnsd sg]s sgd o]q]ldsdqr 𝑣+
𝜋 ]mc sgd q]shn 𝑘†𝑄 trdc ]anud ]qd mns e]q eqnl sgnrd qd]khrshb]kkx ]bghdu]akd hm dwodqhldmsr
&rdd ?oodmchw C-4-0(: sgd l]fmhstcd ne 𝑓 cdodmcr+ hmrsd]c+ nm sgd rodbhffb ldbg]mhrl sg]s
bntokdr sgd ldchtl vhsg sgd o]qshbkd ]mc+ eqnl ntq chrbtrrhnm+ nmd dwodbsr sgd nudq]kk dydbs sn
ad dmg]mbdc he 𝑓 b]m ad l]cd k]qfd hm ]m dwodqhldms]k qd]khy]shnm- Mnsd ]krn sg]s sgd hmsdq]bshnm
onsdmsh]k 𝑈/w( hm Ehf- 3-7a hr bgnrdm sn ad F]trrh]m vhsg u]qh]mbd 𝑄+ q]sgdq sg]m dwonmdmsh]k ]r
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3-6- RTLL?QX NE SGHR BG?OSDQ

Ehftqd 3-89 Dunktshnm ne sgd ]udq]fd onrhshnm }𝑊/𝑠(⟩ ne sgd o]qshbkd vghbg hr rtccdmkx chrok]bdc
]s shld 𝑠 ≠ / ax ]m ]lntms ±𝑊/ eqnl hsr ]bst]k onrhshnm hm sgd rsd]cx rs]sd- Sgd rnkhc khmdr hm
ansg sgd l]hm o]mdk ]mc sgd hmrds ]qd nas]hmdc eqnl sgd mtldqhb]k rhltk]shnm ne sgd rxrsdl vhsg
lncdk ? cxm]lhbr hm ro]sh]k chldmrhnm 𝑐 ≠ 0- Sgd hmrds qdedqr sn sgd b]rd 𝑊/ ≠ 0+ rn sg]s sgd
bnqqdronmchmf adg]uhnq hr b]ostqdc ax sgd khmd]q,qdronmrd oqdchbshnm hm Dpr- &3-38( ]mc &3-47(
– sgd rxlankr bnqqdronmc sn hsr mtldqhb]k K]ok]bd hmudqrhnm+ ]mc sgd rb]kdr nm sgd ]wdr ]qd sgd
r]ld ]r hm sgd l]hm okns- Sghr hlokhdr+ hmsdq ]kh]+ sg]s }𝑊/𝑠(⟩ rs]qshmf eqnl +𝑊/ hr sgd noonrhsd ne
}𝑊/𝑠(⟩ rs]qshmf eqnl �𝑊/- Sgd l]hm okns+ hmrsd]c+ qdedqr sn 𝑊/ ≠ 0/+ vghbg stqmr nts sn ad adxnmc
sgd khmd]q qdfhld- Hm e]bs+ sgd qdk]w]shnm nbbtqqhmf eqnl sgd hmhsh]k u]ktdr +𝑊/ ]mc �𝑊/ ]qd mn
knmfdq qdk]sdc ax sgd rxlldsqx ghfgkhfgsdc ]anud- Sgd qdl]hmhmf rhltk]shnm o]q]ldsdqr ]qd
sgd r]ld ]r hm Ehf- 3-7]+ vhsg 𝑣 ≠ /.5-

hm Dp- &3-35(- Sgd nudq]kk pt]khs]shud adg]uhnq hr sgtr rgnvm sn ad qnatrs ]f]hmrs bg]mfhmf sgd
cds]hkr ne 𝑈/w(+ ]r dwodbsdc Z70[-

Ehm]kkx+ vd b]m trd sgd mtldqhb]k rhltk]shnmr sn dwoknqd pt]khs]shud ed]stqdr sg]s ]qd mns
b]ostqdc ax sgd khmd]q,qdronmrd ]m]kxrhr- Hm o]qshbtk]q+ ntq ]m]kxshb]k rnktshnm hm Dp- &3-32(
cdodmcr khmd]qkx nm sgd hmhsh]k o]qshbkd chrok]bdldms 𝑊/+ ld]mhmf sg]s sgd dunktshnm ne }𝑊/𝑠(⟩
]esdq chrok]bhmf sgd o]qshbkd hm sgd rsd]cx rs]sd ax +𝑊/ hr dwodbsdc sn ad sgd noonrhsd ne sg]s ne
}𝑊/𝑠(⟩ ]esdq ] chrok]bdldms�𝑊/- Sghr hr hmcddc sgd b]rd hm ntq mtldqhb]k rhltk]shnmr odqenqldc
]s rl]kk 𝑊/+ ]r vd rgnv hm sgd hmrds ne Ehf- 3-8 &hs hr ]krn lnrskx sgd b]rd hm sgd dwodqhldmsr ne
Qde- Z36[ – rdd Ehf- 2 sgdqdhm(- Gnvdudq+ sgd ]rxlldsqx adsvddm sgd svn dunktshnmr hr dwodbsdc sn
dldqfd tonm hmbqd]rhmf 𝑊/+ ]r hs hr bkd]qkx rgnvm hm Ehf- 3-8- Sghr ]rxlldsqx hr ] bnmrdptdmbd ne
sgd mnm,khmd]qhsx ne sgd ffdkc,o]qshbkd bntokhmf+ ]mc sgdqdenqd ne sgd dydbshud dunktshnm dpt]shnm
enq sgd o]qshbkd onrhshnm-

3-6 RtllZqx ne sghr BgZosdq

Hm sghr Bg]osdq vd bg]q]bsdqhydc sgd dydbshud cxm]lhbr ]mc sgd rsnbg]rshb sgdqlncxm]lhbr ne
] oqnad hm ] ro]shn,sdlonq]kkx bnqqdk]sdc ldchtl+ enbtrhmf nm sgd b]rd hm vghbg ]m dwsdqm]k
hmidbshnm ne vnqj &dwdqsdc nm sgd oqnad( cqhudr sgd rxrsdl hmsn ] mnmdpthkhaqhtl rsd]cx rs]sd-

Ehqrs+ hm Rdbshnm 3-1 vd cdudknodc ] sgdqlncxm]lhb]kkx bnmrhrsdms eq]ldvnqj sn rstcx sgd dm,
dqfdshb ]mc dmsqnohb finvr enq ] oqnad hm ] fitbst]shmf ldchtl vhsg ro]shn,sdlonq]k bnqqdk]shnmr+
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lncdkdc gdqd ax ] rb]k]q ffdkc hm bnms]bs vhsg ] gd]s a]sg- Vd rgnvdc sg]s sgd ltst]k hmfitdmbd
ne sgd oqnad ]mc sgd bnqqdk]sdc dmuhqnmldms kd]cr sn tmtrt]k sgdqlncxm]lhb oqnodqshdr+ dudm
enq sgd rhlokd dw]lokd ne ] o]qshbkd cq]ffdc ax ] g]qlnmhb sq]o sgqntfg ] F]trrh]m ffdkc+ vghbg
vd ]m]kxydc hm Rdbshnm 3-2- Vd rgnvdc sg]s+ bknrd sn bqhshb]khsx+ ] chonk]q rsqtbstqd cdudknor hm
sgd knb]k gd]s chrrho]shnm ne sgd ffdkc+ vhsg rxrsdl]shb gd]s ]arnqoshnm hm eqnms ne sgd o]qshbkd+
]mc vgnrd dwsdms hr cdsdqlhmdc ax sgd ro]sh]k bnqqdk]shnm kdmfsg 𝜈 ne sgd ffdkc &rdd Ehf- 3-2(- Etq,
sgdqlnqd+ hm Rdbshnm 3-2-3 vd bnlotsdc sgd btltk]ms fdmdq]shmf etmbshnm ne sgd onvdq mddcdc
sn cq]f sgd o]qshbkd – rdd Dpr- &3-20( ]mc &3-22(- Hm o]qshbtk]q+ vd entmc sg]s sgd ]cchshnm]k
onvdq chrrho]sdc ctd sn sgd oqdrdmbd ne sgd ffdkc ed]stqdr sgqdd qdfhldr vhsg chrshmbs rb]khmf ]r
] etmbshnm ne sgd cq]f roddc 𝑢 &rdd Ehf- 3-3&a((+ ]lnmf vghbg ]qd svn mnm,Rsnjdrh]m qdfhldr –
] ed]stqd sg]s b]mmns ad b]ostqdc ax ] khmd]q FKD- E]q eqnl bqhshb]khsx &𝜈 → /(+ sgd ldchtl hr
nmkx vd]jkx bnqqdk]sdc+ ]mc hmcddc ansg sgd gd]s chonkd ]mc sgd ]cchshnm]k chrrho]shnm u]mhrg-

Mdws+ hm Rdbshnm 3-3 vd cdlnmrsq]sdc sg]s+ vgdm chrok]bdc eqnl hsr rsd]cx,rs]sd onrhshnm hm
sgd cqhudm sq]o+ sgd ]udq]fd onrhshnm ne sgd o]qshbkd b]m dwghahs nrbhkk]shnmr ctqhmf qdk]w]shnm+ hm
rohsd ne sgd rxrsdl cxm]lhbr adhmf nudqc]lodc- Sghr hr qdlhmhrbdms ne sgd nrbhkk]snqx lncdr
qdbdmskx nardqudc vhsg bnkknhc]k o]qshbkdr cq]ffdc sgqntfg ] uhrbndk]rshb fithc Z36[+ dwbdos sg]s
sgd ldchtl bnmrhcdqdc gdqd hr mns uhrbndk]rshb- ?bbnqchmfkx+ vd g]ud rgnvm sg]s nrbhkk]shmf
lncdr b]m ad entmc hm nudqc]lodc ldch] bg]q]bsdqhydc ax ro]sh]k ]mc sdlonq]k bnqqdk]shnmr+
vghbg hr sxohb]kkx sgd b]rd enq rxrsdlr bknrd sn ] rdbnmc,nqcdq og]rd sq]mrhshnm-

Hm o]qshbtk]q+ hm Rdbshnm 3-4 vd ffqrs mdfkdbsdc sgdql]k fitbst]shnmr ]mc vd cdqhudc ]m ]m]kxshb
rnktshnm ne sgd dydbshud dpt]shnm ne lnshnm enq sgd bnnqchm]sd 𝑊/𝑠( ne sgd o]qshbkd+ vhsghm sgd
khmd]q,qdronmrd ]ooqnwhl]shnm+ ]mc vgdm sgd o]qshbkd hr rtccdmkx chrok]bdc ]s shld 𝑠 ≠ / eqnl
hsr rsd]cx,rs]sd onrhshnm – rdd Dp- &3-32(- Sghr ]ooqnwhl]shnm hmunkudr sgd ffdkc,hmctbdc ldlnqx
jdqmdk �/𝑠(vghbg ]ood]qr hmsn sgd dydbshud dpt]shnm &3-31( ne sgd o]qshbkd+ nmbd sgd ffdkc g]r addm
hmsdfq]sdc nts- Vd sgdm enbtrdc nm sgd b]rd 𝑐 ≠ 0 ne lncdk ? cxm]lhbr+ ]mc vd bg]q]bsdqhydc
sgd ]m]kxshb rsqtbstqd ne sgd ldlnqx jdqmdk �̂/𝑟( hm K]ok]bd ro]bd &rdd Dp- &3-47( ]mc Ehf- 3-6(+
]mc hsr hlokhb]shnmr enq sgd cxm]lhbr ne 𝑊/𝑠(- Hm o]qshbtk]q+ hs stqmr nts sg]s }𝑊/𝑠(⟩ fdmdq]kkx
dwghahsr nrbhkk]shnmr he sgd qdk]w]shnm shldrb]kd ne sgd ffdkc 𝜎𝑄 – nudq chrs]mbdr ne sgd nqcdq ne
sgd o]qshbkd rhyd 𝑄+ rdd Dp- &3-33( – dwbddcr sgd sxohb]k shldrb]kd 𝜎𝜃 rds ax sgd g]qlnmhb sq]o &rdd
Rdbshnm 3-4-2(- Sgdrd nrbhkk]shnmr ]qd c]lodc &]mc dudmst]kkx u]mhrg( ]s k]qfd u]ktdr ne sgd sq]o
rsqdmfsg 𝜃 ]mc vgdmdudq sgd bnqqdk]shnm kdmfsg ne sgd ffdkc 𝜈 hr ltbg rl]kkdq sg]m sgd o]qshbkd
q]chtr 𝑄- Sgdql]k fitbst]shnmr ]qd sgdm qdhmrs]sdc hmsn sgd oqnakdl ax trhmf ] odqstqa]shud
dwo]mrhnm hm sgd ffdkc,o]qshbkd bntokhmf 𝜅 – rdd Rdbshnm 3-5- Sgdhq l]hm dydbs nm sgd k]sd,shld
o]qshbkd cxm]lhbr hr ] qdmnql]khy]shnm ne sgd o]qshbkd q]chtr 𝑄 ax hsr sgdql]k ld]m rpt]qdc
chrok]bdldms 𝑘 hm sgd g]qlnmhb sq]o &rdd Dp- &3-57((+ vghkd sgd pt]khs]shud ed]stqdr ne }𝑊/𝑠(⟩
qdl]hm sgd r]ld ]r hm sgd ]ardmbd ne sgd mnhrd-

Sgd ]bbtq]bx ne ntq ]m]kxshb oqdchbshnmr v]r sdrsdc uh] mtldqhb]k rhltk]shnmr hm Rdbshnmr 3-2-2
]mc 3-5-1+ ffmchmf fnnc ]fqddldms &rdd Ehfr- 3-3&a( ]mc 3-7(- Gnvdudq+ rhltk]shnmr b]m ]krn ad
trdc sn dwoknqd sgd q]mfd ne o]q]ldsdqr sg]s ]qd hm oqhmbhokd nts ne qd]bg ne ntq ]m]kxshb]k
oqdchbshnmr- Enq dw]lokd+ hm Ehf- 3-7a vd rgnv sg]s sgd pt]khs]shud ed]stqdr ne }𝑊/𝑠(⟩ nas]hmdc
ax trhmf ] bnmrdqudc ffdkc cxm]lhbr+ h-d-+ lncdk A+ ]qd rhlhk]q sn sgnrd ne lncdk ?- Lnqdnudq+
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rtbg ed]stqdr ]qd qnatrs ]f]hmrs bg]mfhmf sgd o]qshbtk]q rg]od ne sgd ffdkc,o]qshbkd hmsdq]bshnm
onsdmsh]k 𝑈/w( &rdd Dp- &1-2((+ ]r dwodbsdc- Hm ]cchshnm+ ax bgnnrhmf ] rtflbhdmskx k]qfd u]ktd
ne sgd hmhsh]k o]qshbkd chrok]bdldms 𝑊/+ vd b]m fn adxnmc sgd khmd]q,qdronmrd ]ooqnwhl]shnm
tmcdq vghbg ntq ]m]kxshb]k oqdchbshnmr vdqd cdqhudc- Hm Ehf- 3-8+ sgd ]bst]k mnm,khmd]qhsx ne sgd
ffdkc,o]qshbkd bntokhmf b]trdr ]m ]rxlldsqx adsvddm sgd qdronmrd ne sgd rxrsdl sn ] +𝑊/ nq
�𝑊/ hmhsh]k o]qshbkd chrok]bdldms-

Ehm]kkx+ vd mnsd sg]s nsgdq hmsdqdrshmf ed]stqdr chrok]xdc ax uhrbndk]rshb fithcr – rtbg ]r
sgnrd nardqudc hm sgd qdbnhk dwodqhldmsr odqenqldc hm Qde- Z04/[ – ]qd entmc sn dldqfd ]krn
vhsghm sgd lhmhl]k lncdk enq bnqqdk]sdc &ats mns uhrbndk]rshb( ldch] rstchdc gdqd- Nsgdq onrrhakd
dwsdmrhnmr ]mc etstqd odqrodbshudr vhkk ad cdrbqhadc hm sgd Bnmbktrhnmr-
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?r chrbtrrdc hm sgd oqduhntr Bg]osdqr+ cdsdqlhmhmf dydbshud dpt]shnmr ne lnshnm ne ] bnlokdw
hmsdq]bshmf rxrsdl hr ] bk]rrhb oqnakdl hm rs]shrshb]k ldbg]mhbr Z00+ 05/–052[- ? sxohb]k rbdm]qhn
ne sghr jhmc hr dmbntmsdqdc vgdm ] sq]bdq o]qshbkd hr hlldqrdc hm ] q]ohckx fitbst]shmf ldchtl-
Vgdm sgdqd dwhrsr ] bkd]q rdo]q]shnm adsvddm shld rb]kdr+ sgd e]rs cdfqddr ne eqddcnl &ldchtl(
b]m ad hmsdfq]sdc nts ]mc rtartldc hmsn ] qdctbdc rds ne dpt]shnmr ne lnshnm enq sgd rknv
cdfqddr ne eqddcnl &o]qshbkd(- Rdudq]k rbgdldr g]ud addm oqnonrdc hm sgd o]rs sn ]bghdud sghr fn]k+
fdmdq]kkx rs]qshmf enql ] rds ne &rsnbg]rshb( chydqdmsh]k dpt]shnmr vghbg ]qd ogdmnldmnknfhb]kkx
]rrtldc sn cdrbqhad sgd bntokdc rxrsdl bnlonrdc ax sgd o]qshbkd ]mc hsr a]sg- Lnrs ne sgdrd
rbgdldr ]qd a]rdc nm sgd oqnidbshnm nodq]snq enql]khrl Z6+ 7+ 043+ 044[ nq nm sgd dhfdmetmbshnm
dwo]mrhnm ne sgd Enjjdq,Ok]mbj dpt]shnm bnqqdronmchmf sn sgd nqhfhm]k rds ne K]mfduhm dpt]shnmr
Z8+ 42+ 73+ 74[-

Hm sgd oqduhntr Bg]osdqr vd g]ud enbtrdc nm sgd b]rd hm vghbg sgd sq]bdq o]qshbkd lnudr
hm ] ldchtl dmcnvdc vhsg knmf,q]mfd bnqqdk]shnmr ]mc k]qfd qdk]w]shnm shldr- Sgdnqdshb]k
cdrbqhoshnmr ne sghr sxod ne rxrsdlr &rtbg ]r sgd nmd ]cnosdc ]anud( nesdm ed]stqd ] rb]k]q nqcdq
o]q]ldsdq ffdkc 𝜏/w(: ] onrrhakd dmg]mbdldms nq rtooqdrrhnm ne sgd ffdkc nq hsr bnqqdk]shnmr ]s sgd
sq]bdq knb]shnm W/𝑠( &qdoqdrdmshmf+ d-f-+ bqhshb]k ]crnqoshnm Z0//[( b]m ad lncdkdc ax hmbktchmf hm
sgd G]lhksnmh]m sdqlr oqnonqshnm]k sn 𝜏/W( nq 𝜏1/W(+ qdrodbshudkx+ nq cdqhu]shudr sgdqdne Z17[-

Hm nqcdq sn nas]hm sgd dydbshud cxm]lhbr ne sgd sq]bdq+ ] rxrsdl]shb ldsgnc enq sgd dkhlhm]shnm
ne sgd ffdkc cdfqddr ne eqddcnl bntokdc sn W/𝑠( eqnl sgd cxm]lhbr hr qdpthqdc – o]qshbtk]qkx hm
sgd b]rd hm vghbg sgd ffdkc qdk]w]shnm hr eUrs &bnlo]qdc sn sgd rb]kd ne sgd o]qshbkd chytrhnm(+ ats
mns hmrs]ms]mdntr- Sgd fdmdq]k oqnakdl ne sgd dkhlhm]shnm ne 𝑀 &mnm,hmsdq]bshmf( e]rs u]qh]akdr
eqnl ] rxrsdl ne /𝑀+𝐿( rsnbg]rshb chydqdmsh]k dpt]shnmr hr ne bntqrd mns mdv- Sgd dhfdmetmbshnm
dwo]mrhnm ldsgnc Z8+ 73+ 74[ g]r addm rtbbdrretkkx ]ookhdc sn sgd b]rd hm vghbg sgd ffdkc,o]qshbkd
bntokhmf hr khmd]q+ ansg hm ] bnmffmdc fdnldsqx Z53+ 053[ ]mc hm sgd bnmshmttl – rdd sgd chrbtr,
rhnm hm Rdbshnm 1-2- Hm sghr rdsshmf+ sgd e]rs u]qh]akdr bnqqdronmc sn sgd Entqhdq lncdr ne sgd ffdkc+
vghkd sgd 𝑐,chldmrhnm]k bnnqchm]sdr ne sgd o]qshbkd ]qd sgd rknv u]qh]akdr- Sgd b]rd ne ] bntokhmf
vhsg sgd o]qshbkd sg]s hr pt]cq]shb hm sgd ffdkc g]r ghsgdqsn mns addm ]ccqdrrdc vhsghm sgd ]anud
enql]khrl9 mns]akx+ sgd tmcdqkxhmf gxonsgdrhr sg]s sgd 𝑀 e]rs u]qh]akdr ]qd mnm,hmsdq]bshmf hr
fdmdq]kkx uhnk]sdc+ adb]trd sgd pt]cq]shb bntokhmf hmsqnctbdr ]m hmsdq]bshnm adsvddm sgd Entqhdq
lncdr ne sgd ffdkc- Nsgdq ldsgncr Z00+ 054[ qdpthqd sgd rodbhffb]shnm ne ] rsd]cx,rs]sd chrsqhatshnm
]qntmc vghbg sn bnmrsqtbs ] odqstqa]shud rdqhdr hm rl]kk onvdqr ne ]m ]ooqnoqh]sd UchUaUshbhsx
o]q]ldsdq 𝜙: gnvdudq+ rtbg rsd]cx,rs]sd chrsqhatshnm hr fdmdq]kkx mns jmnvm U oqhnqh vgdm sgd
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rxrsdl hr nts ne dpthkhaqhtl-

Hm sghr Bg]osdq vd oqdrdms ]m ]ch]a]shb dkhlhm]shnm ldsgnc enq ] sq]bdq o]qshbkd vhsg khmd]q nq
pt]cq]shb bntokhmfr sn ] rsnbg]rshb a]bjfqntmc ffdkc rtaidbs sn ro]sh]k bnmffmdldms- Sgd ldsgnc
bnmrhrsr hm ] rxrsdl]shb dwo]mrhnm hm onvdqr ne ] rl]kk ]ch]a]shbhsx o]q]ldsdq 𝜙+ vghbg dmbncdr
sgd q]shn ne sgd ffdkc qdk]w]shnm shldrb]kd sn sg]s ne sgd o]qshbkd chytrhnm- Sgd oqnbdctqd hr
sq]mro]qdms ]r hs hr a]rdc nm ] ltkshokd,shld,rb]kd &nq Bg]ol]m,Dmrjnf,khjd( ]ooqn]bg+ vgdqd
vd oqnidbs sgd cxm]lhbr nudq sgd lnldmsr ne sgd inhms oqna]ahkhsx chrsqhatshnm 𝑂/W. 𝜏. 𝑠(9 sghr v]x
vd nas]hm ] ghdq]qbgx ne dpt]shnmr enq sgd u]qhntr lnldmsr+ vghbg b]m ad sqtmb]sdc ax mnshmf sg]s
sgd ghfgdq lnldmsr qdk]w e]rsdq sg]m sgd knvdq nmdr Z055–057[- Mns]akx+ mn ]rrtloshnm hr l]cd
U oqhnqh ]ants sgd dpthkhaqhtl chrsqhatshnm ne sgd sq]bdq o]qshbkd9 sgd rsd]cx,rs]sd chrsqhatshnm
hr hmrsd]c nas]hmdc eqnl sgd ldsgnc hsrdke- ?r ] qdrtks+ sgd k]ssdq b]m ad ]ookhdc sn rxrsdlr
uhnk]shmf cds]hkdc a]k]mbd adsvddm sq]bdq ]mc ffdkc cdfqddr ne eqddcnl- Sgd l]hm ntsbnld ne
sghr ldsgnc hr ]m dydbshud Enjjdq,Ok]mbj dpt]shnm enq sgd sq]bdq onrhshnm W/𝑠(+ bg]q]bsdqhydc ax
ro]bd,cdodmcdms cqhes ]mc chytrhnm bndflbhdmsr-

Hm sgd enkknvhmf+ vd vhkk bnmrhcdq ] onhms,khjd o]qshbkd hm bnms]bs vhsg ] rb]k]q ffdkc 𝜏/w. 𝑠(+
vgnrd G]lhksnmh]m hr F]trrh]m &ats ne u]qhntr sxodr+ rdd adknv(+ ]mc vghbg tmcdqfndr ]
K]mfduhm qdk]w]shnm]k cxm]lhbr vhsg nq vhsgnts knb]k bnmrdqu]shnm- Vd bnmrhcdq ] anw vhsg
odqhnchb antmc]qx bnmchshnmr &ABr( enq sgd ffdkc ]mc sgd sq]bdq hm ]kk ats sgd �,chqdbshnm+ vghbg
g]r rhyd 𝐾- Hm ntq ]bst]k b]kbtk]shnmr+ vd vhkk lnrskx enbtr nm ] nmd,chldmrhnm]k anw ne rhyd 𝐾

hm nqcdq sn ]qqhud ]s ]m]kxshb]kkx sq]bs]akd dwoqdrrhnmr- Sgd ffdkc hr ro]sh]kkx bnmffmdc ax rths]akd
antmc]qx bnmchshnmr ]s � ≠ /. 𝐾: ] Aqnvmh]m o]qshbkd hr ]kknvdc sn chytrd vhsghm sgd anw &rtaidbs
sn qdfidbshud ABr ]s � ≠ /. 𝐾(+ vghkd bntokdc dhsgdq khmd]qkx nq pt]cq]shb]kkx sn 𝜏/W. 𝑠(+ nq sn hsr
cdqhu]shudr ∇𝑚𝜏/W. 𝑠(- Sgd a]bjqd]bshnm ne sgd o]qshbkd nm sgd dunktshnm ne sgd ffdkc l]x nq l]x
mns ad s]jdm hmsn ]bbntms- Hm sgd enqldq b]rd sgd sq]bdq hr sdqldc qdUbshud+ ]mc hs b]m ad uhdvdc ]r
] lncdk enq ] bnkknhc]k o]qshbkd hm ] bqhshb]k fithc: cds]hkdc a]k]mbd hr r]shrffdc ]knmf hsr dunktshnm+
rn sg]s sgd rxrsdl qd]bgdr dpthkhaqhtl ax qdk]whmf sn sgd Fhaar rs]sd- Bnmudqrdkx+ hm sgd k]ssdq
b]rd+ ] oUrrhud sq]bdq hr b]qqhdc ax sgd ldchtl vhsgnts hmfitdmbhmf hs9 hs b]m ad rddm ]r ]m ]bshud
o]qshbkd cqhudm ax sdlonq]kkx bnqqdk]sdc mnhrd Z53[-

Sgd qdrs ne sgd oqdrdms]shnm hr nqf]mhydc ]r enkknvr- Hm Rdbshnm 4-0 vd hmsqnctbd sgd lncdk
]mc rds sgd mns]shnm- Hm Rdbshnm 4-1 vd b]rs sgd cxm]lhbr hm sdqlr ne sgd ffdkc dhfdmetmbshnmr
dwo]mrhnm+ ]mc vd dwdlokhex rnld bgnhbdr ne G]lhksnmh]mr ]mc ffdkc,o]qshbkd bntokhmfr ax
onhmshmf nts sgdhq rhfmhffb]mbd hm ogxrhb]k ]ookhb]shnmr- Hm Rdbshnm 4-2 vd cdudkno sgd ]ch]a]shb
dkhlhm]shnm ldsgnc+ b]qqxhmf nts sgd cdqhu]shnm enq ] qd]bshud nq ] o]rrhud sq]bdq rdo]q]sdkx- ?r
]m dw]lokd+ hm Rdbshnm 4-3 vd ]ookx sgd ldsgnc sn ] edv rhlokd lncdkr+ ]mc vd onhms nts hsr
pt]khs]shud oqdchbshnmr- Ntq qdrtksr ]qd rtll]qhydc hm Rdbshnm 4-4-

Sgd bnmsdms ne sghr Bg]osdq g]r addm otakhrgdc ]r ’C- Udmstqdkkh ]mc L- Fqnrr+ SqUbdq oUqshbkd
hm U bnmffmdc bnqqdkUsdc ldchtl8 Um UchUaUshb dkhlhmUshnm ldsgnc+ I- Rs]s- Ldbg- &1/11( 01210/“ Z54[-
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4-0- SGD LNCDK

4-0 Sgd lncdk

Vd bnmrhcdq sgd inhms cxm]lhbr ne ] onhms,khjd sq]bdq o]qshbkd ]s onrhshnm W/𝑠( bntokdc sn ] fitbst,
]shmf nqcdq o]q]ldsdq rb]k]q F]trrh]m ffdkc 𝜏/w. 𝑠(- Sgd rxrsdl hr cdrbqhadc ax sgd G]lhksnmh]m

ℋ /W. )𝜏[( • ℋ𝜏)𝜏[ +ℋ𝑊/𝜏/W((. &4-0(

vhsg

ℋ𝑊/𝜏/W(( •
𝑏

1 /𝒥1𝜏/W((1 � ℎ𝒥0𝜏/W(.

ℋ𝜏)𝜏[ •
∫
𝑈

c𝑐𝑤

]
0
1𝜏/w(Γ/w(𝜏/w( � ℎ0𝜏/w()𝛾/�( + 𝛾/𝐾 � �([

{
.

&4-1(

vgdqd vd s]jd 𝒥0+ 𝒥1+ Γ sn ad fdmdqhb rdke,]cinhms chydqdmsh]k nodq]snqr &rdd Rdbshnm 4-1-2 adknv
enq bnmbqdsd dw]lokdr(+ ]mc sgd 𝛾,etmbshnmr ]qd ]rrtldc sn ad knb]sdc hmrhcd sgd unktld 𝑈 - Sgd
rxrsdl hr bnmffmdc hm sgd �,chqdbshnm+ h-d-+ � ∈ )/. 𝐾[+ ]mc sgd ffdkc hr qdpthqdc sn etkffkk nmd ne sgd
enkknvhmf antmc]qx bnmchshnmr &ABr(9

Chqhbgkds9 𝜏/{w| . � ∈ {/. 𝐾{{( ≠ /. &4-2](

Mdtl]mm9 𝜑�𝜏/w| . �(|�∈{/.𝐾{ ≠ /. &4-2a(

b]ohkk]qx9 𝜑�

}
𝜏/{w| . �{(

〈
|�∈{/.𝐾{ ≠ ±ℎ0 . &4-2b(

vgdqd w ≠ {w| . �{- Sgd sdqlr oqnonqshnm]k sn sgd antmc]qx ffdkcr ℎ0 hm Dp- &4-1( hmctbd b]ohkk]qx
ABr nm sgd ld]m ffdkc Z53[-

Ansg sgd ffdkc ]mc sgd o]qshbkd ]qd rtaidbs sn ] qdk]w]shnm]k cxm]lhbr+ qtkdc ax sgd K]mfduhm
dpt]shnmr Z18–20[

W̄/𝑠( ≠ �𝛽𝑤∇Wℋ +√
𝛽𝑤𝜻/𝑠(. &4-3](

𝜏̄/w. 𝑠( ≠ �𝛽𝜏Θ
𝛾

𝛾𝜏/w(
)
ℋ𝜏)𝜏[ + 𝜖ℋ𝑊/𝜏/W((

[
+
}
𝛽𝜏𝜈/w. 𝑠(. &4-3a(

vgdqd Θ/w( hr ]mnsgdq rdke,]cinhms chydqdmsh]k nodq]snq+ ]mc sgd mnhrd sdqlr qdoqdrdms svn hmcd,
odmcdms F]trrh]m rsnbg]rshb oqnbdrrdr vhsg ydqn ]udq]fd ]mc u]qh]mbdr

}
𝜁�/𝑠(𝜁𝛼/𝑠′(

〈
≠ 1𝑆𝑤𝛾�𝛼𝛾/𝑠 � 𝑠′(. &4-4(

}𝜈/w. 𝑠(𝜈/w′. 𝑠′(⟩ ≠ 1𝑆𝜏Θ/w(𝛾/w � w′(𝛾/𝑠 � 𝑠′(. &4-5(

Sgd Enjjdq,Ok]mbj dpt]shnm ]rrnbh]sdc vhsg Dp- &4-3( hr fhudm ax Z00[

𝜑𝑠𝑂 ≠
∫
𝑈

c𝑐𝑤
𝛾

𝛾𝜏/w(

)
𝛽𝜏Θ/w(

𝛾ℋ
𝛾𝜏/w( + 𝑆𝜏𝛽𝜏Θ/w(

𝛾

𝛾𝜏/w(

[
𝑂 + 𝛽𝑤∇W · /∇Wℋ (𝑂 + 𝑆𝑤𝛽𝑤∇1

W𝑂 . &4-6(

vgdqd vd cdmnsdc enq aqduhsx 𝑂 • 𝑂/W. )𝜏[. 𝑠(- Dpt]shnm &4-3]( cdrbqhadr sgd cxm]lhbr ne sgd
o]qshbkd tmcdq sgd hmfitdmbd ne sgd ffdkc 𝜏/W. 𝑠(- Sgd o]q]ldsdq 𝜖 hm Dp- &4-3a( bnmsqnkr sgd a]bj,
qd]bshnm ne sgd o]qshbkd nm sgd ffdkc9 vgdm 𝜖 ≠ / sgd ffdkc cxm]lhbr hr hmcdodmcdms eqnl sg]s ne
sgd o]qshbkd+ vghbg vd vhkk b]kk ’o]rrhud“ &hm sgd rdmrd sg]s sgd o]qshbkd hr o]rrhudkx b]qqhdc ax
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sgd ldchtl(: enq 𝜖 ≠ 0+ hmrsd]c+ sgd ffdkc hr hmfitdmbdc ax sgd sq]bdq+ b]kkdc gdmbdenqsg ’qd]bshud“-
Hm sgd ffqrs b]rd &𝜖 ≠ /(+ cds]hkdc a]k]mbd hr aqnjdm ]mc sgd rxrsdl hr nts ne dpthkhaqhtl enq ]mx
bgnhbd ne sgd sdlodq]stqdr𝑆𝑤 ]mc𝑆𝜏: enq ]kk oq]bshb]k otqonrdr+ Dp- &4-3]( sgdm cdrbqhadr ]m ]bshud
o]qshbkd cqhudm ax sgd &hmcdodmcdms( rsnbg]rshb oqnbdrr hm Dp- &4-3a(- Vhsghm sgd rdbnmc rbdm]qhn
&𝜖 ≠ 0(+ nm sgd nsgdq g]mc+ rdsshmf 𝑆𝑤 ≠ 𝑆𝜏 • 𝑆 bnqqdronmcr sn ] rhst]shnm hm vghbg sgd o]qshbkd
]mc sgd ffdkc ]qd hm bnms]bs vhsg sgd r]ld sgdql]k a]sg: sgd qdrtkshmf rsd]cx,rs]sd oqna]ahkhsx
chrsqhatshnm Zvghbg rnkudr Dp- &4-6([ hr sgdm fhudm ax sgd Fhaar rs]sd

𝑂𝑟/W. )𝜏[( ≠ 0
𝒱/

dwo
)
� 0
𝑆
ℋ /W. )𝜏[(

(
. &4-7(

vhsg 𝒱/ ≠
︸
𝑈

c𝑐𝑊
︸
𝒞𝜏 dwo

�
�ℋ /W. )𝜏[(†𝑆

(
+ ]mc sgd etmbshnm]k ld]rtqd 𝒞𝜏 hr cdffmdc ]r

∫
𝒞𝜏 •

∑
𝑚

∫ ∞

�∞
c𝜏𝑚 &4-8(

hm sdqlr ne rths]akd ffdkc dhfdmlncdr 𝜏𝑚 – rdd Rdbshnm 4-1-0-
Hm sgd enkknvhmf+ vd vhkk enbtr enq rhlokhbhsx nm nmd ro]sh]k chldmrhnm+ ]mc vd vhkk ad hmsdq,

drsdc hm sgd l]qfhm]k cxm]lhbr ne sgd sq]bdq o]qshbkd W/𝑠( ]knmd- Tmcdq sgd ]rrtloshnm ne e]rs
ffdkc qdk]w]shnm &] mnshnm vd vhkk l]jd lnqd oqdbhrd hm Rdbshnm 4-1-4 adknv(+ vd vhkk vqhsd ]m
]ooqnwhl]sd dydbshud Enjjdq,Ok]mbj dpt]shnm enq sgd l]qfhm]k oqna]ahkhsx chrsqhatshnm

𝑂̃/W. 𝑠( •
∫

𝒞𝜏 𝑂/W. )𝜏[. 𝑠(. &4-0/(

vghbg+ ctd sn fkna]k bnmrdqu]shnm ne oqna]ahkhsx+ etkffkkr
︸
𝑈

c𝑐𝑊 𝑂̃/W. 𝑠( ≠ 0- Vd bgnnrd enq
rhlokhbhsx sgd hmhsh]k inhms oqna]ahkhsx chrsqhatshnm sn ad fhudm ax

𝑂/W. )𝜏[. 𝑠 ≠ 𝑠/( ≠ 𝛾/W � W/(𝑂𝜏/W/ . )𝜏[(. &4-00(

Vd ]rrtld sgd hmhsh]k bnmchshnm 𝜏/w. 𝑠 ≠ 𝑠ℎ( ≠ / sn ]ookx hm sgd hmffmhsd o]rs &𝑠ℎ ≠ �∞(+ rn sg]s
]s 𝑠 ≠ 𝑠/ ≠ / sgd ffdkc g]r qd]bgdc ] rsd]cx rs]sd ]mc hsr hmhsh]k bnmchshnm b]m ad mdfkdbsdc- Sgd
hmhsh]k bnmchshnm enq sgd o]qshbkd hr ]ookhdc ]s 𝑠 ≠ 𝑠/ ≠ /-

4-1 OqdkhlhmZqhdr

4-1-0 Lncd dwoZmrhnm ne sgd ffdkc

Tmkdrr rs]sdc nsgdqvhrd+ vd enbtr gdmbdenqsg nm ] nmd,chldmrhnm]k rxrsdl vhsg � ∈ )/. 𝐾[-
Hs hr bnmudmhdms sn dwo]mc sgd ffdkc u]qh]akd 𝜏/𝑤 . 𝑠( hm sdqlr ne ] rths]akd dhfdmetmbshnm a]rhr-
?rrtlhmf sg]s sgd nodq]snqrΓ/𝑤( ]mcΘ/𝑤( bnlltsd+ vd b]mffmc ] rds ne bnllnm dhfdmetmbshnmr
𝜌𝑚 r]shrexhmf sgd dhfdmu]ktd dpt]shnmr

Γ𝜌𝑚 • 𝛼𝑚𝜌𝑚 . Θ𝜌𝑚 •
0
𝑆𝜏

𝐾𝑚𝜌𝑚 . &4-01(
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4-1- OQDKHLHM?QHDR

vgdqd 𝑚 cdmnsdr sgd lncd hmcdw Zrdd Dp- &4-20( adknv enq rodbhffb dwoqdrrhnmr[- Vd cn mns qdpthqd
sg]s Γ/𝑤(+ Θ/𝑤( bnlltsd vhsg 𝒥0.1/𝑤(: vd sgtr cdffmd

𝑡𝑚/�( •
√
𝑏𝒥1𝜌𝑚/�(. 𝑢𝑚/�( • ℎ𝒥0𝜌𝑚/�(. &4-02(

vgdqd 𝜌𝑚 hr mns hm fdmdq]k ]m dhfdmetmbshnm ne 𝒥1 nq 𝒥0- Vd sgdm hmsqnctbd sgd enkknvhmf
dhfdmetmbshnm dwo]mrhnmr ne sgd nqcdq o]q]ldsdq ]mc sgd mnhrd ffdkcr9

𝜏/�. 𝑠( ≠
∑
𝑚

𝜌𝑚/�(𝜏𝑚/𝑠(. 𝜈/�. 𝑠( ≠
∑
𝑚

𝜌𝑚/�(𝜈𝑚/𝑠(. &4-03(

vgdqd sgd dwo]mrhnm bndflbhdmsr ]qd cdffmdc sgqntfg sgd hmudqrd qdk]shnmr

𝜏𝑚/𝑠( ≠
∫ 𝐾

/
c� 𝜌∗

𝑚/�(𝜏/�. 𝑠(. 𝜈𝑚/𝑠( ≠
∫ 𝐾

/
c� 𝜌∗

𝑚/�(𝜈/�. 𝑠(. &4-04(

Sgd dhfdmetmbshnmr 𝜌𝑚/�( ]qd s]jdm sn ad nqsgnmnql]k ]mc sn r]shrex ] bnlokdsdmdrr qdk]shnm+ h-d-+

∫ 𝐾

/
c� 𝜌∗

𝑙/�(𝜌𝑚/�( ≠ 𝛾𝑙 .𝑚 .
∑
𝑚

𝜌𝑚/�(𝜌∗
𝑚/�′( ≠ 𝛾/� � �′(. &4-05(

Tmkdrr nsgdqvhrd mnsdc+ vd vhkk bnmrhcdq hm sgd enkknvhmf nmkx qd]k dhfdmetmbshnmr 𝜌𝑚 &rdd ]krn
sgd chrbtrrhnm hm Rdbshnm 4-1-3(-

4-1-1 RsZshnmZqx chrsqhatshnm hm sgd oqdrdmbd ne cdsZhkdc aZkZmbd

Kds tr ffqrs hmsqnctbd sgd mns]shnm

�𝑚𝑙 •
𝛼𝑚
𝑆𝜏

𝛾𝑚𝑙 + 0
𝑆𝑤

𝑡𝑚/𝑊(𝑡𝑙/𝑊(. &4-06(

𝜎𝑚 •
ℎ0
𝑆𝜏
)𝜌𝑚//( + 𝜌𝑚/𝐾([ +

𝜖

𝑆𝑤
𝑢𝑚/𝑊(. &4-07(

vgdqd 𝛼𝑚 + 𝑡𝑚 ]mc 𝑢𝑚 ]qd cdffmdc ]r hm Rdbshnm 4-1-0- ?r vd rsqdrrdc ]anud+ sgd dunktshnm dpt],
shnmr &4-3( r]shrex cds]hkdc a]k]mbd hm sgd qd]bshud b]rd &𝜖 ≠ 0( ]mc oqnuhcdc sg]s 𝑆𝑤 ≠ 𝑆𝜏 • 𝑆- Hm
sghr b]rd+ sgd inhms rs]shnm]qx chrsqhatshnm hr sgd nmd fhudm hm Dp- &4-7(+ ]mc hs b]m ad dwoqdrrdc hm
sdqlr ne sgd ffdkc lncdr ]r

𝑂𝑟/𝑊 . {𝜏𝑚{( ≠
0
𝒱/

dwo

〉
�0

1

∑
𝑚𝑙

𝜏𝑚�𝑚𝑙𝜏𝑙 +
∑
𝑚

𝜎𝑚𝜏𝑚

(
. &4-08(

Sgd l]qfhm]k rs]shnm]qx oqna]ahkhsx chrsqhatshnm ne sgd o]qshbkd ]s onrhshnm 𝑊 b]m ad entmc ax
hmsdfq]shmf nts sgd ffdkc lncdr 𝜏𝑚 eqnl sgd inhms rs]shnm]qx chrsqhatshnm 𝑂𝑟/𝑊 . {𝜏𝑚{( hm Dp- &4-08(-
Sgd k]ssdq hr F]trrh]m hm sgd 𝜏𝑚 ‘r+ rn sg]s ] rhlokd b]kbtk]shnm qdmcdqr &vgdm 𝑆𝑤 ≠ 𝑆𝜏 • 𝑆(

𝑂𝑟/𝑊( •
∫

𝒞𝜏 𝑂𝑟/𝑊 . {𝜏𝑚{( ≠ ℳ dwo
]
� 0
𝑆
)𝑇/𝑊( +𝑉/𝑊([

{
. &4-1/(
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vgdqd ℳ hr ] mnql]khy]shnm bnmrs]ms+ ]mc vgdqd vd hmsqnctbdc sgd dydbshud onsdmsh]kr

𝑇/𝑊( • 𝑆

1 km/0 +𝑈/𝑊((. &4-10(

𝑈/𝑊( •
∑
𝑚

𝑡1
𝑚/𝑊(
𝛼𝑚

. &4-11(

𝑉/𝑊( • �𝑆1 𝜎𝑚��0
𝑚𝑙𝜎𝑙 . &4-12(

rsdllhmf eqnl sgd trd ne sgd l]sqhw cdsdqlhm]ms kdll] Z058[ – hm o]qsqhbtk]q+ 𝑇/𝑊( enkknvr
eqnl sgd cdsdqlhm]ms ne�𝑚𝑙 hm Dp- &4-06(- Mnsd sg]s𝑉/𝑊( bnms]hmr sgd dydbs ne onrrhakd antmc]qx
ffdkcr ℎ0 ∉ / sgqntfg 𝜎𝑚 cdffmdc hm Dp- &4-07(+ vghkd sgd hmudqrd l]sqhw ��0 b]m ad dwokhbhskx
bnlotsdc ax ld]mr ne sgd Rgdql]mm,Lnqqhrnm enqltk] Z058[+ xhdkchmf

��0
ℎ 𝑖 ≠ 𝑆

]
𝛼�0
ℎ 𝛾ℎ 𝑖 �

𝑡ℎ𝑡𝑖

𝛼ℎ𝛼 𝑖)0 +𝑈/𝑊([

{
. &4-13(

Sgd dydbshud onsdmsh]kr 𝑈/𝑊( ]mc 𝑉/𝑊( ]qd lncdk,cdodmcdms+ ]mc sgdx hmunkud ]m hmffmhsd rtl,
l]shnm ne sdqlr bnms]hmhmf sgd khmd]q nq pt]cq]shb bntokhmf sn sgd o]qshbkd hm sgdhq mtldq]snq
&h-d-+ sgd etmbshnmr 𝑢𝑚/𝑊( nq 𝑡𝑚/𝑊(+ qdrodbshudkx(+ ]mc sgd dhfdmu]ktd 𝛼𝑚 ne sgd ffdkc nodq]snq Γ/𝑤(
hm sgdhq cdmnlhm]snq- Sgdrd rtlr b]m nbb]rhnm]kkx chudqfd+ dhsgdq adb]trd sgd cdmnlhm]snq ne
sgd 𝑚 ≠ / sdql hr ydqn Zb]kkdc hmeq]qdc &HQ( chudqfdmbd[+ nq adb]trd sgd rdqhdr cndr mns bnmudqfd
sn ] ffmhsd qdrtks ]s k]qfd 𝑚 Ztksq]uhnkds &TU( chudqfdmbd[- HQ chudqfdmbdr ]qd sxohb]kkx qdk]sdc
sn sgd oqdrdmbd ne ydqn lncdr hm sgd ffdkc ]s bqhshb]khsx: vd vhkk rdd rnld dw]lokdr ne sgdl hm
Rdbshnm 4-3+ ]mc vd vhkk bnlldms k]sdq nm sgdhq ld]mhmf- Hm bnmsq]rs+ TU chudqfdmbdr ]qd lnqd
rtaskd9 sgdx l]x dhsgdq qdrtks hm ] fi]s rs]shnm]qx oqna]ahkhsx chrsqhatshnm &vghbg hr ogxrhb]kkx
ld]mhmfetk(+ nq dkrd oqdudms sgd r]hc oqna]ahkhsx cdmrhsx etmbshnm &OCE( eqnl adhmf mnql]khydc
Z53[- Sghr rdbnmc sxod ne chudqfdmbd fdmdq]kkx hmchb]sdr sg]s sgd bnqqdronmchmf dydbshud onsdmsh]k
hr mnm,tmhudqrUk+ hm sgd rdmrd sg]s hs cdodmcr nm nsgdq TU cds]hkr sg]s vdqd mns hmbktcdc hm sgd
nqhfhm]k G]lhksnmh]m- Hmcddc+ sgdrd chudqfdmbdr ]qd fdmdq]kkx btqdc ax hmbktchmf ghfgdq,nqcdq
cdqhu]shud sdqlr hm sgd ffdkc G]lhksnmh]m ℋ𝜏 hm Dp- &4-1(+ vghbg hm stqm sq]mrk]sdr sn sgd bnq,
qdronmchmf dhfdmu]ktd 𝛼𝑚 adhmf oqnonqshnm]k sn ghfgdq onvdqr ne sgd rtll]shnm hmcdw 𝑚- Hm
Rdbshnm 4-3 vd vhkk dwdlokhex sgd trd ne sgd ]ch]a]shb ]ooqnwhl]shnm oqnbdctqd ax ]ookxhmf hs sn
lncdkr vgdqd sgd dydbshud onsdmsh]kr hm Dpr- &4-10( sn &4-12( ]qd mns ]ydbsdc ax TU chudqfdmbdr-

4-1-2 Rnld bnmbqdsd dwZlokdr

L]mx ogxrhb]k lncdkr e]kk vhsghm sgd bk]rr ne G]lhksnmh]mr hmsqnctbdc hm Dp- &4-1( vgdm sgdx
]qd bnmrhcdqdc vhsghm sgdhq pt]cq]shb &F]trrh]m( ]ooqnwhl]shnm- Sgd rhlokdrs hr ]qft]akx sgd
K]mc]t,Fhmyatqf lncdk dmcnvdc vhsg lncdk ?.A cxm]lhbr Z48[+ vghbg vd ]kqd]cx bnmrhcdqdc
hm sgd oqduhntr Bg]osdqr+ ]mc vghbg bnqqdronmcr sn sgd bgnhbd ne nodq]snqr Zrdd Dp- &4-01([

Γ/w( ≠ �∇1
W + 𝑞 → 𝛼𝑚 ≠ 𝑗1

𝑚 + 𝑞 . &4-14(

Θ/w( ≠ /�∇1
W(

�†1 → 𝐾𝑚 ≠ 𝑆𝜏𝑗
�
𝑚 . &4-15(

0//



4-1- OQDKHLHM?QHDR

?r trt]k+ sgd o]q]ldsdq � b]m s]jd sgd u]ktd � ≠ / &lncdk ?+ chrrho]shud cxm]lhbr( nq � ≠ 1
&lncdk A+ bnmrdqudc cxm]lhbr(: sgd o]q]ldsdq 𝑞 hr khmjdc sn sgd bnqqdk]shnm kdmfsg 𝜈 ne sgdffdkc ax
𝑞 ≠ 𝜈�1+ rn sg]s enq 𝑞 → / sgd rxrsdl ]ooqn]bgdr ] bqhshb]k onhms bg]q]bsdqhydc ax sgd chudqfdmbd
ne 𝜈 &rdd ]krn Rdbshnm 0-2(- Enq sgd r]jd ne fdmdq]khsx+ vd bnmrhcdq gdqd ]f]hm ]qahsq]qx chldmrhnm
𝑐 ]mc+ ]bbnqchmfkx+ sgd rpt]qdc v]ud mtladq 𝑗1

𝑚 rs]mcr enq
∬𝑐

ℎ≠0 𝑗
1
ℎ .𝑚

Zrdd Dp- &4-20( adknv enq
dwoqdrrhnmr ne 𝑗�.𝑚 hm sgd nmd,chldmrhnm]k b]rd[-

Ldlaq]mdr ]qd nesdm cdrbqhadc trhmf sgd Gdkeqhbg G]lhksnmh]m Z10+ 06/–061[+ enq vghbg

Γ/w( ≠ 𝜃∇3
W � 𝜌∇1

W → 𝛼𝑚 ≠ 𝜃𝑗1
𝑚/𝑗1

𝑚 + 𝜎(. &4-16(

vgdqd 𝜃 hr sgd ldlaq]md admchmf lnctktr ]mc 𝜌 hsr rtqe]bd sdmrhnm+ ]mc vgdqd vd hmsqnctbdc
𝜎 ≠ 𝜌†𝜃- Lhbqndltkrhnmr &d-f-+ nhk,v]sdq,rtqe]bs]ms lhwstqdr( b]m hmrsd]c ad cdrbqhadc hm sdqlr
ne sgd Fnloodq,Rbghbj lncdk Z11+ 12[+ vgdqd sn sgd rb]k]q nqcdq o]q]ldsdq 𝜏/w. 𝑠( nmd fdmdqhb]kkx
]rrnbh]sdr ] eqdd dmdqfx

ℱ )𝜏[ ≠ 𝑒 /𝜏( + 𝑏1/∇𝜏(1 + 𝑏3/∇1𝜏(1 . &4-17(

vgdqd 𝑒 /𝜏( hr ] knb]k onkxmnlh]k hm 𝜏 &sxohb]kkx ne sgd 3sg nq 5sg nqcdq(- Bgnnrhmf ]f]hm lncdk
?.A cxm]lhbr kd]cr sn ] 3sg.5sg nqcdq ?kkdm,B]gm.B]gm,Ghkh]qc dunktshnm dpt]shnm enq sgd
nqcdq o]q]ldsdq 𝜏/w. 𝑠(+ ] oqnakdl sg]s g]r addm dwsdmrhudkx bnudqdc hm sgd l]sgdl]shb]k khsdq],
stqd Z062–065[- Vgdm mns rodbhffb]kkx hmsdqdrsdc hm rstcxhmf og]rd bndwhrsdmbd+ nmd b]m bnmrhcdq
sghr lncdk vhsghm sgd F]trrh]m ]ooqnwhl]shnm ax sqtmb]shmf 𝑒 /𝜏( ≃ 𝜎𝜏1 sn sgd pt]cq]shb nqcdq+
]f]hm kd]chmf sn

Γ/w( ≠ 𝑏3∇3
W � 𝑏1∇1

W + 𝜎 → 𝛼𝑚 ≠ 𝑏3𝑗
3
𝑚 + 𝑏1𝑗

1
𝑚 + 𝜎. &4-18(

Hm bnmsq]rs sn sgd Gdkeqhbg lncdk+ hm sgd FR lncdk sgd bnmrs]ms 𝑏1 b]m s]jd ansg onrhshud nq
mdf]shud u]ktdr9 sghr b]m ad trdc sn cdrbqhad sgd dmg]mbdldms.qdctbshnm ne sgd rtqe]bd sdmrhnm
ax sgd rtqe]bs]ms-

Vghkd sgd bk]rr ne G]lhksnmh]mr hm sgd enql ne Dp- &4-1( hr aqn]c+ ffmchmf ] rhltks]mdntr
dhfdma]rhr enq sgd nodq]snqr Θ/w( ]mc Γ/w( hr mns ]kv]xr rsq]hfgsenqv]qc &]kadhs tmenqstm]sdkx
mdbdrr]qx hm nqcdq sn nas]hm bknrdc,enql qdrtksr enq sgd dydbshud Enjjdq,Ok]mbj dpt]shnm+ ]r vd
vhkk chrbtrr k]sdq(- Enq hmrs]mbd+ sgd Gdkeqhbg G]lhksnmh]m hr nesdm trdc hm bnmitmbshnm vhsg ]
cxm]lhbr qtkdc ax sgd Nrddm gxcqncxm]lhb sdmrnq Z1/+ 061+ 066[- Hm 𝑐 ≠ 1 ]mc hm Entqhdq ro]bd+
sgd Nrddm sdmrnq s]jdr sgd ]ooqnwhl]sd enql Θ/p( ≠ 0†/3𝜁|p|(+ vgdqd 𝜁 hr sgd uhrbnrhsx ne sgd
fithc rtqqntmchmf sgd ldlaq]md Z20+ 067[- Vghkd hm sgd atkj nmd b]m trd ok]md v]udr dwo/ℎp · w(
sn ch]fnm]khyd Θ/w( ]mc Γ/w( rhltks]mdntrkx+ hm ] bnmffmdc fdnldsqx rtbg ]r sgd nmd bnmrhcdqdc
hm sghr Bg]osdq+ sgd Entqhdq rdqhdr bndflbhdmsr ne Θ/p( ≠ 0†/3𝜁|p|( ]rrtld ] btladqrnld enql
vghbg l]jdr sgd b]kbtk]shnm kdrr oq]bshb]k- Vd vhkk sgtr qdrdqud sgd ]m]kxrhr ne lncdkr hmunkuhmf
sgd Nrddm sdmrnq enq ] etstqd rstcx-

Ehm]kkx+ ] sq]bdq o]qshbkd b]m ad bntokdc sn sgd nqcdq o]q]ldsdq ax ld]mr ne sgd khmd]q ]mc.nq
pt]cq]shb sdqlr bnms]hmdc hm ℋ𝑊 hm Dp- &4-1(- Sxohb]k bgnhbdr enq sgd nodq]snqr 𝒥0 ]mc 𝒥1 ]qd
sgd hcdmshsx �+ nq dkrd onvdqr ne ∇W: vd vhkk rnldshldr cdmnsd sgd enqldq b]rd ]r rhlokd khmd]q
nq pt]cq]shb bntokhmfr+ h-d-+

𝒥0 ≠ �. 𝒥1 ≠ �. ℋ𝑊/𝜏/W(( •
𝑏

1𝜏
1/W( � ℎ𝜏/W(. &4-2/(
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Hm sgd khmd]q bntokhmf b]rd &d-f-+ ℎ𝜏/W( nq ℎ∇W𝜏/W(( ]mc enq ℎ < /+ bnmffftq]shnmr ]qd e]unqdc
hm vghbg sgd ffdkc &nq hsr cdqhu]shud( ]qd dmg]mbdc hm sgd uhbhmhsx ne sgd sq]bdq o]qshbkd- Hm sgd
pt]cq]shb bntokhmf b]rd &d-f-+ 𝑏𝜏1/W( nq 𝑏)∇W𝜏/W([1(+ nm sgd bnmsq]qx+ sgd u]ktd ne sgd ffdkc &nq hsr
cdqhu]shud+ qdrodbshudkx( ]qd rtooqdrrdc hm sgd uhbhmhsx ne sgd sq]bdq o]qshbkd: hm sgd enql]k khlhs
vgdqd 𝑏 → ∞+ sgd bntokhmf hmctbdr ] onhms,khjd Chqhbgkds &nq Mdtl]mm( antmc]qx bnmchshnm nm
𝜏 hm bnqqdronmcdmbd ne sgd sq]bdq‘r onrhshnm W Z17[-

4-1-3 Bgnhbd ne sgd dhfdmaZrhr

Knb]k chydqdmsh]k nodq]snqrΘ/�(+ Γ/�( khjd sgd nmdr khrsdc ]anud ]qd ch]fnm]khydc ax sgd enkknvhmf
dhfdmetmbshnmr 𝜌𝑚/�(+ vghbg vd rodbh]khyd enq sgd u]qhntr ABr bnmrhcdqdc hm Dp- &4-2(9

𝜌&C(
𝑚 /�( ≠

√
1
𝐾

rhm
4
𝑗

&C(
𝑚 �

(
. 𝑗

&C(
𝑚 ≠

𝜉𝑚

𝐾
. 𝑚 ≠ 0. 1. . . . . Chqhbgkds ABr.

&4-20](

𝜌&M(
𝑚 /�( ≠

√
1 � 𝛾𝑚 ./

𝐾
bnr

4
𝑗

&M(
𝑚 �

(
. 𝑗

&M(
𝑚 ≠

𝜉𝑚

𝐾
. 𝑚 ≠ /. 0. 1. . . . . Mdtl]mm ABr.

&4-20a(

B]ohkk]qx ABr Zrdd Dp- &4-2b([ b]m ad hlonrdc ax bgnnrhmf Mdtl]mm dhfdmetmbshnmr+ enq vghbg
sgd ]udq]fdc ffdkc oqnffkd b]m ad rgnvm sn qd]c Z53[

}
𝜏/�(

〈
ℎ0

≠ ℎ0𝐾

))
0
1 �

�

𝐾

(1
� 0

01

[
. &4-21(

Vd etqsgdqlnqd hmsqnctbd+ enq etstqd qdedqdmbd+ sgd rgnqsg]mc mns]shnm

𝜌̂𝑚/�( •
0
𝑗𝑚

𝜑�𝜌𝑚/�( ≠



√
1
𝐾 bnr

4
𝑗

&C(
𝑚 �

(
. 𝑚 ≠ 0. 1. . . . &C(

�
√

1
𝐾 rhm

4
𝑗

&M(
𝑚 �

(
. 𝑚 ≠ 0. 1. . . . &M(

&4-22(

]mc 𝜌̂&M(
/ /�( ≠ /-

Hs ltrs ad mnsdc sg]s rs]mc]qc Chqhbgkds ABr fdmdq]kkx dms]hk ] mnm,ydqn fitw sgqntfg sgd
antmc]qhdr Z068+ 07/[+ qdpthqhmf sn trd rths]akd —mn,fitw‘ a]rhr etmbshnmr hm nqcdq sn dmrtqd fkna]k
ffdkc bnmrdqu]shnm Z070[- Sghr hr gnvdudq sdbgmhb]kkx q]sgdq hmunkudc+ rn hm sgd enkknvhmf vd vhkk
mns bnmrhcdq bnmrdqudc cxm]lhbr &lncdk A( hm bnmitmbshnm vhsg Chqhbgkds ABr- Lnqdnudq+ hm
sghr Bg]osdq vd ]qd lnrskx bnmbdqmdc vhsg sgd dydbsr ne bnmffmdldms nm sgd cxm]lhbr ne sgd
sq]bdq o]qshbkd+ ]mc sgtr vd vhkk mns enbtr dwokhbhskx nm sgd b]rd ne odqhnchb antmc]qx bnmchshnmr
&OABr(+ enq vghbg lnrs ne sgdrd dydbsr g]ud addm entmc sn sqhuh]khyd Z53[- Gnvdudq+ sgd bgnhbd ne
dhfdmetmbshnmr

𝜌&O(
𝑚 /�( •




0√
1
𝜌&M(
𝑚 /�(. 𝑚 ≠ /.�0.�1. . . .

0√
1
𝜌&C(
𝑚 /�(. 𝑚 ≠ 0. 1. 2. . . .

&4-23(

enql]kkx bnqqdronmcr sn OABr nudq sgd rxlldsqhb hmsdqu]k � ∈ )�𝐾. 𝐾[ &vghbg hr ] bnmudmhdms
bgnhbd enq k]sdq hmrodbshmf sgd atki khlhs 𝐾 → ∞(- Sgdrd bntkc ad dpthu]kdmskx ]ccqdrrdc ax

0/1
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]cnoshmf bnlokdw dhfdmetmbshnmr 𝜌
&o(
𝑚 /�( ≠ 0√

1𝐾
dwo

4
h𝑗&o(

𝑚 �
(
. 𝑗

&o(
𝑚 ≠ 𝜉𝑚†𝐾+ ats sgdm sgd Enjjdq,

Ok]mbj,a]rdc ldsgnc vd oqdrdms hm Rdbshnm 4-2 vntkc qdpthqd bnmrhcdqhmf sgd inhms oqna]ahkhsx
chrsqhatshnm 𝒪/�𝑄 . �𝐻 . 𝑠( Znq dpthu]kdmskx 𝒪/�. �̃. 𝑠(+ vhsg �̃ • �∗[ enq ]mx bnlokdw cxm]lhb]k
u]qh]akd � ≠ �𝑄 + ℎ�𝐻 - Vghkd sghr hr sdbgmhb]kkx rsq]hfgsenqv]qc+ sgd mtladq ne cxm]lhb]k
nodq]snqr vntkc cntakd hm ntq dmshqd cdqhu]shnm- Hm nqcdq sn khlhs sgd oqnkhedq]shnm ne sdqlr ]mc
enq sgd r]jd ne bk]qhsx+ vd vhkk ]rrtld hm sgd enkknvhmf sg]s sgd dhfdmetmbshnmr 𝜌𝑚 ]qd bgnrdm qd]k-

4-1-4 CxmZlhbr

Kds tr qdrb]kd shld ]r 𝑠 → 𝑠†𝛽𝑤 hm sgd K]mfduhm dpt]shnmr &4-3(+ ]mc cdffmd ]ooqnoqh]sdkx qdrb]kdc
ffdkcr Z53[: sghr hr dpthu]kdms sn rdsshmf 𝛽𝑤 • 0 hm Dp- &4-3]( ]mc qdok]bhmf 𝛽𝜏 → 𝜙�0 hm Dp- &4-3a(+
vgdqd vd hmsqnctbdc sgd ’]ch]a]shbhsx“ o]q]ldsdq

𝜙 • 𝛽𝑤†𝛽𝜏 . &4-24(

? chldmrhnmkdrr bntmsdqo]qs ne 𝜙 hm Dp- &4-24( b]m ad hmsqnctbdc ]r enkknvr9

𝜙̂ • 𝑆𝑤𝐾
�𝑐Θ𝜙. &4-25(

vgdqd vd cdmnsdc ax 𝑐Θ • )Θ/𝑤([ sgd kdmfsg chldmrhnm ne sgd cxm]lhb]k nodq]snq Θ/𝑤( hmsqn,
ctbdc hm Dp- &4-3a(+ ]mc vd g]ud etqsgdqlnqd bgnrdm 𝑆𝑤 hm nqcdq sn ]bbntms enq sgd sdlodq]stqd
chldmrhnm ne 𝜙- Hm sgd UchUaUshb khlhs 𝜙̂ ≪ 0+ sgd ffdkc cxm]lhbr hr ltbg e]rsdq sg]m sgd sq]bdq
cxm]lhbr-

Sgd bntokdc K]mfduhm dpt]shnmr &4-3]( ]mc &4-3a( b]m mnv ad qdvqhssdm hm sdqlr ne sgd
dhfdmetmbshnmr 𝜌𝑚 ]r

𝜑𝑠𝑊 ≠ �
∑
𝑚𝑙

ℓ𝑚𝑙𝜏𝑚𝜏𝑙 +
∑
𝑚

𝑠𝑚𝜏𝑚 + 𝜁. &4-26(

𝜑𝑠𝜏𝑚 ≠ �𝜙�0

)∑
𝑙

𝐴𝑚𝑙𝜏𝑙 � 𝑟𝑚

[
+ 𝜙�0†1𝜈𝑚 . &4-27(

?anud vd g]ud hmsqnctbdc sgd udbsnqr

𝑠𝑚 • 𝜑𝑊𝑢𝑚/𝑊(. 𝑟𝑚 • 𝐾𝑚𝜎𝑚 . &4-28(

]mc sgd l]sqhbdr

ℓℎ𝑖 •
𝑆𝑤

1 𝜑𝑊�ℎ 𝑖 •
0
1𝜑𝑊/𝑡ℎ𝑡𝑖(. 𝐴ℎ𝑖 • 𝑎ℎ𝛾ℎ 𝑖 + 𝑏ℎ𝑖 . &4-3/(

vgdqd vd cdmnsdc
𝑎ℎ • 𝐾ℎ𝛼ℎ†𝑆𝜏 . 𝑏ℎ𝑖 • 𝜖𝐾ℎ𝑡ℎ𝑡𝑖†𝑆𝑤 . &4-30(

vhsg 𝛼ℎ + 𝐾ℎ + �ℎ 𝑖 ]mc 𝜎𝑚 cdffmdc hm Dpr- &4-01(+ &4-06( ]mc &4-07(+ qdrodbshudkx &rdd Rdbshnm 4-1-2 enq
rodbh]khy]shnm sn sgd u]qhntr lncdkr(- Sgd mnhrd u]qh]mbdr hm Dp- &4-5( b]m ]krn ad dwoqdrrdc hm
sdqlr ne hsr dwo]mrhnm bndflbhdmsr 𝜈𝑚/𝑠( ]r

}𝜈𝑙/𝑠(𝜈𝑚/𝑠′(⟩ ≠ 1𝐾𝑚𝛾𝑙𝑚𝛾/𝑠 � 𝑠′(. &4-31(
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Dpt]shnmr &4-27( ]mc &4-26( bnqqdronmc sn sgd enkknvhmf Enjjdq,Ok]mbj dpt]shnm enq sgd inhms
oqna]ahkhsx chrsqhatshnm 𝑂/𝑊 . {𝜏𝑚{. 𝑠( 9

𝜑𝑠𝑂 ≠ 𝜑𝑊

)∑
𝑙𝑚

ℓ𝑚𝑙𝜏𝑚𝜏𝑙 �
∑
𝑚

𝑠𝑚𝜏𝑚

[
𝑂 + 𝑆𝑤𝜑

1
𝑊𝑂

+ 𝜙�0
∑
𝑚

𝜑𝜏𝑚

)∑
𝑙

𝐴𝑚𝑙𝜏𝑙 � 𝑟𝑚

[
𝑂 + 𝜙�0

∑
𝑚

𝐾𝑚𝜑
1
𝜏𝑚
𝑂. &4-32(

Ehm]kkx+ hm sgd qd]bshud b]rd &𝜖 ≠ 0( hs enkknvr eqnl Dpr- &4-06( ]mc &4-07( sg]s &𝐾ℎ𝑖 • 𝐾ℎ𝛾ℎ 𝑖(

𝐴ℎ𝑖 ≠ /𝐾 ◦ �(ℎ 𝑖 . 𝑠𝑚 ≠ 𝑆𝑤𝜑𝑊𝜎𝑚 . &4-33(

4-2 :m ZchZaZshb dkhlhmZshnm ldsgnc

Hm sghr Rdbshnm vd cdrbqhad gnv sgd ffdkc bnnqchm]sdr 𝜏𝑚 b]m ad dkhlhm]sdc eqnl Dp- &4-32(+
sgtr xhdkchmf ] Enjjdq,Ok]mbj dpt]shnm vghbg fnudqmr sgd cxm]lhbr ne 𝑊/𝑠( ]knmd+ tmcdq sgd
]rrtloshnm sg]s sgd ffdkc dpthkhaq]sdr e]rsdq sg]m sgd o]qshbkd- Sn sghr dmc+ vd cdffmd sgd enkknvhmf
lnldmsr ne 𝑂/𝑊 . {𝜏ℎ{(9

𝑃//(/𝑊 . 𝑠( ≠
∫

𝒞𝜏 𝑂/𝑊 . {𝜏ℎ{(. &4-34](

𝑃
/0(
𝑚 /𝑊 . 𝑠( ≠

∫
𝒞𝜏 𝜏𝑚/𝑠(𝑂/𝑊 . {𝜏ℎ{(. &4-34a(

𝑃
/1(
𝑚𝑙/𝑊 . 𝑠( ≠

∫
𝒞𝜏 𝜏𝑚/𝑠(𝜏𝑙/𝑠(𝑂/𝑊 . {𝜏ℎ{(. &4-34b(

𝑃
/2(
𝑚𝑙𝑜/𝑊 . 𝑠( ≠ . . . . &4-34c(

vgdqd
︸
𝒞𝜏 hmchb]sdr ] ltkshchldmrhnm]k hmsdfq]k nudq sgd lncdr ne 𝜏 Zrdd Dp- &4-8([- Mnsd sg]s

𝑃//(/𝑊 . 𝑠( ≠ 𝑂̃/𝑊 . 𝑠( Zrdd Dp- &4-0/([ hr sgd shld,cdodmcdms l]qfhm]k oqna]ahkhsx chrsqhatshnm ne
sgd o]qshbkd onrhshnm+ vgnrd cxm]lhbr vd ]qd hmsdqdrsdc hm- Hmsdfq]shmf Dp- &4-32( nudq ] lncd
𝜏𝑚 ]r hm Dp- &4-34( oqnuhcdr ] ghdq]qbgx ne dpt]shnmr enq sgd dunktshnm ne sgdrd lnldmsr9

𝜑𝑠𝑃
//( ≠ 𝜑𝑊

∑
𝑚𝑙

ℓ𝑚𝑙𝑃
/1(
𝑚𝑙 � 𝜑𝑊

∑
𝑚

𝑠𝑚𝑃
/0(
𝑚 + 𝑆𝑤𝜑

1
𝑊𝑃

//( . &4-35](

𝜑𝑠𝑃
/0(
𝑚 ≠ 𝜑𝑊

∑
ℎ 𝑖

ℓℎ𝑖𝑃
/2(
ℎ 𝑖𝑚
� 𝜑𝑊

∑
𝑙

𝑠𝑙𝑃
/1(
𝑚𝑙 + 𝑆𝑤𝜑

1
𝑊𝑃

/0(
𝑚 � 𝜙�0

)∑
𝑙

𝐴𝑚𝑙𝑃
/0(
𝑙 � 𝑟𝑚𝑃

//(

[
. &4-35a(

𝜑𝑠𝑃
/1(
𝑚𝑙 ≠ 𝜑𝑊

∑
ℎ 𝑖

ℓℎ𝑖𝑃
/3(
ℎ 𝑖𝑚𝑙

� 𝜑𝑊
∑
ℎ

𝑠ℎ𝑃
/2(
ℎ𝑚𝑙

+ 𝑆𝑤𝜑
1
𝑊𝑃

/1(
𝑚𝑙 &4-35b(

� 𝜙�0
∑
𝑖

˜
𝐴𝑚𝑖𝑃

/1(
𝑖𝑙

+ 𝐴𝑙𝑖𝑃
/1(
𝑖𝑚

[
+ 𝜙�0

˜
𝑟𝑚𝑃

/0(
𝑙 + 𝑟𝑙𝑃

/0(
𝑚

[
+ 1𝜙�0𝐾𝑚𝛾𝑚𝑙𝑃

//( .

]mc rn nm- Ax vnqjhmf hm sgd ]ch]a]shb khlhs 𝜙 ≪ 0+ vd b]m enql]kkx dwo]mc sgd lnldmsr hm
onvdqr ne rl]kk 𝜙9

𝑃
/𝑖(
𝑚𝑙... ≠ 𝑝

/𝑖(
𝑚𝑙... + 𝜙 𝑝̂

/𝑖(
𝑚𝑙... + 𝒩/𝜙1(. &4-36(
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Sgd ghdq]qbgx ne dpt]shnmr &4-35( b]m ad bknrdc ax qdok]bhmf sgd lnldmsr 𝑃/𝑖(
𝑚𝑙... ax sgdhq dwo]m,

rhnm hm Dp- &4-36(+ ]mc sgdm mdfkdbshmf sdqlr ne 𝒩/𝜙1( nq ghfgdq- Hm sgd mdws Rdbshnmr vd vhkk
sgtr rnkud Dpr- &4-35a( ]mc &4-35b(+ ]mc oktf sgd qdrtks a]bj hmsn Dp- &4-35]( hm nqcdq sn nas]hm ]m
dunktshnm dpt]shnm enq sgd l]qfhm]k oqna]ahkhsx chrsqhatshnm 𝑃//(/𝑊 . 𝑠(+ h-d-+

𝜑𝑠𝑃
//( ≠ �𝜑𝑊)𝜆/𝑊(𝑃//(/𝑊([ + 𝜑1

𝑊)𝐶/𝑊(𝑃
//(/𝑊([ + 𝒩/𝜙1(. &4-37(

vgdqd 𝜆/𝑊( ]mc 𝐶/𝑊( qdoqdrdms sgd ro]bd,cdodmcdms dydbshud cqhes ]mc chytrhnm bndflbhdmsr+
qdrodbshudkx- Hm sgd enkknvhmf+ vd vhkk bnmrhcdq rdo]q]sdkx sgd b]rd ne ] qd]bshud &𝜖 ≠ 0( ]mc
o]rrhud &𝜖 ≠ /( sq]bdq o]qshbkd-

4-2-0 QdZbshud bZrd

Sgd knvdrs nqcdq hm sgd ]ch]a]shb ]ooqnwhl]shnm hr nas]hmdc ax sqtmb]shmf sgd dwo]mrhnm hm
Dp- &4-36( sn hsr kd]chmf nqcdq &𝜙 ≠ /(: dpthu]kdmskx+ vd enql]kkx s]jd sgd khlhs 𝛽𝜏 → ∞ ne sgd
lnahkhsx ne sgd ffdkc Zrdd Dp- &4-24([- Sgd ogxrhb]k ld]mhmf ne sghr hr sg]s sgd ffdkc hmrs]ms]mdntrkx
qd]qq]mfdr ]qntmc sgd onrhshnm 𝑊/𝑠( ]rrtldc ]s d]bg shld 𝑠 ax sgd o]qshbkd – sghr hr qdlhmhrbdms
ne sgd Anqm,Noodmgdhldq ]ooqnwhl]shnm hm bnmcdmrdc l]ssdq ogxrhbr Z071[- Hm sgd qd]bshud b]rd+
rdsshmf 𝑆𝜏 ≠ 𝑆𝑤 ≠ 𝑆 hlokhdr sg]s sgd rsd]cx,rs]sd oqna]ahkhsx chrsqhatshnm hr fhudm ax 𝑂𝑟/𝑊 . {𝜏ℎ{(
hm Dp- &4-08(+ adb]trd ne cds]hkdc a]k]mbd9 ]bbnqchmfkx+ vd b]m vqhsd

𝑂/𝑊 . {𝜏ℎ{. 𝑠( ≠ 𝑂𝑟/𝑊/𝑠(. {𝜏ℎ{( + 𝒩/𝜙(. &4-38(

Vd sgtr cdctbd sg]s vd b]m nas]hm sgd knvdrs nqcdq sdqlr 𝑝
/𝑖(
𝑚𝑙... hm sgd dwo]mrhnm ne 𝑃/𝑖(

𝑚𝑙... hm
Dp- &4-36( ax s]jhmf sgd F]trrh]m dwodbs]shnm u]ktdr

𝑝
/𝑖(
𝑚𝑙... ≠

∫
𝒞𝜏 𝜏𝑚𝜏𝑙 . . . 𝑂𝑟/𝑊/𝑠(. {𝜏ℎ{( •

}
𝜏𝑚𝜏𝑙 . . .

〈
. &4-4/(

Sgdrd ]qd d]rhkx nas]hmdc ax ffqrs bnmrsqtbshmf sgd fdmdq]shmf etmbshnm]k Z53[

𝒱){𝐼{[ ≠
∫

𝒞𝜏 𝑂𝑟/𝑊/𝑠(. {𝜏{( dwo

)∑
𝑚

/𝐼𝑚 + 𝜎𝑚(𝜏𝑚

[
≠ 𝒱)/[ dwo

)
0
1

∑
𝑚𝑙

𝐼𝑚��0
𝑚𝑙𝐼𝑙 +

∑
𝑚𝑙

𝐼𝑚��0
𝑚𝑙𝜎𝑙

[
.

&4-40(

vgdqd 𝐼/�( ≠ ∬
𝑚 𝜌𝑚/�(𝐼𝑚 hr ]m ]twhkh]qxffdkc+ vghkd �𝑚𝑙 ]mc 𝜎𝑚 ]qd cdffmdc hm Dpr- &4-06( ]mc &4-07(+

qdrodbshudkx- Mnsd sg]s 𝒱)/[ ≠ 𝑂𝑟/𝑊(+ h-d-+ sgd l]qfhm]k rs]shnm]qx chrsqhatshnm fhudm hm Dp- &4-1/(-
Ax trhmf Vhbj‘r sgdnqdl+ nmd b]m nas]hm sgd inhms btltk]msr

𝑃//( ≠ 𝒱)/[. 𝑝
/0(
ℎ

≠ 𝒱)/[��0
ℎ 𝑖 𝜎𝑖 • 𝒱)/[ }ℎ⟩ . &4-41(

𝑝
/1(
ℎ 𝑖

≠ 𝒱)/[
4
��0
ℎ 𝑖 + ��0

ℎ𝑙�
�0
𝑖𝑚 𝜎𝑙𝜎𝑚

(
• 𝒱)/[ }ℎ 𝑖⟩ • 𝒱)/[

)
}ℎ 𝑖⟩𝑏 + }ℎ⟩ }𝑖⟩

[
.

𝑝
/2(
ℎ 𝑖𝑗
• 𝒱)/[ }ℎ 𝑖𝑗⟩ ≠ 𝒱)/[

)
}ℎ⟩ }𝑖⟩ }𝑗⟩ + }ℎ 𝑖⟩𝑏 }𝑗⟩ + &1 odql-(

[
.

𝑝
/3(
ℎ 𝑖𝑗𝑘

• 𝒱)/[ }ℎ 𝑖𝑗𝑘⟩ ≠ 𝒱)/[
)
}ℎ⟩ }𝑖⟩ }𝑗⟩ }𝑘⟩ + }ℎ 𝑖⟩𝑏 }𝑗𝑘⟩𝑏 + &1 odql-( + }ℎ 𝑖⟩𝑏 }𝑗⟩ }𝑘⟩ + &4 odql-(

[
.

0/4



BG?OSDQ 4- SGD DEEDBSR NE ANTMC?QHDR9 ? SQ?BDQ HM ? BNMEHMDC BNQQDK?SDC LDCHTL

vgdqd vd g]ud hmsqnctbdc sgd rgnqsg]mc mns]shnm }ℎ 𝑖⟩𝑏 • ��0
ℎ 𝑖

]mc }ℎ⟩ • ��0
ℎ 𝑖
𝜎𝑖 - Hm sghr mns]shnm+

sgd K]mfduhm dpt]shnm &4-35]( qd]cr ]s knvdrs nqcdq

𝜑𝑠𝑃
//( ≠ 𝜑𝑊 )𝑇′/𝑊( +𝑉 ′/𝑊([𝑃//( + 𝑆𝜑1

𝑊𝑃
//( + 𝒩/𝜙(. &4-42(

vgdqd sgd oqhld cdmnsdr ] cdqhu]shud vhsg qdrodbs sn 𝑊- Mnsd sg]s rdsshmf 𝜑𝑠𝑃//( • / oqnloskx
xhdkcr sgd bnqqdbs l]qfhm]k rs]shnm]qx chrsqhatshnm fhudm hm Dp- &4-1/(- Vd vhkk b]kk sgd nmd hm
Dp- &4-42( sgd rtodq,UchUaUshb ]ooqnwhl]shnm enq sgd dydbshud cxm]lhbr ne sgd o]qshbkd- Bnlo]qhmf
Dp- &4-42( vhsg Dp- &4-37( rgnvr sg]s+ ]s sgd knvdrs nqcdq hm sgd ]ch]a]shb ]ooqnwhl]shnm+ sgd
chytrhnm sdql hr mns lnchffdc+ h-d-+ 𝐶/𝑊( ≠ 𝑆+ vghkd sgd cqhes sdql 𝜆/𝑊( ≠ � )𝑇′/𝑊( +𝑉 ′/𝑊([
hr sgd nmd hmsthshudkx dwodbsdc enq ] o]qshbkd lnuhmf hm sgd ffdkc,hmctbdc dydbshud rs]shnm]qx
onsdmsh]k fhudm hm Dp- &4-1/(- ?ksgntfg sgd k]ssdq rddlr sn chudqfd enq k]qfd 𝑏 &rdd Dpr- &4-02(+
&4-10( ]mc &4-11((+ hm e]bs hsr cdqhu]shud cndr mns+ kd]chmf hm sgd otqdkx pt]cq]shb b]rd &ℎ ≠ ℎ0 ≠ /(
sn ]m dydbshud cqhes sdql

𝜆/𝑊( ����→
𝑏→∞

�𝑆𝑈
′/𝑊(

1𝑈/𝑊( . &4-43(

vhsg 𝑈/𝑊( fhudm hm Dp- &4-11(-
Vd qdl]qj sg]s hs hr onrrhakd sn nas]hm Dp- &4-42( vhsgnts qdrnqshmf sn sgd ptUrh,rsUshb ]rrtlo,

shnm vd l]cd hm Dp- &4-38(+ ats hmrsd]c ax chqdbskx rnkuhmf ] Kx]otmnu l]sqhw dpt]shnm &rdd
?oodmchw D-0(- Gnvdudq+ sgd k]ssdq qntsd stqmr nts sn ad bnlots]shnm]kkx bg]kkdmfhmf vgdm nmd
sqhdr sn lnud adxnmc sgd 𝒩/𝜙/( qdrtks-

Sgd 𝒩/𝜙( bnqqdbshnm hm Dp- &4-42( hr nas]hmdc ax bnlotshmf 𝑝̂/0( ]mc 𝑝̂/1( eqnl Dp- &4-35(- Trhmf
Dp- &4-3/( ]mc sgd l]sqhw qdk]shnm Z058+ 072[

𝜑𝑊ℳ�0/𝑊( ≠ �ℳ�0 ◦ 𝜑𝑊ℳ ◦ℳ�0 → 𝜑𝑊��0 ≠ � 1
𝑆
��0 ◦ ℓ ◦ ��0 . &4-44(

] knmf ats rsq]hfgsenqv]qc b]kbtk]shnm qdmcdqr

𝐴𝑚𝑙 𝑝̂
/0(
𝑙 ≠ /𝜑𝑊 }𝑚⟩(

˜
/𝑇′ +𝑉 ′(𝑃//( + 𝑆𝜑𝑊𝑃

//(
[
. &4-45](

𝐴𝑚𝑖 𝑝̂
/1(
𝑖𝑙

+ 𝐴𝑙𝑖 𝑝̂
/1(
𝑖𝑚

≠ 𝑟𝑚 𝑝̂
/0(
𝑙 + 𝑟𝑙 𝑝̂

/0(
𝑚 + /𝜑𝑊 }𝑚𝑙⟩(

˜
/𝑇′ +𝑉 ′(𝑃//( + 𝑆𝜑𝑊𝑃

//(
[
. &4-45a(

Sgd sdqlr 𝑝̂/0( ]mc 𝑝̂/1( hm fdmdq]k oqnuhcd bnqqdbshnmr ansg sn sgd cqhes 𝜆/𝑊( ]mc sn sgd chytrhnm
bndflbhdms 𝐶/𝑊( hm Dp- &4-37(- Mnsd sg]s sgdrd bnmsqhatshnmr u]mhrg vgdm trhmf enq 𝑃//( sgd
rs]shnm]qx chrsqhatshnm hm Dp- &4-08(+ sgtr ft]q]msddhmf sg]s sgd dydbshud Enjjdq,Ok]mbj dpt]shnm
vhkk rshkk r]shrex cds]hkdc a]k]mbd-

Hm sgd mdws rtardbshnmr vd vhkk rnkud Dpr- &4-45]( ]mc &4-45a( hm sgd b]rdr vgdqd dhsgdq ] khmd]q
nq ] pt]cq]shb bntokhmf sn sgd o]qshbkd ]qd hmbktcdc hm sgd G]lhksnmh]m hm Dp- &4-1(- Sgd lnrs
fdmdq]k b]rd hm vghbg ansg bntokhmfr ]qd hmbktcdc hr qdonqsdc hm Qde- Z54[ – rdd Rdbshnm 3-0-2
]mc ?oodmchw A sgdqdhm- Sgd bnmrhrsdmbx ne ntq qdrtksr vhsg sgnrd nas]hmdc hm sgd atkj khlhs
𝐾 → ∞ hm Qder- Z18–20[ vhkk ffm]kkx ad dwoknqdc hm ?oodmchw D-2-

4-2-0-0 JhmdZq bntokhmf

Hm sghr b]rd+ vd rds 𝑏 ≠ /9 sghr rhlokhffdr sgd b]kbtk]shnm rhfmhffb]mskx+ adb]trd sgdm sgd l]sqhbdr
𝐴𝑚𝑙 ≠ 𝑎𝑚𝛾𝑚𝑙 ≠ 𝛾𝑚𝑙𝐾𝑚𝛼𝑚†𝑆 ]mc �ℎ 𝑖 ≠ 𝛼ℎ†𝑆𝛾ℎ 𝑖 ]qd ch]fnm]k- Lnqdnudq+ sgd l]sqhw ℓℎ𝑖 ≠ /+ ]mc
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4-2- ?M ?CH?A?SHB DKHLHM?SHNM LDSGNC

sgd pt]cq]shb o]qs ne sgd dydbshud onsdmsh]k u]mhrgdr+ h-d-+ 𝑇/𝑊( ≠ /- Eqnl Dp- &4-35]( vd rdd sg]s
𝑝̂
/1(
𝑚𝑙 hr ]bst]kkx mns mddcdc+ ]mc vd itrs g]ud sn rnkud Dp- &4-45]( enq

𝑝̂
/0(
𝑚 ≠ 𝑎�0

𝑚 /𝜑𝑊 }𝑚⟩(
˜
𝑉 ′𝑃//( + 𝑆𝜑𝑊𝑃

//(
[
. &4-46(

]mc oktf sghr a]bj hmsn Dp- &4-35](+ snfdsgdq vhsg 𝑝
/0(
𝑚 fhudm hm Dp- &4-41(- Sghr xhdkcr ]m dydbshud

Enjjdq,Ok]mbj dpt]shnm enq sgd sq]bdq o]qshbkd hm sgd enql ne Dp- &4-37(+ vhsg sgd cqhes ]mc chytrhnm
bndflbhdmsr fhudm ax

𝜆/𝑊( ≠ 𝜆//𝑊( + 𝐶′/𝑊(. 𝜆//𝑊( ≠ � )0 � 𝜙𝑆𝐿/𝑊([𝑉 ′/𝑊(. 𝐶/𝑊( ≠ 𝑆 � 𝜙𝑆𝐿/𝑊(. &4-47(

vgdqd Zrdd Dpr- &4-02( ]mc &4-28( enq sgd cdffmhshnmr ne 𝑢𝑚 + 𝑠𝑚 + ]mc 𝑟𝑚 + qdrodbshudkx[

𝐿/𝑊( • 𝑠𝑚

𝑎𝑚
/𝜑𝑊 }𝑚⟩( ≠

∑
𝑚

𝑠1
𝑚

𝛼𝑚𝑎𝑚
≠ 𝑆

∑
𝑚

)𝜑𝑊𝑢𝑚/𝑊([1

𝛼1
𝑚𝐾𝑚

. &4-48(

Vd mnsd sg]s sgd k]ssdq fdmdq]khydr sgd pt]mshsx 𝑙/𝑊( cdffmdc hm Qde- Z53[ enq sgd o]qshbtk]q b]rd hm
vghbg 𝒥 ≠ �+ ]mc sgd ffdkc G]lhksnmh]m hr ne sgd K]mc]t,Fhmyatqf sxod &rdd Rdbshnm 4-3-0(- Sgd
rsd]cx,rs]sd chrsqhatshnm ne sgd qdrtkshmf Enjjdq,Ok]mbj dpt]shnm hr ax bnmrsqtbshnm sgd nmd fhudm
hm Dp- &4-1/( – rdd sgd chrbtrrhnm ]esdq Dp- &4-45(- Ehm]kkx+ hm sgd ]ardmbd ne pt]cq]shb bntokhmfr+
sgd dydbshud onsdmsh]k hm Dp- &4-12( qdctbdr sn

𝑉/𝑊( ≠ �0
1

∑
𝑚

𝑢1
𝑚/𝑊(
𝛼𝑚

� ℎ0
∑
𝑚

𝑢𝑚/𝑊(
𝛼𝑚

)𝜌𝑚//( + 𝜌𝑚/𝐾([ + bnmrs-. &4-5/(

Hs hr trdetk sn mnsd sg]s 𝑢𝑚 ∼ 𝒩/ℎ(+ gdmbd 𝐿/𝑊( ]mc 𝑉/𝑊( ]qd ne 𝒩/ℎ1(-

4-2-0-1 PtZcqZshb bntokhmf

Hm sghr b]rd sgd khmd]q bntokhmfr &hmbktchmf antmc]qx ffdkcr( ]qd rds dpt]k sn ydqn+ ℎ ≠ ℎ0 ≠ /+ rn
sg]s ]krn 𝑟𝑚 ≠ 𝑠𝑚 ≠ /+ ]mc sgd khmd]q o]qs ne sgd dydbshud onsdmsh]k u]mhrgdr+ h-d-+ 𝑉/𝑊( ≠ /- Hm
stqm+ sghr hlokhdr sg]s sgd nmd,onhms btltk]msr }𝑚⟩ hm Dp- &4-41( u]mhrg ]r vdkk- Rs]qshmf eqnl
Dp- &4-45a(+ vd cdmnsd sgd pt]mshsx nm hsr q-g-r- ]r

Ψ𝑚𝑙 • /𝜑𝑊 }𝑚𝑙⟩(
˜
𝑇′𝑃//( + 𝑆𝜑𝑊𝑃

//(
[
. &4-50(

]mc sgtr qdvqhsd
𝐴𝑚𝑖 𝑝̂

/1(
𝑖𝑙

+ 𝐴𝑙𝑖 𝑝̂
/1(
𝑖𝑚

≠ Ψ𝑚𝑙. &4-51(

Sgd k]ssdq hr ] Kx]otmnu l]sqhw dpt]shnm &rdd ]krn ?oodmchw D-0(+ vghbg+ cdrohsd sgd e]bs sg]s 𝐴ℎ𝑖 +
Ψℎ 𝑖 ]mc 𝑝̂

/1(
ℎ 𝑖

]qd rxlldsqhb l]sqhbdr+ cndr mns ]clhs ] rsq]hfgsenqv]qc ]m]kxshb rnktshnm adb]trd
hm fdmdq]k 𝐴Ψ ∉ Ψ𝐴- Trhmf sgd cdffmhshnm ne 𝐴ℎ𝑖 hm Dp- &4-3/(+ vd b]m gnvdudq qdogq]rd Dp- &4-51(
]r &mn rtl nudq 𝑚 .𝑙 hr hmsdmcdc(

/𝑎𝑚 + 𝑎𝑙(𝑝̂/1(𝑚𝑙 ≠ Ψ𝑚𝑙 � 𝑏𝑚𝑗 𝑝̂
/1(
𝑗𝑙
� 𝑏𝑙𝑗 𝑝̂

/1(
𝑚𝑗

. &4-52(
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vghbg b]m ad s]jdm ]r ] rs]qshmf onhms enq ] qdbtqrhud rnktshnm hm nqcdqr ne 𝑏+ mnshmf sg]s 𝑏ℎ𝑖 ∼
𝒩/𝑏(- Dpt]shnm &4-52( qdrdlakdr ] Cxrnm rtl+ ats hs cndr mns ]clhs ] rsq]hfgsenqv]qc dw]bs
qdrtll]shnm: gnvdudq+ hsr ’a]qd“ rnktshnm

𝑝̂
/1(
𝑚𝑙 ≃ Ψ𝑚𝑙

𝑎𝑚 + 𝑎𝑙
+ 𝒩/𝑏1( &4-53(

b]m ]kqd]cx ad ]cnosdc ]r ] rl]kk,𝑏 ]ooqnwhl]shnm+ vghbg qds]hmr ax bnmrsqtbshnm sgd oqnodqsx
ne u]mhrghmf ]s dpthkhaqhtl &h-d-+ hm bnqqdronmcdmbd ne sgd rs]shnm]qx chrsqhatshnm hm Dp- &4-1/((-
Mnsd sg]s sgd bnqqdbshnm hm Dp- &4-53( hr ]s kd]rs ne 𝒩/𝑏1(+ adb]trd Ψ𝑚𝑙 hsrdke bnms]hmr bnmsqhatshnmr
]s kd]rs ne 𝒩/𝑏( – rdd Dp- &4-50(- Mnsd ]krn sg]s 𝑏 hr ] chldmrhnmetk pt]mshsx+ rn sg]s sgd rl]kk,𝑏
qdfhld hr hm e]bs cdffmdc ax sgd rl]kkmdrr ne ] rths]akd chldmrhnmkdrr bntmsdqo]qs ne sgd bntokhmf
o]q]ldsdq- Sgd o]qshbtk]q dwoqdrrhnm ne sghr o]q]ldsdq hr lncdk,cdodmcdms – rdd+ d-f-+ Dpr- &4-72(
]mc &4-8/( enq sgd b]rd ne sgd K]mc]t,Fhmyatqf ]mc sgd Fnloodq,Rbghbj lncdkr+ qdrodbshudkx-

Hmrdqshmf sgd ]ooqnwhl]sd qdrtks qdonqsdc hm Dp- &4-53( hmsn sgd dunktshnm dpt]shnm &4-35](+
snfdsgdq vhsg 𝑝

/1(
𝑚𝑙 entmc hm Dp- &4-41(+ xhdkcr sgd dydbshud Enjjdq,Ok]mbj dpt]shnm

𝜑𝑠𝑃
//( ≠ 𝜑𝑊

˜
𝑃//(𝜑𝑊𝑇 + 𝑆𝜑𝑊𝑃

//(
[
+ 𝒩/𝑏1( &4-54(

� 𝜙𝑆𝜑𝑊

)
1

0 +𝑈

∑
𝑚𝑙

ℓ1
𝑚𝑙

/𝑎𝑚 + 𝑎𝑙(𝛼𝑚𝛼𝑙
+
)

0
0 +𝑈

(′∑
𝑚𝑙

ℓ𝑚𝑙𝑡𝑚𝑡𝑙

/𝑎𝑚 + 𝑎𝑙(𝛼𝑚𝛼𝑙

[ ˜
𝑃//(𝜑𝑊𝑇 + 𝑆𝜑𝑊𝑃

//(
[
.

Vd b]m aqhmf hs sn sgd enql ne Dp- &4-37( tonm cdffmhmf sgd cqhes ]mc chytrhnm bndflbhdmsr

𝜆/𝑊( ≠ 𝜆//𝑊(+𝐶′/𝑊(. 𝜆//𝑊( ≠ � )0 � 𝜙𝑆𝐿1/𝑊([𝑇′/𝑊(. 𝐶/𝑊( ≠ 𝑆 � 𝜙𝑆𝐿1/𝑊(. &4-55(

vgdqd vd g]ud hmsqnctbdc

𝐿1/𝑊( • 𝑆

)
1

0 +𝑈

∑
𝑚𝑙

ℓ1
𝑚𝑙

/𝑎𝑚 + 𝑎𝑙(𝛼𝑚𝛼𝑙
+
)

0
0 +𝑈

(′∑
𝑚𝑙

ℓ𝑚𝑙𝑡𝑚𝑡𝑙

/𝑎𝑚 + 𝑎𝑙(𝛼𝑚𝛼𝑙

[
. &4-56(

Vd qdb]kk sg]s sgd dwoqdrrhnmr enq ℓ𝑚𝑙 ]mc 𝑎𝑚 ]qd oqnuhcdc hm Dpr- &4-3/( ]mc &4-30(+ sgnrd enq
𝛼𝑚 ]mc 𝐾𝑚 b]m ad entmc hm Rdbshnm 4-1-2+ vghkd sgd onsdmsh]kr 𝑇/𝑊( ]mc 𝑈/𝑊( ]qd cdffmdc hm
Dpr- &4-10( ]mc &4-11(- ?s rsd]cx rs]sd+ sgd ]rrnbh]sdc Enjjdq,Ok]mbj dpt]shnm hr rnkudc ax 𝑂𝑟

fhudm hm Dp- &4-1/( Z]f]hm ax bnmrsqtbshnm+ rdd sgd chrbtrrhnm ]esdq Dp- &4-45([-

4-2-1 OZrrhud bZrd

Gdqd vd bnmrhcdq sgd rhst]shnm hm vghbg sgd o]q]ldsdq 𝜖 ≠ / hm Dp- &4-3(- Hm sghr b]rd sgd hmsdq]b,
shnm adsvddm sgd ffdkc ]mc sgd o]qshbkd hr mnm,qdbhoqnb]k9 sgd ffdkc hmfitdmbdr sgd o]qshbkd+ ats mns
uhbd,udqr]- ?r dwok]hmdc hm Rdbshnm 4-0+ sghr lncdkr ] rodbhffb jhmc ne ’]bshud“ o]qshbkd cqhudm
ax sgd rsnbg]rshb oqnbdrr hm Dp- &4-3a(+ vghbg b]m ad bnqqdk]sdc ]mc hmctbd mnm,sqhuh]k cxm]lhbr
]mc rsd]cx rs]sdr enq sgd sq]bdq- Hm sghr Rdbshnm vd chrqdf]qc sgd onrrhahkhsx ne ]cchmf antmc]qx
ffdkcr &ℎ0 ≠ /(+ vghbg vntkc ad ne khlhsdc ogxrhb]k rhfmhffb]mbd: sgd qdkdu]ms dwoqdrrhnmr enq sgd
dunktshnm ne sgd lnldmsr ]qd sgdm nas]hmdc ax rdsshmf 𝑟𝑚 • / ]mc 𝐴𝑚𝑙 ≠ 𝑎𝑚𝛾𝑚𝑙 ≠ 𝛾𝑚𝑙𝐾𝑚𝛼𝑚†𝑆𝜏
hm sgd bntokdc dpt]shnmr &4-35(-
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Hm sgd enkknvhmf vd vhkk bnmrhcdq sgd khmd]q ]mc sgd pt]cq]shb bntokhmf b]rdr rdo]q]sdkx- Sgd
bnlo]qhrnm vhsg oqduhntr qdrtksr nas]hmdc hm Qder- Z18–20[ hm sgd ]ardmbd ne bnmffmdldms vhkk
ad bnlldmsdc nm hm Rdbshnm 4-2-1-2+ ]mc etqsgdq cds]hkdc hm ?oodmchw D-2-

4-2-1-0 JhmdZq bntokhmf

Hm sghr b]rd vd ]krn g]ud ℓℎ𝑖 ≠ /- Fqntohmf sdqlr ]bbnqchmf sn sgdhq nqcdq hm 𝜙 hm Dpr- &4-35a(
]mc &4-35b( kd]cr sn

𝑝
/1(
𝑚𝑙 ≠

𝑆𝜏

𝛼𝑚
𝛾𝑚𝑙𝑃

//( . 𝑝
/0(
𝑚 ≠ /. 𝑝̂

/0(
𝑚 ≠ � 0

𝑎𝑚
𝜑𝑊𝑠𝑙𝑝

/1(
𝑚𝑙 ≠ �

𝑆1
𝜏

𝛼1
𝑚𝐾𝑚

𝜑𝑊𝑠𝑚𝑃
//( . &4-57(

vgdqd hm sgd k]rs qdrtks vd trdc Dp- &4-35](- Hmrdqshmf Dp- &4-57( a]bj hmsn Dp- &4-35]( sgdm qdmcdqr
sgd dydbshud Enjjdq,Ok]mbj dpt]shnm enq sgd qdctbdc sq]bdq chrsqhatshnm 𝑃//(- Sghr dpt]shnm s]jdr
sgd r]ld enql ]r hm Dp- &4-37(+ ats vhsg cqhes ]mc chytrhnm bndflbhdmsr fhudm ax

𝜆/𝑊( ≠ 0
1𝐶

′/𝑊(. 𝐶/𝑊( ≠ 𝑆𝑤 + 𝜙𝑆𝜏𝐿/𝑊(. &4-58(

]mc vhsg 𝐿/𝑊( cdffmdc ]r hm Dp- &4-48(+ tonm qdok]bhmf 𝑆 vhsg 𝑆𝜏- Dwokhbhs dwoqdrrhnmr ne sgd
etmbshnm 𝐿/𝑊( enq rnld rdkdbsdc lncdkr ]qd oqnuhcdc hm Rdbshnm 4-3 – rdd Dpr- &4-75(+ &4-84(
]mc &D-22(- Mnsd sg]s sgd bnqqdbshnm sn sgd chytrhnm bndflbhdms 𝐶/𝑊( gdqd g]r sgd noonrhsd
rhfm vhsg qdrodbs sn sgd nmd hm sgd qd]bshud b]rd+ rdd Dp- &4-47(- Nmd b]m d]rhkx bgdbj sg]s sgd
bnqqdronmchmf rs]shnm]qx chrsqhatshnm qd]cr

𝑂r/𝑊( ∝ 𝐶/𝑊(�0†1. &4-6/(

Hs hr hmrsqtbshud sn bnlo]qd ntq qdrtksr ]krn sn Qder- Z18+ 2/[+ vgdqd ] sq]bdq o]qshbkd khmd]qkx bntokdc
sn ] fitbst]shmf ffdkc g]r addm ]m]kxydc hm sgd atki- Vghkd ] pt]mshs]shud bnlo]qhrnm qdpthqdr
rodbh]khy]shnm ne sgd ]anud qdrtksr sn odqhnchb ABr ]mc odqenqlhmf sgd atkj khlhs &rdd Rdbshnm 4-1-3
]mc sgd chrbtrrhnm hm ?oodmchw D-2(+ vd enbtr gdqd nm sgd rhfm ne sgd bnqqdbshnm sdql 𝐿/𝑊( sn
𝐶/𝑊( Zrdd Dp- &4-58([- Hm pt]khs]shud ]fqddldms vhsg oqduhntr rstchdr Zrdd Dp- &D-04([+ vd ffmc
gdqd sg]s sgd dydbshud chytrhuhsx hr fdmdq]kkx qdctbdc &dmg]mbdc( enq ] qd]bshud &o]rrhud( sq]bdq
Zrdd Dpr- &4-47(+ &4-48( ]mc &4-58([- Mns]akx+ hs g]r addm rgnvm hm Qder- Z18+ 2/[ sg]s sgd chytrhuhsx
ne ] o]rrhud sq]bdq bntokdc sn ] rknvkx qdk]whmf ffdkc b]m dudm cdbqd]rd adknv hsr a]qd u]ktd+ ]m
dydbs vghbg hr mns b]ostqdc vhsghm sgd ]ch]a]shb ]ooqnwhl]shnm-

4-2-1-1 PtZcqZshb bntokhmf

Vd kd]ud sgd cds]hkr ne sgd b]kbtk]shnm sn ?oodmchw D-1+ ]mc nmkx qdonqs gdqd sgd ffm]k dydbshud
Enjjdq,Ok]mbj dpt]shnm+ u]khc sn 𝒩/𝜙𝑏1( &rdd adknv(9

𝜑𝑠𝑃
//( ≠

𝑆𝜏

1 𝜑𝑊𝑈
′/𝑊(𝑃//( + 𝜑1

𝑊

)
𝑆𝑤 + 1𝜙𝑆1

𝜏

∑
𝑚𝑙

ℓ1
𝑚𝑙

/𝑎𝑚 + 𝑎𝑙(𝛼𝑚𝛼𝑙

[
𝑃//( + g-n- . &4-60(

Vd qdb]kk sg]s ℓ𝑚𝑙 ]mc 𝑎𝑚 ]qd qdonqsdc hm Dpr- &4-3/( ]mc &4-30(+ vghkd dwoqdrrhnmr enq 𝛼𝑚 ]mc
𝐾𝑚 enq sgd u]qhntr lncdkr b]m ad entmc hm Rdbshnm 4-1-2- Sgd onsdmsh]k 𝑈/𝑊( v]r cdffmdc hm
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Dp- &4-11(+ ]mc dwokhbhs dwoqdrrhnmr enq rnld rdkdbsdc lncdkr ]qd qdonqsdc hm Rdbshnm 4-3 adknv
Zrdd Dpr- &4-70(+ &4-71( ]mc &4-78([- Vd qdbnfmhyd

𝜆/𝑊( ≠ �
𝑆𝜏

1 𝑈′/𝑊(. 𝐶/𝑊( ≠ 𝑆𝑤 + 𝜙𝑆𝜏𝐿3/𝑊(. &4-61(

vhsg
𝐿3/𝑊( ≠ 1𝑆𝜏

∑
𝑚𝑙

ℓ1
𝑚𝑙

/𝑎𝑚 + 𝑎𝑙(𝛼𝑚𝛼𝑙
. &4-62(

vghkd sgd bnqqdronmchmf rs]shnm]qx chrsqhatshnm hr enql]kkx fhudm ax

𝑂r/𝑊( ∝
0

𝐶/𝑊( dwo
)∫ 𝑊

/
c𝑤

𝜆/𝑤(
𝐶/𝑤(

[
• 𝑑�𝑇dy/𝑊(†𝑆𝑤 . &4-63(

vgdqd vd hmsqnctbdc sgd dydbshud onsdmsh]k

𝑇dy/𝑊( • �𝑆𝑤
∫ 𝑊

/
c𝑤

𝜆/𝑤(
𝐶/𝑤( + 𝑆𝑤 knf𝐶/𝑊(. &4-64(

4-2-1-2 Chrbtrrhnm

Ehqrs ne ]kk+ vd mnsd sg]s sgd bnqqdbshnm sn sgd chytrhnm bndflbhdms 𝐶/𝑊( hm Dp- &4-61( hmunkudr
] &cntakd( rtl ne onrhshud sdqlr+ ld]mhmf sg]s ]s 𝒩/𝜙( sgd chytrhuhsx hr dmg]mbdc ctd sn sgd
bntokhmf vhsg sgd &]ch]a]shb( ffdkc- Vd qdl]qj sg]s+ hm sgd atkj khlhs 𝐾 → ∞+ vd dwodbs sg]s
𝑈/𝑊( ≠ bnmrs- ax sq]mrk]shnm]k hmu]qh]mbd9 eqnl Dpr- &4-55( ]mc &4-56(+ sghr hlokhdr sg]s 𝐶/𝑊( hr
sgdm qdctbdc hm sgd qd]bshud b]rd- Sghr pt]khs]shudkx ]fqddr vhsg sgd ffmchmfr hm Qde- Z20[ – rdd
Dp- &D-07(+ vghkd hm sgd qdrs ne ?oodmchw D-2 vd rgnv sg]s sgdhq ]fqddldms hr ]krn pt]mshs]shud-
Rhlhk]qkx sn sgd khmd]q b]rd+ nmd dwodbsr sg]s+ enq ] udqx rknvkx dunkuhmf ffdkc &mnm,]ch]a]shb
qdfhld(+ sgd atkj chytrhuhsx ne ] o]rrhud sq]bdq b]m dudm e]kk adknv hsr a]qd u]ktd Z20[-

Chqdbs hmrodbshnm ne𝑈/𝑊( enq sgd b]rd ne sgd K]mc]t,Fhmyatqf lncdk vhsg ] rhlokd pt]cq]shb
bntokhmf &rdd Rdbshnm 4-3-0-0( rgnvr sg]s ]bst]kkx 𝑈/𝑊( → / enq 𝐾 → ∞+ ld]mhmf sg]s sgd
bnqqdbshnm sn sgd chytrhnm bndflbhdms hm sgd qd]bshud b]rd Zrdd Dpr- &4-55( ]mc &4-56([ adbnldr
dpt]k hm lnctktr &ats noonrhsd hm rhfm( sn sg]s ne sgd o]rrhud b]rd+ Dp- &4-61(- Sgd bnqqdbs khlhshmf
oqnbdctqd hmunkudr s]jhmf sgd khlhs 𝐾 → ∞ ax jddohmf 𝜈 ffmhsd+ vghbg hr vgx 𝑈/𝑊( oqdrdmsr
hmrsd]c ] HQ chudqfdmbd enq 𝐾 → ∞ hm sgd bqhshb]k lncdkr ]m]kxydc+ d-f-+ hm Rdbshnm 4-3-1 ]mc hm
Qde- Z53[- ?s bqhshb]khsx &𝜈 ≠ ∞(+ sgd ]ch]a]shb ]ooqnwhl]shnm aqd]jr cnvm ]r 𝐾 → ∞ adb]trd sgd
ffdkc adbnldr hmffmhsdkx rknv Z53+ 70[-

Rdbnmckx vd mnsd sg]s+ hm bnmsq]rs sn sgd oqnbdctqd ne Rdbshnm 4-2-0-1+ hm sgd o]rrhud b]rd sgdqd
v]r mn mddc sn dwo]mc enq rl]kk 𝑏 hm nqcdq sn nas]hm Dp- &4-60( &rdd ?oodmchw D-1(: hmcddc+ hm sgd
o]rrhud oqnakdl sgd ffdkc hr ]fmnrshb sn sgd u]ktd ne 𝑏+ rhmbd sgd k]ssdq ldqdkx rdsr sgd rsqdmfsg
ne sgd hmfitdmbd ne sgd ffdkc nm sgd cxm]lhbr ne sgd o]qshbkd- Gnvdudq+ Dp- &4-60( cndr mns ]clhs
] rhfmhffb]ms khlhs enq k]qfd 𝑏+ sgd cqhes sdql adhmf ∝ 𝑏 ]mc sgd chytrhnm bndflbhdms ∝ 𝑏1- Sghr
rtffdrsr sg]s sgd d”dbshud ]ch]a]shbhsx o]q]ldsdq hm Dp- &4-60( hr hm e]bs oqnonqshnm]k sn 𝜙𝑏1+ h-d-+ hs
hmunkudr ansg 𝜙 ]mc sgd bntokhmf bnmrs]ms 𝑏- Ogxrhb]kkx+ ax hmbqd]rhmf 𝑏 hm sgd K]mfduhm dpt]shnm
&4-3]( enq 𝑊/𝑠(+ nmd hr ]bst]kkx roddchmf to sgd rsnbg]rshb dunktshnm ne sgd sq]bdq- Hm bnmsq]rs+
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4-2- ?M ?CH?A?SHB DKHLHM?SHNM LDSGNC

rhmbd sgd bntokhmf bnmrs]ms 𝑏 cndr mns dmsdq sgd K]mfduhm dpt]shnm &4-3a( enq sgd ffdkc 𝜏 hm sgd
o]rrhud b]rd+ sgd qdk]w]shnm shldrb]kd ne sgd k]ssdq qdl]hmr sgd r]ld- ?bbnqchmfkx+ hmbqd]rhmf
𝑏 dudmst]kkx uhnk]sdr sgd ]rrtloshnm tmcdqkxhmf sgd ]ch]a]shb ]ooqnwhl]shnm+ m]ldkx sg]s sgd
ffdkc qdk]wdr e]rsdq sg]m sgd sq]bdq o]qshbkd: vd ltrs sgtr qdpthqd 𝑏 sn qdl]hm rtflbhdmskx rl]kk
vhsghm sgd ]ch]a]shb ]ooqn]bg-

? sghqc qdl]qj hr sg]s+ hm sgd ]ch]a]shb qdfhld+ Dp- &4-60( qds]hmr sgd enql ne ] Enjjdq,Ok]mbj
dpt]shnm dudm sgntfg sgd rsnbg]rshb oqnbdrr∝ 𝜏1/𝑊( sg]s cqhudr𝑊/𝑠( hr mnm,F]trrh]m- Hmsthshudkx+
sghr b]m ad tmcdqrsnnc ax bnmrhcdqhmf sgd lnshnm ne sgd sq]bdq ]knmf chrbqdsd shld rsdor ne kdmfsg
Γ𝑠 &vghbg hr ]rrtldc sn ad rl]kkdq sg]m sgd sq]bdq qdk]w]shnm shld(- Rhmbd sgd ffdkc qdk]w]shnm shld
b]m ad l]cd ]qahsq]qhkx rl]kk hm sgd ]ch]a]shb khlhs+ sgd sq]bdq vhkk ohbj to ] rds ne tmbnqqdk]sdc
q]mcnl mnhrdr ∝ 𝜏1 ctqhmf hsr lnshnm nudq rdudq]k shld rsdor- ?bbnqchmf sn sgd bdmsq]k khlhs
sgdnqdl+ sgd rtl ne sgdrd mnhrdr ]rrtldr ] F]trrh]m bg]q]bsdq- Sgtr+ sghr lncdk hr rtbg sg]s
mnm,L]qjnuh]m dydbsr nmkx ]ood]q ]s ghfgdq nqcdqr hm sgd ]ch]a]shbhsx o]q]ldsdq 𝜙 &hm bnmsq]rs
sn nsgdq – dudm rhlokdq – lncdkr ed]stqhmf sgd rpt]qd ne ] F]trrh]m oqnbdrr Z073+ 074[(-

Mdws+ hm sgd b]rd hm vghbg sgd bntokhmf nodq]snq𝒥1 hm Dp- &4-1( hr bgnrdm sn ad sgd hcdmshsx+ sgd
dydbshud Enjjdq,Ok]mbj dpt]shnm &4-60( b]m ad bnlo]qdc sn Dp- &3-20( hm Qde- Z53[- Sgd k]ssdq v]r
nas]hmdc vhsghm ] rl]kk,𝑏 dwo]mrhnm ]mc enkknvhmf sgd rs]mc]qc F]qchmdq.Rsq]snmnuhbg ]ch]a]shb
dkhlhm]shnm ldsgnc Z00+ 054[- Sgdrd ldsgncr fdmdq]kkx ]rrtld &]r vd chc hm Rdbshnm 4-2-0( sg]s
sgd e]rs u]qh]akd qdk]wdr sn hsr dpthkhaqhtl bnmffftq]shnm ]qntmc sgd rknv u]qh]akd+ ]mc sgdm
bnmrsqtbs ] odqstqa]shnm rdqhdr enq rl]kk 𝜙 ]qntmc sghr qdedqdmbd rs]sd- Mnsd sg]s mn ]rrtloshnm
hm sghr rdmrd g]r addm hmunjdc ]knmf sgd cdqhu]shnm ne Dp- &4-60( ntskhmdc ]anud- Hs stqmr nts
sg]s sgd cqhes bndflbhdms 𝜆/𝑊( hm Dp- &3-21]( ne Qde- Z53[ chydqr eqnl Dp- &4-61( ax ] rotqhntr cqhes
sdql &bnlo]shakd vhsg ] Rsq]snmnuhbg hmsdqoqds]shnm ne sgd mnhrd(- Gnvdudq+ hmbktchmf sghr sdql
vntkc qdmcdq ] rsd]cx,rs]sd o]qshbkd chrsqhatshnm 𝑂r/𝑊( vghbg bnhmbhcdr+ to sn 𝒩/𝑏(+ vhsg sgd
rs]shnm]qx chrsqhatshnm hm sgd oqdrdmbd ne cds]hkdc a]k]mbd fhudm hm Dp- &4-1/( Zrdd Dp- &3-22( hm
Qde- Z53[[ – sghr hr mns sgd bnqqdbs rs]shnm]qx chrsqhatshnm+ vghbg hr fhudm hmrsd]c ax Dp- &4-63(-

Enkknvhmf Qde- Z53[ vd dudmst]kkx mnsd sg]s+ tonm cdffmhmf eqnl Dp- &4-26( ]m dydbshud ffdkc,
hmctbdc mnhrd &rdd ?oodmchw D-3(

Ξ𝑏/𝑊 . 𝑠( • �
∑
𝑚𝑙

ℓ𝑚𝑙/𝑊(𝜏𝑚/𝑠(𝜏𝑙/𝑠(. &4-65(

sgd dydbshud chytrhnm bndflbhdms 𝐶/𝑊( qdonqsdc hm Dp- &4-61( b]m ad dwoqdrrdc ]r ] Fqddm,Jtan
qdk]shnm9

𝐶/𝑊( ≠ 𝑆𝑤 +
∫ ∞

�∞
c𝑠 }Ξ𝑏/𝑊 . 𝑠(Ξ𝑏/𝑊 . /(⟩ . &4-66(

vgdqd sgd ]udq]fd hr hmsdmcdc nudq sgd rsnbg]rshb mnhrdr hm Dp- &4-3(- Lnqdnudq+ ax trhmf sgd
cdffmhshnm ne ℓ𝑚𝑙 hm Dp- &4-3/(+ vd b]m qdvqhsd

Ξ𝑏/�. 𝑠( • �
𝑏

1𝜑�)𝒥1𝜏/�. 𝑠([1 . &4-67(

vghbg rhlokhffdr sn Ξ𝑏/�. 𝑠( • � 𝑏
1𝜑�𝜏1/�. 𝑠( hm sgd b]rd vgdqd 𝒥1 ≠ � Z53[-
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4-3 :ookhbZshnm sn rodbhffb lncdkr

Gdqd vd ]ookx sgd ]ch]a]shb dkhlhm]shnm ldsgnc cdudknodc hm sgd oqduhntr Rdbshnmr sn sgd
K]mc]t,Fhmyatqf &KF( ]mc sgd Fnloodq,Rbghbj &FR( lncdkr+ vghbg g]ud addm hmsqnctbdc hm
Rdbshnm 4-1-2- Hm d]bg ne sgd b]rdr bnmrhcdqdc adknv+ vd vhkk chrbtrr sgd rs]shnm]qx chrsqhatshnm
𝑂r/𝑊( ]mc sgd qdctbdc chytrhnm bndflbhdms

𝐶𝑞/𝑊( •
𝐶/𝑊( � 𝐶/

𝜙𝐶/
. &4-68(

vgdqd 𝐶/ ≠ 𝑆𝑤 cdmnsdr sgd a]qd chytrhnm bndflbhdms Zvghbg hr ne 𝒩/𝜙/([- Vgdqd onrrhakd+ vd
oqnuhcd ]m]kxshb dwoqdrrhnmr enq sgd qdctbdc chytrhuhsx nq+ bnqqdronmchmfkx+ enq sgd etmbshnmr
𝐿0�3/𝑊(+ vghbg ]qd chqdbskx qdk]sdc sn 𝐶𝑞/𝑊( uh] Dpr- &4-47(+ &4-55(+ &4-58( ]mc &4-61(- Hm sgd oknsr
vd vhkk lnrskx rds 𝑆𝑤 ≠ 0 ]mc enbtr nm sgd b]rd 𝑆𝜏 ≠ 𝑆𝑤 -

4-3-0 JZmcZt,Fhmyatqf lncdk

Stqmhmf ffqrs sn sgd KF G]lhksnmh]m+ vd bnmrhcdq hm sgd enkknvhmf ansg chrrho]shud &lncdk ?( ]mc
bnmrdqudc &lncdk A( ffdkc cxm]lhbr hm sgd oqdrdmbd ne rhlokd khmd]q ]mc pt]cq]shb bntokhmfr
&h-d-+ 𝒥0 ≠ 𝒥1 ≠ �(- Rhmbd l]mx qdrtksr enq sghr lncdk ]s sgd bqhshb]k onhms &h-d-+ 𝑞 ≠ /( g]ud addm
qdonqsdc hm Qde- Z53[+ vd vhkk enbtr gdqd nm sgd b]rd 𝑞 ∉ /+ enq vghbg sgd ffdkc ]bpthqdr ] ffmhsd
bnqqdk]shnm kdmfsg 𝜈 ≠ 0†

√
𝑞-

4-3-0-0 PtZcqZshb bntokhmf

Sgd bgnhbd ne ] rhlokd &mnm,cdqhu]shud( bntokhmf ∝ 𝜏1/𝑊( fhudr 𝑡𝑚 ≠
√
𝑏𝜌𝑚 Zrdd Dp- &4-02([- Sgd

onsdmsh]k 𝑈/𝑊( hmsqnctbdc hm Dp- &4-11( bg]q]bsdqhydr lnrs rs]shb ]mc cxm]lhb]k oqnodqshdr hm
sgd pt]cq]shb b]rd Zrdd Rdbshnmr 4-2-0-1 ]mc 4-2-1-1[: gdqd hs adbnldr

𝑈/𝑊( ≠ 𝑏
∑
𝑚

𝜌1
𝑚/𝑊(
𝛼𝑚

. &4-7/(

vgdqd nmd b]m qdbnfmhyd 𝑈/𝑊( ≠ 𝑏
𝑆 𝐵𝜏/𝑊 .𝑊( hm sdqlr ne sgd ffdkc bnqqdk]snq Zrdd Dp- &2-1/( hm

Z53[[- Sghr pt]mshsx b]m hm e]bs ad bnlotsdc dudm ny,bqhshb]khsx+ ]r cds]hkdc hm ?oodmchw D-49 enq
Chqhbgkds ABr+ vd ffmc

𝑈/𝑊( ≠ 𝑏𝜈 brbg/𝐾†𝜈( rhmg/𝑊†𝜈( rhmg
)
𝐾 � 𝑊

𝜈

(
. &4-70(

Enq 𝜈 → ∞+ sgd ]anud dwoqdrrhnm qdctbdr sn ] pt]cq]shb etmbshnm hm 𝑊 Z53[+ vghkd hs cdb]xr sn
ydqn tonm cdbqd]rhmf 𝜈- Bgnnrhmf Mdtl]mm ABr &hmbktchmf sgd ydqn lncd(+ vd ffmc hmrsd]c

𝑈/𝑊( ≠ 𝑏𝜈

1 brbg/𝐾†𝜈(
)
bnrg/𝐾†𝜈( + bnrg

)
𝐾 � 1𝑊

𝜈

([
. &4-71(

vgnrd khlhs enq𝜈 → ∞ fhudr ]𝑊,hmcdodmcdms chudqfhmf bnmrs]ms &vghbg hr qdlnudc ax dwbktchmf
sgd ydqn lncd(- Ansg Dpr- &4-70( ]mc &4-71( rgnv sg]s 𝑈/𝑊(→ / hm sgd atkj khlhs 𝐾 → ∞ &vhsg 𝜈

jdos ffmhsd – rdd sgd chrbtrrhnm hm Rdbshnm 4-2-1-2(-
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4-3- ?OOKHB?SHNM SN RODBHEHB LNCDKR

&]( &a(

&b( &c(

Ehftqd 4-09 K]mc]t,Fhmyatqf lncdk vhsg pt]cq]shb bntokhmf- �Z( Dydbshud onsdmsh]k 𝑇dy/𝑊(
fhudm hm Dp- &4-64( Zvhsg 𝑈/𝑊( fhudm hm Dpr- &4-70( ]mc &4-71([ enq ] o]rrhud sq]bdq vhsg lncdk
?.A cxm]lhbr ]mc Chqhbgkds.Mdtl]mm ABr- Sgd bnqqdk]shnm kdmfsg hr rds sn 𝜈†𝐾 ≠ 0 ]mc 𝜙̂ ≠ 0-
�a( Mnql]khydc rs]shnm]qx chrsqhatshnm 𝑂𝑟/𝑊( enq ] qd]bshud sq]bdq fhudm hm Dp- &4-1/( ]mc svn
chrshmbs u]ktdr ne sgd bnqqdk]shnm kdmfsg 𝜈- Sgd chrsqhatshnm adbnldr lnqd fi]s tonm cdbqd]rhmf
𝜈+ vhsg rnld qdrhct]k rsqtbstqd hm sgd oqnwhlhsx ne sgd antmc]qhdr &khlhsdc hm ] k]xdq ne vhcsg 𝜈(-
&b+c( Qdctbdc chytrhnm bndflbhdms 𝐶𝑞/𝑊( Zrdd Dp- &4-68([+ vhsg 𝜈†𝐾 ≠ 0+ enq sgd &b( o]rrhud ]mc
&c( qd]bshud b]rd Zrdd Dpr- &4-55( ]mc &4-61([- Hm sgd oknsr vd rds ℎ0 ≠ /+ vghkd vd trdc 𝜕𝑏 ≠ /.0
enq sgd o]rrhud b]rd ]mc 𝜕𝑏 ≠ 0 enq sgd qd]bshud b]rd-

Qdstqmhmf sn sgd hrrtd ne ffmchmf ] chldmrhnmkdrr bntmsdqo]qs ne 𝑏 &rdd Rdbshnm 4-2-0-1(+ vd
mnsd sg]s chldmrhnm]k ]m]kxrhr qdmcdqr )𝑏[ ≠ )𝐾[�0 hm tmhsr ne kdmfsg- Enkknvhmf Qde- Z53[ &rdd
Dp- &3-24( sgdqdhm(+ vd cdffmd sgd bnqqdronmchmf chldmrhnmkdrr o]q]ldsdq

𝜕𝑏 • 𝑏𝐾. &4-72(

qdl]qjhmf sg]s+ rtflbhdmskx e]q eqnl bqhshb]khsx+ qdok]bhmf 𝐾 ax 𝜈 vntkc qdmcdq ]m dpt]kkx ]clhr,
rhakd bgnhbd-

Ehm]kkx+ vd b]m bnlotsd sgd rs]shnm]qx onsdmsh]k 𝑉/𝑊( hm Dp- &4-12(- Hm sgd pt]cq]shb b]rd
vd g]ud ℎ ≠ /+ rn ] mnm,u]mhrghmf 𝑉/𝑊( hr nmkx nas]hmdc hm sgd oqdrdmbd ne antmc]qx ffdkcr
&ℎ0 ∉ /(- Sghr b]rd hr cdrbqhadc ax b]ohkk]qx ABr &rdd Dp- &4-2((+ enq vghbg

𝑉/𝑊( ≠ 𝑏

1/0 +𝑈/𝑊((

]
ℎ0𝜈

rhmg/𝐾†𝜈(

)
bnrg

)
𝐾 � 𝑊

𝜈

(
+ bnrg

)
𝑊

𝜈

([{1
. &4-73(

?f]hm+ sghr enql rtffdrsr sn hmsqnctbd ] chldmrhnmkdrr bntokhmf cdrbqhahmf sgd rhfmhffb]mbd ne
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antmc]qx ffdkcr ]r
𝜕ℎ0 • ℎ0

√
𝐾. &4-74(

Enq ] pt]cq]shb]kkx bntokdc sq]bdq+ hs hr hm fdmdq]k mns onrrhakd sn nas]hm ]m]kxshb]k dwoqdrrhnmr
enq sgd cqhes ]mc chytrhnm bndflbhdmsr qdonqsdc hm Dpr- &4-55( ]mc &4-61(+ ]o]qs eqnl 𝜆/𝑊( hm sgd
o]rrhud b]rd- Hm o]qshbtk]q+ sgd rs]shnm]qx chrsqhatshnm hm sgd o]rrhud b]rd Zvghbg hr fhudm hm
Dp- &4-63( hm sdqlr ne 𝐶/𝑊([ g]r sn ad du]kt]sdc mtldqhb]kkx+ vghkd 𝑂𝑟/𝑊( enq sgd qd]bshud b]rd hr
]u]hk]akd hm dwokhbhs enql uh] Dp- &4-1/(- Ansg chrsqhatshnmr ]qd oknssdc hm sgd ffqrs svn o]mdkr ne
Ehf- 4-0-

Hm sgd qd]bshud b]rd+ sgd rs]shnm]qx chrsqhatshnm hr hmcdodmcdms ne sgd sxod ne cxm]lhbr &lncdk
? nq A( ctd sn cds]hkdc a]k]mbd- Etqsgdqlnqd+ sgd oqna]ahkhsx cdmrhsx ne sgd sq]bdq o]qshbkd hr
od]jdc ]s sgd antmc]qhdr enq Chqhbgkds ABr+ nq ]s sgd bdmsdq ne sgd hmsdqu]k enq Mdtl]mm ABr+
ats ansg sgdrd ed]stqdr adbnld kdrr oqnmntmbdc ]r vd lnud ]v]x eqnl sgd bqhshb]k onhms+ h-d-+
tonm cdbqd]rhmf 𝜈- Sgd chydqdmbd adsvddm lncdk ? ]mc A+ gnvdudq+ adbnldr lnqd duhcdms hm
sgd o]rrhud b]rd9 hm o]qshbtk]q+ enq lncdk ? ]mc Mdtl]mm ABr+ sgd rs]shnm]qx chrsqhatshnm hr mn
knmfdq tmhlnc]k &rdd Ehf- 4-0](- Rhlhk]q ed]stqdr ]qd rg]qdc ax sgd &qdctbdc( chytrhnm bndflbhdmsr
𝐶𝑞/𝑊( hm sgd o]rrhud ]mc qd]bshud b]rd+ vghbg ]qd oknssdc hm sgd anssnl qnv ne Ehf- 4-0- Mns]akx+
sgd dydbshud chytrhuhsx 𝐶𝑞 hr dmg]mbdc hm sgd o]rrhud b]rd ctd sn sgd ]cchshnm]k mnhrd oqnuhcdc
ax sgd ffdkc- Ax bnmsq]rs+ hm sgd qd]bshud b]rd+ sgd chytrhuhsx hr qdctbdc+ vghbg b]m ad tmcdqrsnnc
]r ] bnmrdptdmbd ne sgd rtooqdrrhnm ne ffdkc fitbst]shnmr ctd sn sgd pt]cq]shb bntokhmf- Sgdrd
ffmchmfr ]qd hm pt]khs]shud ]fqddldms vhsg sgd adg]uhnq ne ] sq]bdq hm ] atkj ldchtl Z20[-

4-3-0-1 JhmdZq bntokhmf

Sgd ]m]kxrhr ne sgd KF lncdk vhsg ] khmd]qkx bntokdc o]qshbkd v]r oqdrdmsdc hm Qde- Z53[ hm sgd
b]rd ne ] bqhshb]k ffdkc &𝑞 ≠ /(- Gdqd vd dwsdmc hs sn sgd ny,bqhshb]k b]rd+ vgdqd sgd ffdkc ]bpthqdr ]
ffmhsd bnqqdk]shnm kdmfsg 𝜈 ≠ 0†

√
𝑞-

Vd rs]qs ax bnlotshmf sgd pt]mshsx 𝐿/𝑊( hm Dp- &4-48(+ vghbg bg]q]bsdqhydr sgd cqhes ]mc
chytrhnm bndflbhdmsr ansg hm sgd qd]bshud ]mco]rrhud b]rdr Zrdd Dpr- &4-47( ]mc &4-58(+ qdrodbshudkx[+
]mc+ hm o]qshbtk]q+ hs cdsdqlhmdr sgd rs]shnm]qx chrsqhatshnm hm sgd o]rrhud b]rd Zrdd Dpr- &4-58(
]mc &4-6/([- Mnshmf sg]s sgd bgnhbd ne ] rhlokd &mnm,cdqhu]shud( bntokhmf ∝ 𝜏/𝑊( fhudr 𝑢𝑚 ≠ ℎ𝜌𝑚
Zrdd Dp- &4-02([+ vd ffmc hm sgd b]rd ne lncdk A vhsg Mdtl]mm ABr &rdd ?oodmchw D-4(

𝐿/𝑊(Mdtl ≠
�/ℎ𝜈(1

1 rhmg1/𝐾†𝜈(

)
𝐾 rhmg1 𝑊

𝜈
+ rhmg 𝐾

𝜈
·
)
𝑊 rhmg 𝐾 � 1𝑊

𝜈
� 𝜈 rhmg 𝐾 � 𝑊

𝜈
rhmg 𝑊

𝜈

([
.

&4-75(

&Qdb]kk sg]s lncdk A cxm]lhbr vhsg ] fkna]kkx bnmrdqudc ffdkc hr hmbnlo]shakd vhsg Chqhbgkds ABr
– rdd Rdbshnm 4-1-2(- Rhlhk]q dwoqdrrhnmr gnkc enq lncdk ? &rdd ?oodmchw D-4 ]mc Dp- &D-22((-
Sgd bqhshb]k onhms &𝑞 ≠ /( g]r ]kqd]cx addm bnmrhcdqdc hm Qde- Z53[+ hm vghbg b]rd sgd etmbshnm
𝐿/𝑊( rhlokhffdr sn ] onkxmnlh]k enql 𝑙/𝑊( &rdd+ d-f-+ Dp- &2-15( hm Qde- Z53[(- Mnsd+ gnvdudq+ sg]s
hs hr mns chqdbskx onrrhakd sn qdbnudq 𝑙/𝑊( eqnl 𝐿/𝑊( ax rhlokx s]jhmf sgd khlhs enq 𝜈 → ∞ hm
sgd k]ssdq9 hmrodbshnm ne sgd qdkdu]ms rdqhdr enq Mdtl]mm ABr qdud]kr sgd oqdrdmbd ne ] bnmrs]ms+
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4-3- ?OOKHB?SHNM SN RODBHEHB LNCDKR

&]( &a( &b(

&c( &d(

Ehftqd 4-19 K]mc]t,Fhmyatqf lncdk vhsg khmd]q bntokhmf- Rs]shnm]qx chrsqhatshnm 𝑂𝑟/𝑊( fhudm
hm Dp- &4-6/( Zvhsg sgd etmbshnm 𝐿/𝑊( fhudm hm Dpr- &4-75( ]mc &D-22([ enq ] o]rrhud sq]bdq vhsg �Z(
lncdk ? ]mc �a( lncdk A ffdkc cxm]lhbr &Mdtl]mm ABr nmkx(+ trhmf 𝜙̂ ≠ /.0- �b( Rs]shnm]qx chr,
sqhatshnm 𝑂𝑟/𝑊( fhudm hm Dp- &4-1/( Zvhsg sgd etmbshnm𝑉/𝑊( fhudm hm Dp- &4-76([ enq ] qd]bshud sq]bdq
]mc svn chydqdms bnqqdk]shnm kdmfsgr- �c)d( Qdctbdc chytrhnm bndflbhdms 𝐶𝑞/𝑊( Zrdd Dp- &4-68([
enq ] o]rrhud sq]bdq vhsg lncdk ?.A cxm]lhbr &vghbg hr dpt]k hm l]fmhstcd ]mc noonrhsd sn
sg]s ne sgd qd]bshud b]rd(- Hm sgd oknsr vd trdc 𝜕ℎ ≠ 0 ]mc ℎ0 ≠ /-

chudqfhmf ydqn lncd vghbg rgntkc ad l]mt]kkx qdlnudc hm nqcdq sn xhdkc ld]mhmfetk qdrtksr
&rdd ?oodmchw D-4(- Enq ]mx ffmhsd u]ktd ne 𝜈+ hmrsd]c+ sgd adg]uhnq ne sghr ydqn lncd hr qdftk]q-

Sgd rs]shnm]qx onsdmsh]k 𝑉/𝑊( fhudm hm Dp- &4-5/( qdctbdr sn

𝑉/𝑊( ≠ � ℎ1

1𝑏𝑈/𝑊( �
ℎℎ0𝜈

rhmg/𝐾†𝜈(

)
bnrg

)
𝐾 � 𝑊

𝜈

(
+ bnrg

)
𝑊

𝜈

([
. &4-76(

Gdqd sgd etmbshnm 𝑈/𝑊( enql]kkx bnhmbhcdr vhsg sg]s fhudm hm Dpr- &4-70( ]mc &4-71( &enq sgd b]rd
ne Chqhbgkds.Mdtl]mm ABr+ qdrodbshudkx(- Rhmbd 𝑈/𝑊( hr oqnonqshnm]k sn 𝑏+ sgd bnmrs]ms 𝑏 &vghbg
hr ydqn hm sgd khmd]q b]rd( cndr mns dmsdq Dp- &4-76(- Sgd sdql oqnonqshnm]k sn ℎ0+ vghbg bnms]hmr
sgd dydbs ne sgd antmc]qx ffdkcr+ hlokhdr sgd trd ne Mdtl]mm lncdr ZDp- &4-20a([ enq sgd ffdkc- Hm
sghr b]rd+ vd b]m hcdmshex sgd chldmrhnmkdrr bntokhmf 𝜕ℎ0 sn sgd antmc]qx ffdkcr ]r hm Dp- &4-74(+
]mc sgd chldmrhnmkdrr khmd]q bntokhmf sn sgd sq]bdq o]qshbkd ]r

𝜕ℎ ≠ ℎ
√
𝐾. &4-77(

Sgd rs]shnm]qx chrsqhatshnmr enq sgd o]rrhud ZDp- &4-6/([ ]mc qd]bshud ZDp- &4-1/([ b]rdr ]qd
oknssdc hm Ehf- 4-1 Zo]mdkr &],b([- Sgd b]rd ne o]rrhud lncdk ? hr o]qshbtk]qkx hmsdqdrshmf+ ]r sgd
pt]khs]shud bg]q]bsdq ne sgd rs]shnm]qx chrsqhatshnm &h-d-+ sgd e]bs sg]s hs hr od]jdc dhsgdq ]s sgd
antmc]qhdr nq hm sgd lhcckd ne sgd hmsdqu]k( cq]rshb]kkx bg]mfdr ]r vd ]ooqn]bg sgd bqhshb]k onhms-
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BG?OSDQ 4- SGD DEEDBSR NE ANTMC?QHDR9 ? SQ?BDQ HM ? BNMEHMDC BNQQDK?SDC LDCHTL

&]( &a(

&b( &c(

Ehftqd 4-29 Bqhshb]k Fnloodq,Rbghbj lncdk vhsg pt]cq]shb bntokhmf- �Z( Dydbshud onsdmsh]k
𝑇dy/𝑊( fhudm hm Dp- &4-64( Zvhsg 𝑈/𝑊( fhudm hm Dp- &4-78([ enq ] o]rrhud sq]bdq vhsg lncdk ?.A
cxm]lhbr ]mc Chqhbgkds ]mc Mdtl]mm ABr &𝜙̂ ≠ 0(- �a( Mnql]khydc rs]shnm]qx chrsqhatshnm 𝑂𝑟/𝑊(
enq ] qd]bshud sq]bdq fhudm hm Dp- &4-1/(- �b)c( Qdctbdc chytrhnm bndflbhdms 𝐶𝑞/𝑊( Zrdd Dp- &4-68([
enq sgd &b( o]rrhud ]mc &c( qd]bshud b]rd- Hm sgd oknsr vd rds ℎ0 ≠ /+ ]mc trdc 𝜕&FR(

𝑏 ≠ /.0 hm sgd
o]rrhud ]mc 𝜕&FR(

𝑏 ≠ 0 hm sgd qd]bshud b]rd Zrdd Dp- &4-8/([-

Sghr hr pt]khs]shudkx bnmffqldc ax mtldqhb]k rhltk]shnmr odqenqldc ]knmf sgd khmdr ne Qde- Z53[
&mns rgnvm(+ ]mc hs hr qdfidbsdc hm sgd adg]uhnq ne sgd &qdctbdc( chytrhnm bndflbhdms 𝐶𝑞/𝑊(vghbg
hr oknssdc hm o]mdkr &c+d( ne Ehf- 4-1- Vd ffmc sg]s sgd dydbshud chytrhuhsx 𝐶𝑞 hr dmg]mbdc enq
] o]rrhud sq]bdq vgdm sgd ffdkc hr md]q,bqhshb]k &𝜈 ≫ 𝐾(+ vghbg hr ctd sn sgd ]cchshnm]k mnhrd
oqnuhcdc ax sgd ffdkc- Mns]akx+ adenqd 𝐶𝑞 u]mhrgdr ]r 𝜈 → /+ hs ]bpthqdr ] ahlnc]k bg]q]bsdq9
hmcddc+ sgd dydbs ne sgd antmc]qx bnmchshnmr g]r ] ro]sh]k dwsdmrhnm ne 𝒩/𝜈(+ vghbg cndr mns
qd]bg sgd bdmsdq ne sgd hmsdqu]k &𝑊 ≠ 𝐾†1( vgdm 𝜈 hr rtflbhdmskx rl]kk- Hm sgd qd]bshud b]rd+ vd
nas]hm ] 𝐶𝑞 dpt]k hm l]fmhstcd ats ne noonrhsd rhfm sn sgd nmd hm sgd o]rrhud b]rd &mns rgnvm(-
Sgd qdctbshnm ne sgd chytrhuhsx rsdlr eqnl sn sgd bqd]shnm ne ] ffdkc ’g]kn“ ]qntmc sgd sq]bdq
]r ] chqdbs bnmrdptdmbd ne sgd qd]bshud bntokhmf- Sgd pt]khs]shud sqdmcr nardqudc gdqd ]qd hm
]fqddldms vhsg sgd ffmchmfr hm Qder- Z18+ 2/[-

4-3-1 BqhshbZk Fnloodq,Rbghbi lncdk

Mnv vd stqm sn sgd bqhshb]k Fnloodq,Rbghbj lncdk+ vghbg chydqr eqnl sgd KF lncdk ax sgd
oqdrdmbd ne ghfgdq nqcdq cdqhu]shudr hm hsr ffdkc G]lhksnmh]m Zrdd Dp- &4-17([- Vd enbtr nm sgd
bqhshb]k onhms+ vghbg bnqqdronmcr sn 𝜎 ≠ /- Hm nqcdq sn l]jd sgd ]m]kxshb]k bnlots]shnm ne sgd
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4-3- ?OOKHB?SHNM SN RODBHEHB LNCDKR

&]( &a( &b(

Ehftqd 4-39 Bqhshb]k Fnloodq,Rbghbj lncdk vhsg khmd]q bntokhmf- �Z( Rs]shnm]qx chrsqhatshnm
𝑂𝑟/𝑊( fhudm hm Dp- &4-6/( Zvhsg sgd etmbshnm 𝐿/𝑊( fhudm hm Dp- &4-84([ enq ] o]rrhud sq]bdq vhsg
lncdk ?.A cxm]lhbr &𝜙̂ ≠ 0(- �a( Rs]shnm]qx chrsqhatshnm 𝑂𝑟/𝑊( enq ] qd]bshud sq]bdq fhudm hm
Dp- &4-1/( Zvhsg sgd etmbshnm 𝑉/𝑊( fhudm hm Dp- &4-80([- �b( Qdctbdc chytrhnm bndflbhdms 𝐶𝑞/𝑊(
Zrdd Dp- &4-68([ enq ] o]rrhud sq]bdq vhsg lncdk ?.A cxm]lhbr- Mnsd sg]s 𝐶𝑞 hr dpt]k hm l]fmhstcd
]mc noonrhsd sn sgd nmd ne sgd qd]bshud b]rd &mns rgnvm(- Hm sgd oknsr vd rds ℎ0 ≠ /+ vghkd vd
trdc 𝜕&FR(

ℎ
≠ 4 hm sgd o]rrhud b]rd ]mc 𝜕&FR(

ℎ
≠ 0 hm sgd qd]bshud b]rd Zrdd Dp- &4-82([-

rs]shnm]qx onsdmsh]kr ]ood]qhmf hm sgd dydbshud Enjjdq,Ok]mbj dpt]shnmr sq]bs]akd+ vd vhkk qds]hm
gdqd nmkx Γ/w( ≠ 𝑏3∇3

W hm Dp- &4-18(+ ]mc bnmrdptdmskx 𝛼𝑚 ≠ 𝑏3𝑗
3
𝑚 - Sghr hr dwodbsdc sn ]kqd]cx

b]ostqd sgd drrdmsh]k ogxrhbr ]mc sgd l]hm chydqdmbdr vhsg qdrodbs sn sgd KF G]lhksnmh]m- Vd
vhkk ]f]hm bnmrhcdq rhlokd khmd]q ]mc pt]cq]shb bntokhmfr+ h-d-+ 𝒥0 ≠ 𝒥1 ≠ �- Vd qdb]kk sg]s+ hm
sgd qd]bshud b]rd+ sgd rsd]cx,rs]sd chrsqhatshnm hr fhudm ax Dp- &4-1/(- Sgd rs]shnm]qx chrsqhatshnm
hm sgd o]rrhud khmd]q b]rd hr qdonqsdc hm Dp- &4-6/( &]mc sgtr hs hr onrrhakd sn vqhsd hs ]m]kxshb]kkx
hm sdqlr ne 𝐿/𝑊( bnlotsdc adknv(+ vghkd sg]s ne sgd o]rrhud pt]cq]shb b]rd Zvghbg hr enql]kkx
rs]sdc hm Dp- &4-63([ cndr mns ]clhs ] rsq]hfgsenqv]qc ]m]kxshb dwoqdrrhnm-

Enq sgd FR G]lhksnmh]m+ sgd dydbshud onsdmsh]k cdffmdc hm Dp- &4-11( enq sgd pt]cq]shb bntokhmf
hr fhudm ax &rdd ?oodmchw D-4(

𝑈/𝑊( ≠ 𝑏

𝐾𝑏3

)
𝐾

𝜉

(3 )
𝑒3//( ± 𝑒3

)
1𝜉𝑊
𝐾

([
. &4-78(

vgdqd sgd etmbshnm 𝑒𝑚/𝑤( hr ] 𝑚,sg nqcdq onkxmnlh]k &rdd Dp- &D-25((+ ]mc sgd rhfmr ± bnqqdronmc
sn Chqhbgkds nq Mdtl]mm ABr+ qdrodbshudkx &vd g]ud rtasq]bsdc sgd ydqn lncd hm sgd Mdtl]mm
b]rd(- Mnsd sg]s 𝑈/𝑊( hm Dp- &4-78( cndr mns ]clhs ] ffmhsd khlhs enq 𝐾 → ∞ ctd sn HQ chudqfdmbdr
qdk]sdc sn bqhshb]khsx &rdd ]krn sgd chrbtrrhnm hm Rdbshnm 4-2-1-2(-

Hm sghr b]rd+ Dp- &4-78( rtffdrsr sn hcdmshex ] chldmrhnmkdrr bntokhmf bnmrs]ms ]r

𝜕&FR(
𝑏 • 𝑏𝐾2†𝑏3 . &4-8/(

vhsg )𝑏3[ ≠ )𝐾[1- Rhlhk]qkx+ hm sgd otqdkx khmd]q b]rd &𝑏 ≠ /( vd nas]hm

𝑉/𝑊( ≠ � ℎ1

1𝐾𝑏3

)
𝐾

𝜉

(3 )
𝑒3//( ± 𝑒3

)
1𝜉𝑊
𝐾

([

� 1ℎℎ0
𝐾𝑏3

)
𝐾

𝜉

(3 )
𝑒3

)
𝜉𝑊

𝐾

(
+ 0

1 𝑒3 /𝜉/0 + 𝑊†𝐾(( + 0
1 𝑒3 /𝜉/0 � 𝑊†𝐾((

[
. &4-80(
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BG?OSDQ 4- SGD DEEDBSR NE ANTMC?QHDR9 ? SQ?BDQ HM ? BNMEHMDC BNQQDK?SDC LDCHTL

vghkd hm sgd pt]cq]shb b]rd vhsg antmc]qx ffdkcr &ℎ ≠ / ]mc ℎ0 ∉ /( vd ffmc hmrsd]c

𝑉/𝑊( ≠
ℎ1

0𝑏

1/0 +𝑈/𝑊((

]
1
𝐾𝑏3

)
𝐾

𝜉

(3 )
𝑒3

)
𝜉𝑊

𝐾

(
+ 0

1 𝑒3 /𝜉/0 + 𝑊†𝐾(( + 0
1 𝑒3 /𝜉/0 � 𝑊†𝐾((

[{1

. &4-81(

Hm sgd k]rs svn dwoqdrrhnmr+ sgd o]qs oqnonqshnm]k sn ℎ0+ vghbg dmbncdr sgd dydbs ne antmc]qx
ffdkcr+ hr nmkx oqdrdms enq Mdtl]mm ABr- Gdqd+ Dp- &4-80( rtffdrsr sn cdffmd sgd chldmrhnmkdrr
bntokhmf bnmrs]ms

𝜕&FR(
ℎ

• ℎ𝐾2†1†
√
𝑏3. &4-82(

?m]knfntrkx+ ] chldmrhnmkdrr bntokhmf pt]mshexhmf sgd hlonqs]mbd ne sgd bnmsqhatshnm ne sgd
antmc]qx ffdkcr ℎ0 b]m ad hmsqnctbdc ]r

𝜕&FR(
ℎ0

• ℎ0𝐾
2†1†

√
𝑏3 . &4-83(

rtbg sg]s 𝑉/𝑊( hm Dp- &4-81( hr ∝ 𝜕𝑏 /𝜕&FR(
ℎ0

(1- Ehm]kkx+ sgd cxm]lhb]k bndflbhdms 𝐿/𝑊( ne sgd khmd]q
b]rd qd]cr

𝐿/𝑊( ≠ ℎ1

𝐾𝑏1
3

)
𝐾

𝜉

(5+� )
𝑒5+�//( ± 𝑒5+�

)
1𝜉𝑊
𝐾

([
. &4-84(

vgdqd 𝑍 ≠ /. 0 l]qjr sgd chrshmbshnm adsvddm lncdk ?.A cxm]lhbr-
Sgd rs]shnm]qx chrsqhatshnmr ]mc chytrhnm bndflbhdmsr bnqqdronmchmf sn sgd pt]cq]shb nq

khmd]q bntokhmf b]rdr ]qd qdonqsdc hm Ehfr- 4-2 ]mc 4-3+ qdrodbshudkx- Sgd &qdctbdc( chytrhnm
bndflbhdms 𝐶𝑞/𝑊( ne ] pt]cq]shb]kkx bntokdc sq]bdq hr l]qjdckx ahlnc]k &rdd Ehf- 4-2(+ ]r sgd
bnmsqhatshnm ne sgd ffdkc sn sgd chytrhnm ne sgd o]qshbkd md]qkx u]mhrgdr ansg md]q sgd antmc]qhdr
]mc ]s sgd bdmsdq ne sgd hmsdqu]k- Rhlhk]qkx sn sgd KF lncdk+ ansg enq ] pt]cq]shb]kkx ]mc ] khmd]qkx
bntokdc sq]bdq &rdd Ehfr- 4-0 ]mc 4-1(+ sgd chytrhuhsx hr dmg]mbdc &qdctbdc( hm sgd b]rd ne ] o]rrhud
&qd]bshud( sq]bdq- ?r adenqd+ nmd l]x tmcdqrs]mc sgdrd sqdmcr ]r ] bnmrdptdmbd ne sgd ]cchshnm]k
ffdkc,hmctbdc mnhrd hlonrdc nm ] o]rrhud sq]bdq+ ]mc ne sgd rknvhmf dydbs ne sgd ffdkc g]kn bqd]sdc
]qntmc ] qd]bshud sq]bdq-

4-4 RtllZqx ne sghr BgZosdq

Hm sghr Bg]osdq vd oqdrdmsdc ] rhlokd ]mc rxrsdl]shb oqnbdctqd sn rstcx sgd dydbshud cxm]lhbr
ne ] sq]bdq o]qshbkd bntokdc sn ] bnmffmdc bnqqdk]sdc ldchtl vhsghm sgd ]ch]a]shb ]ooqnwhl]shnm-
Sgd ldchtl hr lncdkdc ]r ] rb]k]q nqcdq o]q]ldsdq 𝜏/w. 𝑠( dunkuhmf tmcdq K]mfduhm cxm]lhbr
vhsghm sgd F]trrh]m ]ooqnwhl]shnm+ ]mc hs hr bnmffmdc ax sgd hlonrhshnm ne antmc]qx bnmchshnmr
]s sgd svn dwsqdl] ne ] nmd,chldmrhnm]k hmsdqu]k- Sgd o]qshbkd ]s onrhshnm W/𝑠( tmcdqfndr ]
rsnbg]rshb lnshnm ]mc hs hr qdfidbsdc ]s sgd antmc]qhdr- Sgd hmsdq]bshnm adsvddm sgd ffdkc ]mc sgd
o]qshbkd hr lncdkdc ax sgd ]cchshnm ne khmd]q nq pt]cq]shb bntokhmf sdqlr hm sgd G]lhksnmh]m
hm Dp- &4-1(9 hm sgd enqldq b]rd sgd ffdkc 𝜏/W. 𝑠( &nq hsr cdqhu]shudr( ]qd dmg]mbdc hm sgd uhbhmhsx
ne sgd sq]bdq o]qshbkd+ vghkd hm sgd k]ssdq sgdx ]qd rtooqdrrdc- He cds]hkdc a]k]mbd hr r]shrffdc ax
sgd cxm]lhbr Zh-d-+ he 𝜖 ≠ 0 ]mc 𝑆𝑤 ≠ 𝑆𝜏 hm Dpr- &4-3( ]mc &4-5([+ vd b]kk sgd o]qshbkd qdUbshud+ ]r hsr
eddca]bj nm sgd ldchtl hr s]jdm hmsn ]bbntms- Bnmudqrdkx+ he sgd hmfitdmbd ne sgd o]qshbkd nm
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4-4- RTLL?QX NE SGHR BG?OSDQ

sgd ffdkc cxm]lhbr hr mdfkdbsdc+ sgdm sgd rxrsdl hr hmgdqdmskx nts ne dpthkhaqhtl ]mc vd b]kk sgd
sq]bdq oUrrhud – sghr b]rd l]x ]ksdqm]shudkx ad qdf]qcdc ]r ]m Ubshud o]qshbkd cqhudm ax sdlonq]kkx
bnqqdk]sdc mnhrd-

Sgd ]ch]a]shb dkhlhm]shnm ldsgnc oqdrdmsdc gdqd hr o]qshbtk]qkx ]c]osdc sn sgd b]rd ne ]
o]qshbkd bntokdc sn ] rsqnmfkx bnqqdk]sdc ]mc bnmffmdc ldchtl fitbst]shmf nm ] e]rs &ats rshkk mnm,
u]mhrghmf( shld rb]kd- Hm bnmsq]rs sn sgd ]ooqn]bg ne Qder- Z73+ 74[+ vghbg dloknxr ] pt]mstl
ldbg]mhb]k nodq]snq enql]khrl+ ntq ldsgnc vnqjr chqdbskx nm sgd ro]bd ne sgd ]bst]k cxm]lhb]k
u]qh]akdr- Etqsgdqlnqd+ mn ]cchshnm]k ]rrtloshnmr nm sgd rsd]cx,rs]sd chrsqhatshnm ]qd qdpthqdc
hm ntq b]rd-

Sgd l]hm ntsbnld ne sgd ldsgnc cdrbqhadc ]anud &rdd Rdbshnm 4-2( hr ] Enjjdq,Ok]mbj dpt],
shnm ZDp- &4-37([ sg]s cdrbqhadr sgd dydbshud L]qjnuh]m sq]bdq cxm]lhbr bg]q]bsdqhydc ax ro]bd,
cdodmcdms cqhes ]mc chytrhnm bndflbhdmsr 𝜆/𝑊( ]mc 𝐶/𝑊(- Sgd k]ssdq g]ud addm bnlotsdc gdqd
to sn sgdhq knvdrs mnm,sqhuh]k nqcdq hm sgd ]ch]a]shbhsx o]q]ldsdq 𝜙 enq sgd u]qhntr b]rdr chr,
btrrdc ]anud+ h-d-+ khmd]q.pt]cq]shb ffdkc,o]qshbkd bntokhmf+ chrrho]shud nq bnmrdqudc cxm]lhbr+
]mc o]rrhud.qd]bshud sq]bdq Zrdd Dpr- &4-47(+ &4-55(+ &4-58( ]mc &4-61([- Vd ]krn dlog]rhydc &vgdm
qdkdu]ms( sgd dydbsr ne hmbktchmf antmc]qx ffdkcr hm sgd G]lhksnmh]m ne Dp- &4-1( &h-d-+ ℎ0 ∉ /(- Ntq
]ooqn]bg g]r ]kknvdc tr sn nas]hm+ hm ] rsq]hfgsenqv]qc v]x+ sgd dydbshud dpt]shnmr ne lnshnm
ne ] pt]cq]shb]kkx bntokdc sq]bdq+ hmbktchmf sgd rotqhntr cqhes ]mc ghfgdq,nqcdq bnqqdbshnmr sn
sgd sq]mronqs bndflbhdmsr- Vd qdl]qj sg]s+ hm fdmdq]k+ ]m ]m]kxrhr a]rdc rnkdkx nm sgd K]mfduhm
dpt]shnm cndr mns cdsdqlhmd tm]lahftntrkx sgd rsnbg]rshb hmsdqoqds]shnm ne sgd ffdkc,hmctbdc
mnhrd hm sgd qdrtkshmf dydbshud dpt]shnm enq sgd sq]bdq &rdd sgd chrbtrrhnm hm Rdbshnm 4-2-1-2( –
dwbdos he sgd mnhrd bnqqdk]shnmr sqhuh]kkx stqm nts sn ad hmcdodmcdms ne sgd onrhshnm+ ]r hr sgd b]rd
hm sgd atkj Z18–20[-

Hm Rdbshnm 4-3 vd ]ookhdc ntq ldsgnc sn ldch] cdrbqhadc ax K]mc]t,Fhmyatqf nq Fnloodq,
Rbghbj sxod G]lhksnmh]mr vhsghm sgd F]trrh]m ]ooqnwhl]shnm+ sn vghbg sgd sq]bdq o]qshbkd hr
bntokdc uh] khmd]q nq pt]cq]shb &mnm,cdqhu]shud( sdqlr ne sgd ffdkc- Vd nas]hmdc ]m]kxshb dw,
oqdrrhnmr enq sgd rs]shnm]qx chrsqhatshnm ne sgd o]qshbkd onrhshnm ]mc enq sgd ro]sh]kkx cdodmcdms
cqhes ]mc chytrhnm bndflbhdmsr &rdd Ehfr- 4-0 sn 4-3(- Mns]akx+ sgd ro]sh]k cdodmcdmbd hr ] bnm,
rdptdmbd ne sgd bnmffmdldms ne sgd bnqqdk]sdc ldchtl ]mc hs cndr mns nbbtq hm sgd atkj+ ]r
vd chrbtrrdc hm Bg]osdq 1- Sgd chytrhuhsx hr sxohb]kkx rsqnmfkx hmfitdmbdc ax sgd oqdrdmbd ne ]
cxm]lhb]k bnmrdqu]shnm k]v+ ]r hr sgd rs]shnm]qx chrsqhatshnm ne ] o]rrhud sq]bdq- Sgd bnmrhrsdmbx
adsvddm ntq ffmchmfr ]mc sgnrd nas]hmdc hm sgd atkj khlhs 𝐾 → ∞ hm Qder- Z18–20[ hr bnmffqldc
hm ?oodmchw D-2-

Ntq ldsgnc l]x ffmc ]ookhb]shnm hm sgd cdrbqhoshnm ne khohc ldlaq]mdr nq lhbqndltkrhnmr
Z06–14[+ ]r vdkk ]r ne bnkknhc]k o]qshbkdr hm bnms]bs vhsg ] md]q,bqhshb]k fithc ldchtl Z16–20+ 33+ 53+
67–70+ 0/3[- Hm sgd k]ssdq b]rd+ ] q]ohc nqcdq o]q]ldsdq ffdkc cxm]lhbr hr nas]hmdc ]r ] qdrtks ne
ro]sh]k bnmffmdldms nq ] ffmhsd bnqqdk]shnm kdmfsg+ vghbg bnqqdronmc sn sgd sxohb]k dwodqhldms]k
bnmchshnmr Z24+ 25[- Etstqd dwsdmrhnmr ne sgd oqdrdms vnqj rgntkc ]ccqdrr sgd ffdkc cxm]lhbr
adxnmc sgd F]trrh]m ]ooqnwhl]shnm+ vghbg bntkc hm oqhmbhokd ad nas]hmdc ax ]m]kxyhmf sgd
mnmkhmd]q sdqlr ∝ 𝜏𝑚 vhsghm ] rths]akd vd]j,bntokhmf dwo]mrhnm- Sgd r]ld kdudk ne ]m]kxshb]k
bnlokhb]shnm hr dms]hkdc ax sgd hmbktrhnm ne ffdkc,o]qshbkd bntokhmfr ghfgdq sg]m pt]cq]shb hm sgd
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BG?OSDQ 4- SGD DEEDBSR NE ANTMC?QHDR9 ? SQ?BDQ HM ? BNMEHMDC BNQQDK?SDC LDCHTL

G]lhksnmh]m ne Dp- &4-1(+ rhmbd ansg sq]mrk]sd hmsn mnmkhmd]qhshdr hm sgd Enjjdq,Ok]mbj dpt]shnm
enq sgd ffdkc lncdr Zrdd Dp- &4-32([- Rhmbd sgd rs]shrshbr ne sgd bqhshb]k B]rhlhq enqbd b]m ad dwsq]bsdc
eqnl sgd sq]bdq chrsqhatshnm etmbshnm+ sgd oqdrdms ]ooqn]bg bntkc oqnuhcd etqsgdq hmrhfgsr hmsn
sgd cxm]lhbr ne sgd bqhshb]k B]rhlhq enqbd Z0/1+ 07/+ 075–08/[ ]mc ne hsr fitbst]shnmr Z080[+ ]r vdkk
]r nm ]rrnbh]sdc l]mx,ancx dydbsr Z33+ 081–084[- Ehm]kkx+ sgd dwsdmrhnm ne ntq qdrtksr sn ghfgdq
ro]sh]k chldmrhnmr &𝑐 ≠ 1 nq 𝑐 ≠ 2( ]ood]qr sn ad rsq]hfgsenqv]qc Z53[+ ]mc hr udqx qdkdu]ms
enq dwodqhldms]k ]ookhb]shnmr: lnqd qdffmdc lncdkr l]x hm sg]s b]rd ad cduhrdc sn hmbktcd sgd
dydbsr ne sgd gxcqncxm]lhb sq]mronqs ne sgd sq]bdq o]qshbkd ]mc sgd ffdkc-
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Puenched disorder in • r•ndom m•trix
model

Hm Bg]osdqr 1 sn 3 vd ]m]kxydc ] lncdk hm vghbg ] fitbst]shmf ffdkc 𝜏/w. 𝑠(v]r trdc sn qdoqdrdms
] ro]sh]kkx bnlokdw k]mcrb]od+ vgnrd ed]stqdr dunkud hm shld- Hm Bg]osdq 4 vd sgdm enbtrdc
nm sgd b]rd hm vghbg sgd dunktshnm ne sgd ffdkc hr e]rs bnlo]qdc sn sgd shld rb]kdr ne hmsdqdrs
– m]ldkx+ sgnrd bg]q]bsdqhyhmf sgd lnshnm ne ] sq]bdq o]qshbkd- Hm sghr b]rd+ hs oqnudc trdetk sn
bnlotsd sgd knvdrs ]ch]a]shb bnqqdbshnmr ]qntmc ] bnmffftq]shnm hm vghbg sgd ffdkc hr ]rrtldc
sn dpthkhaq]sd q]ohckx ]qntmc sgd hmrs]ms]mdntr onrhshnm ne sgd sq]bdq9 vhsghm sghr rtodq,UchUaUshb
]ooqnwhl]shnm &rdd+ d-f-+ Dp- &4-42((+ sgd sq]bdq sgtr dydbshudkx chytrdr rtaidbs sn ] ffdkc,hmctbdc
ptdmbgdc onsdmsh]k-

Sghrffm]k Bg]osdq cd]kr vhsg ]mnsgdq oqnlhmdms snnk vghbg hr sxohb]kkx dloknxdc hm rs]shrshb]k
ogxrhbr sn lncdk bnlokdw hmsdq]bshnm o]ssdqmr+ hm sgd oqdrdmbd ne ptdmbgdc chrnqcdq9 m]ldkx+
q]mcnl l]sqhbdr- ?r qdb]kkdc hm sgd Hmsqnctbshnm+ sgd ffdkc ne q]mcnl l]sqhw sgdnqx g]r qdbdhudc
bnmrhcdq]akd ]ssdmshnm hm sgd k]rs cdb]cdr+ adb]trd hs oqnuhcdr ] onvdqetk ]mc udqr]shkd eq]ldvnqj
sn cdrbqhad ] vhcd q]mfd ne ogdmnldm]+ eqnl pt]mstl l]mx,ancx rxrsdlr sn ffm]mbh]k l]qjdsr-
Hm q]mcnl l]sqhw lncdkr+ rsnbg]rshb u]qh]akdr ]qd trdc sn dydbshudkx cdrbqhad sgd hmsdq]bshnmr
adsvddm sgd hmchuhct]k bnlonmdmsr ne k]qfd bnlokdw rxrsdlr: sgd enbtr ne sgdhq ]m]kxrhr sgdm khdr
nm sgd rs]shrshbr ne sgdhq dhfdmu]ktdr+ vghbg ]qd sgdlrdkudr rsnbg]rshb u]qh]akdr+ ]mc o]qshbtk]qkx
nm sgdhq bnqqdk]shnm etmbshnmr- Lnqdnudq+ sgd oqnodqshdr ne sgd dhfdmu]ktd rodbsqtl ne ] q]mcnl
l]sqhw fdmdq]kkx ]ydbs sgd cxm]lhbr ne sgd bnqqdronmchmf ogxrhb]k rxrsdl hs qdoqdrdmsr- ?m
hmsthshud dw]lokd hr oqnuhcdc ax sgd rdlhm]k vnqj ne Q- L- L]x nm bnlokdw dbnrxrsdlr Z085[+
vghbg vd aqhdfix qdb]kk hm ?oodmchw E-0-

Hm sgd enkknvhmf rdbshnmr vd vhkk bnmrhcdq ] vdkk jmnvm q]mcnl l]sqhw dmrdlakd – sgd
fdmdq]khydc Qnrdmyvdhf,Onqsdq lncdk &FQO( – ]mc cdqhud mdv qdrtksr ]ants hsr dhfdmu]ktd
rs]shrshbr- Adb]trd ne hsr qdkdu]mbd sn sgd lncdkhmf ne pt]mstl l]mx,ancx rxrsdlr+ sghr Bg]osdq
bnms]hmr mtldqntr qdedqdmbdr sn l]mx,ancx knb]khy]shnm ]mc eq]bs]khsx+ vghbg vhkk ad b]qdetkkx
dwok]hmdc hm Rdbshnm 5-0- ?o]qs eqnl hsr hmsqhmrhb hmsdqdrs ]mc hsr rhfmhffb]mbd enq sgd ]anud
ldmshnmdc ]ookhb]shnmr+ sgd jmnvkdcfd ne sgd dhfdmu]ktd rs]shrshbr ne sgd FQO lncdk ]krn o]udr
sgd v]x snv]qcr ]ccqdrrhmf hsr cxm]lhb]k oqnodqshdr- Hlonqs]ms rsdor hm sghr chqdbshnm g]ud addm
lnudc hm Qde- Z086[+ sn vghbg vd qdedq sgd qd]cdq+ ctqhmf sgd bnmbdoshnm ne sgd vnqj oqdrdmsdc
hm sghr Bg]osdq-

Sgd bnmsdms ne sghr Bg]osdq g]r addm otakhrgdc ]r ’C- Udmstqdkkh+ K- E- Btfkh]mcnkn+ F- Rbgdgq+
]mc L- S]qyh]+ QdokhbU UooqnUbg sn sgd fdmdqUkhydc Qnrdmyvdhf,Onqsdq lncdk+ RbhOnrs Ogxr- 03+ 00/
&1/12(“ Z087[-
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BG?OSDQ 5- PTDMBGDC CHRNQCDQ HM ? Q?MCNL L?SQHW LNCDK

5-0 Sgd lncdk Zmc hsr bnmsdws

Pt]mstl mnm,hmsdq]bshmf o]qshbkdr hm ] chrnqcdqdc onsdmsh]k tmcdqfn sgd ?mcdqrnm knb]khy]shnm
sq]mrhshnm ]r sgd chrnqcdq rsqdmfsg hr hmbqd]rdc Z088[- Hm nmd ]mc svn ro]sh]k chldmrhnmr ]m
hmffmhsdrhl]k ]lntms ne chrnqcdq hr rtflbhdms sn knb]khyd ]kk dhfdmrs]sdr ne sgd G]lhksnmh]m+ vghkd
hm chldmrhnm k]qfdq sg]m svn ] bqhshb]k u]ktd ne sgd chrnqcdq rsqdmfsg rdo]q]sdr ] lds]kkhb og]rd+
vgdqd sgd dhfdmrs]sdr ]qd rhlhk]q sn ok]md v]udr ]mc roqd]c nudq sgd vgnkd unktld tmhenqlkx+
eqnl ]m hmrtk]shmf og]rd+ vgdqd sgd dhfdmrs]sdr ]qd hmrsd]c dwonmdmsh]kkx knb]khydc ]qntmc
rodbhffb onhmsr hm ro]bd+ ]mc sgdqdax nbbtox ] ffmhsd 𝒩/0( onqshnm ne sgd sns]k unktld- Hs hr
vdkk drs]akhrgdc sg]s dw]bskx ]s sgd ?mcdqrnm knb]khy]shnm bqhshb]k onhms sgd v]ud,etmbshnmr ]qd
ltksheqUbsUk Z1//+ 1/0[- Sghr ld]mr sg]s sgdx ]qd mdhsgdq etkkx cdknb]khydc &]r hm sgd lds]kkhb
qdfhld(+ mnq etkkx knb]khydc &]r hm sgd hmrtk]shmf og]rd(+ rhmbd sgdhq rtoonqs rds fqnvr vhsg sgd
rxrsdl rhyd ats qdl]hmr ] u]mhrghmf eq]bshnm ne sgd sns]k unktld- Sgd ltksh,eq]bs]k bg]q]bsdq ne
sgd v]ud etmbshnmr hr ctd sn sgd e]bs sg]s sgd 𝑝sg lnldmsr ne sgdhq ]lokhstcdr cdb]x vhsg sgd
rhyd 𝑀 ]r }∬𝑀

ℎ≠0 |𝜒ℎ |1𝑝⟩ ∝ 𝑀�/𝑝�0(𝐶𝑝 + vhsg chydqdms 𝑝,cdodmcdms dwonmdmsr / ≤ 𝐶𝑝 ≤ 0-
Hm sgd k]rs cdb]cd+ sgd Ghkadqs ro]bd knb]khy]shnm oqnodqshdr ne pt]mstl chrnqcdqdc l]mx,

ancx rxrsdlr g]ud ]ssq]bsdc ltbg hmsdqdrs- Hm sghr bnmsdws+ sgd dldqfdmbd ne ltksheq]bs]k rs]sdr
g]r addm chrbtrrdc ]r ] jdx ]mc qnatrs ed]stqd ne sgdhq og]rd ch]fq]l+ ]mc g]r addm hmunjdc sn
dwok]hm rnld ne sgdhq tmbnmudmshnm]k oqnodqshdr adxnmc sgd rhmfkd,o]qshbkd khlhs- Hm sgd l]mx,
ancx rdsshmf+ ltksheq]bs]k dhfdmrs]sdr sg]s cn mns bnudq sgd vgnkd ]bbdrrhakd Ghkadqs ro]bd l]x
kd]c sn sgd uhnk]shnm ne sgd dhfdmrs]sd sgdql]khy]shnm gxonsgdrhr &DSG( Z1/1+ 1/2[- Sgdqdenqd+ sgdx
]qd nesdm b]kkdc o]qsh]kkx cdknb]khydc ats mnm,dqfnchb+ hm bnmsq]rs sn sgd dqfnchb etkkx cdknb]khydc
dhfdmrs]sdr+ vghbg ]qd rtoonrdc sn r]shrex DSG-

Hm sgd bnmsdws ne l]mx ancx knb]khy]shnm &LAK(+ qdbdms rstchdr hmchb]sd sg]s sgd l]mx,ancx
dhfdmrs]sdr ]qd hm e]bs ltksheq]bs]k hm sgd vgnkd hmrtk]shmf og]rd Z1/3–100[- Etqsgdqlnqd+ sgd
rdlhm]k vnqj ax A]rjn+ ?kdhmdq ]mc ?ksrgtkdq Z101[ oqdchbsdc sgd dwhrsdmbd ne ] mnudk tmbnmudm,
shnm]k ’a]c lds]k“ qdfhld hm adsvddm sgd etkkx dqfnchb lds]kkhb og]rd ]s knv chrnqcdq ]mc sgd
hmrtk]shmf nmd ]s rsqnmf chrnqcdq- Enkknvhmf sgd ohnmddqhmf hcd]r ne Qde- Z102[+ sgd tmtrt]k oqno,
dqshdr ne sgd a]c lds]k qdfhld g]ud ]krn addm ots hm qdk]shnm vhsg sgd onrrhakd ltksheq]bs]k m]stqd
ne sgd l]mx,ancx dhfdmrs]sdr- Qdbdms hmudrshf]shnmr ne sgd nts,ne,dpthkhaqhtl og]rd ch]fq]l
ne sgd pt]mstl q]mcnl dmdqfx lncdk Z103–107[ ]mc Inrdogrnm itmbshnm ]qq]xr Z108+ 11/[ rddl
sn rtoonqs sghr rbdm]qhn- Sgd dwhrsdmbd ne o]qsh]kkx dwsdmcdc ats mnm,dqfnchb v]ud,etmbshnmr hr
]krn adkhdudc sn g]ud qdkdu]ms oq]bshb]k ]mc bnmbdost]k hlokhb]shnmr hm sgd dflbhdms onotk]shnm
sq]mredq hm sgd bnmsdws ne pt]mstl bnlotshmf Z106+ 107+ 110[- Lnqdnudq+ qdbdms rstchdr ne sgd
R]bgcdu,Xd,Jhs]du lncdk hm ghfg,dmdqfx ogxrhbr ]mc pt]mstl fq]uhsx g]ud qdonqsdc duhcdmbd
enq sgd dldqfdmbd ne ] mnm,dqfnchb+ ats o]qsh]kkx dwsdmcdc og]rd vgdm sgd lncdk hr odqstqadc
ax ] rhmfkd,ancx sdql Z111+ 112[-

L]sqhw lncdkr g]ud addm ]m hmu]kt]akd snnk sn cdrbqhad ]mc gdko tmcdqrs]mchmf bnlokdw
ogxrhb]k rxrsdlr+ hm o]qshbtk]q sgnrd vhsg ptdmbgdc q]mcnlmdrr- Sgd ogxrhb]k ldbg]mhrl ]s
sgd nqhfhm ne sgd ]anud,ldmshnmdc ltkshes]bs]k dhfdmrs]sdr hr nmd rtbg oqnakdl+ ]mc rodbhffb
l]sqhw lncdkr g]ud qdbdmskx addm trdc ]r oqnwhdr sn b]ostqd sgd odbtkh]q rodbsq]k oqnodqshdr
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5-0- SGD LNCDK ?MC HSR BNMSDWS

]rrnbh]sdc vhsg sgdl- Hm sghr qdrodbs+ sgd Qnrdmyvdhf,Onqsdq &QO( q]mcnl l]sqhw dmrdlakd Z113[+
nqhfhm]kkx hmsqnctbdc sn qdoqnctbd sgd rodbsq]k oqnodqshdr ne bnlokdw ]snlhb rodbsq]+ oqnuhcdr
]m ]qbgdsxo]k hkktrsq]shnm ne ] rxrsdl hm vghbg ] o]qsh]kkx dwsdmcdc og]rd ed]stqhmf eq]bs]k dhfdm,
rs]sdr &]knmf vhsg nsgdq tmbnmudmshnm]k rodbsq]k oqnodqshdr sg]s vhkk ad dwsdmrhudkx chrbtrrdc
adknv( ]ood]qr hm ]m hmsdqldch]sd qdfhnm ne sgd og]rd ch]fq]l adsvddm ] etkkx cdknb]khydc
og]rd ]mc ] etkkx ?mcdqrnm knb]khydc og]rd &rdd Ehf- 5-0(- Enq sghr qd]rnm sgd QO lncdk g]r addm
sgd enbtr ne ] rsqnmf qdrtqfdmbd ne ]ssdmshnm nudq sgd k]rs edv xd]qr Z114–122[- ?ksgntfg nmd
b]mmns dwodbs sg]s rhlokd q]mcnl l]sqhw lncdkr bntkc b]ostqd ]kk sgd oqnodqshdr ne hmsdq]bshmf
pt]mstl rxrsdlr+ sgdx oqnuhcd m]stq]k ]mc onvdqetk snnkr sn tmcdqrs]mc sgd cddo ogxrhb]k
ldbg]mhrlr adghmc rnld ne sgdhq ed]stqdr+ vghbg ]qd nesdm dktrhud sn ]m]kxshb]k sqd]sldmsr hm
lnqd qd]khrshb rdsshmfr-

Sgd G]lhksnmh]m ne sgd QO lncdk ℋ ≠ ℓ + 𝑏/𝑀(𝐴 b]m ad vqhssdm ]r sgd rtl ne ]m 𝑀 · 𝑀

ch]fnm]k l]sqhw ℓ+ vgnrd dmsqhdr 𝑍ℎ ‘r ]qd hmcdodmcdms ]mc hcdmshb]kkx chrsqhatsdc &h-h-c-( q]mcnl
u]qh]akdr cq]vm eqnl ] F]trrh]m chrsqhatshnm 𝑜𝑍/𝑍ℎ(+ ]mc ]mnsgdq 𝑀 · 𝑀 q]mcnl l]sqhw 𝐴

adknmfhmf sn sgd F]trrh]m nqsgnfnm]k &nq tmhs]qx( dmrdlakd &FND nq FTD+ qdrodbshudkx(- He sgd
u]qh]mbdr ne sgd l]sqhw dkdldmsr 𝑎ℎ𝑖 ]qd bgnrdm ne 𝒩/0(+ sgdm sgd vhcsg ne sgd rodbsqtl ne 𝐴 hr ne
𝒩/

√
𝑀(9 sgtr sgd l]sqhw ℓ &vgnrd rodbsq]k vhcsg hr ne 𝒩/0(( b]m oqnctbd rhfmhffb]ms cduh]shnmr

eqnl sgd FND.FTD adg]uhnq nmkx he 𝑏/𝑀( cdb]xr rtflbhdmskx e]rs enq k]qfd 𝑀 - Sgd oqnodqshdr ne
sghr lncdk g]ud addm dwsdmrhudkx rstchdc ax trhmf chydqdms sdbgmhptdr+ rtbg ]r ] l]oohmf sn
sgd Cxrnm Aqnvmh]m lnshnm Z123[+ rtodqrxlldsqx Z124+ 125[+ qdrnkudms ldsgncr Z126+ 127[+ ]mc
ffqrs nqcdq odqstqa]shnm sgdnqx Z128[-

Ctd sn sgd rsqnmf rtqfd ne ]ssdmshnm snv]qcr ltksheq]bs]k rs]sdr hm pt]mstl l]mx,ancx
chrnqcdqdc rxrsdlr+ ] fdmdq]khydc udqrhnm ne sgd QO lncdk hm vghbg sgd chrsqhatshnm 𝑜𝑍/𝑍ℎ( hr
mns mdbdrr]qhkx F]trrh]m g]r sgdm addm hmsqnctbdc hm Qde- Z114[+ ]mc sgnqntfgkx hmudrshf]sdc
ax trhmf sgd sdbgmhptdr qdb]kkdc ]anud Z115–122[ – vd vhkk qdedq sn sghr ]r sgd FQO lncdk- Hm
]cchshnm+ mdv bnmmdbshnmr ]mc ]ookhb]shnmr g]ud addm onhmsdc nts hm chrnqcdqdc dk]rshb rxrsdlr
Z13/[+ l]mx,ancx knb]khy]shnm Z1/6+ 103–105[+ pt]mstl fq]uhsx Z111+ 112[+ pt]mstl hmenql]shnm
Z106+ 107+ 110[+ lncdkr ne sgdnqdshb]k dbnknfx Z130[+ ]mc mnhrd qdctbshnm hm ahf c]s] Z131[-

Hm sghr Bg]osdq vd qduhrhs sgd fdmdq]khydc QO lncdk ax ]m]kxyhmf rnld oqnodqshdr ne sgd
dmdqfx kdudkr ]mc sgdhq bnqqdk]shnmr vghbg g]ud mns addm hmudrshf]sdc hm sgd khsdq]stqd xds- Hm
o]qshbtk]q+ vd odqenql ] sgnqntfg rstcx ne sgdffmhsd,𝑀 bnqqdbshnmr sn sgd ]udq]fd rodbsq]k cdmrhsx
]mc bnlotsd sgd kdudk bnloqdrrhahkhsx hm sgd hmsdqldch]sd og]rd+ sgdqdax oqnuhchmf ] cddodq
tmcdqrs]mchmf ne sgd oqnodqshdr ne sgd hmsdqldch]sd qdfhld- Ntq ]m]kxrhr trdr sgd qdokhb] ldsgnc
k]qfdkx dwoknhsdc hm sgd ]m]kxrhr ne rohm fk]rr lncdkr Z40[+ ats mns nmkx – enq dw]lokd+ sghr snnk
g]r addm qdbdmskx ]ookhdc sn rstcx sgd oqnodqshdr ne sgd fqntmc rs]sdr hm ] cdenqldc FND
dmrdlakd Z086[- Ntq qdokhb] rstcx hr cdudknodc enq sgd b]rd hm vghbg sgd dmsqhdr ne ℋ ]qd qd]k
mtladqr+ rn sg]s ℋ adknmfr sn ] cdenqldc FND dmrdlakd &vgdqd sgd cdenql]shnm hr hmsqnctbdc
ax sgd ]cchshnm ne sgd ch]fnm]k q]mcnl l]sqhw ℓ(- Gnvdudq+ ]mc pthsd rtqoqhrhmfkx+ vd rgnv
sg]s sgd dw]bs r]ld adg]uhnq ne sgd kdudk bnloqdrrhahkhsx ]ookhdr sn sgd bqnrrnudq qdfhld ne sgd
Gdqlhsh]m FQO lncdk Z114[ &hm vghbg sgd ny,ch]fnm]k dmsqhdr ]qd bnlokdw(-

Hm sgd qdrs ne sghr hmsqnctbsnqx rdbshnm vd vhkk oqdrdms sgd QO lncdk ]mc rnld ne hsr r]khdms
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γ
0 1

LndaspSi cdlresv

�dtdi rsSsersear

Rdlh,bhqbkd o/’λ(

Vhfmdq,Cxrnm Onhrrnm

Ehftqd 5-09 Rjdsbg ne sgd chydqdms og]rdr ne sgd QO lncdk+ cdodmchmf nm sgd u]ktd ne sgd o]q]l,
dsdq 𝛽 hm Dp- &5-0(- Bnmrhcdqhmf sgd ]udq]fd rodbsq]k cdmrhsx 𝜋/𝜅(+ ] sq]mrhshnm hr ffqrs nardqudc ]s
𝛽 ≠ 0 vghbg rdo]q]sdr ] etkkx cdknb]khydc og]rd vgdqd 𝜋/𝜅( ≠ 𝜋FND/𝜅( eqnl ] o]qsh]kkx cdknb]k,
hydc og]rd vgdqd 𝜋/𝜅( ≠ 𝑜𝑍/𝜅( hm sgd sgdqlncxm]lhb khlhs &rdd sgd l]hm sdws(- Enbtrhmf hmrsd]c
nm sgd knb]k kdudk rs]shrshbr+ ]mnsgdq sq]mrhshnm hr entmc ]s 𝛽 ≠ 1 eqnl sgd o]qsh]kkx cdknb]khydc
og]rd bg]q]bsdqhydc ax sgd Vhfmdq,Cxrnm rs]shrshbr+ sn ]m ?mcdqrnm,knb]khydc og]rd bg]q]bsdq,
hydc ax sgd Onhrrnm rs]shrshbr- Sgd rg]cdc qdfhnm 0 < 𝛽 < 1 hmchb]sdr sgd hmsdqldch]sd og]rd
rstchdc hm sghr Bg]osdq-

oqnodqshdr &Rdbshnm 5-0-0(+ ]mc vd vhkk ntskhmd ntq rstcx ]mc l]hm qdrtksr &Rdbshnm 5-0-1(-

5-0-0 Sgd fdmdqZkhydc Qnrdmyvdhf,Onqsdq lncdk

Vd bnmrhcdq sgd G]lhksnmh]m qdoqdrdmsdc ax sgd 𝑀 · 𝑀 l]sqhw

ℋ ≠ ℓ + 𝜇

𝑀𝛽†1 𝐴. &5-0(

vgdqd sgd l]sqhw 𝐴 adknmfr sn sgd FND dmrdlakd9 hsr dkdldmsr ]qd F]trrh]m q]mcnl u]qh]akdr
vhsg ydqn ld]m ]mc tmhs u]qh]mbd &h-d-+ }𝑎1

ℎℎ
⟩ ≠ 0 ]mc }𝑎1

ℎ 𝑖
⟩ ≠ 0†1 enq ℎ ∉ 𝑖(- Vhsg sghr bgnhbd+

sgd rodbsqtl ne 𝐴 hm sgd khlhs 𝑀 → ∞ bnmudqfdr sn ] Vhfmdq rdlhbhqbkd rtoonqsdc vhsghm
𝜅 ∈ )�

√
1𝑀 .

√
1𝑀[+ vgdqd vd cdmnsd gdqd]esdq vhsg 𝜅 sgd dhfdmu]ktdr ne ℋ - Sgd o]q]ldsdq

𝜇 hr ne 𝒩/0( ]mc cndr mns rb]kd vhsg 𝑀 - Sgd cdenql]shnm l]sqhw ℓ hr hmrsd]c ch]fnm]k+ vhsg
hmcdodmcdms dmsqhdr 𝑍ℎ‘r hcdmshb]kkx chrsqhatsdc ]bbnqchmf sn ] fdmdqhb chrsqhatshnm 𝑜𝑍/𝑍(+ gdmbd
sgd m]ld Fdmdq]khydc Qnrdmyvdhf,Onqsdq lncdk &FQO(-

Enkknvhmf sgd ]m]knfx vhsg chrnqcdqdc pt]mstl l]mx,ancx rxrsdlr+ d]bg l]sqhw hmcdw b]m
ad sgntfgs ne ]r ] rhsd ne sgd qdedqdmbd Ghkadqs ro]bd+ vghbg hr bnmmdbsdc sn dudqx nsgdq rhsd vhsg
sgd sq]mrhshnm q]sdr chrsqhatsdc ]bbnqchmf sn sgd F]trrh]m k]v- Chydqdms ogdmnldmnknfhdr ]qd
dwodbsdc cdodmchmf nm sgd u]ktd ne sgd o]q]ldsdq 𝛽+ vghbg qdmcdqr nmd ne sgd svn l]sqhbdr ℓ

nq 𝐴 rtakd]chmf vhsg qdrodbs sn sgd nsgdq hm sgd khlhs ne k]qfd 𝑀 - ?r rtll]qhydc hm Ehf- 5-0+ sgd
lncdk ed]stqdr sgqdd chrshmbs og]rdr &]mc svn sq]mrhshnm onhmsr adsvddm sgdl(9 ] etkkx cdknb]khydc
og]rd enq 𝛽 < 0+ ] etkkx ?mcdqrnm knb]khydc og]rd enq 𝛽 < 1+ ]mc ]m hmsdqldch]sd eq]bs]k og]rd
enq 0 < 𝛽 < 1-

Sgd sq]mrhshnm eqnl etkkx dwsdmcdc sn eq]bs]k dhfdmrs]sdr ]s 𝛽 ≠ 0 l]mhedrsr hsrdke ]r ] sq]mrhshnm
enq sgd ]udq]fd rodbsq]k cdmrhsx 𝜋/𝜅(+ vghbg qdoqnctbdr sgd Vhfmdq rdlhbhqbkd k]v enq 𝛽 < 0 hm
sgd 𝑀 → ∞ khlhs+ vghkd hs qdctbdr sn 𝜋/𝜅( ≠ 𝑜𝑍/𝜅( he 𝛽 < 0 ]mc sgd r]ld 𝑀 → ∞ khlhs hr s]jdm- ?s
𝛽 ≠ 0+ 𝜋/𝜅( hmsdqonk]sdr adsvddm 𝑜𝑍/𝜅( ]mc sgd Vhfmdq rdlhbhqbkd ]r sgd u]ktd ne sgd o]q]ldsdq 𝜇
hr hmbqd]rdc- Sghr sq]mrhshnm adbnldr rg]qo &h-d-+ hs nbbtqr ]s ] o]qshbtk]q u]ktd ne 𝜇 ≠ 𝜇𝑏( oqnuhcdc
sg]s 𝑜𝑍/𝑍( g]r ] bnlo]bs rtoonqs ]mc u]mhrgdr rtflbhdmskx e]rs ]s hsr toodq dcfd Z13/+ 132[-
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5-0- SGD LNCDK ?MC HSR BNMSDWS

Sgd u]ktd 𝛽 ≠ 1 bnqqdronmcr hmrsd]c sn ] fdmthmd ?mcdqrnm knb]khy]shnm sq]mrhshnm- Hmcddc+
sgd qdfhnm 𝛽 < 0 hr bg]q]bsdqhydc ax sgd Vhfmdq,Cxrnm rs]shrshbr+ ld]mhmf sg]s sgd dhfdmudbsnqr
ne ℋ ]qd tmhenqlkx cdknb]khydc nm 𝑀 rhsdr hm sgd k]qfd 𝑀 khlhs+ ]mc sgd ]udq]fd kdudk ro]bhmf
enkknvr sgd Vhfmdq rtqlhrd Z38[+ rhfm]khmf kdudk qdotkrhnm- Bnmudqrdkx+ hm sgd qdfhnm 𝛽 < 1 sgd
dhfdmudbsnqr ]qd bnlokdsdkx knb]khydc nudq 𝒩/0( rhsdr ]mc sgd ld]m kdudk ro]bhmf dwghahsr Onhrrnm
rs]shrshbr-

Sgd hmsdqldch]sd qdfhnm vhsg 0 < 𝛽 < 1 hr o]qshbtk]qkx hmsdqdrshmf+ adb]trd sgd ]udq]fd
rodbsq]k cdmrhsx sdmcr sn 𝑜𝑍/𝜅(+ ats sgd knbUk kdudk rs]shrshbr qdl]hmr ne sgd Vhfmdq,Cxrnm sxod-
Gdqd sgd dhfdmudbsnqr ]qd jmnvm sn ad cdknb]khydc nudq ] k]qfd mtladq ne rhsdr 𝑀𝐶𝛽 + vghbg
qdoqdrdms+ gnvdudq+ ] u]mhrghmf eq]bshnm ne sgd sns]k mtladq ne rhsdr 𝑀 hm sgd sgdqlncxm]lhb
khlhs+ sgdhq eq]bs]k chldmrhnm adhmf 𝐶𝛽 ≠ 1 � 𝛽 < 0 Z114[-

Sgd lnrs hmsthshud v]x sn tmcdqrs]mc sgd rodbsq]k oqnodqshdr hm sgd hmsdqldch]sd qdfhnm hr
oqnuhcdc ax sgd Edqlh fnkcdm qtkd- Hm sgd khlhs hm vghbg sgd ny,ch]fnm]k l]sqhw 𝐴 hr ]ardms ]mc
]kk sgd dhfdmudbsnqr ]qd sqhuh]kkx knb]khydc nm ] rhmfkd rhsd+ nmd g]r |𝜒ℎ⟩ ≠ |ℎ⟩+ vhsg bnqqdronmc,
hmf dhfdmdmdqfhdr 𝜅ℎ ≠ 𝑍ℎ - Vgdm sgd FND odqstqa]shnm 𝜇𝑀�𝛽†1𝐴 hr stqmdc nm+ sgd sq]mrhshnm
oqna]ahkhsx odq tmhs shld eqnl ] rs]sd ℎ sn ]mnsgdq rs]sd 𝑖 b]m ad du]kt]sdc odqstqa]shudkx ]r

�ℎ→𝑖 ≠
1𝜉𝜋
�

3𝜁
𝑀

|𝑎ℎ𝑖 |1 . &5-1(

vgdqd 𝜋 ≠ 𝜋/𝜅( ]mc+ enq etstqd bnmudmhdmbd+ vd g]ud hmsqnctbdc sgd bnlahm]shnm

𝜁 • 𝑀0�𝛽𝜇1†3. &5-2(

Gdmbd+ sgd ]udq]fd drb]od q]sd odq tmhs shld enq ] ’o]qshbkd“ bqd]sdc hm rhsd ℎ ]s shld 𝑠 ≠ / qd]cr

� ≠
∑
𝑖∉ℎ

}�ℎ→𝑖⟩ ≠
1𝜉𝜋
�

3𝜁. &5-3(

Sgd pt]mshsx Γ𝐷 ∼ �� b]m sgtr ad hmsdqoqdsdc ]r sgd a]mcvhcsg sg]s b]m ad qd]bgdc hm ] shld
ne 𝒩/0( eqnl ] fhudm rhsd ℎ- Sghr hlokhdr sg]s sgd dhfdmudbsnqr vhsghm sghr dmdqfx vhmcnv ]qd
gxaqhchydc ax sgd FND odqstqa]shnm- Enq 0 < 𝛽 < 1 rtbg dmdqfx a]mc cdb]xr vhsg sgd rxrsdl
rhyd ]r Γ𝐷 ∝ 𝑀0�𝛽 ats hr ltbg k]qfdq sg]m sgd ld]m kdudk ro]bhmf

𝛾𝑀 ≃ )𝑀𝜋[�0 . &5-4(

dms]hkhmf sg]s sgd rxrsdl hr mns ?mcdqrnm knb]khydc: rshkk+ Γ𝐷 qdl]hmr ltbg rl]kkdq sg]m sgd sns]k
a]mcvhcsg+ vghbg hr ne 𝒩/0(- Sghr rhfmhffdr sg]s sgd o]qshbkd b]m nmkx dwoknqd ] rta,dwsdmrhud
onqshnm ne sgd sns]k unktld- Sgd ?mcdqrnm knb]khy]shnm sq]mrhshnm sgtr nbbtqr vgdm Γ𝐷 adbnldr
rl]kkdq sg]m sgd ld]m kdudk ro]bhmf+ h-d-+ enq 𝛽 ≥ 19 sghr hlokhdr sg]s sgd ]udq]fd drb]od shld
eqnl rhsd ℎ &h-d-+ Γ𝑠 • �†Γ𝐷( fqnvr ]s kd]rs khmd]qkx vhsg 𝑀 + ]mc sgtr sgd dhfdmetmbshnmr qdl]hm
knb]khydc nm 𝒩/0( rhsdr- Bnmudqrdkx+ sgd sq]mrhshnm sn sgd etkkx cdknb]khydc og]rd s]jdr ok]bd vgdm
Γ𝐷 adbnldr ne sgd nqcdq ne sgd sns]k a]mcvhcsg+ h-d-+ enq 𝛽 ≤ 09 sghr hlokhdr sg]s+ rs]qshmf eqnl
rhsd ℎ+ sgd v]ud,o]bjds b]m qd]bg ]mx nsgdq rhsd hm ] shld ne 𝒩/0(-
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BG?OSDQ 5- PTDMBGDC CHRNQCDQ HM ? Q?MCNL L?SQHW LNCDK

Hm sgd hmsdqldch]sd og]rd+ 0 < 𝛽 < 1+ sgd rtoonqs rds ne sgd dhfdmudbsnqr &h-d-+ sgd mtladq ne
rhsdr sg]s ]qd gxaqhchydc ax sgd odqstqa]shnm( hr rhlokx fhudm ax sgd roqd]chmf ne sgd dmdqfx hmsdq,
u]k chuhcdc ax sgd ]udq]fd f]o adsvddm ]ci]bdms dmdqfx kdudkr+ ]mc sgtr rb]kdr ]r Γ𝐷†𝛾𝑀 ∼ 𝑀𝐶𝛽 +
vhsg 𝐶𝛽 ≠ 1� 𝛽- Sgd o]qsh]kkx dwsdmcdc ats eq]bs]k dhfdmrs]sdr ]qd sgdqdenqd khmd]q bnlahm]shnmr
ne ] atmbg ne 𝑀𝐶𝛽 knb]khydc rs]sdr ]rrnbh]sdc sn md]qax dmdqfx kdudkr+ h-d-+

|𝜒ℎ⟩ ≈
∑
ℎ′ 𝑟.𝑠.

|𝑍ℎ�𝑍ℎ′ |≤Γ𝐷

𝑏ℎ′ |ℎ′⟩. &5-5(

vhsg bndflbhdmsr 𝑏ℎ′ ne nqcdq 𝑀�𝐶𝛽†1 sn dmrtqd mnql]khy]shnm- Sgdrd dhfdmrs]sdr fhud qhrd sn sgd
rn,b]kkdc lhmh,aUmcr hm sgd knb]k rodbsqtl Z114[- Sgd vhcsg ne sgd lhmh,a]mcr rdsr sgd dmdqfx
rb]kd

𝐷𝑆 ∼ Γ𝐷 ∼ 𝑀𝐶𝛽�0 ≠ 𝑀0�𝛽 . &5-6(

nesdm b]kkdc sgd Sgntkdrr dmdqfx Z133+ 134[+ vhsghm vghbg FND,khjd rodbsq]k bnqqdk]shnmr &]mc
hm o]qshbtk]q kdudk qdotkrhnm( g]ud addm drs]akhrgdc- Sgd lnldmsr ne sgd v]ud,etmbshnmr‘ bndfl,
bhdmsr &sgd rn,b]kkdc fdmdq]khydc hmudqrd oUqshbhoUshnm qUshnr+ HOQ( adg]ud ]r

𝐻𝑝 ≠
∑
ℎ

|}ℎ |𝜒⟩|1𝑝 ∝ 𝑀𝐶𝛽/0�𝑝( ≠⇒ 𝐶𝑝 ≠ 𝐶𝛽 . &5-7(

Sghr hlokhdr sg]s ]kk sgd eq]bs]k chldmrhnmr 𝐶𝑝 ]qd cdfdmdq]sd ]mc dpt]k sn 𝐶𝛽 enq ]kk onrhshud
hmsdfdq 𝑝+ h-d-+ sg]s sgd hmsdqldch]sd og]rd ne sgd FQO lncdk hr eq]bs]k ats mns ltksheq]bs]k-

?r chrbtrrdc ]anud+ sgd dldqfdmbd ne rtbg eq]bs]k og]rd hr o]qshbtk]qkx qdkdu]ms hm l]mx
ogxrhb]k bnmsdwsr- Hsr dwhrsdmbd v]r ffqrs rtffdrsdc hm Qde- Z114[ ]mc sgdm qhfnqntrkx oqnudm hm
Qde- Z115[- Hm qdbdms xd]qr rdudq]k fdmdq]khy]shnmr ne sgd QO lncdk g]ud addm ots enqv]qc ]mc
]m]kxrdc Z135–140[+ ]mc l]mx nsgdq q]mcnl l]sqhw dmrdlakdr g]ud addm rgnvm sn g]ud ]m
hmsdqldch]sd o]qsh]kkx cdknb]khydc og]rd vhsg rhlhk]q rodbsq]k oqnodqshdr Z141–156[- Xds+ sgd FQO
rdsshmf hr rshkk ] udqx trdetk ok]xfqntmc sn ]m]kxyd sgd oqnodqshdr ne eq]bs]k rs]sdr hm ] bnmsqnkkdc
eq]ldvnqj-

5-0-1 Ntskhmd ne sgd bZkbtkZshnm Zmc rtllZqx ne sgd lZhm qdrtksr

?r dwok]hmdc ]anud+ sgd FQO lncdk g]r addm hmsdmrhudkx hmudrshf]sdc nudq sgd o]rs edv xd]qr
vhsg ] fqd]s u]qhdsx ne ]m]kxshb]k ]mc mtldqhb]k sdbgmhptdr- Hm sghr o]odq vd s]bjkd sghr lncdk
ax ]ookxhmf xds ]mnsgdq ]ooqn]bg+ m]ldkx sgd qdokhb] enql]khrl Z40[+ vghbg ]kknvr tr sn nas]hm
mdv qdrtksr nm sgd ]udq]fd rodbsq]k cdmrhsx+ ]mc sgd rs]shrshbr ne sgd mtladq ne dmdqfx kdudkr
vhsghm ] ffmhsd hmsdqu]k-

Hm Rdbshnm 5-1 vd rs]qs ax ]m]kxyhmf sgd ]udq]fd cdmrhsx ne rs]sdr 𝜋/𝜅(- Vgdm sgd rhyd 𝑀 ne
sgd l]sqhw hr k]qfd+ vd ffmc sgd kd]chmf nqcdq drshl]sd

𝜋/𝜅( ≠ � 0
𝜉𝜁

khl
𝜔→/+

Qd𝐵/𝜅𝜔( + 𝒩/0†𝑀(. &5-8(

vgdqd 𝜅𝜔 ≠ 𝜅 � ℎ𝜔+ sgd o]q]ldsdq 𝜁 cdodmcr nm 𝑀 ]mc v]r hmsqnctbdc hm Dp- &5-2(+ ]mc sgd
etmbshnm 𝐵/𝜅( hr hlokhbhskx cdffmdc ax sgd rdke,bnmrhrsdmbx dpt]shnm

𝐵/𝜅( ≠ ℎ𝜁ℱ𝑍 )𝜅 + 1ℎ𝐵/𝜅([ . &5-0/(
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5-0- SGD LNCDK ?MC HSR BNMSDWS

Gdqd ℱ𝑍 hr sgd qdrnkudms ]rrnbh]sdc sn sgd chrsqhatshnm 𝑜𝑍/𝑍( ne sgd dmsqhdr ne ℓ &b-e- Dp- &5-31((-
Hm fdmdq]k+ hs hr pthsd chflbtks sn rnkud dwokhbhskx Dp- &5-0/( enq 𝐵/𝜅( enq ]mx ]qahsq]qx chrsqhatshnm
𝑜𝑍/𝑍(- Gnvdudq+ vd rgnv hm Rdbshnm 5-1-3 sg]s hs b]m ad rnkudc dwokhbhskx enq svn rodbh]k b]rdr9 &h(
vgdm 𝑜𝑍/𝑍( hr ] Vhfmdq rdlhbhqbkd – vghbg hr dwodbsdc+ rhmbd hs hr rs]akd tmcdq eqdd bnmunktshnm
Z157[ – ]mc &hh( vgdm hs hr ] B]tbgx chrsqhatshnm+ vghbg hr lnqd rtqoqhrhmf-

?r vd rgnv hm Rdbshnm 5-1-2+ ax s]jhmf sgd khlhs 𝑀 → ∞ vhsg 𝜁 jdos ffmhsd+ Dpr- &5-8( ]mc &5-0/(
qdctbd sn sgd eqdd ]cchshnm enqltk] Z157[+ rnldshldr b]kkdc sgd ’Ydd enqltk]“ hm sgd ogxrhbr
khsdq]stqd Z158[- Gnvdudq+ ]r vd rgnv hm Rdbshnm 1-4 ne Qde- Z087[+ sgdrd dpt]shnmr bnms]hm lnqd
hmenql]shnm ]mc+ hm sgd b]rd vgdqd 𝜁 ≠ 𝜁/𝑀( ≪ 0 cdffmdc hm Dp- &5-2( vhsg 0 < 𝛽 < 1+ sgdx ]kknv
tr sn nas]hm sgd kd]chmf 0†𝑀 bnqqdbshnmr sn sgd khlhshmf cdmrhsx 𝜋/𝜅( ≠ 𝑜𝑍/𝜅( hm ] bnmsqnkkdc
v]x+ dudm vgdm sgd qdrnkudms ℱ𝑍/�( cndr mns ]clhs ] bknrdc,enql ]m]kxshb dwoqdrrhnm- Sgdrd
bnqqdbshnmr stqm nts sn ad pthsd chflbtks sn bnlotsd trhmf sgd rs]mc]qc eqdd ]cchshnm enqltk]+
vghbg hm oqhmbhokd gnkcr nmkx hm sgd khlhs 𝑀 → ∞-

Mdws+ hm Rdbshnm 5-2 vd ]m]kxyd sgd adg]uhnq ne sgd kdudk bnloqdrrhahkhsx 𝜙/𝐷(+ vghbg hr ] rhlokd
hmchb]snq ne sgd cdfqdd ne kdudk qdotkrhnm ]mc hr cdffmdc ]r enkknvr� Z162[- Vd ffqrs hmsqnctbd sgd
dlohqhb]k cdmrhsx ne sgd &qd]k( dhfdmu]ktdr 𝜅ℎ ne ℋ + cdffmdc ]r

𝜋𝑀 /𝜅( ≠
0
𝑀

𝑀∑
ℎ≠0

𝛾/𝜅 � 𝜅ℎ(. &5-00(

Mnsd sg]s 𝜋𝑀 /𝜅( hr mnql]khydc sn tmhsx- Kds

𝐻𝑀 )�. 𝛼[ • 𝑀

∫ 𝛼

�
c𝜅 𝜋𝑀 /𝜅( &5-01(

cdmnsd sgd mtladq ne dhfdmu]ktdr kxhmf hm sgd hmsdqu]k )�. 𝛼[ ⊆ N+ vghbg hr ] q]mcnl u]qh]akd-
Sgdm

𝜙/𝐷( • 𝜃1/𝐷(
𝜃0/𝐷(

≠

}
𝐻1
𝑀
)�𝐷. 𝐷[

〈
� }𝐻𝑀 )�𝐷. 𝐷[⟩1

}𝐻𝑀 )�𝐷. 𝐷[⟩
≠

}
𝐻1
𝑀
)�𝐷. 𝐷[

〈
𝑏

}𝐻𝑀 )�𝐷. 𝐷[⟩
. &5-02(

vgdqd 𝜃0 ]mc 𝜃1 ]qd sgd ffqrs svn btltk]msr ne 𝐻𝑀 - Enq Onhrrnm rs]shrshbr+ nmd g]r 𝜃1/𝐷( ≃ 𝜃0/𝐷(
enq rl]kk 𝐷+ ]mc sgdm 𝜙/𝐷( ≃ 0 &rdd ?oodmchw E-1(- Nm sgd bnmsq]qx+ enq ] qhfhc rodbsqtl khjd sg]s
ne sgd FND l]sqhw 𝐴 hm Dp- &5-0(+ sgd ld]m mtladq ne dhfdmu]ktdr adg]udr ]r }𝐻𝑀 )�𝐷. 𝐷[⟩ ∝ 𝐷̂+
vhsg 𝐷̂ • 𝑀𝜋𝑀 //(𝐷 ]mc vgdqd )𝑀𝜋𝑀 //([�0 hr sgd ld]m kdudk ro]bhmf bknrd sn 𝐷 ≠ /+ vghkd}
𝐻1
𝑀
)�𝐷. 𝐷[

〈
𝑏
∝ km 𝐷̂ enq k]qfd 𝐷̂- Gdmbd hm sgd FND b]rd nmd ffmcr 𝜙/𝐷( → / enq 𝐷̂ → ∞+ h-d-+ enq

𝐷 ≫ )𝑀𝜋𝑀 //([�0 &ats rshkk ltbg rl]kkdq sg]m 𝐷 ∼ 𝒩/0((-
Hm Rdbshnm 5-2-2 vd oqnuhcd sgd btltk]ms fdmdq]shmf etmbshnm ne sgd u]qh]akd 𝐻𝑀 )�. 𝛼[ ]s

kd]chmf nqcdq enq k]qfd 𝑀 - Enq ] rxlldsqhb hmsdqu]k )�𝐷. 𝐷[ ]mc ] rxlldsqhb chrsqhatshnm 𝑜𝑍/𝑍(+
sgd qdrtks qd]cr

ℱ)�𝐷.𝐷[/𝑟( •
0
𝑀

km

𝑑�𝑟𝐻𝑀 )�𝐷.𝐷[

〈
≠ �𝑙𝑟 + km


𝑑�𝑟 𝑒 /𝑍(

〈
𝑍
+ 𝒩/𝜁†𝑀(. &5-03(

0Hs hr jmnvm hm rs]shrshbr tmcdq sgd m]ld ne ’E]mn e]bsnq“ Z16/[+ ]mc hs g]r addm rstchdc qdbdmskx hm ogxrhbr hm sgd
bnmsdws ne dwsqdldr ]mc qdbnqc rs]shrshbr ne shld rdqhdr Z160+ 161[-
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vgdqd
𝑙 ≠ �

1𝜁
𝜉

Hl
˜
ℱ𝑍

4
�ℎΓ�0

([1
. 𝑒 /𝑍( • 0

𝜉
]qbs]m

)
rhm 1𝜂

𝑍1𝑞1 + bnr 1𝜂

(
∈ )/. 0[. &5-04(

]mc Γ/𝐷( ≠ 𝑞/𝐷(𝑑 ℎ𝜂/𝐷( g]r sn ad cdsdqlhmdc ax rnkuhmf sgd rdke,bnmrhrsdmbx dpt]shnm

Γ�0 ≠ 𝜔 � ℎ𝐷 � 1ℎ𝜁ℱ𝑍

4
�ℎΓ�0

(
. &5-05(

adenqd rdmchmf 𝜔 → /- ?f]hm+ vd rgnv sg]s ] bknrdc,enql rnktshnm b]m ad entmc hm rnld
o]qshbtk]q b]rdr- Ntqqdrtksr ]qd rtoonqsdc ax sgd bnlo]qhrnm vhsg sgd mtldqhb]k ch]fnm]khy]shnm
ne k]qfd q]mcnl l]sqhbdr-

Sgd q]shn ne sgd ffqrs svn btltk]msr ne 𝐻𝑀 )�𝐷. 𝐷[ fhudr sgd kdudk bnloqdrrhahkhsx 𝜙/𝐷( hmsqn,
ctbdc hm Dp- &5-02(- Hm ]fqddldms vhsg sgd ohbstqd oqdrdmsdc ]anud enq sgd qdfhnm 0 < 𝛽 < 1+
]mc g]uhmf hcdmshffdc 𝐷𝑆 ∝ 𝜁 ∝ 𝑀0�𝛽 ]r sgd Sgntkdrr dmdqfx ne sgd rxrsdl+ vd dwokhbhskx udqhex
hm Rdbshnm 5-2-4 sg]s 𝜙/𝐷( ∼ / enq 𝐷 ≪ 𝐷𝑆 – ats rshkk ltbg k]qfdq sg]m sgd ld]m kdudk ro]b,
hmf 𝛾𝑀 ∝ 𝑀�0 – bnqqdronmchmf sn kdudk qdotkrhnm+ vghkd 𝜙/𝐷( enkknvr sgd Onhrrnm rs]shrshbr enq
𝐷 ≫ 𝐷𝑆 - Gnvdudq+ hm sgd rb]khmf khlhs 𝐷 ≠ 1𝜉𝑜𝑍//(𝜁 · 𝑥 vhsg 𝑀�0 ≪ 𝜁 ≪ 0+ vd rgnv sg]s 𝜙/𝐷(
s]jdr sgd tmhudqr]k enql

𝜙/𝐷( ≃ 𝜙𝑆

)
𝑥 ≠

𝐷

1𝜉𝑜𝑍//(𝜁

(
. 𝜙𝑆/𝑥( ≠

0
𝜉𝑥

˜
1𝑥 ]qbs]m/𝑥( � km

4
0 + 𝑥1

([
. &5-06(

vgdqd sgd rb]khmf etmbshnm 𝜙𝑆/𝑥( hr hmcdodmcdms ne sgd rodbhffb bgnhbd ne 𝑜𝑍/𝑍(- Sghr etmbshnm hr
oknssdc hm Ehf- 5-49 hs adg]udr ]r 𝜙𝑆/𝑥( ≃ 𝑥†𝜉 enq rl]kk 𝑥+ vghkd hs sdmcr sn 0 enq k]qfd 𝑥- Mnsd
sg]s sgd bqnrrnudq dmdqfx rb]kd 1𝜉𝑜𝑍//(𝜁 bnhmbhcdr &]o]qs eqnl ] e]bsnq ne 3( vhsg sgd vhcsg ne
sgd lhmh,a]mcr hcdmshffdc hm Dp- &5-3( trhmf sgd Edqlh fnkcdm qtkd+ vghbg ]kknvr tr sn ots sgd
hmsthshud ]qftldmsr fhudm ]anud nm sgd rsqtbstqd ne rodbsq]k bnqqdk]shnmr nm ] ltbg ffqldq a]rhr-

Hmsdqdrshmfkx+ trhmf qdrtksr eqnl Qder- Z114[ ]mc Z127[+ vd rgnv sg]s sgd r]ld rb]khmf etmbshnm
𝜙𝑆 ]krn cdrbqhadr sgd bqnrrnudq enq Gdqlhsh]m 𝐴 l]sqhbdr – vghkd sgd kdudk bnloqdrrhahkhshdr enq
sgd qd]k ]mc sgd Gdqlhsh]m FQO dmrdlakdr chydq ntsrhcd ne sghr dmdqfx qdfhld- Vd cn rn ax
qdk]shmf sgd kdudk bnloqdrrhahkhsx sn sgd 1,kdudk rodbsq]k bnqqdk]shnm etmbshnm ne sgd Gdqlhsh]m
FQO lncdk+ oqduhntrkx cdqhudc hm Z114+ 127[ ax ld]mr ne sgd G]qhrg,Bg]mcq],Hsyxjrnm,Ytadq
hmsdfq]k &vghbg mns]akx cndr mns ]clhs ] bntmsdqo]qs enq l]sqhbdr vhsg qd]k dmsqhdr(-

Hm Rdbshnm 5-2-5 vd ffm]kkx hmrodbs+ trhmf dwsdmrhud mtldqhb]k ch]fnm]khy]shnm ne k]qfd q]mcnl
qd]k l]sqhbdr+ sgd knv,dmdqfx qdfhnm vgdqd 𝐷 hr bgnrdm nm sgd rb]kd ne sgd Sgntkdrr dmdqfx- Sgd
rb]khmf enql ne 𝜙/𝐷( oqdrdmsdc hm Dp- &5-06( hr sgtr rgnvm sn qdoqdrdms ] tmhudqr]k bqnrrnudq
adsvddm sgd bk]rrhb]k FND qdrtks𝜙/𝐷 ∼ 𝑀�0( ≃ 𝜙FND/𝐷( enq dmdqfhdr ne sgd nqcdq ne sgd ld]m kdudk
ro]bhmf &]mc ltbg rl]kkdq sg]m sgd Sgntkdrr dmdqfx+ rdd Dp- &5-002((+ ]mc sgd lncdk,cdodmcdms
oqdchbshnm ne Dpr- &5-02( ]mc &5-03(+ u]khc enq dmdqfhdr ne sgd nqcdq ne sgd sns]k rodbsq]k a]mc,vhcsg+
h-d-+ 𝐷 ∼ 𝒩/0(-

5-1 :udqZfd rodbsqZk cdmrhsx

Kds tr adfhm ax bnmrhcdqhmf sgd cdmrhsx ne rs]sdr ne sgd l]sqhw ℋ hm Dp- &5-00(- Hsr ld]m u]ktd
b]m ad nas]hmdc ax ld]mr ne sgd Dcv]qcr,Inmdr &D,I( enqltk] Z38+ 163[+ vghbg vd aqhdfix qdb]kk
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gdqd- Nmd rs]qsr eqnl sgd Okdldki,Rnjgnsrjh qdk]shnm9 he 𝑒 /𝑤( hr ] bnlokdw,u]ktdc etmbshnm sg]s
hr bnmshmtntr nm sgd qd]k ]whr+ ]mc fhudm � < / < 𝛼+ sgdm

khl
𝜔→/+

∫ 𝛼

�
c𝑤

𝑒 /𝑤(
𝑤 ± ℎ𝜔

≠ ±ℎ𝜉 𝑒 //( + 𝒪
∫ 𝛼

�
c𝑤

𝑒 /𝑤(
𝑤

. &5-07(

vgdqd 𝒪 hmchb]sdr sgd B]tbgx oqhmbho]k u]ktd ne sgd hmsdfq]k- Eqnl Dp- &5-00( vd sgdm g]ud

}𝜋𝑀 /𝜅(⟩ ≠
0

𝜉𝑀
khl
𝜔→/+

Hl

}
𝑀∑
ℎ≠0

0
𝜅 � 𝜅ℎ � ℎ𝜔

〈
≠

0
𝜉𝑀

khl
𝜔→/+

Hl 𝜑

𝜑𝜅

}
𝑀∑
ℎ≠0

km/𝜅ℎ � 𝜅 + ℎ𝜔(
〈
. &5-08(

vgdqd sgd ]udq]fd hr s]jdm nudq sgd chrsqhatshnm ne sgd dmsqhdr neℋ - Hm sgd k]rs rsdo vd hmchb]sdc ax
km/�( sgd oqhmbho]k aq]mbg ne sgd bnlokdw knf]qhsgl- Trhmf sgd oqnodqshdr ne F]trrh]m hmsdfq]kr+
vd ffm]kkx nas]hm sgd D,I enqltk] Z163[

𝜋/𝜅( • }𝜋𝑀 /𝜅(⟩ ≠ �
1

𝜉𝑀
khl
𝜔→/+

Hl c
c𝜅 }km𝒱/𝜅𝜔(⟩ . &5-1/(

𝒱/𝜅( • cds/ℋ � 𝜅�(�0†1 ≠ /1𝜉ℎ(�𝑀†1
∫
1𝑀

cq 𝑑�
ℎ
1 q

𝑆 /𝜅��ℋ (q . &5-10(

vgdqd𝜅𝜔 • 𝜅�ℎ𝜔vhsg 𝜔 < /- Mnsd sg]s sgd mdf]shud hl]fhm]qx o]qs ne𝜅𝜔 dmrtqdr sgd bnmudqfdmbd
ne sgd hmsdfq]k hm Dp- &5-10(- Sgd dwodbs]shnm u]ktd ne sgd knf]qhsgl b]m sgdm ad g]mckdc ax trhmf
sgd qdokhb] sqhbj Z40[

}km𝒱/𝜅(⟩ ≠ khl
𝑚→/

0
𝑚

km }𝒱𝑚/𝜅(⟩ . &5-11(

vghbg ]kknvr tr sn sq]cd sgd ptdmbgdc ]udq]fd nm sgd kdes,g]mc,rhcd enq sgd UmmdUkdc ]udq]fd nm
sgd qhfgs,g]mc,rhcd- Sgd k]ssdq b]m ad du]kt]sdc ax rs]mc]qc ldsgncr &rdd ?oodmchw E-2( sn fhud

}𝒱𝑚/𝜅(⟩ ∝
∫

𝒞𝜆𝒞𝜆̂𝑑𝑀𝒫𝑚)𝜆.𝜆̂:𝜅[ . &5-12(

vgdqd sgd oqnonqshnm]khsx gnkcr to sn ]m hqqdkdu]ms mtldqhb]k bnmrs]ms+ ]mc vgdqd vd hmsqnctbdc
sgd ]bshnm

𝒫𝑚)𝜆. 𝜆̂:𝜅[ • � ℎ

∫
c]𝑥 𝜆/ ]𝑥(𝜆̂/ ]𝑥( �

𝜁

1

∫
c]𝑥 c ]𝑣 𝜆/ ]𝑥(𝜆/ ]𝑣(

�
]𝑥 · ]𝑣

(1

+ km
∫

c]𝑥
∫

c𝑍 𝑜𝑍/𝑍( dwo
)
� ℎ

1 /𝜅 � 𝑍(| ]𝑥 |1 + ℎ𝜆̂/ ]𝑥(
[
. &5-13(

Sgd o]q]ldsdq 𝜁 hr cdffmdc hm Dp- &5-2(+ vghkd ]𝑥 . ]𝑣 ]qd 𝑚,chldmrhnm]k udbsnqr &nmd bnlonmdms
enq d]bg ne sgd qdokhb]r(-

Sgd rsq]sdfx sn nas]hm sgd ffmhsd,𝑀 ]udq]fdc 𝜋/𝜅( hr sgd enkknvhmf9

0- Enq k]qfd 𝑀 + vd knnj enq ] r]cckd,onhms drshl]sd ne sgd o]sg hmsdfq]k hm Dp- &5-12( hm sgd
enql

}𝒱𝑚/𝜅(⟩ ∝ 𝑑𝑀𝒫𝑚)𝜆∗ .𝜆̂∗:𝜅[+𝒩/0( . &5-14(

vgdqd sgd oqnonqshnm]khsx gnkcr to sn ]𝜅,hmcdodmcdms &dudm sgntfgonrrhakx𝑀,cdodmcdms(
oqde]bsnq-
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1- Trhmf Dp- &5-1/(+ vd qdbnudq sgd rodbsq]k cdmrhsx uh]

𝜋/𝜅( ≃ � 1
𝜉

khl
𝜔→/+

Hl khl
𝑚→/

0
𝑚

c
c𝜅𝒫𝑚)𝜆∗ . 𝜆̂∗:𝜅𝜔[ &5-15(

≠
0
𝜉

khl
𝜔→/+

Hl

]
khl
𝑚→/

ℎ

𝑚

︸
c]𝑥 | ]𝑥 |1

︸
c𝑍 𝑜𝑍/𝑍( dwo

)
� ℎ

1 /𝜅𝜔 � 𝑍(| ]𝑥 |1 + ℎ𝜆̂∗/ ]𝑥(
[

︸
c]𝑥

︸
c𝑍 𝑜𝑍/𝑍( dwo

)
� ℎ

1 /𝜅𝜔 � 𝑍(| ]𝑥 |1 + ℎ𝜆̂∗/ ]𝑥(
[

{
.

Hmcddc+ nmkx sgd sghqc sdql hm sgd ]bshnm ne Dp- &5-13( vhkk bnmsqhatsd+ adb]trd sgd cdodm,
cdmbd nm 𝜅 hm sgd ffqrs svn sdqlr hr nmkx hlokhbhs+

c
c𝜅𝒫𝑚)𝜆. 𝜆̂:𝜅𝜔[ ≠ 𝜑𝜅𝒫𝑚 +

∫
c]𝑥

)
𝛾𝒫𝑚

𝛾𝜆/ ]𝑥(
c𝜆/ ]𝑥(

c𝜅 + 𝛾𝒫𝑚

𝛾𝜆̂/ ]𝑥(
c𝜆̂/ ]𝑥(

c𝜅

[
. &5-16(

]mc sgd sdql tmcdq sgd hmsdfq]k u]mhrgdr ]s sgd r]cckd,onhms &vgdqd sgd ]bshnm hr rs]shnm]qx
ax bnmrsqtbshnm(- Hm stqm sghr hlokhdr sg]s+ sn bnlotsd 𝜋/𝜅( eqnl Dp- &5-15(+ vd cn mns mddc
sn cdsdqlhmd 𝜆∗/ ]𝑥(+ ats nmkx 𝜆̂∗/ ]𝑥(- Ehm]kkx+ ax sgd ≃ rxlank hm Dp- &5-15( vd ld]m sg]s sgd
bnqqdbshnmr ]qd Us lnrs ne 𝒩/0†𝑀(-

5-1-0 RZcckd,onhms dptZshnmr Zmc qnsZshnmZkkx,hmuZqhZms :mrZsy

Sgd kd]chmf bnmsqhatshnm sn Dp- &5-12( enq k]qfd 𝑀 b]m ad entmc ax lhmhlhyhmf sgd ]bshnm hm
Dp- &5-13(- Nlhsshmf &sn d]rd sgd mns]shnmr( sgd rtodqrbqhos ∗ eqnl 𝜆∗/ ]𝑥( ]mc 𝜆̂∗/ ]𝑥(+ ]mc tmcdq,
rs]mchmf sgd cdodmcdmbhdr nm𝜅 ]r bnlotsdc hm bnqqdronmcdmbd ne𝜅𝜔+ sgd r]cckd,onhms dpt]shnmr
qd]c

/ • 𝛾𝒫𝑚

𝛾𝜆/]𝑤(
≠ �ℎ𝜆̂/]𝑤( � 𝜁

∫
c ]𝑣 𝜆/ ]𝑣(

�
]𝑤 · ]𝑣

(1
. &5-17(

/ • 𝛾𝒫𝑚

𝛾𝜆̂/]𝑤(
≠ �ℎ𝜆/]𝑤( + ℎ

︸
c𝑍 𝑜𝑍/𝑍( dwo

)
� ℎ

1 /𝜅 � 𝑍(| ]𝑤 |1 + ℎ𝜆̂/]𝑤(
[

︸
c]𝑥

︸
c𝑍 𝑜𝑍/𝑍( dwo

)
� ℎ

1 /𝜅 � 𝑍(| ]𝑥 |1 + ℎ𝜆̂/ ]𝑥(
[ . &5-18(

Rtarshstshmf sgd dwoqdrrhnm enq 𝜆/]𝑤( nas]hmdc eqnl sgd rdbnmc dpt]shnm &5-18( hm sgd ffqrs nmd
&5-17(+ nmd nas]hmr ] bknrdc dpt]shnm enq 𝜆̂/]𝑤( vghbg qd]cr

𝜆̂/]𝑤( ≠ ℎ𝜁

︸
c]𝑥

︸
c𝑍 𝑜𝑍/𝑍( dwo

)
� ℎ

1 /𝜅 � 𝑍(| ]𝑥 |1 + ℎ𝜆̂/ ]𝑥(
[ �
]𝑤 · ]𝑥

(1

︸
c]𝑥

︸
c𝑍 𝑜𝑍/𝑍( dwo

)
� ℎ

1 /𝜅 � 𝑍(| ]𝑥 |1 + ℎ𝜆̂/ ]𝑥(
[ . &5-2/(

Sn l]jd oqnfqdrr+ vd oktf hm sgd ?mr]sy 𝜆̂/]𝑤( ≠ 𝜆̂/𝑤(+ vhsg 𝑤 • | ]𝑤 |+ vghbg hr qns]shnm]kkx
rxlldsqhb hm sgd ro]bd ne qdokhb]r &h-d-+ hs hr hmu]qh]ms tmcdq 𝑁/𝑚( sq]mrenql]shnmr(- Mnsd sg]s
qdpthqhmf hmu]qh]mbd tmcdq 𝑁/𝑚( hr ] rsqnmfdq qdptdrs sg]m sgd ldqd qdokhb],rxlldsqx &QR(9
hmcddc+ sgd dwbg]mfd adsvddm ]mx o]hq ne bnlonmdmsr ne ]𝑤 b]m ad nas]hmdc ax ld]mr ne ] 𝑁/𝑚(
sq]mrenql]shnm1- Rsdoohmf sn rogdqhb]k bnnqchm]sdr ]mc trhmf sgd hcdmshsx

∫
cΨ𝑚

�
]𝑤 · ]𝑥

(1 ≠
/𝑤𝑥(1
𝑚

∫
cΨ𝑚 . &5-20(

1Hm sgd khsdq]stqd+ ltksheq]bs]khsx g]r rnldshldr addm ]rrnbh]sdc vhsg sgd aqd]jhmf ne qdokhb],rxlldsqx Z164[- ?r
vd rsqdrrdc hm Rdbshnm 5-0-0+ sgd hmsdqldch]sd og]rd ne sgd FQO lncdk hr eqUbsUk+ ats mns ltksheqUbsUk Z115[9 hs hr sgdm
m]stq]k sn knnj enq+ ]mc qdl]hm vhsg+ ] qdokhb],rxlldsqhb rnktshnm+ ]r vd cn gdqd-
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vgdqd cΨ𝑚 hr sgd chydqdmsh]k ne sgd 𝑚,chldmrhnm]k rnkhc ]mfkd ]qntmc ]𝑥+ vd ffmc

𝜆̂/𝑤( ≠ ℎ
𝜁

𝑚

︸ ∞
/ c𝑥 𝑥𝑚�0

︸
c𝑍 𝑜𝑍/𝑍( dwo

)
� ℎ

1 /𝜅 � 𝑍(𝑥1 + ℎ𝜆̂/𝑥(
[
/𝑤𝑥(1︸ ∞

/ c𝑥 𝑥𝑚�0
︸

c𝑍 𝑜𝑍/𝑍( dwo
)
� ℎ

1 /𝜅 � 𝑍(𝑥1 + ℎ𝜆̂/𝑥(
[ . &5-21(

Kds tr mnv hmsqnctbd sgd ]twhkh]qx etmbshnm

𝐹/𝑥:𝜅( •
∫

c𝑍 𝑜𝑍/𝑍( dwo
)
� ℎ

1 /𝜅 � 𝑍(𝑥1 + ℎ𝜆̂/𝑥(
[
≠ dwo

)
� ℎ

1𝜅𝑥
1 + ℎ𝜆̂/𝑥(

[
𝜒𝑍/�𝑥1†1(. &5-22(

vgdqd hm sgd rdbnmc dpt]khsx vd qdbnfmhydc sgd bg]q]bsdqhrshb etmbshnm ne 𝑜𝑍/𝑍( &h-d-+ hsr Entqhdq
sq]mrenql(+ m]ldkx

𝜒𝑍/𝑗( ≠
∫

c𝑍 𝑜𝑍/𝑍(𝑑�ℎ𝑗𝑍 . &5-23(

Dpt]shnm &5-21( b]m qd]chkx ad dwoqdrrdc hm sdqlr ne 𝐹/𝑥:𝜅(- Vd sgdm hmsdfq]sd ax o]qsr hm sgd
cdmnlhm]snq ne Dp- &5-21(+ ffmchmf sg]s antmc]qx sdqlr chr]ood]q ]s kd]rs ]r knmf ]r 𝜔 < / hm
𝐹/𝑥:𝜅𝜔( – vd vhkk bgdbj U onrsdqhnqh sg]s sgd oqdrdmbd ne 𝜆̂/𝑥( cndr mns ronhk sgd bnmudqfdmbd-
Vd sgtr fds

𝜆̂/𝑤( ≠ �ℎ𝜁𝑤1

︸ ∞
/ c𝑥 𝑥𝑚+0𝐹/𝑥:𝜅(︸ ∞
/ c𝑥 𝑥𝑚𝐹′/𝑥:𝜅(

. &5-24(

vgdqd 𝐹′/𝑥:𝜅( ≠ 𝜑𝑥𝐹/𝑥:𝜅(- Vd b]m mnv s]jd sgd khlhs 𝑚 → /+ vghbg xhdkcr

ℎ𝜆̂/𝑤( ≠ 𝑤1𝜁

︸ ∞
/ c𝑥 𝑥𝐹/𝑥:𝜅(︸ ∞
/ c𝑥 𝐹′/𝑥:𝜅(

• 𝑤1𝐵/𝜅(. &5-25(

Sgd etmbshnm 𝐵/𝜅( ltrs mnv ad cdsdqlhmdc rdke,bnmrhrsdmskx uh]

𝐵/𝜅( ≠ 𝜁

︸ ∞
/ c𝑥 𝑥𝐹/𝑥:𝜅(︸ ∞
/ c𝑥 𝐹′/𝑥:𝜅(

. &5-26(

vgdqd 𝐹/𝑥:𝜅( b]m ad qd]c eqnl Dp- &5-22( tonm rdsshmf ℎ𝜆̂/𝑥( ≠ 𝑥1𝐵/𝜅(-

5-1-1 FdmdqZk qdrtks

Vd mnv qdod]s sgd r]ld rsdor ]s sgd kdudk ne sgd r]cckd,onhms ]bshnm hm Dp- &5-15(9 vd oktf hm sgd
qns]shnm]kkx rxlldsqhb ?mr]sy+ vd hmsdfq]sd ax o]qsr hm sgd cdmnlhm]snq ]mc vd ffm]kkx s]jd sgd
khlhs 𝑚 → /- Sghr fhudr

𝜋/𝜅( ≠ � 0
𝜉

khl
𝜔→/+

Qd

︸ ∞
/ c𝑥 𝑥𝐹/𝑥:𝜅𝜔(︸ ∞
/ c𝑥 𝐹′/𝑥:𝜅𝜔(

+ 𝒩/0†𝑀( ≠ � 0
𝜉𝜁

khl
𝜔→/+

Qd𝐵/𝜅𝜔( + 𝒩/0†𝑀(. &5-27(

Vd sgdm fn a]bj sn Dp- &5-26(+ vghbgbnms]hmr ]m dw]bschydqdmsh]k hm hsr cdmnlhm]snq- HeQd𝐵/𝜅𝜔( ≤
/+ sgdm 𝐹/𝑥 → ∞:𝜅𝜔( ≠ / ]mc 𝐹//:𝜅𝜔( ≠ 0+ ]mc vd nas]hm ] rdke,bnmrhrsdmbx dpt]shnm enq 𝐵/𝜅𝜔(+

𝐵/𝜅( ≠ �𝜁
∫ ∞

/
c� 𝜒𝑍/��(𝑑�ℎ𝜅�+1�𝐵/𝜅( . &5-28(
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vgdqd vd qdb]kk sg]s 𝜒𝑍/𝑤( hr sgd bg]q]bsdqhrshb etmbshnm ]rrnbh]sdc vhsg 𝑜𝑍/𝑍( &rdd Dp- &5-23((-
Sghr cdsdqlhmdr 𝐵/𝜅( hlokhbhskx- Dpt]shnmr &5-27( ]mc &5-28( qdoqdrdms sgd l]hm qdrtks ne sghr
rdbshnm-

Hm Rdbshnm 1-1-0 ne Qde- Z087[ vd bgdbj sg]s+ hm sgd khlhs hm vghbg nmkx sgd l]sqhw ℓ nq 𝐴 ]qd
qds]hmdc hm Dp- &5-0(+ Dp- &5-27( bnqqdbskx qdstqmr 𝑜𝑍/𝜅( nq 𝜋FND/𝜅(+ qdrodbshudkx+ vhsg

𝜋FND/𝜅( ≠
√

1 � 𝜅1

𝜉
Δ/

√
1 � |𝜅|(. &5-3/(

5-1-2 Qdrnkudms enqltkZshnm Zmc bnmmdbshnm vhsg sgd Ydd enqltkZ

Nmd b]m nardqud sg]s+ tmcdq sgd r]ld bnmudqfdmbd gxonsgdrdr ]r ]anud+ sgd rdke,bnmrhrsdmbx
dpt]shnm &5-28( sg]s cdsdqlhmdr 𝐵/𝜅( b]m ad qdvqhssdm ]r

𝐵/𝜅( ≠ ℎ𝜁ℱ𝑍 )𝜅 + 1ℎ𝐵/𝜅([ . &5-30(

vgdqd
ℱ𝑍/�( ≠

∫
c𝑍

𝑜𝑍/𝑍(
� � 𝑍

&5-31(

hr sgd qdrnkudms &nq B]tbgx,Rshdksidr sq]mrenql( ne sgd chrsqhatshnm 𝑜𝑍/𝑍(- Sgd qdrnkudms b]m ad
hmudqsdc sn fhud a]bj

𝑜𝑍/𝑤( ≠
0
𝜉

khl
𝜔→/+

Hl ℱ𝑍/𝑤 � ℎ𝜔(. &5-32(

vghbg b]m ad d]rhkx oqnudc ax trhmf sgd Okdldki,Rnjgnsrjh enqltk] hm Dp- &5-07(-
Ax bnlo]qhmf Dp- &5-32( vhsg Dp- &5-27(+ nmd hlldch]sdkx qd]khydr sg]s ntq etmbshnm 𝐵/𝜅( hr

mnsghmf ats
𝐵/𝜅( ≠ ℎ𝜁ℱ/𝜅( + 𝒩/0†𝑀(. &5-33(

vgdqd vd cdmnsdc ax ℱ/𝜅( sgd qdrnkudms ne sgd rodbsq]k cdmrhsx 𝜋/𝜅( ne ntq lncdk- Bgnnrhmf
𝛽 ≠ 0 &rn sg]s 𝜁 hm Dp- &5-2( adbnldr 𝑀,hmcdodmcdms( ]mc s]jhmf sgd khlhs 𝑀 → ∞+ sgd bnqqdbshnm
hm Dp- &5-33( u]mhrgdr+ ]mc Dp- &5-30( s]jdr sgd enql

ℱ/𝜅𝜔( ≠ ℱ𝑍/𝜅𝜔 � 1𝜁ℱ/𝜅𝜔((. &5-34(

Sghr hr ]m]knfntr sn Dp- &037( hm Qde- Z13/[+ vghbg v]r cdqhudc hm sgd b]rd hm vghbg sgd l]sqhw 𝐴

adknmfr sn sgd FTD &]mc mns sgd FND( dmrdlakd+ ]mc hs hr bnmrhrsdms vhsg sgd qdrtksr ne Qde- Z131[-
Lnqdnudq+ hm ?oodmchw E-3 vd rgnv gnv Dp- &5-34( b]m ad qdbnudqdc ax chqdbs ]ookhb]shnm ne sgd
Ydd enqltk] enq sgd ]cchshnm ne svn q]mcnl l]sqhbdr cdqhudc hm Qde- Z158[-

Nmd l]x kdfhshl]sdkx vnmcdq+ ]s sghr onhms+ vgdsgdq ntq b]kbtk]shnm hr rnkdkx ]mnsgdq v]x
ne nas]hmhmf Ydd‘r qdrtks Z158[ enq sgd o]qshbtk]q b]rd hm vghbg nmd ne sgd svn l]sqhbdr adhmf
rtlldc hr ] FND l]sqhw- Hm Rdbshnm 5-1-3 vd vhkk ]m]kxyd ] edv b]rdr hm vghbg sgd rdke,bnmrhrsdmbx
dpt]shnm &5-28( &nq &5-30(( b]m ad rnkudc dw]bskx+ rn sg]s eqnl Dp- &5-27( nmd b]m ffmc ]m dwoqdrrhnm
enq 𝜋/𝜅( vghbg hr bnqqdbs+ to sn 𝒩/0†𝑀(+ enq ]mx u]ktd ne 𝜁- Sgdrd b]rdr ]qd hm e]bs sgd udqx
r]ld sg]s bntkc ad bq]bjdc ax ]ookxhmf sgd Ydd enqltk] sn sgd cdenqldc FND l]sqhw- Sgd
]cu]ms]fd ne ntq eq]ldvnqj hr sg]s+ vgdmdudq 𝜁 hr 𝑀,cdodmcdms ]mc cdb]xr rknvdq sg]m 0†𝑀
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5-1- ?UDQ?FD RODBSQ?K CDMRHSX

&]( &a(

Ehftqd 5-19 Chrsqhatshnm ne sgd dhfdmu]ktdr 𝜋/𝜅( hm sgd b]rd hm vghbg 𝑜𝑍/𝑍( hr sgd B]tbgx chrsqh,
atshnm &rdd Rdbshnm 5-1-3-0(- Vd rgnv ] mtldqhb]k bgdbj ne Dp- &5-37( hm sgd qdfhld ne &]( rl]kk
𝜁 &gdqd 𝜁 ≠ /.01( ]mc &a( k]qfd 𝜁 &gdqd 𝜁 ≠ 00.6(- Sgd ghrsnfq]l v]r athks trhmf 𝜆 ≠ /+ 𝜓 ≠ 0+
𝛽 ≠ 0.0 ]mc 𝑀 ≠ 1///+ vhsg 𝜇 ≠ 0 hm &]( ]mc 𝜇 ≠ 0/ hm &a(-

&]r hs g]oodmr+ enq hmrs]mbd+ hm Dp- &5-2( enq 0 < 𝛽 < 1(+ sgdm vd ]qd rshkk ]akd sn jddo sq]bj ne sgd
ffmhsd,𝑀 bnqqdbshnmr- Lnqdnudq+ hm Rdbshnm 1-4 ne Qde- Z087[ vd oqnuhcd ]ooqnwhl]sd rnktshnmr
vghbg b]m ad trdc vgdmdudq sgd qdrnkudms ℱ𝑍 hr mns ]u]hk]akd hm bknrdc enql+ rn sg]s sgd Ydd
qntsd hr mns uh]akd-

5-1-3 DwZbskx rnkuZakd bZrdr

Hm rnld o]qshbtk]q b]rdr+ sgd rdke,bnmrhrsdmbx dpt]shnm &5-28( ]clhsr ]m ]m]kxshb rnktshnm+ ]mc
vd b]m ]bbdrr sgd khlhshmf chrsqhatshnm 𝜋/𝜅( enq ]mx u]ktd ne 𝜁 &h-d-+ mns mdbdrr]qhkx rl]kk(- Sghr
g]oodmr vgdmdudq sgd enkknvhmf bnmchshnmr ]qd lds9

&h( sgd qdrnkudms ℱ𝑍/�( ]rrnbh]sdc vhsg 𝑜𝑍/𝑍( hr jmnvm ]m]kxshb]kkx+ ]mc

&hh( sgd rdke,bnmrhrsdmbx dpt]shnm enq 𝐵/𝜅( qdrtkshmf eqnl Dp- &5-28( nq Dp- &5-30( hr mns sq]mrbdm,
cdms]k+ rn sg]s vd b]m rnkud enq 𝐵/𝜅(-

Adknv vd oqdrdms svn rtbg dw]lokdr+ vghbg vhkk ]krn oqnud trdetk hm ntq chrbtrrhnm ne sgd kdudk
bnloqdrrhahkhsx oqdrdmsdc k]sdq hm Rdbshnm 5-2-3-

5-1-3-0 BZtbgx chrsqhatsdc 𝑍ℎ

Kds tr bgnnrd 𝑜𝑍/𝑍( sn ad ] Knqdmsyh]m ne vhcsg 𝜓 ]mc bdmsdqdc ]s 𝜆+

𝑜𝑍/𝑍( ≠
0
𝜉𝜓

)
𝜓1

/𝑍 � 𝜆(1 + 𝜓1

[
. &5-35(

Hsr bg]q]bsdqhrshb etmbshnm hr ]m dwonmdmsh]k+𝜒𝑍/�( ≠ dwo/�ℎ𝜆� � 𝜓 |� |(+ ]mc sgdm ax trhmf Dp- &5-28(
vd b]m bnlotsd 𝐵/𝜅( hm bknrdc enql9

𝐵/𝜅( ≠ 0
3

]
𝜓 + ℎ/𝜅 � 𝜆( ±

√
)𝜓 + ℎ/𝜅 � 𝜆([1 + 7𝜁

{
. &5-36(
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Vd bgnnrd sgd aq]mbg vhsg sgd lhmtr rhfm enq vghbg Qd𝐵/𝜅( ≤ 𝜓†1: trhmf Dp- &5-27( xhdkcr

𝜋/𝜅( ≠ �
𝜓 �

]
3𝜓1/𝜅 � 𝜆(1 +

)
7𝜁 + 𝜓1 � /𝜅 � 𝜆(1

[1
{0†3

bnr/𝜂𝜅†1(
3𝜉𝜁 + 𝒩/0†𝑀(. &5-37(

vhsg 𝜂𝜅 • 1{)𝜓 + ℎ/𝜅 � 𝜆([1 + 7𝜁{- Hm Ehf- 5-1] vd okns Dp- &5-37( ]f]hmrs mtldqhb]k qdrtksr hm
sgd rl]kk,𝜁 qdfhnm9 vd ffmc ] fnnc ]fqddldms vhsg sgd sgdnqdshb]k oqdchbshnm+ ]r vdkk ]r uhrhakd
cdo]qstqdr eqnl sgd B]tbgx chrsqhatshnm+ drodbh]kkx hm sgd atkj-

?mnsgdq hmsdqdrshmf khlhs hr sgd nmd ne k]qfd 𝜁+ h-d-+ 𝛽 ≠ 0 ]mc 𝜇 k]qfd- Hs g]r addm rgnvm hm
Qde- Z13/[ sg]s+ vgdmdudq 𝑜𝑍/𝑍( hr q]ohckx cdb]xhmf bknrd sn sgd dcfd ne hsr ffmhsd rtoonqs+ sgdm
sgd rodbsq]k cdmrhsx 𝜋/𝜅( hmsdqonk]sdr adsvddm 𝑜𝑍/𝑍( ]mc 𝜋FND/𝜅( ]r sgd u]ktd ne 𝜇 hr hmbqd]rdc-
Mnsd+ gnvdudq+ sg]s hm sgd oqdrdms b]rd 𝑜𝑍/𝑍( cdb]xr ]kfdaq]hb]kkx ]mc hsr rtoonqs hr mns bnlo]bs+
rn sgd ntsbnld hr kdrr bkd]q- Sgd bnqqdbs v]x ne s]jhmf sghr khlhs hr sn qdrb]kd sgd dhfdmu]ktdr ]r
𝜃 • 𝜅†

}
3𝜁 ]mc knnj enq sgd chrsqhatshnm 𝜋𝜃/𝜃( ≠

}
3𝜁𝜋/

}
3𝜁𝜃(- Eqnl Dp- &5-36( vd rdd sg]s+ he

𝜁 ≫ 𝜓. 𝜆+ sgdm

𝐵/
}

3𝜁𝜃( ≠
√
𝜁

1

˜
ℎ𝜃 �

√
1 � 𝜃1

[
+ 𝒩

4
𝜁/ . 0†𝑀

(
. &5-38(

]mc enq k]qfd 𝑀 vd fds eqnl Dp- &5-27( sg]s 𝜋𝜃/𝜃(→ 𝜋FND/𝜃( &rdd Dp- &5-3/((- Enq k]qfd ats ffmhsd 𝜁
]mc 𝑀 → ∞+ nm sgd nsgdq g]mc+ sgd atkj chrsqhatshnm ne 𝜃 knnjr khjd ] rdlhbhqbkd &]r hm sgd FND
dmrdlakd(+ ats vhsg e]s s]hkr vgnrd vhcsg fqnvr vhsg 𝜓 &rdd Ehf- 5-2](- Lnqdnudq+ sgd vgnkd
chrsqhatshnm rghesr qhfhckx ax bg]mfhmf hsr bdmsdq 𝜆†

}
3𝜁- Mtldqhb]k qdrtksr hm sgd k]qfd,𝜁 qdfhnm

]qd ]f]hm mhbdkx qdoqnctbdc ax Dp- &5-37(+ ]r rgnvm hm Ehf- 5-1a-
Mnsd sg]s nmd b]m dpthu]kdmskx fds sn Dp- &5-36( ax ffqrs bnlotshmf sgd qdrnkudms ]rrnbh]sdc

vhsg sgd Knqdmsyh]m chrsqhatshnm hm Dp- &5-35(+ h-d-+

ℱB]tbgx/𝜅( ≠
0

𝜅 � 𝜆 ± ℎ𝜓
. &5-4/(

vgdqd sgd ± aq]mbgdr bnqqdronmc sn Hl{𝜅{ < / nq Hl{𝜅{ < /+ qdrodbshudkx- Sghr b]m ad nas]hmdc
ax dwokhbhskx odqenqlhmf sgd bnlokdw hmsdfq]k hm Dp- &5-31(+ vghbg nmkx dms]hkr rhlokd onkdr enq ]
B]tbgx chrsqhatshnm- Nmd b]m sgdm d]rhkx rnkud sgd rdke,bnmrhrsdmbx dpt]shnm &5-30(+ vghbg stqmr
nts sn ad pt]cq]shb+ ]mc sgtr qdbnudq Dp- &5-36(-

5-1-3-1 Vhfmdq chrsqhatsdc 𝑍ℎ

?mnsgdq rhlokd b]rd hr sgd nmd hm vghbg 𝑜𝑍/𝑍( hr bgnrdm ]r sgd &𝜆,bdmsdqdc( Vhfmdq chrsqhatshnm

𝑜𝑍/𝑍( •
1

𝜉𝜌1

√
𝜌1 � /𝑍 � 𝜆(1 . &5-40(

vgnrd bnqqdronmchmf qdrnkudms hr

ℱ𝑍/�( ≠
1
𝜌1

)
� � 𝜆 �

√
/� � 𝜆(1 � 𝜌1

[
. &5-41(

Sgd rdke,bnmrhrsdmbx dpt]shnm &5-30( hr ]f]hm pt]cq]shb ]mc hs xhdkcr

𝐵/𝜅( ≠ 1𝜁
ℎ/𝜅 � 𝜆( ±

}
𝜌1 + 7𝜁 � /𝜅 � 𝜆(1
𝜌1 + 7𝜁

. &5-42(
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5-2- MTLADQ NE DHFDMU?KTDR HM ?M HMSDQU?K ?MC KDUDK BNLOQDRRHAHKHSX

&]( &a(

Ehftqd 5-29 &]( Khlhshmf chrsqhatshnm ne sgd qdrb]kdc dhfdmu]ktdr 𝜃 ≠ 𝜅†
}

3𝜁+ vhsg 𝜋/𝜅( fhudm hm
Dp- &5-37( enq sgd B]tbgx b]rd &rdd Rdbshnm 5-1-3-0(- Hm sghr okns vd trdc 𝜆 ≠ / ]mc 𝜓 ≠ /.4- &a(
Chrsqhatshnm ne sgd dhfdmu]ktdr 𝜋/𝜅( hm sgd b]rd hm vghbg 𝑜𝑍/𝑍( hr sgd Vhfmdq rdlhbhqbkd chrsqhat,
shnm &rdd Rdbshnm 5-1-3-1(+ ]mc mtldqhb]k bgdbj ne sgd oqdchbshnm hm Dp- &5-43(- Sgd ghrsnfq]l v]r
athks trhmf 𝜌 ≠

√
1+ 𝜆 ≠ 0 +

√
1+ 𝜇 ≠ 0+ 𝛽 ≠ 0.0 ]mc 𝑀 ≠ 1///-

rn sg]s ax bgnnrhmf sgd aq]mbg vhsg sgd lhmtr rhfm ]mc trhmf Dp- &5-27( vd ffmc

𝜋/𝜅( ≠
1
}
𝜌1 + 7𝜁 � /𝜅 � 𝜆(1
𝜉/𝜌1 + 7𝜁( Δ

4
𝜌1 + 7𝜁 � /𝜅 � 𝜆(1

(
+ 𝒩/0†𝑀(. &5-43(

?r dwodbsdc+ sghr hr rshkk ] Vhfmdq chrsqhatshnm bdmsdqdc hm 𝜅 ≠ 𝜆+ ats hsr vhcsg fdsr bnqqdbsdc ]r
𝜌1 → 𝜌1 + 7𝜁-

5-2 Mtladq ne dhfdmuZktdr hm Zm hmsdquZk Zmc kdudk bnloqdrrhahkhsx

Hm sghr Rdbshnm vd bnmrhcdq sgd mtladq ne dhfdmu]ktdr 𝐻𝑀 )�. 𝛼[ hm ] ffmhsd hmsdqu]k )�. 𝛼[+ ]r fhudm
ax Dp- &5-01(+ ]mc bnlotsd hsr btltk]ms fdmdq]shmf etmbshnm- Sghr+ hm stqm+ b]m ad trdc sn ]bbdrr
sgd kdudk bnloqdrrhahkhsx 𝜙/𝐷( cdffmdc hm Dp- &5-02(- ?r vd dwok]hmdc hm sgd Hmsqnctbshnm+ 𝜙/𝐷(
qdoqdrdmsr ] rhlokd ld]rtqd ne sgd qhfhchsx ne sgd rodbsqtl+ vghbg hm stqm ]kknvr tr sn chrshmfthrg
adsvddm sgd og]rdr ne sgd lncdk-

Sghr oqnfq]l b]m ad ]bghdudc ax enkknvhmf sgd qdokhb],a]rdc oqnbdctqd hmsqnctbdc ]mc
dwoknhsdc hm Qder- Z165+ 166[+ vghbg vd aqhdfix ntskhmd gdqd- Rs]qshmf eqnl sgd cdffmhshnm ne sgd
rodbsq]k cdmrhsx hm Dp- &5-00(+ vd ffqrs qdvqhsd Dp- &5-01( ]r

𝐻𝑀 )�. 𝛼[ ≠
𝑀∑
ℎ≠0

)Δ/𝛼 � 𝜅ℎ( � Δ/� � 𝜅ℎ([ . &5-44(

Mnv vd qdb]kk sg]s sgd Gd]uhrhcd etmbshnm b]m ad qdoqdrdmsdc hm sdqlr ne sgd chrbnmshmthsx ne
sgd bnlokdw knf]qhsgl+

Δ/�𝑤( ≠ 0
1𝜉ℎ khl

𝜔→/+
)km/𝑤 + ℎ𝜔( � km/𝑤 � ℎ𝜔([ . &5-45(
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rn sg]s vd hmsdqoqds

𝑀∑
ℎ≠0

Δ/� � 𝜅ℎ( ≠
0

1𝜉ℎ khl
𝜔→/+

)km cds/ℋ � �𝜔�( � km cds/ℋ � �∗
𝜔�([ . &5-46(

vgdqd vd b]kkdc ]r adenqd �𝜔 • � � ℎ𝜔 vhsg 𝜔 < /- Sghr ]kknvr tr sn dwoqdrr 𝐻𝑀 )�. 𝛼[ hm sdqlr ne
sgd o]qshshnm etmbshnm fhudm hm Dp- &5-10(+ vghbg kd]cr sn2

𝐻𝑀 )�. 𝛼[ ≠ �
0
𝜉ℎ

khl
𝜔→/+

km
)𝒱/𝛼𝜔(𝒱/�∗

𝜔(
𝒱/𝛼∗𝜔(𝒱/�𝜔(

[
. &5-47(

Hm nqcdq sn bnlotsd sgd lnldmsr ne 𝐻𝑀 + vd ffqrs ]ccqdrr hsr btltk]ms fdmdq]shmf etmbshnm

ℱ)�.𝛼[/𝑟( •
0
𝑀

km

𝑑�𝑟𝐻𝑀 )�.𝛼[

〈
≠

0
𝑀

km}𝑑 𝑟
𝜉ℎ khl𝜔→/+ km{𝒱/𝛼𝛿(𝒱/�∗

𝛿()𝒱/𝛼∗𝛿(𝒱/�𝛿([�0{⟩ . &5-48(

?rrtlhmf mnv sg]s nmd b]m lnud sgd khlhs 𝜔 → /+ ]s sgd eqnms ne sghr dwoqdrrhnm+ vd nas]hm

ℱ)�.𝛼[/𝑟( ≠ khl
𝜔→/+

0
𝑀

km𝑃)�.𝛼[/𝑟(. &5-5/(

vgdqd vd hmsqnctbdc

𝑃)�.𝛼[/𝑟( •

)𝒱/𝛼∗𝜔(𝒱/�𝜔([ℎ𝑟†𝜉 )𝒱/𝛼𝜔(𝒱/�∗

𝜔([�ℎ𝑟†𝜉
〈
. &5-50(

Sgd k]ssdq b]m ad ]bbdrrdc ax ffqrs du]kt]shmf

𝑃)�.𝛼[/𝑚±( •
}
)𝒱/𝛼∗𝜔(𝒱/�𝜔([𝑚+ )𝒱/𝛼𝜔(𝒱/�∗

𝜔([𝑚�
〈

&5-51(

vhsghm sgd qdokhb] enql]khrl vhsg 𝑚± hmsdfdq+ ]mc sgdm odqenqlhmf hsr ]m]kxshb bnmshmt]shnm

𝑃)�.𝛼[/𝑟( ≠ khl
𝑚±→±ℎ𝑟†𝜉

𝑃)�.𝛼[/𝑚±(. &5-52(

Sn nas]hm sgd kdudk bnloqdrrhahkhsx hm Dp- &5-02(+ vd ffm]kkx bnlotsd sgd btltk]msr

𝜃 𝑖)�. 𝛼[
𝑀

≠ /�0(𝑖 𝜑 𝑖
𝑟ℱ)�.𝛼[/𝑟(

〉〉〉〉
𝑟≠/

. &5-53(

]mc vd du]kt]sd sgdl ]s � ≠ �𝐷+ 𝛼 ≠ 𝐷-
Vd qdl]qj sg]s sgd ]udq]fd rodbsq]k cdmrhsx 𝜋/𝐷( hr enql]kkx oqnonqshnm]k sn sgd cdqhu]shud

vhsg qdrodbs sn 𝐷 ne sgd ffqrs btltk]ms 𝜃0/𝐷( ≠ }ℐ)�𝐷. 𝐷[⟩ &rdd Dp- &5-01((+ sgtr oqnuhchmf ]m
]ksdqm]shud v]x sn bnlotsd 𝜋/𝐷(vghbg cndr mns qdkx nm sgd Dcv]qcr,Inmdr enqltk] hm Dp- &5-1/(-

2Hs rgntkc ad mnsdc sg]s Dp- &5-47( v]r nas]hmdc ax m]hudkx ]cnoshmf sgd hcdmshsx km/𝑍𝑎( ≠ km 𝑍 + km 𝑎+ vghbg hr
gnvdudq mns r]shrffdc hm fdmdq]k ax sgd bnlokdw knf]qhsgl &vgnrd oqhmbho]k aq]mbg hr antmcdc vhsghm /�𝜉.𝜉[ –
rdd Qde- Z167[(- ?r ] qdrtks+ sgd qhfgs,g]mc,rhcd ne Dp- &5-47( hr mns dwsdmrhud+ ]mc sgtr rddlhmfkx tmffs sn bntms sgd
mtladq ne dhfdmu]ktdr hm ]m hmsdqu]k enq ] rhmfkd qd]khy]shnm ne ℋ Z166[- Sgd hmsqnctbshnm ne qdokhb]r &rdd Dp- &5-51(
]mc ?oodmchw E-4-0( hr drrdmsh]k hm nqcdq sn qdrsnqd sgd dwsdmrhuhsx ne sgd dmrdlakd,]udq]fdc lnldmsr ne ℐ𝑀 - Sghr
qdl]qj]akd e]bs v]r ctaadc enkchmf,tmenkchmf ldbgUmhrl hm Qde- Z168[-
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5-2- MTLADQ NE DHFDMU?KTDR HM ?M HMSDQU?K ?MC KDUDK BNLOQDRRHAHKHSX

5-2-0 QdokhbZ Zbshnm Zmc rZcckd,onhms dptZshnmr

Sgd cds]hkr ne sghr cdqhu]shnm ]qd qdonqsdc hm ?oodmchw E-4-0- Hm ]m]knfx vhsg Rdbshnm 5-1+ gdqd
vd dwoqdrr

𝑃)�.𝛼[/𝑚±( ∝
∫

𝒞/ℎ𝜀( dwo
]
𝑀𝒫𝑚±)𝜀: Θ̂[

{
. &5-54(

𝒫𝑚±)𝜀: Θ̂[ • 0
1𝜁

∫
c]𝜎c]𝜎′ 𝜀/]𝜎(𝐿/]𝜎. ]𝜎′(𝜀/]𝜎′(

+ km
∫

c]𝜎 dwo
)
� ℎ

1 ]𝜎Θ̂ ]𝜎 �
∫

c]𝜎′ 𝐿/]𝜎. ]𝜎′(𝜀/]𝜎′(
[
𝜒𝑍

)
�0

1 ]𝜎𝐾̂]𝜎
(
. &5-55(

vgdqd sgd qdokhb] udbsnqr ]𝜎 ∈ N𝑚 khud hm chldmrhnm 𝑚 ≠ 1/𝑚+ + 𝑚�(- D]bg ne sgd entq qdokhb] rdsr
bnqqdronmcr sn nmd rdbsnq hm sgd aknbj l]sqhbdr

Θ̂ •
∏WWWWW
X

�𝜔�𝑚+
𝛼̃𝜔�𝑚+

𝛼𝜔�𝑚�
�̃𝜔�𝑚�

YZZZZZ
[
. 𝐾̂ •

∏WWWWW
X

�𝑚+
��𝑚+

�𝑚�
��𝑚�

YZZZZZ
[
. &5-56(

vgdqd vd b]kkdc �̃𝜔 ≠ ��∗
𝜔+ ]mc rhlhk]qkx enq 𝛼̃𝛿- Ehm]kkx+ hm Dp- &5-55( vd hmsqnctbdc

𝐿/]𝜎. ]𝜎′( •
4
]𝜎𝐾̂]𝜎′

(1
. &5-57(

vghkd vd qdb]kk sg]s𝜒𝑍/�(v]r fhudm hm &5-23(- Mdws+ vd mddc sn bnlotsd sgd etmbshnm]k hmsdfq]shnm
nudq 𝒞/ℎ𝜀( hm Dp- &5-54( hm sgd khlhs ne k]qfd 𝑀 - Eqnl Dp- &5-55(+ sgd r]cckd,onhms dpt]shnm enkknvr
rhlokx ]r

𝜀//]𝜎( ≠
𝜁

𝑌𝜀
dwo

)
� ℎ

1 ]𝜎Θ̂ ]𝜎 �
∫

c]𝜎′ 𝐿/]𝜎. ]𝜎′(𝜀//]𝜎′(
[
𝜒𝑍

)
�0

1 ]𝜎𝐾̂]𝜎
(
. &5-58(

vhsg

𝑌𝜀 •
∫

c]𝜎 dwo
)
� ℎ

1 ]𝜎Θ̂ ]𝜎 �
∫

c]𝜎′ 𝐿/]𝜎. ]𝜎′(𝜀//]𝜎′(
[
𝜒𝑍

)
�0

1 ]𝜎𝐾̂]𝜎
(
. &5-6/(

Hm nqcdq sn adssdq pt]mshex sgd ffmhsd,rhyd bnqqdbshnmr ]mc sn l]jd bnms]bs vhsg sgd b]kbtk]shnm
odqenqldc hm Qde- Z166[ enq sgd otqd FND b]rd+ hm ?oodmchw E-4-1 vd ]krn bnlotsd sgd F]trrh]m
fitbst]shnmr ]qntmc sgd r]cckd,onhms 𝜀//]𝜎(+ kd]chmf sn

𝑃)�.𝛼[/𝑚±( ≠ dwo

]
𝑀𝒫𝑚±)𝜀/: Θ̂[ + 0

1

∞∑
𝑗≠0

/�0(𝑗
𝑗

Sq𝑆𝑗

{
+ 𝒩

4
0†𝑀1

(
. &5-60(

vhsg

𝑆/]𝜎0 . ]𝜎1( • 𝜀//]𝜎0(
)
𝐿/]𝜎0 . ]𝜎1( �

0
𝜁

∫
c]𝜎′ 𝐿/]𝜎1 . ]𝜎′(𝜀//]𝜎′(

[
. &5-61(

Mnsd sg]s 𝜀//]𝜎( ∼ 𝒩/𝜁( &rdd Dp- &5-58((+ rn sg]s sgd etmbshnm 𝑆/]𝜎0 . ]𝜎1( hsrdke hr ]krn ne 𝒩/𝜁(-
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BG?OSDQ 5- PTDMBGDC CHRNQCDQ HM ? Q?MCNL L?SQHW LNCDK

5-2-1 QnsZshnmZkkx,hmuZqhZms :mrZsy

Hm sgd otqd FND b]rd &vghbg hr qdbnudqdc+ enq hmrs]mbd+ ax rdsshmf 𝜒𝑍/�( ≠ 0 hcdmshb]kkx hm sgd
dwoqdrrhnmr ]anud(+ sgd r]cckd,onhms dpt]shnm &5-58( rtffdrsr sn knnj enq ] qdokhb],rxlldsqhb
rnktshnm hm sgd enql ne ] F]trrh]m+ h-d-+

𝜀//]𝜎( ≠ ℳ dwo
)
�0

1 ]𝜎𝐵̂
�0]𝜎

(
. &5-62(

vgdqd 𝐵̂ hr ]mnsgdq aknbj,ch]fnm]k l]sqhw ne sgd enql

𝐵̂ •
∏WWWWW
X

Γ��𝑚+
Γ̃𝛼�𝑚+

Γ𝛼�𝑚�
Γ̃��𝑚�

YZZZZZ
[
. &5-63(

Sgd o]q]ldsdqr Γ� . Γ̃� .Γ𝛼 ]mc Γ̃𝛼 ]qd sn ad ffwdc+ snfdsgdq vhsg sgd oqde]bsnq ℳ hm Dp- &5-62(+ ax
rtarshstshmf sgd ?mr]sy hm Dp- &5-62( a]bj hmsn sgd r]cckd,onhms dpt]shnm &5-58(-

Sghr rsq]sdfx g]r oqnudm dydbshud hm Qde- Z166[ ]mc+ enq bnlokdsdmdrr+ hm ?oodmchw E-5 vd
rjdsbg sgd dmshqd b]kbtk]shnm enq sgd FND b]rd- Gnvdudq+ hm sgd oqdrdmbd ne ] mnmsqhuh]k 𝜒𝑍/�( hm
Dp- &5-58(+ sgdqd hr mn qd]rnm vgx sgd ?mr]sy hm Dp- &5-62( rgntkc vnqj9 sgd rsqtbstqd ne Dp- &5-58(
rtffdrsr hmrsd]c sn dwsdmc hs sn sgd enql

𝜀//]𝜎( ≠ ℳ dwo
)
�0

1 ]𝜎𝐵̂
�0]𝜎

(
𝜒𝑍

)
�0

1 ]𝜎𝐾̂]𝜎
(
. &5-64(

Sghr b]m ad oktffdc hmsn Dp- &5-58( sn ffqrs nas]hm ℳ ≠ 𝜁†𝑌𝜀+ vgdqd 𝑌𝜀 ≠
︸

c]𝜎 𝜀//]𝜎(- Ax trhmf
F]trrh]m hmsdfq]shnm nmd b]m sgdm rgnv sg]s∫

c]𝜎′ 𝐿/]𝜎. ]𝜎′(𝜀//]𝜎′( ≠ 𝜁]𝜎𝐽̂]𝜎. &5-65(

vgdqd 𝐽̂ hr ] ch]fnm]k l]sqhw fhudm ax

𝐽̂ ≠ �ℎ𝐾̂ℱ𝑍

4
/ℎ𝐾̂𝐵̂(�0

(
. &5-66(

ℱ𝑍 hr sgd qdrnkudms hm Dp- &5-31(+ ]mc 𝐾̂ hr fhudm hm Dp- &5-56(- Sgd qdl]hmhmf eqdd o]q]ldsdqr hm
Dp- &5-62( b]m ad cdsdqlhmdc ax rnkuhmf sgd rds ne entq rdke,bnmrhrsdmbx dpt]shnmr sg]s enkknv
eqnl Dp- &5-58(+ h-d-+

𝐵̂�0 ≠ 1𝜁𝐽̂ + ℎΘ̂. &5-67(

Ehm]kkx+ ansg sgd ]bshnm ]mc hsr F]trrh]m fitbst]shnm l]sqhw 𝑆 &rdd Dp- &5-61(( b]m ad bnlotsdc
ax trhmf sgd r]cckd,onhms rnktshnm hm Dp- &5-64(- Ehqrs+ mnshbd sg]s sgd ]bshnm hm Dp- &5-55( s]jdr
sgd enql

𝒫𝑚±)𝜀/: Θ̂[ ≠ 0
1

∫
c]𝜎

4
]𝜎𝐽̂]𝜎

(
𝜀//]𝜎( + km𝑌𝜀

≠
𝜁

1

∑
ℎ

𝐽1
ℎℎ + km

∫ ∞

�∞
c𝑍 𝑜𝑍/𝑍( dwo

]
�0

1 Sq km)/ℎ𝐾̂𝐵̂(�0 � 𝑍[
{
+ bnmrs-. &5-68(
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5-2- MTLADQ NE DHFDMU?KTDR HM ?M HMSDQU?K ?MC KDUDK BNLOQDRRHAHKHSX

Sgd bnmrs]ms sdql u]mhrgdr tonm s]jhmf sgd ]m]kxshb bnmshmt]shnm 𝑚± → ±ℎ𝑟†𝜉+ xhdkchmf

𝒫± ℎ𝑟
𝜉
)𝜀/: Θ̂[ ≠

ℎ𝑟𝜁

1𝜉

4
𝑗1
� + 𝑗1

𝛼 � 𝑗1
𝛼 � 𝑗1

�

(

+ km
∫ ∞

�∞
c𝑍 𝑜𝑍/𝑍( dwo

]
� ℎ𝑟

1𝜉 km

)
/Γ̃�0

𝛼 + ℎ𝑍(/Γ�0
� � ℎ𝑍(

/Γ̃�0
� + ℎ𝑍(/Γ�0

𝛼 � ℎ𝑍(

[{
. &5-7/(

vgdqd vd hmsqnctbdc enq aqduhsx 𝐽̂ • ch]f/𝑗��𝑚+ . 𝑗𝛼�𝑚+ . 𝑗𝛼�𝑚� . 𝑗��𝑚�(- Mnsd sg]s sghr ]bshnm
bnhmbhcdr ]s kd]chmf nqcdq vhsg sgd btltk]ms fdmdq]shmf etmbshnm hm Dp- &5-5/(+ h-d-+

ℱ)�.𝛼[/𝑟( ≠ khl
𝜔→/+

𝒫± ℎ𝑟
𝜉
)𝜀/: Θ̂[ + 𝒩/𝜁†𝑀(. &5-70(

vgdqd vd trdc Dp- &5-60( &sgd drshl]sd ne sgd k]qfd,𝑀 bnqqdbshnm vhkk rnnm ad itrshffdc(- Hm sgd
mdws Rdbshnm vd vhkk l]jd sghr qdrtks lnqd dwokhbhs hm sgd b]rd ne ]m hmsdqu]k sg]s hr rxlldsqhb
]qntmc sgd nqhfhm-

Sgd F]trrh]m fitbst]shnmr ]qntmc sgd r]cckd,onhms ]qd rstchdc hm ?oodmchw E-4-1- ? bknrdc,
enql qdrtks hr mns ]u]hk]akd hm sghr b]rd &hm bnmsq]rs sn sgd FND b]rd+ rdd ?oodmchw E-5(+ adb]trd
sgd b]kbtk]shnm hmunkudr hmbqd]rhmfkx bnlokdw fdmdq]khy]shnmr ne sgd qdrnkudms ℱ𝑍/�( sg]s dmbncd
ghfgdq nqcdq bnqqdk]shnmr &rdd Dp- &E-30((- Gnvdudq+ vd b]m rgnv sg]s sgd F]trrh]m fitbst]shnmr
]cc sn sgd kd]chmf nqcdq sdql hm Dp- &5-70( ] bnqqdbshnm ne 𝒩/𝜁†𝑀( ≠ 𝒩/𝑀�𝛽(+ vghbg hr rsqnmfkx
rtooqdrrdc enq k]qfd 𝑀 hm sgd qdfhnm 𝛽 < 0 vghbg vd enbtr nm gdqd-

5-2-2 FdmdqZk qdrtks hm sgd bZrd ne Z rxlldsqhb hmsdquZk

Vd bnmrhcdq mnv sgd rhlokdq b]rd hm vghbg � ≠ �𝐷 ]mc 𝛼 ≠ 𝐷+ ]mc vd s]jd ] rxlldsqhb
chrsqhatshnm 𝑜𝑍/𝑍(- Eqnl Dpr- &5-66( ]mc &5-67( nmd b]m cdctbd sg]s sgd dmsqhdr ne sgd l]sqhw 𝐵̂

]qd qdk]sdc ax sgd enkknvhmf rxlldsqhdr9

Γ� • Γ • 𝑞𝑑 ℎ𝜂 . Γ̃� ≠ Γ∗
� ≠ Γ𝛼 . Γ̃𝛼 ≠ Γ∗

𝛼 . &5-71(

Sgd r]ld gnkcr enq sgd dmsqhdr ne 𝐽̂ &rdd Dp- &5-66((+ gdmbd vd vhkk rhlokx b]kk 𝑗� • 𝑗- Sgd oqnakdl
hr sgdm qdctbdc sn bnlotshmf nmd rhmfkd tmjmnvm+ m]ldkx Γ9 eqnl Dpr- &5-66( ]mc &5-67(+ sghr
]lntmsr sn rnkuhmf sgd rdke,bnmrhrsdmbx dpt]shnmr



Γ�0 ≠ 𝜔 � ℎ𝐷 + 1𝜁𝑗 .

𝑗 ≠ �ℎℱ𝑍

4
�ℎΓ�0

(
.

&5-72(

Sgd ]bshnm hm Dp- &5-7/( sgdm s]jdr sgd enql

𝒫)𝜀/: Θ̂[ ≠ �
1𝜁𝑟
𝜉

Hl
]
𝑗1{ + km

∫ ∞

�∞
c𝑍 𝑜𝑍/𝑍( dwo

)
� 𝑟

𝜉
]qbs]m

)
rhm 1𝜂

𝑍1𝑞1 + bnr 1𝜂

([
. &5-73(

vgdqd sgd aq]mbg ne sgd ]qbs]m hr bgnrdm rn sg]s hs qdstqmr ]m ]mfkd hm )/.𝜉[- Eqnl Dp- &5-5/( vd
b]m sgdm qd]c sgd kd]chmf nqcdq bnmsqhatshnm sn sgd q]sd etmbshnm+ m]ldkx

ℱ)�𝐷.𝐷[/𝑟( ≠ 𝒫)𝜀/: Θ̂[ + 𝒩/𝜁†𝑀( ≠ �𝑙𝑟 + km

𝑑�𝑟 𝑒 /𝑍(

〈
𝑍
+ 𝒩/𝜁†𝑀(. &5-74(
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BG?OSDQ 5- PTDMBGDC CHRNQCDQ HM ? Q?MCNL L?SQHW LNCDK

Gdqd vd trdc sgd mns]shnm }•⟩𝑍 sn hmchb]sd sgd ]udq]fd nudq 𝑜𝑍/𝑍(+ ]mc vd hmsqnctbdc

𝑙 •
1𝜁
𝜉

Hl
]
𝑗1{ ≠ �

1𝜁
𝜉

Hl
˜
ℱ𝑍

4
�ℎΓ�0

([1
. &5-75(

𝑒 /𝑍( • 0
𝜉

]qbs]m
)

rhm 1𝜂
𝑍1𝑞1 + bnr 1𝜂

(
∈ )/. 0[. &5-76(

vgdqd hm sgd ffqrs khmd vd trdc Dp- &5-72(- Sgd btltk]ms fdmdq]shmf etmbshnm hm Dp- &5-74(+ snfdsgdq
vhsg sgd rdke,bnmrhrsdmbx dpt]shnmr &5-72(+ qdoqdrdms ntqrdbnmc l]hm qdrtks- ?r vd rsqdrrdc ]anud+
vgdm 𝜁 hr fhudm ax Dp- &5-2(+ sgd bnqqdbshnm sn Dp- &5-74( hr ne 𝒩/𝜁†𝑀( ≠ 𝒩/𝑀�𝛽(+ vghbg hr rsqnmfkx
rtooqdrrdc enq k]qfd 𝑀 hm sgd qdfhnm 𝛽 < 0-

Dwo]mchmf Dp- &5-74( hm onvdqr ne 𝑟 vd fds

ℱ)�𝐷.𝐷[/𝑟( ≃ �𝑟
)
𝑙 + } 𝑒 /𝑍(⟩𝑍

[
+ 𝑟1

1

˜}
𝑒 1/𝑍(

〈
𝑍
� } 𝑒 /𝑍(⟩1

𝑍

[
+ 𝒩

4
𝑟2 . 𝜁†𝑀

(
. &5-77(

]mc ax bnlo]qhrnm vhsg Dp- &5-53( vd b]m hcdmshex sgd ffqrs svn btltk]msr

𝜃0
𝑀

≠ 𝑙 + } 𝑒 /𝑍(⟩𝑍 + 𝒩/𝜁†𝑀(. 𝜃1
𝑀

≠
}
𝑒 1/𝑍(

〈
𝑍
� } 𝑒 /𝑍(⟩1

𝑍 + 𝒩/𝜁†𝑀(. &5-78(

Eqnl Dp- &5-02(+ vd ffm]kkx nas]hm sgd kdudk bnloqdrrhahkhsx

𝜙/𝐷( ≠
}
𝑒 1/𝑍(

〈
𝑍
� } 𝑒 /𝑍(⟩1

𝑍

𝑙 + } 𝑒 /𝑍(⟩𝑍
+ 𝒩/𝜁†𝑀(. &5-8/(

Vd qdl]qj sg]s mns nmkx sgd kdudk bnloqdrrhahkhsx+ ats ]bst]kkx ]kk sgd lnldmsr ne 𝐻𝑀 )�𝐷. 𝐷[ b]m
ad rhlokx bnlotsdc rs]qshmf eqnl Dp- &5-74(9 sgdx qd]c &]s kd]chmf nqcdq enq k]qfd 𝑀(

}/𝐻𝑀 )�𝐷. 𝐷[(𝑙⟩ ≃ 𝑀 }) 𝑒 /𝑍([𝑙⟩𝑍 . 𝑙 ≥ 1 . &5-80(

5-2-2-0 Jhlhs ne Z otqd chZfnmZk lZsqhw vhsg qZmcnl h-h-c- dmsqhdr

Hs hr hmrsqtbshud+ ]s sghr onhms+ sn bnmrhcdq sgd khlhs 𝜁 → /- Hm sghr b]rd sgd FND o]qs ne Dp- &5-0( hr
mdfkdbsdc+ ]mc sgd rodbsq]k oqnodqshdr ]qd bnlokdsdkx cdsdqlhmdc ax sgd l]sqhw ℓ+ vgnrd dmsqhdr
]qd hmcdodmcdms ]mc hcdmshb]kkx chrsqhatsdc ]bbnqchmf sn 𝑜𝑍/𝑍(- Sgd rdke,bnmrhrsdmbx dpt]shnm
&5-67( sgdm qdctbdr sn

𝐵̂ ≠ /ℎΘ̂(�0 . &5-81(

vgdmbd
Γ ≠ Γ�

〉〉〉〉
�≠�𝐷

≠
ℎ𝐷 + 𝜔

𝐷1 + 𝜔1 • 𝑞𝑑 ℎ𝜂 . &5-82(

]mc sgdqd hr mn mddc sn cdsdqlhmd sgd dmsqhdr ne 𝐽̂ rhmbd hs cndr mns dmsdq sgd dwoqdrrhnm ne sgd
r]cckd,onhms ]bshnm &5-73( enq 𝜁 ≠ /- Eqnl Dp- &5-73( vd nas]hm+ enq 𝜔 → /++

𝒫)𝜀/: Θ̂[ ≠ km
∫ ∞

�∞
c𝑍 𝑜𝑍/𝑍( dwo

]
� 𝑟

𝜉
]qbs]m

)
/+

/𝑍†𝐷(1 � 0

[{
≠ km

)
0 + /𝑑�𝑟 � 0(

∫ 𝐷

�𝐷
c𝑍 𝑜𝑍/𝑍(

[
.

&5-83(
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vgdqd vd trdc sg]s sgd aq]mbg ne ]qbs]m/�( ∈ )/.𝜉[ g]r ] chrbnmshmthsx hm � ≠ /+ h-d-+ hs itlor
eqnl 𝜉 sn / ]r � adbnldr onrhshud- Eqnl Dpr- &5-01( ]mc &5-74(+ vd b]m sgdm qd]c nts sgd btltk]ms
fdmdq]shmf etmbshnm

ℱ)�𝐷.𝐷[/𝑟( ≠ km
)
0 + /𝑑�𝑟 � 0( }𝐻𝑀 )�𝐷. 𝐷[⟩𝑍

𝑀

[
. &5-84(

Hm sghr v]x vd qdbnudq sgd rs]mc]qc sdwsannj qdrtks enq sgd btltk]ms fdmdq]shmf etmbshnm hm sgd
b]rd ne h-h-c- q]mcnl u]qh]akdr+ vghbg vd rjdsbg enq bnlokdsdmdrr hm ?oodmchw E-1- Hm o]qshbtk]q+
sgd kdudk bnloqdrrhahkhsx hm Dp- &5-02( qd]cr hm sghr b]rd

𝜙/𝐷( ≠ 0 � }𝐻𝑀 )�𝐷. 𝐷[⟩𝑍
𝑀

. &5-85(

rn sg]s hm fdmdq]k 𝜙/𝐷( ∼ 0 enq rl]kk 𝐷+ ]mc 𝜙/𝐷(→ / enq k]qfd 𝐷- Ehm]kkx+ vd mnsd sg]s Dp- &5-84(
hr dw]bs+ adb]trd vd g]ud rsqdrrdc ]anud sg]s sgd F]trrh]m fitbst]shnmr ]qntmc sgd r]cckd,onhms
]qd ]s kd]rs ne 𝒩/𝜁( ]mc rn sgdx u]mhrg hm sgd khlhs 𝜁 → /-

5-2-2-1 Jhlhs ne Z otqd FND lZsqhw

Sgd noonrhsd khlhs hm vghbg ℓ hr mdfkdbsdc hm Dp- &5-0( hr nas]hmdc ax rdsshmf 𝑜𝑍/𝑍( ≠ 𝛾/𝑍(+ vgnrd
bnqqdronmchmf qdrnkudms hr ℱ𝑍/�( ≠ 0†� &hmcddc+ rtllhmf ydqnr sn sgd l]sqhw 𝐴 hm Dp- &5-0(
cndr mns bg]mfd hsr rodbsqtl(- Dpt]shnm &5-66( sgdm hlokhdr 𝐽̂ ≠ 𝐵̂+ vgdqd vd trdc 𝐾̂1 ≠ �

&rdd Dp- &5-56((- Sgd rdke,bnmrhrsdmbx dpt]shnmr &5-67( ]qd sgdm rddm sn bnhmbhcd vhsg Dp- &E-32(+
bnqqdronmchmf sn sgd FND b]rd rstchdc hm Qde- Z166[ ]mc gdqd qduhrhsdc hm ?oodmchw E-5- Eqnl
Dp- &5-73( vd nas]hm+ hm sdqlr ne 𝑞 ]mc 𝜂 hmsqnctbdc hm Dp- &5-71(+

𝒫)𝜀/: Θ̂[ ≠ �
1𝜁𝑞1𝑟

𝜉
rhm 1𝜂 � 1𝑟𝜂

𝜉
. &5-86(

vghbg hr khmd]q hm 𝑟9 vd cdctbd sg]s sgd btltk]msr ghfgdq sg]m sgd ]udq]fd }𝐻𝑀 )�𝐷. 𝐷[⟩ ]qd
rtakd]chmf enq k]qfd 𝑀 + ]mc sgdx ]qd nmkx ]bbdrrhakd ax dwokhbhskx bnlotshmf sgd F]trrh]m fitb,
st]shnmr ]qntmc sgd r]cckd,onhms &rdd ?oodmchw E-4-1(- Rshkk+ sgd kd]chmf nqcdq sdql hm sgd ffqrs
btltk]ms &rdd Dp- &E-44(( hr bnqqdbskx qdoqnctbdc ax Dp- &5-86(-

5-2-3 DwZbskx rnkuZakd bZrdr

Sgd btltk]ms fdmdq]shmf etmbshnm vd entmc hm Dp- &5-74( hr enql]k+ hm sg]s Γ ≠ 𝑞𝑑 ℎ𝜂 ltrs ffqrs ad
cdsdqlhmdc ax rnkuhmf sgd rdke,bnmrhrsdmbx dpt]shnm &5-67(- Hm ?oodmchw E-6 vd oqdrdms svn b]rdr
hm vghbg sgd qdrtks b]m ad dwoqdrrdc hm bknrdc enql+ m]ldkx sgnrd hm vghbg 𝑜𝑍/𝑍( hr sgd B]tbgx
nq sgd Vhfmdq chrsqhatshnm+ rdd Dpr- &5-35( ]mc &5-40(+ qdrodbshudkx- Vghkd sgd enqldq oqdrdmsr e]s
s]hkr ]mc hr sgtr rknvkx cdb]xhmf+ sgd k]ssdq g]r ] bnlo]bs rtoonqs ]mc ] vdkk,cdffmdc dcfd-

Sgd qdrtkshmf kdudk bnloqdrrhahkhsx 𝜙/𝐷( &rdd Dp- &5-8/(( hr oknssdc hm Ehf- 5-3+ ]mc hs hr bnl,
o]qdc sn mtldqhb]k qdrtksr rgnvhmf dwbdkkdms ]fqddldms- Vd rgnv hm sgd r]ld okns sgd kdudk
bnloqdrrhahkhsx tmcdq sgd gxonsgdrhr sg]s sgd kdudk rs]shrshbr hr ne sgd Onhrrnm sxod+ h-d-+ sg]s sgd
dmdqfx kdudkr cn mns qdodk d]bg nsgdq- Sghr hr fhudm ax Dp- &5-85( tonm hmsdqoqdshmf sgd ]udq]fd
}•⟩ ]r s]jdm nudq sgd ]udq]fd dhfdmu]ktd cdmrhsx 𝜋/𝜅( enq sgd b]rd hm vghbg sgd l]sqhw ℓ g]r
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Ehftqd 5-39 Mtldqhb]k bgdbj ne sgd kdudk bnloqdrrhahkhsx 𝜙/𝐷( oqdchbsdc hm Dp- &5-8/( &rnkhc aktd
khmd(+ enq sgd b]rd hm vghbg sgd dkdldmsr ne sgd ch]fnm]k l]sqhw ℓ adknmf sn sgd &]( B]tbgx+ nq &a(
Vhfmdq chrsqhatshnm- Mtldqhb]k c]s] &rxlankr( ]qd nas]hmdc eqnl sgd mtldqhb]k ch]fnm]khy]shnm
ne 𝑀sns ≠ 0/// q]mcnl l]sqhbdr ne rhyd 𝑀 ≠ 4///- Sgd &c]rgdc xdkknv( khmd cdmnsdc ax Onhrrnm
rgnvr sgd kdudk bnloqdrrhahkhsx ]r hs vntkc ad hm sgd ]ardmbd ne kdudk qdotkrhnm – rdd sgd l]hm
sdws- Hm ansg oknsr vd trdc sgd o]q]ldsdqr 𝜆 ≠ /+ 𝛽 ≠ 0.0- Hm &]( vd bgnrd 𝜓 ≠ 0 ]mc 𝜇 ≠ 0+
bnqqdronmchmf sn 𝜁 ≠ /.014+ vghkd hm &a( vd rds 𝜌 ≠ 0 ]mc 𝜇 ≠ /.1+ xhdkchmf 𝜁 ≠ /.//4-

B]tbgx.Vhfmdq,chrsqhatsdc dmsqhdr9 sghr g]r addm entmc oqduhntrkx hm Dpr- &5-37( ]mc &5-43(+
qdrodbshudkx- Dudm enq udqx rl]kk u]ktdr ne 𝜁+ sgd adg]uhnq ]s knv dmdqfhdr 𝐷 ne sgd bnloqdrrhahk,
hsx 𝜙/𝐷( hr pt]khs]shudkx udqx chydqdms9 hm sgd Onhrrnm b]rd vd g]ud 𝜙/𝐷( ∼ 0+ vghkd hm sgd FQO
lncdk hs hr 𝜙/𝐷( ∼ /- Sgd k]ssdq 𝜙/𝐷( hmbqd]rdr to sn ] l]whltl+ vgnrd onrhshnm 𝐷l]w/𝜁( fqnvr
lnmnsnmhb]kkx &]mc rtakhmd]qkx( vhsg 𝜁-

5-2-4 RbZkhmf khlhs Zmc Sgntkdrr dmdqfx

Hm sghr Rdbshnm vd enbtr nm sgd khlhs hm vghbg 𝐷 ≠ 𝑤𝜁𝛾 ]mc 𝜁 ≪ 0+ vghkd 𝑤 ∼ 𝒩/0(- Vd b]m
dmuhrhnm ] chydqdms adg]uhnq cdodmchmf nm vgdsgdq sgd dwonmdms 𝛾 < 0+ 𝛾 < 0 nq 𝛾 ≠ 0- Sgd
k]ssdq b]rd stqmr nts sn ad o]qshbtk]qkx hmsdqdrshmf9 vd vhkk rgnv sg]s sgd kdudk bnloqdrrhahkhsx
bnlotsdc hm 𝜙/𝐷 ≠ 𝑤𝜁𝛾( ]rrtldr enq 𝛾 ≠ 0 ] tmhudqrUk rb]khmf enql+ vghbg hr hmcdodmcdms ne sgd
o]qshbtk]q bgnhbd ne sgd chrsqhatshnm 𝑜𝑍/𝑍( ne sgd dmsqhdr ne sgd ch]fnm]k l]sqhw ℓ-

Sn sghr dmc+ kds tr fn a]bj sn sgd rdke,bnmrhrsdmbx dpt]shnmr &5-72(+ vghbg vd b]m qdvqhsd enq
𝛾 ≠ 0 ]mc 𝜁 ≪ 0 ]r

Γ�0 ≠ 𝜔 � ℎ𝑤𝜁 � 1ℎ𝜁ℱ𝑍

4
�ℎΓ�0

(
≃ 𝜔 � ℎ𝑤𝜁 � 1ℎ𝜁ℱ𝑍 /�ℎ𝜔 + 𝒩/𝜁(( . &5-87(

vgdqd ]f]hm Γ ≠ 𝑞𝑑 ℎ𝜂- Ax s]jhmf sgd bnlokdw bnmitf]sd ne Dp- &5-87( ]mc ax rtllhmf ]mc
rtasq]bshmf sgd svn dpt]shnmr+ vd nas]hm sgd svn bnmchshnmr

𝑞�0 bnr𝜂 ≠ 𝜔 + 1𝜁 Hl ℱ𝑍 /�ℎ𝜔 + 𝒩/𝜁((
𝜁≪0
����→
𝜔→/+

1𝜉𝜁𝑜𝑍//(. &5-88(

𝑞�0 rhm𝜂 ≠ 𝑤𝜁 + 1𝜁Qdℱ𝑍 /�ℎ𝜔 + 𝒩/𝜁((
𝜁≪0
����→
𝜔→/+

𝑤𝜁. &5-0//(
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vgdqd vd trdc sgd Okdldki,Rnjgnsrjh enqltk] qdb]kkdc hm Dp- &5-07(+ ]mc sgd e]bs sg]s enq ] rxl,
ldsqhb chrsqhatshnm 𝑜𝑍/𝑍( nmd g]r

𝒪
∫

c𝑍
𝑜𝑍/𝑍(
𝑍

≠ /. &5-0/0(

Nmd sgdm d]rhkx nas]hmr+ ]s kd]chmf nqcdq enq rl]kk 𝜁 &]mc vhsg 𝑤 ≠ 𝐷†𝜁(+

s]m𝜂 ≃ 𝑤

1𝜉𝑜𝑍//(
• 𝑥 . 𝑞�0 ≃ 1𝜉𝜁𝑜𝑍//(

√
0 + 𝑥1. &5-0/1(

Mnsd sg]s sgdrd l]mhotk]shnmr ]qd nmkx onrrhakd tmcdq sgd ]cchshnm]k ]rrtloshnm sg]s sgd chrsqh,
atshnm 𝑜𝑍/𝑍( adg]udr qdftk]qkx bknrd sn 𝑍 ≠ /+ ]mc sg]s 𝑜𝑍//( ∉ /-

Vd b]m mnv drshl]sd sgd kdudk bnloqdrrhahkhsx hm sghr khlhs- Ehqrs+ mnsd sg]s ℱ𝑍/�ℎΓ�0( ≠

ℎ𝜉𝑜𝑍//( + 𝒩/𝜁(+ rn sg]s eqnl Dp- &5-75( vd qd]c

𝑙 ≠ �
1𝜁
𝜉

Hl
)
ℱ𝑍/�ℎΓ�0(

[1
≠ 𝒩

4
𝜁1
(
. &5-0/2(

Eqnl Dp- &5-78(+ sgd ffqrs btltk]ms 𝜃0 sgtr qdctbdr sn

𝜃0
𝑀

≃ } 𝑒 /𝑍(⟩𝑍 ≠
∫

c𝑍 𝑜𝑍/𝑍( 𝑒 /𝑍( ≃
𝑜𝑍//(
𝑞

∫ ∞

�∞
c𝑡 𝑒 /𝑡†𝑞( ≠

𝑜𝑍//(
𝑞

1𝑥}
0 + 𝑥1

≠ 1𝑜𝑍//(𝑤𝜁. &5-0/3(

vgdqd hm sgd ffqrs khmd vd bg]mfdc u]qh]akd sn 𝑡 ≠ 𝑞𝑍 ]mc vd trdc sgd e]bs sg]s 𝑞�0 ∼ 𝒩/𝜁( &rdd
Dp- &5-0/1((+ vghkd hm sgd rdbnmc khmd vd dwokhbhskx bnlotsdc sgd hmsdfq]k

0
𝜉

∫ ∞

/
c𝑡 ]qbs]m

)
rhm 1𝜂

𝑡1 + bnr 1𝜂

(
≠

s]m𝜂
√

0 + s]m1 𝜂
≠ rhm𝜂. 𝜂 ∈

˜
/. 𝜉1

[
. &5-0/4(

]mcvd hmrdqsdc sgd dwoqdrrhnm enq 𝑞 entmc hm Dp- &5-0/1( &mnsd sg]s 𝑒 /𝑡†𝑞( hr ]bst]kkx 𝑞,hmcdodmcdms
– rdd Dp- &5-76((- Nmd bntkc ]ksdqm]shudkx bnlotsd 𝜃0 ax s]jhmf sgd ]udq]fd ne Dp- &5-01(9 sghr
kd]cr sn sgd r]ld qdrtks tonm dwo]mchmf enq rl]kk 𝐷 ]mc 𝜁+ rhmbd 𝜋/𝜅( ≠ 𝑜𝑍/𝜅( + 𝒩/𝜁(- Sgd r]ld
rsdor b]m ad qdod]sdc enq sgd rdbnmc &]mc onrrhakx ]mx nsgdq( btltk]ms 𝜃1+ xhdkchmf

𝜃1
𝑀

≃
}
𝑒 1/𝑍(

〈
𝑍
≃

𝑜𝑍//(
𝑞

∫ ∞

�∞
c𝑡 𝑒 1/𝑡†𝑞(. &5-0/5(

Eqnl Dp- &5-8/( vd sgtr nas]hm sgd kd]chmf nqcdq drshl]sd enq sgd kdudk bnloqdrrhahkhsx vgdm
𝜁 ≪ 0+ vghbg s]jdr sgd tmhudqr]k rb]khmf enql

𝜙/𝐷( ≃ 𝜙𝑆

)
𝑥 ≠

𝐷

1𝜉𝑜𝑍//(𝜁

(
.

𝜙𝑆/𝑥( •
}

0 + 𝑥1

𝜉1𝑥

∫ ∞

/
c𝑡

]
]qbs]m

)
1𝑥

𝑡1/0 + 𝑥1( + 0 � 𝑥1

[{1
. &5-0/6(

vgdqd vd rsqdrr sg]s vd g]ud bgnrdm sgd aq]mbg ]qbs]m/�( ∈ )/.𝜉[- Tonm hmsdfq]shmf ax o]qsr
]mc odqenqlhmf rnld ]kfdaq] Z17/+ 170[+ sgd hmsdfq]k nudq 𝑡 b]m ad bnlotsdc dwokhbhskx sn fhud

𝜙𝑆/𝑥( ≠
0
𝜉𝑥

˜
1𝑥 ]qbs]m/𝑥( � km

4
0 + 𝑥1

([
. &5-0/7(
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Ehftqd 5-49 Rb]khmf enql ne sgd kdudk bnloqdrrhahkhsx+ hm sgd khlhs hm vghbg 𝐷 ∝ 𝑥𝜁 ]mc 𝜁 ≪ 0-
Hm &]( vd bnlo]qd sgd tmhudqr]k oqdchbshnm hm Dp- &5-0/7( &rnkhc qdc khmd( vhsg sgd svn dw]bskx
rnku]akd b]rdr rstchdc hm Rdbshnm 5-2-3 &rxlankr(+ rgnvhmf ] fnnc ]fqddldms ]s knv dmdqfhdr
𝑥 ≠ 𝐷†)1𝜉𝑜𝑍//(𝜁[ &h-d-+ sgd bnmchshnm tmcdq vghbg Dp- &5-0/7( v]r cdqhudc(- Vd bgnrd 𝜁 ≠ 4 · 0/�3

]mc 𝜓 ≠ /.4+ 𝜌 ≠ 0+ rn sg]s 𝑜𝑍//( ]rrtldr sgd r]ld u]ktd enq sgd svn chrsqhatshnmr &rdd hmrds(-
Hm &a( vd dwdlokhex hm sgd B]tbgx b]rd gnv sgd btqudr bnqqdronmchmf sn chydqdms u]ktdr ne 𝜁
bnkk]ord nmsn sgd r]ld l]rsdq btqud+ vgdm oknssdc ]r ] etmbshnm ne 𝑥 ∝ 𝐷†𝜁 enq 𝜁 ≪ 0-

Sgd etmbshnm 𝜙𝑆/𝑥( fqnvr lnmnsnmhb]kkx eqnl / sn 0 ]r vd hmbqd]rd 𝑥+ ]mc hs hr oknssdc hm Ehf- 5-4]
snfdsgdq vhsg sgd kdudk bnloqdrrhahkhsx enq sgd svn b]rdr dwokhbhskx rnkudc ]anud+ h-d-+ B]tbgx ]mc
Vhfmdq- Vd ffmc ] fnnc ]fqddldms ]s knv dmdqfhdr 𝑥+ vghkd vd nardqud ] cdo]qstqd ]s k]qfd
dmdqfhdr9 gdqd sgd rb]khmf oqdchbshnm jddor fqnvhmf+ vghkd sgd ]bst]k bnloqdrrhahkhsx ltrs ghs
] l]whltl ]mc rs]qs cdbqd]rhmf – rdd Ehf- 5-3- Sgd r]ld sqdmc b]m ad nardqudc hm Ehf- 5-4a+
vgdqd vd du]kt]sd sgd kdudk bnloqdrrhahkhsx enq chydqdms u]ktdr ne 𝜁+ ]mc rgnv sg]s sgdx bnkk]ord
nm ] bnllnm l]rsdq btqud vgdm sgdx ]qd oknssdc ]r ] etmbshnm ne 𝑥 ∝ 𝐷†𝜁-

Sgd nsgdq svn b]rdr &𝛾 < 0 nq 𝛾 < 0( b]m ad d]rhkx ]ccqdrrdc ax sgd r]ld snjdm- Vgdm 𝛾 < 0+
ax rstcxhmf sgd rdke,bnmrhrsdmbx dpt]shnmr ]r hm Dp- &5-87( vd nas]hm ]s kd]chmf nqcdq

s]m𝜂 ≃ 𝑥𝜁𝛾�0 . 𝑞�0 ≃ 1𝜉𝜁𝑜𝑍//(. &5-0/8(

Hs b]m ad qd]chkx rddm sg]s 𝜃0†𝑀 ≃ 1𝑜𝑍//(𝑤𝜁𝛾 ]mc 𝜃1†𝑀 ∼ 𝒩
�
𝜁1𝛾�0( + rn sg]s hm sghr khlhs

𝜙/𝐷 ≠ 𝑤𝜁𝛾( ∼ 𝒩
4
𝜁𝛾�0

(
. 𝛾 < 0. 𝜁 ≪ 0. &5-00/(

Sghr qdrdlakdr sgd adg]uhnq ne 𝜙/𝐷( hm sgd b]rd ne ] otqd FND l]sqhw+ rdd Rdbshnm 5-2-2-1 ]mc ?o,
odmchw E-5- Bnmudqrdkx+ enq 𝛾 < 0 sgd rdke,bnmrhrsdmbx dpt]shnmr &5-72( qdctbd sn Γ�0 ≃ 𝜔 � ℎ𝑤𝜁𝛾+
]mc+ ax bnlo]qhrnm vhsg Dp- &5-81(+ vd hcdmshex sghr khlhs ]r sg]s hm vghbg sgd dhfdmu]ktdr adg]ud
]r h-h-c- q]mcnl u]qh]akdr- Hm o]qshbtk]q &bnlo]qd vhsg Dp- &5-85((+

𝜙/𝐷 ≠ 𝑤𝜁𝛾( ≃ 0 � }𝐻𝑀 )�𝐷. 𝐷[⟩𝑍
𝑀

. 𝛾 < 0. 𝜁 ≪ 0. &5-000(

Sgd ]anud ]m]kxrhr rtffdrsr sn hmsdqoqds sgd pt]mshsx 𝐷𝑆 ∼ 1𝜉𝑜𝑍//(𝜁 ]r sgd Sgntkdrr dmdqfx
ne sgd rxrsdl- Hmcddc+ bnmrhcdq ]f]hm sgd khlhs hm vghbg 𝜁 ≪ 0+ ]mc kds 𝐷 ∝ 𝜁𝛾- Enq 𝐷 ≪ 𝐷𝑆
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5-2- MTLADQ NE DHFDMU?KTDR HM ?M HMSDQU?K ?MC KDUDK BNLOQDRRHAHKHSX

&h-d-+ 𝛾 < 0(+ sgd dhfdmu]ktdr nqf]mhyd hm ltkshokdsr &nq lhmh,a]mcr Z114[( ]mc sgdx qdodk d]bg
nsgdq ]r hm sgd FND dmrdlakd – ]r ] qdrtks+ sgd kdudk bnloqdrrhahkhsx hr ydqn ]s kd]chmf nqcdq &rdd
Dp- &5-00/((- Enq 𝐷 ≫ 𝐷𝑆 &𝛾 < 0(+ nm sgd nsgdq g]mc+ sgd u]qhntr ltkshokdsr mn knmfdq hmsdq]bs+ ]mc
vd qdbnudq sgd Onhrrnm rs]shrshbr – rdd Dp- &5-000(- Ehm]kkx+ sgd b]rd 𝛾 ≠ 0 l]qjr ] bqnrrnudq hm
vghbg sgd kdudk bnloqdrrhahkhsx 𝜙/𝐷†𝐷𝑆( ]rrtldr sgd tmhudqr]k rb]khmf enql fhudm hm Dp- &5-0/7(-
Hmcddc+ sgd ]rxlosnshbr ne sgd etmbshnm 𝜙𝑆/𝑥( hm Dp- &5-0/7( b]m ad bgdbjdc sn fhud

𝜙𝑆/𝑥( ≃



𝑥†𝜉. 𝑥 ≪ 0.

0 �
1/0 + km 𝑥(

𝜉𝑥
. 𝑥 ≫ 0.

&5-001(

rgnvhmf sg]s 𝜙𝑆/𝑥( hmsdqonk]sdr adsvddm Vhfmdq,Cxrnm rs]shrshbr ]s knv dmdqfx+ ]mc Onhrrnm
rs]shrshbr ]s ghfgdq dmdqfx-

Vd ffm]kkx mnsd sg]s ] bknrd qdk]shud ne sgd kdudk bnloqdrrhahkhsx+ m]ldkx sgd svn,kdudk rodbsqUk
bnqqdkUshnm etmbshnm 𝐵/𝑠 . 𝑠′( – rdd Dpr- &E-52( ]mc &E-53( enq hsr cdffmhshnm – v]r bnlotsdc hm
Qde- Z114[ enq sgd Gdqlhsh]m FQO lncdk- Hm sgd k]ssdq+ sgd FND l]sqhw 𝐴 hm Dp- &5-0( hr qdok]bdc
ax ] FTD l]sqhw vhsg bnlokdw dmsqhdr+ rn sg]s ]cchshnm]k ]m]kxshb]k sdbgmhptdr &mns]akx sgd
G]qhrg,Bg]mcq],Hsyxjrnm,Ytadq hmsdfq]k Z37[( ]qd ]u]hk]akd- Hm o]qshbtk]q+ 𝐵/𝑠 . 𝑠′( hr rgnvm hm
Qde- Z114[ sn ]rrtld ] tmhudqr]k rb]khmf enql vhsghm sgd eq]bs]k qdfhnm 0 < 𝛽 < 1+ ]mc enq k]qfd
𝑀 - Hm ?oodmchw E-7 vd rgnv sg]s sgd bnqqdronmchmf rb]khmf enql ne sgd kdudk bnloqdrrhahkhsx
bnhmbhcdr+ hm sgd bqnrrnudq qdfhld hm vghbg 𝐷 ∼ 𝐷𝑆 + vhsg 𝜙𝑆/𝑥( hm Dp- &5-0/7(- Sghr hr pthsd
qdl]qj]akd+ rhmbd sgdrd ]qd hm e]bs svn chrshmbs q]mcnl l]sqhw dmrdlakdr – ]mc hmcddc sgdhq
kdudk bnloqdrrhahkhshdr cn mns bnhmbhcd enq 𝐷 ≫ 𝐷𝑆 nq 𝐷 ≪ 𝐷𝑆 - Sghr hcdmshffb]shnm rtffdrsr sg]s
𝜙𝑆/𝑥( nqhfhm]sdr eqnl sgd rsqtbstq]k oqnodqshdr ne sgd lncdk+ q]sgdq sg]m eqnl sgd rodbhffb bgnhbd
ne sgd l]sqhw 𝐴 &d-f-+ FND+ FTD+ ats ]krn onrrhakx Vhrg]qs nq ro]qrd q]mcnl l]sqhbdr(-

5-2-5 AdgZuhnq enq rlZkk 𝐷

Hm sghr ffm]k Rdbshnm vd trd dwsdmrhud mtldqhb]k dw]bs ch]fnm]khy]shnm ne k]qfd q]mcnl l]sqhbdr hm
nqcdq sn hmrodbs sgd knv,dmdqfx adg]uhnq ne sgd kdudk bnloqdrrhahkhsx 𝜙/𝐷(- Hmcddc+ ntq oqdchbshnm
hm Rdbshnm 5-2-4 hr dwodbsdc sn aqd]j cnvm enq dmdqfhdr ne sgd nqcdq ne sgd ld]m kdudk ro]bhmf
𝛾𝑀 ne sgd ffmhsd,rhydc l]sqhw ℋ + vghbg hr fhudm ax 𝛾𝑀 ≃ )𝑀𝑜𝑍//([�0+ Dp- &5-4(- Dpthu]kdmskx+ vd
dwodbs sg]s sgd kd]chmf,nqcdq sdql hm sgd r]cckd,onhms ]ooqnwhl]shnm ]cnosdc hm ntq qdokhb]
b]kbtk]shnm &rdd Dpr- &5-5/( ]mc &5-60(( oqnuhcdr sgd bnqqdbs qdrtks hm sgd 𝑀 → ∞ khlhs+ vghkd enq ]
l]sqhw ne rhyd 𝑀 ]mc enq rtflbhdmskx rl]kk 𝐷 vd rgntkc dudmst]kkx qdbnudq sgd dw]bs FND qdrtks
Z37+ 162+ 171–176[

𝜙FND/𝑥( ≠
0

1𝜉1𝑥

]
)Rh/1𝜉𝑥([1 � 1 Bh/3𝜉𝑥( � 𝜉 Rh/1𝜉𝑥( &5-002(

+ 1
)
�3𝜉𝑥 Rh/3𝜉𝑥( + 1𝜉1𝑥 + knf/3𝜉𝑥( � bnr/3𝜉𝑥( + 𝛽𝐷 + 0

[ {
.

vgnrd cdqhu]shnm hr qdonqsdc hm ?oodmchw D-2 ne Qde- Z087[- Sgd nudq]kk ohbstqd hr sgtr sgd nmd vd
oqdrdms hm Ehf- 5-5+ ]mc vghbg vd rtoonqs ax mtldqhb]k qdrtksr- Sgd qdfhnm 𝐷 ≲ 𝛾𝑀 hr cdrbqhadc
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BG?OSDQ 5- PTDMBGDC CHRNQCDQ HM ? Q?MCNL L?SQHW LNCDK

&]( &a(

Ehftqd 5-59 Adg]uhnq ne sgd kdudk bnloqdrrhahkhsx 𝜙/𝐷( ]s knv dmdqfhdr- Sgd rxlankr bnqqdronmc sn
mtldqhb]k qdrtksr+ ]mc vd hmchb]sdc vhsg udqshb]k khmdr sgd ld]m kdudk ro]bhmf 𝛾𝑀 &rdd Dp- &5-4((
]mc sgd Sgntkdrr dmdqfx 𝐷𝑆 ∼ 𝑀0�𝛽- Hm o]mdk &](+ 𝑜𝑍/𝑍( hr bgnrdm F]trrh]m vhsg tmhs u]qh]mbd nq
tmhenql+ ]mc 𝑀 ≠ 105- Sgd qdfhnm 𝐷 ≲ 𝛾𝑀 hr cdrbqhadc ax sgd FND oqdchbshnm hm Dp- &5-002(+ vghkd
sgd bqnrrnudq qdfhnm 𝐷 ∼ 𝐷𝑆 hr cdrbqhadc ax sgd tmhudqr]k rb]khmf enql hm Dp- &5-0/7(- Hm o]mdk &a(+
𝑜𝑍/𝑍( hr F]trrh]m+ ]mc vd rgnv sgd ]ooqn]bg sn sgd tmhudqr]k btqud 𝜙𝑆/𝐷( enq hmbqd]rhmf u]ktdr
ne sgd l]sqhw rhyd 𝑀 - Vd trdc 𝛽 ≠ 0.4 sgqntfgnts+ ]mc sgd rhltk]shnmr vhsg 𝑀 ≠ 103 . 104 . nq 105

]qd ]udq]fdc nudq 𝑀sns ≠ 145. 53. nq 21 r]lokdr+ qdrodbshudkx-

ax sgd FND oqdchbshnm hm Dp- &5-002(- Enq 0 < 𝛽 < 1 sgd Sgntkdrr dmdqfx 𝐷𝑆 ∼ 𝑀0�𝛽 hr rtbg
sg]s 𝛾𝑀 ≪ 𝐷𝑆 ≪ 0+ rn sg]s sgd bqnrrnudq qdfhnm vhsg 𝐷 ∼ 𝐷𝑆 hr cdrbqhadc ax sgd tmhudqr]k
etmbshnm 𝜙𝑆/𝐷( fhudm hm Dp- &5-0/7(- Enq k]qfdq 𝐷 � 𝒩/0(+ sgd kdudk bnloqdrrhahkhsx adbnldr
lncdk,cdodmcdms ]mc hs hr cdrbqhadc ax Dp- &5-8/( &rdd ]krn Ehf- 5-3(-

Sgd c]s]onhmsr3 oqdrdmsdc hm o]mdk &]( ne Ehf- 5-5 bnqqdronmc sn sgd bgnhbdr ne 𝑜𝑍/𝑍(F]trrh]m
nq tmhenql+ vghbg rtoonqsr ntq bk]hl ne tmhudqr]khsx ne 𝜙𝑆/𝐷( hm sgd qdfhnm 𝐷 ∼ 𝐷𝑆 - Mnsd+ hm e]bs+
sg]s sgd c]s] enkknv sgd oqdchbsdc btqudr &to sn ffmhsd,rhyd dydbsr( vhsg mn ]citrs]akd o]q]ldsdqr
&h-d-+ mn ffsshmf v]r mddcdc(- Sgd c]s]onhmsr ]qd dudmst]kkx nardqudc sn cduh]sd eqnl sgd rb]khmf
oqdchbshnm+ ]r sgdx qd]bg ] l]whltl hm bnqqdronmcdmbd ne𝐷l]w/𝜁( ≫ 𝐷S+ ]mc sgdm rs]qs cdb]xhmf
sn ydqn ]r hm Ehf- 5-3- Ax hmbqd]rhmf 𝑀 + gnvdudq+ sghr l]whltl hr nardqudc sn rghes snv]qcr k]qfdq
u]ktdr ne 𝐷+ ]mc sgd ok]sd]t ]qntmc 𝜙/𝐷( ∼ 0 aqn]cdmr ]bbnqchmfkx-

5-3 RtllZqx ne sghr BgZosdq

Hm sghr Bg]osdq vd trdc sgd qdokhb] ldsgnc sn rstcx sgd ]udq]fd rodbsq]k cdmrhsx &Rdbshnm 5-1(
]mc sgd knb]k kdudk rs]shrshbr &Rdbshnm 5-2( ne ] cdenqldc FND q]mcnl l]sqhw dmrdlakd jmnvm ]r
sgd fdmdq]khydc Qnrdmyvdhf,Onqsdq lncdk- Vd enbtrdc nm hsr eq]bs]k hmsdqldch]sd og]rd &vhsg
0 < 𝛽 < 1+ rdd Dp- &5-0( ]mc Qde- Z114[(+ vghbg hr bnmudmhdmskx bg]q]bsdqhydc hm sdqlr ne sgd kdudk

3?ksgntfg sgd rb]khmf etmbshnm hm Dp- &5-0/7( g]r addm cdqhudc tmcdq sgd ]rrtloshnm sg]s sgd rodbsq]k cdmrhsx hr
rxlldsqhb+ sgd mtldqhb]k qdrtksr ]qd nas]hmdc ax ]udq]fhmf sgd btltk]msr ne sgd mtladq ne dhfdmu]ktdr vhsghm l]mx
dmdqfx vhmcnvr ]bqnrr sgd vgnkd a]mcvhcsg+ enq vghbg sgd rxlldsqx vhsg qdrodbs sn sgd bdmsdq ne sgd vhmcnv hr
knrs- Gnvdudq+ nm sgd rb]kd ne sgd Sgntkdrr dmdqfx 𝐷 ≃ 𝐷𝑆 ∝ 𝜁+ sgd bnqqdbshnmr ctd sn sgd e]bs sg]s 𝑜𝑍/�𝐷( ∉ 𝑜𝑍/𝐷(
]qd ne 𝒩/𝜁(+ ]mc sgdqdenqd xhdkc ] bnmsqhatshnm sg]s hr ne sgd r]ld nqcdq ]r sgd ffmhsd,rhyd bnqqdbshnmr+ ]mc vghbg b]m
ad mdfkdbsdc enq rtflbhdmskx k]qfd 𝑀 -
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5-3- RTLL?QX NE SGHR BG?OSDQ

bnloqdrrhahkhsx 𝜙/𝐷( &rdd Dp- &5-02((- Vd rgnvdc sg]s 𝜙/𝐷( ]rrtldr ] tmhudqr]k enql 𝜙𝑆/𝐷†𝐷𝑆(
hmcdodmcdmskx ne sgd bg]q]bsdq 𝑜𝑍/𝑍( ne sgd cdenql]shnm l]sqhw ℓ &rdd Dp- &5-0((+ oqnuhcdc sg]s
sgd rxrsdl hr oqnadc nudq dmdqfx rb]kdr ne sgd nqcdq ne sgd Sgntkdrr dmdqfx 𝐷𝑆 &rdd Rdbshnm 5-2-4(-

Hs hr m]stq]k sn bnmidbstqd sg]s sghr tmhudqr]k qdfhld rgntkc odqrhrs hm rsqtbstq]kkx rhlhk]q
q]mcnl l]sqhw dmrdlakdr &dudm lnqd rn+ rhmbd vd rgnvdc sg]s sgd rUld rb]khmf etmbshnm 𝜙𝑆/𝑥(
b]m ad qdbnudqdc enq sgd Gdqlhsh]m FQO lncdk – rdd ?oodmchw E-7(- Enq hmrs]mbd+ nmd bntkc
mtldqhb]kkx hmrodbs sgd b]rd hm vghbg sgd FND l]sqhw hr qdok]bdc ax ] Vhfmdq l]sqhw &h-d-+ ]mx
qd]k rxlldsqhb l]sqhw vhsg h-h-c- q]mcnl dmsqhdr s]jdm eqnl ] oqna]ahkhsx chrsqhatshnm vhsg
ffmhsd u]qh]mbd(+ vgnrd khlhshmf ]udq]fd rodbsq]k cdmrhsx hr rshkk fhudm ax sgd rdlh,bhqbkd k]v Z177[-
Rhlhk]qkx+ hs vntkc ad hmsdqdrshmf sn rstcx sgd dydbs ne sgd ch]fnm]k cdenql]shnm l]sqhw ℓ nm ]
Vhrg]qs l]sqhw Z178[+ nq nm ] ro]qrd &q]sgdq sg]m cdmrd( l]sqhw 𝐴+ rtbg ]r sgnrd cdrbqhahmf sgd
Dqcôr,Qämxh q]mcnl fq]og Z18/–181[+ vghbg b]m rshkk ad sqd]sdc ]m]kxshb]kkx &]s kd]rs sn rnld
dwsdms(: he sgd ]udq]fd bnmmdbshuhsx hr bgnrdm sn ad ffmhsd+ sgd rodbsq]k cdmrhsx ne Dqcôr,Qämxh hr
mn knmfdq ] rdlh,bhqbkd+ ats sgd knb]k rs]shrshbr hr rshkk ne sgd Vhfmdq,Cxrnm sxod-

?knmf ntq cdqhu]shnm+ vd gd]uhkx qdkhdc nm sgd hmcdodmcdmbd ne sgd dkdldmsr 𝑍ℎ bg]q]bsdqhyhmf
sgd ch]fnm]k chrnqcdq &]r trt]kkx ]rrtldc hm rs]mc]qc enqltk]shnmr ne sgd FQO lncdk(- Gnvdudq+
sgd hmsqnctbshnm ne rgnqs,q]mfdc bnqqdk]shnmr adsvddm sgd kdudkr 𝑍ℎ rddlr vhsghm qd]bg ne sgd
qdokhb] ldsgnc- Hm o]qshbtk]q+ sgd ]m]kxrhr ne Qde- Z182[ rtffdrsr sg]s bg]mfhmf sgd onvdq 𝑐 vhsg
vghbg sgd chrs]mbd adsvddm rnqsdc ch]fnm]k dkdldmsr 𝑍𝑚 < 𝑍𝑚+0 fqnvr+ d-f-+ /𝑍𝑚+𝑗 � 𝑍𝑚( ∝ 𝑗𝑐+ g]r
hlonqs]ms hlokhb]shnmr nm sgd og]rd ch]fq]l- Lnqdnudq+ hm Rdbshnm 5-2-4 vd ]rrtldc ] qdftk]q
adg]uhnq ne 𝑜𝑍/𝑍( enq 𝑍 → /+ vghkd hs vntkc ad hmsdqdrshmf sn bgdbj sgd e]sd ne sgd tmhudqr]k
rb]khmf enql 𝜙𝑆/𝐷( tonm bgnnrhmf ] rhmftk]q &ats mnql]khy]akd( chrsqhatshnm 𝑜𝑍/𝑍(- Rhlhk]qkx+
sgd ]m]kxrhr hm Rdbshnm 5-2-4 rtffdrsr sg]s sgd o]qshbtk]q bgnhbd ne ] chrsqhatshnm 𝑜𝑍/𝑍( rtbg sg]s
𝑜𝑍//( ≠ / l]x oqnctbd mnmsqhuh]k bnmrdptdmbdr-

Ehm]kkx+ hs hr vnqsg ldmshnmhmf sg]s sgd rodbsq]k oqnodqshdr ne sgd hmsdqldch]sd og]rd ne sgd
fdmdq]khydc QO lncdk ]qd o]qshbtk]qkx rhlokd9 chydqdmskx eqnl qd]khrshb hmsdq]bshmf pt]mstl
rxrsdlr+ sgd lhmh,a]mcr ]qd bnlo]bs ]mc sgd dhfdmudbsnqr ]qd eq]bs]k ats mns ltksheq]bs]k &ld]m,
hmf sg]s ]kk sgd lnldmsr ne sgd v]ud,etmbshnmr ]lokhstcdr ]qd cdrbqhadc ax sgd r]ld eq]bs]k
dwonmdms 𝐶𝛽 ≠ 1 � 𝛽(- Hm nqcdq sn fn adxnmc sghr b]rd+ rdudq]k dwsdmrhnmr ne sgd QO lncdk g]ud
addm oqnonrdc hm sgd k]rs edv xd]qr+ ed]stqhmf dhsgdq knf,mnql]k Z135+ 136[ nq onvdq,k]v Z138[ chr,
sqhatsdc ny,ch]fnm]k l]sqhw dkdldmsr- Qdbdms cdudknoldmsr rtffdrs+ gnvdudq+ sg]s sgd nmkx v]x
sn nas]hm ltksheq]bs]khsx hr sn hmsqnctbd bnqqdk]shnmr adsvddm sgd l]sqhw dkdldmsr neℋ &dhsgdq sgd
ch]fnm]k nq sgd ny,ch]fnm]k nmdr Z183[(- Hs vntkc sgdqdenqd ad hkktlhm]shmf sn rstcx sgd adg]uhnq
ne sgd kdudk bnloqdrrhahkhsx ]s rl]kk dmdqfx hm sgdrd fdmdq]khy]shnmr ne sgd QO lncdk+ ]mc bgdbj
vgdsgdq nq mns sgd tmhudqr]k enql chrbtrrdc gdqd hr qnatrs vhsg qdrodbs sn sgdrd lnchffb]shnmr-
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Bonclusions •nd outlook

Sgd bnqd ne sghr sgdrhr g]r addm cdunsdc sn dw]lhmhmf ] lhmhl]k lncdk enq sgd cxm]lhbr ne ]
o]qshbkd hm ] fitbst]shmf bnqqdk]sdc dmuhqnmldms+ ed]stqhmf ] ro]sh]kkx,qdrnkudc ]mc shld,dunkuhmf
nqcdq o]q]ldsdq ffdkc qdbhoqnb]kkx bntokdc sn sgd o]qshbkd bnnqchm]sd- Gdqd vd g]ud oqhl]qhkx
enbtrdc nm sgd b]rd ne ] rb]k]q F]trrh]m ffdkc+ ]mc trdc ]m]kxshb]k &lnrskx odqstqa]shud( b]kbtk],
shnmr ]mc mtldqhb]k rhltk]shnmr sn cdrbqhad sgd o]qshbkd cxm]lhbr hm ] u]qhdsx ne dpthkhaqhtl ]mc
mnmdpthkhaqhtl bnmchshnmr- Hm o]qshbtk]q+ vd hmudrshf]sdc sgd qdk]w]shnm snv]qcr dpthkhaqhtl hm
] g]qlnmhb sq]o &Bg]osdq 1(+ sgd ffdkc,hmctbdc qdronmrd tmcdq odqhnchb cqhuhmf &Bg]osdq 2(+ sgd
rsnbg]rshb sgdqlncxm]lhbr ]mc ldlnqx,hmctbdc nrbhkk]shnmr hm mnmdpthkhaqhtl rsd]cx rs]sdr
&Bg]osdq 3(+ ]mc sgd dydbshud cxm]lhbr ]mc rs]shnm]qx chrsqhatshnmr tmcdq bnmffmdldms &Bg]o,
sdq 4(-

Rdudq]k ptdrshnmr g]ud addm kdes tm]mrvdqdc: rnld ne sgdl+ vghbg ]qd rodbhffb sn sgd oqna,
kdlr bnmrhcdqdc hm d]bg o]qshbtk]q Bg]osdq+ g]ud ]kqd]cx addm chrbtrrdc hm sgd bnqqdronmchmf
rtll]qx- Gdqd vd vhkk fhud hmrsd]c ]m nudquhdv ne sgd lnrs bnlodkkhmf ]mc oqnlhrhmf chqdb,
shnmr enq etstqd qdrd]qbg9

” Ehqrs ]mc enqdlnrs+ dwodqhldms]k udqhffb]shnm ne sgd ogdmnldm] cdrbqhadc hm sghr sgdrhr
vntkc ad ghfgkx cdrhq]akd+ ]s kd]rs pt]khs]shudkx- ?anud vd g]ud hmchb]sdc sgd rdsto ne
bnkknhc]k o]qshbkdr hm md]q,bqhshb]k ahm]qx khpthc lhwstqdr ]r sgd lnrs oqnlhrhmf b]mchc]sd9
hmcddc+ sghr sxod ne rxrsdlr hr ]kqd]cx ]bbdrrhakd dwodqhldms]kkx Z21–25[+ ]mc bnqqdk]shnm
kdmfsgr ne sgd nqcdqnelhbqnmr &vghbg hr sgd sxohb]k rhyd ne] bnkknhc]ko]qshbkd( b]m mnv]c]xr
ad nas]hmdc ax trhmf+ d-f-+ lhbdkk]q rnktshnmr- Hm ?oodmchbdr A-8 ]mc C-4-0 vd oqnuhcdc ]
qntfg drshl]sd ne sgd q]mfd ne dwodqhldms]k o]q]ldsdqr vhsghm vghbg sgd mnudk ogdmnldm]
chrbtrrdc gdqd &]mc ctd sn bnqqdk]shnmr( l]x adbnld nardqu]akd9 hm fdmdq]k+ sgdx ]qd nmkx
dwodbsdc sn adbnld rhy]akd he sgd bnqqdk]shnm kdmfsg ne sgd ldchtl dwbddcr sgd o]qshbkd
rhyd-

” Sn l]jd pt]mshs]shud bnms]bs vhsg ]bst]k fithc ldch]+ hs hr mdbdrr]qx sn qdhmrs]sd gxcqncx,
m]lhb dydbsr hm ntq cdrbqhoshnm+ vghbg hmrsd]c g]ud addm mdfkdbsdc hm sgd rhlokhffdc lncdk
chrbtrrdc ]anud- Sgd udknbhsx ffdkc ne sgd tmcdqkxhmf fithc hr dwodbsdc sn bntokd ansg sn
sgd o]qshbkd bnnqchm]sd+ ]mc sn sgd nqcdq o]q]ldsdq &vgnrd sq]mronqs hr sxohb]kkx cdrbqhadc
ax lncdk G+ hm sgd mnldmbk]stqd ne Qde- Z48[(- Lnqdnudq+ sn ]ooqn]bg sgd bqhshb]k onhms
vd ]qd m]stq]kkx kdc sn fn adxnmc sgd F]trrh]m ]ooqnwhl]shnm ]mc bnmrhcdq+ hmrsd]c+ ]
rb]k]q 𝜏3 sgdnqx ]r sgd rs]qshmf onhms enq ntq ]m]kxrhr- Ctd sn sgd hmsqnctbshnm ne ]cchshnm]k
mnmkhmd]qhshdr+ sghr ]m]kxrhr vhkk lnrs khjdkx qdkx nm k]qfd,rb]kd mtldqhb]k rhltk]shnmr-
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” Hs vntkc ad hmsdqdrshmf sn dwoknqd sgd onrrhakd qnkd ne Ubshuhsx+ ]mc hsr hmsdqok]x vhsg bnqqd,
k]shnmr hm dwsdmrhnmr ne sgd oqdrdms rdsshmf- Sgdqd ]qd hm oqhmbhokd svn v]xr sn hmbktcd sgd
]bshuhsx hm ntq lncdk9 sgd ffqrs &vghbg vd g]ud ]kqd]cx rs]qsdc dwoknqhmf( hr sn rstcx sgd
cxm]lhbr ne ]m ]bshud o]qshbkd &d-f-+ qtm,Umc,stlakd nq Ubshud Nqmrsdhm,Tgkdmadbi Z184+ 185[(
bntokdc sn ] fitbst]shmf ffdkc ]r hm Bg]osdq 1: sgd rdbnmc hr sn ]rrtld sg]s sgd ldchtl
hsrdke hr ]bshud+ h-d-+ sg]s hsr fitbst]shnmr aqd]j cds]hkdc a]k]mbd Z186–188[- Hm o]qshbtk]q+ sgd
]bshud ffdkc sgdnqx ne Qde- Z188[ rddlr ]m hcd]k rs]qshmf onhms+ ]r hs ghmfdr nm bnknqdc mnhrd
q]sgdq sg]m nm hmsqnctbhmf mnmkhmd]q ]mc mnmcdqhu]shud sdqlr hm sgd cxm]lhbr ne sgd ffdkc
&]r hs hr hmrsd]c sgd b]rd enq lnqd onotk]q ]bshud ffdkc sgdnqhdr rtbg ]r Ubshud lncdk A Z186[(-

” Chydqdms sxodr ne bntokhmf adsvddm sgd ffdkc ]mc sgd o]qshbkd&r( bntkc ad bnmrhcdqdc+ nsgdq
sg]m ] khmd]q nmd – vghbg vd g]ud hmrsd]c ]cnosdc hm lnrs ne sgd b]kbtk]shnmr ]anud+
l]hmkx adb]trd hs cndr mns hmsqnctbd mnmkhmd]qhshdr hm sgd dpt]shnm ne lnshnm ne sgd ffdkc-
Rhlhk]qkx+ ]m ]ooqnoqh]sd bgnhbd ne sgd bntokhmf onsdmsh]k 𝑈/w( hm Dp- &1-2( l]x ad trdc sn
lncdk ]m ]mhrnsqnohb o]qshbkd+ vghbg hr dwodbsdc sn aqhmf hm mdv ogdmnldm]-

” Sgd dwsdmrhnm ne ntq lncdk sn l]mx,o]qshbkd rxrsdlr g]r addm ntskhmdc hm Rdbshnm 2-5
]mc ?oodmchw B-8+ vgdqd vd drs]akhrgdc sg]s mn ltkshancx dydbsr b]m ]ood]q &dudm nts
ne dpthkhaqhtl( he sgd ffdkc,o]qshbkd bntokhmf hr khmd]q- Gnvdudq+ sgd l]mx,ancx oqnakdl
bntkc ad qduhrhsdc vhsg chydqdms sxodr ne bntokhmfr sn sgd ffdkc+ ]mc.nq hm sgd oqdrdmbd ne
]bshuhsx &rdd+ d-f-+ Qder- Z81+ 82+ 2//[(- Sgd sgdqlncxm]lhb eq]ldvnqj vd hmsqnctbdc hm
Bg]osdq 3 bntkc ]krn ad etqsgdq dmg]mbdc ax dwsdmchmf hsr ]ookhb]ahkhsx snv]qcr rxrsdlr
hmunkuhmf ltkshokd o]qshbkdr hm ] bnllnm bnqqdk]sdc &]bshud( dmuhqnmldms+ vhsg onrrhakx
mnm,pt]cq]shb G]lhksnmh]mr-

Hm sgd k]rs Bg]osdq ne sghr sgdrhr vd g]ud hmrsd]c ]ookhdc rohm,fk]rr sdbgmhptdr &mns]akx sgd
qdokhb] ldsgnc( sn cdqhud mnudk oqdchbshnmr ]ants sgd kdudk ro]bhmf rs]shrshbr ne sgd fdmdq]khydc
Qnrdmyvdhf,Onqsdq q]mcnl l]sqhw dmrdlakd Z114[+ hm o]qshbtk]q qdud]khmf rnld tmhudqr]k oqno,
dqshdr ne hsr hmsdqldch]sd o]qsh]kkx,cdknb]khydc og]rd- ?r ]mshbho]sdc hm Rdbshnm 5-3+ hs hr pthsd
m]stq]k sn ]rj vgdsgdq rtbg tmhudqr]khsx odqrhrsr hm rsqtbstq]kkx rhlhk]q q]mcnl l]sqhw dmrdl,
akdr+ vghbg bntkc ad s]bjkdc trhmf sgd r]ld ]m]kxshb]k ldsgncr: hs vntkc ]krn ad hmsdqdrshmf sn
hmudrshf]sd gnv ch]fnm]k chrnqcdq b]m ]ydbs sgd rodbsq]k rs]shrshbr ne ro]qrd q]mcnl l]sqhbdr-
Sgd k]ssdq g]ud addm hm sgd enbtr ne lx qdbdms enkknv,to vnqj vhsg sgd bn,]tsgnqr ne Qde- Z087[+
vgdqd vd ]qd ]ookxhmf ]mnsgdq rohm,fk]rr sdbgmhptd+ m]ldkx sgd bUuhsx ldsgnc+ sn s]bjkd sgd
knb]khy]shnm oqnodqshdr ne chktsdc Dqcôr,Qämxh fq]ogr- Ehm]kkx+ ]mnsgdq knmf,rs]mchmf ptdrshnm
vghbg hs vntkc ad dwbhshmf sn otqrtd etqsgdq bnmbdqmr sgd oqdbhrd bnmmdbshnm adsvddm sgd qdokhb]
ldsgnc vd ]cnosdc hm Bg]osdq 5+ ]mc sgd rtodqrxlldsqhb enql]khrl eqdptdmskx trdc hm q]mcnl
l]sqhw sgdnqx Z2/0+ 2/1[-

04/
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0?- Dhmrsdhm+ ’Nm sgd sgdnqx ne sgd Aqnvmh]m lnudldms“+ ?mm- Ogxr- 213+ 260–270 &08/5(-
1L- Rlnktbgnvrjh+ DrrUh cétmd sgznqhd bhmzshptd ct lntudldms Aqnvmhdm ds cdr lhkhdtw sqntakdr
&?b]c- Khssdq]qtl Bq]bnuhdmrhr+ 08/5(-

2J- Gt]mf+ RsUshrshbUk ldbgUmhbr &Vhkdx+ 0877(-
3O- V- ?mcdqrnm+ ’Lnqd hr chydqdms“+ Rbhdmbd 066+ 282–285 &0861(-
4J- F- Vhkrnm+ ’Oqnakdlr hm ogxrhbr vhsg l]mx rb]kdr ne kdmfsg“+ Rbh- ?l- 130+ 047–068 &0868(-
5G- D- Rs]mkdx+ ’Rb]khmf+ tmhudqr]khsx+ ]mc qdmnql]khy]shnm9 sgqdd ohkk]qr ne lncdqm bqhshb]k
ogdmnldm]“+ Qdu- Lnc- Ogxr- 60+ R247–R255 &0888(-

6Q- Yv]myhf+ Mnmdpthkhaqhtl rsUshrshbUk ldbgUmhbr &Nwenqc Tmhudqrhsx Oqdrr+ 1//0(-
7L- sd Uqtfs ]mc Q- Vhssjnvrjh+ ’Oqnidbshnm nodq]snqr hm rs]shrshb]k ldbg]mhbr9 ] odc]fnfhb]k
]ooqn]bg“+ Dtq- I- Ogxr- 30+ /340/0 &1/1/(-

8J- J]mdjn+ ’?ch]a]shb dkhlhm]shnm ax sgd dhfdmetmbshnm dwo]mrhnm ldsgnc“+ Oqnf- Sgdnq-
Ogxr- 55+ 018–031 &0870(-

0/I- Łtbyj]+ ’Mnm,L]qjnuh]m rsnbg]rshb oqnbdrrdr9 Bnknqdc mnhrd“+ Bg]nr 04+ /150/6 &1//4(-
00B- F]qchmdq+ RsnbgUrshb Ldsgncr8 : GUmcanni enq sgd MUstqUk Umc RnbhUk Rbhdmbdr+ 3sg dc- &Roqhmfdq+

Adqkhm+ 1//8(-
01O- K]mfduhm+ ’Rtq k] sgänqhd ct lntudldms Aqnvmhdm“+ B- Q- ?b]c- Rbh- &O]qhr( 035+ 42/–422

&08/7(-
02S- Eq]mnrbg+ L- Fqhll+ L- Adktrgjhm+ E- L- Lnq+ F- Enfl+ K- Enqqò+ ]mc R- Idmdx+ ’Qdrnm]mbdr

]qhrhmf eqnl gxcqncxm]lhb ldlnqx hm Aqnvmh]m lnshnm“+ M]stqd 367+ 74–77 &1/00(-
03A- I- ?kcdq ]mc S- D- V]hmvqhfgs+ ’Udknbhsx ]tsnbnqqdk]shnmr enq g]qc rogdqdr“+ Ogxr- Qdu- Kdss-

07+ 877–88/ &0856(-
04R- Idmdx+ A- Ktjhć+ I- ?- Jq]tr+ S- Eq]mnrbg+ ]mc K- Enqqò+ ’?mhrnsqnohb ldlnqx dydbsr hm

bnmffmdc bnkknhc]k chytrhnm“+ Ogxr- Qdu- Kdss- 0..+ 13/5/3 &1//7(-
05Q- K]qrnm+ Sgd rsqtbstqd Umc qgdnknfx ne bnlokdw fithcr &Nwenqc Tmhudqrhsx Oqdrr+ TR?+ 0888(-
06D- Qdhrsdq ]mc T- Rdhedqs+ ’K]sdq]k chytrhnm ne ] oqnsdhm nm ] fitbst]shmf ldlaq]md“+ Dtqnogxr-

Kdss- 60+ 748 &1//4(-
07D- Qdhrsdq,Fnsseqhdc+ R- L- Kdhsdmadqfdq+ ]mc T- Rdhedqs+ ’Chytrhmf oqnsdhmr nm ] fitbst]shmf

ldlaq]md9 ?m]kxshb]k sgdnqx ]mc rhltk]shnmr“+ Ogxr- Qdu- D 70+ /208/2 &1/0/(-
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08A- ?- B]lkdx ]mc E- K- G- Aqnvm+ ’Bnmsqhatshnmr sn ldlaq]md,dladccdc,oqnsdhm chytrhnm
adxnmc gxcqncxm]lhb sgdnqhdr“+ Ogxr- Qdu- D 74+ /50810 &1/01(-

1/A- ?- B]lkdx ]mc E- K- G- Aqnvm+ ’Ektbst]shmf gxcqncxm]lhbr ne ltkshbnlonmdms ldlaq]mdr
vhsg dladccdc oqnsdhmr“+ I- Bgdl- Ogxr- 030+ /640/2 &1/03(-

10A- G- Rstloe+ O- Mnv]jnvrjh+ B- Dffdkhmf+ ?- L]bhnłdj+ ]mc ?-,R- Rlhsg+ ’Oqnsdhm hmctbdc
khohc cdlhwhmf hm gnlnfdmdntr ldlaq]mdr“+ Ogxr- Qdu- Qdrd]qbg 2+ K/31/02 &1/10(-

11F- Fnloodq ]mc L- Gdmmdr+ ’Rntmc ]ssdmt]shnm ]mc chrodqrhnm hm lhbqndltkrhnmr“+ Dtqn,
ogxr- Kdss- 14+ 082–087 &0883(-

12L- Gdmmdr ]mc F- Fnloodq+ ’Cxm]lhb]k adg]uhnq ne lhbqndltkrhnm ]mc ronmfd og]rdr hm
sgdql]k dpthkhaqhtl“+ Ogxr- Qdu- D 43+ 2700–2720 &0885(-

13F- Fnmmdkk]+ D- Nqk]mchmh+ ]mc I- L- Xdnl]mr+ ’Rohmnc]k cdbnlonrhshnm sn ] k]ldkk]q og]rd9
dydbsr ne gxcqncxm]lhb finv“+ Ogxr- Qdu- Kdss- 67+ 0584–0587 &0886(-

14F- Fnmmdkk]+ D- Nqk]mchmh+ ]mc I- L- Xdnl]mr+ ’K]sshbd Anksyl]mm rhltk]shnmr ne k]ldkk]q ]mc
cqnokds og]rdr“+ Ogxr- Qdu- D 47+ 37/–374 &0887(-

15U- Cäldqx ]mc C- R- Cd]m+ ’Cq]f enqbdr hm bk]rrhb]k ffdkcr“+ Ogxr- Qdu- Kdss- 0.3+ /7/5/0 &1/0/(-
16U- Cäldqx ]mc C- R- Cd]m+ ’Cq]f enqbdr nm hmbktrhnmr hm bk]rrhb]k ffdkcr vhsg chrrho]shud

cxm]lhbr“+ Dtq- Ogxr- I- D 21+ 266–28/ &1/0/(-
17U- Cäldqx ]mc C- R- Cd]m+ ’Sgdql]k B]rhlhq cq]f hm fitbst]shmf bk]rrhb]k ffdkcr“+ Ogxr- Qdu-

D 73+ /0/0/2 &1/00(-
18U- Cäldqx ]mc C- R- Cd]m+ ’Odqstqa]shud o]sg,hmsdfq]k rstcx ne ]bshud, ]mc o]rrhud,sq]bdq

chytrhnm hm fitbst]shmf ffdkcr“+ Ogxr- Qdu- D 73+ /00037 &1/00(-
2/C- R- Cd]m ]mc U- Cäldqx+ ’Chytrhnm ne ]bshud sq]bdqr hm fitbst]shmf ffdkcr“+ I- Ogxr-9 Bnmcdmr-

L]ssdq 12+ 123003 &1/00(-
20U- Cäldqx+ ’Chytrhnm ne ] o]qshbkd pt]cq]shb]kkx bntokdc sn ] sgdql]kkx fitbst]shmf ffdkc“+

Ogxr- Qdu- D 76+ /410/4 &1/02(-
21B- Gdqskdhm+ K- Gdkcdm+ ?- F]la]rrh+ R- Chdsqhbg+ ]mc B- Adbghmfdq+ ’Chqdbs ld]rtqdldms ne

bqhshb]k B]rhlhq enqbdr“+ M]stqd 340+ 061–064 &1//7(-
22?- F]la]rrh+ ?- L]bhnłdj+ B- Gdqskdhm+ T- Mdkkdm+ K- Gdkcdm+ B- Adbghmfdq+ ]mc R- Chdsqhbg+

’Bqhshb]k B]rhlhq dydbs hm bk]rrhb]k ahm]qx khpthc lhwstqdr“+ Ogxr- Qdu- D 7.+ /50032 &1//8(-
23R- O]k]ctft+ ?- B]kkdf]qh+ X- Stm]+ K- A]qsg+ R- Chdsqhbg+ ?- F]la]rrh+ ]mc F- Unkod+ ’Mnm]c,

chshuhsx ne bqhshb]k B]rhlhq enqbdr“+ M]s- Bnlltm- 6+ 003/2 &1/05(-
24H- ?- L]qsêmdy+ B- Cdu]hkkx+ ?- Odsqnrx]m+ ]mc R- Bhkhadqsn+ ’Dmdqfx sq]mredq adsvddm bnkknhcr

uh] bqhshb]k hmsdq]bshnmr“+ Dmsqnox 08+ 66 &1/06(-
25?- L]f]yyö+ ?- B]kkdf]qh+ I- O- Rs]enqdkkh+ ?- F]la]rrh+ R- Chdsqhbg+ ]mc F- Unkod+ ’Bnmsqnkkhmf

sgd cxm]lhbr ne bnkknhc]k o]qshbkdr ax bqhshb]k B]rhlhq enqbdr“+ Rnes L]ssdq 04+ 1041–1051 &1/08(-
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26F- Unkod+ H- Atsshmnmh+ C- Unfs+ G-,I- Jùlldqdq+ ]mc B- Adbghmfdq+ ’Lhbqnrvhlldqr hm o]s,
sdqmdc dmuhqnmldmsr“+ Rnes L]ssdq 6+ 770/ &1/00(-

27G- Lnqh+ ’Sq]mronqs+ bnkkdbshud lnshnm+ ]mc Aqnvmh]m lnshnm“+ Oqnfq- Sgdnq- Ogxr- 22+ 312–
344 &0854(-

28G- A- F- B]rhlhq+ ’Nm sgd ]ssq]bshnm adsvddm svn odqedbskx bnmctbshmf ok]sdr“+ Jnm- Mdc-
?j]c- Vdsdmrbg- Oqnb- 40+ 682–684 &0837(-

3/L- Jqdbg+ Sgd BUrhlhq d”dbs hm bqhshbUk rxrsdlr &Vnqkc Rbhdmshffb+ 0883(-
30L- J]qc]q ]mc Q- Fnkdrs]mh]m+ ’Sgd ’eqhbshnm“ ne u]bttl+ ]mc nsgdq fitbst]shnm,hmctbdc

enqbdr“+ Qdu- Lnc- Ogxr- 60+ 0122–0134 &0888(-
31I- F- Aq]mjnu+ C- L- C]mbgdu+ ]mc M- R- Snmbgdu+ Sgdnqx ne bqhshbUk ogdmnldmU hm ffmhsd,rhyd

rxrsdlr &Vnqkc Rbhdmshffb+ 1///(-
32?- F]la]rrh+ ’Sgd B]rhlhq dydbs9 Eqnl pt]mstl sn bqhshb]k fitbst]shnmr“+ I- Ogxr-9 Bnme- Rdq-

050+ /01/26 &1//8(-
33?- L]bhnłdj ]mc R- Chdsqhbg+ ’Bnkkdbshud adg]uhnq ne bnkknhcr ctd sn bqhshb]k B]rhlhq hmsdq]b,

shnmr“+ Qdu- Lnc- Ogxr- 8.+ /34//0 &1/07(-
34C- C]msbgdu ]mc R- Chdsqhbg+ ’Bqhshb]k B]rhlhq dydbs9 dw]bs qdrtksr“+ Ogxr- Qdo- 0..4+ 0–02/

&1/12(-
35R- Bhkhadqsn+ ’Dwodqhldmsr hm rsnbg]rshb sgdqlncxm]lhbr9 rgnqs ghrsnqx ]mc odqrodbshudr“+

Ogxr- Qdu- W 6+ /10/40 &1/06(-
36I- Adqmdq+ A- Lùkkdq+ I- Q- Fnldy,Rnk]mn+ L- Jqùfdq+ ]mc B- Adbghmfdq+ ’Nrbhkk]shmf lncdr ne

cqhudm bnkknhcr hm nudqc]lodc rxrsdlr“+ M]s- Bnlltm- 8+ 888 &1/07(-
37L- K- Ldgs]+ QUmcnl lUsqhbdr+ 2qc dc- &?b]cdlhb Oqdrr+ Mdv Xnqj+ 1//3(-
38F- Khu]m+ L- Mnu]dr+ ]mc O- Uhun+ Hmsqnctbshnm sn qUmcnl lUsqhbdr &Roqhmfdq Hmsdqm]shnm]k Ota,

khrghmf+ 1/07(-
4/D- O- Vhfmdq+ ’Nm sgd rs]shrshb]k chrsqhatshnm ne sgd vhcsgr ]mc ro]bhmfr ne mtbkd]q qdrnm]mbd

kdudkr“+ L]sg- Oqnb- B]laqhcfd 36+ 68/–687 &0840(-
40L- Läy]qc+ F- O]qhrh+ ]mc L- Uhq]rnqn+ Rohm fkUrr sgdnqx Umc adxnmc &Vnqkc Rbhdmshffb+ 0876(-
41C- Udmstqdkkh+ ’Cxm]lhb]k qdronmrd sn knb]k odqstqa]shnmr ne ]m ]bshud l]ssdq rxrsdl vhsg

onk]q nqcdq“+ L]rsdq‘r sgdrhr &1/08(-
42G- Qhrjdm+ Sgd Eniidq,OkUmbi dptUshnm8 ldsgncr ne rnktshnm Umc UookhbUshnmr &Roqhmfdq Adqkhm Gdh,

cdkadqf+ 0885(-
43T- B- Sátadq+ BqhshbUk cxmUlhbr8 U ffdkc sgdnqx UooqnUbg sn dpthkhaqhtl Umc mnm,dpthkhaqhtl rbUkhmf

adgUuhnq &B]laqhcfd Tmhudqrhsx Oqdrr+ 1/03(-
44V- Gnqrsgdljd ]mc Q- Kdedudq+ Mnhrd,hmctbdc sqUmrhshnmr &Roqhmfdq Adqkhm Gdhcdkadqf+ 1//5(-
45B- ?qnm+ F- Ahqnkh+ ]mc K- E- Btfkh]mcnkn+ ’Rxlldsqhdr ne fdmdq]shmf etmbshnm]kr ne K]mfduhm

oqnbdrrdr vhsg bnknqdc ltkshokhb]shud mnhrd“+ I- Rs]s- Ldbg- 1.0.+ O00/07 &1/0/(-
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46B- ?qnm+ C- F- A]qbh+ K- E- Btfkh]mcnkn+ Y- F- ?qdm]r+ ]mc F- R- Kny]mn+ ’Cxm]lhb]k rxlldsqhdr
ne L]qjnu oqnbdrrdr vhsg ltkshokhb]shud vghsd mnhrd“+ I- Rs]s- Ldbg- 1.05+ /421/6 &1/05(-

47K- Fhtffhnkh ]mc Y- Mdt+ ’Enjjdq,Ok]mbj qdoqdrdms]shnmr ne mnm,L]qjnu K]mfduhm dpt]shnmr9
]ookhb]shnm sn cdk]xdc rxrsdlr“+ Oghknr- S- Q- Rnb- ? 266+ 1/07/020 &1/08(-

48O- B- Gngdmadqf ]mc A- H- G]kodqhm+ ’Sgdnqx ne cxm]lhb bqhshb]k ogdmnldm]“+ Qdu- Lnc- Ogxr-
38+ 324–368 &0866(-

5/?- L- Rtctod ]mc Q- E- ?ku]qdy,Drsq]c]+ ’Ehdkc,sgdnqdshb rstcx ne sgd mnmkhmd]q Enjjdq,Ok]mbj
dpt]shnm“+ I- Ogxr- ?9 L]sg- Fdm- 05+ 2/38–2/53 &0872(-

50K- L- ?- Adssdmbntqs+ ’Oqnodqshdr ne sgd K]mfduhm ]mc Enjjdq,Ok]mbj dpt]shnmr enq rb]k]qffdkcr
]mc sgdhq ]ookhb]shnm sn sgd cxm]lhbr ne rdbnmc nqcdq og]rd sq]mrhshnmr“+ Ogxr- Qdu- C 52+
/34/1/ &1//0(-

51L- Kd Adkk]b+ PtUmstl Umc rsUshrshbUk ffdkc sgdnqx &Bk]qdmcnm Oqdrr+ 0880(-
52MHRS ChfhsUk IhaqUqx ne LUsgdlUshbUk Etmbshnmr+ Qdkd]rd 0-0-7+ 1/11-
53L- Fqnrr+ ’Cxm]lhbr ]mc rsd]cx rs]sdr ne ] sq]bdq o]qshbkd hm ] bnmffmdc bqhshb]k fithc“+ I- Rs]s-

Ldbg- 1.10+ /521/8 &1/10(-
54C- Udmstqdkkh ]mc L- Fqnrr+ ’Sq]bdq o]qshbkd hm ] bnmffmdc bnqqdk]sdc ldchtl9 ]m ]ch]a]shb

dkhlhm]shnm ldsgnc“+ I- Rs]s- Ldbg- 1.11+ 01210/ &1/11(-
55G- J- I]mrrdm+ A- Rbg]ta+ ]mc A- Rbglhssl]mm+ ’Mdv tmhudqr]k rgnqs,shld rb]khmf adg]uhntq

ne bqhshb]k qdk]w]shnm oqnbdrrdr“+ Y- Ogxr- A 62+ 428–438 &0878(-
56M- u]m J]lodm+ ’Qdl]qjr nm mnm,L]qjnu oqnbdrrdr“+ Aq]y- I- Ogxr- 17+ 8/–85 &0887(-
57F- V- Enqc+ L- J]b+ ]mc O- L]ytq+ ’Rs]shrshb]k ldbg]mhbr ne ]rrdlakhdr ne bntokdc nrbhkk]snqr“+

I- L]sg- Ogxr- 5+ 4/3–404 &0854(-
58K- Nmr]fdq ]mc R- L]bgkto+ ’Ektbst]shnmr ]mc hqqdudqrhakd oqnbdrrdr“+ Ogxr- Qdu- 80+ 04/4–

0401 &0842(-
6/O- B- L]qshm+ D- C- Rhffh]+ ]mc G- ?- Qnrd+ ’Rs]shrshb]k cxm]lhbr ne bk]rrhb]k rxrsdlr“+ Ogxr-

Qdu- ? 7+ 312–326 &0862(-
60B- Cd Cnlhmhbhr+ ’Cxm]lhbr ]r ] rtarshstsd enq qdokhb]r hm rxrsdlr vhsg ptdmbgdc q]mcnl

hlotqhshdr“+ Ogxr- Qdu- A 07+ 3802–3808 &0867(-
61G-,J- I]mrrdm+ ’Nm ] K]fq]mfd]m enq bk]rrhb]k ffdkc cxm]lhbr ]mc qdmnql]khy]shnm fqnto

b]kbtk]shnmr ne cxm]lhb]k bqhshb]k oqnodqshdr“+ Y- Ogxr- A 12+ 266–27/ &0865(-
62C- Gnbgadqf+ B- Lnkhm],O]qêr+ I- Oäqdy,Ldqb]cdq+ ]mc L- Uhrrdq+ ’Dydbshud ]bshnm enq rsnbg]rshb

o]qsh]k chydqdmsh]k dpt]shnmr“+ Ogxr- Qdu- D 5.+ 5232–525/ &0888(-
63I-,R- F]fmnm+ C- Gnbgadqf+ ]mc I- Oäqdy,Ldqb]cdq+ ’Qdmnql]khy]shnm ne rsnbg]rshb chydqdmsh]k

dpt]shnmr vhsg ltkshokhb]shud mnhrd trhmf dydbshud onsdmsh]k ldsgncr“+ Ogxr- Qdu- D 0.1+
/51031 &1/1/(-

64I- Yhmm,Itrshm+ PtUmstl ffdkc sgdnqx Umc bqhshbUk ogdmnldmU &Nwenqc Tmhudqrhsx Oqdrr+ 1//1(-
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65S- L- Rpthqdr ]mc I- E- Aq]cx+ ’? rhlokd o]q]chfl enq ]bshud ]mc mnmkhmd]q lhbqnqgdnknfx“+
Ogxr- Ekthcr 06+ /620/0 &1//4(-

66Q- M- Yh] ]mc I- E- Aq]cx+ ’Rsqdrr cdudknoldms+ qdk]w]shnm+ ]mc ldlnqx hm bnkknhc]k chrodqrhnmr9
sq]mrhdms mnmkhmd]q lhbqnqgdnknfx“+ I- Qgdnk- 46+ 346–381 &1/02(-

67X- Etihs]mh+ ’Ektbst]shnm ]lokhstcd ne ] sq]oodc qhfhc rogdqd hlldqrdc hm ] md]q,bqhshb]k ahm]qx
fithc lhwstqd vhsghm sgd qdfhld ne sgd F]trrh]m lncdk“+ I- Ogxr- Rnb- Iom 74+ /333/0 &1/05(-

68X- Etihs]mh+ ’Nrlnshb rtooqdrrhnm ne onrhshnm]k fitbst]shnm ne ] sq]oodc o]qshbkd hm ] md]q,
bqhshb]k ahm]qx fithc lhwstqd hm sgd qdfhld ne sgd F]trrh]m lncdk“+ I- Ogxr- Rnb- Iom 75+ 0035/1
&1/06(-

7/T- A]rt+ U- Cäldqx+ ]mc ?- F]la]rrh+ ’Cxm]lhbr ne ] bnkknhc]k o]qshbkd bntokdc sn ] F]trrh]m
ffdkc9 eqnl ] bnmffmdldms,cdodmcdms sn ] mnm,khmd]q ldlnqx“+ RbhOnrs Ogxr- 02+ /67 &1/11(-

70C- Udmstqdkkh+ E- Edqq]qn+ ]mc ?- F]la]rrh+ ’Mnmdpthkhaqhtl qdk]w]shnm ne ] sq]oodc o]qshbkd
hm ] md]q,bqhshb]k F]trrh]m ffdkc“+ Ogxr- Qdu- D 0.4+ /43014 &1/11(-

71E- Fk]sydk ]mc S- Rbghkkhmf+ ’Sgd hmsdqok]x adsvddm ldlnqx ]mc onsdmsh]kr ne ld]m enqbd9 ]
chrbtrrhnm nm sgd rsqtbstqd ne dpt]shnmr ne lnshnm enq bn]qrd,fq]hmdc nardqu]akdr“+ Dtqnogxr-
Kdss- 025+ 25//0 &1/10(-

72F- Itmf+ ’Mnm,L]qjnuh]m rxrsdlr nts ne dpthkhaqhtl9 dw]bs qdrtksr enq svn qntsdr ne bn]qrd
fq]hmhmf“+ I- Ogxr-9 Bnmcdmr- L]ssdq 23+ 1/3//3 &1/11(-

73V- Sgdhrr ]mc T- Shstk]dq+ ’Sgd rxrsdl]shb ]ch]a]shb dkhlhm]shnm ne e]rs u]qh]akdr eqnl ] l]mx,
chldmrhnm]k enjjdq,ok]mbj dpt]shnm“+ Ogxrhb] ? 02.+ 012–031 &0874(-

74V- Sgdhrr ]mc T- L- Shstk]dq+ ’Rnld qdl]qjr nm sgd ]ch]a]shb dkhlhm]shnm ne e]rs u]qh]akdr
eqnl bntokdc K]mfduhm dpt]shnmr“+ Ogxrhb] ? 02.+ 032–043 &0874(-

75C- C]kuhs+ O- Lhknmmh+ C- Qnadqsr+ ]mc E- Qnr]+ BUrhlhq ogxrhbr &Roqhmfdq Adqkhm+ Gdhcdkadqf+
1/00(-

76?- ?ic]qh+ K- Odkhsh+ ]mc I- Oqnrs+ ’Ektbst]shnm,hmctbdc knmf,q]mfd enqbdr hm khpthc bqxrs]kr“+
Ogxr- Qdu- Kdss- 55+ 0370–0373 &0880(-

77Q- Fnkdrs]mh]m+ ’Ektbst]shnm,hmctbdc enqbdr hm ]mc nts ne dpthkhaqhtl“+ Oq]l]m] 53+ 0/18–
0/27 &1//4(-

78S- Q- Jhqjo]sqhbj+ I- L- N- cd YÉq]sd+ ]mc I- U- Rdmfdqr+ ’Ektbst]shnm,hmctbdc oqdrrtqdr hm fithcr
hm sgdql]k mnmdpthkhaqhtl rsd]cx rs]sdr“+ Ogxr- Qdu- D 78+ /11034 &1/03(-

8/?- ?lhmnu+ X- J]eqh+ ]mc L- J]qc]q+ ’Ektbst]shnm,hmctbdc enqbdr hm mnmdpthkhaqhtl chytrhud
cxm]lhbr“+ Ogxr- Qdu- Kdss- 003+ 12/5/1 &1/04(-

80L- Jqdbg+ ’Ektbst]shnm,hmctbdc enqbdr hm bqhshb]k fithcr“+ I- Ogxr-9 Bnmcdmr- L]ssdq 00+ Q280–
Q301 &0888(-

81I-,A- Entqmhdq+ ’Ehdkc,ldch]sdc hmsdq]bshnmr neo]rrhud ]mcbnmenql]shnm,]bshud o]qshbkdr9 ltksh,
ancx ]mc qds]qc]shnm dydbsr“+ Rnes L]ssdq 07+ 1523–1534 &1/11(-

044
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82I-,A- Entqmhdq+ ’Cxm]lhbr ne sgd enqbd dwbg]mfdc adsvddm ldlaq]md hmbktrhnmr“+ Ogxr- Qdu-
Kdss- 001+ 0170/0 &1/03(-

83L- Q]gl]m ]mc L- R]fghq+ ’Sgdqlnchytrhnm nq Rnqds dydbs9 ghrsnqhb]k qduhdv“+ Hms- I- Gd]s
L]rr Sq]m- 62+ 582–6/4 &1/03(-

84B- L]dr+ ’Ektbst]shmf lnshnm hm ]m ]bshud dmuhqnmldms“+ Ogxr- Qdu- Kdss- 014+ 1/7//0 &1/1/(-
85N- Fq]mdj+ X- J]eqh+ ]mc I- S]hkkdtq+ ’?mnl]kntr sq]mronqs ne sq]bdqr hm ]bshud a]sgr“+ Ogxr-

Qdu- Kdss- 018+ /27//0 &1/11(-
86B- ?- Ftdu]q],U]k]cdy+ Q- L]q]sgd+ ]mc I- Q- Fnldy,Rnk]mn+ ’? Aqnvmh]m bxbkhb dmfhmd

nodq]shmf hm ] uhrbndk]rshb ]bshud rtrodmrhnm“+ Ogxrhb] ? 5.8+ 017231 &1/12(-
87H- R]msq]+ ’Cxm]lhb]k fitbst]shnmr ne ] sq]bdq bntokdc sn ]bshud ]mc o]rrhud o]qshbkdr“+ I- Ogxr-

Bnlokdw- 3+ /04/02 &1/12(-
88J- Rxl]myhj+ ’Rbgqôchmfdq qdoqdrdms]shnm ]mc B]rhlhq dydbs hm qdmnql]khy]akd pt]mstl ffdkc

sgdnqx“+ Mtbk- Ogxr- A 08.+ 0–33 &0870(-
0//G-,V- Chdgk+ ’Ehdkc,sgdnqdshb]k ]ooqn]bg sn bqhshb]k adg]uhntq ]s rtqe]bdr“+ hm OgUrd sqUmrhshnmr

Umc bqhshbUk ogdmnldmU+ Unk- 0/ &?b]cdlhb Oqdrr+ Knmcnm+ 0875(+ o- 64-
0/0G- V- Chdgk+ ’Sgd sgdnqx ne antmc]qx bqhshb]k ogdmnldm]“+ Hms- I- Lnc- Ogxr- A 00+ 24/2–2412

&0886(-
0/1?- Etqtj]v]+ ?- F]la]rrh+ R- Chdsqhbg+ ]mc G- S]m]j]+ ’Mnmdpthkhaqhtl bqhshb]k B]rhlhq dydbs

hm ahm]qx fithcr“+ Ogxr- Qdu- Kdss- 000+ /446/0 &1/02(-
0/2E- Rbgkdrdmdq+ ?- G]mjd+ ]mc R- Chdsqhbg+ ’Bqhshb]k B]rhlhq enqbdr hm bnkknhc]k rtrodmrhnmr“+ I-

Rs]s- Ogxr- 00.+ 870–0/02 &1//2(-
0/3C- Udmstqdkkh ]mc ?- F]la]rrh+ ’Hmctbhmf nrbhkk]shnmr ne sq]oodc o]qshbkdr hm ] md]q,bqhshb]k

F]trrh]m ffdkc“+ Ogxr- Qdu- D 0.5+ /33001 &1/11(-
0/4O- Gámffh+ ’Bnqqdk]shnm etmbshnmr ]mcl]rsdqdpt]shnmr nefdmdq]khydc &mnm,L]qjnuh]m( K]mfduhm

dpt]shnmr“+ Y- Ogxr- A 20+ 3/6–305 &0867(-
0/5F- Ahlnmsd+ S- Dlhf+ M- Fq]g]l+ ]mc L- J]qc]q+ ’Rnldsghmf b]m bnld ne mnsghmf9 rtqe]bd

]ooqn]bgdr sn pt]mstl fitbst]shnmr ]mc sgd B]rhlhq enqbd“+ ?mm- Qdu- Mtbk- O]qs- Rbh- 61+
82–007 &1/11(-

0/6?- G]mjd+ E- Rbgkdrdmdq+ D- Dhrdmqhdfkdq+ ]mc R- Chdsqhbg+ ’Bqhshb]k B]rhlhq enqbdr adsvddm
rogdqhb]k o]qshbkdr hm fithcr“+ Ogxr- Qdu- Kdss- 70+ 0774–0777 &0887(-

0/7K- Odkhsh ]mc R- Ohfnknssh+ RsnbgUrshb sgdqlncxmUlhbr8 Um hmsqnctbshnm &Oqhmbdsnm Tmhudqrhsx Oqdrr+
1/10(-

0/8T- Rdhedqs+ ’Rsnbg]rshb sgdqlncxm]lhbr+ fitbst]shnm sgdnqdlr ]mc lnkdbtk]q l]bghmdr“+ Qdo-
Oqnf- Ogxr- 64+ 015//0 &1/01(-

00/O- Inmdr+ N- L]q]fí+ ]mc F- Unkod+ NoshbUk svddydqr8 oqhmbhokdr Umc UookhbUshnmr &B]laqhcfd
Tmhudqrhsx Oqdrr+ 1/04(-
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000I- Q- Fnldy,Rnk]mn ]mc B- Adbghmfdq+ ’Oqnahmf khmd]q ]mc mnmkhmd]q lhbqnqgdnknfx ne uhr,
bndk]rshb fithcr“+ Dtqnogxr- Kdss- 0.7+ 43//7 &1/03(-

001I- R- Khmstutnqh+ J- Rsq]senqc+ L- D- B]sdr+ ]mc C- L]qdmctyyn+ ’Bnkknhcr hm bgnkdrsdqhbr9 rhyd,
cdodmcdms cdedbsr ]mc mnm,Rsnjdrh]m lhbqnqgdnknfx“+ Ogxr- Qdu- Kdss- 0.4+ 0672/1 &1/0/(-

002C- Udmstqdkkh ]mc ?- F]la]rrh+ ’Ldlnqx,hmctbdc nrbhkk]shnmr ne ] cqhudm o]qshbkd hm ] chrrh,
o]shud bnqqdk]sdc ldchtl“+ Mdv I- Ogxr- 14+ /82/14 &1/12(-

003C- Udmstqdkkh+ R- ?- L- Knnr+ A- V]ksdq+ z- QnkcÉm+ ]mc ?- F]la]rrh+ ’Rsnbg]rshb sgdqlncx,
m]lhbr ne ] oqnad hm ] fitbst]shmf bnqqdk]sdc ffdkc“+ ]qWhu912/4-05124 &1/12(-

004J- Rdjhlnsn+ RsnbgUrshb dmdqfdshbr &Roqhmfdq Adqkhm Gdhcdkadqf+ 1/0/(-
005B- U- cdm Aqndbj ]mc L- Dronrhsn+ ’Dmrdlakd ]mc sq]idbsnqx sgdqlncxm]lhbr9 ] aqhde hmsqn,

ctbshnm“+ Ogxrhb] ? 307+ 5–05 &1/04(-
006R- An ]mc ?- Bdk]mh+ ’Ltkshokd,rb]kd rsnbg]rshb oqnbdrrdr9 cdbhl]shnm+ ]udq]fhmf ]mc adxnmc“+

Ogxr- Qdo- 56.+ 0–48 &1/06(-
007z- QnkcÉm+ H- Mdqh+ Q- Bgdsqhsd+ R- Ftos]+ R- Ohfnknssh+ E- Iùkhbgdq+ ]mc J- Rdjhlnsn+ ’L]qshmf]kdr

enq ogxrhbhrsr“+ ]qWhu9110/-/8872 &1/11(-
008B- L]dr ]mc J- Mdsnbmü+ ’Shld,qdudqr]k ]mc dmsqnox“+ I- Rs]s- Ogxr- 00.+ 158–20/ &1//2(-
01/O- F]ro]qc+ ’Shld,qdudqrdc cxm]lhb]k dmsqnox ]mc hqqdudqrhahkhsx hm L]qjnuh]m q]mcnl oqn,

bdrrdr“+ I- Rs]s- Ogxr- 006+ 488–504 &1//3(-
010I- L- Q- O]qqnmcn+ B- U- cdm Aqndbj+ ]mc Q- J]v]h+ ’Dmsqnox oqnctbshnm ]mc sgd ]qqnv ne

shld“+ Mdv I- Ogxr- 00+ /62//7 &1//8(-
011z- QnkcÉm ]mc I- L- Q- O]qqnmcn+ ’Drshl]shmf chrrho]shnm eqnl rhmfkd rs]shnm]qx sq]idbsnqhdr“+

Ogxr- Qdu- Kdss- 0.4+ 04/5/6 &1/0/(-
012F- E]k]rbn+ Q- Q]n+ ]mc L- Dronrhsn+ ’Hmenql]shnm sgdqlncxm]lhbr ne Stqhmf o]ssdqmr“+ Ogxr-

Qdu- Kdss- 010+ 0/72/0 &1/07(-
013S- Rtbg]mdj+ J- Jqnx+ ]mc R- ?- L- Knnr+ ’Dmsqnox oqnctbshnm hm sgd mnmqdbhoqnb]k B]gm,

Ghkkh]qc lncdk“+ ]qWhu912/4-//633 &1/12(-
014F- Oqtdrrmdq ]mc Q- F]qbh],Lhkk]m+ ’Ehdkc sgdnqhdr ne ]bshud o]qshbkd rxrsdlr ]mc sgdhq dmsqnox

oqnctbshnm“+ ]qWhu91100-008/5 &1/11(-
015S- Rtbg]mdj+ J- Jqnx+ ]mc R- ?- L- Knnr+ ’Hqqdudqrhakd ldrnrb]kd fitbst]shnmr gdq]kc sgd

dldqfdmbd ne cxm]lhb]k og]rdr“+ ]qWhu912/2-056/0 &1/12(-
016L- B]lohrh ]mc Q- E]yhn+ ’Sgd onvdq ne ] bqhshb]k gd]s dmfhmd“+ M]s- Bnlltm- 6+ 00784 &1/05(-
017U- Gnktadb ]mc ?- Qx]anu+ ’Vnqj ]mc onvdq fitbst]shnmr hm ] bqhshb]k gd]s dmfhmd“+ Ogxr- Qdu-

D 85+ /2/0/1 &1/06(-
018S- Gdqohbg+ S- Bnrrdssn+ F- E]k]rbn+ ]mc L- Dronrhsn+ ’Rsnbg]rshb sgdqlncxm]lhbr ne ]kk,sn,]kk

hmsdq]bshmf l]mx,ancx rxrsdlr“+ Mdv I- Ogxr- 11+ /52//4 &1/1/(-
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02/E- B]a]kkdqn ]mc L- D- B]sdr+ ’Rsd]ksg dmsqnox oqnctbshnm hm ]bshud ffdkc sgdnqhdr md]q Hrhmf
bqhshb]k onhmsr“+ Ogxr- Qdu- Kdss- 013+ 13/5/3 &1/1/(-

020X- H- Kh ]mcL- D- B]sdr+ ’Rsd]cx rs]sd dmsqnox oqnctbshnm q]sd enqrb]k]qK]mfduhmffdkc sgdnqhdr“+
I- Rs]s- Ldbg- 1.10+ /02100 &1/10(-

021B- M]qchmh+ z- Encnq+ D- Sigtmf+ E- u]m Vĳk]mc+ I- S]hkkdtq+ ]mc L- D- B]sdr+ ’Dmsqnox oqn,
ctbshnm hm ffdkc sgdnqhdr vhsgnts shld,qdudqr]k rxlldsqx9 pt]mshexhmf sgd mnm,dpthkhaqhtl
bg]q]bsdq ne ]bshud l]ssdq“+ Ogxr- Qdu- W 6+ /10//6 &1/06(-

022S- L]qjnuhbg+ z- Encnq+ D- Sigtmf+ ]mc L- D- B]sdr+ ’Sgdqlncxm]lhbr ne ]bshud ffdkc sgdnqhdr9
dmdqfdshb bnrs ne bntokhmf sn qdrdqunhqr“+ Ogxr- Qdu- W 00+ /10/46 &1/10(-

023H- Ch Sdqkhyyh+ L- Fhqnmdkk]+ C- GdqqÉdy,?fthk]q+ S- Adsy+ E- Lnmqnx+ L- A]hdrh+ ]mc E- Qhsnqs+
’U]qh]mbd rtl qtkd enq dmsqnox oqnctbshnm“+ ]qWhu912/1-/7454 &1/12(-

024B- Adbghmfdq+ Q- Ch Kdnm]qcn+ G- Kôvdm+ B- Qdhbgg]qcs+ F- Unkod+ ]mc F- Unkod+ ’?bshud
o]qshbkdr hm bnlokdw ]mc bqnvcdc dmuhqnmldmsr“+ Qdu- Lnc- Ogxr- 77+ /34//5 &1/05(-

025R- Qn+ A- Ftn+ ?- Rghg+ S- U- Og]m+ Q- G- ?trshm+ C- Kduhmd+ O- L- Bg]hjhm+ ]mc R- L]qshmh]mh+
’Lncdk,eqdd ld]rtqdldms ne knb]k dmsqnox oqnctbshnm ]mc dwsq]bs]akd vnqj hm ]bshud l]ssdq“+
Ogxr- Qdu- Kdss- 018+ 11/5/0 &1/11(-

026B- A]sskd+ B- O- Aqndcdqry+ M- E]jgqh+ U- E- Fdxdq+ I- Gnv]qc+ B- E- Rbglhcs+ ]mc E- B- L]bJhmsnrg+
’Aqnjdm cds]hkdc a]k]mbd ]s ldrnrbnohb rb]kdr hm ]bshud ahnknfhb]k rxrsdlr“+ Rbhdmbd 241+ 5/3–
5/6 &1/05(-

027O- Ldrsqdr+ H- ?- L]qsêmdy+ ?- Nqshy,?laqhy+ Q- ?- Qhb]+ ]mc z- QnkcÉm+ ’Qd]khy]shnm ne mnmdpth,
khaqhtl sgdqlncxm]lhb oqnbdrrdr trhmf dwsdqm]k bnknqdc mnhrd“+ Ogxr- Qdu- D 8.+ /21005
&1/03(-

028S- Rodbj ]mc T- Rdhedqs+ ’Sgd I]qyxmrjh qdk]shnm+ fitbst]shnm sgdnqdlr+ ]mc rsnbg]rshb sgdqln,
cxm]lhbr enq mnm,L]qjnuh]m oqnbdrrdr“+ I- Rs]s- Ldbg- 1..6+ K/8//1 &1//6(-

03/S- L]h ]mc ?- Cg]q+ ’Mnmdpthkhaqhtl vnqj fitbst]shnmr enq nrbhkk]snqr hm mnm,L]qjnuh]m
a]sgr“+ Ogxr- Qdu- D 64+ /500/0 &1//6(-

030?- Ok]sh+ ?- Otfkhrh+ ]mc ?- R]qq]bhmn+ ’Sgdqlncxm]lhb antmcr enqchytrhnm hm mnmdpthkhaqhtl
rxrsdlr vhsg ltkshokd shldrb]kdr“+ Ogxr- Qdu- D 0.6+ /33021 &1/12(-

031H- C- Sdqkhyyh ]mcL- A]hdrh+ ’? sgdqlncxm]lhb tmbdqs]hmsx qdk]shnm enq] rxrsdl vhsgldlnqx“+
I- Ogxr- ?9 L]sg- Sgdnq- 42+ 363//1 &1/1/(-

032?- Otfkhrh ]mc C- Uhkk]l]hm]+ ’Hqqdudqrhakd dydbsr ne ldlnqx“+ Dtqnogxr- Kdss- 77+ 2///3
&1//8(-

033S- Ngjtl] ]mc S- Ngs]+ ’Ektbst]shnm sgdnqdlr enq mnm,khmd]q fdmdq]khydc K]mfduhm rxrsdlr“+
I- Rs]s- Ldbg- 1..6+ O0//0/ &1//6(-

034R- ?- Knnr+ RsnbgUrshb rxrsdlr vhsg shld cdkUx &Roqhmfdq Hmsdqm]shnm]k Otakhrghmf+ 1/10(-
035A- H- Rgq]hl]m ]mc D- C- Rhffh]+ ’Rb]k]q stqatkdmbd“+ M]stqd 3.4+ 528–535 &1///(-

047
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036F- E]kjnuhbg+ J- F]vdcyjh+ ]mc L- Udqf]rrnk]+ ’O]qshbkdr ]mc ffdkcr hm fithc stqatkdmbd“+ Qdu-
Lnc- Ogxr- 62+ 802–864 &1//0(-

037U- Cäldqx ]mc z- Encnq+ ’Cqhudm oqnad tmcdq g]qlnmhb bnmffmdldms hm ] bnkknhc]k a]sg“+ I-
Rs]s- Ldbg- 1.08+ /221/1 &1/08(-

038H- F]yty+ ?- L- Otdqs]r+ S- Unhfsl]mm+ ]mc L- Etbgr+ ’?bshud ]mc mnmkhmd]q lhbqnqgdnknfx
hm cdmrd bnkknhc]k rtrodmrhnmr“+ Ogxr- Qdu- Kdss- 0.1+ 1372/1 &1//8(-

04/I- Q- Fnldy,Rnk]mn ]mc B- Adbghmfdq+ ’Sq]mrhdms cxm]lhbr ne ] bnkknhc]k o]qshbkd cqhudm
sgqntfg ] uhrbndk]rshb fithc“+ Mdv I- Ogxr- 06+ 0/2/21 &1/04(-

040Q- I]hm+ E- Fhmns+ ]mc L- Jqùfdq+ ’Lhbqn,qgdnknfx ne ] o]qshbkd hm ] mnmkhmd]q a]sg9 Rsnbg]rshb
Oq]mcsk–Snlkhmrnm lncdk“+ Ogxr- Ekthcr 22+ 0/20/0 &1/10(-

041Q- I]hm+ E- Fhmns+ I- Adqmdq+ B- Adbghmfdq+ ]mc L- Jqùfdq+ ’Svn rsdo lhbqn,qgdnknfhb]k adg]uhnq
hm ] uhrbndk]rshb fithc“+ I- Bgdl- Ogxr- 043+ 0738/3 &1/10(-

042I- Cgnms+ :m hmsqnctbshnm sn cxmUlhbr ne bnkknhcr &Dkrduhdq Rbhdmbd+ 0885(-
043G- Lnqh+ S- Lnqhs]+ ]mc J- S- L]rghx]l]+ ’Bnmsq]bshnm ne rs]sd u]qh]akdr hm mnm,dpthkhaqhtl

nodm rxrsdlr- H“+ Oqnf- Sgdnq- Ogxr- 52+ 0754–0773 &087/(-
044S- Lnqhs]+ G- Lnqh+ ]mc J- S- L]rghx]l]+ ’Bnmsq]bshnm ne rs]sd u]qh]akdr hm mnm,dpthkhaqhtl

nodm rxrsdlr- HH“+ Oqnf- Sgdnq- Ogxr- 53+ 4//–410 &087/(-
045I- Rbghy+ Sgd IUokUbd sqUmrenql8 sgdnqx Umc UookhbUshnmr &Roqhmfdq Mdv Xnqj+ 0888(-
046H- Ch Sdqkhyyh+ E- Qhsnqs+ ]mc L- A]hdrh+ ’Dwokhbhs rnktshnm ne sgd fdmdq]khrdc K]mfduhm dpt]shnm“+

I- Rs]s- Ogxr- 070+ 05/8–0524 &1/1/(-
047?- I- Qnadqsr+ ’Lnchex sgd hloqnudc Dtkdq rbgdld sn hmsdfq]sd rsnbg]rshb chydqdmsh]k dpt],

shnmr“+ ]qWhu9010/-/822 &1/01(-
048F- H- A]qdmak]ss+ RbUkhmf) rdke,rhlhkUqhsx) Umc hmsdqldchUsd Urxlosnshbr8 chldmrhnmUk UmUkxrhr Umc

hmsdqldchUsd Urxlosnshbr &B]laqhcfd Tmhudqrhsx Oqdrr+ 0885(-
05/Q- K- Rsq]snmnuhbg+ Snohbr hm sgd sgdnqx ne qUmcnl mnhrd &Fnqcnm ]mc Aqd]bg+ Mdv Xnqj+ 0852(-
050L- r]m Lhftdk ]mc I- L- R]mbgn+ ’? bnknqdc,mnhrd ]ooqn]bg sn Aqnvmh]m lnshnm hm onrhshnm

ro]bd- Bnqqdbshnmr sn sgd Rlnktbgnvrjh dpt]shnm“+ I- Rs]s- Ogxr- 11+ 5/4–513 &087/(-
051O- G]mffh ]mc O- Itmf+ ’Bnknqdc Mnhrd hm Cxm]lhb]k Rxrsdlr“+ ?cu- Bgdl- Ogxr- 78+ 128–215

&0884(-
052F- ?- O]ukhnshr+ RsnbgUrshb Oqnbdrrdr Umc :ookhbUshnmr8 Ch”trhnm Oqnbdrrdr) sgd Eniidq,OkUmbi Umc

IUmfduhm DptUshnmr &Roqhmfdq+ Mdv Xnqj+ 1/03(-
053?- M]ih+ O- I- ?syadqfdq+ ]mc E- K- G- Aqnvm+ ’Gxaqhc dk]rshb ]mc chrbqdsd,o]qshbkd ]ooqn]bg

sn ahnldlaq]md cxm]lhbr vhsg ]ookhb]shnm sn sgd lnahkhsx ne btqudc hmsdfq]k ldlaq]md
oqnsdhmr“+ Ogxr- Qdu- Kdss- 0.1+ 0270/1 &1//8(-

054B- V- F]qchmdq+ ’?ch]a]shb dkhlhm]shnm hm rsnbg]rshb rxrsdlr- H- Enqltk]shnm ne ldsgncr ]mc
]ookhb]shnm sn edv,u]qh]akd rxrsdlr“+ Ogxr- Qdu- ? 18+ 1703–1711 &0873(-
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055L- D- B]sdr ]mc I- S]hkkdtq+ ’Vgdm ]qd ]bshud Aqnvmh]m o]qshbkdr ]mc qtm,]mc,stlakd o]qshbkdr
dpthu]kdms; Bnmrdptdmbdr enq lnshkhsx,hmctbdc og]rd rdo]q]shnm“+ Dtqnogxr- Kdss- 0.0+ 1//0/
&1/02(-

056?- O- Rnknm+ L- D- B]sdr+ ]mc I- S]hkkdtq+ ’?bshud Aqnvmh]m o]qshbkdr ]mc qtm,]mc,stlakd
o]qshbkdr9 ? bnlo]q]shud rstcx“+ Dtq- Ogxr- I- RS 113+ 0120–0151 &1/04(-

057?- Rhmfg Uhrgdm+ I-,E- Qtooqdbgs+ F- U- Rghu]rg]mj]q+ I- Oqnrs+ ]mc L- Q]n+ ’Rnes hmbktrhnm hm
] bnmffmdc fitbst]shmf ]bshud fdk“+ Ogxr- Qdu- D 86+ /215/1 &1/07(-

058J- A- Odsdqrdm ]mc L- R- Odcdqrdm+ Sgd LUsqhw Bnnianni &Sdbgmhb]k Tmhudqrhsx ne Cdml]qj+
1/01(-

06/V- Gdkeqhbg+ ’Dk]rshb oqnodqshdr ne khohc ahk]xdqr9 sgdnqx ]mc onrrhakd dwodqhldmsr“+ Y- M]stq,
enqrbg- B 17+ 582–6/2 &0862(-

060E- B]lodkn+ B- ?qm]qdy+ R- I- L]qqhmj+ ]mc L- L- Jnyknu+ ’Gdkeqhbg lncdk ne ldlaq]md
admchmf9 Eqnl Fhaar sgdnqx ne khpthc hmsdqe]bdr sn ldlaq]mdr ]r sghbj ]mhrnsqnohb dk]rshb
k]xdqr“+ ?cu- Bnkk- Hms- Rbh- 1.7+ 14–22 &1/03(-

061T- Rdhedqs+ ’Bnmffftq]shnmr ne fithc ldlaq]mdr ]mc udrhbkdr“+ ?cu- Ogxr- 35+ 02–026 &0886(-
062F- Oásynkc ]mc J- C]vrnm+ ’Mtldqhb]k rhltk]shnm ne og]rd rdo]q]shnm hm sgd oqdrdmbd ne

rtqe]bs]msr ]mc gxcqncxm]lhbr“+ Ogxr- Qdu- D 41+ 58/7–5800 &0884(-
063H- O]vłnv ]mc V- L- Y]i]byjnvrjh+ ’? rhwsg nqcdq B]gm,Ghkkh]qc sxod dpt]shnm ]qhrhmf hm

nhk,v]sdq,rtqe]bs]ms lhwstqdr“+ Bnll- Otqd ?ook- ?m]k- 0.+ 0712–0736 &1/00(-
064F- Rbghlodqm] ]mc H- O]vknv+ ’Nm ] bk]rr ne B]gm–Ghkkh]qc lncdkr vhsg mnmkhmd]q chytrhnm“+

RH?L I- L]sg- ?m]k- 34+ 20–52 &1/02(-
065W- X]mf+ ’Mtldqhb]k ]ooqnwhl]shnmr enq sgd B]gm–Ghkkh]qc og]rd ffdkc lncdk ne sgd ahm]qx

fithc,rtqe]bs]ms rxrsdl“+ I- Rbh- Bnlo- 63+ 0422–0442 &1/07(-
066?- M]ih ]mc E- K- G- Aqnvm+ ’Chytrhnm nm qtffidc ldlaq]md rtqe]bdr“+ I- Bgdl- Ogxr- 015+

1240/2 &1//6(-
067K- B-,K- Khm ]mc E- K- G- Aqnvm+ ’Aqnvmh]m cxm]lhbr hm entqhdq ro]bd9 ldlaq]md rhltk]shnmr

nudq knmf kdmfsg ]mc shld rb]kdr“+ Ogxr- Qdu- Kdss- 82+ 145//0 &1//3(-
068G- V- Chdgk ]mc G- J- I]mrrdm+ ’Antmc]qx bnmchshnmr enq sgd ffdkc sgdnqx ne cxm]lhb bqhshb]k

adg]uhnq hm rdlh,hmffmhsd rxrsdlr vhsg bnmrdqudc nqcdq o]q]ldsdq“+ Ogxr- Qdu- ? 34+ 6034–
6044 &0881(-

07/L- Fqnrr+ B- L- Qngvdq+ ]mc R- Chdsqhbg+ ’Cxm]lhbr ne sgd bqhshb]k B]rhlhq enqbd enq] bnmrdqudc
nqcdq o]q]ldsdq ]esdq ] bqhshb]k ptdmbg“+ Ogxr- Qdu- D 0..+ /01003 &1/08(-

070L- Fqnrr+ ’Ehqrs,o]rr]fd cxm]lhbr ne khmd]q rsnbg]rshb hmsdqe]bd lncdkr9 mtldqhb]k rhltk]shnmr
]mc dmsqnohb qdotkrhnm dydbs“+ I- Rs]s- Ldbg- 1.07+ /22101 &1/07(-

071A- Aq]mrcdm ]mc B- In]bg]hm+ Ogxrhbr ne Usnlr Umc lnkdbtkdr &?cchrnm,Vdrkdx+ 1/03(-
072Q- Adkkl]m+ Hmsqnctbshnm sn lUsqhw UmUkxrhr+ 1mc dc- &Rnbhdsx enq Hmctrsqh]k " ?ookhdc L]sgd,

l]shbr &RH?L(+ 0886(-
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073I- Łtbyj]+ O- Gámffh+ ]mc ?- F]cnlrjh+ ’Mnm,L]qjnuh]m oqnbdrr cqhudm ax pt]cq]shb mnhrd9
Jq]ldqr,Lnx]k dwo]mrhnm ]mc Enjjdq,Ok]mbj lncdkhmf“+ Ogxr- Qdu- D 40+ 1822–1827 &0884(-

074I- Ktbyj]+ ’? rsnbg]rshb oqnbdrr cqhudm ax sgd pt]cq]shb Nqmrsdhm,Tgkdmadbj mnhrd9 fdmdq]snq+
oqno]f]snqr ]mc ]kk sg]s“+ I- Ogxr- ?9 L]sg- Fdm- 10+ 2/52–2/66 &0877(-

075C- R- Cd]m ]mc ?- Fnohm]sg]m+ ’Sgd mnm,dpthkhaqhtl adg]uhnq ne ordtcn,B]rhlhq enqbdr“+ I-
Rs]s- Ldbg- 1..8+ K/7//0 &1//8(-

076C- R- Cd]m ]mc ?- Fnohm]sg]m+ ’Nts,ne,dpthkhaqhtl adg]uhnq ne B]rhlhq,sxod fitbst]shnm,
hmctbdc enqbdr enq eqdd bk]rrhb]k ffdkcr“+ Ogxr- Qdu- D 70+ /30015 &1/0/(-

077?- F]la]rrh ]mc R- Chdsqhbg+ ’Bqhshb]k cxm]lhbr hm sghm ffklr“+ I- Rs]s- Ogxr- 012+ 818–0//4
&1//5(-

078B- L- Qngvdq+ L- J]qc]q+ ]mc L- Jqùfdq+ ’Sq]mrhdms B]rhlhq enqbdr eqnl ptdmbgdr hm sgdql]k
]mc ]bshud l]ssdq“+ Ogxr- Qdu- Kdss- 007+ /046/1 &1/06(-

08/L- Fqnrr+ ?- F]la]rrh+ ]mc R- Chdsqhbg+ ’Rtqe]bd,hmctbdc mnmdpthkhaqhtl cxm]lhbr ]mc
bqhshb]k B]rhlhq enqbdr enq lncdk A hm ffkl fdnldsqx“+ Ogxr- Qdu- D 87+ /210/2 &1/07(-

080L- Fqnrr+ ?- F]la]rrh+ ]mc R- Chdsqhbg+ ’Ektbst]shnmr ne sgd bqhshb]k B]rhlhq enqbd“+ Ogxr- Qdu-
D 0.2+ /51007 &1/10(-

081S- F- L]ssnr+ K- G]qm]t+ ]mc R- Chdsqhbg+ ’L]mx,ancx dydbsr enq bqhshb]k B]rhlhq enqbdr“+ I-
Bgdl- Ogxr- 027+ /636/3 &1/02(-

082G- Gnaqdbgs ]mc ?- Gtbgs+ ’L]mx,ancx bqhshb]k B]rhlhq hmsdq]bshnmr hm bnkknhc]k rtrodmrhnmr“+
Ogxr- Qdu- D 81+ /31204 &1/04(-

083Q- Y]jhmd+ I-,A- Entqmhdq+ ]mc E- u]m Vĳk]mc+ ’Ro]sh]k nqf]mhy]shnm ne ]bshud o]qshbkdr vhsg
ffdkc,ldch]sdc hmsdq]bshnmr“+ Ogxr- Qdu- D 0.0+ /110/4 &1/1/(-

084?- Rpt]qbhmh+ ?- L]bhnłdj+ D- Dhrdmqhdfkdq+ ]mc R- Chdsqhbg+ ’Bqhshb]k B]rhlhq hmsdq]bshnm ad,
svddm bnkknhc]k I]mtr,sxod o]qshbkdr hm svn ro]sh]k chldmrhnmr“+ I- Rs]s- Ldbg- 1.1.+ /321/7
&1/1/(-

085Q- L- L]x+ ’Vhkk ] k]qfd bnlokdw rxrsdl ad rs]akd;“+ M]stqd 127+ 302–303 &0861(-
086G- Hjdc]+ ’Anrd–Dhmrsdhm,khjd bnmcdmr]shnm ne cdenqldc q]mcnl l]sqhw9 ] qdokhb] ]ooqn]bg“+

I- Rs]s- Ldbg- 1.12+ /122/1 &1/12(-
087C- Udmstqdkkh+ K- E- Btfkh]mcnkn+ F- Rbgdgq+ ]mc L- S]qyh]+ ’Qdokhb] ]ooqn]bg sn sgd fdmdq]khydc

Qnrdmyvdhf,Onqsdq lncdk“+ RbhOnrs Ogxr- 03+ 00/ &1/12(-
088O- V- ?mcdqrnm+ ’?ardmbd ne chytrhnm hm bdqs]hm q]mcnl k]sshbdr“+ Ogxr- Qdu- 0.8+ 0381–04/4

&0847(-
1//E- Vdfmdq+ ’Hmudqrd o]qshbho]shnm q]shn hm 1) 𝜔 chldmrhnmr“+ Y- Ogxr- A 25+ 1/8–103 &087/(-
1/0?- Qncqhftdy+ K- I- U]rptdy+ J- Rkduhm+ ]mc Q- ?- Qôldq+ ’Ltksheq]bs]k ffmhsd,rhyd rb]khmf ]mc

tmhudqr]khsx ]s sgd ?mcdqrnm sq]mrhshnm“+ Ogxr- Qdu- A 73+ 0231/8 &1/00(-
1/1L- Rqdcmhbjh+ ’Bg]nr ]mc pt]mstl sgdql]khy]shnm“+ Ogxr- Qdu- D 4.+ 777–8/0 &0883(-
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1/2L- Qhfnk+ U- Ctmijn+ ]mc L- Nkrg]mhh+ ’Sgdql]khy]shnm ]mc hsr ldbg]mhrl enq fdmdqhb hrnk]sdc
pt]mstl rxrsdlr“+ M]stqd 341+ 743–747 &1//7(-

1/3M- L]bä+ E- ?kds+ ]mc M- K]finqdmbhd+ ’Ltksheq]bs]k rb]khmfr ]bqnrr sgd l]mx,ancx knb]khy]shnm
sq]mrhshnm“+ Ogxr- Qdu- Kdss- 012+ 07/5/0 &1/08(-

1/4F- Cd Snl]rh+ H- L- Jg]xlnuhbg+ E- Onkkl]mm+ ]mc R- V]qydk+ ’Q]qd sgdql]k ataakdr ]s sgd
l]mx,ancx knb]khy]shnm sq]mrhshnm eqnl sgd Enbj ro]bd onhms ne uhdv“+ Ogxr- Qdu- A 0.3+
/131/1 &1/10(-

1/5H- Fnqmxh+ ?- Lhqkhm+ C- Onkx]jnu+ ]mc ?- Atqhm+ ’Rodbsq]k chytrhnm ]mc rb]khmf ne l]mx,ancx
cdknb]khy]shnm sq]mrhshnmr“+ ?mm- Ogxr- 418+ 05//25/ &1/06(-

1/6L- S]qyh]+ ’L]mx,ancx knb]khy]shnm sq]mrhshnm hm Ghkadqs ro]bd“+ Ogxr- Qdu- A 0.1+ /031/7
&1/1/(-

1/7C- I- Kthsy+ M- K]finqdmbhd+ ]mc E- ?kds+ ’L]mx,ancx knb]khy]shnm dcfd hm sgd q]mcnl,ffdkc
Gdhrdmadqf bg]hm“+ Ogxr- Qdu- A 80+ /700/2 &1/04(-

1/8L- Rdqaxm+ Y- O]ohb+ ]mc C- ?- ?a]mhm+ ’Sgntkdrr dmdqfx ]mc ltksheq]bs]khsx ]bqnrr sgd l]mx,
ancx knb]khy]shnm sq]mrhshnm“+ Ogxr- Qdu- A 85+ 0/31/0 &1/06(-

10/J- R- Shjgnmnu ]mc ?- C- Lhqkhm+ ’L]mx,ancx knb]khy]shnm sq]mrhshnm vhsg onvdq,k]v hmsdq]b,
shnmr9 rs]shrshbr ne dhfdmrs]sdr“+ Ogxr- Qdu- A 86+ 1031/4 &1/07(-

100C- I- Kthsy+ H- L- Jg]xlnuhbg+ ]mc X- A- Kdu+ ’Ltksheq]bs]khsx ]mc hsr qnkd hm ]mnl]kntr sq]mronqs
hm sgd chrnqcdqdc WWY rohm,bg]hm“+ RbhOnrs Ogxr- Bnqd 1+ //5 &1/1/(-

101C- L- A]rjn+ H- K- ?kdhmdq+ ]mc A- K- ?ksrgtkdq+ ’Lds]k–hmrtk]snq sq]mrhshnm hm ] vd]jkx hmsdq,
]bshmf l]mx,dkdbsqnm rxrsdl vhsg knb]khydc rhmfkd,o]qshbkd rs]sdr“+ ?mm- Ogxr- 210+ 0015–01/4
&1//5(-

102A- K- ?ksrgtkdq+ X- Fdedm+ ?- J]ldmdu+ ]mc K- R- Kduhsnu+ ’Pt]rho]qshbkd khedshld hm ] ffmhsd
rxrsdl9 ] mnmodqstqa]shud ]ooqn]bg“+ Ogxr- Qdu- Kdss- 67+ 17/2–17/5 &0886(-

103K- E]nqn+ L- U- Edhfdk‘l]m+ ]mc K- Hnyd+ ’Mnm,dqfnchb dwsdmcdc og]rd ne sgd pt]mstl q]mcnl
dmdqfx lncdk“+ ?mm- Ogxr- 3.8+ 056805 &1/08(-

104B- K- A]kcvhm ]mc B- Q- K]tl]mm+ ’Pt]mstl ]kfnqhsgl enq dmdqfx l]sbghmf hm g]qc nosh,
lhy]shnm oqnakdlr“+ Ogxr- Qdu- A 86+ 1131/0 &1/07(-

105F- Ahqnkh+ C- E]bndssh+ L- Rbghqò+ L- S]qyh]+ ]mc O- Uhun+ ’Nts,ne,dpthkhaqhtl og]rd ch]fq]l
ne sgd pt]mstl q]mcnl dmdqfx lncdk“+ Ogxr- Qdu- A 0.2+ /031/3 &1/10(-

106S- O]qnkhmh ]mc F- Lnrrh+ ’Ltksheq]bs]k cxm]lhbr ne sgd PQDL“+ ]qWhu91//6-//204 &1/1/(-
107J- Jdbgdcygh+ U- Rldkx]mrjhx+ I- Q- LbBkd]m+ U- R- Cdmbgdu+ L- Lngrdmh+ R- Hr]jnu+ R- Anhwn+

A- ?ksrgtkdq+ ]mc G- Mdudm+ ’Dflbhdms onotk]shnm sq]mredq uh] mnm,dqfnchb dwsdmcdc rs]sdr hm
pt]mstl rohm fk]rr“+ ]qWhu907/6-/3681 &1/07(-

108L- Ohmn+ U- D- Jq]usrnu+ A- K- ?ksrgtkdq+ ]mc K- A- Hnyd+ ’Ltksheq]bs]k lds]k hm ] chrnqcdqdc
Inrdogrnm itmbshnmr ]qq]x“+ Ogxr- Qdu- A 85+ 1031/4 &1/06(-

051



AHAKHNFQ?OGX

11/L- Ohmn+ K- A- Hnyd+ ]mc A- K- ?ksrgtkdq+ ’Mnmdqfnchb lds]kkhb ]mc hmrtk]shmf og]rdr ne Inrdog,
rnm itmbshnm bg]hmr“+ Oqnb- M]sk- ?b]c- Rbh- TR? 002+ 425–430 &1/05(-

110U- M- Rldkx]mrjhx+ J- Jdbgdcygh+ R- Anhwn+ R- U- Hr]jnu+ G- Mdudm+ ]mc A- ?ksrgtkdq+ ’Mnmdq,
fnchb cdknb]khydc rs]sdr enq dflbhdms onotk]shnm sq]mredq vhsghm ] m]qqnv a]mc ne sgd dmdqfx
k]mcrb]od“+ Ogxr- Qdu- W 0.+ /00/06 &1/1/(-

111S- Lhbjkhsy+ E- Lnmsdhqn+ ]mc ?- ?ksk]mc+ ’Mnmdqfnchb dwsdmcdc rs]sdr hm sgd R]bgcdu,Xd,Jhs]du
lncdk“+ Ogxr- Qdu- Kdss- 012+ 0146/0 &1/08(-

112E- Lnmsdhqn+ S- Lhbjkhsy+ L- Sdytj]+ ]mc ?- ?ksk]mc+ ’Lhmhl]k lncdk ne l]mx,ancx knb]khy],
shnm“+ Ogxr- Qdu- Qdrd]qbg 2+ /02/12 &1/10(-

113M- Qnrdmyvdhf ]mc B- D- Onqsdq+ ’Qdotkrhnm ne dmdqfx kdudkr hm bnlokdw ]snlhb rodbsq]“+ Ogxr-
Qdu- 01.+ 0587–0603 &085/(-

114U- D- Jq]usrnu+ H- L- Jg]xlnuhbg+ D- Btdu]r+ ]mc L- ?lhmh+ ’? q]mcnl l]sqhw lncdk vhsg
knb]khy]shnm ]mc dqfnchb sq]mrhshnmr“+ Mdv I- Ogxr- 06+ 011//1 &1/04(-

115O- unm Rnnrsdm ]mc R- V]qydk+ ’Mnm,dqfnchb cdknb]khy]shnm hm sgd Qnrdmyvdhf–Onqsdq lncdk“+
Kdss- L]sg- Ogxr- 0.8+ 8/4–811 &1/08(-

116C- E]bndssh+ O- Uhun+ ]mc F- Ahqnkh+ ’Eqnl mnm,dqfnchb dhfdmudbsnqr sn knb]k qdrnkudms rs]shrshbr
]mc a]bj9 ] q]mcnl l]sqhw odqrodbshud“+ Dtqnogxr- Kdss- 004+ 36//2 &1/05(-

117J- Sqtnmf ]mc ?- Nrrhonu+ ’Dhfdmudbsnqr tmcdq ] fdmdqhb odqstqa]shnm9 mnm,odqstqa]shud
qdrtksr eqnl sgd q]mcnl l]sqhw ]ooqn]bg“+ Dtqnogxr- Kdss- 005+ 26//1 &1/05(-

118D- Anfnlnkmx ]mc L- Rhdadq+ ’Dhfdmetmbshnm chrsqhatshnm enq sgd Qnrdmyvdhf,Onqsdq lncdk“+
Ogxr- Qdu- D 87+ /21028 &1/07(-

12/F- C- Snl]rh+ L- ?lhmh+ R- Adq]+ H- L- Jg]xlnuhbg+ ]mc U- D- Jq]usrnu+ ’Rtquhu]k oqna]ahkhsx
hm fdmdq]khydc Qnrdmyvdhf,Onqsdq q]mcnl l]sqhw dmrdlakd“+ RbhOnrs Ogxr- 5+ 03 &1/08(-

120L- ?lhmh+ ’Roqd]c ne v]ud o]bjdsr hm chrnqcdqdc ghdq]qbghb]k k]sshbdr“+ Dtqnogx- Kdss- 006+
2///2 &1/06(-

121L- Ohmn+ I- S]a]mdq]+ ]mc O- Rdqm]+ ’Eqnl dqfnchb sn mnm,dqfnchb bg]nr hm Qnrdmyvdhf,Onqsdq
lncdk“+ I- Ogxr- ?9 L]s- Sgdnq- 41+ 3640/0 &1/08(-

122Q- Adqjnuhsr+ ’Rtodq,Onhrrnmh]m adg]uhnq ne sgd Qnrdmyvdhf,Onqsdq lncdk hm sgd mnmdqfnchb
dwsdmcdc qdfhld“+ Ogxr- Qdu- A 0.1+ 05403/ &1/1/(-

123?- O]mcdx+ ’Aqnvmh]m,lnshnm lncdk ne chrbqdsd rodbsq]“+ Bg]nr Rnkhsnm- Eq]b- 4+ 0164–0174
&0884(-

124S- Ftgq+ ’Sq]mrhshnm eqnl Onhrrnm qdftk]qhsx sn bg]nr hm ] shld,qdudqr]k mnmhmu]qh]ms rxrsdl“+
Ogxr- Qdu- Kdss- 65+ 1147–1150 &0885(-

125S- Ftgq ]mc ?- Lùkkdq,Fqndkhmf+ ’Rodbsq]k bnqqdk]shnmr hm sgd bqnrrnudq adsvddm FTD ]mc
Onhrrnm qdftk]qhsx9 nm sgd hcdmshffb]shnm ne rb]kdr“+ I- L]sg- Ogxr- 27+ 076/–0776 &0886(-

126D- Aqäyhm ]mc R- Ghj]lh+ ’Bnqqdk]shnmr ne md]qax kdudkr hmctbdc ax ] q]mcnl onsdmsh]k“+ Mtbk-
Ogxr- A 368+ 586–6/5 &0885(-
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127G- Jtmy ]mc A- Rg]ohqn+ ’Sq]mrhshnm eqnl Onhrrnm sn F]trrh]m tmhs]qx rs]shrshbr9 sgd svn,onhms
bnqqdk]shnm etmbshnm“+ Ogxr- Qdu- D 47+ 3//–3/5 &0887(-

128?- ?ksk]mc+ L- I]mrrdm+ ]mc A- Rg]ohqn+ ’Odqstqa]shnm sgdnqx enq sgd Qnrdmyvdhf,Onqsdq l]sqhw
lncdk“+ Ogxr- Qdu- D 45+ 0360–0364 &0886(-

13/?- Jq]idmaqhmj+ O- Kd Cntrr]k+ ]mc M- N‘Bnmmdkk+ ’Shksdc dk]rshb khmdr vhsg bnktlm]q ]mc onhms
chrnqcdq+ mnm,Gdqlhsh]m pt]mstl ldbg]mhbr+ ]mc rohjdc q]mcnl l]sqhbdr9 ohmmhmf ]mc
knb]khy]shnm“+ Ogxr- Qdu- D 0.2+ /3101/ &1/10(-

130O- Ldqfmx ]mc R- M- L]itlc]q+ ’Rs]ahkhsx ne k]qfd bnlokdw rxrsdlr vhsg gdsdqnfdmdntr qdk]w,
]shnm cxm]lhbr“+ I- Rs]s- Ldbg- 1.10+ 0122/0 &1/10(-

131I-,O- Antbg]tc+ ’Q]mcnl l]sqhw sgdnqx ]mc &ahf( c]s] ]m]kxrhr“+ hm RsnbgUrshb oqnbdrrdr Umc
qUmcnl lUsqhbdr8 kdbstqd mnsdr ne sgd Idr Gntbgdr rtlldq rbgnnk 1.02 &Nwenqc Tmhudqrhsx Oqdrr+
1/06(-

132S- Bk]dxr+ ?- A- I- Jtĳk]]qr+ J- Khdbgsx+ ]mc C- V]mf+ ’Oqno]f]shnm ne rhmftk]q adg]uhnq enq
F]trrh]m odqstqa]shnmr ne q]mcnl l]sqhbdr“+ Bnlltm- L]sg- Ogxr- 251+ 0–43 &1/07(-

133A- ?ksrgtkdq ]mc A- Rgjknurjhh+ ’Qdotkrhnm ne dmdqfx kdudkr ]mc bnmctbshuhsx ne rl]kk lds]k
r]lokdr“+ Rnu- Ogxr- IDSO 53+ 016–024 &0875(-

134D- Btdu]r ]mc U- D- Jq]usrnu+ ’Svn,dhfdmetmbshnm bnqqdk]shnm hm ] ltksheq]bs]k lds]k ]mc
hmrtk]snq“+ Ogxr- Qdu- A 65+ 124008 &1//6(-

135U- D- Jq]usrnu+ H- L- Jg]xlnuhbg+ A- K- ?ksrgtkdq+ ]mc K- A- Hnyd+ ’Knb]khy]shnm sq]mrhshnm nm
sgd Q]mcnl Qdftk]q Fq]og ]r ]m tmrs]akd sqhbqhshb]k onhms hm ] knf,mnql]k Qnrdmyvdhf,Onqsdq
q]mcnl l]sqhw dmrdlakd“+ ]qWhu91//1-/1868 &1/1/(-

136H- L- Jg]xlnuhbg+ U- D- Jq]usrnu+ A- K- ?ksrgtkdq+ ]mc K- A- Hnyd+ ’Eq]fhkd dwsdmcdc og]rdr hm
sgd knf,mnql]k Qnrdmyvdhf,Onqsdq lncdk“+ Ogxr- Qdu- Qdr- 1+ /32235 &1/1/(-

137B- Lnmsgtr+ ’Ltksheq]bs]khsx ne dhfdmrs]sdr hm sgd cdknb]khydc mnm,dqfnchb og]rd ne rnld
q]mcnl l]sqhw lncdkr9 Vhfmdq–Vdhrrjnoe ]ooqn]bg“+ I- Ogxr- ?9 L]s- Sgdnq- 4.+ 1840/0
&1/06(-

138F- Ahqnkh ]mc L- S]qyh]+ ’Käux,Qnrdmyvdhf,Onqsdq q]mcnl l]sqhw dmrdlakd“+ Ogxr- Qdu- A
0.2+ 0/31/4 &1/10(-

14/V- Atĳrl]m ]mc X- A]q Kdu+ ’Bhqbtk]q Qnrdmyvdhf,Onqsdq q]mcnl l]sqhw dmrdlakd“+ RbhOnrs
Ogxr- 01+ /71 &1/11(-

140H- L- Jg]xlnuhbg ]mc U- D- Jq]usrnu+ ’Cxm]lhb]k og]rdr hm ] ’ltksheq]bs]k“ Qnrdmyvdhf,
Onqsdq lncdk“+ RbhOnrs Ogxr- 00+ /34 &1/10(-

141L- R]qj]q+ Q- Fgnrg+ ?- Rdm+ ]mc J- Rdmftos]+ ’Lnahkhsx dcfd ]mc ltksheq]bs]khsx hm ] odqhnc,
hb]kkx cqhudm ?taqx,?mcqä lncdk“+ Ogxr- Qdu- A 0.2+ 0732/8 &1/10(-

142L- ?- Rjunqsrnu+ L- ?lhmh+ ]mc U- D- Jq]usrnu+ ’Rdmrhshuhsx ne &ltksh(eq]bs]k dhfdmrs]sdr sn ]
odqstqa]shnm ne sgd G]lhksnmh]m“+ Ogxr- Qdu- A 0.5+ /431/7 &1/11(-
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143W- B]h+ K-,I- K]mf+ R- Bgdm+ ]mc X- V]mf+ ’Snonknfhb]k rtodqbnmctbsnq sn ?mcdqrnm knb]khy]shnm
sq]mrhshnm hm nmd,chldmrhnm]k hmbnlldmrtq]sd k]sshbdr“+ Ogxr- Qdu- Kdss- 00.+ 0653/2 &1/02(-

144V- CdFnss]qch+ C- Rdm+ ]mc R- Uhrgudrgv]q]+ ’L]inq]m] edqlhnmr hm rtodqbnmctbshmf 0c
rxrsdlr g]uhmf odqhnchb+ pt]rhodqhnchb+ ]mc chrnqcdqdc onsdmsh]kr“+ Ogxr- Qdu- Kdss- 00.+
0353/3 &1/02(-

145E- Kht+ R- Fgnrg+ ]mc X- C- Bgnmf+ ’Knb]khy]shnm ]mc ]ch]a]shb otlohmf hm ] fdmdq]khydc
?taqx,?mcqä,G]qodq lncdk“+ Ogxr- Qdu- A 80+ /030/7 &1/04(-

146?- J- C]r ]mc ?- Fgnrg+ ’Mnmdqfnchb dwsdmcdc rs]sdr hm sgd 𝛼 dmrdlakd“+ Ogxr- Qdu- D 0.4+
/43010 &1/11(-

147?- ?gldc+ ?- Q]l]bg]mcq]m+ H- L- Jg]xlnuhbg+ ]mc ?- Rg]ql]+ ’Ek]s a]mc a]rdc ltksheq]b,
s]khsx hm sgd ]kk,a]mc,fi]s ch]lnmc bg]hm“+ Ogxr- Qdu- A 0.5+ 1/4008 &1/11(-

148R- Kdd+ ?- ?mcqd]mnu+ ]mc R- Ek]bg+ ’Bqhshb]k,sn,hmrtk]snq sq]mrhshnmr ]mc eq]bs]khsx dcfdr hm
odqstqadc fi]s a]mcr“+ Ogxr- Qdu- A 0.6+ /031/3 &1/12(-

15/R- Qnx+ H- L- Jg]xlnuhbg+ ?- C]r+ ]mc Q- Lndrrmdq+ ’Ltksheq]bs]khsx vhsgnts ffmd,stmhmf hm ]
Eknptds pt]rhodqhnchb bg]hm“+ RbhOnrs Ogxr- 3+ /14 &1/07(-

150I- V]mf+ W-,I- Kht+ F- Wh]mknmf+ ]mc G- Gt+ ’Og]rd ch]fq]l ne ] mnm,?adkh]m ?taqx,?mcqä,
G]qodq lncdk vhsg 𝑜,v]ud rtodqfithchsx“+ Ogxr- Qdu- A 82+ 0/34/3 &1/05(-

151O- ?- Mnrnu+ H- L- Jg]xlnuhbg+ ]mc U- D- Jq]usrnu+ ’Bnqqdk]shnm,hmctbdc knb]khy]shnm“+ Ogxr-
Qdu- A 88+ 0/31/2 &1/08(-

152?- Ctsghd+ R- Qnx+ ]mc C- D- Knf]m+ ’?mnl]kntr ltksheq]bs]khsx hm pt]mstl bg]hmr vhsg
rsqnmfkx bnqqdk]sdc chrnqcdq“+ Ogxr- Qdu- A 0.5+ K/1/1/0 &1/11(-

153?- F- Jtskhm ]mc H- L- Jg]xlnuhbg+ ’Dldqfdms eq]bs]k og]rd hm dmdqfx rsq]shffdc q]mcnl
lncdkr“+ RbhOnrs Ogxr- 00+ 0/0 &1/10(-

154U- Q- Lns]l]qqh+ ?- R- Fnqrjx+ ]mc H- L- Jg]xlnuhbg+ ’Knb]khy]shnm ]mceq]bs]khsx hm chrnqcdqdc
Qtrrh]m Cnkk lncdk“+ RbhOnrs Ogxr- 02+ 006 &1/11(-

155V- S]mf ]mc H- L- Jg]xlnuhbg+ ’Mnm,dqfnchb cdknb]khydc og]rd vhsg Onhrrnm kdudk rs]shrshbr“+
Pt]mstl 5+ 622 &1/11(-

156L- S]qyh]+ ’Etkkx knb]khydc ]mc o]qsh]kkx cdknb]khydc rs]sdr hm sgd s]hkr ne Dqcôr,Qämxh fq]ogr
hm sgd bqhshb]k qdfhld“+ Ogxr- Qdu- A 0.4+ 0631/0 &1/11(-

157C- U- Unhbtkdrbt+ J- I- Cxjdl]+ ]mc ?- Mhb]+ Eqdd qUmcnl uUqhUakdr &?ldqhb]m L]sgdl]shb]k
Rnb-+ 0881(-

158?- Ydd+ ’K]v ne ]cchshnm hm q]mcnl l]sqhw sgdnqx“+ Mtbk- Ogxr- A 363+ 615–633 &0885(-
16/T- E]mn+ ’Hnmhy]shnm xhdkc ne q]ch]shnmr- HH- Sgd fitbst]shnmr ne sgd mtladq ne hnmr“+ Ogxr- Qdu-

61+ 15–18 &0836(-
160R- M- L]itlc]q+ O- unm Anlg]qc+ ]mc I- Jqtf+ ’Dw]bskx rnku]akd qdbnqc lncdk enq q]hme]kk“+

Ogxr- Qdu- Kdss- 011+ 0476/1 &1/08(-
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161R- M- L]itlc]q+ O- Lntm]hw+ ]mc F- Rbgdgq+ ’Tmhudqr]k qdbnqc rs]shrshbr enq q]mcnl v]kjr
]mc Käux fihfgsr vhsg ] mnmydqn rs]xhmf oqna]ahkhsx“+ I- Ogxr- ?9 L]sg- Sgdnq- 43+ 204//1
&1/10(-

162?- C- Lhqkhm+ ’Rs]shrshbr ne dmdqfx kdudkr ]mc dhfdmetmbshnmr hm chrnqcdqdc rxrsdlr“+ Ogxr- Qdo-
215+ 148–271 &1///(-

163R- E- Dcv]qcr ]mc Q- B- Inmdr+ ’Sgd dhfdmu]ktd rodbsqtl ne ] k]qfd rxlldsqhb q]mcnl l]sqhw“+
I- Ogxr- ?9 L]sg- Fdm- 8+ 0484–05/2 &0865(-

164U- Jq]usrnu+ A- ?ksrgtkdq+ ]mc K- Hnyd+ ’Mnm,dqfnchb cdknb]khydc og]rd hm ?mcdqrnm lncdk
nm Adsgd k]sshbd ]mc qdftk]q fq]og“+ ?mm- Ogxr- 278+ 037–080 &1/07(-

165E- K- Ldsy ]mc H- Oäqdy B]rshkkn+ ’K]qfd cduh]shnm etmbshnm enq sgd mtladq ne dhfdmu]ktdr ne
ro]qrd q]mcnl fq]ogr hmrhcd ]m hmsdqu]k“+ Ogxr- Qdu- Kdss- 006+ 0/30/0 &1/05(-

166E- K- Ldsy+ ’Qdokhb],rxlldsqhb ]ooqn]bg sn sgd sxohb]k dhfdmu]ktd fitbst]shnmr ne F]trrh]m
q]mcnl l]sqhbdr“+ I- Ogxr- ?9 L]sg- Sgdnq- 4.+ 384//1 &1/06(-

167O- Uhun+ ’Hmcdw ne ] l]sqhw+ bnlokdw knf]qhsglr+ ]mc ltkshchldmrhnm]k Eqdrmdk hmsdfq]kr“+ I-
Ogxr- ?9 L]sg- Sgdnq- 43+ /14//1 &1/1/(-

168H- O- B]rshkkn ]mc E- K- Ldsy+ ’K]qfd,cduh]shnm sgdnqx enq chktsdc Vhrg]qs q]mcnl l]sqhbdr“+
Ogxr- Qdu- D 86+ /21013 &1/07(-

17/C- G-+ ’?rxlosnshb dwo]mrhnm ne hmsdfq]k hmunkuhmf ]m ?qbS]m“+ L]sgdl]shbr Rs]bj Dwbg]mfd
&1/11(-

170H- R- Fq]crgsdxm ]mc H- L- Qxyghj+ SUakd ne hmsdfqUkr) rdqhdr) Umc oqnctbsr &Dkrduhdq+ 1/04(-
171E- I- Cxrnm+ ’Rs]shrshb]k Sgdnqx ne sgd Dmdqfx Kdudkr ne Bnlokdw Rxrsdlr- H“+ I- L]sg- Ogxr- 2+

03/–045 &0851(-
172E- I- Cxrnm ]mc L- K- Ldgs]+ ’Rs]shrshb]k Sgdnqx ne sgd Dmdqfx Kdudkr ne Bnlokdw Rxrsdlr-

HU“+ I- L]sg- Ogxr- 3+ 6/0–601 &0852(-
173O- I- Enqqdrsdq+ Inf,fUrdr Umc qUmcnl lUsqhbdr &Oqhmbdsnm Tmhudqrhsx Oqdrr+ 1/0/(-
174Q- L]qhmn+ R- M- L]itlc]q+ F- Rbgdgq+ ]mc O- Uhun+ ’Og]rd sq]mrhshnmr ]mc dcfd rb]khmf ne

mtladq u]qh]mbd hm F]trrh]m q]mcnl l]sqhbdr“+ Ogxr- Qdu- Kdss- 001+ 1430/0 &1/03(-
175Q- L]qhmn+ R- M- L]itlc]q+ F- Rbgdgq+ ]mc O- Uhun+ ’Mtladq rs]shrshbr enq 𝛼,dmrdlakdr ne

q]mcnl l]sqhbdr9 ]ookhb]shnmr sn sq]oodc edqlhnmr ]s ydqn sdlodq]stqd“+ Ogxr- Qdu- D 83+
/21004 &1/05(-

176J- R- Shjgnmnu ]mc ?- C- Lhqkhm+ ’Rs]shrshbr ne dhfdmrs]sdr md]q sgd knb]khy]shnm sq]mrhshnm nm
q]mcnl qdftk]q fq]ogr“+ Ogxr- Qdu- A 88+ /131/1 &1/08(-

177F- A- ?qntr ]mc ?- Fthnmmds+ ’Vhfmdq l]sqhbdr“+ hm Sgd Nwenqc GUmcanni ne QUmcnl LUsqhw
Sgdnqx &Nwenqc Tmhudqrhsx Oqdrr+ 1/04(-

178L- Onssdqr ]mc I-,O- Antbg]tc+ : ffqrs bntqrd hm qUmcnl lUsqhw sgdnqx8 enq ogxrhbhrsr) dmfhmddqr Umc
cUsU rbhdmshrsr &B]laqhcfd Tmhudqrhsx Oqdrr+ 1/1/(-
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18/F- Rdldqih]m ]mc K- E- Btfkh]mcnkn+ ’Ro]qrd q]mcnl l]sqhbdr9 sgd dhfdmu]ktd rodbsqtl qd,
uhrhsdc“+ I- Ogxr- ?9 L]sg- Fdm- 24+ 3726–3740 &1//1(-

180S- Qnfdqr+ H- Oäqdy B]rshkkn+ Q- Jùgm+ ]mc J- S]jdc]+ ’B]uhsx ]ooqn]bg sn sgd rodbsq]k cdmrhsx
ne ro]qrd rxlldsqhb q]mcnl l]sqhbdr“+ Ogxr- Qdu- D 67+ /20005 &1//7(-

181E- K- Ldsy+ F- O]qhrh+ ]mc K- Kdtyyh+ ’Ehmhsd,rhyd bnqqdbshnmr sn sgd rodbsqtl ne qdftk]q q]mcnl
fq]ogr9 ]m ]m]kxshb]k rnktshnm“+ Ogxr- Qdu- D 8.+ /410/8 &1/03(-

182F- Cd Snl]rh ]mc H- L- Jg]xlnuhbg+ ’Mnm,Gdqlhsh]m Qnrdmyvdhf,Onqsdq q]mcnl,l]sqhw
dmrdlakd9 Narsqtbshnm sn sgd eq]bs]k og]rd“+ Ogxr- Qdu- A 0.5+ /831/3 &1/11(-

183?- Jtskhm ]mc H- L- Jg]xlnuhbg+ ’?m]snlx ne sgd dhfdmrs]sdr chrsqhatshnm9 ] ptdrs enq ]
fdmthmd ltksheq]bs]khsx“+ ]qWhu912/8-/5357 &1/12(-

184I- S]hkkdtq ]mc L- D- B]sdr+ ’Rs]shrshb]k ldbg]mhbr ne hmsdq]bshmf qtm,]mc,stlakd a]bsdqh]“+
Ogxr- Qdu- Kdss- 0..+ 1070/2 &1//7(-

185C- L]qshm+ I- N‘Axqmd+ L- D- B]sdr+ z- Encnq+ B- M]qchmh+ I- S]hkkdtq+ ]mc E- u]m Vĳk]mc+ ’Rs],
shrshb]k ldbg]mhbr ne ]bshud Nqmrsdhm,Tgkdmadbj o]qshbkdr“+ Ogxr- Qdu- D 0.2+ /215/6 &1/10(-

186Q- Vhssjnvrjh+ ?- Shqhanbbgh+ I- Rsdmg]ll]q+ Q- I- ?kkdm+ C- L]qdmctyyn+ ]mc L- D- B]sdr+
’Rb]k]q Ω3 ffdkc sgdnqx enq ]bshud,o]qshbkd og]rd rdo]q]shnm“+ M]s- Bnlltm- 4+ 3240 &1/03(-

187L- D- B]sdr+ ’?bshud ffdkc sgdnqhdr“+ hm :bshud lUssdq Umc mnmdpthkhaqhtl rsUshrshbUk ogxrhbr8 kdbstqd
mnsdr ne sgd Idr Gntbgdr rtlldq rbgnnk 1.05 &Nwenqc Tmhudqrhsx OqdrrNwenqc+ 1/11(+ oo- 07/–105-

188B- L]ffh+ M- Fm]m+ L- O]nktyyh+ D- Y]bb]qdkkh+ ]mc ?- Bqhr]msh+ ’Bqhshb]k ]bshud cxm]lhbr hr
b]ostqdc ax ] bnknqdc,mnhrd cqhudm ffdkc sgdnqx“+ Bnlltm- Ogxr- 4+ 44 &1/11(-

2//Q- Y]jhmd+ I-,A- Entqmhdq+ ]mc E- u]m Vĳk]mc+ ’Ehdkc,dladccdc o]qshbkdr cqhudm ax ]bshud fihor“+
Ogxr- Qdu- Kdss- 010+ /17//0 &1/07(-

2/0O- ?j]q],oho]ss]m] ]mc N- Dumhm+ ’Q]mcnl l]sqhbdr vhsg qnv bnmrsq]hmsr ]mc dhfdmu]ktd
chrsqhatshnmr ne fq]og K]ok]bh]mr“+ I- Ogxr- ?9 L]sg- Sgdnq- 45+ 184//0 &1/12(-

2/1J- Dedsnu+ Rtodqrxlldsqx hm chrnqcdq Umc bgUnr &B]laqhcfd Tmhudqrhsx Oqdrr+ 0885(-
2/2F- ?qejdm+ LUsgdlUshbUk ldsgncr enq ogxrhbhrsr+ 2qc dc- &?b]cdlhb Oqdrr+ R]m Chdfn+ 0874(-
2/3C- Eqdmjdk ]mc A- Rlhs+ TmcdqrsUmchmf lnkdbtkUq rhltkUshnm8 eqnl Ukfnqhsglr sn UookhbUshnmr+ 1mc

dc-+ Unk- 0 &?b]cdlhb Oqdrr+ R]m Chdfn+ 1//1(-
2/4Q- K- Gnmdxbtss+ ’Rsnbg]rshb Qtmfd,Jtss] ]kfnqhsglr- H- Vghsd mnhrd“+ Ogxr- Qdu- ? 34+ 5//–

5/2 &0881(-
2/5C- Udmstqdkkh ]mc A- V]ksdq+ Rntqbd bncd enq U oUqshbkd hm U rbUkUq ffdkc+ gssor/..fhsgta�bnl.

rnm_pudmst.ehdic:_mc:o_pshbid+ 1/10-
2/6?- Nmtjh+ OgUrd sqUmrhshnm cxmUlhbr &B]laqhcfd Tmhudqrhsx Oqdrr+ 1//1(-
2/7D- ?- Mnuhjnu+ ’Etmbshnm]kr ]mc sgd q]mcnl,enqbd ldsgnc hm stqatkdmbd sgdnqx“+ Rnu- Ogxr-

IDSO 1.+ 018/–0183 &0854(-
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2/8B- L- Admcdq ]mc R- ?- Nqry]f+ :cuUmbdc LUsgdlUshbUk Ldsgncr enq Rbhdmshrsr Umc Dmfhmddqr
&LbFq]v,Ghkk+ 0867(-

20/T- Rdhedqs+ ’Dmsqnox oqnctbshnm ]knmf ] rsnbg]rshb sq]idbsnqx ]mc ]m hmsdfq]k fitbst]shnm sgdn,
qdl“+ Ogxr- Qdu- Kdss- 84+ /3/5/1 &1//4(-

200E- Y]lonmh+ E- Anmdssn+ K- E- Btfkh]mcnkn+ ]mc I- Jtqbg]m+ ’? fitbst]shnm sgdnqdl enq mnm,
dpthkhaqhtl qdk]w]shnm]k rxrsdlr cqhudm ax dwsdqm]k enqbdr“+ I- Rs]s- Ldbg- 1..4+ O/8/02
&1//4(-

201S- D- Gtkk ]mc B- Eqndrd+ ’?rxlosnshb adg]uhntq ne sgd hmudqrd ne ] K]ok]bd sq]mrenql“+ B]m],
ch]m I- L]sg- 6+ 005–014 &0844(-

202R- Qdcmdq+ : fthcd sn ffqrs,oUrrUfd oqnbdrrdr &B]laqhcfd Tmhudqrhsx Oqdrr+ 1//0(-
203Q- Lnqf]cn+ E- ?- Nkhudhq]+ F- F- A]sqntmh+ ]mc ?- G]mrdm+ ’Qdk]shnm adsvddm ]mnl]kntr ]mc

mnql]k chytrhnm hm rxrsdlr vhsg ldlnqx“+ Ogxr- Qdu- Kdss- 78+ 0//5/0 &1//1(-
204X- K- Q]hjgdq+ U- U- Qtr]jnu+ ]mc Q- Odqyxmrjh+ ’Aqnvmh]m lnshnm hm ] uhrbndk]rshb ldchtl

lncdkkdc ax ] Idyqdxr fithc“+ Rnes L]ssdq 8+ 0/746 &1/02(-
205I- L]xdq+ J- Jg]hqx+ ]mc I- Gnv]qc+ ’Cq]vhmf ]m dkdog]ms vhsg entq bnlokdw o]q]ldsdqr“+

?l- I- Ogxr- 67+ 537–538 &1/0/(-
206O- Rnkkhbg+ ’Qgdnknfhb]k bnmrshstshud dpt]shnm enq ] lncdk ne rnes fk]rrx l]sdqh]kr“+ Ogxr- Qdu-

D 47+ 627–648 &0887(-
207R- L- Ehdkchmf+ O- Rnkkhbg+ ]mc L- D- B]sdr+ ’?fhmf ]mc qgdnknfx hm rnes l]sdqh]kr“+ I- Qgdnk-

33+ 212–258 &1///(-
208L- Etbgr ]mc L- D- B]sdr+ ’Rbgdl]shb lncdkr enq cxm]lhb xhdkchmf ne rgd]qdc bnkknhc]k

fk]rrdr“+ E]q]c]x Chrbtrr- 012+ 156–175 &1//1(-
21/L- K- E]kj ]mc I- K]mfdq+ ’Cdenql]shnm ]mc e]hktqd ne ]lnqogntr+ rnkhckhjd l]sdqh]kr“+ ?mm-

Qdu- Bnmcdmr- L]ssdq Ogxr- 1+ 242–262 &1/00(-
210B- O- ?l]mm+ L- Rhdadmaùqfdq+ L- Jqùfdq+ E- Vdxrrdq+ L- A]kk]ty+ ]mc L- Etbgr+ ’Nudqrgnnsr

hm rsqdrr,rsq]hm btqudr9 bnkknhc dwodqhldmsr ]mc rbgdl]shb lncd bntokhmf sgdnqx“+ I- Qgdnk-
46+ 038–064 &1/02(-

211M- V- ?rgbqnes ]mc M- C- Ldqlhm+ Rnkhc RsUsd Ogxrhbr &Gnks,R]tmcdqr+ 0865(-
212C- Unhbtkdrbt+ ’Khlhs k]vr enq q]mcnl l]sqhbdr ]mc eqdd oqnctbsr“+ Hmudms- L]sg- 0.3+ 1/0–

11/ &0880(-
213O- Ah]md+ ’Nm sgd eqdd bnmunktshnm vhsg ] rdlh,bhqbtk]q chrsqhatshnm“+ Hmch]m] T- L]sg- I- 35+

6/4–607 &0886(-
214E- I- Cxrnm+ ’Rs]shrshb]k sgdnqx ne sgd dmdqfx kdudkr ne bnlokdw rxrsdlr- HHH“+ I- L]sg- Ogxr- 2+

055–064 &0851(-
215?- B]u]fm]+ I- O- F]qq]g]m+ ]mc H- Fh]qchm]+ ’Hmcdw chrsqhatshnm ne q]mcnl l]sqhbdr vhsg ]m

]ookhb]shnm sn chrnqcdqdc rxrsdlr“+ Ogxr- Qdu- A 50+ 285/–286/ &1///(-
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216R- M- L]itlc]q+ B- M]c]k+ ?- Rb]qchbbghn+ ]mc O- Uhun+ ’Hmcdw chrsqhatshnm ne F]trrh]m q]mcnl
l]sqhbdr“+ Ogxr- Qdu- Kdss- 0.2+ 11/5/2 &1//8(-

217R- M- L]itlc]q+ B- M]c]k+ ?- Rb]qchbbghn+ ]mc O- Uhun+ ’Gnv l]mx dhfdmu]ktdr ne ] F]trrh]m
q]mcnl l]sqhw ]qd onrhshud;“+ Ogxr- Qdu- D 72+ /300/4 &1/00(-

218H- Oäqdy B]rshkkn+ ’Rodbsq]k nqcdq rs]shrshbr ne F]trrh]m q]mcnl l]sqhbdr9 K]qfd cduh]shnmr enq
sq]oodc edqlhnmr ]mc ]rrnbh]sdc og]rd sq]mrhshnmr“+ Ogxr- Qdu- D 8.+ /3/0/1 &1/03(-

Ofhr cnbtldms v]r bpd]sdc vhsf sfd �oce.Vd.Jt](J7OAV opnbdrrnp ]mc sfd MNU7sfdrhr sdloi]sd �u3,/,2( X0[, 01bb8�11052�a7a930aa2a0d7a4059bc

0 E, L, Jntpdmyn) Oea MNU�searhr E�OAV OalniXsa Trapur LXmtXi) MNU7 Tmhudprhsw Jhranm �1/10(,
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?

L•rkovi•n embedding •nd effective
equ•tion

Hm sghr ?oodmchw vd oqdrdms ] rhlokd dw]lokd ne ] bntokdc 1,u]qh]akdr rxrsdl+ vgdqd sgd ffqrs
u]qh]akd b]m ad dwokhbhskx hmsdfq]sdc nts hm nqcdq sn nas]hm ]m dydbshud dpt]shnm enq sgd nsgdq-
Sgd hmudqrd oqnbdrr hr jmnvm ]r LUqinuhUm dladcchmf- Sghr vhkk bk]qhex sgd ld]mhmf ne sgd ]anud
ldmshnmdc dydbshud dpt]shnm+ ]mc sgd bnmrsqtbshnm ne hsr o]sg,hmsdfq]k qdoqdrdms]shnm+ vghbg
vhkk rdqud ]r ] oqnsnsxod enq sgd lncdk ne ] o]qshbkd bntokdc sn ] ffdkc chrbtrrdc hm Bg]osdq 1
&]mc ]mshbho]sdc hm ?oodmchw ?-1(-

:-0 : snx lncdk

Bnmrhcdq sgd G]lhksnmh]m hmunkuhmf sgd svn u]qh]akdr� 𝑊 ]mc 𝑋+

ℋ /𝑊 .𝑋( ≠ 𝒯/𝑊( +
𝜃𝑥

1 𝑋1 � 𝜅𝒰/𝑊 .𝑋(. vhsg 𝒰/𝑤 . 𝑥( • 𝑥 𝑒 /𝑤(. &?-0(

vgdqd 𝑒 /𝑤( hr hm fdmdq]k ] mnmkhmdUq etmbshnm ne 𝑤- ?rrtld sg]s 𝑊 ]mc 𝑋 dunkud ]r

𝑊̄ ≠ �𝜇𝑤
𝜑ℋ
𝜑𝑊

+ 𝜁𝑤 . 𝑋̄ ≠ �𝜇𝑥
𝜑ℋ
𝜑𝑋

+ 𝜁𝑥 . &?-1(

vgdqd sgd svn 𝜁ℎ‘r ]qd vghsd tmbnqqdk]sdc F]trrh]m mnhrdr vhsg ydqn ld]m ]mc

}𝜁ℎ/𝑠(𝜁ℎ/𝑟(⟩ ≠ 1𝜇ℎ 𝑗𝐴𝑆𝛾/𝑠 � 𝑟( • Ψℎ𝛾/𝑠 � 𝑟( . &?-2(

Vd ]qd hmsdqdrsdc hm sgd dydbshud cxm]lhbr ne 𝑊/𝑠( nmbd sgd 𝑋,bnnqchm]sd hr hmsdfq]sdc nts-

:-0-0 DΨdbshud dptZshnm

Rhmbd sgd G]lhksnmh]m hr pt]cq]shb hm 𝑋 ]mc sgd bntokhmf onsdmsh]k 𝒰/𝑤 . 𝑥( hr khmd]q hm 𝑥+ sgd
dpt]shnm ne lnshnm enq 𝑋/𝑠( b]m ad rnkudc ax ld]mr ne hsr khmd]q qdronmrd etmbshnm

𝐹𝑥/𝑠 . 𝑟( • Δ/𝑠 � 𝑟(𝑑�𝛽𝑥/𝑠�𝑟( . &?-3(

0Nmd rgntkc tmcdqrs]mc 𝑊 ]r sgd onrhshnm ne sgd o]qshbkd+ ]mc 𝑋 ]r nmd ne sgd ffdkc Entqhdq lncdr vhsg vghbg
sgd o]qshbkd hmsdq]bsr hm sgd etkk oqnakdl chrbtrrdc hm Bg]osdq 1 ]mc ?oodmchw ?-1-
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?OODMCHW ?- L?QJNUH?M DLADCCHMF ?MC DEEDBSHUD DPT?SHNM

vgdqd 𝛽𝑥 • 𝜇𝑥𝜃𝑥 + ]mc sgd qdrtks b]m ad oktffdc a]bj hmsn Dp- &?-1( sn nas]hm sgd dydbshud dpt]shnm

𝑊̄/𝑠( ≠ � 𝜇𝑤𝒯′/𝑊/𝑠(( + 𝜅1𝜇𝑤 𝑒
′/𝑊/𝑠((

∫ 𝑠

𝑠/

c𝑟 𝜙𝑥/𝑠 . 𝑟( 𝑒 /𝑊/𝑟((

+ 𝜁𝑤/𝑠( + 𝜅 𝑒 ′/𝑊/𝑠(( 𝜇𝑤
∫ 𝑠

𝑠/

c𝑟 𝐹𝑥/𝑠 . 𝑟(𝜁𝑥/𝑟(
︷�����������������������︷√�����������������������︸

𝜖𝑥/𝑠(

. &?-4(

?anud vd ]rrtldc enq rhlokhbhsx 𝑋/𝑠 ≠ 𝑠/( ≠ /+ ]mc vd hmsqnctbdc sgd khmd]q rtrbdoshahkhsx
𝜙𝑥/𝑠 . 𝑟( • 𝜇𝑥𝐹𝑥/𝑠 . 𝑟(- Sgd dydbs ne sgd bntokhmf sn 𝑋 nm sgd cxm]lhbr ne 𝑊 hr dmbncdc hm ]
ldlnqx sdql hm sgd ffqrs khmd+ oktr ] bnknqdc ]mc ltkshokhb]shud mnhrd sdql hm sgd rdbnmc khmd- Vd
b]m hmcddc hcdmshex sgd bnknqdc mnhrd 𝜖𝑥/𝑠(+ vghbg hr F]trrh]m vhsg ydqn ld]m ]mc bnqqdk]shnm
}𝜖𝑥/𝑠(𝜖𝑥/𝑟(⟩ ≠ 𝜇1

𝑤𝐵𝑥/𝑠 . 𝑟(+ vgdqd 𝐵𝑥 hr sgd &dpthkhaqhtl( bnqqdk]snq ne 𝑋 &rdd Dp- &0-02((+ h-d-+

𝐵𝑥/𝑠 . 𝑟( ≠
Ψ𝑥

1𝛽𝑥
𝑑�𝛽𝑥 |𝑠�𝑟 | . &?-5(

Tonm hmsqnctbhmf sgd bnlahm]shnmr

ℱ /𝑤 . 𝑥: 𝑠 � 𝑟( • 𝜅1𝜇𝑤 𝑒
′/𝑤(𝜙𝑥/𝑠 � 𝑟( 𝑒 ′/𝑥(. &?-6(

Λ/𝑤 . 𝑠( • 𝜁𝑤/𝑠( + 𝜅 𝑒 ′/𝑤(𝜖𝑥/𝑠(. &?-7(

vd l]x enql]kkx qdvqhsd Dp- &?-4( ]r

𝑊̄/𝑠( ≠ �𝜇𝑤𝒯′/𝑊/𝑠(( �
∫ 𝑠

𝑠/

c𝑟 ℱ /𝑊/𝑠(.𝑊/𝑟(: 𝑠 � 𝑟( + Λ/𝑊/𝑠(. 𝑠(. &?-8(

Ne bntqrd sgd pt]mshsx Λ/𝑊/𝑠(. 𝑠( – rddm ]r ]m dydbshud ltkshokhb]shud mnhrd+ vghbg hr ] etmbshnm
ne sgd sq]idbsnqx 𝑊/𝑠(– hr hm fdmdq]k mns F]trrh]m ]mc sgdqd hr mn qd]rnm enq hs sn g]ud ydqn ld]m-
Mnsd+ gnvdudq+ sg]s bnmrhcdqhmf hmrsd]c Λ/𝑤 . 𝑠( ]r ] q]mcnl etmbshnm ne shld 𝑠 ]knmd+ vhsg ]m
]cchshnm]k o]q]ldsqhb cdodmcdmbd nm 𝑤+ vntkc enql]kkx qdmcdq }Λ/𝑤 . 𝑠(⟩ ≠ / enq Umx ffwdc uUktd
ne 𝑤 &h-d-+ mns ]knmf sgd sq]idbsnqx 𝑊/𝑠((+ ]mc

}Λ/𝑤0 . 𝑠(Λ/𝑤1 . 𝑟(⟩ ≠ }𝜁𝑤/𝑠(𝜁𝑤/𝑟(⟩ + 𝜅1 𝑒 ′/𝑤0( 𝑒 ′/𝑤1(
}
𝜖𝑥/𝑠(𝜖𝑥/𝑟(

〈
≠ Ψ𝑤𝛾/𝑠 � 𝑟( + 𝜅1 𝑒 ′/𝑤0( 𝑒 ′/𝑤1(𝜇1

𝑤𝐵𝑥/𝑠 . 𝑟( • 𝒜Λ/𝑤0 . 𝑤1: 𝑠 . 𝑟(. &?-0/(

vgdqd hm sgd rdbnmc khmd vd g]ud trdc sgd e]bs sg]s 𝜁𝑤 ]mc 𝜖𝑥 ]qd hmcdodmcdms-

:-0-1 OZsg hmsdfqZk qdoqdrdmsZshnm

Rsdoohmf eqnl sgd dydbshud dpt]shnm &?-4( sn hsr o]sg hmsdfq]k enqltk]shnm hr ] oqhnqh mnmsqhuh]k9
sgd oqdrdmbd ne ltkshokhb]shud mnhrd b]m hm fdmdq]k oqnctbd ]cchshnm]k cqhes sdqlr cdodmchmf
nm sgd hmsdfq]shnm bnmudmshnm vd bgnnrd &Hsó+ Rsq]snmnuhbg(+ vghbg g]ud sn ad hmbktcdc hm sgd
cxm]lhb]k etmbshnm]k Z46[- ?m tm]lahftntr v]x ne oqnbddchmf hr sn rs]qs eqnl sgd cxm]lhb]k
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?-1- O?QSHBKD BNTOKDC SN ? EHDKC

etmbshnm]kr &rdd Rdbshnm 0-4( cdrbqhahmf sgd inhms rsnbg]rshb cxm]lhbr ne sgd svn u]qh]akdr9

𝒫)𝑊 . 𝑊̂ .𝑋 . 𝑋̂[ ≠ 𝒫/)𝑊 . 𝑊̂[ + 𝒫0)𝑋 . 𝑋̂[ � 𝜅𝒫hms)𝑊 . 𝑊̂ .𝑋 . 𝑋̂[. &?-00(

𝒫/)𝑊 . 𝑊̂[ ≠
∫

c𝑠
]
𝑊̂/𝑠(

)
𝑊̄/𝑠( + 𝜇𝑤𝒯′/𝑊/𝑠((

[
� Ψ𝑤

1 𝑊̂1/𝑠(
{
. &?-01(

𝒫0)𝑋 . 𝑋̂[ ≠
∫

c𝑠
]
𝑋̂/𝑠(

)
𝑋̄/𝑠( + 𝛽𝑥𝑋/𝑠(

[
�

Ψ𝑥

1 𝑋̂1/𝑠(
{
. &?-02(

𝒫hms)𝑊 . 𝑊̂ .𝑋 . 𝑋̂[ ≠
∫

c𝑠
)
𝑊̂/𝑠(𝜇𝑤𝑋/𝑠( 𝑒 ′/𝑊/𝑠(( + 𝑋̂/𝑠(𝜇𝑥 𝑒 /𝑊/𝑠((

[
. &?-03(

Sgdrd b]m ad nas]hmdc ax rs]mc]qc ldsgncr ]mc mn ]lahfthsx &rdd Rdbshnm 0-4(+ adb]trd sgd hmhsh]k
dpt]shnmr &?-1( nmkx ed]stqd ]cchshud mnhrd+ vghbg hr hmrdmrhshud sn sgd hmsdfq]shnm bnmudmshnm1-
Odqenqlhmf sgd F]trrh]m etmbshnm]k hmsdfq]k

∬
𝒞𝑋𝒞𝑋̂ 𝑑�𝒫)𝑊 .𝑊̂ .𝑋 .𝑋̂[ • 𝑑�𝒫dy)𝑊 .𝑊̂[ &?-04(

sgdm fhudr sgd dydbshud ]bshnm

𝒫dy)𝑊 . 𝑊̂[ ≠
∫

c𝑠 𝑊̂/𝑠(
)
𝑊̄/𝑠( + 𝜇𝑤𝒯′/𝑊/𝑠(( �

∫
c𝑟 𝐸/𝑊/𝑠(.𝑊/𝑟(: 𝑠 � 𝑟(

[

� 0
1

∬
c𝑠 c𝑟 𝑊̂/𝑠(𝒜Λ/𝑊/𝑠(.𝑊/𝑟(: 𝑠 . 𝑟(𝑊̂/𝑟(. &?-05(

vgdqd sgd etmbshnmr ℱ ]mc 𝒜Λ vdqd cdffmdc hm Dpr- &?-6( ]mc &?-0/(+ qdrodbshudkx- Bnlo]qhmf
Dp- &?-05( vhsg sgd dydbshud dpt]shnm &?-4( rgnvr vgx hs v]r trdetk sn enql]kkx hmsqnctbd 𝒜Λ

]r hm Dp- &?-0/(9 hmcddc+ sgd cxm]lhb]k ]bshnm hm Dp- &?-05( g]r sgd dw]bs r]ld enql nmd vntkc
ftdrr ax rhfgs eqnl Dp- &?-4(+ ]r he sgd mnhrd Λ vdqd F]trrh]m ]mc ]cchshud – rdd Dp- &0-36(-

Hs stqmr nts sg]s sgd dydbshud dpt]shnm &?-4( b]m hm e]bs ad l]oodc nmsn sgd lnqd fdmdq]k nmd
rstchdc hm Qde- Z45[+ ]mc sg]s sgd bnqqdronmchmf cxm]lhb]k etmbshnm]k bnhmbhcdr vhsg sgd nmd
hm Dp- &?-05(- Sgd fdmdq]k cxm]lhb]k ]bshnm fhudm hm Qde- Z45[ hr hmcdodmcdms ne sgd hmsdfq]shnm
bnmudmshnm ]r knmf ]r sgd mnhrd hr bnknqdc+ vghbg ]ood]qr ogxrhb]kkx hmsthshud mnv sg]s vd jmnv
vgdqd sghr mnhrd bnldr eqnl-

:-1 OZqshbkd bntokdc sn Z ffdkc

Sgd snx lncdk cdrbqhadc ]anud b]m ad d]rhkx fdmdq]khydc sn sgd b]rd ne /𝑚 + 0( u]qh]akdr vhsg
G]lhksnmh]m

ℋ /𝑊 . {𝑋ℎ{𝑚ℎ≠0( ≠ 𝒯/𝑊( +
𝑚∑
ℎ≠0

𝜃ℎ

1 𝑋1
ℎ � 𝜅𝒰/𝑊 . {𝑋ℎ{(. 𝒰/𝑤 . {𝑥ℎ{( •

𝑚∑
ℎ≠0

𝑈ℎ𝑥ℎ 𝑒ℎ/𝑤(. &?-06(

vhsg ’vdhfgsr“ 𝑈ℎ - Sgd oqnakdl cdrbqhadc hm Bg]osdq 1 ne ] o]qshbkd bntokdc sn ] ffdkc+ h-d-+ sn
sgd bnmshmttl ne hsr Entqhdq lncdr k]adkkdc ax p+ b]m ad d]rhkx tmcdqrsnnc nm sgd r]ld ennshmf

1Gdqd vd bgnrd sgd Hsó bnmudmshnm nmkx sn rtooqdrr rotqhntr sdqlr cdqhuhmf eqnl sgd I]bnah]m hm Dp- &0-3/(+ ats
vghbg cn mns lnchex sgd dpt]shnmr ne lnshnm Z43[-
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?OODMCHW ?- L?QJNUH?M DLADCCHMF ?MC DEEDBSHUD DPT?SHNM

ax bnmrhcdqhmf sgd G]lhksnmh]m2

ℋ /W.
]
𝜏𝑝

{
( ≠ 𝒯/W( +

∫ c𝑐𝑝

/1𝜉(𝑐
𝑝1 + 𝑞

1 𝜏𝑝𝜏�𝑝 � 𝜅𝒰/W.
]
𝜏𝑝

{
(. &?-07(

𝒰/w.
]
𝜏𝑝

{
( •

∫ c𝑐𝑝

/1𝜉(𝑐
𝑈�𝑝𝜏𝑝 𝑑

ℎp·w . &?-08(

vgdqd sgd 𝑈�𝑝‘r ok]x sgd qnkd ne sgd vdhfgsr hmsqnctbdc ]anud- Sgd cxm]lhb]k ]bshnm fhudm
k]sdq hm Dpr- &2-63( ]mc &B-0/8( b]m hm sghr rdmrd ad tmcdqrsnnc ]r ] fdmdq]khy]shnm ne sgd nmd hm
Dp- &?-05(-

2Nmd rgntkc qd]kkx rdo]q]sd sgd qd]k ]mc hl]fhm]qx o]qsr ne 𝜏𝑝 hm nqcdq sn nas]hm etkk cdbntokhmf: vd chc mns cn
hs gdqd enq rhlokhbhsx+ ats vd vhkk chrbtrr sghr rtaskdsx hm Rdbshnm 1-2-0-
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A

B•lcul•tions of Bh•pter 1

A-0 𝑚,shld bnqqdkZshnm etmbshnmr ne sgd mnm,hmsdqZbshmf oZqshbkd

Sgd jmnvkdcfd ne sgd nmd, ]mc svn,shld bnqqdk]shnm etmbshnmr hr rtflbhdms sn vqhsd sgd fdmdq]shmf
etmbshnm]k 𝒱)𝑖[ enq ]mx F]trrh]m oqnbdrr9 enq d]bg rb]k]q bnlonmdms 𝑊ℎ/𝑠( ↦→ 𝑤/𝑠(+ hs qd]cr

𝒱)𝑖[ ≠
}
dwo

)∫
c𝑟 𝑖/𝑟(𝑤/𝑟(

[〈
≠
∫

𝒞𝑤/𝑟(𝑑�𝒫NL)𝑤/𝜎([+
︸

c𝑟 𝑖/𝑟(𝑤/𝑟(

≠ dwo
)
0
1

∫
c𝑟0 c𝑟1 𝑖/𝑟0(𝐵/𝑟0 . 𝑟1(𝑖/𝑟1( +

∫
c𝑟 𝑖/𝑟(𝑙/𝑟(

[
. &A-0(

vgdqd vd ]udq]fdc sgd rntqbd sdql 𝑖/𝑤( nudq sgd Nmr]fdq,L]bgkto cxm]lhb]k etmbshnm]k &rdd
Rdbshnm 0-4(

𝒫NL)𝑤/𝜎([ •
0
1

∫
c𝑟0 c𝑟1 )𝑤/𝑟0( � 𝑙/𝑟0([𝐵�0/𝑟0 . 𝑟1()𝑤/𝑟1( � 𝑙/𝑟1([. &A-1(

]mc vd mnql]khydc sgd hmsdfq]shnm ld]rtqd 𝒞𝑤/𝑟( rn sg]s 𝒱)𝑖 ≠ /[ ≠ 0- Gdqd sgd etmbshnmr 𝑙/𝑟(
]mc 𝐵/𝑟0 . 𝑟1( ]qd sgd ]udq]fd ]mc 1,onhms etmbshnm ne sgd Nqmrsdhm,Tgkdmadbj o]qshbkd chrbtrrdc
hm Rdbshnm 0-1 – rdd Dpr- &0-0/( ]mc &0-02(+ qdrodbshudkx- Vd b]m trd sgd fdmdq]shmf etmbshnm]k
sn bnlotsd ] fdmdqhb 𝑚,shld dwodbs]shnm u]ktd nudq sgd hmcdodmcdms oqnbdrr+ ]mc hm o]qshbtk]q
𝑃p/𝑟0 . 𝑟1( cdffmdc hm Dp- &1-03(- Mnshbd ffqrs sg]s+ ctd sn sgd rs]shrshb]k hmcdodmcdmbd ne sgd oqnbdrr
]knmf sgd u]qhntr ro]sh]k bnnqchm]sdr+

𝑃p/𝑟0 . 𝑟1( ≠
𝑐∑

𝑚≠0
}𝑑 ℎ𝑝𝑚)𝑊

//(
𝑚 /𝑟1(�𝑊//(

𝑚 /𝑟0([⟩ . &A-2(

D]bg ne sgdrd e]bsnqr b]m ad rhlokx nas]hmdc eqnl 𝒱)𝑖[ hm Dp- &A-0( ax rdsshmf 𝑖 ≠ 𝑖∗/𝑟( •
ℎ𝑝𝑚 )𝛾/𝑟 � 𝑟1( � 𝛾/𝑟 � 𝑟0([+ vghbg xhdkcr

𝑃p/𝑟0 . 𝑟1( ≠ dwo
]
ℎp · )l/𝑟1( �l/𝑟0([ �

𝑝1

1 )𝐵/𝑟0 . 𝑟0( + 𝐵/𝑟1 . 𝑟1( � 1𝐵/𝑟0 . 𝑟1([
{
. &A-3(

Hm nqcdq sn rodbh]khyd sghr enqltk] sn ntq oqnakdl+ kds ]f]hm sgd o]qshbkd kd]ud sgd hmhsh]k onrhshnm
W/ ]s shld 𝑠 ≠ 𝑠/: sgd dydbs ne g]uhmf W/ ∉ / dmsdqr rnkdkx hm sgd dwoqdrrhnm ne l/𝑠( fhudm hm
Dp- &0-0/( &vhsg W𝐸/𝑠( • /(- Vd l]x vqhsd dwokhbhskx+ hm sdqlr ne sgd svn,shld etmbshnm 𝐵/𝑟0 . 𝑟1(
cdffmdc hm Dp- &0-02(+

𝑑�
𝑝1
1 )𝐵/𝑟0 .𝑟0(+𝐵/𝑟1 .𝑟1(�1𝐵/𝑟0 .𝑟1([ ≠




dwo
]
�𝑆𝑝1

𝜃

˜
0 � 𝑑�𝛽 |𝑟1�𝑟0 | � /𝑑�𝛽𝑟0�𝑑�𝛽𝑟1 (1

1

[{
enq 𝑠/ ≠ /.

dwo
˜
�𝑆𝑝1

𝜃

4
0 � 𝑑�𝛽 |𝑟1�𝑟0 |

([
enq 𝑠/ → �∞.

&A-4(
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?OODMCHW A- B?KBTK?SHNMR NE BG?OSDQ 1

Hm o]qshbtk]q+ enq 𝑠/ ≠ /+
l/𝑟1( �l/𝑟0( ≠ W/ /𝑑�𝛽𝑟1 � 𝑑�𝛽𝑟0( . &A-5(

vghkd l/𝑠( u]mhrgdr enq 𝑠/ → �∞-
Hm sgd odqstqa]shud b]kbtk]shnmr chrbtrrdc etqsgdq adknv+ vd ]krn mddc sgd dwoqdrrhnmr enq

sgd ]udq]fdr

}𝑑 ℎp·W//(/𝑠(⟩ ≠
𝑐∑

𝑚≠0
}𝑑 ℎ𝑝𝑚𝑊

//(
𝑚 /𝑠(⟩ . &A-6(

}𝑊//(
𝑖
/𝑟1(𝑑 ℎp·W

//(/𝑟0(⟩ ≠ }𝑊//(
𝑖
/𝑟1(𝑑 ℎ𝑝𝑖𝑊

//(
𝑖
/𝑟0(⟩

𝑐∑
𝑚∉𝑖

}𝑑 ℎ𝑝𝑚𝑊
//(
𝑚 /𝑟1(⟩ . &A-7(

Sgdrd pt]mshshdr b]m ad rhlhk]qkx b]kbtk]sdc ax trhmf sgd fdmdq]shmf etmbshnm]k hm Dp- &A-0(9}
𝑑
ℎ𝑝𝑖𝑊

//(
𝑖
/𝑠(
〈
≠ 𝒱

)
𝑖/𝑟( ≠ ℎ𝑝𝑖𝛾/𝑟 � 𝑠(

[
≠ 𝑑

� 0
1 𝑝

1
𝑖
𝐵/𝑠 .𝑠(

𝑑 ℎ𝑝𝑖𝑙𝑖/𝑠( . &A-8(
}
𝑊
//(
𝑖
/𝑟1(𝑑 ℎ𝑝𝑖𝑊

//(
𝑖
/𝑟0(

〈
≠

𝛾

𝛾 𝑖/𝑟1(
𝒱)𝑖[

〉〉〉〉
𝑖/𝑟(≠ℎ𝑝𝑖𝛾/𝑟�𝑟0(

≠
)
𝑙𝑖/𝑟1( + ℎ𝑝𝑖𝐵/𝑟0 . 𝑟1(

[
}𝑑 ℎ𝑝𝑖𝑊

//(
𝑖
/𝑟0(⟩ . &A-0/(

vgdmbd

}𝑑 ℎp·W//(/𝑠(⟩ ≠ 𝑑�
0
1 𝑝

1𝐵/𝑠 .𝑠(𝑑 ℎp·l/𝑠( . &A-00(

}W//(/𝑟1(𝑑 ℎp·W
//(/𝑟0(⟩ ≠ )l/𝑟1( + ℎp𝐵/𝑟0 . 𝑟1([ }𝑑 ℎp·W

//(/𝑟0(⟩ . &A-01(

A-1 LZqfhmZk dpthkhaqhtl chrsqhatshnm ne sgd oZqshbkd

Sgd dpthkhaqhtl chrsqhatshnm ne sgd rxrsdl bnlonrdc ax sgd o]qshbkd hm hmsdq]bshnm vhsg sgd ffdkc+
sgd ffdkc hsrdke ]mc sgd sgdql]k a]sg vghbg oqnuhcdr sgd sgdql]k mnhrd hr fhudm ax sgd Anksyl]mm
chrsqhatshnm

𝑂dp)𝜏.W[ ∝ dwo
�
�𝛼ℋ )𝜏.W[

(
. &A-02(

vgdqd 𝛼 hr sgd hmudqrd sdlodq]stqd ne sgd a]sg ]mc ℋ hr sgd G]lhksnmh]m- ?rrtld sg]s sgd k]ssdq
g]r sgd fdmdqhb enql

ℋ )𝜏.W[ ≠ ℋ𝜏)𝜏[ +𝒯/W( +ℋhms)𝜏.W[. &A-03(

vgdqd ℋ𝜏)𝜏[ cdrbqhadr sgd ffdkc hm sgd atkj ]mc hr mns mdbdrr]qhkx F]trrh]m+ vghkd 𝒯/W( hr ]
bnmffmhmf onsdmsh]k enq sgd o]qshbkd+ d-f-+ 𝒯/W( ≠ /𝜃†1(W1 hm sgd b]rd bnmrhcdqdc hm Bg]osdq 1-
Ehm]kkx+ ℋhms cdrbqhadr sgd hmsdq]bshnm adsvddm sgd o]qshbkd ]mc sgd ffdkc uh] ] onrrhakx mnmkhmd]q
bntokhmf

ℋhms)𝜏.W[ ≠
∫

c𝑐𝑤 𝐸)𝜏/w([𝑈/w � W(. &A-04(

vgdqd 𝐸)𝜏/w([ hr ] pt]rh,knb]k etmbshnm]k ne 𝜏- Hlonqs]mskx+ vd qdpthqd ℋhms sn ad sq]mrk]shnm]kkx
hmu]qh]ms+ hm sgd rdmrd sg]s

ℋhms)𝜏/w(.W[ ≠ ℋhms)𝜏/w � Z(.W + Z[ . &A-05(
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A-2- ODQSTQA?SHUD B?KBTK?SHNM NE SGD ?UDQ?FD O?QSHBKD ONRHSHNM

Mnsd sg]s sgd hmsdq]bshmf G]lhksnmh]m hm Dp- &1-2( r]shrffdr sgdrd qdpthqdldmsr+ vghkd sgd nmd hm+
b-e-+ Dp- &4-1( cndr mns+ ctd sn sgd bnmffmdldms-

Sgd dpthkhaqhtl chrsqhatshnm ne sgd o]qshbkd enkknvr ]r

𝑂dp/W( ∝
∫

𝒞𝜏 𝑑�𝛼ℋ )𝜏.W[ ≠ 𝑑�𝛼𝒯/W(
∫

𝒞𝜏 𝑑�𝛼{ℋ𝜏)𝜏[+ℋhms)𝜏.W[{ . &A-06(

]mc ntq ]hl hr sn rgnv sg]s sgd etmbshnm]k hmsdfq]k nm sgd qhfgs,g]mc,rhcd cndr mns ]bst]kkx
cdodmc nm W+ h-d-+ sg]s sgd hmsdq]bshnm vhsg sgd ffdkc cndr mns ]ydbs sgd dpthkhaqhtl chrsqhatshnm
𝑂dp/W( ∝ dwo)�𝛼𝒯/W([ ne sgd o]qshbkd- Sgd ]qftldms fndr ]r enkknvr9 hmsqnctbd y ≠ w � W ]mc
cdffmd ] mdv rghesdc ffdkc 𝜀/y( • 𝜏/y + W(- Rhmbd sgd ffdkc hr hm sgd atkj+ sgdm ℋ𝜏)𝜏[ ≠ ℋ𝜏)𝜀[+
vghkd ℋhms hm Dp- &A-04( adbnldr

ℋhms)𝜏.W[→
∫

c𝑐� 𝐸)𝜀/y([𝑈/y(. &A-07(

Sgd oqnne hr bnmbktcdc ax mnshmf sg]s sgd hmsdfq]shnm ld]rtqd 𝒞𝜏 hm Dp- &A-06( qdl]hmr sgd
r]ld tmcdq ] sq]mrk]shnm ax W hm ro]bd-

Vd dlog]rhyd sg]s sghr ]qftldms e]hkr he sgd rxrsdl hr mns sq]mrk]shnm]kkx hmu]qh]ms+ ]r hs
g]oodmr+ enq hmrs]mbd+ hm sgd oqdrdmbd ne antmc]qhdr nq bnmffmdldms Z53+ 54[- Lnqdnudq+ hs cndr
mns hlokx sgd e]bsnqhy]shnm ne 𝑂dp)𝜏.W[ hmsn svn hmcdodmcdms o]qsr ]s knmf shldr- Hm e]bs+ sgd
l]qfhm]k dpthkhaqhtl chrsqhatshnm ne sgd ffdkc 𝜏+ vghbg l]x ad nas]hmdc ax hmsdfq]shmf nts W hm
Dp- &A-02(+ hr ]bst]kkx lnchffdc ax sgd oqdrdmbd ne sgd o]qshbkd- Enq ] khmd]q ffdkc,o]qshbkd bntokhmf
rtbg ]r sg]s ne Dp- &1-0(+ enq hmrs]mbd+ vd ogxrhb]kkx dwodbs ]s dpthkhaqhtl sgd ffdkc sn ad dmg]mbdc
]qntmc sgd o]qshbkd+ h-d-+ ]qntmc sgd lhmhl] ne hsr bnmffmhmf onsdmsh]k 𝒯/w(-

A-2 OdqstqaZshud bZkbtkZshnm ne sgd ZudqZfd oZqshbkd onrhshnm

Gdqd vd bnlotsd sgd bnqqdbshnm sn sgd ]udq]fd o]qshbkd onrhshnm+ sn sgd knvdrs mnmsqhuh]k nqcdq
hm sgd bntokhmf 𝜅+ ctd sn sgd oqdrdmbd ne sgd ffdkc- Sn sghr dmc+ vd ffqrs hmrdqs sgd odqstqa]shud
dwo]mrhnmr fhudm hm Dp- &1-00( hmsn Dp- &1-5( enq sgd o]qshbkd+ sgtr fdsshmf+ nqcdq ax nqcdq hm sgd
bntokhmf 𝜅+

W̄//(/𝑠( ≠ �𝜇𝑗W//(/𝑠( + 𝝁/𝑠(. &A-08(

W̄/𝑚(/𝑠( ≠ �𝜇𝑗W/𝑚(/𝑠( + 𝜇e/𝑚�0(/𝑠(. &A-1/(

vgdqd vd hmsqnctbdc

e/𝑚(/𝑠( • 0
𝑚�

c𝑚

c𝜅𝑚

〉〉〉〉
𝜅≠/

e/𝑠(. &A-10(

?s 𝒩
�
𝜅/( + Dp- &A-08( hr rnkudc ax sgd Nqmrsdhm,Tgkdmadbj oqnbdrr+ qdb]kkdc hm Rdbshnm 0-1- Sgd

ghfgdq,nqcdq bnqqdbshnmr W/𝑚( b]m ad enql]kkx dwoqdrrdc ]r

W/𝑚(/𝑠( ≠ 𝜇

∫ 𝑠

𝑠/

c𝑟 𝑑�𝛽/𝑠�𝑟(e/𝑚�0(/𝑟(. &A-11(
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?OODMCHW A- B?KBTK?SHNMR NE BG?OSDQ 1

vgdqd 𝑠/ hr sgd shld ]s vghbg sgd hmhsh]k bnmchshnm W//(/𝑠 ≠ 𝑠/( ≠ W/ hr hlonrdc- Rhlhk]qkx+ sgd
K]mfduhm dpt]shnm &1-7( enq sgd ffdkc hm Entqhdq ro]bd qdmcdqr

𝜑𝑠𝜏
//(
p /𝑠( ≠ ��𝑝𝜏

//(
p /𝑠( + 𝜁p/𝑠(. &A-12(

𝜑𝑠𝜏
/𝑚(
p /𝑠( ≠ ��𝑝𝜏

/𝑚(
p /𝑠( +

𝐶𝑝�𝑈𝑝

/𝑚 � 0(�
c𝑚�0

c𝜅𝑚�0

〉〉〉〉
𝜅≠/

𝑑�ℎp·W . &A-13(

vgdqd W nm sgd q-g-r- ne Dp- &A-13( hr vqhssdm hm onvdqr ne 𝜅 ]r hm Dp- &1-00(- Sgd etmbshnm 𝑈𝑝 hr sgd
Entqhdq sq]mrenql ne sgd hmsdq]bshnm onsdmsh]k 𝑈/w(+ ]mc hs nmkx cdodmcr nm |p| he vd s]jd 𝑈/w( sn
ad hrnsqnohb+ h-d-+ ] etmbshnm ne |w|- Sgd oqnodqshdr ne sgd tmbntokdc ffdkc 𝜏//(p /𝑠( vdqd chrbtrrdc
hm Rdbshnm 0-2+ vghkd sgd dpt]shnm ne lnshnm ne sgd ffdkc ]s 𝒩/𝜅( b]m ad enql]kkx rnkudc ]r

𝜏/0(p /𝑟( ≠ 𝐶𝑝�𝑈𝑝

∫ 𝑟

𝑠/

c𝜎 𝑑��𝑝/𝑟�𝜎(𝑑�ℎp·W
//(/𝜎(. &A-14(

He vd ]rrtldc sgd ffdkc sn ad hmhsh]kkx hm sgdql]k dpthkhaqhtl hm bnmsUbs vhsg sgd o]qshbkd+ sgdm
] rdbnmc sdql ]bbntmshmf enq sgd hmhsh]k bnmchshnm ne sgd ffdkc vntkc ]ood]q hm Dp- &A-14( hm sgd
enql 𝐹𝑝/𝑠 � 𝑠/(𝜏/0(p /𝑠/(+ vgdqd sgd etmbshnm 𝐹𝑝/𝜎( hr sgd eqdd,ffdkc oqno]f]snq cdffmdc hm Dp- &0-16(-
Gnvdudq+ rtbg ] sdql stqmr nts U onrsdqhnqh sn ad hqqdkdu]ms enq vg]s bnmbdqmr sgd knmf,shld
oqnodqshdr ne sgd sq]bdq o]qshbkd &vghkd hs fqd]skx hlo]bsr hsr rgnqs,shld oqnodqshdr+ ]r vd dwoknqd
hm Bg]osdq 3(- Enq sgd r]jd ne rhlokhbhsx+ gdqd vd vhkk sgtr ]rrtld sg]s sgd hmhsh]k bnmchshnm ne
sgd ffdkc 𝜏p/𝑠/( hr dwsq]bsdc eqnl hsr rs]shnm]qx chrsqhatshnm qd]bgdc adenqd sgd o]qshbkd hr ots hm
bnms]bs vhsg sgd ffdkc-

Sgd ffqrs mnmsqhuh]k bnqqdbshnm }W/1(/𝑠(⟩ sn sgd ]udq]fd o]qshbkd onrhshnm &rdd Dp- &1-01(( b]m
sgdm ad bnlotsdc rs]qshmf eqnl

e//(/𝑟0( ≠
∫ c𝑐𝑝

/1𝜉(𝑐
ℎp𝑈�𝑝𝜏//(p /𝑟0(𝑑 ℎp·W

//(/𝑟0( .

e/0(/𝑟1( ≠
∫ c𝑐𝑝

/1𝜉(𝑐
ℎp𝑈�𝑝 𝑑 ℎp·W

//(/𝑟1(
˜
𝜏/0(p /𝑟1( + ℎp · W/0(/𝑟1(𝜏//(p /𝑟1(

[
. &A-15(

vghkd ad]qhmf hm lhmc sg]s+ ]r vd s]jd sgd dwodbs]shnm u]ktdr nudq sgd qd]khy]shnmr ne sgd mnhrdr
𝜁p/𝑠( ]mc 𝝁/𝑠(+

}𝜏//(p /𝑟1(𝜏//(p /𝑟0(𝑑 ℎp·)W
//(/𝑟1(�W//(/𝑟0([⟩ ≠ }𝜏//(p /𝑟1(𝜏//(p /𝑟0(⟩ }𝑑 ℎp·)W

//(/𝑟1(�W//(/𝑟0([⟩ . &A-16(

adb]trd ]s 𝒩
�
𝜅/( sgd svn oqnbdrrdr 𝜏//(p /𝑠( ]mc W//(/𝑠( ]qd hmcdodmcdms- Trhmf 𝑈�𝑝 ≠ 𝑈∗

𝑝 adb]trd
𝑈/w( hr qd]k+ vd ffmc sgd dwoqdrrhnm qdonqsdc hm Dp- &1-02( hm sgd l]hm sdws-

A-3 Jnmf,shld adgZuhnq ne sgd ZudqZfd onrhshnm

Hm sghr rdbshnm vd cdqhud sgd ]rxlosnshb adg]uhntq ne sgd rdbnmc,nqcdq bnqqdbshnm sn sgd ]udq]fd
onrhshnm hm Dp- &1-02( ]s knmf shldr ax bnmrhcdqhmf rdo]q]sdkx sgd b]rdr ne lncdk ? ]mc lncdk
A ffdkc cxm]lhbr- ? lnqd fdmdq]k b]kbtk]shnm+ vghbg bnloqhrdr ansg b]rdr bknrd sn bqhshb]khsx+ hr
oqnuhcdc k]sdq hm ?oodmchw A-4-
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A-3- KNMF,SHLD ADG?UHNQ NE SGD ?UDQ?FD ONRHSHNM

Ax qns]shnm]k rxlldsqx+ vd b]m bgnnrd sgd hmhsh]k onrhshnm sn g]ud ] rhmfkd mnm,u]mhrghmf
bnnqchm]sd+ h-d-+ W//𝑠( ≠ 𝑊/ �̂+ vgdqd �̂ hr sgd tmhs udbsnq ne sgd 𝑖,sg B]qsdrh]m ]whr- Sgd qdrtkshmf
]udq]fd onrhshnm }W/𝑠(⟩ vhkk sgdm u]mhrg ]s ]kk shldr enq ]kk ats sgd 𝑖,sg bnlonmdms- Sgd k]ssdq
b]m ad vqhssdm+ tonm trhmf Dpr- &0-2/(+ &0-20(+ &A-3( ]mc &A-4(+ ]r

}𝑊/1(
𝑖
/𝑠(⟩ ≠ 𝜇

𝑆

∫ c𝑐𝑝

/1𝜉(𝑐
𝑝𝑖
〉〉𝑈𝑝

〉〉1 ∫ 𝑠

/
c𝑟1 𝑑

�𝛽/𝑠�𝑟1(
∫ 𝑟1

/
c𝑟0

˜
�p + 𝜇𝑆𝑝1𝑑�𝛽/𝑟1�𝑟0(

[

· 𝐵𝑝/𝑟1 � 𝑟0( rhm
�
𝑝𝑖𝑊/𝑖/𝑑�𝛽𝑟0 � 𝑑�𝛽𝑟1(

(
𝑑�𝑄/𝑟1 .𝑟0(𝑝1

. &A-17(

vgdqd vd hmsqnctbdc+ enq aqduhsx+

𝑄/𝑟1 . 𝑟0( •
𝑆

𝑗

)
0 � 𝑑�𝛽 |𝑟1�𝑟0 | � 0

1 /𝑑
�𝛽𝑟1 � 𝑑�𝛽𝑟0(1

[
. &A-18(

Sgd lnqd fdmdq]k b]rd hm vghbg sgd o]qshbkd hr khmd]qkx bntokdc sn sgd 𝑚,sg dudm cdqhu]shud ne sgd
ffdkc+ ]r hs cndr hm Dp- &1-04(+ b]m ad rhlokx ]bbntmsdc enq ]r enkknvr- Mnsd ffqrs sg]s Dp- &1-04( b]m
ad qdvqhssdm hm Entqhdq ro]bd enq dudm 𝑚 ]r

ℋhms ≠ �𝜅
∫ c𝑐𝑝

/1𝜉(𝑐
𝜏�p/𝑠(/ℎ𝑝(𝑚𝑈𝑝𝑑

�ℎp·W/𝑠(. &A-2/(

Hs hr sgdm rtflbhdms sn qdok]bd𝑈𝑝 hm Dp- &A-17( vhsg 𝑈̂𝑝 • /ℎ𝑝(𝑚𝑈𝑝 - Rhmbd𝑈/w( hr mnql]khydc+ vd b]m
dwo]mc sgd Entqhdq sq]mrenql ne sgd qns]shnm]kkx,hmu]qh]ms onsdmsh]k 𝑈𝑝 ]r |𝑈𝑝 |1 ≠ 0 + 𝑏1𝑝

1 + . . . +
vgdmbd |𝑈̂𝑝 |1 ≠ 𝑝1𝑚 + 𝑏1𝑝

1/𝑚+0( + . . . - Vhsgnts knrr ne fdmdq]khsx+ }𝑊/1(
𝑖
/𝑠(⟩ b]m sgdm ad dwoqdrrdc

]r ] rtl ne dwoqdrrhnmr hcdmshb]k sn Dp- &A-17(+ ats vhsg 𝑝1𝑚 hm ok]bd ne |𝑈𝑝 |1- ?bbnqchmfkx+ hm
sgd enkknvhmf vd bnmrhcdq sgd rodbhffb b]rd ne ] onsdmsh]k vhsg |𝑈𝑝 |1 ≠ 𝑝1𝑚 ]mc vd vhkk rgnv sg]s
d]bg sdql hm sghr rtl adbnldr hmbqd]rhmfkx rtakd]chmf ]s knmf shldr tonm hmbqd]rhmf 𝑚-

A-3-0 Ehdkc vhsg lncdk : cxmZlhbr

Hm sgd b]rd ne lncdk ?+ vd rs]qs ax qdrb]khmf 𝑟′0 ≠ 𝑟0†𝑠+ 𝑟′1 ≠ 𝑟1†𝑠 ]mc 𝑝 → 𝑠0†1𝑝 rn ]r sn vqhsd
Dp- &A-17( hmsn sgd dpthu]kdms enql

}𝑊/1(
𝑖
/𝑠(⟩ ≠ 𝑠�/𝑐†1+𝑚�2†1( 𝜇

𝑆

∫ c𝑐𝑝

/1𝜉(𝑐
𝑝𝑖 𝑝

1𝑚
∫ 0

/
c𝑟′1 𝑑

�𝛽𝑠/0�𝑟′1(
∫ 𝑟′1

/
c𝑟′0 𝑑

�𝑄/𝑠𝑟′1 .𝑠𝑟
′
0(𝑠

�0𝑝1 &A-20(

·
˜
�𝑠�0†1𝑝 + 𝜇𝑆𝑠�0𝑝1𝑑�𝛽𝑠/𝑟

′
1�𝑟

′
0(
[
𝐵𝑠�0†1𝑝/𝑠/𝑟′1 � 𝑟′0(( rhm

4
𝑠�0†1𝑝𝑖𝑊/. 𝑖/𝑑�𝛽𝑠𝑟

′
0 � 𝑑�𝛽𝑠𝑟

′
1(
(
.

Hm sghr v]x vd qdlnudc sgd shld cdodmcdmbd eqnl sgd hmsdfq]shnm khlhsr ]mc kdes hs hm sgd hmsd,
fq]mc nmkx: sghr hr lnqd bnmudmhdms enq bnmrhcdqhmf sgd khlhs 𝑠 → ∞- Sn sghr dmc+ kds tr aqhdfix
chrbtrr sgd ]rxlosnshb adg]uhntq enq 𝑠 → ∞ ne d]bg sdql hm sgd hmsdfq]mc- Sgd ffqrs sdql hm
aq]bjdsr sdmcr sn

�𝑠�0†1𝑝 + 𝜇𝑠�0𝑆𝑝1𝑑�𝛽𝑠/𝑟
′
1�𝑟

′
0( ≠



𝐶𝑞 enq 𝑞 < /

𝐶𝑝1𝑠�0 enq 𝑞 ≠ /
+ ℎ.𝑛.. &A-21(
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?OODMCHW A- B?KBTK?SHNMR NE BG?OSDQ 1

vgdqd vd mnshbdc sg]s hm ansg b]rdr sgd rdbnmc ]ccdmctl hr rtakd]chmf vhsg qdrodbs sn sgd ffqrs
enq k]qfd 𝑠- Gdqd ]mc hm vg]s enkknvr+ ℎ.𝑛. cdmnsdr ]cchshnm]k sdqlr sg]s ]qd rtakd]chmf hm sgd
khlhs 𝑠 → ∞- Sgd ffdkc bnqqdk]snq sdmcr sn

𝐵𝑠�0†1𝑝/𝑠/𝑟′1 � 𝑟′0(( ≠


𝑆𝑞�0𝑑�𝐶/𝑞𝑠+𝑝

1(/𝑟′1�𝑟
′
0( enq 𝑞 < /

𝑆𝑠𝑝�1𝑑�𝐶𝑝1/𝑟′1�𝑟
′
0( enq 𝑞 ≠ /

+ ℎ.𝑛.. &A-22(

Sgd ]qftldms ne sgd rhmd sdmcr sn ydqn ]s knmf shldr+ rn sg]s vd b]m dwo]mc rhm 𝑤 ≃ 𝑤 sn kd]chmf
nqcdq- Ehm]kkx+ 𝑄/𝑠𝑟′1 . 𝑠𝑟′0(𝑠�0𝑝1 sdmcr sn ydqn ]s knmf shldr-

Kds tr mnv enbtr nm sgd b]rd 𝑞 < /- Sgd bnqqdbshnm sn sgd ]udq]fd onrhshnm ne sgd o]qshbkd hr
sgdm ]rxlosnshb sn

}𝑊/1(
𝑖
/𝑠(⟩ ≃ 𝜇𝐶𝑊/. 𝑖𝐵𝑐𝑠

�/𝑐†1+𝑚�0(𝑑�𝛽𝑠
∫ ∞

/
c𝑝

∫ 0

/
c𝑟′1

∫ 𝑟′1

/
c𝑟′0 𝑝

𝑐+1𝑚+0𝑑�𝐶/𝑞𝑠+𝑝
1(/𝑟′1�𝑟

′
0(
˜
𝑑𝛽𝑠/𝑟

′
1�𝑟

′
0( � 0

[
.

&A-23(

vgdqd vd odqenqldc sgd hmsdfq]shnm nudq sgd ]mftk]q 𝑝�u]qh]akdr- Sgd bnmrs]ms𝐵𝑐 ≠ 𝑏𝑐†𝑐 bnldr
eqnl sgd hmsdfq]shnm ne sgd rnkhc ]mfkd hm 𝑐 chldmrhnmr+ adhmf

𝑏𝑐 •
∫

cΨ𝑐

/1𝜉(𝑐
≠

10�𝑐

𝜉𝑐†1�/𝑐†1(
. &A-24(

]mc vgdqd vd mnsdc sg]s vd b]m qdok]bd 𝑝1
𝑖
→ 𝑝1†𝑐 hm sgd hmsdfq]k- ?s sghr onhms sgd hmsdfq]shnm

nudq 𝑟′1 ]mc 𝑟′0 b]m ad odqenqldc dwokhbhskx ]mc vd hlldch]sdkx nas]hm

}𝑊/1(
𝑖
/𝑠 → ∞(⟩ ∝



𝑠𝑑�𝜇𝜃𝑠 enq 𝜇𝜃 < 𝐶𝑞 .

𝑠�/0+𝑐†1+𝑚(𝑑�𝐶𝑞𝑠 enq 𝜇𝜃 < 𝐶𝑞.
&A-25(

Enq 𝑞 ≠ / sgd ]rxlosnshbr hm Dpr- &A-21(( ]mc &A-22( ]qd chydqdms eqnl sgd mnm,bqhshb]k b]rd 𝑞 < /+
]mc sghr ]ydbsr sgd ]rxlosnshbr ne Dp- &A-20(+ vghbg mnv qd]cr &]s kd]chmf nqcdq(

}𝑊/1(
𝑖
/𝑠(⟩ ≃ 𝜇𝐶1𝑊/. 𝑖𝐵𝑐𝑠

�/𝑐†1+𝑚�0(𝑑�𝛽𝑠
∫ ∞

/
c𝑝

∫ 0

/
c𝑟′1

∫ 𝑟′1

/
c𝑟′0 𝑝

𝑐+1𝑚+0𝑑�𝐶𝑝1/𝑟′1�𝑟
′
0(
˜
𝑑𝛽𝑠/𝑟

′
1�𝑟

′
0( � 0

[
.

&A-26(

?r adenqd+ ax odqenqlhmf sgd hmsdfq]shnm nudq 𝑟′0 ]mc 𝑟′1 nmd fdsr

}𝑊/1(
𝑖
/𝑠(⟩ ∝ 𝑠�/𝑐†1+𝑚+0(. &A-27(

Vd bnmbktcd sg]s+ hm lncdk ? cxm]lhbr+ ]m ]kfdaq]hb adg]uhnq ne sgd sq]bdq o]qshbkd hr nardqudc
]s knmf shldr nmkx hm sgd bqhshb]k b]rd 𝑞 ≠ /- Sgdrd qdrtksr ]qd rtll]qhydc hm Dp- &1-05( ne sgd
l]hm sdws-

A-3-1 Ehdkc vhsg lncdk A cxmZlhbr

Vd mnv stqm sn sgd knmf,shld ]rxlosnshb adg]uhntq ne sgd ]udq]fd onrhshnm ne sgd o]qshbkd hm sgd
b]rd ne ] ffdkc vhsg lncdk A cxm]lhbr- Enq 𝑞 < /+ vd qdrb]kd 𝑟1+ 𝑟0 ]mc 𝑝 ]r vd chc hm Rdbshnm
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A-3- KNMF,SHLD ADG?UHNQ NE SGD ?UDQ?FD ONRHSHNM

A-3-0 hm nqcdq sn nas]hm Dp- &A-20(- Hm sghr b]rd+ gnvdudq+ sgd ]rxlosnshb adg]uhntq ne sgd ffqrs
svn sdqlr ]qd

�𝑠�0†1𝑝 + 𝜇𝑆𝑠�0𝑝1𝑑�𝛽𝑠/𝑟
′
1�𝑟

′
0( ≠

˜
𝐶𝑞 + 𝜇𝑆𝑑�𝛽𝑠/𝑟

′
1�𝑟

′
0(
[
𝑠�0𝑝1 + ℎ.𝑛.. &A-28(

]mc
𝐵𝑠�0†1𝑝/𝑠/𝑟′1 � 𝑟′0(( ≠ 𝑆𝑞�0𝑑�𝐶𝑞𝑝1/𝑟′1�𝑟

′
0( + ℎ.𝑛.. &A-3/(

sgtr kd]chmf sn

}𝑊/1(
𝑖
/𝑠(⟩ ≠ 𝜇𝑊/. 𝑖𝐵𝑐𝑠

�/𝑐†1+𝑚(𝑑�𝛽𝑠
∫ ∞

/
c𝑝

∫ 0

/
c𝑟′1

∫ 𝑟′1

/
c𝑟′0 𝑝

𝑐+1𝑚+2𝑑�𝐶𝑞𝑝1/𝑟′1�𝑟
′
0( &A-30(

·
˜
𝑑𝛽𝑠/𝑟

′
1�𝑟

′
0( � 0

[ ˜
𝐶 + 𝑞�0𝜇𝑆𝑑�𝛽𝑠/𝑟

′
1�𝑟

′
0(
[

+ ℎ.𝑛..

?r adenqd+ sgd hmsdfq]shnm nudq 𝑟′1 ]mc 𝑟′0 adbnldr sqhuh]k ]mc vd nas]hm

}𝑊/1(
𝑖
/𝑠(⟩ ∝ 𝑠�/𝑐†1+𝑚+1(. &A-31(

Sgd b]rd 𝑞 ≠ / qdpthqdr+ hm bnmsq]rs vhsg sgd oqduhntr nmdr+ sg]s lnldms] ]qd qdrb]kdc hm
Dp- &A-17( ]r 𝑝 → 𝑠0†3𝑝- Hm sghr v]x vd fds sgd dpthu]kdms dwoqdrrhnm

}𝑊/1(
𝑖
/𝑠(⟩ ≠ 𝑠�/𝑐†3+𝑚†1�6†3( 𝜇

𝑆

∫ c𝑐𝑝

/1𝜉(𝑐
𝑝𝑖 𝑝

1𝑚
∫ 0

/
c𝑟′1 𝑑

�𝛽𝑠/0�𝑟′1(
∫ 𝑟′1

/
c𝑟′0 𝑑

�𝑄/𝑠𝑟′1 .𝑠𝑟
′
0(𝑠

�0†1𝑝1 &A-32(

·
˜
�𝑠�0†3𝑝 + 𝜇𝑆𝑠�0†1𝑝1𝑑�𝛽𝑠/𝑟

′
1�𝑟

′
0(
[
𝐵𝑠�0†3𝑝/𝑠/𝑟′1 � 𝑟′0(( rhm

4
𝑠�0†3𝑝𝑖𝑊/. 𝑖/𝑑�𝛽𝑠𝑟

′
1 � 𝑑�𝛽𝑠𝑟

′
0(
(
.

Rhmbd enq 𝑞 ≠ /

�𝑠�0†3𝑝 + 𝜇𝑆𝑠�0†1𝑝1𝑑�𝛽𝑠/𝑟
′
1�𝑟

′
0( ≠ 𝑠�0†1

˜
𝐶𝑠�0†1𝑝3 + 𝜇𝑆𝑑�𝜇𝑗𝑠/𝑟

′
1�𝑟

′
0(
[

+ ℎ.𝑛. &A-33(

]mc

𝐵𝑠�0†3𝑝/𝑠/𝑟′1 � 𝑟′0(( ≠ 𝑆𝑠0†1𝑝�1𝑑�𝐶𝑝3/𝑟′1�𝑟
′
0( + ℎ.𝑛.. &A-34(

nmd g]r

}𝑊/1(
𝑖
/𝑠(⟩ ≠ 𝜇𝑊/. 𝑖𝐵𝑐𝑠

�/𝑐†3+𝑚†1�2†1(𝑑�𝛽𝑠
∫ ∞

/
c𝑝

∫ 0

/
c𝑟′1

∫ 𝑟′1

/
c𝑟′0 𝑝

𝑐+1𝑚�0𝑑�𝐶𝑝3/𝑟′1�𝑟
′
0(

·
˜
𝑑𝛽𝑠/𝑟

′
1�𝑟

′
0( � 0

[ ˜
𝐶𝑠�0†1𝑝3 + 𝜇𝑆𝑑�𝛽𝑠/𝑟

′
1�𝑟

′
0(
[

+ ℎ.𝑛.. &A-35(

?s sghr onhms sgd hmsdfq]shnm nudq 𝑟′0 ]mc 𝑟′1 hr ]f]hm rsq]hfgsenqv]qc ]mc vd fds

}𝑊/1(
𝑖
/𝑠(⟩ ∝ 𝑠�/𝑐†3+𝑚†1+0(. &A-36(

Vd sgtr bnmbktcd sg]s+ hm lncdk A cxm]lhbr+ ]m ]kfdaq]hb adg]uhnq ne sgd sq]bdq o]qshbkd hr
nardqudc ]s knmf shldr ansg hm sgd bqhshb]k b]rd &𝑞 ≠ /( ]mc ny,bqhshb]khsx &𝑞 < /(- Sgdrd qdrtksr
]qd rtll]qhydc hm Dp- &1-06( hm sgd l]hm sdws-
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?OODMCHW A- B?KBTK?SHNMR NE BG?OSDQ 1

A-4 :rxlosnshb adgZuhnq ne sgd oZqshbkd eqnl sgd bqhshbZk oqnodqshdr
ne sgd ffdkc

Vd ]qd mnv hm sgd onrhshnm sn qdk]sd sgd cdb]x dwonmdmsr ne sgd ]udq]fd o]qshbkd bnnqchm]sd sg]s
vd nas]hmdc ]s bqhshb]khsx sn sgd cxm]lhb]k bqhshb]k dwonmdms � ne sgd tmcdqkxhmf eqdd,ffdkc sgdnqx-
Sgd jdx hr sn hmsqnctbd sgd fdmdq]k rb]khmf enql ne sgd cxm]lhb]k rtrbdoshahkhsx ]mc svn,shld
etmbshnm+ ]r qdb]kkdc hm Dp- &0-24(-

Hm nqcdq sn ]ccqdrr sgd knmf,shld adg]uhnq ne sgd ]udq]fd onrhshnm+ vd rs]qs ]f]hm eqnl
Dp- &1-02(+ hm vghbg vd hcdmshex

𝜙𝑤/𝑠( • 𝜇𝜂/𝑠(𝑑�𝛽𝑠 &A-37(

]r sgd rtrbdoshahkhsx ne sgd o]qshbkd- Vd sgdm qdrb]kd shld ]r 𝑟 ≠ 𝑟′𝑠 ]mc lnldms] ]r 𝑜 ≠ 𝑝𝑠0†� +
]r rtffdrsdc ax sgd rb]khmf enqlr hm Dpr- &0-24(- Sghr fhudr

}𝑊/1(
𝑖
/𝑠(⟩ ≠ 𝑠1�/𝑐+0(†�

∫ c𝑐𝑜

/1𝜉(𝑐
ℎ𝑜𝑖 |𝑈𝑜𝑠�0†� |1

∫ 0

/
c𝑟′1

∫ 𝑟′1

/
c𝑟′0 𝜙𝑤

�
𝑠/0 � 𝑟′1(

(
𝑃𝑜𝑠�0†�

�
𝑠𝑟′0 . 𝑠𝑟

′
1
(

·
˜
𝜙𝜏

4
𝑜𝑠�0†� . 𝑠/𝑟′1 � 𝑟′0(

(
+ /𝑜𝑠�0†�(1𝜙𝑤

�
𝑠/𝑟′1 � 𝑟′0(

(
𝐵𝜏

4
𝑜𝑠�0†� . 𝑠/𝑟′1 � 𝑟′0(

([
. &A-38(

vgdqd
𝑃p/𝑟0 . 𝑟1( ≠ 𝑑 ℎp·W./𝑑�𝛽𝑟1�𝑑�𝛽𝑟0 (�𝑝1𝑄/𝑟0 .𝑟1( . &A-4/(

]mc 𝑄/𝑟0 . 𝑟1( v]r cdffmdc hm Dp- &A-18(- Hs hr d]rx sn bgdbj sg]s 𝑜1𝑠�1†�𝑄/𝑠𝑟′0 . 𝑠𝑟
′
1( ����→𝛽𝑠≫0

/+ sgtr

𝑃𝑜𝑠�0†� /𝑠𝑟′0 . 𝑠𝑟
′
1( ≃ 0 + ℎ𝑠�0†�o · W/

4
𝑑�𝛽𝑠𝑟

′
1 � 𝑑�𝛽𝑠𝑟

′
0

(
. &A-40(

ℎ𝜙𝑤

�
𝑠/0 � 𝑟′1(

(
𝑃𝑜𝑠�0†�

�
𝑠𝑟′0 . 𝑠𝑟

′
1
(
≃ 𝜇𝑠�0†�o · W/

4
𝑑�𝛽𝑠/𝑟

′
1�𝑟

′
0( � 0

(
. &A-41(

vgdqd vd nlhssdc ]m hl]fhm]qx sdql eqnl sgd qhfgs,g]mc,rhcd ne sgd k]rs dpt]shnm adb]trd hs
vntkc u]mhrg ax rxlldsqx vgdm vd hmsdfq]sd nudq o hm Dp- &A-38(- Sgd hmsdfq]mc hm Dp- &A-38(
mnv nmkx cdodmcr nm 𝑡 • 𝑟′1 � 𝑟′0+ rn sg]s 𝑢 • 𝑟′1 + 𝑟′0 b]m ad hmsdfq]sdc nts xhdkchmf

}𝑊/1(
𝑖
/𝑠(⟩ ≃ 𝜇𝑠1�/𝑐+1(†�𝑑�𝛽𝑠

∫ c𝑐𝑜

/1𝜉(𝑐
𝑜𝑖 |𝑈𝑜𝑠�0†� |1o · W/

·
∫ 0

/
c𝑡 𝑒 /𝑡(

]
𝜙𝜏

4
𝑜𝑠�0†� . 𝑠𝑡

(
+ /𝑜𝑠�0†�(1𝜙𝑤 /𝑠𝑡(𝐵𝜏

4
𝑜𝑠�0†� . 𝑠𝑡

({
. &A-42(

vgdqd vd cdffmdc sgd etmbshnm

𝑒 /𝑡( • /0 � 𝑡(
�
𝑑𝛽𝑠𝑡 � 0

(
. &A-43(

Vd mnv knnj enq ] r]cckd,onhms drshl]sd ne sgd hmsdfq]k nudq 𝑡 hm Dp- &A-42(+ ad]qhmf hm lhmc
sg]s vd ]qd ]esdq sdqlr sg]s b]m bntmsdqa]k]mbd sgd dwonmdmsh]k e]bsnq dwo/�𝛽𝑠( hm eqnms ne sgd
hmsdfq]kr+ rn ]r sn oqnctbd ]m ]kfdaq]hb adg]uhnq ne }𝑊/1(

𝑖
/𝑠(⟩ enq k]qfd 𝑠- Vd b]m ]kqd]cx cqno ]

rtakd]chmf sdql eqnl

𝑒 /𝑡( ≃ /0 � 𝑡(𝑑𝛽𝑠𝑡 ≠ dwo
]
𝑠

)
𝛽𝑡 + 0

𝑠
km/0 � 𝑡(

[{
• 𝑑𝑠𝑓/𝑡( . &A-44(
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A-4- ?RXLOSNSHB ADG?UHNQ NE SGD O?QSHBKD EQNL SGD BQHSHB?K OQNODQSHDR NE SGD EHDKC

vgdqd sgd etmbshnm 𝑓/𝑡( g]r hsr l]whltl hm 𝑡∗ ≠ 0� /𝛽𝑠(�0- Sgd hmsdfq]mcr 𝜙𝜏 ]mc 𝐵𝜏 ]qd ansg
cdbqd]rhmf etmbshnmr ne sgdhq rdbnmc ]qftldms ]mc sgdx cdb]x vhsg sgd qdk]w]shnm shldrb]kd 𝜎𝜏
ne sgd ffdkc9 vd sgtr dwodbs sgdl mns sn ]ydbs sgd onrhshnm ne sgd r]cckd onhms vgdmdudq 𝜎𝜏 ≫ 𝜎𝜃+
h-d-+ hm sgd oqdrdmbd ne rknv ffdkc lncdr &vhsg ghmcrhfgs+ vd ]bst]kkx jmnv sg]s sghr ]qftldms
nmkx e]hkr hm lncdk ? vgdm vd ]qd rtflbhdmskx e]q eqnl bqhshb]khsx rn sg]s 𝐶𝑞 < 𝛽(- Lnqdnudq+ ctd
sn sgd ]cchshnm]k e]bsnq 𝜙𝑤 /𝑠𝑡( ∼ 𝑑�𝛽𝑠𝑡 hm eqnms+ sgd sdql bnms]hmhmf 𝐵𝜏 hm Dp- &A-42( hr U oqhnqh
rtakd]chmf enq k]qfd 𝑠- Vd sgtr nas]hm

∫ 0

/
c𝑡 𝑒 /𝑡(

˜
𝜙𝜏

4
𝑜𝑠�0†� . 𝑠𝑡

(
+ /𝑜𝑠�0†�(1𝜙𝑤 /𝑠𝑡(𝐵𝜏

4
𝑜𝑠�0†� . 𝑠𝑡

([

≃
∫ 0

/
c𝑡 𝑑𝑠𝑓/𝑡(𝜙𝜏

4
𝑜𝑠�0†� . 𝑠𝑡

(
≃ 𝑑𝛽𝑠�0

𝛽𝑠
𝜙𝜏

4
𝑜𝑠�0†� . 𝑠𝑡∗

( ∫
1

c𝑡 dwo
)
�𝛽1𝑠1

1 /𝑡 � 𝑡∗(1
[

≠

√
1𝜉

/𝛽𝑠(1 𝑑
𝛽𝑠�0𝜙𝜏

4
𝑜𝑠�0†� . 𝑠 � 0†𝛽

(
. &A-45(

eqnl vghbg nmd qd]cr sgd fdmdq]k ]rxlosnshb qdrtks

}𝑊/1(
𝑖
/𝑠(⟩ ≃

√
1𝜉𝜇
𝑑𝛽1 𝑠�/𝑐+1(†�

∫ c𝑐𝑜

/1𝜉(𝑐
𝑜𝑖 |𝑈𝑜𝑠�0†� |1 /o · W/( 𝜙𝜏

4
𝑜𝑠�0†� . 𝑠 � 0†𝛽

(
. &A-46(

Sghr dwoqdrrhnm hr hm fdmdq]k lncdk,cdodmcdms+ sgqntfg sgd rodbhffb enql ne sgd ffdkc rtrbdosh,
ahkhsx 𝜙𝜏/𝑝 . 𝑠(- Bknrd sn bqhshb]khsx+ gnvdudq+ vd b]m oktf hm sgd rb]khmf enql Dp- &0-24( sn fds

}𝑊/1(
𝑖
/𝑠(⟩ ≃ 𝑠�0�/𝑐+1𝑚(†�

∫ c𝑐𝑜

/1𝜉(𝑐
𝑜𝑖𝑜

1𝑚�1+� /o · W/( 𝜙±

)
𝑜𝑠�0†�𝜈.

𝐶𝑍�/
𝜈�

/𝑠 � 0†𝛽(
(
. &A-47(

vgdqd vd rds 𝜁 ≠ / rhmbd vd ]qd cd]khmf vhsg ] eqdd sgdnqx+ ]mc vd fdmdqhb]kkx ]rrtldc 𝑈𝑝 ∼ 𝑝𝑚

enq rl]kk 𝑝: sghr ]krn ]bbntmsr enq sgd b]rd ne ] khmd]q bntokhmf sn sgd 𝑚,sg dudm cdqhu]shud ne sgd
ffdkc ]r hm Dp- &1-04( &rdd chrbtrrhnm hm ?oodmchw A-3(- Vgdm 𝜈 → ∞+ sgd 𝑠 cdodmcdmbd cqnor
nts ne sgd c𝑐𝑜 hmsdfq]k ]mc vd qdbnudq sgd tmhudqr]k knmf,shld rb]khmf ]s bqhshb]khsx+ rdd Dp- &1-08(-

Trhmf sgd eqdd,ffdkc rtrbdoshahkhsx hm Dp- &0-20( ]kknvr sn vqhsd dwokhbhskx+ enq lncdk ? ]mc A
]s bqhshb]khsx &𝑞 ≠ /( ]mc vhsghm sgd F]trrh]m ]ooqnwhl]shnm+ sgd ]rxlosnshb drshl]sd

}𝑊𝑖/𝑠(⟩ ≃
√

1𝜉𝑏𝑐
� 𝑑 𝑐

�
)
0 + 𝑐 + 1𝑚

�

(
𝜅1𝑊/
𝑗

/𝛽𝑠(�0 /𝐶𝑠(�/𝑐+1𝑚(†� . &A-48(

vgdqd sgd bnmrs]ms 𝑏𝑐 v]r cdffmdc hm Dp- &A-24(+ ]mc �/𝑤( hr sgd Dtkdq F]ll] etmbshnm- Sghr
cdsdqlhmdr sgd ]rxlosnshb ]lokhstcd ne sgd ]udq]fd o]qshbkd onrhshnm- ? rhlhk]q b]kbtk]shnm fhudr+
enq sgd ny,bqhshb]k lncdk A+

}𝑊𝑖/𝑠(⟩ ≃
}
𝜉†1 𝑏𝑐

𝑑 𝑐
�
)
0 + 𝑐 + 1𝑚

�

(
𝜅1𝑊/𝐶

𝑗𝛽
/𝐶𝑞(�/1+𝑚+𝑐†1( 𝑠�1�/𝑐+𝑚(†1 . &A-5/(

vgdqd vd mnsdc sg]s sgd eqdd,ffdkc rtrbdoshahkhsx rhlokhffdr adb]trd /𝑜1𝑠�1†� + 𝑞( ≃ 𝑞 ]s knmf shldr+
]mc vd bg]mfdc sgd hmsdfq]shnm u]qh]akd sn 𝑥 ≠ 𝐶𝑞𝑜1√𝑠 hm Dp- &A-46(-

Vd dlog]rhyd sg]s+ hm nqcdq sn cdqhud ntq dwoqdrrhnm enq sgd ]udq]fd onrhshnm ne sgd o]qshbkd hm
Dp- &A-38(+ vd trdc dwokhbhskx sgd e]bs sg]s sgd G]lhksnmh]m ne sgd ffdkc hr F]trrh]m9 sghr l]jdr sgd
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?OODMCHW A- B?KBTK?SHNMR NE BG?OSDQ 1

dpt]shnm ne lnshnm enq 𝜏p/𝑠( khmd]q ]mc sgtr dw]bskx rnku]akd uh] hsr khmd]q qdronmrd oqno]f]snq-
Sghr oqdudmsr ] chqdbs ]ookhb]shnm ne ntq ffm]k rb]khmf qdrtks+ Dp- &A-47(+ sn ]m hmsdq]bshmf ffdkc
sgdnqx- Vd onrsonmd sgd hmudrshf]shnm ne ] onrrhakd dwsdmrhnm hm sghr chqdbshnm sn etstqd vnqjr-

A-5 MnmkhmdZq sqZmrhdms adgZuhnq enq kZqfd hmhshZk chrokZbdldmsr

Hm sghr ?oodmchw vd hmudrshf]sd sgd sq]mrhdms adg]uhnq chrok]xdc ax sgd odqstqa]shud rnktshnm
hm Dp- &1-02( vgdm sgd hmhsh]k chrok]bdldms 𝑊/ hr bgnrdm rtflbhdmskx k]qfd rn ]r sn cdo]qs eqnl
sgd khmd]q qdronmrd qdfhld- Ntq ]m]kxrhr hr a]rdc nm sgd ogdmnldmnknfhb]k nardqu]shnm sg]s ]
sq]mrhdms qdfhld dwhrsr+ hm vghbg sgd ]udq]fd chrok]bdldms ne sgd o]qshbkd cdb]xr ]kfdaq]hb]kkx+ ats
vhsg ] bg]q]bsdqhrshb hmsdqldch]sd dwonmdms chydqdms eqnl sgd nmd chrok]xdc ]s knmfdq shldr- Nmd
sgdm nardqudr+ enq rnld shld 𝑠𝑏 + ] bqnrrnudq sn sgd ]rxlosnshb adg]uhnq oqdchbsdc ax Dpr- &1-05(
]mc &1-06(: sgd u]ktd ne 𝑠𝑏 fqnvr ]r vd hmbqd]rd sgd hmhsh]k chrok]bdldms 𝑊/- Hmsdqdrshmfkx dmntfg+
sgd ]lokhstcd ne sgd ]udq]fd onrhshnm hm sgd hmsdqldch]sd qdfhld stqmr nts sn ad hmcdodmcdms ne
sgd u]ktd ne 𝑊/ hsrdke- Sghr adg]uhnq hr vdkk bnmffqldc ax mtldqhb]k rhltk]shnmr ne sgd rxrsdl
&rdd+ d-f-+ Ehf- 1-5a( ]mc hs hr ]kqd]cx uhrhakd ]s ydqn sdlodq]stqd: vd sgtr enbtr gdqd+ enq rhlokhbhsx+
nm sgd mnhrdkdrr b]rd &𝑆 ≠ /(-

Bnmrhcdq ffqrs sgd bqhshb]k b]rd 𝑞 ≠ /- Gdqd sgd ffdkc oqno]f]snq 𝜙𝑝/𝑠( cdffmdc hm Dp- &0-20( b]m
ad dwoqdrrdc+ ansg enq lncdk ? ]mc A cxm]lhbr+ hm sgd bnlo]bs enql

𝜙𝑝/𝑠( ≠ 𝐶𝑝��1𝑑�𝐶𝑝� 𝑠Δ/𝑠(. &A-50(

vgdqd � ≠ 1+� hr sgd cxm]lhb]k bqhshb]k dwonmdms- Rsdoohmf sn chldmrhnmkdrr u]qh]akdr 𝑟0 → 𝑟0†𝑠+
𝑟1 → 𝑟1†𝑠 hm Dp- &1-02( ]mc qdrb]khmf lnldms] ]r 𝑜 ≠ 𝑝𝑊/+ vd b]m qdvqhsd ntq odqstqa]shud
rnktshnm enq sgd ]udq]fd sq]bdq onrhshnm ]r Z048[

}𝑊/1(
𝑖
/𝑠(⟩ ≠

𝑊0�𝑐
/
𝑗

Σ
)
𝛽𝑠 .

𝑠

𝑠𝑏

(
. &A-51(

Σ/Ξ0 .Ξ1( ≠Ξ0Ξ1

∫ c𝑐𝑜

/1𝜉(𝑐
ℎ𝑜𝑖𝑜

�
〉〉𝑈𝑜†𝑊/

〉〉1 ∫ 0

/
c𝑟1

∫ 𝑟1

/
c𝑟0 𝑑

�Ξ0/0�𝑟1(�Ξ1𝑜�/𝑟1�𝑟0(

· dwo
˜
ℎ𝑜𝑖

4
𝑑�Ξ0𝑟1 � 𝑑�Ξ0𝑟0

([
. &A-52(

vgdqd vd rds 𝑠/ ≠ / ]mc vd hcdmshffdc sgd bqnrrnudq shld 𝑠𝑏 • 𝑊�
/†𝐶- Sghr g]r sn ad bnlo]qdc vhsg

sgd ]rxlosnshb dwoqdrrhnm vd entmc hm Dp- &1-08( vghbg+ tonm rdsshmf 𝑚 ≠ /+ b]m ad dwoqdrrdc hm
sdqlr ne 𝑠𝑏 ]r

}𝑊/1(
𝑖
/𝑠(⟩ ≃

𝑏0𝑊
0�𝑐
/
𝑗

/𝛽𝑠(�0 /𝑠†𝑠𝑏(�𝑐†� . &A-53(

Sgd k]ssdq hr+ hm e]bs+ khmd]q hm 𝑊/+ rn sg]s ]s knmf shldr vd b]m vqhsd

}𝑊𝑖/𝑠(⟩ ≃ 𝑏∞𝑊/ 𝑠
��∞ . &A-54(

vgdqd vd hmsqnctbdc �∞ • 0 + 𝑐†� ]mc 𝑏∞ ∝ 𝜅1†/𝛽𝑗𝐶𝑐†�( to sn ] mtldqhb]k bnmrs]ms &rdd
Dp- &A-48( hm ?oodmchw A-4(-
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A-5- MNMKHMD?Q SQ?MRHDMS ADG?UHNQ ENQ K?QFD HMHSH?K CHROK?BDLDMSR

Vd ]kqd]cx mnsdc sg]s sgd bnqqdbshnm hm Dp- &1-02( sn sgd ]udq]fd onrhshnm u]mhrgdr ]s shld
𝑠 ≠ / &]r vdkk ]r enq 𝑠 → ∞(+ ]mc sgtr sgd etmbshnm Σ/Ξ0 .Ξ1( u]mhrgdr enq Ξ0 ≠ Ξ1 ≠ /- Gnvdudq+
rstcxhmf rtbg etmbshnm ]m]kxshb]kkx hr chflbtks+ lnrskx adb]trdΞ0 ]mcΞ1 b]mmns qd]kkx ad sqd]sdc
]r hmcdodmcdms u]qh]akdr- Mnsd+ lnqdnudq+ sg]s ] qdrhct]k cdodmcdmbd nm 𝑊/ hr kdes hmsn sgd
hmsdfq]k nudq sgd u]qh]akd 𝑜 hm Dp- &A-52( dudm ]esdq hmsqnctbhmf chldmrhnmkdrr u]qh]akdr+ sgtr
bnlokhb]shmf sgd ]m]kxrhr dudm etqsgdq- Rnld oqnfqdrr b]m ad l]cd ax ]rrtlhmf sg]s+ vgdm
𝑠𝑏 ≫ 𝜎𝜃 ≠ 𝛽�0 ]mc sgd kd]chmf nqcdq 𝒩

�
𝜅/( dwonmdmsh]k sdql g]r adbnld mdfkhfhakd+ sgd ]udq]fd

onrhshnm ne sgd o]qshbkd dunkudr ]bbnqchmf sn ] chydqdms rb]khmf enql+ m]ldkx Dp- &1-28( ne sgd l]hm
sdws- Sghr rdbnmc ]mr]sy hmbnqonq]sdr sgd ogdmnldmnknfhb]k nardqu]shnm sg]s sgd ]lokhstcd ne
sgd ]udq]fd onrhshnm hr hmcdodmcdms ne 𝑊/ vhsghm sgd sq]mrhdms qdfhnm 𝑠 ≲ 𝑠𝑏 + vghkd sgd adg]uhnq
]r ] etmbshnm ne shld 𝑠 qdl]hmr ]kfdaq]hb vhsg ]m dwonmdms �/ ∉ �∞- Sgd tmcdqkxhmf ogxrhb]k
hmsthshnm hr sgd enkknvhmf- ?s shld 𝑠 ≠ / sgd o]qshbkd hr ots hm bnms]bs vhsg sgd ffdkc ]s onrhshnm
𝑊//( ≠ 𝑊/+ ]mc ]s rgnqs shldr hs hr cq]ffdc oqhl]qhkx ax sgd qdrsnqhmf enqbd ne sgd g]qlnmhb sq]o+
rn sg]s 𝑊̄ ≃ �𝛽𝑊/- Nm ] shldrb]kd fhudm ax 𝜎𝜃 ≠ 𝛽�0 sgd o]qshbkd bnudqr ] chrs]mbd Γ𝑊 ne sgd
nqcdq ne Γ𝑊 ∼ 𝑊/+ rn sg]s hs adbnldr qdkdu]ms sn s]jd hmsn ]bbntms sgd shld 𝑠𝑏/𝑊/( s]jdm ax sgd
ffdkc sn qd]qq]mfd nudq rtbg ] chrs]mbd- Sghr ]kknvr tr sn hcdmshex 𝑠𝑏/𝑊/( • 𝜎𝜏/𝑝 ∼ 0†𝑊/( hm sgd
k]mft]fd ne Dp- &0-14(+ vghbg sdkkr tr hm o]qshbtk]q sg]s vgdm 𝑞 ≠ / sghr shldrb]kd hr fhudm ax
𝑠𝑏 ≠ 𝑊�

/†𝐶- Vgdm 𝑊/ hr rl]kk+ nm sgd nsgdq g]mc+ vd dmsdq sgd qdfhld hm vghbg 𝑠𝑏 ≪ 𝜎𝜃+ ]mc mn
bqnrrnudq hr nardqudc vhsghm sgd ]rxlosnshb qdfhnm 𝑠 ≫ 𝜎𝜃-

Sgd hmsdqldch]sd ]kfdaq]hb cdb]x dwonmdms �/ b]m ad cdsdqlhmdc ax bnlo]qhmf sgd ]rxlo,
snshb enql ne Dp- &1-28( vhsg Dp- &A-54( ]mc ax l]sbghmf onvdqr ne 𝑊/ hm sgd svn dwoqdrrhnmr-
Sghr fhudr 𝛼/ ≠ 0†�+ ]mc sgtr

�/ ≠ �∞ � 𝛼/ ≠ 0 + 𝑐 � 0
�

. &A-55(

Sghr l]sbghmf ]cchshnm]kkx hmrsqtbsr nm vghbg o]q]ldsdqr bnmsqnk sgd ]lokhstcd ne sgd ]udq]fd
o]qshbkd onrhshnm vhsghm sgd sq]mrhdms qdfhld+ xhdkchmf+ to sn rnld mtldqhb]k bnmrs]ms+

𝑏/ ∝ 𝐶0†�𝑏∞ ∝ 𝜅1

𝛽𝑗
𝐶/0�𝑐(†� . &A-56(

Vd udqhffdc sg]s Dp- &A-55( bnqqdbskx oqdchbsr sgd hmsdqldch]sd dwonmdms hm mtldqhb]k oknsr ne
Dp- &1-02( ]mc hm mtldqhb]k rhltk]shnmr ne sgd rxrsdl hm u]qhntr ro]sh]k chldmrhnmr 𝑐- ?ksdqm],
shudkx+ vd b]m qdogq]rd Dp- &1-28( ]r

}𝑊𝑖/𝑠(⟩ ≃ 𝑏/𝑠
�/
𝑏 𝑒1 /𝜎( . &A-57(

vghbg hr ] etmbshnm ne sgd o]q]ldsdq 𝜎 ≠ 𝑠†𝑠𝑏 nmkx+ g]uhmf hcdmshffdc 𝑒1/𝜎( • 𝜎��/ 𝑒 /𝜎(- Hm sgd
hmrds ne Ehf- 1-5a vd sgtr okns 𝑠��/

𝑏 }𝑊𝑖/𝑠(⟩ ∝ 𝑒1 /𝜎( hm nqcdq sn nardqud sghr rb]khmf etmbshnm eqnl
sgd bnkk]ord ne mtldqhb]k btqudr nas]hmdc enq chydqdms u]ktdr ne sgd hmhsh]k chrok]bdldms 𝑊/-

?anud vd oqdrdmsdc sgd ]qftldms enq sgd bqhshb]k b]rd 𝑞 ≠ /+ ats hs b]m ad d]rhkx dwsdmcdc
rn ]r sn bnudq sgd ny,bqhshb]k b]rd hm lncdk A+ vghbg ]krn chrok]xr ]m dudmst]k ]kfdaq]hb cdb]x-
Eqnl Dp- &0-14( vhsg 𝑝 ∼ 0†𝑊/ vd qd]c sgd bqnrrnudq shld 𝑠𝑏 ∼ 𝑊1

/†/𝐶𝑞(+ u]khc enq 𝑞�0†1 ≠ 𝜈 ≪ 𝑊/-
Sgd ]rxlosnshb l]sbghmf ne Dp- &1-28( vhsg sgd knmf,shld cdb]x dwonmdmsr fhudm hm Dp- &1-06(
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?OODMCHW A- B?KBTK?SHNMR NE BG?OSDQ 1

enq 𝑞 < /+ h-d-+ �∞ ≠ 1 + 𝑐†1+ xhdkcr sgd oqdchbshnm �/ ≠ 1 + /𝑐 � 0(†1 enq sgd hmsdqldch]sd cdb]x
dwonmdms+ ]mc

𝑏/ ∝
√
𝐶𝑞𝑏∞ ∝ 𝜅1𝐶

𝛽𝑗
/𝐶𝑞(�/𝑐+2(†1 . &A-58(

Sghr bnqqdbskx cdrbqhadr sgd sq]mrhdms adg]uhnq nardqudc hm mtldqhb]k rhltk]shnmr enq sgd ny,
bqhshb]k b]rd hm lncdk A-

A-6 :chZaZshb dkhlhmZshnm ne sgd ffdkc cdfqddr ne eqddcnl

Enkknvhmf Qder- Z8+ 42[+ vd cdqhud ]m ]ch]a]shb ]ooqnwhl]shnm ne sgd cxm]lhbr ne sgd rxrsdl
ax hmsdfq]shmf nts sgd ffdkc cdfqddr ne eqddcnl eqnl sgd Enjjdq,Ok]mbj dpt]shnm &1-20(+ tmcdq
sgd ]rrtloshnm sg]s sgdx qdk]w ltbg e]rsdq sg]m sgd onrhshnm W/𝑠( ne sgd o]qshbkd- Rhmbd vd g]ud
cdmnsdc ax 𝐶 ]mc 𝜇 sgd lnahkhsx ne sgd ffdkc ]mc sgd o]qshbkd qdrodbshudkx+ vghbg rds sgd shldrb]kdr
enq sgdhq qdk]w]shnm+ vd vhkk hmhsh]kkx trd sgdhq q]shn 𝜇†𝐶 ]r ] rl]kk o]q]ldsdq enq ntq dwo]mrhnm-
? k]sdq bnlo]qhrnm vhsg sgd vd]j,bntokhmf rnktshnm chrbtrrdc hm Rdbshnm 1-1 vhkk kd]c tr sn
bnmbktcd sg]s sgd ]ch]a]shb ]ooqnwhl]shnm hr hm e]bs nmkx qdkh]akd enq ] chrrho]shud ffdkc cxm]lhbr
&lncdk ?( ]mc rtflbhdmskx e]q eqnl sgd bqhshb]k onhms rn sg]s 𝐶𝑞 ≫ 𝛽 • 𝜇𝜃+ adhmf 𝜎𝜃 ≠ 𝛽�0 sgd
qdk]w]shnm shldrb]kd ne sgd o]qshbkd-

Sn rhlokhex sgd mns]shnm+ kds tr ffqrs qdvqhsd sgd K]mfduhm dpt]shnmr &1-16( ]mc &1-17( ]r

W̄ ≠ �𝜇𝜃W +
∑
𝜌≠𝑄.𝐻

∫
1𝑐

c𝑐𝑝

/1𝜉(𝑐
e𝜌p𝜏𝜌

p + 𝝁/𝑠( • E/W. 𝜏: 𝑠( + 𝝁/𝑠(. &A-6/(

𝜏̄𝜌
p ≠ ��p𝜏

𝜌
p + 𝐶𝜅𝑝�𝑓𝜌p + 𝜁𝜌p • �𝑍𝜏𝜌

p � 𝑎 + 𝜁𝜌p . &A-60(

vgdqd 𝜌 ≠ 𝑄. 𝐻 hmchb]sd sgd qd]k nq sgd hl]fhm]qx o]qs+ qdrodbshudkx- Gdqd vd hmsqnctbdc 𝑓p/W( •
𝑈𝑝 dwo/�ℎp · W( ]r hm Rdbshnm 1-2-0+ vghkd




𝑍 • �p ≠ 𝐶𝑝�/𝑝1 + 𝑞(.
𝑎 • �𝐶𝜅𝑝�𝑓𝜌p .

𝑏 • �𝜏†1 ≠ 𝐶𝑆𝑝� .

&A-61(

]mc e𝜌p • 𝜇𝜅p

〉
𝑓𝐻p

�𝑓𝑄p

(
- Sgd mnhrd ]lokhstcdr b]m ad nas]hmdc eqnl Dpr- &0-1( ]mc &0-06(+

}𝜈ℎ/𝑠(𝜈𝑖/𝑠′(⟩ ≠ 1𝜇𝑆𝛾ℎ 𝑖𝛾/𝑠 � 𝑠′( • �𝑤𝛾ℎ 𝑖𝛾/𝑠 � 𝑠′(. &A-62(

}𝜁𝜌p/𝑠(𝜁𝜌p′/𝑠′(⟩ ≠
�𝜏
1

)
𝛾𝑐/p � p′( ± 𝛾𝑐/p + p′(

[
𝛾/𝑠 � 𝑠′(. &A-63(

vgdqd sgd oktr rhfm hm Dp- &A-63( hr ]rrtldc enq sgd qd]k o]qs 𝜌 ≠ 𝑄+ ]mc sgd lhmtr rhfm enq 𝜌 ≠ 𝐻-
Sgd ]udq]fd u]ktdr ne ]kk sgd mnhrdr hmunkudc gdqd u]mhrg+ ]mc rn cn sgd bqnrr bnqqdk]shnmr rtbg ]r
}𝜁𝑄p /𝑠(𝜁𝐻p′/𝑠′(⟩ nq }𝜁𝜌p/𝑠(𝜈𝑖/𝑠′(⟩- Vd mnsd sg]s qdrb]khmf shld hm Dp- &A-6/( ]r 𝑠 → 𝜇𝑠 hr s]ms]lntms
sn rdsshmf 𝜇 • 0 ]mc qdok]bhmf 𝐶 → 〉𝐶 ≠ 𝐶†𝜇 hm ]kk sgd ]anud qdk]shnmr: vd vhkk gdmbdenqsg trd〉𝐶�0 ]r ]m ]ch]a]shbhsx o]q]ldsdq-
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A-6- ?CH?A?SHB DKHLHM?SHNM NE SGD EHDKC CDFQDDR NE EQDDCNL

Hm sghr mns]shnm+ sgd Enjjdq,Ok]mbj dpt]shnm enq sgd inhms oqna]ahkhsx chrsqhatshnm 𝒪
)
𝜏.W. 𝑠

[
adbnldr

𝜑𝑠𝒪 ≠

)
ℒ𝑊 +

∑
𝜌≠𝑄.𝐻

∫
1𝑐

c𝑐𝑝

/1𝜉(𝑐
ℒ𝜌

p

[
𝒪 . &A-64(

vgdqd+ qdb]kkhmf sgd cdffmhshnm ne E hm Dp- &A-6/(+ vd hmsqnctbdc

ℒ𝑊 ≠ �· � E + �𝑤
1 ∇1 . ℒ𝜌

p ≠ 𝜑𝜏/𝑍𝜏 + 𝑎( + 𝑏𝜑1
𝜏 . &A-65(

vhsg 𝜑𝜏 • 𝛾
𝛾𝜏𝜌

p
- Kds tr ]krn cdmnsd+ enq aqduhsx+

∫ ′

c𝑐𝑝 •
∑
𝜌≠𝑄.𝐻

∫
1𝑐

c𝑐𝑝

/1𝜉(𝑐
. &A-66(

]mc nlhs sgd hmchb]shnm ne sgd rtodqrbqhos 𝜌 eqnl mnv nm9 ] etqsgdq cdodmcdmbd nm 𝜌 vhkk ad
tmcdqrsnnc vgdmdudq ] pt]mshsx cdodmcr nm p-

Sgd ]ooqn]bg cdrbqhadc adknv qdrdlakdr sgd Anqm,Noodmgdhldq ]ooqnwhl]shnm enq rnkuhmf
sgd Rbgqôchmfdq dpt]shnm enq ]m ]snl tmcdq sgd ]rrtloshnm sg]s sgd cxm]lhbr ne sgd mtbkdtr
hr ltbg rknvdq sg]m sg]s ne sgd rtqqntmchmf dkdbsqnmr- Enq d]bg ffwdc W+ vd bnmrhcdq sgd dhfdm,
etmbshnmr 𝜀𝑚p/𝜏p:W( ne sgd nodq]snqr ℒp cdffmdc hm Dp- &A-65(+ d]bg r]shrexhmf ]m dhfdmu]ktd
dpt]shnm

𝜅𝑚p/W(𝜀𝑚p/𝜏p:W( ≠ �ℒp𝜀𝑚p/𝜏p:W(. &A-67(

Vd b]m dwo]mc sgd inhms oqna]ahkhsx cdmrhsx 𝒪
)
𝜏.W. 𝑠

[
]r

𝒪
)
𝜏.W. 𝑠

[
≠
∑
m

𝑂m/W. 𝑠(Σm
)
𝜏:W

[
. Σm

)
𝜏:W

[
•

∑
p∈1𝑐

′
𝜀𝑚p

�
𝜏p:W

(
. &A-68(

vgdqd m ≠ {𝑚p{ hr sgd bnkkdbshnm ne sgd dwbhs]shnm mtladqr enq d]bg lncd+ ]mc sgd oqhld rhfm
]f]hm hmchb]sdr ] etqsgdq oqnctbs nudq qd]k ]mc hl]fhm]qx o]qsr- Trhmf sgd oqnodqsx Z42[

∫
𝒞𝜏Σm

)
𝜏:W

[
≠ 𝛾m. . &A-7/(

nmd b]m rgnv sg]s sgd l]qfhm]k oqna]ahkhsx chrsqhatshnm 𝑂//W. 𝑠( ne sgd onrhshnm ne sgd o]qshbkd
b]m ad nas]hmdc ]r

𝑂//W. 𝑠( ≠
∫

𝒞𝜏 𝒪
)
𝜏.W. 𝑠

[
. &A-70(

Hm sgd enkknvhmf+ vd vhkk sgtr cdqhud ]m dydbshud dunktshnm dpt]shnm enq 𝑂//W. 𝑠(-

A-6-0 SqZmrenqlZshnm sn Z Rbgqzchmfdq,sxod nodqZsnq

Hs hr vdkk jmnvm &rdd+ d-f-+ Qde- Z42[( sg]s ] Enjjdq,Ok]mbj nodq]snq ℒEO ]bshmf nm ] oqna]ahkhsx
chrsqhatshnm 𝑂 b]m ad aqntfgs+ tmcdq rths]akd bnmchshnmr+ hmsn ] rdke,]cinhms enql uh] ] rhlhk]qhsx
sq]mrenql]shnm

ℋEO ≠ 𝑑Σrs†1ℒEO𝑑
�Σrs†1. &A-71(
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?OODMCHW A- B?KBTK?SHNMR NE BG?OSDQ 1

Hm sgd b]rd ne m]stq]k antmc]qx bnmchshnmr Z42[+ sgd etmbshnmΣrs hr rhlokx qdk]sdc sn sgd rs]shnm]qx
chrsqhatshnm 𝑂rs ≠ ℳ dwo{�Σrs{+ vgdqd ℳ hr ] mnql]khy]shnm bnmrs]ms- Sghr v]x sgd Enjjdq,
Ok]mbj dpt]shnm

𝜑𝑠𝑂 ≠ ℒEO𝑂 ↔ 𝜑𝑠〉𝑂 ≠ ℋEO〉𝑂 &A-72(

s]jdr sgd enql ne ] shld,cdodmcdms Rbgqôchmfdq dpt]shnm hm hl]fhm]qx shld enq sgd sq]mrenqldc〉𝑂 ≠ 𝑑Σrs†1𝑂- Nmd b]m bgdbj sg]s hsr dhfdmetmbshnmr 𝜒𝑚 cdffmdc ax

𝜀𝑚 ≠ 𝜒𝑚𝜒/ . vhsg 𝜒1
/ ≠ 𝑂rs . &A-73(

g]ud sgd r]ld dhfdmu]ktdr ]r ℒEO ]mc enql ]m nqsgnmnql]k rds+∫
𝜒𝑚𝜒𝑙 ≠ 𝛾𝑚𝑙. &A-74(

Mnv vd nardqud sg]s d]bg ne sgd nodq]snqr ℒ𝜌
p cdffmdc hm Dp- &A-65( b]m ad l]oodc nmsn

ℋEO ≠ 𝑏𝜑1
𝜏 �𝑉/𝜏( • �𝑍𝑍̂† 𝑍̂ &A-75(

trhmf sgd rhlhk]qhsx sq]mrenql]shnm hm Dp- &A-71(- Gdqd

𝑉/𝜏( ≠ 𝑍1

3𝑏

)
𝜏 + 𝑎

𝑍

(1
� 𝑍

1 &A-76(

hr ] rhlokd g]qlnmhb onsdmsh]k+ vghkd 𝑍̂† ]mc 𝑍̂ ]qd sgd q]hrhmf ]mc knvdqhmf anrnmhb nodq]snqr
cdffmdc ax

𝑍̂ ≠

√
𝑍

3𝑏

)
𝜏̂ + 1𝑏

𝑍
𝜑𝜏̂

(
. 𝑍̂† ≠

√
𝑍

3𝑏

)
𝜏̂ � 1𝑏

𝑍
𝜑𝜏̂

(
. &A-77(

vgdqd vd hmsqnctbdc

𝜏̂ • 𝜏 + 𝑎

𝑍
≠

√
𝑏

𝑍

4
𝑍̂ + 𝑍̂†

(
. &A-78(

Sgd rnktshnm sn sgd dhfdmu]ktd oqnakdl &]m]knfntr sn Dp- &A-67((

𝜅𝑚𝜒𝑚 ≠ �ℋEO𝜒𝑚 &A-8/(

hr sgdm fhudm ax sgd rds ne dhfdmu]ktdr 𝜅𝑚 ≠ 𝑍 𝑚+ ]mc sgd bnqqdronmchmf dhfdmetmbshnmr ]qd

𝜒𝑚/𝜏̂( ≠
0

√
1𝑚𝑚�

𝐺𝑚

〉√
𝑍

1𝑏 𝜏̂

(
𝜒//𝜏̂(. 𝜒//𝜏̂( ≠

4 𝑍

1𝜉𝑏

(0†3
𝑑�𝑍𝜏̂

1†/3𝑏( . &A-80(

vgdqd 𝐺𝑚/�( ]qd Gdqlhsd onkxmnlh]kr Z2/2[- Mnsd sg]s trhmf 𝑂rs ≠ 𝜒1
//𝜏̂(+ ]r oqdrbqhadc ax

Dp- &A-73(+ bnqqdbskx qdmcdqr sgd /p. 𝜌(,cdodmcdms o]qs ne sgd rs]shnm]qx chrsqhatshnm ne sgd ffdkc
]s ffwdc o]qshbkd onrhshnm W+ vghbg hr hm ntq b]rd sgd b]mnmhb]k nmd- Hmcddc+ qdvqhshmf sgd G]lhk,
snmh]m hm Dp- &1-0( hm Entqhdq ro]bd vd fds

𝒪rs/𝜏: 𝑤( ∝ 𝑑�𝛼ℋ ∝ dwo
]
�𝛼

∫ c𝑐𝑝

/1𝜉(𝑐

)
0
1 /𝑝

1 + 𝑞(𝜏p𝜏�p � 𝜅𝑈𝑝𝑑
�ℎp·W𝜏p

[{

≠ dwo
]
�𝛼

∫ c𝑐𝑝

/1𝜉(𝑐

)
0
1 /𝑝

1 + 𝑞(
4
/𝜏𝑄

p (1 + /𝜏𝐻
p(1

(
� 𝜅

4
𝜏𝑄
p 𝑓

𝑄
p + 𝜏𝐻

p𝑓
𝐻
p

([{
. &A-81(

vghbg e]bsnqhydr nudq sgd lncdr ]mc sgdhq qd]k ]mc hl]fhm]qx o]qsr- Sghr bnhmbhcdr vhsg 𝑂rs ≠

𝜒1
//𝜏̂( tonm rtarshstshmf sgd cdffmhshnm ne 𝜏̂ hm Dp- &A-78( ]mc ne 𝑍+ 𝑎+ 𝑏 hm Dp- &A-61(-

077



A-6- ?CH?A?SHB DKHLHM?SHNM NE SGD EHDKC CDFQDDR NE EQDDCNL

A-6-1 DΨdbshud Eniidq,OkZmbi dptZshnm

Enkknvhmf Qde- Z8[+ vd mnv fdmdq]khyd sg]s ]ooqn]bg eqnl svn sn ]m hmffmhsd rds ne bntokdc
K]mfduhm dpt]shnmr- Hm nqcdq sn nas]hm ]m dunktshnm dpt]shnm enq d]bg ne sgd 𝑂m/W. 𝑠(+ vd ffqrs
rtarshstsd sgd dwo]mrhnm ne 𝒪

)
𝜏.W. 𝑠

[
hm Dp- &A-68( hmsn sgd Enjjdq,Ok]mbj dpt]shnm &A-64( ]mc

vd ltkshokx ansg rhcdr ax Φl†Φ.+ vgdqd &qdb]kk Σl ≠ ΦlΦ/(

Φl
)
𝜏:W

[
≠

∑
p∈1𝑐

′
𝜒𝑙p

�
𝜏p:W

(
. &A-82(

Sgdm vd s]jd sgd etmbshnm]k hmsdfq]k nudq 𝒞𝜏 ]mc trd sgd nqsgnfnm]khsx qdk]shnm∫
𝒞𝜏ΦlΦm ≠ 𝛾lm . &A-83(

vghbg enkknvr eqnl Dp- &A-74(- Vd mnv mnshbd sg]s sgd dhfdmu]ktd dpt]shnm &A-67( hlokhdr
∫ ′

c𝑐𝑝 ℒpΣm
)
𝜏:W

[
≠ �

∫ ′

c𝑐𝑝 𝜅𝑚p)W[Σm
)
𝜏:W

[
≠ �𝜅mΣm

)
𝜏:W

[
. &A-84(

vgdqd vd hmsqnctbdc

𝜅m •
∫ ′

c𝑐𝑝 𝜅𝑚p ≠
∫ ′

c𝑐𝑝 𝑚p𝑍p. &A-85(

&Mnsd sg]s vd qdhmsqnctbdc sgd p,cdodmcdmbd hm 𝑍 cdffmdc hm Dp- &A-61(+ vghbg g]c rn e]q addm
nlhssdc enq aqduhsx(- Rnld rsq]hfgsenqv]qc ]kfdaq] Z8[ sgdm fhudr &nlhsshmf sgd u]qhntr etmbshnm]k
cdodmcdmbhdr eqnl 𝑂m ≠ 𝑂m/W. 𝑠((

𝜑𝑠𝑂l ≠
∑
m

}
Φm
Φ.

ℒ𝑊Σm

〈
𝑂m � 𝜅l𝑂l . &A-86(

vgdqd ax sgd ]udq]fd rxlank vd ld]m

}· · ·⟩ ≠
∫

𝒞𝜏 /· · · ( ≠
∫ ∑

p∈1𝑐

′
c𝜏p /· · · (. &A-87(

Hm o]qshbtk]q+ sgd l]qfhm]k chrsqhatshnm ne sgd o]qshbkd onrhshnm cdffmdc hm Dp- &A-70( dunkudr
]bbnqchmf sn

𝜑𝑠𝑂. ≠ }ℒ𝑊Σ.⟩ 𝑂. +
∑
m∉.

}ℒ𝑊Σm⟩ 𝑂m . &A-88(

adb]trd 𝜅. ≠ / &vd oqnudc sghr hm Rdb- A-6-0(- Ax m ∉ / hm sgd rtl ]anud vd ld]m sg]s sgd
mtladqr 𝑚p b]mmns ad ]kk ydqn rhltks]mdntrkx- Rhmbd ]kk sgd nsgdq 𝑂l‘r cdb]x nm shldrb]kdr
𝜅�0
l ∝ 〉𝐶�0+ vd b]m rnkud enq 𝑂l to sn 𝒩

4〉𝐶�0
(

ax rdsshmf 𝜑𝑠𝑂l ≠ 𝛾l. hm Dp- &A-86( ]mc jddohmf
nmkx sgd sdql m ≠ / hm sgd rtl+ vgdmbd

𝑂l ≠
0
𝜅l

}
Φl
Φ.

ℒ𝑊Σ.

〈
𝑂. + 𝒩

)
0
〉𝐶1

(
. &A-0//(

Oktffhmf sghr qdrtks a]bj hmsn Dp- &A-88( ]mc trhmf sgd e]bs sg]s }∇1Σm⟩ ≠ / adb]trd ne Dp- &A-7/(+
vd fds ]m dunktshnm dpt]shnm enq sgd qdctbdc oqna]ahkhsx cdmrhsx

𝜑𝑠𝑂//W. 𝑠( ≠ ℒdy𝑂//W. 𝑠(. &A-0/0(
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?OODMCHW A- B?KBTK?SHNMR NE BG?OSDQ 1

vgdqd

ℒdy ≠ � · � }EΦ1
.⟩ +

�𝑤
1 ∇1 +

∑
m∉/

· � }ΦmEΦ.⟩
0
𝜅m

)
· � }ΦmEΦ.⟩ �

}
Φ1

.E ·
)
·Φm
Φ.

(〈

� 1�𝑤 }Φm·Φ.⟩ · · � �𝑤
1

}
Φm
Φ.

4
∇1Φ1

.

(〈 [
+ 𝒩

)
0
〉𝐶1

(
. &A-0/1(

Qdb]kk sg]s hm fdmdq]k 𝜅m ≠ 𝜅m)W[ &]ksgntfg mns hm ntq rodbhffb b]rd(+ vghkd vd chc mns hmchb]sd
sgd cdodmcdmbd nm W ]mc 𝜏 ne E ]mc Φm+ rn ]r sn khfgsdm sgd mns]shnm- Sgd qdrtks hm Dp- &A-0/0( hr
]m]knfntr sn Dp- &1-02( hm Qde- Z8[+ vghbg v]r cdqhudc enq sgd rhlokd b]rd ne svn bntokdc rb]k]q
dpt]shnmr &ats mnsd sg]s sgd ]m]knf ne sgd rdbnmc sdql hm aq]bdr hm Dp- &A-0/1( v]r qdonqsdc vhsg
sgd vqnmf rhfm hm Qde- Z8[(-

Hm nqcdq sn bnlotsd sgd ]udq]fdr sg]s ]ood]q hm Dp- &A-0/1(+ vd b]m l]jd dwokhbhs trd ne sgd
e]bs sg]s E hr khmd]q hm d]bg ne sgd 𝜏p+ gdmbd ]krn hm sgd anrnmhb bqd]shnm ]mc ]mmhghk]shnm nodq]snqr
𝑍̂†p ]mc 𝑍̂p- Kds tr hmrodbs dwokhbhskx nmd ne sgdrd sdqlr9

}ΦmEΦ.⟩ ≠ �𝜇𝑗W }ΦmΦ.⟩ +
∫ c𝑐𝑝

/1𝜉(𝑐
ep }Φm |𝜏̂p �

𝑎p

𝑍p
|Φ.⟩

≠ �𝜇𝑗W𝛾m. +
∫ c𝑐𝑝

/1𝜉(𝑐
ep

)√
𝑏p

𝑍p
}Φm | 𝑍̂p + 𝑍̂†p |Φ.⟩ �

𝑎p

𝑍p
}ΦmΦ.⟩

[

≠ �𝜇𝑗W𝛾m. +
∫ c𝑐𝑝

/1𝜉(𝑐
ep

)√
𝑏p

𝑍p
𝛾mp �

𝑎p

𝑍p
𝛾m.

[
. &A-0/2(

vgdqd vd trdc sgd cdffmhshnm ne 𝜏̂p hm Dp- &A-78(: sgd 𝛾mp hm sgd k]rs khmd rdkdbsr sgd dkdldms m
vhsg 𝑚o ≠ 𝛾op+ vghkd 𝛾m. rdkdbsr sgd !fqntmc rs]sd! vhsg 𝑚o ≠ / enq dudqx o- Mdws+ mnsd sg]s

· � }ΦmEΦ.⟩
0
𝜅m

· � }ΦmEΦ.⟩ ≠
∑
ℎ . 𝑖

𝜑ℎ }Φm𝐸ℎΦ.⟩
0
𝜅m

𝜑𝑖 }Φm𝐸𝑖Φ.⟩ . &A-0/3(

]mc enq sgd r]jd ne rhlokhbhsx vd vhkk ]rrtld hrnsqnox ne sgd hmsdq]bshnm onsdmsh]k &h-d-+𝑈𝑝 cdodmcr
nmkx nm 𝑝 ≠ |p|(- Sghr hlokhdr sg]s mn lhwdc cdqhu]shud ne sgd enql 𝜑ℎ𝜑𝑖 vhkk rtquhud sgd c𝑐𝑝

hmsdfq]shnm+ rn sg]s ] 𝛾ℎ 𝑖 b]m ad tmcdqrsnnc hm sgd rtl- Rhlhk]q bnmrhcdq]shnmr ]ookx sn sgd nsgdq
]udq]fdr hm Dp- &A-0/1(+ vghbg b]m ad cd]ks vhsg trhmf sgd oqnodqshdr ne Gdqlhsd onkxmnlh]kr &nq
dpthu]kdmskx sgd anrnmhb ]kfdaq](: hs hr bqtbh]k ]s rnld onhms sn qdhmrs]sd sgd cdodmcdmbd nm 𝜌+
adb]trd l]mx ne sgd bnmsqhatshnmr b]mbdk nts vgdm s]jhmf

∬
𝜌- ? kdmfsgx ats rhlokd bnlots]shnm

fhudr+ nmbd qdhmrs]shmf sgd nqhfhm]k o]q]ldsdqr 𝜇 ]mc 𝐶+

ℒdy ≠
𝑐∑
𝑖≠0

˜
𝜑𝑖

�
𝜙𝑖𝜇𝑗𝑊𝑖

(
+ 𝜙𝑖𝜇𝑆𝜑

1
𝑖

[
+ 𝒩

)4 𝜇
𝐶

(1
(
. &A-0/4(

vgdqd

𝜙𝑖 • 0 � 𝜅1𝜇

𝐶

∫
1

c𝑐𝑝

/1𝜉(𝑐
𝑝1
𝑖

𝑝�/𝑝1 + 𝑞(1 |𝑈𝑝 |1. &A-0/5(

?r vd g]c ]kqd]cx ]rrtldc 𝑈𝑝 sn ad hrnsqnohb+ sgdm 𝜙𝑖 ≠ 𝜙 hr sgd r]ld enq ]kk sgd bnlonmdmsr
&h-d-+ hs hr hmcdodmcdms ne sgd hmcdw 𝑖(- Hs b]m ad d]rhkx bnlotsdc ax qdok]bhmf 𝑝1

𝑖
→ 𝑝1†𝑐 hm sgd

hmsdfq]k+ kd]chmf sn sgd ffm]k qdrtks hm Dp- &1-23(-

08/



A-7- MTLDQHB?K RHLTK?SHNM

Vd bnmbktcd ax mnshmf sg]s ntq dydbshud dpt]shnm &1-23( hr gdtqhrshb]kkx bnmrhrsdms vhsg sgd
qdrtksr ne Qder- Z73+ 74[- Rhlhk]qkx+ vd b]m bnmrhcdq rdudq]k bnohdr ne sgd dydbshud Enjjdq,Ok]mbj
nodq]snq nas]hmdc hm Qde- Z8[ &kds tr b]kk hs ℒdy

J (+ nmd enq d]bg ne sgd ffdkc lncdr /p. 𝜌( ]mc o]qshbkd
bnlonmdmsr 𝑖- B]kkhmf sgdm d]bg ne sgdrd bnohdr ℒdy

J • ℒ𝜌.p
𝑖

+ nmd b]m qdbnudq ntq qdrtks ℒdy ]r

ℒdy ≠
𝑐∑
𝑖≠0

∑
𝜌≠𝑄.𝐻

∫ c𝑐𝑝

/1𝜉(𝑐
ℒ𝜌.p

𝑖
. &A-0/6(

A-7 MtldqhbZk rhltkZshnm

Mtldqhb]k rhltk]shnmr ]qd odqenqldc ax chqdbs hmsdfq]shnm ne sgd bntokdc K]mfduhm dpt]shnmr ne
lnshnm &1-4( ]mc &1-5(- Ehdkc u]qh]akdr ]qd chrbqdshydc ]r {𝜏ℎ/𝑠({𝑀ℎ≠0 vhsg 𝜏ℎ/𝑠( • 𝜏/wℎ . 𝑠( ∈ N+ ]mc
sgdx rhs nm sgd 𝑀 ≠ 𝐾𝑐 rhsdr ne ] 𝑐,chldmrhnm]k gxodqbtahb k]sshbd ne rhcd kdmfsg 𝐾- Chrs]mbdr ]qd
ld]rtqdc hm tmhsr ne sgd k]sshbd ro]bhmf 𝑍+ vghbg vd qds]hm enq bk]qhsx hm sgd enkknvhmf enqltk]r+
ats vghbg vhkk ad dudmst]kkx rds sn tmhsx- Sgd bnnqchm]sd W/𝑠( ∈ N𝑐 ne sgd bdmsdq ne sgd o]qshbkd hr
s]jdm sn ad qd]k,u]ktdc+ h-d-+ sgd o]qshbkd hr mns bnmrsq]hmdc sn lnud nm sgd k]sshbd rhsdr nmkx- Tonm
hmsdfq]shnm ax o]qsr+ sgd dpt]shnm ne lnshnm ne sgd o]qshbkd b]m ad qdvqhssdm ]r

W̄/𝑠( ≠ �𝜇𝑗W + 𝜇𝜅

∫
c𝑐𝑤 𝑈/w � W(·𝜏/w( + 𝝁/𝑠( ≃ �𝜇𝑗W + 𝜇𝜅

𝑀∑
ℎ≠0

𝑈/wℎ � W(〉·𝜏ℎ + 𝝁/𝑠(. &A-0/7(

vgdqd vd hmsqnctbdc sgd chrbqdsd fq]chdms

〉·𝑖𝜏ℎ ≠
𝜏/wℎ + 𝜼̂𝑖( � 𝜏/wℎ � 𝜼̂𝑖(

1𝑍 . &A-0/8(

vhsg 𝜼̂𝑖 knb]shmf sgd onrhshnm ne sgd 1 mdhfgantqhmf rhsdr ne d]bg wℎ ]knmf chqdbshnm 𝑖- Sgd chr,
bqdshydc dpt]shnm ne lnshnm enq sgd ffdkc 𝜏ℎ hm lncdk ? qd]cr

𝜑𝑠𝜏ℎ/𝑠( ≠ �𝐶
˜
/𝑞 � 〉Γ(𝜏ℎ/𝑠( � 𝜅𝑈/wℎ � W/𝑠((

[
+ 𝜁ℎ/𝑠(. &A-00/(

vgdqd 𝜁ℎ/𝑠( hr ] F]trrh]m q]mcnl u]qh]akd vhsg u]qh]mbd }𝜁ℎ/𝑠(𝜁 𝑖/𝑠′(⟩ ≠ 1𝐶𝑆𝑍�0𝛾ℎ 𝑖𝛾/𝑠 � 𝑠′(- Vd
]krn cdffmdc sgd chrbqdsd K]ok]bh]m

〉Γ𝜏ℎ ≠
0
𝑍1

∑
}𝑗 .ℎ⟩

�
𝜏𝑗 � 𝜏ℎ

(
. &A-000(

vgdqd sgd rtl qtmr nudq sgd 1𝑐 mdhfgantqhmf rhsdr ne wℎ - Rhlhk]qkx+ sgd chrbqdshydc dpt]shnm ne
lnshnm enq sgd ffdkc hm lncdk A qd]cr

𝜑𝑠𝜏ℎ/𝑠( ≠ 𝐶〉Γ ˜
/𝑞 � 〉Γ(𝜏ℎ/𝑠( � 𝜅𝑈/wℎ � W/𝑠((

[
+ 〉· · 𝜻ℎ/𝑠( &A-001(

vgdqd 𝜻ℎ/𝑠( hr ] udbsnqh]k mnhrd vhsg ydqn ld]m ]mc u]qh]mbd

}𝜁/�(
ℎ
/𝑠(𝜁/𝛼(

𝑖
/𝑠′(⟩ ≠ 1𝐶𝑆𝑍�0𝛾ℎ 𝑖𝛾�𝛼𝛾/𝑠 � 𝑠′(. &A-002(
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?OODMCHW A- B?KBTK?SHNMR NE BG?OSDQ 1

]mc vd s]jd hsr chrbqdsd chudqfdmbd ]r 〉·�𝜁
/�(
ℎ
/𝑠(- Vd bgnrd hm ansg b]rdr ] F]trrh]m hmsdq]bshnm

onsdmsh]k ]r hm Dp- &1-3(+ vghbg xhdkcr ] rlnnsg dwoqdrrhnm enq hsr K]ok]bh]m

∇1𝑈F/w( ≠
|w|1 � 𝑄1𝑐

𝑄3 𝑈F/w(. &A-003(

Dpt]shnmr &A-0/7( ]mc &A-00/( &nq &A-001(( qdoqdrdms ] rds ne /𝑀+𝑐( nqchm]qx rsnbg]rshb chydqdmsh]k
dpt]shnmr vghbg b]m ad hmsdfq]sdc ax rs]mc]qc ldsgncr hm qd]k ro]bd Z2/3[- Vd bgnnrd ] rhlokd
Dtkdq,L]qtx]l] rbgdld &nqcdq Γ𝑠0†1( enq sgd dunktshnm ne sgd ffdkc u]qh]akdr ]mc ] lnqd qdffmdc
ldsgnc+ h-d-+ sgd Rsnbg]rshb Qtmfd,Jtss] &nqcdq Γ𝑠2†1+ rdd Qde- Z2/4[(+ enq sgd o]qshbkd bnnqchm]sd-
Vd dwodbs sghr sn hloqnud sgd rs]ahkhsx ne sgd o]qshbkd cxm]lhbr hm rohsd ne sgd knvdq,nqcdq
]kfnqhsgl ]cnosdc enq sgd ffdkc+ adb]trd sgd k]ssdq nmkx bnmsqhatsdr ]s 𝒩/𝜅 ≪ 0( sn sgd dunktshnm
ne sgd o]qshbkd-

?s sgd adfhmmhmf ne d]bg sqh]k+ vd oqdo]qd sgd ffdkc hm hsr dpthkhaqhtl chrsqhatshnm ]s sdlodq,
]stqd 𝑆 hm Entqhdq ro]bd ]mc sgdm lnud a]bj sn qd]k ro]bd trhmf ] chrbqdsd Entqhdq sq]mrenql-
Vd sgdm ]cc sgd o]qshbkd ]s onrhshnm 𝑊/ ∉ /+ ]mc qdbnqc hsr qdk]w]shnm sq]idbsnqx ]r hs lnudr
snv]qcr sgd bdmsdq ne sgd g]qlnmhb sq]o- Rhltk]shnmr odqenqldc ]s sdlodq]stqd 𝑆 ∼ 𝒩

�
0/�0( nm

] k]sshbd vhsg rhcd 𝐾 ∼ 𝒩
�
0/2( + rtbg ]r sgd nmd rgnvm hm Ehf- 1-5]+ qdpthqd 𝒩

�
0/7 � 0/8( sqh]kr hm

nqcdq sn nas]hm ] bkd]q r]lokd ne sgd ]kfdaq]hb cdb]x ne sgd ]udq]fd o]qshbkd onrhshnm- Hmcddc+ sgd
rhfm]k.mnhrd q]shn adbnldr hmbqd]rhmfkx rl]kk ]s knmf shldr+ vghbg hr sgd qdfhnm vd ]qd lnrskx
hmsdqdrsdc hm- Sgd bnlokdsd bncd vqhssdm hm B hr ]u]hk]akd nodm rntqbd nm FhsGta Z2/5[-

A-8 : ffqrs ptZmshsZshud drshlZsd

Hm sghr ?oodmchw vd ]ssdlos ] bnlo]qhrnm adsvddm ntq lncdk vhsg ny,bqhshb]k lncdk A cxm]l,
hbr+ ]mc dwodqhldmsr odqenqldc nm bnkknhc]k o]qshbkdr hm ahm]qx khpthc lhwstqdr- Dudm sgntfg
ntq lncdk hr mns ld]ms sn fhud ] qd]khrshb cdrbqhoshnm ne rtbg ] ogxrhb]k rxrsdl &enq hmrs]mbd+
gxcqncxm]lhb dydbsr ]qd hfmnqdc(+ hs hr rshkk hmsdqdrshmf sn hmrodbs sgd sxohb]k nqcdqr ne l]fmh,
stcd ]mc bgdbj gnv k]qfd sgd ]kfdaq]hb adg]uhnq ne sgd ]udq]fd o]qshbkd onrhshnm b]m ad l]cd+
bnlo]qdc vhsg hsr q]chtr 𝑄-

Enkknvhmf Rdbshnmr 1-3-0 ]mc 1-3-1+ vd rs]qs ax bgnnrhmf sgd u]ktd ne sgd hmhsh]k chrok]bdldms
𝑊/ hm nqcdq sn l]whlhyd sgd ]lokhstcd ne sgd o]qshbkd onrhshnm ]s sgd bqnrrnudq shld 𝑠𝑏 - Sghr
v]r fhudm hm Dp- &1-33(+ vghbg rtffdrsr sn s]jd 𝑊/ ]r rl]kk ]r onrrhakd+ ats rshkk rtflbhdmskx k]qfd
rn sg]s sgd ]rrtloshnm 𝑠𝑏 < 𝜎𝜃 vd l]cd hm Rdbshnm 1-3-0 hr rshkk r]shrffdc- Qdb]kk sg]s 𝑠𝑏 hr sgd
shld s]jdm ax sgd ffdkc hm nqcdq sn qdk]w nudq ] kdmfsg rb]kd ∼ 𝑊/+ ]mc hs b]m ad hcdmshffdc hm sgd
ny,bqhshb]k lncdk A vhsg 𝑠𝑏 ∼ 𝑊1

/†𝐶𝑞-
Vg]s hr sgd sxohb]k rhyd ne 𝑠𝑏; Vghkd 𝑞 ≠ 𝜈�0†1 ]mc hs hr rhlokd sn oktf hm sxohb]k u]ktdr enq sgd

bnqqdk]shnm kdmfsg 𝜈 vghbg b]m ad nas]hmdc hm dwodqhldmsr+ hs hr mns nauhntr gnv k]qfd ] qd]khrshb
𝐶 hr- Vhsghm lncdk A+ vd kd]qm eqnl Dp- &0-14( sg]s 𝜎�0

𝜏 ≃ 𝐶𝑞𝑝1 enq v]udkdmfsgr 𝑝 ≪ 𝑞0†1 ≠ 0†𝜈-
Gnvdudq+ qd]k ahm]qx fithc lhwstqdr ]qd fdmdq]kkx cdrbqhadc ax lncdk G Z43+ 48[+ vgdqd sgd ffdkc
qdk]w]shnm shld enq 𝑝𝜈 ≪ 0 hr fhudm vhsghm lncd,bntokhmf sgdnqx ax 𝜎�0

𝜏 ≃ 𝐶𝜈𝑝
1+ vhsg Z2/6[

𝐶𝜈 ≠
𝑗𝐴𝑆

5𝜉𝜁𝜈 . &A-004(
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adhmf 𝜁 sgd fithc uhrbnrhsx- Mnsd sgd rhlhk]qhsx vhsg sgd eqdd chytrhnm bndflbhdms ne sgd bnkknhc}
𝑊1/𝑠(

〈
≃ 𝐶𝑄𝑠+

𝐶𝑄 ≠
𝑗𝐴𝑆

5𝜉𝜁𝑄 . &A-005(

Sxohb]k bnkknhc q]chh ]qd ne sgd nqcdq ne 𝑄 ≃ 0𝜆l+ vghkd sxohb]k bnqqdk]shnm kdmfsgr nas]hm]akd
vhsg ] v]sdq,ktshchmd lhwstqd ]qd nq sgd nqcdq ne ] edv sdmr ne m]mnldsdqr Z24+ 25[- Sn fhud ]
gdtqhrshb drshl]sd ne 𝐶+ vd bnlo]qd sgd chytrhnm bndflbhdms ne sgd nqcdq o]q]ldsdq fitbst]shnmr
hm lncdk A vhsg sg]s ne lncdk G+ sgtr hcdmshexhmf 𝐶𝑞 ≃ 𝐶𝜈+ vghbg qdmcdqr 𝑠𝑏 ≃ 𝑊1

/†𝐶𝜈-
Dpt]shnm &1-33( rshkk bnms]hmr sgd chldmrhnmkdrr o]q]ldsdq 𝑓+ vghbg rdsr sgd rsqdmfsg ne sgd

hmsdq]bshnm adsvddm sgd ffdkc ]mc sgd o]qshbkd- Hsr ]lokhstcd vhkk cdodmc nm sgd rodbhffb bntokhmf
ldbg]mhrl qd]khydc hm ] bdqs]hm dwodqhldms+ ]mc bkd]qkx sgd nudq]kk dydbs vhkk ad dmg]mbdc he
𝑓 b]m ad l]cd k]qfdq- Gnvdudq+ gdqd vd s]jd 𝑓 ∼ 0 hm nqcdq sn qdl]hm vhsghm sgd odqstqa]shud
qdfhld+ tmcdq vghbg lnrs ne sgd ]m]kxrdr hm sghr vnqj vdqd b]qqhdc nts-

Sn ffw sgd hcd]r+ vd s]jd 𝑠𝑏 ∼ 3𝜎𝜃+ vgdmbd 𝑊/ ≃
}

1𝜎𝜃𝐶𝜈- Eqnl Dp- &1-33( vd qd]c

}𝑊𝑖/𝑠𝑏(⟩
𝑄

∼
)
3𝜎𝜃𝐶𝜈

𝑄1

( /0�𝑐��(†1
∼
)
1//𝜎𝜃𝐶𝑄

𝑄1

(�/𝑐+2(†1
. &A-006(

vgdqd hm sgd k]rs rsdo vd hmrdqsdc sgd qd]khrshb drshl]sd 𝜈 ∼ 𝑄†4/ ]mc vd rds � ≠ 3- Mnv vd
mnsd sg]s 𝜎𝑐 ∼ 𝑄1†𝐶𝑄 hr sgd shldrb]kd ne sgdql]k chytrhnm ne sgd bnkknhc nudq ] chrs]mbd ne sgd
nqcdq ne hsr nvm q]chtr- ? sxohb]k u]ktd enq sgd eqdd chytrhnm bndflbdms hr 𝐶𝑄 ≃ /.11/𝜆𝑙(1𝑟�0

Z25[+ vgdmbd 𝜎𝑐 ∼ 3 � 4r- Vd b]m bnmbktcd sg]s

}𝑊𝑖/𝑠𝑏(⟩
𝑄

∼
)

𝜎𝑐
1//𝜎𝜃

( /𝑐+2(†1
. &A-007(

Sxohb]k shldrb]kdr 𝜎𝜃 ne qdk]w]shnm ne bnkknhc]k o]qshbkdr sq]oodc ax noshb]k svddydqr ]qd ne sgd
nqcdq ne ] edv sdmr ne lhkkhrdbnmcr Z24[- Hs sgdm ]ood]qr sg]s }𝑊/𝑠𝑏(⟩+ ld]rtqdc hm tmhsr ne
sgd bnkknhc q]chtr 𝑄+ b]m ad l]cd ]r k]qfd ]r 0/�0 ]s kd]rs- Hs rgntkc ad rsqdrrdc sg]s chfhs]k
uhcdn,lhbqnrbnohb nardqu]shnm ne 1𝜆l,rhydc rhkhb] o]qshbkdr hlldqrdc hm ahm]qx khpthc lhwstqdr
btqqdmskx ]kknvr sn qdrnkud chrok]bdldmsr ne to sn 4ml- Vd ]qd sgtr kdc sn bnmbktcd sg]s+ dudm
he }𝑊/𝑠𝑏(⟩ hr hmcddc rl]kk bnlo]qdc sn sgd bnkknhc q]chtr+ sgd dydbs vd oqdchbsdc bntkc rshkk ad
cdsdbsdc dwodqhldms]kkx-
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B•lcul•tions of Bh•pter 2

B-0 AqnvmhZm lnshnm hm Zm nrbhkkZshmf gZqlnmhb onsdmshZk

Sgd lnshnm ne ] Aqnvmh]m o]qshbkd hm ] &onrrhakx lnuhmf( g]qlnmhb onsdmsh]k hr qtkdc ax sgd
Nqmrsdhm,Tgkdmadbj oqnbdrr+ qdb]kkdc hm Rdbshnm 0-1- Gdqd vd rodbh]khyd sgd dwoqdrrhnmr cdqhudc
sgdqdhm sn sgd b]rd hm vghbg W/𝑠( ↦→ Y/𝑠( hr enqbdc rhmtrnhc]kkx ]r hm Dp- &2-01(- Rdsshmf W/ ≠ /+ hs
hr rsq]hfgsenqv]qc sn nas]hm

l/𝑠( ≠ }Y/𝑠(⟩/ ≠ ö
˜
0 � 𝑑�𝛽�/𝑠�𝑠/(

[
+:

˜
rhm/Ψ𝑠 � 𝜂�( � rhm/Ψ𝑠/ � 𝜂�(𝑑�𝛽�/𝑠�𝑠/(

[
�����→
𝑠/→�∞

ö +: rhm/Ψ𝑠 � 𝜂�(. &B-0(

vgdqd vd cdffmdc sgd og]rd rghes 𝜂� ]r hm Dp- &2-17(- Hm sgd cdsdqlhmhrshb khlhs vgdqd 𝜃� → ∞+ sgd
o]qshbkd rhlokx enkknvr sgd dwsdqm]k enqbhmf vhsg mn cdk]x &𝜂� → /( ]mc vd qdbnudq }Y/𝑠(⟩/ ≠ y𝐸/𝑠(-

Oqnbddchmf ]r hm ?oodmchw A-0+ vd b]m bnlotsd ]mx fdmdqhb 𝑚,onhms ]udq]fd nudq sgd hmcd,
odmcdms oqnbdrr – rdd hm o]qshbtk]q Dpr- &A-3( ]mc &A-00(- Sgdrd ]qd cdmnsdc ]r }. . .⟩/ hm sgd l]hm
sdws ne Bg]osdq 2+ d-f-+ }dwo

)
ℎp · W//(/𝑠(

[
⟩ ↦→ }dwo)ℎp · W/𝑠([⟩/ vhsg qdedqdmbd sn ?oodmchw A-0-

B-1 LZrsdq dptZshnm

Hm sghr ?oodmchw vd oqnuhcd cds]hkr nm sgd cdqhu]shnm ]mc rnktshnm ne sgd l]rsdq dpt]shnm enq
𝑂0/x. 𝑠( chrbtrrdc hm Rdbshnm 2-1-

B-1-0 CdqhuZshnm ne sgd lZrsdq dptZshnm

Sgd l]rsdq dpt]shnm &2-04( b]m ad cdqhudc eqnl Dp- &2-03( ax du]kt]shmf d]bg ne sgd sdqlr sg]s
]ood]q nm hsr QGR- Sgd ffqrs nmd qd]cr rhlokx

}𝛾/x � X/𝑠((X/𝑠(⟩ ≠ x𝑂0/x. 𝑠(. &B-1(

vgdqd sgd ]udq]fd hr hmsdmcdc nudq ]kk onrrhakd qd]khy]shnmr ne sgd rsnbg]rshb mnhrdr 𝜁p/𝑠( ]mc
𝝁/𝑥 .�(/𝑠(+ ]mc rhlhk]qkx 

𝛾/x � X/𝑠((𝑑 ℎp·X/𝑠(
〈
≠ 𝑑 ℎp·x𝑂0/x. 𝑠(. &B-2(

Hm nqcdq sn nas]hm sgd ffqrs mnmsqhuh]k bnqqdbshnm ne 𝒩
�
𝜅1( + hs hr rtflbhdms sn bnlotsd to sn 𝒩

�
𝜅/(

sgd sdql 
𝛾/x � X/𝑠((𝑑 ℎp·Y/𝑟(

〈
/
≠

𝑑 ℎp·Y/𝑟(

〈
/
𝑂0/x. 𝑠(. &B-3(
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vgdqd vd trdc sgd e]bs sg]s sgd oqnbdrrdr enq X ]mc Y vhsg 𝜅 ≠ / ]qd hmcdodmcdms+ ]mc sgd
qdl]hmhmf ]udq]fd nm sgd q-g-r- ne Dp- &B-3( hr ld]ms nudq sgd mnhrd 𝝁/�(/𝑠( nmkx- Dwodbs]shnm
u]ktdr hmunkuhmf sgd mnhrdr 𝝁/𝑥(/𝑠( ]mc 𝜁/𝑠( b]m ad g]mckdc ax s]jhmf o]sg,hmsdfq]kr nudq sgd
rsnbg]rshb ]bshnmr Z43[

𝒫𝜈)𝝁[ ≠
0

1Ψ𝑥

𝑐∑
ℎ≠0

∫
c𝜎 𝜈1

ℎ /𝜎(. 𝒫𝜁)𝜁[ ≠
0
1

∫ c𝑐𝑝

/1𝜉(𝑐

∫
c𝜎

𝜁p/𝜎(𝜁�p/𝜎(
Ψ𝜏/𝑝(

. &B-4(

vhsg Ψ𝑥 • 1𝜇𝑥𝑆+ ]mc Ψ𝜏/𝑝( ]r hm Dp- &0-13(- Enq hmrs]mbd+

𝛾/x � X/𝑠((𝜈/𝑥(

ℎ
/𝑠(

〈
≠
}∫

𝒞𝝁/𝑥( 𝛾/x � X/𝑠((𝜈/𝑥(
ℎ
/𝑠(𝑑�𝒫𝜈)𝝁/𝑥([

〈
𝜁.𝝁/�(

≠ �Ψ𝑥

}∫
𝒞𝝁/𝑥( 𝛾/x � X/𝑠(( 𝛾

𝛾𝜈
/𝑥(
ℎ
/𝑠(

𝑑�𝒫𝜈)𝝁/𝑥([

〈
𝜁.𝝁/�(

≠ Ψ𝑥

}
𝛾

𝛾𝜈
/𝑥(
ℎ
/𝑠(

𝛾/x � X/𝑠((
〈
≠ �Ψ𝑥·x ·

}
𝛾/x � X/𝑠(( 𝛾X/𝑠(

𝛾𝜈
/𝑥(
ℎ
/𝑠(

〈
. &B-5(

vgdqd vd a]rhb]kkx qdsq]bdc sgd rsdor sg]s oqnud sgd Mnuhjnu sgdnqdl Z0/+ 2/7[- Trhmf sgd
dpt]shnm ne lnshnm &2-5( enq X/𝑠(+ nmd fdsr�

X/𝑠( ≠ X/𝑠/( +
∫ 𝑠

𝑠/

c𝑟 𝑑�𝛽𝑥/𝑠�𝑟(
˜
𝝁/𝑥(/𝑟( + 𝜅𝜇𝑥e𝑥/X. 𝜏. 𝑟(

[
. &B-6(

vgdmbd

𝛾𝑋𝑖/𝑠(

𝛾𝜈
/𝑥(
ℎ
/𝑠(

≠
∫ 𝑠

𝑠/

c𝑟 𝑑�𝛽𝑥/𝑠�𝑟(𝛾ℎ 𝑖𝛾/𝑠 � 𝑟( ≠ 0
1𝛾ℎ 𝑖 . &B-7(

Hm sgd k]rs rsdo vd g]ud ]cnosdc sgd Rsq]snmnuhbg bnmudmshnm+ ats sghr cndr mns ]ydbs sgd qdrtkshmf
Enjjdq,Ok]mbj dpt]shnm+ adb]trd sgd mnhrd 𝝁/𝑥( dmsdqr ]cchshudkx hm sgd K]mfduhm dpt]shnm &2-5(
enq sgd o]qshbkd X Z42[- Mnsd sg]s hm Dp- &B-7( vd g]ud mdfkdbsdc sgd sdql e𝑥/X. 𝜏. 𝑟(+ vghkd hm
oqhmbhokd hs bnms]hmr ]m hlokhbhs cdodmcdmbd nm 𝝁/𝑥(/𝑠(- Gnvdudq+ nmd b]m bgdbj sg]s hs aqhmfr mn
]cchshnm]k bnmsqhatshnmr+ lnq]kkx adb]trd ]esdq s]jhmf sgd etmbshnm]k cdqhu]shud vhsg qdrodbs sn
𝜈
/𝑥(
ℎ
/𝑠( nmd ffmcr ] u]mhrghmf sdql hm sgd enql

︸ 𝑠

𝑠/
c𝑟

︸ 𝑟

𝑠/
c𝜎 /. . . (𝛾/𝑠 � 𝜎( ≠ /+ hmcdodmcdmskx ne sgd

bnmudmshnm ]cnosdc- Eqnl Dp- &B-5( vd sgdm ffmc

𝛾/x � X/𝑠((𝝁/𝑥(/𝑠(

〈
≠ �

Ψ𝑥

1 ·x𝑂0/x. 𝑠(. &B-8(

Rhlhk]qkx sn Dp- &B-5(+ vd b]m sgdm b]kbtk]sd

}
𝛾/x � X/𝑠((𝜁p/𝑟(

〈
≠ �Ψ𝜏/𝑝(

}∫
𝒞𝜁 𝛾/x � X/𝑠(( 𝛾

𝛾𝜁�p/𝑟(
𝑑�𝒫𝜁)𝜁[

〈
𝝁/𝑥( . 𝝁/�(

≠ �Ψ𝜏/𝑝(·x ·
}
𝛾/x � X/𝑠(( 𝛾X/𝑠(

𝛾𝜁�p/𝑟(

〈
. &B-0/(

0Mnsd sg]s Dp- &B-6( hr dwUbs+ dudm he e𝑥/X. 𝜏. 𝑠( hm Dp- &2-5( hr mnmkhmd]q hm X- Sghr b]m ad d]rhkx bgdbjdc ax Entqhdq
sq]mrenqlhmf Dp- &2-5( vhsg qdrodbs sn 𝑠-
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]mc trhmf sgd dydbshud K]mfduhm dpt]shnm enq X/𝑠( nmd nas]hmr

𝛾X/𝑠(
𝛾𝜁�p/𝑟(

≠ ℎ𝜇𝑥𝜅

∫ 𝑠

𝑠/

c𝑟1 𝑑
�𝛽𝑥/𝑠�𝑟1(

∫ c𝑐𝑜

/1𝜉(𝑐
o𝑈 /𝑥(

�𝑜
𝛾

𝛾𝜁�p/𝑟(

˜
𝜏o/𝑟1(𝑑 ℎo·X/𝑟1(

[
. &B-00(

Eqnl Dpr- &2-5( ]mc &2-02( hs enkknvr sg]s

𝛾

𝛾𝜁�p/𝑟(

˜
𝜏o/𝑟1(𝑑 ℎo·X/𝑟1(

[
≠ 𝑑 ℎo·X/𝑟1( 𝛾𝜏o/𝑟1(

𝛾𝜁�p/𝑟(
+ 𝒩/𝜅( &B-01(

≠ 𝑑 ℎo·X/𝑟1(
∫ 𝑟1

𝑠/

c𝑟0 𝐹𝑜/𝑟1 � 𝑟0(𝛾𝑐/𝑜 + 𝑝(𝛾/𝑟0 � 𝑟( + 𝒩/𝜅( ≠ 𝑑 ℎo·X/𝑟1(𝐹𝑜/𝑟1 � 𝑟(𝛾𝑐/𝑜 + 𝑝( + 𝒩/𝜅(.

rn vd b]m dwoqdrr

}
𝛾/x � X/𝑠((𝜁p/𝑟(

〈
≠ ℎ𝜇𝑥𝜅Ψ𝜏/𝑝(𝑈 /𝑥(

𝑝 p
∫ 𝑠

𝑠/

c𝑟1 𝑑
�𝛽𝑥/𝑠�𝑟1(𝐹𝑝/𝑟1 � 𝑟(·x


𝛾/x � X/𝑠((𝑑�ℎp·X/𝑟1(

〈

+ 𝒩
4
𝜅1

(
. &B-02(

Mnsd sg]s hm sgd b]kbtk]shnm ]anud sgdqd g]r addm mn mddc sn rodbhex sgd Hsó nq Rsq]snmnuhbg hmsdq,
oqds]shnm+ adb]trd sgd mnhrd 𝜁𝑝/𝑟( fdsr hmsdfq]sdc nudq sgd o]rs shldr hm sgd dydbshud K]mfduhm
dpt]shnm enq X cdqhudc ]r dwok]hmdc hm Rdbshnm 2-1-09 sgd mnm,L]qjnuh]mhsx qdmcdqr rtbg ] rodbh,
ffb]shnm tmmdbdrr]qx Z45+ 46[- Ehm]kkx+ vd hmsdqoqds


𝛾/x � X/𝑠((𝑑 ℎp·X/𝑟(

〈
≠
∫
X/𝑠(≠x

𝒞X/𝜎( 𝑑 ℎp·X/𝑟( ≠
∫

cw 𝑑 ℎp·w𝑂1/x. 𝑠: w. 𝑟(. &B-03(

vgdqd sgd o]sg hmsdfq]k hr hmsdmcdc nudq ]kk onrrhakd qd]khy]shnmr ne sgd oqnbdrr X/𝜎(+ bnmchshnmdc
sn sgd bnmrsq]hms X/𝑠( ≠ x- Otsshmf snfdsgdq sgd u]qhntr sdqlr hm Dpr- &B-1( sn &B-3(+ &B-8(+ &B-02(
]mc &B-03(+ ]mc trhmf Dp- &0-22(+ vd ]qqhud ]s sgd l]rsdq dpt]shnm hm Dp- &2-04(- Mnsd sg]s ] sdql
ne 𝒩

�
𝜅2( hm sgd l]qfhm]k chrsqhatshnm 𝑂/x. 𝑠( hr enqahccdm ax sgd rxlldsqx {𝜅 ↔ �𝜅 . 𝜏 ↔ �𝜏{+

rn sg]s sgd mdws odqstqa]shud bnqqdbshnm hr ]s kd]rs ne 𝒩
�
𝜅3( -

? ghdq]qbgx ne l]rsdq dpt]shnmr khmjhmf sgd 𝑚,shld bnqqdk]shnm etmbshnm 𝑂𝑚 vhsg 𝑂𝑚+0 b]m ad
nas]hmdc rs]qshmf eqnl sgd cdffmhshnm Z47[

𝑂𝑚/w𝑚 . 𝑠𝑚 : . . . : w0 . 𝑠0( ≠ }𝛾/w𝑚 � X/𝑠𝑚(( . . . 𝛾/w0 � X/𝑠0((⟩ &B-04(

]mc ]bshmf ]r

𝜑𝑠𝑖 𝑂𝑚/w𝑚 . 𝑠𝑚 : . . . : x. 𝑠𝑖 : . . . : w0 . 𝑠0( ≠ �·x ·
}
𝛾/w𝑚 � X/𝑠𝑚(( . . . 𝛾/w0 � X/𝑠0((X̄/𝑠𝑖(

〈
. &B-05(

Sgd qdrtks ne sghr oqnbdctqd hr bnlokdsdkx ]m]knfntr sn Dp- &2-04( tonm qdok]bhmf 𝑂0 → 𝑂𝑚 ]mc
𝑂1 → 𝑂𝑚+0-

Hm nqcdq sn bgdbj sgd ]bbtq]bx ne sgd l]rsdq dpt]shnm &2-04(+ vd b]m trd hs sn oqdchbs sgd
dwodbs]shnm u]ktd ne sgd onrhshnm }X/𝑠(⟩ vgdmX/𝑠 ≠ 𝑠/( ∉ / ]mc sgd rdbnmc o]qshbkdY hr cdbntokdc
eqnl sgd rxrsdl &h-d-+ vhsg 𝑈

/�(
𝑝 ≠ /(- Qdb]kk sg]s vd cdqhudc sghr r]ld pt]mshsx hm Rdbshnm 1-1

uh] ] vd]j,bntokhmf dwo]mrhnm- Vhsghm sgd dydbshud l]rsdq dpt]shnm cdqhudc gdqd+ nmd rs]qsr
hmrsd]c ax qdok]bhmf sgd svn,onhms etmbshnm 𝑂1/x. 𝑠: w. 𝑟( hm Dp- &2-04( ax hsr 𝒩

�
𝜅/( ]ooqnwhl]shnm+

𝑂1/x. 𝑠: w. 𝑟( ≠ 𝑂0|0/x. 𝑠 |w. 𝑟(𝑂0/w. 𝑟( + 𝒩
4
𝜅1

(
. &B-06(
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vgdqd vd trdc sgd e]bs sg]s sgd hmcdodmcdms &𝜅 ≠ /( oqnbdrr hr L]qjnuh]m+ 𝑂0|0 hr sgd Nqmrsdhm,
Tgkdmadbj oqno]f]snq fhudm hm Rdbshnm 0-1+ ]mc 𝑂0/w. 𝑟( hr bgnrdm sn ad sgd sgdql]k dpthkhaqhtl
chrsqhatshnm ne sgd o]qshbkd X hm hsr g]qlnmhb sq]o &rdd+ b-e-+ Dp- &B-11((- Ax trhmf Dp- &B-06(+ sgd
l]rsdq dpt]shnm &2-04( adbnldr ] Enjjdq,Ok]mbj dpt]shnm vghbg b]m ad trdc sn bnlotsd }X/𝑠(⟩9
] rsq]hfgsenqv]qc b]kbtk]shnm qdmcdqr sgd r]ld qdrtks ]r hm Dp- &1-02(+ ]r dwodbsdc-

B-1-1 HqqdkduZmbd ne sgd ldlnqx idqmdk hm sgd odqhnchb rsZsd to sn 𝒩
�
𝜅1(

Gdqd vd oqnud sg]s sgd mnm,L]qjnuh]m sdql hm sgd l]rsdq dpt]shnm &2-04( bnms]hmhmf sgd ldlnqx
jdqmdk ℒ/𝑠� 𝑟( b]m ad chrb]qcdc hm sgd odqhnchb rs]sd- Hm nqcdq sn cn sghr+ vd mddc sn trd sgd qdrtks
cdqhudc hm ?oodmchw A-1+ m]ldkx sg]s – tmcdq rths]akd gxonsgdrdr ne sq]mrk]shnm]k hmu]qh]mbd
– sgd l]qfhm]k dpthkhaqhtl chrsqhatshnm ne ] rhmfkd o]qshbkd bntokdc sn sgd ffdkc qd]cr rhlokx
𝑂dp/W( ∝ dwo)�𝛼𝒯/W([+ h-d-+ hs hr tm]ydbsdc ax sgd hmsdq]bshnm-

Vd sgdm bnmrhcdq sgd l]rsdq dpt]shnm enq X/𝑠( hm Dp- &2-04(+ ]mc rds hmhsh]kkx 𝑈
/�(
𝑝 • /+ rn sg]s

sgd rdbnmc o]qshbkd hr cdbntokdc eqnl sgd oqnakdl- Sgd l]rsdq dpt]shnm sgdm qd]cr ]s knmf shldr

𝜑𝑠𝑂0/x. 𝑠( ≠ ℒ/𝑂0/x. 𝑠( + 𝜅1
∫ ∞

/
c𝑡

∫
cwℒ/x. w: 𝑡(𝑂1/x. 𝑠: w. 𝑠 � 𝑡( + 𝒩

4
𝜅3

(
. &B-07(

vgdqd vd b]kkdc 𝑡 • 𝑠 � 𝑟 ]mc rdms 𝑠/ → �∞+ ]mc vgdqd sgd nodq]snqr ℒ/ ]mc ℒ vdqd fhudm
hm Dpr- &2-05( ]mc &2-08(+ qdrodbshudkx- Hm sgd ]ardmbd ne ]mx dwsdqm]k enqbhmf+ sgd rxrsdl vhkk
qd]bg ] rs]sd ne sgdql]k dpthkhaqhtl vhsg ] rs]shnm]qx oqna]ahkhsx chrsqhatshnm 𝑂0+dp r]shrexhmf
𝜑𝑠𝑂0+dp/x( • /9 sghr g]r sn ad sgd b]rd nqcdq ax nqcdq hm sgd bntokhmf bnmrs]ms 𝜅- Hm o]qshbtk]q+ vd
qd]c ]s 𝒩

�
𝜅1(

/ • ℒ/𝑂
&1(
0+dp/x( +

∫ ∞

/
c𝑡

∫
cwℒ/x. w: 𝑡(𝑂&/(

1+dp/x. 𝑠: w. 𝑠 � 𝑡(. &B-08(

vgdqd sgd rtodqrbqhos hmchb]sdr sgd nqcdq hm sgd dwo]mrhnm hm onvdqr ne 𝜅- Nm sgd nsgdq g]mc+
vd jmnv U oqhnqh &rdd chrbtrrhnm ]anud( sg]s sgd rs]shnm]qx chrsqhatshnm ne ] rhmfkd o]qshbkd hm
sgdql]k dpthkhaqhtl vhsg ] fitbst]shmf ffdkc qd]cr rhlokx

𝑂0+dp /X( ∝
∫

𝒞𝜏 𝑑�𝛼ℋ)𝜏.X[ ∝ 𝑑�𝛼𝜃𝑥𝑋
1†1. &B-1/(

Gdqd vd cdctbd hm o]qshbtk]q sg]s 𝑂&1(
0+dp/x( ≠ /+ ]mc sgtr vd b]m bnmbktcd sg]s

∫ ∞

/
c𝑡

∫
cwℒ/x. w: 𝑡(𝑂&/(

1+dp/x. 𝑠: w. 𝑠 � 𝑡( • /. &B-10(

Rvhsbghmf nm sgd bntokhmf𝑈
/�(
𝑝 + rn ]r sn hmbktcd sgd rdbnmc o]qshbkd hmsn sgd oqnakdl+ g]r ]bst]kkx

mn dydbs nm 𝑂1+dp/x. 𝑠: w. 𝑠 � 𝑡( ]s 𝒩
�
𝜅/( – sghr b]m ad cdctbdc ax knnjhmf ]s hsr l]rsdq dpt]shnm+

rdd ?oodmchw B-1-0- ?bbnqchmfkx+ vd bnmbktcd sg]s Dp- &B-10( ltrs rshkk gnkc sqtd hm sgd odqhnchb
rs]sd+ to sn 𝒩

�
𝜅1( -
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B-1-2 Rnktshnm ne sgd lZrsdq dptZshnm hm sgd odqhnchb rsZsd

Hm sghr ?oodmchw vd knnj enq ] odqstqa]shud rnktshnm ne sgd l]rsdq dpt]shnm &2-1/( hm onvdqr ne
sgd bntokhmf bnmrs]ms 𝜅- Sn khfgsdm sgd mns]shnm+ vd vhkk cqno sgd rtarbqhos 𝑥 eqnl sgd bnmrs]msr
𝜇 ]mc 𝜃+ ]mc rhlokx ]cc sgd rtarbqhos � vgdm vd ]qd qdedqqhmf sn sgd rdbnmc o]qshbkd Y- Mnshbd
ffqrs sg]s Dp- &2-1/( hr rnkudc ]s sgd knvdrs nqcdq ax sgd rs]shnm]qx chrsqhatshnm ne sgd Nqmrsdhm,
Tgkdmadbj oqnbdrr &rdd ?oodmchw B-0(9

𝑂
//(
0 /x( ≠ /1𝜉𝑆†𝜃(�𝑐†1 dwo

4
�𝜃𝑥1†1𝑆

(
. &B-11(

Sgd dydbs ne sgd dwsdqm]k odqstqa]shnm nmkx ]ood]qr ]s sgd mdws odqstqa]shud nqcdq ]r

𝜑𝑠𝑂
/1(
0 /x. 𝑠( ≠ ℒ/𝑂

/1(
0 /x. 𝑠( + ℒ�/𝑠(𝑂//(0 /x. 𝑠(. &B-12(

vhsg ℒ/ ]mc ℒ� fhudm hm Dpr- &2-05( ]mc &2-06(+ qdrodbshudkx- Sgd Fqddm etmbshnm ne sgd nodq]snq
ℒNT • 𝜑𝑠 �ℒ/ hr rhlokx sgd Nqmrsdhm,Tgkdmadbj oqno]f]snq hm Dp- &0-8(+ gdmbdenqsg cdmnsdc ]r
𝑂
//(
0|0+ rn sg]s sgd rnktshnm ne Dp- &B-12( ]esdq ]m hmhsh]k sq]mrhdms vhkk qd]c

𝑂
/1(
0 /x. 𝑠( ≠

∫
cw

∫ 𝑠

�∞
c𝑠′ 𝑂//(0|0/x. 𝑠 |w. 𝑠

′( 𝑒𝑟/w. 𝑠′(. &B-13(

vgdqd vd hmsqnctbdc sgd rntqbd sdql

𝑒𝑟/x. 𝑠( • ℒ�/𝑠(𝑂//(0 /x. 𝑠(. &B-14(

Trhmf sgd cdffmhshnm ne ℒ�/𝑠( fhudm hm Dp- &2-06( ]mc hmsdfq]shmf ax o]qsr+ hs hr rsq]hfgsenqv]qc sn
bgdbj sg]s

︸
cx𝑂/1(0 /x. 𝑠( ≠ /+ vghbg rgnvr sg]s sgd mnql]khy]shnm bnmchshnm

︸
cx𝑂0/x. 𝑠( ≠ 0 hr

rshkk r]shrffdc-
Rhmbd sgd nodq]snq ℒNT hr shld,sq]mrk]shnm]k hmu]qh]ms+ sgdm rn vhkk ad hsr oqno]f]snq

𝑂
//(
0|0/x. 𝑠 |w. 𝑠

′( ≠ 𝑂
//(
0|0/x. 𝜎 • 𝑠 � 𝑠′|w. /(. &B-15(

?r ] qdrtks+ Dp- &B-13( s]jdr sgd enql ne ] bnmunktshnm nudq sgd shld cnl]hm- Sgd hmsdfq]shnm
nudq sgd ro]sh]k cdfqddr ne eqddcnl b]m ad qd]chkx odqenqldc ax mnshmf sg]s∫

cw𝑂//(0|0/x. 𝜎|w. /(·w

˜
𝑑�ℎp·w𝑂//(0 /w(

[
≠ �

∫
cw 𝑑�ℎp·w𝑂//(0 /w(·w𝑂

//(
0|0/x. 𝜎|w. /( &B-16(

≠ 𝑑�𝛽𝜎·x

∫
cw 𝑑�ℎp·w𝑂//(0 /w(𝑂//(0|0/x. 𝜎|w. /( ≠ 𝑑�𝛽𝜎·x𝑂

//(
0 /x( dwo

)
�ℎp · x𝑑�𝛽𝜎 � 𝑝1𝜌1/𝜎(†1

[
.

vgdqd 𝜌/𝜎( hr fhudm hm Dp- &0-00( ]mc vgdqd vd trdc F]trrh]m hmsdfq]shnm hm sgd k]rs khmd- Vd
sgtr ffmc

𝑂
/1(
0 /x. 𝑠( ≠ ·x ·

)
𝜇𝑂//(0 /x(

∫ c𝑐𝑝

/1𝜉(𝑐
ℎp𝑢/p(

∫ 𝑠

�∞
c𝑠′ 𝐸/�(p /𝑠′(𝑑�𝛽𝜎𝑑�ℎp·x𝑑�𝛽𝜎�𝑝1𝜌1/𝜎(†1

[
. &B-17(

vhsg 𝐸
/�(
p /𝑠( ]mc 𝑢/p( cdffmdc hm Dpr- &2-10( ]mc &2-13(+ qdrodbshudkx-

?r trt]k+ jmnvhmf 𝑂0/x. 𝑠( ]kknvr sn bnlotsd ]udq]fdr ne nmd,shld nardqu]akdr 𝑁/X( ]r

}𝑁/X(/𝑠(⟩ ≠
∫

cx𝑁/x(
˜
𝑂
//(
0 /x( + 𝜅1𝑂

/1(
0 /x. 𝑠(

[
+ 𝒩

4
𝜅2

(
. &B-18(

Sgtr+ sgd oqdkhlhm]qx qdrtks hm Dp- &B-17( b]m ad trdc hm oq]bshb]k b]kbtk]shnmr enq ] fdmdqhb bgnhbd
ne 𝐸/�(p /𝑠(- Adknv vd vhkk enbtr hmrsd]c nm sgd o]qshbtk]q b]rd ne odqhnchb cqhuhmf-
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B-1-2-0 Odqhnchb cqhuhmf

Vd g]ud ]kqd]cx nardqudc sg]s sgd shld hmsdfq]k hm Dp- &B-17( hr ] bnmunktshnm adsvddm 𝐸
/�(
p /𝑠(

]mc ] mnm,odqhnchb etmbshnm vghbg vd vhkk cdmnsd ]r

𝐺/𝜎( • Δ/𝜎(ℎ/𝜎( • Δ/𝜎(𝑑�𝛽𝜎𝑑�ℎp·x𝑑�𝛽𝜎�𝑝1𝜌1/𝜎(†1 . &B-2/(

sgd Entqhdq sq]mrenql ne vghbg qd]cr

𝐺̂/𝜓( •
∫ ∞

�∞
c𝜎 𝑑�ℎ𝜓𝜎ℎ/𝜎(Δ/𝜎( ≠

∫ ∞

/
c𝜎 𝑑�ℎ𝜓𝜎ℎ/𝜎(. &B-20(

Mnv kds tr bgnnrd 𝐸/�(p /𝑠( sn ad odqhnchb vhsg odqhnc𝑆 ≠ 1𝜉†Ψ+ rn sg]s vd b]m dwo]mc hs hm Entqhdq
rdqhdr ]r

𝐸
/�(
p /𝑠( ≠

∑
𝑚∈R

𝑍𝑚/p(𝑑 ℎ𝑚Ψ𝑠 . &B-21(

vgdqd sgd u]ktdr ne sgd bndflbhdmsr 𝑍𝑚/p( cdodmc nm sgd rodbhffb enql ne sgd dwsdqm]k enqbhmf
]ookhdc sn sgd o]qshbkd Y/𝑠( hm Dp- &2-10( &etqsgdq adknv vd vhkk enbtr nm sgd rodbhffb b]rd ne
lnmnbgqnl]shb enqbhmf(- Sgd Entqhdq sq]mrenql ne 𝐸/�(p /𝑠( vhkk sgdm qd]c

𝐸/𝜓( ≠
∑
𝑚∈R

𝑍𝑚/p(𝛾/𝜓 � 𝑚Ψ(. &B-22(

rn vd b]m sq]mrenql sgd bnmunktshnm hm Dp- &B-17( hmsn ] oqnctbs hm Entqhdq ro]bd9

𝑂
/1(
0 /x. 𝑠( ≠ ·x ·

)
𝜇𝑂//(0 /x(

∫ c𝑐𝑝

/1𝜉(𝑐
ℎp𝑢/p(

∫ ∞

�∞
c𝑠′ 𝐸/�(p /𝑠′(𝐺/𝑠 � 𝑠′(

[

≠ ·x ·
)
𝜇𝑂//(0 /x(

∫ c𝑐𝑝

/1𝜉(𝑐
ℎp𝑢/p(

∫
c𝜓
1𝜉

∑
𝑚

𝑍𝑚/p(𝛾/𝜓 � 𝑚Ψ(𝐺̂/𝜓(𝑑 ℎ𝜓𝑠

[

≠
∑
𝑚∈R

)
·x · 𝜇𝑂//(0 /x(

∫ c𝑐𝑝

/1𝜉(𝑐
ℎp𝑢/p(𝑍𝑚/p(𝐺̂/𝑚Ψ(

[
𝑑 ℎ𝑚Ψ𝑠 . &B-23(

vgdqd hm 𝐺̂/𝜓(vd tmcdqrs]mc] etqsgdqcdodmcdmbd nmp ]mcx- Nmd b]m ]krn nas]hm ]m dwoqdrrhnm
enq sgd lnldms fdmdq]shmf etmbshnm ax trhmf F]trrh]m hmsdfq]shnm+


𝑑�ℎo·X/𝑠(

〈
≠ 𝑑�

𝑆𝑜1
1𝑗

)
0 � 𝜇𝜅1

∑
𝑚

𝐵𝑚/o(𝑑 ℎ𝑚Ψ𝑠

[
+ 𝒩

4
𝜅3

(
. &B-24(

vgdqd vd hmsqnctbdc

𝐵𝑚/o( •
∫ c𝑐𝑝

/1𝜉(𝑐
𝑑�

𝑆𝑝1
1𝑗 𝑢/p(𝑍𝑚/p(ℓ𝑚/o · p(. &B-25(

]mc vgdqd sgd etmbshnm ℓ𝑚/o · p( v]r fhudm hm Dp- &2-15(- Vd b]m trd sgd lnldms fdmdq]shmf
etmbshnm sn bnlotsd sgd ld]m chrok]bdldms ne sgd o]qshbkd+

}X/𝑠(⟩ ≠ ℎ ·o


𝑑�ℎo·X/𝑠(

〈 〉〉〉〉
o≠/

≃ �𝜇𝜅1
∑
𝑚∈R

)∫ c𝑐𝑝

/1𝜉(𝑐
ℎp𝑑�

𝑆𝑝1
1𝑗 𝑢/p( 𝑍𝑚/p(

𝛽 + ℎ𝑚Ψ

[
𝑑 ℎ𝑚Ψ𝑠 . &B-26(

Bnmmdbsdc bnqqdk]shnmr b]m ad nas]hmdc eqnl sgd btltk]ms fdmdq]shmf etmbshnm+ vghbg qd]cr+
to sn sgd ffqrs mnmsqhuh]k nqcdq hm 𝜅+

km

𝑑�ℎo·X/𝑠(

〈
≃ �

𝑆𝑜1

1𝑗 � 𝜇𝜅1
∑
𝑚∈R

𝐵𝑚/o(𝑑 ℎ𝑚Ψ𝑠 . &B-27(

1//



B-2- DEEDBSHUD EHDKC OHBSTQD

B-1-2-1 LnmnbgqnlZshb enqbhmf

Lnshu]sdc ax sgd rdsshmf cdrbqhadc hm Rdbshnm 2-0+ vd bnmrhcdq gdqd ] rhmtrnhc]k enqbhmf sdql
y𝐸/𝑠( ]r hm Dp- &2-01(- Hm nqcdq sn b]kbtk]sd dwokhbhskx sgd u]qhntr pt]mshshdr chrbtrrdc ]anud+ vd
mddc ffqrs sgd bndflbhdmsr ne sgd Entqhdq rdqhdr ne sgd etmbshnm 𝐸

/�(
p /𝑠(9

𝑍𝑚/p( •
4
𝑑 ℎ𝑚Ψ𝑠 . 𝐸

/�(
p /𝑠(

(
. &B-28(

vgdqd vd hmsqnctbdc sgd rb]k]q oqnctbs

/ 𝑒 /𝑠(. 𝑓/𝑠(( ≠ Ψ
1𝜉

∫ 1𝜉†Ψ

/
c𝑠 𝑒 ∗/𝑠(𝑓/𝑠(. &B-3/(

Qdb]kk sgd cdffmhshnm ne 𝐸/�(p /𝑠( hm Dp- &2-10(+ vgdqd sgd sdql }dwo)ℎp · Y/𝑠([⟩/ v]r bnlotsdc hm
?oodmchw B-0 ]mc hr fhudm hm Dp- &2-16( enq sgd b]rd ne ] rhmtrnhc]k enqbhmf- Trhmf sgd oqnodqshdr
ne sgd Adrrdk etmbshnmr ne sgd ffqrs jhmc 𝐼𝑚/�( Z170[+ nmd b]m oqnud sgd qdk]shnm4

𝑑 ℎ𝑚Ψ𝑠 . 𝑑 ℎ� rhm/Ψ/𝑠�𝑡((
(
≠ 𝑑�ℎ𝑚Ψ𝑡 𝐼𝑚/�(. &B-30(

rn sg]s sgd Entqhdq bndflbhdmsr hm Dp- &B-28( s]jd sgd enql

𝑍𝑚/p( ≠ 𝐶𝑝�
𝐼𝑚/p · :(
�𝑝 + ℎ𝑚Ψ

𝑑 ℎp·Γ dwo
)
�
𝑆𝑝1

1𝜃�
� ℎ𝑚𝜂�

(
. &B-31(

Enq 𝑚 ≠ / sgd bndflbhdms cndr mns cdodmc nm sgd cxm]lhbr ne sgd ffdkc &� ≠ / nq � ≠ 1(+ ]mc
nmd qdbnudqr sgd ]ch]a]shb ld]m u]ktd hm Dp- &2-40(- Mnshbd ]krn sg]s+ hm sgd cdsdqlhmhrshb khlhs
𝜃� → ∞+ nmd g]r dwo

)
�𝑆𝑝1†/1𝜃�( � ℎ𝑚𝜂�

[
→ 0-

B-2 DΨdbshud ffdkc ohbstqd

Hm sghr ?oodmchw vd ]m]kxyd sgd cxm]lhbr ne sgd o]qshbkd X ]r he hs vdqd hlldqrdc hmsn sgd
dydbshud ffdkc

𝜏dy
p /𝑠( ≠

∫ 𝑠

�∞
c𝑟 𝐹𝑝/𝑠 � 𝑟(

˜
𝜅𝐶𝑝�𝑈

/�(
𝑝 𝑑�ℎp·Y/𝑟( + 𝜁p/𝑟(

[
. &B-32(

Hm sghr dwoqdrrhnm sgd rdbnmc o]qshbkd Y/𝑠( hr sqd]sdc ]r ] rntqbd+ nm sgd r]ld ennshmf ]r sgd mnhrd
𝜁p/𝑠(- Vd s]jd enq rhlokhbhsx sgd cdsdqlhmhrshb khlhs 𝜃� → ∞ enq sgd lnshnm ne sgd rdbnmc o]qshbkd+
rn sg]s hs ]ood]qr bkd]qkx sg]s sgd ffdkc hm Dp- &B-32( hr F]trrh]m vhsg ld]m u]ktd

}𝜏dy
p /𝑠(⟩ ≠ 𝜅𝑈 /�(

𝑝

∫ ∞

/
c𝑡 𝜙𝑝/𝑡(𝑑�ℎp·y𝐸/𝑠�𝑡( ≠ 𝜅𝑈 /�(

𝑝 𝐸
/�(
�p/𝑠(. &B-33(

]mc &bnmmdbsdc( bnqqdk]shnmr sg]s ]qd ]m]knfntr sn sgnrd ne sgd eqdd,ffdkc &rdd ?oodmchw 0-2(- Sgd
etmbshnm 𝐸

/�(
�p/𝑠( v]r cdffmdc hm Dp- &2-10(- Oktffhmf sghr dwoqdrrhnm enq sgd ]udq]fd ffdkc }𝜏dy

p /𝑠(⟩
hmsn sgd K]mfduhm dpt]shnm &2-5( enq sgd o]qshbkd X+ vd fds

X̄/𝑠( ≠ �𝛽𝑥X/𝑠( + 𝝁/𝑥(/𝑠( + 𝜇𝑥𝜅

∫ c𝑐𝑝

/1𝜉(𝑐
ℎp𝑈 /𝑥(

�𝑝 }𝜏dy
𝑝 /𝑠(⟩ 𝑑 ℎp·X/𝑠(. &B-34(
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?OODMCHW B- B?KBTK?SHNMR NE BG?OSDQ 2

Mnsd sg]s vd ]qd sqd]shmf sgd ffdkc 𝜏dy ]r he hs vdqd hmcdodmcdms ne sgd u]qh]akd X/𝑠(+ ]mc sg]s
ax trhmf }𝜏dy

𝑝 /𝑠(⟩ hm ok]bd ne 𝜏dy
𝑝 /𝑠( vd ]qd oq]bshb]kkx hfmnqhmf hsr sgdql]k fitbst]shnmr- Hs hr

gnvdudq q]sgdq rsq]hfgsenqv]qc &rdd+ d-f-+ Qde- Z42[( sn rgnv sg]s Dp- &B-34( hr dpthu]kdms sn sgd
Enjjdq,Ok]mbj dpt]shnm &2-1/( r]shrffdc ax sgd o]qshbkd to sn 𝒩

�
𝜅1( hm sgd odqhnchb rs]sd- Sg]s

sgd sgdql]k fitbst]shnmr ne sgd ffdkc cn mns dmsdq ]s ]kk sgd Enjjdq,Ok]mbj dpt]shnm &to sn ]mc
hmbktchmf 𝒩

�
𝜅1(( l]x knnj rtqoqhrhmf ]s ffqrs rhfgs- Gnvdudq+ sghr hr ]bst]kkx bnmrhrsdms vhsg

sgd e]bs sg]s rtbg fitbst]shnmr cn mns lnchex sgd dpthkhaqhtl chrsqhatshnm ne sgd o]qshbkd hm sgd
]ardmbd ne ]mx dwsdqm]k enqbhmf &rdd chrbtrrhnm hm ?oodmchw B-1-1(- Hmcddc+ sgd ffdkc cndr mns
jmnv sg]s sgd o]qshbkd X hr mns hm dpthkhaqhtl+ adhmf hsr chrok]bdldms ]kqd]cx ne 𝒩

�
𝜅1( 9 ]mx

eddca]bj dydbs vntkc nmkx ]ood]q ]s ghfgdq odqstqa]shud nqcdqr hm sgd bntokhmf bnmrs]ms-

B-3 Toodq antmc nm sgd uZktd ne 𝜅

Hm Rdbshnm 2-1-1 vd cdqhudc ]m dwoqdrrhnm enq sgd u]qh]mbd ne sgd o]qshbkd onrhshnm+ Dp- &2-2/(+
vghbg s]jdr sgd enql 

𝑋1
𝑖 /𝑠(

〈
𝑏
≠

𝑆

𝜃𝑥

4
0 � 𝜅1⊥

(
&B-35(

tonm b]kkhmf

⊥ •
∑
𝑚∈R

𝜇𝐶

1𝛽𝑥 + ℎ𝑚Ψ
𝑑 ℎ𝑚/Ψ𝑠�𝜂�(

)∫ c𝑐𝑝

/1𝜉(𝑐
𝑝1
𝑖
𝑝�𝑢/p(𝐼𝑚/p · :(
�𝑝 + ℎ𝑚Ψ

𝑑
�𝑆𝑝1

1𝑗𝑜 +ℎp·�
[
. &B-36(

To sn sghr nqcdq hm 𝜅+ ] mdbdrr]qx bnmchshnm enq sgd u]qh]mbd sn ad onrhshud hr 𝜅1⊥ ≤ 0- B]kkhmf
𝑓/p( • 𝑝1

𝑖
𝑢/p( dwo

)
�𝑆𝑝1†/1𝑗𝑜(

[
+ hs hr rhlokd sn cdqhud ]m toodq antmc enq

|⊥| ≤
∑
𝑚∈R

∫ c𝑐𝑝

/1𝜉(𝑐
𝐶𝑝�𝑓/p(𝐼𝑚/p · :(√

�1
𝑝 + /𝑚Ψ(1

√
/1𝛽𝑥(1 + /𝑚Ψ(1

≤
∫ c𝑐𝑝

/1𝜉(𝑐
𝐶𝑝�𝑓/p(

1𝛽𝑥�𝑝

∑
𝑚∈R

𝐼𝑚/p · :( ≠ 0
1𝛽𝑥

∫ c𝑐𝑝

/1𝜉(𝑐
𝑓/p(
𝑝1 + 𝑞

. &B-37(

vgdqd hm sgd rdbnmc khmd vd rds Ψ ≠ /+ ]mc hm sgd sghqc vd trdc sgd hcdmshsx
∬∞

𝑚≠�∞ 𝐼𝑚/𝑤( ≠ 0
Z170[- Sgd k]rs hmsdfq]k hm Dp- &B-37( hr ] cdbqd]rhmf etmbshnm ne sgd o]q]ldsdq 𝑞 ]mc hs b]m ad
bnlotsdc hm bknrdc enql enq rnld dkdldms]qx etmbshnm]k enqlr ne sgd hmsdq]bshnm onsdmsh]kr 𝑈 /𝑍(

𝑝

bnms]hmdc hm 𝑢/p( &rdd Dp- &2-13((- Bgnnrhmf+ enq hmrs]mbd+ F]trrh]m hmsdq]bshmf onsdmsh]kr ]r hm
Dp- &1-3( ]mc rdsshmf 𝑞 ≠ / &enq vghbg sgd hmsdfq]k hr l]whltl(+ vd fds sgd toodq antmc qdonqsdc
hm Dp- &2-21(- Enq 𝜅 rl]kkdq sg]m sghr toodq antmc hs hr ft]q]msddc sg]s sgd u]qh]mbd hm Dp- &B-35(
hr onrhshud+ ] mdbdrr]qx bnmchshnm enq sgd odqstqa]shud dwo]mrhnm sn oqnuhcd ld]mhmfetk qdrtksr-

B-4 Dpthkhaqhtl dΨdbshud onsdmshZk

Hm sghr ?oodmchw vd rstcx sgd dydbshud hmctbdc hmsdq]bshnm adsvddm sgd svn o]qshbkdr ctd sn
sgd oqdrdmbd ne sgd ffdkc-

1/1



B-4- DPTHKHAQHTL DEEDBSHUD ONSDMSH?K

B-4-0 CdqhuZshnm ne sgd onsdmshZk

Kds tr rs]qs ax bnmrhcdqhmf sgd inhms oqna]ahkhsx chrsqhatshnm ne sgd svn o]qshbkdr+ vghbg ]s dpth,
khaqhtl hr sgd b]mnmhb]k nmd fhudm hm Dp- &2-25(- Tmcdq sgd etmbshnm]k hmsdfq]k vd qdbnfmhyd+ to
sn ] mnql]khy]shnm e]bsnq+ sgd rs]shnm]qx chrsqhatshnm ne sgd ffdkc ]s ffwdc o]qshbkdr onrhshnmr

𝒪rs
)
𝜏 |X.Y

[
≠

0
𝒱rs/X.Y( 𝑑

�𝛼/ℋ𝜏+ℋhms( &B-38(

≠
0
𝒱rs

dwo
]
�𝛼

∫ c𝑐𝑝

/1𝜉(𝑐

)
0
1 /𝑝

1 + 𝑞(𝜏p𝜏�p � 𝜅𝜏p

4
𝑈
/𝑥(
�𝑝 𝑑

ℎp·X +𝑈
/�(
�𝑝 𝑑

ℎp·Y
([{

.

Sgd bntokhmf sn sgdffdkc hr khmd]q+ rn sgd F]trrh]m etmbshnm]k hmsdfq]k nudq𝒪rs
)
𝜏 |X.Y

[
hm Dp- &2-25(

b]m ad b]kbtk]sdc dw]bskx- Sn sghr dmc+ vd ffqrs aqhmf hs hm sgd enql

∫
𝒞𝜏 𝑑�𝛼/ℋ𝜏+ℋhms( ≠

∫
𝒞𝜏 𝑑�

𝛼
1 /𝜏.ℓ̂𝜏(+𝛼𝜅/ℎ/𝑥(+ℎ/�( . 𝜏( ∝ dwo

)
𝛼𝜅1

1

4
ℎ/𝑥( + ℎ/�( . ℓ̂�0/ℎ/𝑥( + ℎ/�((

([
.

&B-4/(

vgdqd vd hmsqnctbdc sgd udbsnqr ℎ/𝑍(/w( • 𝑈 /𝑍(/w � W𝑍( ]mc sgd rb]k]q oqnctbs

/ 𝑒 . 𝑓( ≠
∫

c𝑐𝑤 𝑒 /w(𝑓/w(. &B-40(

Sgd nodq]snq ℓ̂ hr cdffmdc ax hsr jdqmdk

ℓ/w. x( ≠
4
�∇1 + 𝑞

(
𝛾/w � x(. ℓ̂𝜏/w( ≠

∫
c𝑐𝑥 ℓ/w. x(𝜏/x(. &B-41(

Hm Entqhdq ro]bd+ sgdrd adbnld ℎ̂/𝑍(/p( ≠ 𝑈
/𝑍(
𝑝 dwo)�ℎp · W𝑍/𝑠([ ]mc

ℓ̂/p. o( ≠
4
𝑝1 + 𝑞

(
𝛾/p + o( → ℓ̂�0/p. o( ≠ 𝛾/p + o(

𝑝1 + 𝑞
. &B-42(

Hmsdfq]shmf nudq sgd ctllx u]qh]akdr &lnldms]( ]r

4
𝑒 . ℓ̂𝑓

(
≠
∫ c𝑐𝑝 c𝑐𝑜

/1𝜉(1𝑐
𝑒 /�p(ℓ̂/p.�o(𝑓̂/o(. &B-43(

vd ffm]kkx fds sgd dydbshud G]lhksnmh]m ℋdy/X.Y( fhudm hm Dp- &2-27(+ ed]stqhmf sgd ffdkc,hmctbdc
hmsdq]bshnm onsdmsh]k 𝑈𝑏/X � Y( ne Dp- &2-28( &to sn ] bnmrs]ms sg]s vd ffw ax qdpthqhmf 𝑈𝑏/w →
∞( ≠ /(- Vd mnshbd sg]s 𝑈𝑏/w( hr sq]mrk]shnm]k hmu]qh]ms+ ]r dwodbsdc+ rn sg]s sgd hmctbdc enqbd
hr fhudm ax E𝑏/w( ≠ �𝜅1·w𝑈𝑏/w(- Sgd k]ssdq hr hm fdmdq]k ] mnm,lnmnsnmhb etmbshnm ne w+ ]mc sgd
knb]shnm ne hsr dwsqdl]k onhmsr w ≠ w∗ ]knmf sgd u]qhntr ro]sh]k chqdbshnmr hr entmc ax hmrodbshmf
sgd Gdrrh]m l]sqhw

/ • 𝜑1𝑈𝑏/w(
𝜑𝑤ℎ𝜑𝑤𝑖

〉〉〉〉
w≠w∗

≠
∫ c𝑐𝑝

/1𝜉(𝑐
𝑢/p(
𝑝1 + 𝑞

𝑝ℎ 𝑝𝑖 𝑑
ℎp·w∗ . &B-44(
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?OODMCHW B- B?KBTK?SHNMR NE BG?OSDQ 2

B-4-1 :mZkxrhr ne sgd hmctbdc onsdmshZk enq sgd hrnsqnohb bZrd

He sgd hmsdq]bshnm onsdmsh]kr ne sgd svn o]qshbkdr ]qd dpt]k+ h-d-+ 𝑈 /𝑥(
𝑝 ≠ 𝑈

/�(
𝑝 • 𝑈𝑝 + sgdm 𝑢/p( • |𝑈𝑝 |1

&rdd Dp- &2-13((- Lnqdnudq+ he 𝑈/w( hr hrnsqnohb &vghbg hr ] rdmrhakd qdpthqdldms he sgd o]qshbkdr ]qd
]rrtldc sn ad rogdqhb]kkx rxlldsqhb(+ sgdm 𝑢/p( ≠ 𝑢/𝑝(+ ]mc vd b]m qdvqhsd Dp- &2-28( hm onk]q
bnnqchm]sdr ]r

𝑈𝑏/𝑤( ≠ �
∫ ∞

/
c𝑝

𝑝𝑐�0

𝑝1 + 𝑞
𝑢/𝑝(

∫
cΨ𝑐

/1𝜉(𝑐
𝑑 ℎp·w. &B-45(

Trhmf sgd oqnodqsx ne sgd Adrrdk etmbshnmr Z170[+ nmd b]m oqnud sg]s
∫

cΨ𝑐

/1𝜉(𝑐
𝑑 ℎp·w ≠

𝐼𝑐†1�0/𝑝𝑤(
/1𝜉(𝑐†1/𝑝𝑤(𝑐†1�0

. &B-46(

]mc hmsqnctbhmf sgd chldmrhnmkdrr u]qh]akd � • 𝑝𝑤 vd ffmc

𝑈𝑏/𝑤( ≠ �
𝑤1�𝑐

/1𝜉(𝑐†1

∫ ∞

/
c�

�𝑐†1

�1 + 𝑞𝑤1 𝑢 /�†𝑤( 𝐼𝑐†1�0/�(. &B-47(

He vd ]rrtld enq 𝑈𝑝 ] F]trrh]m enql ]r hm Dp- &1-3(+ sgdm sghr dwoqdrrhnm adbnldr

𝑈𝑏/𝑤( ≠ 𝑄1�𝑐 𝑒 /𝑤†𝜈. 𝑤†𝑄(. &B-48(

vgdqd sgd rb]khmf etmbshnm

𝑒 /Δ.Θ( • � Θ1�𝑐

/1𝜉(𝑐†1

∫ ∞

/
c�

�𝑐†1𝑑�/�†Θ(
1

�1 + Δ1 𝐼𝑐†1�0/�( &B-5/(

cdodmcr nm sgd chldmrhnmkdrr o]q]ldsdqr Δ ≠ 𝑤
√
𝑞 ≠ 𝑤†𝜈 ]mc Θ ≠ 𝑤†𝑄 &hm ]bbnqc]mbd vhsg sgd

rb]khmf enql hm Dp- &0( ne Qde- Z0/6[(- Mnsd sg]s Δ ]mc Θ ]bst]kkx ok]x sgd qnkd ne ]m HQ ]mc ] TU
btsny+ qdrodbshudkx- Rhlhk]qkx+ sgd qdrtkshmf hmctbdc enqbd hr

E𝑏/𝑤( ≠ �𝜅1·w𝑈𝑏/𝑤( ≠ �w𝜅1𝑄0�𝑐 𝑒 ′
)
𝑤

𝜈
.
𝑤

𝑄

(
. &B-50(

vhsg

𝑒 ′/Δ.Θ( • Θ0�𝑐

/1𝜉(𝑐†1

∫ ∞

/
c�

�𝑐†1+0𝑑�/�†Θ(
1

�1 + Δ1 𝐼𝑐†1/�(. &B-51(

Vd mnv knnj enq sgd ]rxlosnshb adg]uhnq enq k]qfd 𝑤 ne sgd hmctbdc onsdmsh]k hm Dp- &2-28(
vhsg sgd F]trrh]m hmsdq]bshnm onsdmsh]k 𝑢/𝑝( ≠ dwo

�
�𝑝1𝑄1( - Sghr b]m ad nas]hmdc ax trhmf sgd

hcdmshsx Z51[
0

𝑝1 + 𝑞
≠
∫ ∞

/
c𝜆 𝑑�𝜆/𝑝

1+𝑞( . &B-52(

]mc odqenqlhmf sgd F]trrh]m hmsdfq]shnm hm c𝑐𝑝- Bg]mfhmf u]qh]akdr sn 𝑟 • /𝜆 + 𝑄1(†𝑤 fhudr1

𝑈𝑏/𝑤( ≠ �
𝑤0�𝑐†1

/3𝜉(𝑐†1
𝑑𝑄

1𝑞

∫ ∞

𝑄1†𝑤

c𝑟
𝑟𝑐†1

𝑑�𝑤)𝑞𝑟+0†/3𝑟([. &B-53(

1Rdd Qde- Z2/8[+ IUokUbdér ldsgnc enq hmsdfqUkr vhsg lnuUakd lUwhlU-
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B-4- DPTHKHAQHTL DEEDBSHUD ONSDMSH?K

Ehm]kkx+ sgd hmsdfq]k nudq 𝑟 b]m ad drshl]sdc enq k]qfd 𝑤 trhmf sgd K]ok]bd ldsgnc+ vgdmbd

𝑈𝑏/𝑤( ∼ �
/1𝜉𝑤(/0�𝑐(†1

1𝑞/2�𝑐(†3
𝑑𝑄

1𝑞�𝑤
√
𝑞 . &B-54(

vghbg oqdrdmsr sgd e]lhkh]q dwonmdmsh]k s]hkr ∼ dwo/�𝑤†𝜈(+ adhmf 𝜈 ≠ 𝑞�0†1 sgd ffdkc bnqqdk]shnm
kdmfsg- Nmd b]m bgdbj sg]s ] rhlhk]q ]rxlosnshb adg]uhnq hr rg]qdc ax sgd hmctbdc enqbd+ rhmbd
enq k]qfd 𝑤 nmd ffmcr E𝑏/𝑤( ∼ w𝜅1√𝑞𝑈𝑏/𝑤(-

Hm 𝑐 ≠ 0+ sgd dwoqdrrhnmr ]anud adbnld

𝑈𝑏/𝑤( ≠ �
𝑤

𝜉

∫ ∞

/
c�

bnr/�(𝑑��1/𝑄†𝑤(1

�1 + 𝑞𝑤1 . &B-55(

𝐸𝑏/𝑤( ≠ �
𝜅1

𝜉

∫ ∞

/
c�

� rhm/�(𝑑��1/𝑄†𝑤(1

�1 + 𝑞𝑤1 . &B-56(

vghbg ]qd oknssdc hm Ehf- 2-1] &qdrb]kdc ax sgd 𝑄,cdodmcdms o]qs ne sgdhq ]rxlosnshb ]lokhstcd
entmc hm Dp- &B-54((- Hs ]ood]qr sg]s sgd hmctbdc enqbd hr rl]kk enq ansg rl]kk ]mc k]qfd 𝑤+ vghkd
hs oqdrdmsr ] l]whltl cdffmdc ax sgd bnmchshnm

𝜑𝑤𝐸𝑏/𝑤(
〉〉〉〉
𝑤l]w

∝
∫ ∞

�∞
c𝑝

𝑝1𝑑�𝑝
1𝑄1

𝑝1 + 𝑞
𝑑 ℎ𝑝𝑤l]w • /. &B-57(

Mnsd sg]s sgd hmctbdc onsdmsh]k hm Dp- &B-55( chudqfdr enq 𝑞 ≠ /+ ats sgd enqbd hm Dp- &B-56( cndr
mns- Dpthu]kdmskx+ sgd hmctbdc onsdmsh]k hm Dp- &B-55( hr qdftk]qhydc ax rtasq]bshmf hsr u]ktd hm
𝑤 ≠ /+

𝑈𝑏/𝑤 ≠ /( ≠ � 0
𝜉

∫ ∞

/
c𝑝

𝑢/𝑝(
𝑝1 + 𝑞

. &B-58(

vghbg hr itrs ] bnmrs]ms rghes hm dmdqfx- Gnvdudq+ sgd hmctbdc enqbd 𝐸𝑏/𝑤( hm 𝑐 ≠ 0 ]mc enq 𝑞 ≠ / hr
rshkk rnldvg]s o]sgnknfhb]k+ hm sg]s hs r]stq]sdr sn ] bnmrs]ms u]ktd ]s k]qfd 𝑤 hmrsd]c ne cdb]xhmf
sn ydqn- Sn tmcdqrs]mc vgx+ vd mnsd sg]s ]s k]qfd chrs]mbdr 𝑤 sgd btsny 𝑄 hm sgd hmctbdc onsdmsh]k
𝑈𝑏/w( hr dwodbsdc sn ok]x mn qnkd &]o]qs eqnl s]lhmf onrrhakd TU chudqfdmbdr vghbg b]m ]qhrd
enq rtflbhdmskx k]qfd 𝑐(- He vd rds 𝑄 ≃ / hm Dp- &2-28(+ vd nas]hm

𝑈𝑏/w( ≃ �
∫ c𝑐𝑝

/1𝜉(𝑐
0

𝑝1 + 𝑞
𝑑 ℎp·w ≠ � }𝜏/w(𝜏//(⟩ . &B-6/(

vgdqd vd qdbnfmhydc sgd svn,onhms bnqqdk]shnm etmbshnm ne ] rb]k]q F]trrh]m ffdkc hm 𝑐 ro]sh]k
chldmrhnmr Z51[- ?s sgd bqhshb]k onhms 𝑞 ≠ /+ sghr adg]udr fdmdqhb]kkx ]r }𝜏/w(𝜏/.(⟩ ∼ |w|1�𝑐+ ]mc
hm o]qshbtk]q hm 𝑐 ≠ 0 hs fqnvr khmd]qkx vhsg 𝑤- Sghr dwok]hmr vgx sgd enqbd 𝐸𝑏/𝑤( ∝ 𝜑𝑤𝑈𝑏/𝑤(
r]stq]sdr sn ] bnmrs]ms u]ktd enq k]qfd 𝑤- Gnvdudq+ vd vhkk rhlokx hmsdqoqds sghr ogdmnldmnm ]r
] o]sgnknfx ne sgd lncdk enq 𝑐 ≠ 0 ]mc 𝑞 ≠ /+ vghbg cndr mns ]ydbs ntq qdrtksr rhmbd vd ]kv]xr
]rrtld sgd ffdkc sn g]ud ] &onrrhakx rl]kk ats( ffmhsd bnqqdk]shnm kdmfsg 𝜈 ≠ 𝑞�0†1-

Chydqdms bgnhbdr ne sgd hmsdq]bshnm onsdmsh]k 𝑈/𝑤( kd]c sn pt]khs]shudkx rhlhk]q qdrtksr- Enq
hmrs]mbd+ ] lnqd qd]khrshb qdoqdrdms]shnm ne ] rogdqhb]k o]qshbkd qdpthqdr

𝑈/w( ≠ 0
𝑈𝑐

Δ/𝑄 � |w|( ↔ 𝑈𝑝 ≠
)

1
𝑝𝑄

(𝑐†1
�
)
𝑐

1 + 0
(
𝐼𝑐†1/𝑝𝑄(. &B-60(
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?OODMCHW B- B?KBTK?SHNMR NE BG?OSDQ 2

vgdqd 𝑈𝑐 hr sgd unktld ne ] 𝑐,chldmrhnm]k rogdqd ]mc Δ/�( hr sgd Gd]uhrhcd chrsqhatshnm- Sghr
kd]cr sn sgd r]ld rb]khmf enqlr ]r hm Dpr- &B-48( ]mc &B-50( enq sgd hmctbdc onsdmsh]k ]mc enqbd+
vhsg chydqdms rb]khmf etmbshnmr

𝑒1/Δ.Θ( • �Θ1𝑏𝑐

∫ ∞

/
c�

��𝑐†1𝐼𝑐†1�0/�(
�1 + Δ1

˜
𝐼𝑐†1

4 �
Θ

([1
. &B-61(

𝑒 ′1/Δ.Θ( • Θ𝑏𝑐

∫ ∞

/
c�

�0�𝑐†1𝐼𝑐†1/�(
�1 + Δ1

˜
𝐼𝑐†1

4 �
Θ

([1
. &B-62(

𝑏𝑐 • /1†𝜉(𝑐†1 )� /𝑐†1 + 0([1 . &B-63(

vghbg ]qd pt]khs]shudkx rhlhk]q sn sgd F]trrh]m b]rd rgnvm hm Ehf- 2-1]- Hm o]qshbtk]q+ sgd hm,
ctbdc enqbd rshkk oqdrdmsr ] l]whltl ]r ] etmbshnm ne sgd chrs]mbd 𝑤+ vghbg b]m fhud qhrd sn
sgd ogdmnldmnm ne eqdptdmbx cntakhmf hm sgd ]ch]a]shb qdronmrd &rdd Rdbshnm 2-2-2-1 ]mc ?o,
odmchw B-5-2(-

B-5 OZqshbkd cxmZlhbr vhsghm sgd ZchZaZshb ZooqnwhlZshnm

Hm sghr ?oodmchw vd cdqhud sgd o]qshbkd cxm]lhbr ]s knvdrs nqcdq vhsghm sgd ]ch]a]shb ]ooqnw,
hl]shnm- Sghr hr ]bghdudc ax ]udq]fhmf sgd dpt]shnmr ne lnshnm &2-5( ]mc &2-6( ne X/𝑠( ]mc Y/𝑠(+
qdrodbshudkx+ nudq sgd rs]shnm]qx chrsqhatshnm 𝒪rs

)
𝜏 |X.Y

[
ne sgd ffdkc 𝜏 ]s ffwdc o]qshbkdr onrhshnmr

fhudm hm Dp- &2-23(- Sghr hr ]m]knfntr sn sgd Anqm,Noodmgdhldq ]ooqnwhl]shnm hm bnmcdmrdc
l]ssdq ogxrhbr+ vgdqd sgd v]udetmbshnm ne sgd dkdbsqnmr nqahshmf ]qntmc ] mtbkdtr hr nas]hmdc
ax dwoknhshmf sgd rdo]q]shnm ne sgdhq cxm]lhb]k shldrb]kdr-

B-5-0 JZmfduhm dptZshnm vhsghm sgd ZchZaZshb ZooqnwhlZshnm

Kds tr enbtr nm sgd lnshnm ne X/𝑠(+ sgd o]qshbkd hm sgd ffwdc sq]o+ vghbg hr qtkdc ax Dp- &2-5(- Vd
]udq]fd d]bg ne sgd sdqlr sg]s ]ood]q hm Dp- &2-5( nudq sgd rs]shnm]qx chrsqhatshnm hm Dp- &2-23(-
Sgd sdqlr oqnonqshnm]k sn X/𝑠( ]mc X̄/𝑠( xhdkc sqhuh]kkx

}X/𝑠(⟩rs ≠
∫

𝒞𝜏X/𝑠(𝒪rs
)
𝜏 |X.Y

[
≠ X/𝑠(. &B-64(

]mc rhlhk]qkx enq X̄/𝑠(+ vghkd

}
𝜅e𝑥

〈
rs ≠ �

}
∇𝑥ℋhms

〈
rs ≠ �

0
𝒱rs

∫
𝒞𝜏 ∇𝑥ℋhms𝑑

�𝛼/ℋ𝜏+ℋhms(

≠
0
𝛼
∇𝑥 knf𝒱rs ≠ 𝜅1∇𝑥𝑈𝑏/X.Y(. &B-65(

vgdqd hm sgd k]rs rsdo vd trdc Dp- &2-26(- Sghr xhdkcr sgd dydbshud K]mfduhm dpt]shnm &2-3/(-
Mnv vd knnj enq ] odqstqa]shud rnktshnm ne Dp- &2-3/( sg]s hr u]khc to sn 𝒩

�
𝜅1( + ]mc vghbg vd

vhkk cdmnsd ]r X]c/𝑠(- Sn sghr dmc+ vd ]udq]fd d]bg ne hsr sdqlr nudq sgd mnhrdr 𝝁/𝑥(/𝑠( ]mc 𝝁/�(/𝑠(+
ad]qhmf hm lhmc sg]s

𝑑 ℎp·/Y/𝑠(�X/𝑠((
〈
≠

𝑑 ℎp·/Y/𝑠(�X/𝑠((

〈
/
+ 𝒩/𝜅( ≠


𝑑 ℎp·Y/𝑠(

〈
/


𝑑�ℎp·X/𝑠(

〈
/
+ 𝒩/𝜅(. &B-66(
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B-5- O?QSHBKD CXM?LHBR VHSGHM SGD ?CH?A?SHB ?OOQNWHL?SHNM

vgdqd vd trdc sgd e]bs sg]s sgd svn hmcdodmcdmsoqnbdrrdr enqX/𝑠( ]mcY/𝑠( e]bsnqhyd- Rodbh]khyhmf
Dp- &A-00( sn sgd oqdrdms b]rd fhudr

𝑑�ℎp·X/𝑠(
〈

/
≠ dwo

)
�𝑆𝑝1†/1𝜃𝑥(

[
. &B-67(

vghbg kd]cr sn

𝜑𝑠 }X]c⟩ ≠ �𝜇𝑥𝜃𝑥 }X]c⟩ � 𝜇𝑥𝜅
1
∫ c𝑐𝑝

/1𝜉(𝑐
ℎp𝑢/p(
𝑝1 + 𝑞

𝑑
�𝑆𝑝1

1𝜃𝑥
}
𝑑 ℎp·Y

〈
/ . &B-68(

Rnkuhmf sghr chydqdmsh]k dpt]shnm vhsg sgd hmhsh]k bnmchshnm }X]c/𝑠 ≠ 𝑠/(⟩ ≠ /+ vd ffm]kkx nas]hm
Dp- &2-30(-

B-5-1 :chZaZshb khlhs eqnl sgd lZrsdq dptZshnm

Bnmrhcdq sgd eqdd,ffdkc rtrbdoshahkhsx 𝜙𝑝/𝑠 � 𝑟( hm Dp- &0-20( ]mc ]rrtld �𝑝 ∉ / &rdd Dp- &0-14((-
Nmd b]m s]jd sgd enql]k khlhs 𝐶 → ∞+ ffmchmf

𝜙𝑝/𝑠 � 𝑟( ����→
𝐶→∞

𝛾/𝑠 � 𝑟(
𝑝1 + 𝑞

. &B-7/(

Hmrdqshmf sghr dwoqdrrhnm hmsn Dp- &2-12( enq sgd ]udq]fd chrok]bdldms ne sgd o]qshbkd+ vd hlldch,
]sdkx qdbnudq hsr ]ch]a]shb ]ooqnwhl]shnm hm Dp- &2-30(-

Bnmudqrdkx &]mc lnqd fdmdq]kkx(+ hs hr rsq]hfgsenqv]qc sn bgdbj Z42[ sg]s sgd Enjjdq,Ok]mbj
dpt]shnm bnqqdronmchmf sn sgd ]ch]a]shb K]mfduhm dpt]shnm &2-3/( hr dw]bskx sgd l]rsdq dpt]shnm
&2-1/(- Sn rdd sghr+ nmd b]m trd sgd ]ch]a]shb khlhs hm Dp- &B-7/( hm sgd dwoqdrrhnm &2-10( enq sgd
etmbshnm 𝐸p/𝑠(+ vghbg ]ood]qr hm sgd nodq]snq ℒ�/𝑠( ne sgd l]rsdq dpt]shnm- Sgd jdx nardqu]shnm
hr sgdm sg]s

𝐸
/�(
p /𝑠( ����→

𝐶→∞

}𝑑 ℎp·Y/𝑠(⟩/
𝑝1 + 𝑞

. &B-70(

B-5-2 Eqdptdmbx cntakhmf hm sgd ZchZaZshb qdronmrd

Knnjhmf ]s sgd Entqhdq bndflbhdmsr ne sgd ]ch]a]shb qdronmrd hm Dp- &2-38(+ hs ]ood]qr sg]s |a0 | ≠ /
hm bnqqdronmcdmbd ne ] bdqs]hm u]ktd 𝑞0 ne sgd o]q]ldsdq 𝑞- Sghr u]ktd b]m ad ]ooqnwhl]sdkx
entmc+ hm 𝑐 ≠ 0+ ax vqhshmf

𝑝

𝑝1 + 𝑞
≠

0
𝑝

)
0 � 𝑞

𝑝1 + 𝑞

(
&B-71(

hm sgd bnmchshnm |𝑎0 | ≠ /+ vghbg fhudr∫
c𝑝 𝑑�𝑝1〉𝑄1 𝐼0/𝑝ℓ(

𝑝
bnr/𝑝Γ( ≠ 𝑞0

∫
c𝑝 𝑑�𝑝1〉𝑄1 𝐼0/𝑝ℓ(

𝑝/𝑝1 + 𝑞0(
bnr/𝑝Γ(

≠
∫

c𝑥 dwo
4
�𝑥1〉𝑄1𝑞0

( 𝐼0/𝑥ℓ√𝑞0(
𝑥/𝑥1 + 0( bnr

�
𝑥Γ

√
𝑞0
(
. &B-72(

vgdqd vd bg]mfdc u]qh]akd ]r 𝑝 ≠ 𝑥
√
𝑞0 hm sgd k]rs khmd- ?rrtlhmf 𝑞0 sn ad rl]kk+ vghbg b]m ad

udqhffdc U onrsdqhnqh+ nmd b]m dwo]mc enq rl]kk 𝑞0+ ffmchmf

𝑞0 ≠
)

3
𝜉ℓ

∫ ∞

/
c𝑝 𝑑�𝑝1〉𝑄1 𝐼0/𝑝ℓ(

𝑝
bnr/𝑝Γ(

[1
+ 𝒩

4
𝑞

2†1
0

(
. &B-73(
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?OODMCHW B- B?KBTK?SHNMR NE BG?OSDQ 2

Nmd b]m bgdbj mtldqhb]kkx sg]s 𝑞0 cdsdqlhmdc ]anud hr ]m hmbqd]rhmf etmbshnm ne sgd cqhuhmf
]lokhstcd ℓ- ? etqsgdq dwo]mrhnm enq rl]kk ℓ fhudr

𝑞0 ≃ 𝑑�Γ
1†/1〉𝑄1(

𝜉〉𝑄1
+ 𝒩

4
𝑞

2†1
0

(
. &B-74(

vghbg hr ffmhsd dudm enq ℓ ≠ /+ hm ]fqddldms vhsg sgd ogxrhb]k hmsdqoqds]shnm vd oqnonrdc hm
Rdbshnm 2-2-2-

B-6 OgZrd ne sgd cxmZlhbZk qdronmrd

Gdqd vd cdqhud rnld ne sgd qdrtksr bnmbdqmhmf sgd og]rd ne sgd cxm]lhb]k qdronmrd ]mshbho]sdc
hm Rdbshnm 2-3-1-1-

B-6-0 JZqfd,Ψ adgZuhnq

Kds tr enbtr ffqrs nm sgd khlhs hm vghbg sgd eqdptdmbx Ψ ne sgd dwsdqm]k cqhuhmf hr k]qfd9 sgdm sgd
Entqhdq bndflbhdmsr hm Dp- &2-37( adbnld

b𝑚𝑑 ℎ𝑚𝜂� ∼ ℎ
𝜅1𝜇𝑥𝐶

/𝑚Ψ(1

∫ c𝑐𝑝

/1𝜉(𝑐
p𝑝�𝐼𝑚/p · :(𝑑�𝑝1〉𝑄1+ℎp·Γ . &B-75(

vgdqd vd e]bsnqdc nts sgd og]rd 𝜂� ne sgd cqhudm o]qshbkd- ?r dwok]hmdc hm sgd l]hm sdws+ sghr
]ooqnwhl]shnm vnqjr he sgd bnmchshnm hm Dp- &2-54( hr lds- Mnshbd sg]s sgd pt]mshsx nm sgd q-g-r-
ne Dp- &B-75( hr otqdkx hl]fhm]qx+ vghbg ld]mr sg]s enq k]qfd Ψ sgd cxm]lhb]k qdronmrd ne X
hr dhsgdq hm og]rd nq hm bntmsdqog]rd vhsg sgd lnshnm ne sgd o]qshbkd Y/𝑠( &rdd Dp- &2-44((- Sn
cdsdqlhmd hsr rhfm+ nmd g]r sn du]kt]sd sgd hmsdfq]k hm Dp- &B-75(- Hm 𝑐 ≠ 0 ]mc enbtrhmf nm sgd
ffqrs g]qlnmhb 𝑚 ≠ 0+ vd b]m qdrb]kd � • 𝑝Γ ]mc vqhsd

𝑏0𝑑
ℎ𝜂� ∝ ℎ

Ψ1

∫ ∞

/
c� ��+0 bnr/�(𝐼0/�𝛼0(𝑑�/�𝛼1(1 . &B-76(

vgdqd vd b]kkdc 𝛼0 • 〉𝑄†Γ ]mc 𝛼1 • ℓ†Γ sgd rl]kk o]q]ldsdqr ne ntq oqnakdl &rdd rdsto hm
Ehf- 2-0(- Ehftqd B-0] rgnvr sg]s+ enq 𝛼0 ]mc 𝛼1 ≪ 0+ sghr hmsdfq]k hr onrhshud enq lncdk A &� ≠ 1(
]mc mdf]shud enq lncdk ? &� ≠ /(- Sghr bnqqdronmcr sn sgd adg]uhnq ne sgd og]rd nardqudc hm
Ehf- 2-5]- ?ksgntfg sgd rhfm l]x bg]mfd hm 𝑐 < 0+ nmd vntkc hm ]mx b]rd nardqud ] 𝜉†1 og]rd
rghes vhsg qdrodbs sn sgd ]ch]a]shb oqdchbshnm ]s k]qfd Ψ &rdd Ehf- 2-2a(-

B-6-1 Cdodmcdmbd ne sgd ogZrd 𝜀0 nm Γ

Kds tr mnv rstcx sgd cdodmcdmbd ne sgd og]rd 𝜀0 ne sgd cxm]lhb]k qdronmrd cdffmdc hm Dp- &2-50(
nm sgd ]udq]fd rdo]q]shnm Γ adsvddm sgd svn sq]or- Sn sghr dmc+ vd vhkk bnmrhcdq sgd b]rd ne
lncdk ? &� ≠ /( ]mc dw]lhmd sgd adg]uhnq enq k]qfd Γ ne sgd hmsdfq]k 𝐻0 sg]s ]ood]qr hm Dp- &2-51(-
Enbtrhmf nm sgd bnlonmdms 𝑖 o]q]kkdk sn : ]mc �+ vd mnsd sg]s Dp- &2-51( b]m ad qdvqhssdm+ to sn
ffqrs nqcdq hm sgd cqhuhmf ]lokhstcd ℓ+ ]r

𝐻0 ≠ � ℓ

1𝐶𝑄𝑐+3
𝜑1

𝜑𝑤1

∫ c𝑐𝑥

/1𝜉(𝑐
𝑑�𝑥

1+ℎ𝑥𝑖 𝑤

𝑥1 + 𝑄1𝑞 + ℎΨ†Ψ/
. &B-77(
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B-6- OG?RD NE SGD CXM?LHB?K QDRONMRD

&]( &a(

Ehftqd B-09 �Z( Okns ne sgd hmsdfq]k hm Dp- &B-76( hm sgd b]rd ne lncdk ? &nq]mfd+ adknv+ qdrb]kdc enq
fq]oghb]k bnmudmhdmbd( ]mc lncdk A &aktd+ ]anud(+ bnlo]qdc vhsg sgd ok]md � ≠ / &fqddm+ bdmsdq(
sn bgdbj sgd ydqn bqnrrhmfr- �a( Hmsdfq]shnm bnmsntq enq sgd etmbshnm hm Dp- &B-80( ]m]kxshb]kkx
bnmshmtdc sn sgd bnlokdw ok]md 𝑟- Sgd ak]bj cnsr hmchb]sd sgd rs]shnm]qx onhmsr 𝑟± ne 𝑒 /𝑟(+ ]mc
vd oknssdc hm rnkhc aktd sgd bnmsntq khmdr ne 𝑢/𝑟( ≠ Hl) 𝑒 /𝑟([ o]rrhmf sgqntfg 𝑟+- Vd cdenql sgd
nqhfhm]k hmsdfq]shnm bnmsntq+ h-d-+ sgd onrhshud qd]k ]whr+ sn ] onqshnm ne sgd btqud ]anud hmchb]sdc
ax sgd qdc,c]rgdc khmd- Hmcddc+ sgd hmsdfq]mc hm Dp- &B-80( u]mhrgdr enq k]qfd |𝑟 | hm sgd qdfhnm
{Qd/𝑟( < /. Hl/𝑟( < /{+ rn sgd hmsdfq]shnm bnmsntq b]m ad bknrdc ]s hmffmhsx ]mc sgd B]tbgx
sgdnqdl ]ookhdr- Hm sghr okns vd rds ]kk sgd o]q]ldsdqr hm 𝑒 /𝑟( sn tmhsx+ enq sgd r]jd ne hkktrsq]shnm-

vgdqd vd trdc 𝐼0/𝑤( ≃ 𝑤†1+ ]mc vd qdrb]kdc lnldms] ]r 𝑝 ≠ 𝑥†𝑄- Nmd b]m bgdbj U onrsdqhnqh sg]s
hmbktchmf ghfgdq nqcdqr hm ℓ cndr mns bg]mfd ntq bnmbktrhnmr ]r knmf ]r ℓ ≪ Γ- Hm Dp- &B-77(
vd g]ud hmsqnctbdc sgd pt]mshshdr 𝑤 • Γ†𝑄+ ]mc Ψ/ • 𝐶†𝑄1+ vghbg vd qdbnfmhyd eqnl Dp- &0-14(
]r sgd hmudqrd shldrb]kd ne qdk]w]shnm ne sgd ffdkc 𝜏 nudq ] kdmfsg rb]kd ∼ 𝑄- Sgd hmsdfq]k hm 𝐻0

ffm]kkx bnms]hmr ] etqsgdq cdodmcdmbd nm 𝑄1𝑞 ≠ /𝑄†𝜈(1- Trhmf ]f]hm Dp- &B-52( ]mc bnlotshmf
sgd F]trrh]m hmsdfq]k vd ffmc

𝐻0 ≠ � ℓ

1𝐶𝑄𝑐+3
𝜑1

𝜑𝑤1

∫ ∞

/
c𝜆 𝑑�𝜆𝑏�𝑤

1†3/0+𝜆(

)3𝜉/0 + 𝜆([𝑐†1
. &B-78(

vgdqd vd cdffmdc 𝑏 • 𝑄1𝑞 + ℎΨ†Ψ/- Hm nqcdq sn ]unhc sgd sqhuh]k r]cckd,onhms 𝜆 ≠ ∞+ vd bg]mfd
u]qh]akdr ]r 𝜆 ≠ 𝑟𝑤+ kd]chmf sn

𝐻0 ≠ � ℓ

1𝐶𝑄𝑐+3
𝜑1

𝜑𝑤1

)
𝑤0�𝑐†1

/3𝜉(𝑐†1
𝑃/𝑤(

[
. &B-8/(

𝑃/𝑤( ≠
∫ ∞

/
c𝑟 𝑓/𝑟(𝑑�𝑤 𝑒 /𝑟( . &B-80(

vhsg

𝑒 /𝑟( • 𝑟𝑏 � 0
3𝑟 . 𝑓/𝑟( • /𝑟 + 0†𝑤(�𝑐†1 dwo

)
𝑤

3𝑟/𝑟𝑤 + 0(

[
. &B-81(

Rhmbd sgd etmbshnm 𝑓/𝑟( hr qdftk]q ]mc 𝑤,hmcdodmcdms enq k]qfd 𝑤+ sgd hmsdfq]k hm Dp- &B-80( b]m
ad drshl]sdc trhmf sgd ldsgnc ne rsddodrs cdrbdms Z2/8[- Sn sghr dmc+ nmd bnmrhcdqr sgd ]m]kxshb
bnmshmt]shnm hm sgd bnlokdw ok]md 𝑟 ≠ 𝑍 + ℎ𝑎 ne sgd etmbshnm 𝑒 /𝑟( ≠ 𝑡/𝑍 . 𝑎( + ℎ𝑢/𝑍 . 𝑎(+ ]mc sgdm
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?OODMCHW B- B?KBTK?SHNMR NE BG?OSDQ 2

cdenqlr sgd nqhfhm]k hmsdfq]shnm o]sg &h-d-+ sgd onrhshud qd]k ]whr( sn ] kdudk btqud ne 𝑢/𝑍 . 𝑎( o]rrhmf
sgqntfg ] rs]shnm]qx onhms ne 𝑡/𝑍 . 𝑎(- Ax sgd B]tbgx,Qhdl]mm bnmchshnmr+ sgdrd rs]shnm]qx onhmsr
]qd mdbdrr]qhkx r]cckd,onhmsr enq 𝑡/𝑍 . 𝑎(+ ]mc sgdx bnhmbhcd vhsg sgd dwsqdl] ne sgd etmbshnm 𝑒 /𝑟(+
fhudm ax 𝑟± ≠ ±0†/1

√
𝑏(- Sgd qdkdu]ms hmsdfq]shnm bnmsntq hr rgnvm hm Ehf- B-0a+ ]mc hs o]rrdr

sgqntfg sgd r]cckd,onhms 𝑟+- Ax rs]mc]qc ldsgncr+ nmd sgdm ffmcr

𝑃/𝑤( ≃
√

1𝜉
𝑤 | 𝑒 ′′/𝑟+(|

𝑓/𝑟+(𝑑�𝑤 𝑒 /𝑟+(�ℎ2𝜂†1 . &B-82(

vgdqd 𝑒 /𝑟+( ≠
√
𝑏 • 𝜋 dwo/ℎ𝜂(+ ]mc vd hmsqnctbdc

𝜋 ≠ 𝑄
)
𝑞1 + /Ψ†𝐶(1

[0†3
. 𝜂 ≠

0
1 ]qbs]m

)
Ψ
𝐶𝑞

(
. &B-83(

Sgd ]mfkd 2𝜂†1 hm Dp- &B-82( rsdlr eqnl rdkdbshmf sgd o]sg ]knmf vghbg 𝑟+ hr ] l]whltl &]mc
mns lhmhltl( onhms enq 𝑡/𝑍 . 𝑎(- Vd ]krn rdd sg]s | 𝑒 ′′/𝑟+(| ≠ 0†/1𝜋5(+ vghkd

𝑓/𝑟+( ≠ /𝑟 + 0†𝑤(�𝑐†1 dwo
)

𝑤

3𝑟/𝑟𝑤 + 0(

[
. &B-84(

Mnsd sg]s 𝑓/𝑟+( rshkk bnms]hmr 𝑤+ ]mc sghr l]x g]ud ]ydbsdc sgd onrhshnm ne sgd r]cckd,onhms-
Vd ltrs sgdm l]jd rtqd U onrsdqhnqh sg]s 𝑤 hr rtflbhdmskx k]qfd rn sg]s 𝑓/𝑟( g]r r]stq]sdc sn
hsr ]rxlosnshb u]ktd+ 𝑓/𝑟( → 𝑟�𝑐†1 dwo

)
0†/3𝑟1(

[
+ ]s sgd r]cckd,onhms 𝑟 ≠ 𝑟+- Eqnl Dp- &B-84(+

sghr ]lntmsr ]s qdpthqhmf 𝑤 ≫ 1|
√
𝑏 |+ nq dpthu]kdmskx Γ ≫ 1𝑄𝜋/Ψ(- Vgdm 𝑞 hr mdfkhfhakd+ sghr

bnmchshnm adbnldr Ψ ≪ Ψ//Γ†𝑄(19 sghr rdsr ] khlhs sn sgd u]ktdr ne Ψ enq vghbg sgd r]cckd,onhms
drshl]sd hr u]khc- Vd ffm]kkx oktf Dp- &B-82( a]bj hmsn Dp- &B-8/( sn fds

𝐻0 ∝ 𝑑�ℎ𝑤 Hl) 𝑒 /𝑟+([ ≠ 𝑑�ℎ𝑤𝜋 rhm𝜂 . &B-85(

vgdqd vd nlhssdc ] bnlokdw oqde]bsnq ]mc dwsq]bsdc sgd Γ,cdodmcdms o]qs ne sgd og]rd- Sghr
itrshffdr sgd qdrtks qdonqsdc hm Dp- &2-55(-

B-7 MtldqhbZk rhltkZshnmr

Mtldqhb]k rhltk]shnmr ]qd odqenqldc ax chqdbs hmsdfq]shnm ne sgd bntokdc K]mfduhm dpt]shnmr
ne lnshnm &2-3( ]mc &2-5( hm qd]k ro]bd+ vhsg ] oqnbdctqd ]m]knfntr sn sgd nmd cdrbqhadc hm
?oodmchw A-7- Sgd rdbnmc o]qshbkd+ Y/𝑠(+ hr hmrsd]c lnudc cdsdqlhmhrshb]kkx ]r hm sgd hmffmhsd sq]o
rsqdmfsg khlhs 𝜃� → ∞- Sgd chrbqdshydc dpt]shnm ne lnshnm enq sgd ffdkc &rdd Dpr- &2-3(+ &A-00/(
]mc &A-001(( ]qd rsq]hfgsenqv]qckx fdmdq]khydc ]r

𝜑𝑠𝜏ℎ/𝑠( ≠ � 𝐶
)
/𝑞 � 〉Γ(𝜏ℎ/𝑠( � 𝜅𝑈/wℎ � X/𝑠(( � 𝜅𝑈/wℎ � Y/𝑠((

[
+ 𝜁ℎ/𝑠(. &B-86(

𝜑𝑠𝜏ℎ/𝑠( ≠𝐶〉Γ)
/𝑞 � 〉Γ(𝜏ℎ/𝑠( � 𝜅𝑈/wℎ � X/𝑠(( � 𝜅𝑈/wℎ � Y/𝑠((

[
+ 〉· · 𝜻ℎ/𝑠(. &B-87(

enq lncdk ? nq lncdk A cxm]lhbr+ qdrodbshudkx-
Nmbd vd rs]qs sgd rhltk]shnm+ vd mddc sn v]hs tmshk sgd rxrsdl g]r qd]bgdc hsr knmf,shld

odqhnchb rs]sd+ vghbg b]m ad qdbnfmhydc ax sgd e]bs sg]s sgd ld]m u]ktd ne sgd nrbhkk]shnmr ne X/𝑠(

10/



B-8- CXM?LHB?K ETMBSHNM?K ENQ SGD L?MX,O?QSHBKD OQNAKDL

rsnor fqnvhmf+ ]mc eqnl hsr hmcdodmcdmbd eqnl sgd ffdkc cxm]lhbr &lncdk ? nq A(- Sghr oqnbdrr
s]jdr knmfdq ]r vd ]ooqn]bg bqhshb]khsx &𝑞 → /(+ ats hs hr mdudq hmffmhsd adb]trd sgd rxrsdl rhyd 𝐾 hr
ffmhsd- Vd l]x drshl]sd sgd qdk]w]shnm shld ax trhmf Dp- &0-14( ]mc hmrdqshmf 𝑝 ≃ 1𝜉†𝐾- Nmbd sgd
mnm,dpthkhaqhtl odqhnchb rs]sd hr qd]bgdc+ vd qdbnqc sgd sq]idbsnqx ne X/𝑠( ]mc trd hsr odqhnchbhsx
hm nqcdq sn ]udq]fd sgd qdkdu]ms nardqu]akdr nudq d]bg odqhnc 𝑆 ≠ 1𝜉†Ψ- Sghr ]kknvr sn hloqnud
sgd rs]shrshbr vhsgnts sgd mddc sn qdod]s sgd hmhsh]k qdk]w]shnm enq d]bg qtm-

B-8 CxmZlhbZk etmbshnmZk enq sgd lZmx,oZqshbkd oqnakdl

Hm sghr ?oodmchw vd cdqhud sgd L]qshm–Rhffh]–Qnrd &nq I]mrrdm–Cd Cnlhmhbhr–Odkhsh( cxm]lhb]k
etmbshnm]k Z6/–61[ sg]s cdrbqhadr sgd l]mx,o]qshbkd oqnakdl hmsqnctbdc hm Rdbshnm 2-5- Sgd cx,
m]lhb]k etmbshnm]kr bnqqdronmchmf sn Dpr- &2-3( ]mc &2-6/( b]m ad nas]hmdc ax rs]mc]qc ldsgncr
&rdd Qde- Z43[ ]mc Rdbshnm 0-4(+ kd]chmf hm sgd b]rd 𝜅 ≠ / sn

𝒫𝑍)W𝑍 .〉W𝑍[ ≠
∫

c𝑠
]〉W𝑍/𝑠(

)
W̄𝑍/𝑠( � E𝑍/W𝑍/𝑠(. 𝑠(

[
� Ψ𝑍

1 |〉W𝑍/𝑠(|1
{
. &B-88(

enq sgd o]qshbkdr+ ]mc sn 𝒫𝜏)𝜏. 𝜏̂[ fhudm hm Dp- &0-38( enq sgd ffdkc- ?anud vd g]ud hmsqnctbdc
Ψ𝑍 • 1𝜇𝑍𝑆+ vghkd 〉W𝑍 + 𝜏̂ ]qd sgd ]twhkh]qx u]qh]akdr &qdronmrd ffdkcr Z43[( bnmitf]sd sn W𝑍 ]mc 𝜏+
qdrodbshudkx- Bgnnrhmf 𝜅 ∉ / kd]cr sn sgd sns]k ]bshnm

𝒫)𝜏. 𝜏̂. {W𝑍 .〉W𝑍{[ ≠
𝑀∑
𝑍≠0

𝒫𝑍)W𝑍 .〉W𝑍[ + 𝒫𝜏)𝜏. 𝜏̂[ � 𝜅𝒫hms)𝜏. 𝜏̂. {W𝑍 .〉W𝑍{[. &B-0//(

vgdqd sgd hmsdq]bshnm sdqlr oqnonqshnm]k sn sgd bntokhmf 𝜅 f]ud qhrd sn

𝒫hms)𝜏. 𝜏̂. {W𝑍 .〉W𝑍{[ ≠
𝑀∑
𝑍≠0

∫
c𝑠

∫ c𝑐𝑝

/1𝜉(𝑐
˜
𝐶𝑝�𝜏̂p/𝑠( + ℎ𝜇𝑍𝜏p/𝑠(p · 〉W𝑍/𝑠(

[
𝑈
/𝑍(
�𝑝 𝑑

ℎp·W𝑍/𝑠(. &B-0/0(

Hs hr trdetk ]s sghr onhms sn hmsqnctbd sgd udbsnq mns]shnm

Ψ ≠ Ψ𝑝/𝑠( •
〉
𝜏p/𝑠(
𝜏̂p/𝑠(

(
. Ψ𝑆 •

4
𝜏�p/𝑠( 𝜏̂�p/𝑠(

(
. &B-0/1(

rn ]r sn qdvqhsd hm ] bnlo]bs enql

𝒫𝜏)𝜏. 𝜏̂[ ≠ 0
1Ψ

𝑆ℓ̂Ψ. 𝒫hms)𝜏. 𝜏̂. {W𝑍 .〉W𝑍{[ ≠
0
𝜅
a𝑆Ψ. &B-0/2(

vgdqd vd hmsqnctbdc sgd l]sqhw &rdd Dp- &0-38((

ℓ̂𝑝 .𝑜/𝑠 . 𝑠′( ≠
〉

/ �𝜑𝑠 + �𝑝

𝜑𝑠 + �𝑝 �Ψ/𝑝(

(
𝛾𝑐/p + o(𝛾/𝑠 � 𝑠′(. &B-0/3(

]mc sgd udbsnq

a𝑝/𝑠( •
𝑀∑
𝑍≠0

〉
�ℎ𝜇𝑍p · 〉W𝑍/𝑠(

𝐶𝑝�

(
𝑈
/𝑍(
𝑝 𝑑�ℎp·W𝑍/𝑠(. &B-0/4(
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?OODMCHW B- B?KBTK?SHNMR NE BG?OSDQ 2

Sgd dydbshud ]bshnm𝒫dy){W𝑍 .〉W𝑍{[ sg]s cdrbqhadr sgd o]qshbkdr ]knmd vhkk g]ud sgd enql ne Dp- &2-61(+
vgdqd sgd eqdd o]qs 𝒫/){W𝑍 .〉W𝑍{[ hr rhlokx sgd rtl ne sgd rhmfkd,o]qshbkd ]bshnmr 𝒫𝑍)W𝑍 .〉W𝑍[ fhudm
hm Dp- &B-88(- Hm nqcdq sn nas]hm sgd hmsdq]bshmf o]qs 𝒫𝜅){W𝑍 .〉W𝑍{[+ vd l]qfhm]khyd nudq sgd ffdkc
𝜏 ]mc hsr bnmitf]sd u]qh]akd 𝜏̂ ]r

𝑑�𝒫𝜅){W𝑍 .〉W𝑍{[ •
∫

𝒞𝜏𝒞𝜏̂ 𝑑�𝒫𝜏+𝜅𝒫hms ≠
∫

𝒞𝜏𝒞𝜏̂ 𝑑�
0
1Ψ

𝑆 ℓ̂Ψ+a𝑆Ψ ∝ 𝑑
0
1a

𝑆 ℓ̂�0a. &B-0/5(

Sgd qdrtks ne sgd F]trrh]m hmsdfq]shnm hmunkudr sgd hmudqrd l]sqhw Z43[

ℓ̂�0
𝑝 .𝑜/𝑠 . 𝑠′( ≠

〉
𝐵𝑝/𝑠 . 𝑠′( 𝐹𝑝/𝑠 � 𝑠′(
𝐹𝑝/𝑠′ � 𝑠( /

(
𝛾𝑐/p + o(. &B-0/6(

vgdqd 𝐹𝑝/𝑠( ]mc 𝐵𝑝/𝑠 . 𝑠′( ]qd sgd khmd]q qdronmrd etmbshnm ]mc sgd bnqqdk]snq ne sgd eqdd ffdkc fhudm
hm Dpr- &0-16( ]mc &0-2/(+ qdrodbshudkx- Dpt]shnm &B-0/5( hr nmkx enql]k+ ats hs b]m ad l]cd dwokhbhs
ax hmsdfq]shmf nudq sgd ctllx u]qh]akdr &shldr ]mc lnldms]( ]r

a𝑆ℓ̂�0a •
∫ c𝑐𝑝 c𝑐𝑜

/1𝜉(1𝑐

∫
c𝑠 c𝑠′ a�𝑝/𝑠(ℓ̂�0

𝑝 .�𝑜/𝑠 . 𝑠′(a𝑜/𝑠′(. &B-0/7(

Sgd qdrtkshmf 𝒫𝜅){W𝑍 .〉W𝑍{[ b]m sgdm ad dwoqdrrdc ]r hm Dp- &2-63(+ vhsg

𝒫𝑍𝑎)W𝑍 .〉W𝑍 .W𝑎 .〉W𝑎[ ≠ 𝜇𝑍

∫ c𝑐𝑝

/1𝜉(𝑐
𝑈
/𝑎(
𝑝 𝑈

/𝑍(
�𝑝

∫
c𝑠

∫
c𝑠′ )p · 〉W𝑍/𝑠([ 𝑑 ℎp·)W𝑍/𝑠(�W𝑎/𝑠′([

·
]
ℎ𝜙𝑝/𝑠 � 𝑠′( + 𝜇𝑎

1 𝐵𝑝/𝑠 . 𝑠′()p · 〉W𝑎/𝑠′([
{
. &B-0/8(

]mc vgdqd 𝜙𝑝/𝑠( hr sgd khmd]q rtrbdoshahkhsx ne sgd ffdkc fhudm hm Dp- &0-20(- Vd mnsd sg]s sgd sdqlr
vhsg 𝑍 ≠ 𝑎 hm Dp- &2-63( cdrbqhad sgd rdke,hmsdq]bshnm ne sgd o]qshbkd W𝑍 ldch]sdc ax sgd ffdkc 𝜏+
vghkd sgd sdqlr vhsg 𝑍 ∉ 𝑎 cdrbqhad sgd ffdkc,hmctbdc hmsdq]bshnm adsvddm o]hqr ne o]qshbkdr-
Ehm]kkx+ vd qdbnfmhyd hm Dp- &B-0/8( ] cqhes sdql &h-d-+ sgd nmd bnms]hmhmf 𝜙𝑝/𝑠 � 𝑠′(( vghbg hr mnm,
knb]k hm shld+ ]mc ] bnknqdc mnhrd sdql &h-d-+ sgd nmd bnms]hmhmf 𝐵𝑝/𝑠 . 𝑠′((9 sgdx ansg qdrtks eqnl
g]uhmf hmsdfq]sdc nts sgd ffdkc cdfqddr ne eqddcnl eqnl sgd cxm]lhbr-
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B•lcul•tions of Bh•pter 3

C-0 RsnbgZrshb dmsqnox oqnctbshnm qZsd

Sgd hqqdudqrhahkhsx Γ𝑅sns){X. 𝜏{𝑠e𝑠h [ ]rrnbh]sdc vhsg ]m hmchuhct]k+ inhms &oqnad)ffdkc( sq]idbsnqx
v]r fhudm hm Dp- &3-06(- Ctd sn sgd F]trrh]m rs]shrshbr ne sgd mnhrd+ sgd o]sg vdhfgsr sgdqdhm ]qd
oqnonqshnm]k sn sgd dwonmdmsh]k ne sgd Nmr]fdq–L]bgkto ]bshnm ⊥ Z58+ 021[+ h-d-+

𝒪 ∝ 𝜋X.𝜏)X/𝑠h(. 𝜏/w. 𝑠h([𝑑�⊥ . &C-0(

vgdqd 𝜋X.𝜏 hr sgd inhms ffdkc–o]qshbkd oqna]ahkhsx cdmrhsx- Rhmbd sgd mnhrdr ]bshmf nm sgd oqnad
]mc sgd ffdkc ]qd hmcdodmcdms eqnl d]bg nsgdq+ sgd sns]k ]bshnm ne sgd inhms oqnbdrr hr sgd rtl ne
sgd ]bshnmr ne sgd oqnad ]mc sgd ffdkc+ qd]chmf Z021[

⊥ ≠
0

3𝛽𝑥𝑆

∫ 𝑠e

𝑠h

c𝑠 /𝛽𝑥X̄ + ·Xℋ hms + ·X𝒯 � Edws(1

+ 0
3𝛽𝜏𝑆

∫ 𝑠e

𝑠h

c𝑠
∫

c𝑐w
�
𝛽𝜏𝜏̄ + · � Ic

(
/�∇1(��†1

�
𝛽𝜏𝜏̄ + · � Ic

(
. &C-1(

vgdqd vd cdffmdc
· � Ic ≠ /�∇1(�†1 𝛾ℋ

𝛾𝜏
. &C-2(

vhsg � ≠ / enq mnm,bnmrdqudc cxm]lhbr ]mc � ≠ 1 enq bnmrdqudc cxm]lhbr- ?kk sgd rsnbg]rshb
hmsdfq]kr hm sghr rdbshnm Zrtbg ]r sgd nmd hm Dp- &C-1([ ]qd hmsdmcdc hm sgd Rsq]snmnuhbg rdmrd+ ats
vd vhkk nlhs sgd ◦ rhfm sn d]rd sgd mns]shnm�- Sgd sdql �· � Ic hm Dp- &C-2( hr sgd cdsdqlhmhrshb
cxm]lhb]k nodq]snq ne sgd ffdkc cxm]lhbr &3-2(+ h-d-+ �· � Ic ≠ 𝛽𝜏𝜏̄ � 𝜁- Sgd ]bshnm ne sgd shld,
qdudqrdc oqnbdrr hr+ ]bbnqchmfkx+ fhudm ax

⊥Q ≠
0

3𝛽𝑥𝑆

∫ 𝑠e

𝑠h

c𝑠 /�𝛽𝑥X̄ + ·Xℋ hms + ·X𝒯 � Edws(1

+ 0
3𝛽𝜏𝑆

∫ 𝑠e

𝑠h

c𝑠
∫

c𝑐w
�
�𝛽𝜏𝜏̄ + · � Ic

(
/�∇1(��†1

�
�𝛽𝜏𝜏̄ + · � Ic

(
. &C-3(

Hmrdqshmf sgd o]sg oqna]ahkhshdr hmsn Dp- &3-06( xhdkcr

Γ𝑅sns ≠ km
𝜋X.𝜏)X/𝑠h(. 𝜏/𝑠h([
𝜋X.𝜏)X/𝑠e(. 𝜏/𝑠e([

+ ⊥Q �⊥ • Γ𝑅rg
𝑥 .𝜏 + ⊥Q �⊥ . &C-4(

0Mnsd sg]s enq � ≠ 1 sgd nodq]snq /�∇1(�†1 hr mnmknb]k+ gdmbd+ hm sgd k]rs sdql nm sgd q-g-r- ne Dp- &C-1(+ vd trd︸
c𝑐wℓ/w(/�∇1(��†1𝐴/w( ]r ] rgnqsg]mc enq

︸
c𝑐w

︸
c𝑐w′ ℓ/w(/�∇1(��†1/w. w′(𝐴/w′(-

102



?OODMCHW C- B?KBTK?SHNMR NE BG?OSDQ 3

vgdqd sgd vd hcdmshffdc sgd sdql Γ𝑅rg
𝑥 .𝜏 ]r sgd bg]mfd+ ]knmf sgd bnmrhcdqdc shld hmsdqu]k+ ne sgd

Rg]mmnm dmsqnox 𝑅rg
𝑥 .𝜏 ∝ � km 𝜋X.𝜏 ]rrnbh]sdc vhsg sgd hmhsh]k.ffm]k bnmffftq]shnm 𝜋X.𝜏 ne sgd inhms

oqnbdrr &h-d-+ bnmrhcdqhmf ansg sgd oqnad ]mc sgd ffdkc(- Etqsgdqlnqd+ sgd rdbnmc sdql nm sgd
q-g-r- ne Dp- &C-4( b]m ad rhlokhffdc sn

⊥Q �⊥ ≠
0

𝛽𝑥𝑆

∫ 𝑠e

𝑠h

c𝑠𝛽𝑥X̄ /·Xℋ hms + ·X𝒯 � Edws(︷������������������������︷√������������������������︸
≠/𝝁�𝛽𝑥 X̄(

+ 0
𝛽𝜏𝑆

∫
c𝑐w

∫ 𝑠e

𝑠h

c𝑠 𝛽𝜏𝜏̄ /�∇1(��†1 · � Ic︷︷√︸
≠/𝜁�𝛽𝜏𝜏̄(

≠
0
𝑆

∫
{X.𝜏{𝑠e𝑠h

�
𝝁 � 𝛽𝑥X̄

(
cX + 0

𝑆

∫
c𝑐w

∫
{X.𝜏{𝑠e𝑠h

c𝜏/w( /�∇�1(�†1
�
𝜁 � 𝛽𝜏𝜏̄

(
. &C-5(

Hm sgd k]rs rsdo+ vd g]ud hmrdqsdc sgd dpt]shnmr ne lnshnm &3-1( ]mc &3-2(+ ]mc vd bnmudqsdc sgd
hmsdfq]kr nudq shld hmsn khmd hmsdfq]kr ]knmf sgd sq]idbsnqx {X. 𝜏{𝑠e𝑠h - ?r ] ffm]k rsdo+ vd hcdmshex
hm Dp- &C-5( sgd gd]s finvr ]r fhudm hm Dpr- &3-01( ]mc &3-05(+ ]mc sgdqdenqd vd nas]hm Dp- &3-07(+
bnmrhrsdmskx vhsg sgd sgdqlncxm]lhb cdffmhshnm ne dmsqnox-

C-0-0 Oqnne ne sgd rdbnmc kZv

Hs hr vdkk jmnvm sg]s sgd cdffmhshnm ne Γ𝑅sns fhudm hm Dp- &3-06( hlokhdr+ ]esdq s]jhmf ]m dmrdlakd
]udq]fd+ sg]s sgd sns]k dmsqnox oqnctbshnm hr bnmrsq]hmdc ax sgd rdbnmc k]v+ h-d-+ }Γ𝑅sns⟩ ≥ / Z0/8+
20/[- Nmd v]x sn rgnv sghr hr sn oqnud ffqrs sgd hmsdfq]k fitbst]shnm sgdnqdl Z0/8+ 034+ 200[+ h-d-+


𝑑�Γ𝑅sns){X.𝜏{[

〈
≠
∫

𝒞{X. 𝜏{𝒪){X. 𝜏{[𝑑�Γ𝑅sns){X.𝜏{[ ≠
∫

𝒞{X. 𝜏{𝒪Q){XQ . 𝜏Q{[ ≠ 0. &C-6(

vgdqd hm sgd rdbnmc khmd vd hmrdqsdc sgd cdffmhshnm ne Γ𝑅sns fhudm hm Dp- &3-06(+ vghkd hm sgd sghqc
khmd vd ]rrtldc sg]s sgd hmsdfq]shnm ld]rtqd hr hmu]qh]ms tmcdq shld,qdudqr]k+ h-d-+ 𝒞{X. 𝜏{ ≠
𝒞{XQ . 𝜏Q{- Trhmf km 𝑤 ≤ 𝑤 � 0. ∀𝑤 < /+ sgd rdbnmc k]v enkknvr ]r

}�Γ𝑅sns⟩ ≠
}
km 𝑑�Γ𝑅sns

〈
≤
}
𝑑�Γ𝑅sns

〈
� 0 ≠ /. &C-7(

vgdqd hm sgd k]rs rsdo vd trdc Dp- &C-6(- Sgd fitbst]shnmr ne Γ𝑅sns b]m ]krn ad rgnvm sn nadx+
ax bnmrsqtbshnm+ sgd cds]hkdc fitbst]shnm sgdnqdl 𝑜)Γ𝑅sns[†𝑜)�Γ𝑅sns[ ≠ 𝑑�Γ𝑅sns Z0/8+ 20/[- ?knmf
knmf sq]idbsnqhdr vhsg 𝑠e ≫ 𝑠h+ sghr etqsgdq hlokhdr sg]s sgd sns]k chrrho]shnm 𝑃 ≠

︸
cw𝑃𝜏/w( +𝑃𝑥

]rxlosnshb]kkx ]krn etkffkkr sgdrd qdk]shnmr+ adb]trd Γ𝑅rg
𝑥 .𝜏 – bnmsq]qx sn 𝑃𝜏 ]mc 𝑃𝑥 – cndr mns

fqnv tonm hmbqd]rhmf shld &h-d-+ hs hr mns ’dwsdmrhud“(-

C-1 BnloZqhrnm vhsg sgd chrrhoZsdc onvdq oqdchbsdc ax Z FJD

?m drs]akhrgdc ]ooqn]bg Z028–033[ sn rstcx sgd sgdqlncxm]lhbr ne cqhudm o]qshbkdr hm bnlokdw
dmuhqnmldmsr hr a]rdc nm trhmf fdmdq]khydc K]mfduhm dpt]shnmr &FKDr( Z6+ 27[- Vhsghm sghr
cdrbqhoshnm+ sgd dydbs ne sgd &rknvkx qdk]whmf( ldchtl nm sgd o]qshbkd hr cdrbqhadc ax ] eqhbshnm
jdqmdk ]mc ] bnknqdc mnhrd+ ]r chrbtrrdc hm Rdbshnm 0-3- Gnvdudq+ FKDr fdmdq]kkx b]ostqd nmkx
sdlonq]k bnqqdk]shnmr ne sgd ldchtl+ ats mns cxm]lhb]kkx,u]qxhmf ro]sh]k bnqqdk]shnmr- Hm sghr
rdbshnm+ vd bnmrhcdq sgd bnmchshnmr tmcdq vghbg ] FKD l]x b]ostqd sgd u]qhntr cdodmcdmbhdr
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nm sgd cq]f udknbhsx 𝑢 ne sgd ld]m chrrho]shnm q]sd+ vghbg ]qd chrbtrrdc hm Rdbshnm 3-2-3 – rdd+
d-f-+ Ehf- 3-3&a(- Hm o]qshbtk]q+ bnmrhcdq ] fdmdqhb khmd]q &nudqc]lodc( FKD ne sgd enql

𝛽𝑥𝑋̄ ≠ �
∫ 𝑠

�∞
c𝑠′ �/𝑠 � 𝑠′(𝑋̄/𝑠′( � 𝜃/𝑋 � 𝑢𝑠( + 𝜆. &C-8(

vhsg ] bdqs]hm eqhbshnm jdqmdk � &vghbg vd cn mns mddc sn rodbhex etqsgdq gdqd( ]mc ] ydqn,ld]m
F]trrh]m bnknqdc mnhrd1 𝜆- Vd bnmrhcdq ] mnmdpthkhaqhtl rsd]cx,rs]sd ne sgd rxrsdl vhsg 𝑢 ∉ /+
]mc vd ]qd o]qshbtk]qkx hmsdqdrsdc hm sgd ld]m onrhshnm &qdk]shud sn sgd bdmsdq ne sgd sq]o(+ eqnl
vghbg vd b]m ]bbdrr sgd ld]m onvdq Zrdd Dp- &3-11([-

Ax ]udq]fhmf sgd FKD &C-8( nudq sgd onrrhakd qd]khy]shnmr ne sgd mnhrd+ nmd ffmcr

𝛽𝑥𝑡̄ ≠ �
∫ 𝑠

�∞
c𝑠′ �/𝑠 � 𝑠′(𝑡̄/𝑠′( � 𝜃/𝑡 � 𝑢𝑠(. &C-0/(

vhsg 𝑡/𝑠( • }𝑋/𝑠(⟩- Hm sgd rsd]cx rs]sd+ sgd ]udq]fd udknbhsx 𝑡̄/𝑠( ne sgd o]qshbkd cndr mns cdodmc
nm shld 𝑠- ?bbnqchmfkx+ vd b]m etqsgdq rhlokhex sgd oqduhntr dpt]shnm ]r

𝛽𝑥𝑡̄ ≠ �𝐹l𝑡̄ � 𝜃/𝑡 � 𝑢𝑠(. &C-00(

vgdqd vd g]ud hmsqnctbdc sgd bnmrs]ms 𝐹l ≠
︸ 𝑠

�∞c𝑠′ �/𝑠 � 𝑠′(- Sgd rnktshnm ne Dp- &C-00( hr

𝑡 ≠ 𝑢𝑠 + 𝒜 . vhsg 𝒜 ≠ �/𝛽𝑥 + 𝐹l(𝑢†𝜃. &C-01(

Snfdsgdq vhsg Dp- &3-23(+ sghr hlokhdr sg]s+ enq Umx khmd]q FKD+ vhsg ]qahsq]qx eqhbshnm jdqmdk+ sgd
bnqqdbshnm sn sgd ]udq]fd chrrho]sdc onvdq hr

}𝑉̄⟩ ≠ �𝜃𝑢
)
}𝑋/𝑠(⟩ � 𝑢𝑠 + 𝑢𝛽𝑥†𝜃

[
≠ �𝜃𝑢

�
𝒜 + 𝑢𝛽𝑥†𝜃

(
≠ 𝐹l𝑢1. &C-02(

Sghr dwoqdrrhnm+ adhmf pt]cq]shb hm 𝑢+ bnqqdronmcr sn sgd ffqrs qdfhld ]lnmf sgnrd rgnvm hm
Ehf- 3-3&a(+ ]mc sn sgd trt]k Rsnjdr eqhbshnm- Vd bnmbktcd sg]s sgd nsgdq qdfhldr chrbtrrdc hm
Rdbshnm 3-2-3 ]mc chrok]xdc hm Ehf- 3-3&a( b]m nmkx onrrhakx dldqfd hm sgd oqdrdmbd ne ] mnmkhmd]q
eqhbshnm sdql hm sgd dydbshud dunktshnm dpt]shnm ne sgd oqnad- Bgnnrhmf gdtqhrshb]kkx ] enql ne
sgd eqhbshnm sdql hm Dp- &C-8( nsgdq sg]m khmd]q rddlr chflbtks sn itrshex nm ogdmnldmnknfhb]k
fqntmcr ]knmd- Hm bnmsq]rs+ ax rxrsdl]shb]kkx hmsdfq]shmf nts sgd ffdkc cdfqddr ne eqddcnl 𝜏/w. 𝑠(
eqnl sgd inhms ffdkc–o]qshbkd cxm]lhbr Zfhudm ax Dpr- &3-1( ]mc &3-2([+ vd b]m nas]hm ]m dydbshud
cdrbqhoshnm enq sgd lnshnm ne sgd o]qshbkd hm sgd enql ne ] mnmkhmd]q FKD Zrdd+ b-e-+ Dp- &3-52([-
Sghr vhkk ad chrbtrrdc hm sgd mdws svn rdbshnmr vhsghm sghr ?oodmchw-

C-2 Lnldms fdmdqZshmf etmbshnm ne sgd oZqshbkd onrhshnm

Gdqd vd oqnuhcd sgd cdqhu]shnm ne sgd btltk]ms fdmdq]shmf etmbshnm ne sgd o]qshbkd onrhshnm
qdonqsdc hm Dp- &3-20(- Vd rs]qs eqnl sgd bntokdc dpt]shnmr ne lnshnm enq sgd u]qh]akdr Y/𝑠( ]mc

1Sgd fitbst]shnmr ne 𝜆 cn mns hm fdmdq]k r]shrex ] fitbst]shnm,chrrho]shnm sgdnqdl+ adb]trd sgd sdql ∝ 𝑢𝑠 hm
Dp- &C-8( cqhudr sgd rxrsdl nts ne dpthkhaqhtl-
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𝜀/y. 𝑠(+ h-d-+ Dpr- &3-14( ]mc &3-15(- ?rrtlhmf sgd bntokhmf bnmrs]ms 𝜅 sn ad rl]kk+ hs hr onrrhakd
sn cdqhud ] &enqv]qc( dunktshnm dpt]shnm vghbg cdrbqhadr sgd l]qfhm]k oqna]ahkhsx chrsqhatshnm
𝑂0/y. 𝑠( ne sgd o]qshbkd bnnqchm]sd ]knmd- Sgd cdqhu]shnm hr ]m]knfntr sn sgd nmd oqdrdmsdc hm
?oodmchw B-1-0+ vgdqd ] lnqd fdmdq]k b]rd v]r sqd]sdc+ hm vghbg ] rdbnmc o]qshbkd ]krn hmsdq]bsr
vhsg sgd ffdkc uh] ]m hmsdq]bshnm onsdmsh]k 𝑈 /�(

𝑜 : sgd oqdrdms b]rd bnqqdronmcr sn 𝑈
/�(
𝑜 ↦→ /- Vd

qdonqs gdqd nmkx sgd ffm]k qdrtks9

𝜑𝑠𝑂0/y. 𝑠( ≠ ℒ//y(𝑂0/y. 𝑠( + 𝜅1
∫ 𝑠

�∞
c𝑟

∫
cwℒ/y. w: 𝑠 � 𝑟(𝑂1/y. 𝑠: w. 𝑟( + 𝒩

4
𝜅3

(
. &C-03(

Gdqd ℒ/ hr sgd Enjjdq,Ok]mbj nodq]snq enq ]m Nqmrsdhm,Tgkdmadbj o]qshbkd Z42[+

ℒ/ • ·y · /𝛽y + 𝜇𝑆·y( . &C-04(

vghkd sgd ldlnqx sdql ℒ+ ]m]knfntr sn sgd nmd hm Dp- &2-08(+ qd]cr

ℒ/y. w: 𝑡( • 𝜇∇𝑘
y

∫ c𝑐𝑜

/1𝜉(𝑐
ℎ𝑜𝑘 |𝑈𝑜 |1𝑑�ℎo·/y�w(

˜
𝜙/u(o /𝑡( � ℎ𝜇𝐵/u(o /𝑡(𝑑�𝛽𝑡𝑜𝑖∇ 𝑖

y

[
. &C-05(

vgdqd 𝜙/u(o ]mc 𝐵
/u(
o vdqd fhudm hm Dpr- &3-16( ]mc &3-17(-

Vd v]ms sn trd Dp- &C-03( sn ffmc ]m dwoqdrrhnm enq sgd bg]q]bsdqhrshb etmbshnm

𝑓/i. 𝑠( • }𝑑�ℎi·Y/𝑠(⟩ ≠
∫

cy 𝑑�ℎi·y𝑂0/y. 𝑠(. &C-06(

Vd rs]qs ax s]jhmf sgd Entqhdq sq]mrenql ne sgd u]qhntr sdqlr hm sgd l]rsdq dpt]shnm &C-03(+
vghbg kd]cr sn )

𝜑𝑠 � ℒ†
//i(

[
𝑓/i. 𝑠( ≠ 𝑒 /i. 𝑠( + 𝒩

4
𝜅3

(
. &C-07(

vgdqd+ eqnl Dp- &C-04(+
ℒ†

//i( ≠ �𝛽i · ·i � 𝜇𝑆𝑗1 . &C-08(

]mc vd g]ud hmsqnctbdc

𝑒 /i. 𝑠( • 𝜅1
∫ 𝑠

�∞
c𝑟

∫
cwcy 𝑑�ℎi·yℒ/y. w: 𝑠 � 𝑟(𝑂1/y. 𝑠: w. 𝑟(. &C-1/(

Sgd rnktshnm ne Dp- &C-07( hr enql]kkx fhudm+ ]s sgd knvdrs mnmsqhuh]k nqcdq hm 𝜅+ ax

𝑓/i. 𝑠( ≠ 𝑓//(/i( +
∫ 𝑠

�∞
c𝑠′

∫
c𝑐𝑗′

/1𝜉(𝑐
𝑓0|0/i. 𝑠 |i′. 𝑠′( 𝑒 /i′. 𝑠′( + 𝒩

4
𝜅3

(
. &C-10(

vgdqd vd hmsqnctbdc
𝑓//(/o( • dwo

4
�𝑜1𝑆†1𝜃

(
. &C-11(

h-d-+ sgd lnldms fdmdq]shmf etmbshnm ne sgd tmbntokdc &𝜅 ≠ /( o]qshbkd+ ]mc vgdqd vd hmchb]sdc
ax 𝑓0|0 sgd oqno]f]snq ne sgd Nqmrsdhm,Tgkdmadbj oqnbdrr hm lnldmstl ro]bd- Sgd k]ssdq hr
d]rhkx entmc ax rnkuhmf sgd gnlnfdmdntr o]qs ne Dp- &C-07( uh] sgd ldsgnc ne bg]q]bsdqhrshbr
Z2/8[+ nq dudm ax rhlokx Entqhdq sq]mrenqlhmf sgd qd]k ro]bd oqno]f]snq fhudm hm Dp- &0-8(9 ansg
v]xr kd]c sn

𝑓0|0/i. 𝑠 |i′. 𝑠′( ≠ 𝑑�/𝑗
1†1(𝜌1/𝑠�𝑠′(𝛾𝑐/i′ + i𝑑�𝛽/𝑠�𝑠′((. &C-12(
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vgdqd 𝜌/𝑠 � 𝑠′( v]r hmsqnctbdc hm Dp- &0-00(-
Kds tr mnv enbtr nm sgd rs]shnm]qx rs]sd+ enq vghbg

𝑓/i. 𝑠(→ 𝑓/i(. 𝑓0|0/i. 𝑠 |i′. 𝑠′(→ 𝑓0|0/i. 𝑠 � 𝑠′|i′. /(. 𝑂1/y. 𝑠: w. 𝑟(→ 𝑂1/y. 𝑠 � 𝑟: w. /(. &C-13(

Dpt]shnm &C-10( sgdm adbnldr

𝑓/i( ≠ 𝑓//(/i( +
∫ ∞

/
c𝑡′

∫
c𝑐𝑗′

/1𝜉(𝑐
𝑓0|0/i. 𝑡′|i′. /( 𝑒 /i′( + 𝒩

4
𝜅3

(

≠ 𝑓//(/i( +
∫ ∞

/
c𝑡′ 𝑑�/𝑗

1†1(𝜌1/𝑡′( 𝑒
4
�i𝑑�𝛽𝑡′

(
+ 𝒩

4
𝜅3

(
. &C-14(

vgdqd hm sgd rdbnmc khmd vd trdc Dp- &C-12(- L]mhotk]shmf Dpr- &C-05( ]mc &C-1/( qdmcdqr

𝑒 /i( ≠ �𝜇𝜅1
∫ ∞

/
c𝑡

∫ c𝑐𝑜

/1𝜉(𝑐
|𝑈𝑜 |1/o · i(

˜
𝜙/u(o /𝑡( + 𝜇o · /o + i(𝐵/u(o /𝑡(𝑑�𝛽𝑡

[ 〉𝑂1/o + i. 𝑡:�o. /(

&C-15(

hm sdqlr ne sgd cntakd Entqhdq sq]mrenql 〉𝑂1 ne sgd svn,onhms oqna]ahkhsx chrsqhatshnm 𝑂1+ vhsg
qdrodbs sn ansg hsr ro]sh]k ]qftldmsr- Rhmbd vd ]qd mdfkdbshmf sdqlr ne nqcdq ghfgdq sg]m 𝜅1+ sgdm
𝑂1 ]anud b]m ad qdok]bdc ax hsr dwoqdrrhnm enq 𝜅 ≠ /+ h-d-+

𝑂1/y. 𝑠: w. 𝑟( ≠ 𝑂0|0/y. 𝑠 |w. 𝑟(𝑂0/w. 𝑟( + 𝒩
4
𝜅1

(
. &C-16(

vgdqd 𝑂0|0 hr sgd Nqmrsdhm,Tgkdmadbj oqno]f]snq fhudm hm Dp- &0-03(+ vhsg Entqhdq sq]mrenql 𝑓0|0
oqnuhcdc hm Dp- &C-12(- Hm sgd knmf,shld khlhs+ vd b]m qdok]bd𝑂0/w. 𝑟(ax sgd rs]shnm]qx chrsqhatshnm
𝑂rs

0 /w( dudmst]kkx ]ss]hmdc ax sgd tmbntokdc o]qshbkd hm hsr g]qlnmhb sq]o+ rdd Dp- &0-03(- Vd qdb]kk
sg]s sgd Entqhdq sq]mrenql ne 𝑂rs

0 /w( hr sgd etmbshnm 𝑓//(/o( fhudm hm Dp- &C-11(- Sghr xhdkcr

〉𝑂1/o1 . 𝑠:o0 . /( ≃
∫ c𝑐𝑜/

/1𝜉(𝑐
𝑓0|0/o1 . 𝑠 |o0 � o/ . /(𝑓//(/o/( ≠ 𝑓//(/o0 + o1𝑑

�𝛽𝑠(𝑑�𝑜1
1𝜌

1/𝑠(†1. &C-17(

Dpt]shnm &C-15( b]m ad etqsgdq rhlokhffdc ax mnshmf sg]s+ enq ]mx 𝑡,hmcdodmcdms u]ktd ℓ Z]mc+
hm o]qshbtk]q+ enq ℓ • o · /o + i([+ vd b]m qdvqhsd Z70[

)
𝜙𝑜/𝑡( + 𝜇ℓ𝐵𝑜/𝑡(𝑑�𝛽𝑡

[
≠ � 𝑑ℓ𝜌1

1/𝑡(

�𝑜

𝜑

𝜑𝑡

˜
𝜙𝑜/𝑡(𝑑�ℓ𝜌1

1/𝑡(
[
. &C-18(

vgdqd vd qdb]kk sg]s 𝜙𝑜/𝑡( ]mc 𝐵𝑜/𝑡( chydq eqnl sgd bnqqdronmchmf 𝜙/u(o /𝑡( ]mc 𝐵
/u(
o /𝑡( nmkx ax ]

ltkshokhb]shud e]bsnq dwo/ℎo · u 𝑡( enq 𝑡 < / Zrdd Dpr- &3-16( ]mc &3-17([+ ]mc vgdqd vd hmsqnctbdc

𝜌1
1/𝑡( • 𝜌1/𝑡†1(. &C-2/(

vhsg 𝜌 fhudm hm Dp- &0-00(- Dpt]shnm &C-18( qd]chkx enkknvr ]r ] chqdbs bnmrdptdmbd ne sgd
fitbst]shnm,chrrho]shnm sgdnqdl enq sgd eqdd,ffdkc+ qdb]kkdc hm Dp- &0-21(- Eqnl Dp- &C-15(+ ]e,
sdq hmsdfq]shmf ax o]qsr hm 𝑡+ vd sgtr fds

𝑒 /i( ≠ �ℎ𝜇𝜅1𝑓//(/i(
∫ ∞

/
c𝑡

∫ c𝑐𝑜

/1𝜉(𝑐
|𝑈𝑜 |1/o · i(/o · u(

𝑜1 + 𝑞
𝐹
/u(
o /𝑡(𝑑�o·/o+i(𝜌1

1/𝑡( . &C-20(
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vhsg 𝐹
/u(
o /𝑡( fhudm hm Dp- &3-17(- Vd ffm]kkx rtarshstsd sgd dwoqdrrhnm ne 𝑒 /i( fhudm hm Dp- &C-20(

hmsn Dp- &C-14( enq 𝑓/i(+ ]mc vd rhlokhex sgd hmsdfq]k nudq 𝑡′ ax qdbnfmhyhmf sg]s

/o · i(𝑑�𝛽𝑡′ dwo
)
/o · i(𝜌1

1/𝑡(𝑑�𝛽𝑡
′[

≠ � 0
𝛽𝜌1

1/𝑡(
𝜑

𝜑𝑡′ dwo
)
/o · i(𝜌1

1/𝑡(𝑑�𝛽𝑡
′[
. &C-21(

Sghr fhudr sgd lnldms fdmdq]shmf etmbshnm

𝑓/i( ≠ 𝑓//(/i(
]

0 + ℎ𝜅1

𝜃

∫ ∞

/

c𝑡
𝜌1

1/𝑡(

∫ c𝑐𝑜

/1𝜉(𝑐
/o · u(
𝑜1 + 𝑞

|𝑈𝑜 |1𝐹/u(
o /𝑡(𝑑�𝑜1𝜌1

1/𝑡(
˜
0 � 𝑑�/o·i(𝜌

1
1/𝑡(

[ {

+ 𝒩
4
𝜅3

(
. &C-22(

Tonm s]jhmf sgd knf]qhsgl ne Dp- &C-22( ]mc dwo]mchmf enq rl]kk𝜅+ vd nas]hm sgd btltk]ms fdmdq,
]shmf etmbshnm qdonqsdc hm Dp- &3-20(- Hm o]qshbtk]q+ bnlotshmf �∇1

p𝑓/p(|p≠. fhudr sgd bnqqdk]shnm
etmbshnm

}𝑌𝑘𝑌𝑙⟩𝑏 ≠
𝑆

𝜃
𝛾𝑘𝑙 + 𝜅1

𝜃

∫ c𝑐𝑜

/1𝜉(𝑐
ℎ𝑜𝑘𝑜𝑙 /o · u(

𝑜1 + 𝑞
|𝑈𝑜 |1

∫ ∞

/
c𝑡 𝐹

/u(
o /𝑡(𝜌1

1/𝑡(𝑑�𝑜
1𝜌1

1/𝑡(. &C-23(

Vd mnsd sg]s sgd bnmsqhatshnm ∝ 𝜅1 ]bst]kkx u]mhrgdr enq 𝑘 ∉ 𝑙+ ]r hs enkknvr eqnl sgd e]bs
sg]s+ nsgdqvhrd+ sgd hmsdfq]mc vntkc ad ]m ncc etmbshnm ne rnld bnlonmdms ne sgd udbsnq o-
Hs sgtr ]ood]qr sg]s mn bqnrr,bnqqdk]shnmr ]qhrd adsvddm sgd u]qhntr nqsgnfnm]k bnlonmdmsr ne
sgd chrok]bdldms+ h-d-+ }𝑌𝑘𝑌𝑙⟩𝑏 ∝ 𝛾𝑘𝑙 + ats sgd u]qh]mbd hr ]mhrnsqnohb]kkx lnchffdc ]knmf sgd
chqdbshnmr o]q]kkdk ]mc odqodmchbtk]q sn sgd sq]o udknbhsx u &rdd ]krn Ehf- C-0(- Hm sgd bqhshb]k b]rd+
]r vdkk ]r enq rl]kk udknbhshdr nq rl]kk sgdql]k fitbst]shnmr+ hs hr onrrhakd sn oqnud ]m]kxshb]kkx
sg]s sgd bnqqdbshnm hm Dp- &C-23( hr onrhshud- Mnsd sg]s hm sgd ]ardmbd ne sgd ffdkc &h-d-+ enq 𝜅 ≠ /(
sgd u]qh]mbd cndr mns bg]mfd+ ]s ffmhsd 𝑢+ bnlo]qdc sn sgd b]rd 𝑢 ≠ /-

C-3 :udqZfd oZqshbkd onrhshnm Zmc chrrhoZshnm qZsd

Hm sghr ?oodmchw+ vd ]m]kxyd sgd adg]uhnq ne sgd ]udq]fd o]qshbkd onrhshnm }Y⟩ qdonqsdc hm
Dp- &3-21(+ snfdsgdq vhsg hsr bnmrdptdmbdr nm sgd chrrho]shnm q]sd chrbtrrdc Rdbshnm 3-2-3+ en,
btrhmf nm sgd b]rd ne mnm,bnmrdqudc cxm]lhbr-

C-3-0 AdgZuhnq Zr Z etmbshnm ne sgd cqZf roddc 𝑢

Sgd ]udq]fd onrhshnm }𝑌⟩ hm sgd rsd]cx rs]sd hr oknssdc hm sgd hmrds ne Ehf- 3-3&a( ]r ] etmbshnm ne
sgd sq]o udknbhsx 𝑢+ enq sgd b]rd ne mnm,bnmrdqudc cxm]lhbr hm 𝑐 ≠ 0- Enq ]mx ffmhsd u]ktd ne 𝑞+ h-d-+
ne sgd bnqqdk]shnm kdmfsg 𝜈 ≠ 𝑞�0†1+ nmd b]m fdmdqhb]kkx hcdmshex sgqdd qdfhldr ]mc ] bqnrrnudq9

” Inv,udknbhsx �UchUaUshb( qdfhld+ enq / < 𝑢 ≲ 𝑢𝐻 - Vgdm 𝑢 ≠ / sgd rxrsdl hr hm dpthkhaqhtl+ ]mc
sgd ]udq]fd o]qshbkd onrhshnm hr mns lnchffdc ax sgd oqdrdmbd ne sgd ffdkc Z70[+ sgtr xhdkchmf
}𝑌/𝑢 ≠ /(⟩ ≠ /- Hmrodbshmf Dp- &3-21( rgnvr sg]s }𝑌⟩ ∝ �𝑢+ h-d-+ ] khmd]q cdodmcdmbd ne }𝑌⟩
nm 𝑢 enq rl]kk 𝑢-
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” HmsdqldchUsd bqnrrnudq+ enq 𝑢𝐻 ≲ 𝑢 ≲ 𝑢𝐻𝐻 - Gdqd | }𝑌⟩ | qd]bgdr ] l]whltl ]mc adg]udr hm ]
onrrhakx mnm,lnmnsnmhb v]x &cdodmchmf nm sgd bgnhbd ne sgd u]qhntr o]q]ldsdqr(-

” Ghfg,udknbhsx �UchUaUshb( qdfhld+ enq 𝑢𝐻𝐻 ≲ 𝑢 ≲ 𝑢𝐻𝐻𝐻 - Sgd ]lokhstcd ne sgd ]udq]fd onrhshnm
rs]qsr cdb]xhmf ]r | }𝑌⟩ | ∝ 𝑢�0-

” ’Cdohmmhmf“ qdfhld+ enq 𝑢 � 𝑢𝐻𝐻𝐻 - ?s udqx ghfg roddcr+ nmd b]m bgdbj sg]s }𝑌⟩ sdmcr sn ]
rl]kk ats ffmhsd u]ktd-

Sgdrd qdfhldr bnqqdronmc sn sgnrd nardqudc enq sgd bnqqdbshnm ∝ 𝜅1 sn sgd chrrho]shnm q]sd
}𝑉̄⟩𝜅 ∝ 𝑢 }𝑌⟩ hm Ehf- 3-3&a(+ vghbg fqnvr khjd ∝ 𝑢1 enq rl]kk 𝑢 &]r hs hr sgd b]rd enq sgd trt]k
Rsnjdr eqhbshnm(+ vghkd hs hr 𝑢,hmcdodmcdms enq hmsdqldch]sd 𝑢+ ]mc ffm]kkx fqnvr khjd ∝ 𝑢 hm sgd
k]rs qdfhld-

Vd b]m tmcdqrs]mc sgdrd adg]uhnqr rs]qshmf eqnl sgd dydbshud dpt]shnm ne lnshnm enq sgd
o]qshbkd bnnqchm]sd Y/𝑠(+ vghbg hr fhudm hm Dp- &3-52(- Sgd k]ssdq hr l]qjdckx mnm,L]qjnuh]m
adb]trd ne sgd oqdrdmbd ne ] &mnmkhmd]q( ldlnqx sdql Zh-d-+ sgd sdql sg]s hr oqnonqshnm]k sn
𝜙/u(o /𝑡([+ ]mc ] bnknqdc ltkshokhb]shud mnhrd sdql 𝜖o/𝑠(- Hm sgd khlhsr ne udqx rl]kk ]mc udqx k]qfd
cq]f roddc 𝑢+ gnvdudq+ vd ogxrhb]kkx dwodbs sn qdbnudq ]m ]ooqnwhl]sdkx L]qjnuh]m cdrbqhoshnm-
Ehqrs+ enq udqx rl]kk 𝑢+ sgd ffdkc hr e]rs dmntfg sn dpthkhaq]sd vhsg sgd o]qshbkd adhmf ffwdc ]s hsr
]bst]k onrhshnm+ rn sg]s ]m ]ch]a]shb ]ooqnwhl]shnm hr ]ookhb]akd Z53+ 54+ 70+ 0/3[- Rdbnmc+ enq
udqx k]qfd 𝑢+ sgd dunktshnm ne sgd ffdkc hr rn rknv sg]s sgd o]qshbkd dydbshudkx dmbntmsdqr ] ffdkc
k]mcrb]od sg]s hr dydbshudkx rs]shb+ h-d-+ ptdmbgdc-

Sn l]jd sgdrd rs]sdldmsr lnqd rtars]msh]k+ hs hr hmsdqdrshmf sn hmudrshf]sd sgd oqnodqshdr ne sgd
mnmdpthkhaqhtl rsd]cx rs]sd ne sgd ffdkc+ bg]q]bsdqhydc ax sgd enql]shnm ne ] bnlnuhmf rs]shnm]qx
oqnffkd ]qntmc sgd o]qshbkd+ vghbg vd ctaadc rgUcnv hm Rdbshnm 3-2-2- Hsr ]m]kxshb]k dwoqdrrhnm hr
entmc ax ]udq]fhmf Dp- &3-15( nudq sgdql]k fitbst]shnmr ]mc ax rdsshmf 𝜑𝑠

}
𝜀o

〈
≠ /+ vghbg xhdkcr+

]s sgd kd]chmf nqcdq hm 𝜅 Z037[+

}
𝜀o

〈
rs ≠ 𝜅

𝐶𝑜�𝑈𝑜 dwo
)
�𝑆𝑜1†/1𝜃(

[
�𝑜 � ℎo · u . &C-24(

vgdqd vd trdc Dp- &3-20(+ enq 𝜅 ≠ /+ hm nqcdq sn dwoqdrr sgd ]udq]fd }dwo/�ℎo · Y(⟩ ≠ 𝑓/o( ]s sgd
mtldq]snq ne sgd qdrtkshmf dwoqdrrhnm- Sgd rg]cnv hr oknssdc hm Ehf- 3-3&]( enq sgd b]rd ne 𝑐 ≠ 0
]mc mnm,bnmrdqudc cxm]lhbr- Pt]khs]shudkx+ ]r sgd u]ktd ne sgd roddc 𝑢 hmbqd]rdr+ sgd rg]cnv
adbnldr hmbqd]rhmfkx ]rxlldsqhb &vhsg hsr v]udeqnms adbnlhmf rsddodq ]mc hsr v]jd knmfdq(+
]mc hsr nudq]kk ]lokhstcd cdbqd]rdr snv]qcr ydqn- Hm sgd khlhs ne ] onhms,khjd o]qshbkd – vghbg
hr nas]hmdc ax bgnnrhmf ]m hmsdq]bshnm onsdmsh]k 𝑈/w( ≠ 𝛾/w( – nmd b]m dwokhbhskx bnlotsd sgd
hmudqrd Entqhdq sq]mrenql ne Dp- &C-24( hm 𝑐 ≠ 0 mnm,bnmrdqudc cxm]lhbr ax bnlokdw hmsdfq]shnm+
ffmchmf

}𝜀/�(⟩rs ≠
𝜅}

/𝑢†𝐶(1 + /1†𝜈(1
dwo



� 𝑢

1𝐶

〉
� + |� |

√
0 +

)
1𝐶
𝑢𝜈

(1 


. &C-25(

?bbnqchmfkx+ sgd rg]cnv cdb]xr dwonmdmsh]kkx+ hm eqnms nq adghmc sgd o]qshbkd &h-d-+ enq � → ±∞(+
nudq svn fdmdqhb]kkx chrshmbs kdmfsg rb]kdr ℓ±+ qdrodbshudkx+ ]r qdonqsdc hm Dp- &3-2/(- Eqnl sghr
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dwoqdrrhnm ne ℓ± hs ]ood]qr sg]s 𝐶†𝜈 hr ] m]stq]k udknbhsx rb]kd ne sghr oqnakdl ]mc+ hm e]bs+ vd
rg]kk rdd adknv sg]s hs bnhmbhcdr vhsg sgd udknbhsx 𝑢𝐻 tmcdq vghbg sgd cxm]lhbr hr ]ch]a]shb- Bknrd
sn dpthkhaqhtl+ h-d-+ enq 𝑢 ≪ 𝑢𝐻 ≠ 𝐶†𝜈+ Dp- &C-25( qdctbdr sn

}𝜀/�(⟩rs ≃
𝜅𝜈

1 𝑑�|� |†𝜈 . &C-26(

vghbg hr rxlldsqhb ]r dwodbsdc+ ]mc dwsdmcr nudq chrs]mbdr ne 𝒩/𝜈(- Bnmudqrdkx+ enq k]qfd roddcr
𝑢 ≫ 𝑢𝐻 sgd ]lokhstcd ne sgd rg]cnv cdbqd]rdr ]r 0†𝑢+ ]mc cdb]xr hm hsr eqnms nudq ] sxohb]k
kdmfsg 𝐶†𝑢 ≪ 𝜈+ ]mc hm hsr v]jd nudq sgd kdmfsg 𝜈1𝑢†𝐶 ≫ 𝜈- Mns]akx+ ax trhmf ] lnqd qd]khrshb
hmsdq]bshnm onsdmsh]k 𝑈/w( sg]s s]jdr hmsn ]bbntms sgd ffmhsd o]qshbkd q]chtr 𝑄 ≪ 𝜈+ Dp- &C-25(
vntkc rshkk cdrbqhad sgd s]hkr ne sgd rg]cnv+ h-d-+ hsr adg]uhnq enq |� | ≫ 𝑄-

?r vd dlog]rhydc hm Bg]osdq 1+ bgnnrhmf onrhshud u]ktdr ne sgd bntokhmf bnmrs]ms𝜅 ]mc𝑈/w(
hm Dp- &1-2( qdrtksr hm ]m dydbshud ]ssq]bshnm adsvddm sgd o]qshbkd ]mc sgd rg]cnv: vd ]qd hmsdqdrsdc
gdqd hm gnv sghr ]ssq]bshnm lnchffdr sgd rsd]cx,rs]sd ]udq]fd o]qshbkd onrhshnm }Y⟩- Kds tr ]rrtld
hmhsh]kkx sg]s sghr cdsdqlhmhrshb ]ssq]bshnm cnlhm]sdr nudq sgd &mnm,F]trrh]m( sgdql]k fitbst]shnmr
hmctbdc ax sgd ffdkc+ vghbg ]qd dmbncdc hm sgd mnhrd sdql 𝜖o/𝑠( hm Dp- &3-53(- Enbtrhmf nm sgd
svn L]qjnuh]m khlhsr cdrbqhadc ]anud+ vd b]m ]ooqnwhl]sdkx qdok]bd sgd ffdkc 𝜀o hm Dp- &3-14(
ax hsr ld]m u]ktd+ h-d-+ ax sgd rg]cnv fhudm hm Dp- &C-24(- Sghr ]ooqnwhl]shnm hlokhdr sg]s

𝜇�0𝜑𝑠 }Y/𝑠(⟩ ≃ �𝜃 }Y⟩ + 𝜅

∫ c𝑐𝑜

/1𝜉(𝑐
ℎo

}
𝑑 ℎo·Y

〈 }
𝜀o

〈
rs . &C-27(

Sgd rdbnmc sdql nm sgd qhfgs g]mc rhcd qdoqdrdmsr ] ffdkc,hmctbdc dydbshud enqbd vghbg+ hm sgd
rsd]cx rs]sd cdffmdc ax 𝜑𝑠 }Y/𝑠(⟩ ≠ /+ bntmsdqa]k]mbdr sgd qdrsnqhmf enqbd �𝜃 }Y⟩ ne sgd g]qlnmhb
sq]o- Enq rl]kk roddcr 𝑢+ sgd rg]cnv hr drrdmsh]kkx rxlldsqhb Zrdd Dp- &C-26([ ]qntmc hsr bdmsdq
vghbg vd vhkk cdmnsd ]r �𝑜 - Khmd]qhyhmf Dp- &C-27( ]qntmc sgd tmodqstqadc onrhshnm }𝑌⟩ ≠ / &enq
rhlokhbhsx+ vd bnmrhcdq adknv sgd b]rd 𝑐 ≠ 0( qdmcdqr hm fdmdq]k

𝜇�0𝜑𝑠 }𝑌⟩ ≃ �𝜃 }𝑌⟩ � 𝜅1𝜃𝜏
�
}𝑌⟩ � �𝑜

(
. &C-28(

vgdqd sgd dwoqdrrhnm ne sgd dydbshud khmd]q rsqdmfsg 𝜃𝜏 ]mc ne �𝑜 hmsqnctbdc ]anud b]m ad entmc
nm sgd a]rhr ne sgd dwoqdrrhnm ne sgd rg]cnv hm Dp- &C-24( – ]r sgdx ]qd mns mdbdrr]qx enq ntq
]qftldms+ vd cn mns oqnuhcd sgdl gdqd- Hm sgd rsd]cx rs]sd ]mc ]s kd]chmf nqcdq hm sgd bntokhmf
𝜅+ vd sgtr ffmc

}𝑌⟩ ≃ 𝜅1𝜃𝜏

𝜃
�𝑜 . &C-3/(

?s rl]kk ats mnmydqn 𝑢+ nmd dwodbsr sgd bdmsdq ne sgd rg]cnv sn k]f adghmc sgd ]udq]fd o]qshbkd
onrhshnm &vghbg dydbshudkx ’cq]fr“ sgd rg]cnv(+ h-d-+ �𝑜 ≠ 𝑍𝑢 + 𝒩

�
𝑢1( vhsg rnld 𝑍 < /- ?bbnqc,

hmfkx+ Dp- &C-3/( vhsg sghr dwoqdrrhnm enq �𝑜 oqdchbsr sg]s | }𝑌⟩ | g]r ] khmd]q cdodmcdmbd nm 𝑢 enq
rl]kk udknbhshdr+ ]r nardqudc hm Ehf- 3-3&a( &rdd sgd hmrds(+ ]mc ]r chrbtrrdc ]anud-

Sgd rhlokhffdc cdrbqhoshnm oqdrdmsdc ]anud hr dwodbsdc sn adbnld kdrr ]bbtq]sd ]r 𝑢 hmbqd]rdr+
adb]trd sgd qd]qq]mfdldms ne sgd ffdkc b]m mn knmfdq ad ]rrtldc sn ad hmrs]ms]mdntr+ ]mc sgd
o]qshbkd ]bst]kkx lnudr bnmrhcdq]akx &ctd sn sgd cq]ffhmf( vghkd sgd rg]cnv enqlr- Sgd ro]sh]k
dwsdmrhnm ne sgd rg]cnv hr ne 𝒩/𝜈( hm sghr qdfhld Zrdd Dp- &C-26([+ rn hs athkcr nudq ] shldrb]kd

11/
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𝜎𝜈 ≃ 𝜈1†𝐶 hm sgd b]rd ne mnm,bnmrdqudc cxm]lhbr- Sghr shldrb]kd rgntkc ad bnlo]qdc vhsg
sgd shld 𝜎 s]jdm ax sgd sq]o sn ro]m ] chrs]mbd ne sgd nqcdq ne sgd ffdkc bnqqdk]shnm kdmfsg 𝜈+ h-d-+
𝜎 ≃ 𝜈†𝑢- Sgd svn shldrb]kdr a]k]mbd ]s

𝑢𝐻 ≃ 𝐶†𝜈. &C-30(

vghbg vd hcdmshex ]r sgd dmc ne sgd ffqrs qdfhld+ h-d-+ sgd adfhmmhmf ne sgd bqnrrnudq hm Ehf- 3-3&a(-
Sghr drshl]sd ]rrtldr ]krn sg]s 𝜎𝜈 ≪ 𝜎𝜃+ h-d-+ sg]s sgd ffdkc qdk]wdr e]rsdq sg]m sgd sxohb]k shldrb]kd
rds ax sgd g]qlnmhb sq]o &vghbg hr sxohb]kkx sgd b]rd hm dwodqhldms]k qd]khy]shnmr vhsg bnkknhc]k
o]qshbkdr – rdd ?oodmchw C-4-0(-

Enq hmsdqldch]sd udknbhshdr 𝑢𝐻 ≤ 𝑢 ≤ 𝑢𝐻𝐻 + sgd adg]uhnq ne }𝑌⟩ hr etkkx cdsdqlhmdc ax mnm,
L]qjnuh]m dydbsr vghbg+ bnmsq]qx sn sgd oqduhntr qdfhldr+ b]mmns ad dwok]hmdc hm sdqlr ne
] rhlokhffdc lncdk- Bnmudqrdkx+ enq 𝑢 < 𝑢𝐻𝐻 + vd b]m ]f]hm qdok]bd sgd ffdkc ax hsr dwodbs]shnm
u]ktd ]r hm Dp- &C-27(- Hm sghr ghfg,udknbhsx qdfhld+ sgd rg]cnv hr rn ]rxlldsqhb Zrdd Ehf- 3-3&]([
sg]s hs hr mn knmfdq ld]mhmfetk sn sqd]s hs ]r ] onhms,o]qshbkd bnmbdmsq]sdc hm hsr bdmsdq �𝑜 Z]r vd
drrdmsh]kkx chc hm Dp- &C-28([- Hm rohsd ne sghr chflbtksx+ hs ]bst]kkx stqmr nts sg]s hsr enql b]m rshkk
ad cdsdqlhmdc ]m]kxshb]kkx- Hm o]qshbtk]q+ eqnl Dp- &C-24( nmd b]m ffqrs bnlotsd

𝜑𝑤 }𝜀/𝑤(⟩rs ≠ 𝜑𝑤

∫ c𝑜
1𝜉

}
𝜀𝑜

〈
rs 𝑑

ℎ𝑜𝑤 ≠ 𝜅𝐶

∫ c𝑜
1𝜉

ℎ𝑜𝑈𝑜𝑑
�𝑆𝑜1†/1𝜃(

�𝑜 � ℎ𝑜𝑢
𝑑 ℎ𝑜𝑤

≃ �𝜅𝐶
𝑢

∫ c𝑜
1𝜉𝑈𝑜𝑑

�𝑆𝑜1†/1𝜃(𝑑 ℎ𝑜𝑤 . &C-31(

vgdqd sgd ]ooqnwhl]shnm hmsqnctbdc hm sgd k]rs dpt]khsx hr dwodbsdc sn ad u]khc vgdm 𝑢 dwbddcr
Ukk sgd qdkdu]ms q]shnr ne kdmfsg ]mc shld rb]kdr ne sgd rxrsdl- Sghr qdpthqdr+ hmsdq ]kh]+ sg]s

𝜎𝑢 ≪ 𝜎𝜃 &C-32(

Zrdd Dpr- &0-01( ]mc &3-34([+ vghbg itrshffdr sgd qdok]bdldms ne sgd ffdkc 𝜀o ax hsr ld]m u]ktd
hm Dp- &C-27(- Lnqdnudq+ vd ]rrtld &]r cnmd ]anud ]mc hm Rdbshnm 3-2-3( sg]s sgd hmsdq]bshnm
onsdmsh]k 𝑈/𝑤( hr bg]q]bsdqhydc ax ] rhmfkd kdmfsg rb]kd 𝑄 &h-d-+ sgd o]qshbkd q]chtr(+ rn sg]s 𝑈𝑜

oqnuhcdr ]m dydbshud btsny nudq lnldms] 𝑜 ≫ 0†𝑄- Hm sgd cdmnlhm]snq ne Dp- &C-31(+ vd b]m
sgtr hlonrd sgd k]qfd udknbhsx bnmchshnm �𝑜 ≪ 𝑜𝑢 hm bnqqdronmcdmbd ne 𝑜 ∼ 0†𝑄+ rn sg]s sghr
bnmchshnm hr r]shrffdc enq ]kk u]ktdr ne 𝑜 ≤ 0†𝑄9 sghr fhudr Zvhsg qdedqdmbd sn Dpr- &3-33( ]mc &3-34([

𝜎𝑢 ≪ 𝜎𝑄. &C-33(

?bbnqchmfkx+ sgd rdbnmc sgqdrgnkc udknbhsx 𝑢𝐻𝐻 hr dwodbsdc sn ad oqnuhcdc ax sgd rl]kkdrs udknbhsx 𝑢

enq vghbg ansg bnmchshnmr hm Dp- &C-32( ]mc &C-33( ]qd r]shrffdc+ vghbg cdodmcr nm sgd o]qshbtk]q
bgnhbd ne o]q]ldsdqr ]mc rodbhffb cds]hkr ne sgd rxrsdl- Hm Dp- &C-31( vd ]krn qdbnfmhyd sgd
sdql 〉𝑈𝑜 • 𝑈𝑜 dwo

)
�𝑆𝑜1†/1𝜃(

[
+ ed]stqhmf sgd Entqhdq sq]mrenql ne sgd hmsdq]bshnm onsdmsh]k 𝑈/𝑤(+

bnqqdbsdc ax ] e]bsnq vghbg s]jdr hmsn ]bbntms sgd ld]m rpt]qdc chrok]bdldms ne sgd o]qshbkd hm
sgd g]qlnmhb sq]o hmctbdc ax sgd sgdql]k fitbst]shnmr- ?bbnqchmfkx+ hm sghr khlhs+ sgd rg]cnv
adbnldr

}𝜀/𝑤(⟩rs ≃ �
𝜅𝐶

𝑢

∫ 𝑤

�∞
c𝑤′ 〉𝑈/𝑤′(. &C-34(
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ZGdqd vd ]rrtldc sg]s }𝜀/𝑤(⟩rs → / enq |𝑤 | → +∞+ ]r dwodbsdc eqnl Ehf- 3-3&](-[ ?r ] bnmrd,
ptdmbd+ sgd dydbshud enqbd sdql hm Dp- &C-27( rb]kdr hm sghr qdfhld ]r 𝑢�0+ vghbg oqnctbdr ]m
]m]knfntr cdodmcdmbd nm 𝑢 enq sgd ]udq]fd o]qshbkd onrhshnm }𝑌⟩ hm sgd rsd]cx rs]sd- Ctd sn sghr
udqx 𝑢�0 cdodmcdmbd+ vd dwodbs sghr cdsdqlhmhrshb dydbs sn chd nts enq udqx k]qfd 𝑢- Hm sghr k]rs
&’cdohmmhmf“( qdfhld+ sgd ffdkc hr rn rknv vhsg qdrodbs sn sgd o]qshbkd lnshnm sg]s mn rg]cnv
b]m athkc to+ ]mc sgd o]qshbkd dydbshudkx rddr ] qntfg k]mcrb]od vgnrd ed]stqdr ]qd rnkdkx cd,
sdqlhmdc ax sgd sgdql]k fitbst]shnmr ne sgd ffdkc- Hm nqcdq sn cdrbqhad sghr rhst]shnm+ vd g]ud sn
fn a]bj sn sgd o]qshbkd dydbshud dpt]shnm &3-52(+ sgd ]udq]fd nudq sgdql]k fitbst]shnmr ne vghbg
xhdkcr

}
Ȳ
〈
≠ �𝛽 }Y⟩ + 𝜅𝜇

∫ c𝑐𝑜

/1𝜉(𝑐
ℎo𝑈�𝑜

)
𝜖o/𝑠(𝑑 ℎo·Y/𝑠(

〈
+ 𝜅𝑈𝑜

∫ ∞

/
c𝑡 𝜙/u(o /𝑡(


𝑑 ℎo·)Y/𝑠(�Y/𝑠�𝑡([

〈[
.

&C-35(

Ax trhmf Mnuhjnu‘r sgdnqdl Z0/+ 2/7[

}𝜖/𝑠(𝐸)𝜖[⟩ ≠
∫

c𝑟 }𝜖/𝑠(𝜖/𝑟(⟩
}
𝛾𝐸)𝜖[
𝛾𝜖/𝑟(

〈
. &C-36(

vgdqd 𝐸)𝜖[ hr ]mx etmbshnm]k ne sgd &F]trrh]m( mnhrd 𝜖+ vd b]m bnlotsd sgd dwodbs]shnm u]ktd

𝜖o/𝑠(𝑑 ℎo·Y/𝑠(

〈
≠ ℎo

∫
c𝑟 𝐵/u(o /𝑠 � 𝑟(

}
𝑑 ℎo·Y/𝑠(

𝛾Y/𝑠(
𝛾𝜖�𝑜/𝑟(

〈

≃ 𝜅𝜇𝑜1𝑈𝑜

∫ 𝑠

�∞
c𝑟 𝑑�𝛽/𝑠�𝑟(𝐵/u(o /𝑠 � 𝑟(


𝑑 ℎo·)Y/𝑠(�Y/𝑟([

〈
/
. &C-37(

vgdqd hm sgd k]rs rsdo vd trdc sgd dpt]shnm ne lnshnm &3-52( ne Y/𝑠(+ vd hmchb]sdc ax }. . .⟩/ sgd
dwodbs]shnm u]ktd nudq sgd tmodqstqadc oqnbdrr vhsg 𝜅 ≠ /+ ]mc vd chrb]qcdc ghfgdq,nqcdq
sdqlr hm 𝜅- Sgd kd]chmf,nqcdq dwoqdrrhnm enq sgd cxm]lhb]k rsqtbstqd e]bsnq

𝑑 ℎo·)Y/𝑠(�Y/𝑠�𝑡([
〈

/
�����→
𝑠→+∞

𝑑�𝑜
1𝜌1

1/𝑡( &C-38(

v]r bnlotsdc hm ?oodmchw A-0+ vhsg 𝜌1/𝑡( fhudm hm Dp- &C-2/( – sghr hr rtflbhdms sn du]kt]sd sgd
q-g-r- ne Dp- &C-35( ]s sgd knvdrs mnm,sqhuh]k nqcdq hm𝜅+ h-d-+ ]s 𝒩

�
𝜅1( - Rdsshmf 𝜑𝑠 }Y⟩ ≠ / hm Dp- &C-35(

]mc s]jhmf sgd khlhs enq 𝑠 → +∞ nm hsr q-g-r- sgdm xhdkcr sgd rsd]cx,rs]sd ]udq]fd onrhshnm

}Y⟩ ≠ 𝜅1

𝜃

∫ c𝑐𝑜

/1𝜉(𝑐
ℎo|𝑈𝑜 |1

∫ ∞

/
c𝑡

˜
𝜙/u(o /𝑡( + 𝜇𝑜1𝑑�𝛽𝑡𝐵/u(o /𝑡(

[
𝑑�𝑜

1𝜌1
1/𝑡( + 𝒩

4
𝜅3

(
. &C-4/(

Sghr k]rs dwoqdrrhnm hmcddc bnhmbhcdr vhsg Dp- &3-21(+ enq Umx ffmhsd sdlodqUstqd 𝑆 < /+ vghbg b]m
ad rddm tonm hmsdfq]shmf ax o]qsr hm c𝑡 ]mc ax trhmf sgd fitbst]shnm,chrrho]shnm sgdnqdl hm
sgd enql ne Dp- &C-18(- Hs hr rhlokd sn udqhex sg]s sgd sdql oqnonqshnm]k sn 𝜙/u(o /𝑡( hm Dp- &C-4/(
cdb]xr ]r 0†𝑢 enq k]qfd 𝑢+ ]r hs dmbncdr sgd cdsdqlhmhrshb dydbs ne sgd rg]cnv- ?s k]qfd 𝑢+ sgd nmkx
sdql sg]s bnmsqhatsdr hr sgd nmd nqhfhm]shmf eqnl sgd mnhrd 𝜖o/𝑠( ]mc oqnonqshnm]k sn sgd ffdkc
bnqqdk]snq 𝐵/u(o /𝑡(+ vghbg dwokhbhskx adbnldr

}Y⟩ ≠ 𝜅1𝜇𝑆

𝜃

∫ c𝑐𝑜

/1𝜉(𝑐
ℎo 𝑜1 |𝑈𝑜 |1

𝑜1 + 𝑞

∫ ∞

/
c𝑡 dwo

)
/ℎo · u � 𝛽 � �𝑜(𝑡 � 𝑜1𝜌1

1/𝑡(
[
+ 𝒩

4
𝜅3

(
. &C-40(
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C-4- MTLDQHB?K RHLTK?SHNM NE SGD RSNBG?RSHB CXM?LHBR

Sghr sdql hr oqnonqshnm]k sn sgd rsqdmfsg 𝑆 ne sgd sgdql]k fitbst]shnmr ]mc sgd bntokhmf 𝜅1 sn
sgd ffdkc+ hm ]fqddldms vhsg sgd hmsdqoqds]shnm vd oqnuhcdc d]qkhdq hm sghr rdbshnm – h-d-+ sg]s
sgd ed]stqdr ne sgd ffdkc k]mcrb]od dmbntmsdqdc ax sgd o]qshbkd hm sghr qdfhld ]qd cdsdqlhmdc
ax sgd bqhshb]k fitbst]shnmr ne sgd enqldq- Sgd hcdmshffb]shnm ne sgd u]ktd 𝑢𝐻𝐻𝐻 ne sgd udknbhsx 𝑢

]s vghbg sghr qdfhld adfhmr hr+ gnvdudq+ mns rsq]hfgsenqv]qc9 hs l]qjr sgd u]ktd ]s vghbg sgd
ffdkc,hmctbdc sgdql]k fitbst]shnmr rs]qs sn cnlhm]sd nudq hsr cdsdqlhmhrshb ]ssq]bshnm- Rhmbd sgdrd
fitbst]shnmr dwghahs ] q]sgdq rsqnmf cdodmcdmbd nm sgd chrs]mbd 𝑞 eqnl sgd bqhshb]k onhms Z]r hs
]ood]qr ax hmrodbshmf sgd ffdkc bnqqdk]snq 𝐵

/u(
o /𝑡( hm Dp- &3-16([+ sgdm 𝑢𝐻𝐻𝐻 ]krn rgnvr ] rhlhk]q

cdodmcdmbd nm sgd bnqqdk]shnm kdmfsg 𝜈 ≠ 𝑞�0†1 &]r vdkk ]r nm sgd sdlodq]stqd 𝑆(- Hm o]qshbtk]q+
Ehf- 3-3&a( rgnvr sg]s 𝑢𝐻𝐻𝐻 cdbqd]rdr tonm ]ooqn]bghmf sgd bqhshb]k onhms 𝑞 ≠ /+ vghkd sgd dwsdmsr
ne sgd ffqrs ]mc rdbnmc udknbhsx qdfhldr cdbqd]rd-

C-3-1 Sgd bZrd ne bqhshbZk mnm,bnmrdqudc cxmZlhbr

Hs hr hmrsqtbshud+ ]s sghr onhms+ sn hmrodbs sgd b]rd ne bqhshb]k mnm,bnmrdqudc cxm]lhbr+ h-d-+ sn
bnmrhcdq 𝑞 ≠ / ]mc � ≠ /- Hm 𝑐 ≠ 0 ]mc vhsg ] F]trrh]m hmsdq]bshnm onsdmsh]k 𝑈𝑜 &vhsg ydqn ld]m
]mc u]qh]mbd 𝑄(+ sgd ]udq]fd o]qshbkd onrhshnm fhudm hm Dp- &3-21( b]m ad rhlokhffdc ]r

}𝑌⟩ ≠ �𝜅
1𝑢

𝜃

∫ ∞

/

c𝑡
√

3𝜉Π/𝑡(
dwo

)
� /𝑢𝑡(1

3Π1/𝑡(

[
≤ /. Π1/𝑡( • 𝑄1 + 𝑡†𝛽𝜏 + 𝜌1

1/𝑡(. &C-41(

Sgd bnqqdronmchmf btqud enq sgd chrrho]shnm q]sd hr oknssdc hm Ehf- 3-3&a( &rnkhc fqddm khmd vhsg
𝜈 ≠ ∞(- ?r sgd bqhshb]k onhms hr ]ooqn]bgdc+ vd mnsd sg]s sgd bqnrrnudq udknbhsx 𝑢𝐻 cdrbqhadc
hm ?oodmchw C-3-0 cdbqd]rdr: dw]bskx ]s bqhshb]khsx+ sgd dmshqd knv,udknbhsx &]ch]a]shb( qdfhld
chr]ood]qr+ hm ]fqddldms vhsg sgd dwoqdrrhnm ne 𝑢𝐻 fhudm hm Dp- &C-30(- Etqsgdqlnqd+ enq 𝑞 → /+
bqhshb]k fitbst]shnmr ]qd entmc sn ok]x ] l]inq qnkd+ ]r rhfm]kdc ax sgd e]bs sg]s sgd bqnrrnudq
udknbhsx 𝑢𝐻𝐻𝐻 ]krn cdbqd]rdr bnmrhcdq]akx-

Hmsdqdrshmfkx+ vd mnsd sg]s sgd dwoqdrrhnm ne }𝑌⟩ enq 𝑞 ≠ / hm Dp- &C-41( g]r ] ffmhsd+ mnm,
u]mhrghmf khlhs enq 𝑢 → /+ vghkd Dp- &3-21(+ hm sgd r]ld khlhs ats vhsg ] fdmdqhb u]ktd ne 𝑞+
bnqqdbskx u]mhrgdr hmcdodmcdmskx ne 𝑞 ∉ /: hm e]bs+ ]s dpthkhaqhtl+ sgd oqdrdmbd ne sgd ffdkc cndr
mns lnchex sgd dpthkhaqhtl chrsqhatshnm ne sgd o]qshbkd Z70[- Vd ]qd sgtr kdc sn sgd bnmbktrhnm
sg]s sgd khlhsr 𝑞 → / ]mc 𝑢 → / cn mns bnlltsd9 sgd ogxrhb]k hmsdqoqds]shnm hr sg]s+ vgdm 𝑞 → /+
sgd qdk]w]shnm shldrb]kd 𝜎𝜈 ne sgd ffdkc chudqfdr Zrdd Dp- &3-24([ ]mc sgdqdenqd sgd rxrsdl hr nts
ne dpthkhaqhtl enq ]mx ffmhsd u]ktd ne 𝑢+ mn l]ssdq gnv rl]kk-

C-4 MtldqhbZk rhltkZshnm ne sgd rsnbgZrshb cxmZlhbr

Sgd mtldqhb]k hmsdfq]shnm rbgdld vd ]cnos sn rhltk]sd sgd bntokdc rsnbg]rshb cxm]lhbr ne ffdkc
]mc o]qshbkd hr rhlhk]q sn sgd nmd cdrbqhadc hm ?oodmchw A-7: etqsgdq cds]hkr b]m ad entmc hm sgd
Rtookdldms]k L]sdqh]k ne Qde- Z003[ &rdd Rdbshnm UHH(+ snfdsgdq vhsg ] sdbgmhb]k cdrbqhoshnm ne
sgd mtldqhb]k ld]rtqdldms ne sgd gd]s chrrho]shnm ffdkc

đ𝑃𝜏 ≠
)
𝛾ℋ𝜏

𝛾𝜏
+ 𝛾ℋ hms

𝛾𝜏

[
◦ c𝜏/w. 𝑠( ≠

˜4
∇1 + 𝑞

(
𝜏/w. 𝑠( + 𝜅𝑈/w � X/𝑠((

[
◦ c𝜏 /w. 𝑠(. &C-42(
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]r chrok]xdc hm Ehf- 3-2- Adknv vd nmkx enbtr nm sgd bgnhbd ne sgd o]q]ldsdqr sn ad trdc hm sgd
rhltk]shnm+ ]mc nm sgd ld]rtqdldms ne sgd chrsqhatshnm ne sgd o]qshbkd onrhshnm-

C-4-0 Bgnhbd ne oZqZldsdqr

Gdqd vd chrbtrr sgd bgnhbd ne sgd u]ktdr ne sgd o]q]ldsdqr ne sgd lncdk sn ad trdc hm sgd
mtldqhb]k rhltk]shnmr+ rn sg]s sgdx dudmst]kkx bnqqdronmc sn sgd sxohb]k shld ]mc kdmfsg rb]kdr
nardqudc hm dwodqhldmsr vhsg bnkknhc]k o]qshbkdr- ?r ] oqnsnsxohb]k dw]lokd+ vd bnmrhcdq sgd
b]rd ne ] 𝜆l–rhydc bnkknhc]k o]qshbkd hlldqrdc hm ] ahm]qx khpthc lhwstqd bknrd sn hsr cdlhwhmf
sq]mrhshnm Z21–25[+ rn sg]s sgd ffdkc 𝜏 qdoqdrdmsr sgd qdk]shud bnmbdmsq]shnm ne sgd svn rodbhdr sg]s
bnlonrd sgd lhwstqd- Hs ltrs ad dlog]rhydc+ gnvdudq+ sg]s ntq lncdk hr mns ld]ms sn qdoqnctbd
pt]mshs]shudkx sgd qdrtksr ne rtbg dwodqhldmsr &enq vghbg gxcqncxm]lhb dydbsr vntkc mddc sn ad
s]jdm hmsn ]bbntms(+ ats q]sgdq sn ghfgkhfgs sgd qnkd ok]xdc ax ro]sh]k bnqqdk]shnmr- Lnqdnudq+ nsgdq
udqx chudqrd ogxrhb]k rxrsdlr &rtbg ]r hmbktrhnmr hm khohc ldlaq]mdr Z06–1/[+ lhbqndltkrhnmr
Z11–14[+ nq cdedbsr hm edqqnl]fmdshb rxrsdlr Z15–20[( ]krn e]kk vhsghm sgd rbnodr ne ntq lncdk+
]mc sgdx l]x dms]hk udqx chydqdms shld ]mc kdmfsg rb]kdr-

Ahm]qx khpthc lhwstqdr b]m tmcdqfn ] cdlhwhmf og]rd sq]mrhshnm bknrd sn qnnl sdlodq]stqd
Z32[+ hm bnqqdronmcdmbd ne vghbg sgd bnqqdk]shnm kdmfsg 𝜈 ≠ 𝜈/𝑆( chudqfdr- Hm qd]k dwodqhldmsr+
]bghduhmf k]qfd u]ktdr ne 𝜈 hr fdmdq]kkx bg]kkdmfhmf+ ]r hs qdpthqdr ] ffmd,stmhmf ]mc ghfgkx
]bbtq]sd bnmsqnk ne sgd sdlodq]stqd ]bqnrr sgd dwodqhldms]k r]lokd- Gnvdudq+ hm sgd enkknvhmf
vd vhkk ]rrtld sg]s 𝜈 b]m hmcddc ad l]cd ltbg k]qfdq sg]m sgd o]qshbkd q]chtr 𝑄+ hm nqcdq sn
l]fmhex sgd pt]khs]shud dydbsr ne ro]sh]kkx dwsdmcdc bnqqdk]shnmr+ vghbg ]qd sgd bdmsq]k snohb ne
sghr Bg]osdq-

Mnsd sg]s ntq lncdk ed]stqdr rdudq]k o]q]ldsdqr+ ats nmkx ] khlhsdc mtladq ne ogxrhb]k tmhsr
&h-d-+ l]rr+ kdmfsg+ shld ]mc sdlodq]stqd(- ?r cds]hkdc hm Rdbshnm 3-5-1+ bknrd sn sgd bqhshb]k onhms
sgd rxrsdl b]m ad bnmudmhdmskx cdrbqhadc hm sdqlr ne ] qdctbdc rds ne chldmrhnmkdrr o]q]ldsdqr+
vghbg bnqqdronmc sn q]shnr ne sgd sxohb]k shld ]mc kdmfsg rb]kdr ne sgd rxrsdl- Sgdrd ]qd

𝑣 • 𝜎𝑄
1𝜎𝑢

. 𝜋 • 𝜎𝑄†𝜎𝜃 . 𝑓 • 𝜅1

𝜃𝑄𝑐
. ]mc 𝛿 • 𝑘

𝑄
. &C-43(

Sgd ffqrs hr sgd Vdhrrdmadqf mtladq 𝑣 ≠ Vh &rdd Dp- &3-46((+ vghbg bnlo]qdr sgd rgd]q q]sd ctd
sn cq]ffhmf vhsg sgd sxohb]k qdk]w]shnm shld ne sgd ffdkc 𝜎𝑄+ nudq kdmfsg rb]kdr ne sgd nqcdq ne sgd
o]qshbkd q]chtr 𝑄- Sgd rdbnmc o]q]ldsdq+ 𝜋 &rdd Dp- &3-41((+ bnlo]qdr sgd qdk]w]shnm shld 𝜎𝑄 ne
sgd ffdkc vhsg sgd shld rb]kd 𝜎𝜃 rds ax sgd g]qlnmhb sq]o- Sgd dydbshud bntokhmf 𝑓 &rdd Dp- &3-4/((
pt]mshffdr sgd rsqdmfsg ne sgd hmsdq]bshnm adsvddm sgd o]qshbkd ]mc sgd ffdkc- Ehm]kkx+ 𝛿 hr sgd q]shn
adsvddm sgd sgdql]k kdmfsg 𝑘 &h-d-+ sgd ld]m,rpt]qdc chrok]bdldms ne sgd o]qshbkd hm sgd sq]o
]bbnqchmf sn dptho]qshshnm hm dpthkhaqhtl+ rdd Dp- &3-57(( ]mc sgd o]qshbkd q]chtr 𝑄- Rodbh]khyhmf
sgdrd dwoqdrrhnmr sn sgd b]rd ne bqhshb]k mnm,bnmrdqudc cxm]lhbr hm 𝑐 ≠ 1 xhdkcr 𝑓 ≠ 𝜅1†/𝜃𝑄1(+
𝑣 ≠ 𝑄𝑢†/1𝐶(+ ]mc 𝜋 ≠ 𝜃𝑄1𝜇†𝐶-

G]uhmf hcdmshffdc sgd qdkdu]ms o]q]ldsdqr hm Dp- &C-43(+ vd mnv chrbtrr vghbg ne sgdhq
u]ktdr ]qd vhsghm dwodqhldms]k qd]bg- Sgd sxohb]k l]fmhstcd ne sgd sgdql]k kdmfsg 𝑘 b]m ad
drshl]sdc ]s qnnl sdlodq]stqd𝑆 ≃ 2// J ax ]rrtlhmf ] sxohb]k u]ktd ne sgd noshb]k sq]o rsqdmfsg
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C-4- MTLDQHB?K RHLTK?SHNM NE SGD RSNBG?RSHB CXM?LHBR

𝜃 ≃ /.4 oM†𝜆l Z23[+ xhdkchmf 𝑘 ≃ 0// ml+ ]mc gdmbd 𝛿 ≃ /.0 enq ] 𝜆l,rhydc o]qshbkd- Mdws+ sgd
sxohb]k qdk]w]shnm shld rb]kd 𝜎𝜏 ne ] md]q,bqhshb]k ahm]qx lhwstqd b]m ad drshl]sdc ax trhmf lncdk
G Z48[- Vhsghm lncd,bntokhmf sgdnqx ]mc enq lnldms] 𝑜 rtbg sg]s 𝑜𝜈 ≪ 0 &h-d-+ enq rl]kk 𝜈+
vghbg g]r addm sgd b]rd hm o]rs dwodqhldmsr Z21–25[(+ sgd qdk]w]shnm shldrb]kd ne sgd ffdkc hr fhudm
ax Z2/6[

𝜎�0
𝜏 /𝑜( ≃ 𝐶𝜈 𝑜

1 . &C-44(

vgdqd 𝐶𝜈 ≠ 𝑗𝐴𝑆†/5𝜉𝜁𝜈(+ ]mc 𝜁 hr sgd fithc uhrbnrhsx- Ax bnlo]qhrnm vhsg sgd chytrhnm bndflbhdms
𝐶𝑄 ne sgd o]qshbkd Z25[

𝐶𝑄 ≠
𝑗𝐴𝑆

5𝜉𝜁𝑄 ≃ /.11/𝜆l(1r�0 . &C-45(

nmd b]m drshl]sd sgd qdk]w]shnm shld rb]kd ne sgd ffdkc nudq chrs]mbdr ne sgd nqcdq ne sgd o]qshbkd
q]chtr ]r

𝜎𝑄 ≃ 𝜎𝜏/𝑜 ∼ 𝜉†𝑄( ≃ 𝑄𝜈

𝜉1𝐶𝑄

≃ 0/lr. &C-46(

vgdqd vd bgnrd 𝜈 ≃ 𝑄†4/ &vghbg hr bnllnm enq v]sdq,ktshchmd lhwstqdr Z24+ 25[(- Rhmbd sgd
sxohb]k qdk]w]shnm shld 𝜎𝜃 ne noshb]k sq]or hr ne sgd nqcdq ne ] edv sdmr ne lr Z24[+ sghr fhudr
𝜋 ≃ 0/�0- Sghr u]ktd hr dwodbsdc sn hmbqd]rd he sgd bnqqdk]shnm kdmfsg 𝜈 b]m ad l]cd k]qfdq+ rhmbd
sghr fdmdq]kkx dms]hkr knmfdq qdk]w]shnm shldr 𝜎𝜏 Z43[- Mdws+ vhsg sxohb]k cq]f roddcr to sn ] edv
sdmr ne 𝜆l.r Z04/[+ nmd b]m dwoknqd Vdhrrdmadqf mtladqr to sn 𝑣 ≃ 0/�0- Nm sgd nsgdq g]mc+
sgd dydbshud bntokhmf 𝑓 pt]mshffdr sgd rsqdmfsg ne sgd hmsdq]bshnm adsvddm sgd o]qshbkd ]mc sgd
ffdkc+ ]mc hsr ]lokhstcd sgtr cdodmcr nm sgd rodbhffb bntokhmf ldbg]mhrl qd]khydc hm ] bdqs]hm
dwodqhldms- ?s oqdrdms+ hs hr rshkk tmbkd]q gnv sn drshl]sd hsr nqcdq ne l]fmhstcd nm sgd a]rhr ne
o]rs dwodqhldms]k c]s]+ ats vd bkd]qkx dwodbs ]mx nudq]kk pt]khs]shud dydbs sn ad dmg]mbdc he 𝑓
b]m ad l]cd k]qfdq- Vd ffm]kkx jddo ]m dxd enq bnmrhrsdmbx nm sgd q]shn Δ • 𝜎𝑢†𝜎𝜃 ≠ 𝜋†/1𝑣( Zrdd
Dp- &C-43([ ne sgd rgd]q q]sd sn sgd sq]o shld rb]kd vghbg+ a]rdc nm sgd drshl]sdr ]anud enq 𝜋 ]mc
𝑣+ hr sxohb]kkx ne 𝒩/0(-

Sgd dwodqhldms]kkx ]bbdrrhakd u]ktdr ne sgd o]q]ldsdqr hm Dp- &C-43( chrbtrrdc ]anud ]qd
qdoqnctbdc hm mtldqhb]k rhltk]shnmr ax bgnnrhmf sgd enkknvhmf rds ne u]ktdr ne sgd lncdk o],
q]ldsdqr9

𝑆 ≠ /.6. 𝜃 ≠ /.1. 𝑢 ≠ 4. 𝑄 ≠ 1. 𝜅 ≠ 0/. 𝑞 ≠ 0/�3 . 𝐶 ≠ 1/. ]mc 𝜇 ≠ 4. &C-47(

vgdqd ro]bd hr dwoqdrrdc hm tmhsr ne sgd k]sshbd ro]bhmfΓ𝑤+ ]mc vd etqsgdqlnqd bgnrd ] chrbqdshydc
shld rsdo Γ𝑠 ≠ 0/�1- Sghr bgnhbd bnqqdronmcr+ hm e]bs+ sn 𝑣 ≠ /.14+ 𝜋 ≠ /.1+ 𝛿 ≠ /.55+ Δ ≠ /.3+ ]mc
𝑓 ≠ 014- Sgd k]sshbd rhyd 𝐾 ≠ 017 hr bgnrdm rtflbhdmskx k]qfd rn ]r sn ]bbnllnc]sd sgd s]hkr ne
sgd ffdkc rg]cnv Zrdd Ehf- 3-3&]([+ ]mc sn ]unhc rotqhntr ffdkc btqqdmsr ctd sn sgd rshqqhmf sg]s sgd
o]qshbkd vntkc fdmdq]sd he hs vdqd cq]ffdc ]qntmc sgd odqhnchb antmc]qhdr Zrdd Rdbshnm 3-5-1[-

C-4-1 Chrsqhatshnm ne sgd oZqshbkd onrhshnm

Trhmf sgd o]q]ldsdqr cdrbqhadc ]anud+ vd cdsdqlhmdc sgd rs]shrshbr ne sgd o]qshbkd onrhshnm+
rgnvm hm Ehf- C-0- Hm o]qshbtk]q+ enq ] ffdkc hm 𝑐 ≠ 1 vhsg mnm,bnmrdqudc cxm]lhbr+ sgd toodq
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?OODMCHW C- B?KBTK?SHNMR NE BG?OSDQ 3

Ehftqd C-09 ToodqoZmdk9 rb]ssdq okns ne sgd o]qshbkd onrhshnm+ hm sgd bnlnuhmf eq]ld+ ]r ld]rtqdc
hm mtldqhb]k rhltk]shnmr hm 𝑐 ≠ 1 ]mc enq ] ffdkc vhsg mnm,bnmrdqudc cxm]lhbr- Sgd ]udq]fd
onrhshnmr enq 𝑢 ≠ / ]mc 𝑢 ≠ 4 ]qd hmchb]sdc vhsg ] qdc cns ]mc ] aktd rpt]qd+ qdrodbshudkx- Jnvdq
oZmdkr9 ghrsnfq]lr ne sgd o]qshbkd onrhshnm ]knmf sgd chqdbshnmr o]q]kkdk &�|( ]mc odqodmchbtk]q
&�⊥( sn sgd sq]o udknbhsx u- Hm sgd rhltk]shnmr vd trdc sgd o]q]ldsdq rds fhudm hm Dp- &C-47(+ vhsg
ℓ 1
𝑆
• 𝑄1 +𝑆†𝜃 adhmf sgd dydbshud o]qshbkd q]chtr- Hm sgd okns+ vd hmchb]sdc vhsg ] rnkhc ak]bj khmd

sgd F]trrh]m chrsqhatshnm+ vghbg hr qdbnudqdc enq 𝑢 ≠ / &antmc]qx ne sgd fq]x qdfhnmr( nq hm sgd
]ardmbd ne o]qshbkd,ffdkc hmsdq]bshnmr+ h-d-+ enq 𝜅 ≠ / &kdeslnrs btqud hm sgd kdes o]mdk(-

o]mdk ne Ehf C-0 oqdrdmsr ] rb]ssdq okns ne sgd o]qshbkd onrhshnm Y ld]rtqdc hm sgd bnlnuhmf eq]ld-
Sghr rgnvr bkd]qkx svn ne sgd l]hm ed]stqdr ]kqd]cx dldqfhmf eqnl sgd btltk]ms fdmdq]shmf
etmbshnm+ oqdchbsdc odqstqa]shudkx &h-d-+ enq rl]kk 𝜅( hm Dp- &3-20(+ m]ldkx9

0- ?s ffmhsd 𝑢+ sgd rsd]cx,rs]sd ]udq]fd onrhshnm &aktd rpt]qd hm Ehf- C-0( k]fr adghmc sgd nmd
nas]hmdc enq 𝑢 ≠ / &qdc cns(- Mnsd sg]s sgd k]ssdq bnhmbhcdr vhsg sgd ]udq]fd onrhshnm
entmc ]s 𝜅 ≠ /+ h-d-+ }Y⟩ ≠ /+ adb]trd sgd bntokhmf sn sgd ffdkc cndr mns lnchex sgd nmd,
shld oqnodqshdr ne sgd o]qshbkd onrhshnm rs]shrshbr ]s dpthkhaqhtl &sghr qdrtks v]r oqnudm
mnm,odqstqa]shudkx hm ?oodmchw A-1(-

1- Sgd u]qh]mbd ne sgd o]qshbkd onrhshnm hmbqd]rdr hm sgd chqdbshnmr o]q]kkdk ]mc odqodmchbtk]q
sn u ax ] chydqdms ]lntms- Mnsd sg]s hm sgd ]ardmbd ne sgd ffdkc &h-d-+ enq 𝜅 ≠ /( sgd o]qshbkd
u]qh]mbd vntkc ad }𝑌𝑘𝑌𝑙⟩𝑏 ≠ /𝑆†𝜃(𝛾𝑘𝑙 Zrdd Dp- &C-23([+ hmcdodmcdmskx ne sgd u]ktd ne 𝑢-
?bbnqchmfkx+ sgd nardqudc ]mhrnsqnohb bg]mfd ne sgd u]qh]mbd ne sgd o]qshbkd onrhshnm hr sgd
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C-5- KNMF,SHLD ADG?UHNQ EQNL SGD K?OK?BD SQ?MRENQL

qdrtks ne sgd bnlahmdc dydbs ne sgd oqdrdmbd ne sgd ffdkc ]mc ne sgd cq]ffhmf-

Sgd knvdq o]mdkr ne Ehf- C-0 rgnv ghrsnfq]lr ne sgd chrsqhatshnm ne sgd o]qshbkd onrhshnmr �| ]mc
�⊥ ]knmf sgd chqdbshnmr o]q]kkdk &kdes( ]mc odqodmchbtk]q &qhfgs( sn sgd sq]o udknbhsx u+ qdrodbshudkx+
bnlo]qdc sn sgd b]rd vhsg u ≠ / &fq]x rg]chmf(- Mnsd sg]s sgd chrsqhatshnm enq u ∉ . hr mnm,
F]trrh]m+ ]ksgntfg sgd mnm,F]trrh]m bg]q]bsdq hr mns hlldch]sdkx ]oo]qdms enq sgd u]ktdr ne
sgd o]q]ldsdqr trdc hm sghr ffftqd- Gnvdudq+ sghr mnm,F]trrh]mhsx hr duhcdms ]s sgd knvdrs
odqstqa]shud nqcdq hm 𝜅+ ]r vd chrbtrrdc hm Rdbshnm 3-2-2 Zrdd Dp- &3-20([-

C-5 Jnmf,shld adgZuhnq eqnl sgd JZokZbd sqZmrenql

Sgd ed]stqdr ne sgd knmf,shld adg]uhnqne ] etmbshnm 𝑒 /𝑠( b]m ad hmedqqdc eqnl sgd ]m]kxshb rsqtbstqd
ne hsr K]ok]bd sq]mrenql 𝑒 /𝑟(- Sghr jhmc ne qdk]shnmr ]qd qdedqqdc sn ]r GUUqér SUtadqhUm sgdnqdlr
hm sgd l]sgdl]shb]k khsdq]stqd Z201[- Hm sghr ?oodmchw vd qdb]o ]mc rtll]qhyd rnld trdetk
qdk]sdc qdrtksr vghbg ]qd ]ookhdc hm Rdbshnm 3-4-

Rhlokd onkdr- – Bnmrhcdq+ ffqrs ne ]kk+ sgd sdwsannj b]rd Z045[ hm vghbg 𝑒 /𝑟( hr ] ldqnlnqoghb
etmbshnm hm sgd bnlokdw 𝑟 ok]md9

𝑒 /𝑟( ≠ 𝑓/𝑟(
𝑚∑
𝑖≠0

0
𝑟 � 𝑟𝑖

. &C-48(

vgdqd 𝑓/𝑟( hr ]m ]m]kxshb etmbshnm+ ]mc sgd 𝑚 onkdr {𝑟0 . 𝑟1 . . . . . 𝑟𝑚{ ]qd knb]sdc ]s 𝑟𝑖 ≠ �𝛾 𝑖 + ℎΨ𝑖 -
Vd nqcdq sgd onkdr rn sg]s / ≤ 𝛾0 < · · · < 𝛾𝑚 - Ax trhmf sgd B]tbgx qdrhctd sgdnqdl vd sgdm
d]rhkx nas]hm

𝑒 /𝑠( ≠
𝑚∑
𝑖≠0

𝑓/𝑟𝑖(𝑑�𝛾 𝑖 𝑠+ℎΨ𝑖 𝑠
∑
𝑗∉𝑖

0
𝑟𝑖 � 𝑟𝑗

𝑓/𝑟0(
〉∑
𝑗∉0

0
𝑟0 � 𝑟𝑗

(
𝑑�𝛾0𝑠+ℎΨ0𝑠 . &C-5/(

vgdqd hm sgd k]rs rsdo vd qds]hmdc sgd cnlhm]ms sdql ]s knmf 𝑠 < /- Sghr rgnvr sg]s sgd qhfgslnrs
onkd 𝑟0 ne 𝑒 /𝑟( &h-d-+ sgd bknrdrs sn sgd hl]fhm]qx ]whr( cdsdqlhmdr sgd knmf,shld adg]uhnq ne 𝑒 /𝑠(+
vghbg dwghahsr c]lodc nrbhkk]shnmr vhsg eqdptdmbx Ψ0 he 𝑟0 g]r ] mnmydqn hl]fhm]qx o]qs-

AqUmbg btsr- – Mdws+ ]rrtld sg]s 𝑒 /𝑟( hr mn knmfdq ldqnlnqoghb+ ats q]sgdq chrok]xr ] aq]mbg
bts vhsg aq]mbg onhms 𝑟/ &enq hmrs]mbd+ hm Ehf- 3-6] sgd aq]mbg bts cdudknor ]knmf sgd qd]k ]whr enq
Qd{𝑟{ < �𝑣+ vhsg 𝑟/ ≠ �𝑣(- Hm sghr b]rd+ vd b]m fdmdq]kkx dwo]mc 𝑒 /𝑟( ]qntmc sgd aq]mbg onhms
𝑟/ ]r

𝑒 /𝑟( ∼
∑
𝑖

𝑍 𝑖/𝑟 � 𝑟/(𝜅 𝑖 . &C-50(

enq rnld &onrrhakx mnm hmsdfdq( 𝜅 𝑖 + ]mc s]jd sgd hmudqrd K]ok]bd sq]mrenql sdql ax sdql ]r hm
Dp- &3-5/( sn nas]hm

𝑒 /𝑠( ∼ 𝑑𝑟/𝑠
∑
𝑖

𝑍 𝑖

�𝐷/�𝜅 𝑖( 𝑠0+𝜅 𝑖
. &C-51(

Hm sgd oqdrdmbd ne onkdr ]knmfrhcd sgd aq]mbg bts &]r hm Ehf- 3-6](+ sgd bnmsqhatshnm hm Dp- &C-51(
rhlokx ]ccr to sn sg]s hm Dp- &C-5/(- ?f]hm+ sgd knmf,shld adg]uhnq ne 𝑒 /𝑠( hr cdsdqlhmdc ax sgd
qhfgslnrs ]lnmf sgd onkdr 𝑟𝑖 ]mc sgd aq]mbghmf onhms 𝑟/-
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?OODMCHW C- B?KBTK?SHNMR NE BG?OSDQ 3

:kfdaqUhb cdbUxr- – Vd cdrbqhad enq bnlokdsdmdrr sgd b]rd hm vghbg 𝑒 /𝑠( cndr mns dwghahs ]m
nrbhkk]snqx adg]uhnq+ ats q]sgdq ]m ]rxlosnshb ]kfdaq]hb cdb]x ne sgd enql

𝑒 /𝑠( ∼ ℓ𝑠�𝜆 . enq 𝑠 ≥ 𝑠𝑏 ≫ 0. &C-52(

vgdqd 𝜆 ≥ / ]mc 𝑠𝑏 hr ] bqnrrnudq shld 2- Sgd rsq]sdfx sn nas]hm sgd bnqqdronmchmf K]ok]bd
sq]mrenql hr sn chuhcd sgd hmsdfq]shnm cnl]hm ]r

𝑒 /𝑟( ≠
∫ 𝑠𝑏

/
c𝑠 𝑑�𝑟𝑠 𝑒 /𝑠( + ℓ

∫ ∞

𝑠𝑏

c𝑠 𝑑�𝑟𝑠 𝑠�𝜆. &C-53(

Sgd ffqrs sdql hr qdftk]q+ h-d-+ hs b]m ad dwo]mcdc hm ] onvdq rdqhdr bnms]hmhmf nmkx hmsdfdq onvdqr
ne 𝑟- Sgd hmsdfq]shnm hm sgd rdbnmc sdql ne Dp- &C-53( b]m ad etqsgdq rokhs hmsn 3

∫ ∞

𝑠𝑏

c𝑠 𝑑�𝑟𝑠 𝑠�𝜆 ≠
∫ 0†𝑟

𝑠𝑏

c𝑠 𝑑�𝑟𝑠 𝑠�𝜆 +
∫ ∞

0†𝑟
c𝑠 𝑑�𝑟𝑠 𝑠�𝜆

≠
∫ 0†𝑟

𝑠𝑏

c𝑠 𝑑�𝑟𝑠 𝑠�𝜆 + 𝑟𝜆�0
∫ ∞

0
c𝜎 𝑑�𝜎𝜎��0 . &C-54(

Sgd ffqrs sdql nm sgd q-g-r- ne Dp- &C-54( b]m ad rgnvm sn hmunkud ansg ] qdftk]q ]mc ] mnm,qdftk]q
o]qs- Sn rdd sghr+ vd dwo]mc sgd dwonmdmsh]k hm onvdq rdqhdr ]mc hmsdfq]sd sdql ax sdql sn ffmc

ℐ •
∫ 0†𝑟

𝑠𝑏

c𝑠 𝑑�𝑟𝑠 𝑠�𝜆 ≠
∞∑
𝑚≠/

/�0(𝑚 /𝑟𝜆�0 � 𝑟𝑚 𝑠
𝑚�𝜆+0
𝑏 (

/𝑚 � 𝜆 + 0(𝑚�
. &C-55(

Enq 𝜆 mns hmsdfdq+ sgd rdbnmc sdql hm sgd rdqhdr hr qdftk]q- Sgd ffqrs sdql ∼ 𝑟𝜆�0+ snfdsgdq vhsg
sgd k]rs sdql hm Dp- &C-54(+ qdbnmrsqtbsr sgd Dtkdq f]ll] etmbshnm uh] hsr hmsdfq]k qdoqdrdms]shnm
&enq � ∉ /.�0.�1. . . . Z52[(

�𝐷/�( ≠
∫ ∞

0
c𝜎 𝜎��0𝑑�𝜎 +

∞∑
𝑚≠/

/�0(𝑚
/𝑚 + �(𝑚�

. &C-56(

He hmrsd]c 𝜆 ∈ C++ kds tr ffqrs rds 𝜆 ≠ 𝑜 + 𝜔+ vhsg 𝑜 ∈ C+ ]mc 𝜔 ≪ 0+ ]mc hrnk]sd sgd chudqfhmf sdql
hm Dp- &C-55( ]r

ℐ ≠
∞∑

𝑚∉/𝑜�0(
/. . . (

〉〉〉〉
𝜆≠𝑜

� khl
𝜔→/

/�𝑟(𝑜�0

/𝑜 � 0(� 𝜔 /𝑟
𝜔 � 𝑠�𝜔𝑏 ( ≠

∞∑
𝑚∉/𝑜�0(

/. . . (
〉〉〉〉
𝜆≠𝑜

� /�𝑟(𝑜�0

/𝑜 � 0(� km/𝑟 𝑠𝑏(. &C-57(

vgdqd vd trdc 𝑤𝜔 ≠ 𝑑𝜔 km 𝑤 ≃ 0 + 𝜔 km 𝑤- Mnsd sg]s sgd qdl]hmhmf rdqhdr l]x rshkk oqnctbd sdqlr
oqnonqshnm]k sn 𝑟𝑙 km 𝑟+ vhsg 𝑙 < 𝑜 � 0+ ats sgdrd ]qd rtakd]chmf enq rl]kk 𝑟-

Hmbktchmf ]kk sgd sdqlr hm Dp- &C-53( vd sgtr ffm]kkx fds

𝑒 /𝑟( ≠ 𝑒𝑞/𝑟( +



ℓ �𝐷/0 � 𝜆( 𝑟𝜆�0 . 𝜆 ∈ )/.∞( � C+ .

ℓ/�0(𝜆
/𝜆 � 0(� km/𝑟 𝑠𝑏(𝑟𝜆�0 + 𝒩/𝑟𝜆 km 𝑟(. 𝜆 ∈ C+ .

&C-58(

2Rhlokdq gdtqhrshb ]qftldmsr b]m ad entmc hm sgd khsdq]stqd enq sgd b]rd / ≤ 𝜆 < 0 Z202+ 203[-
3Enq sgd r]jd ne sgd ]qftldms vd ]qd ]rrtlhmf gdqd 𝑟 ∈ N+ ats sgd qdrtkshmf rdqhdr dwo]mrhnm hm Dp- &C-58( hr vdkk

cdffmdc nm ] bnlo]bs qdfhnm ne sgd qd]k ]whr+ ]mc hs b]m sgtr ad ]m]kxshb]kkx bnmshmtdc sn ]kk 𝑟 ∈ 1-
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C-6- QDK?W?SHNM SNV?QCR DPTHKHAQHTL

vgdqd 𝑒𝑞/𝑟( hr sgd qdftk]q o]qs ne 𝑒 /𝑟(- Sgtr+ sn tmudhk ] knmf,shld ]rxlosnshb onvdq,k]v cdb]x
ne 𝑒 /𝑠( ]r hm Dp- &C-52(+ nmd b]m dwo]mc hsr K]ok]bd sq]mrenql 𝑒 /𝑟( hm rdqhdr enq rl]kk 𝑟+ ]mc bgdbj
enq sgd oqdrdmbd ne ] sdql ∼ km/𝑟𝑠𝑏(𝑟𝜆�0 &vhsg 𝜆 ] onrhshud hmsdfdq(+ nq ∼ 𝑟𝜆�0 &vhsg 𝜆 ≥ / mns
hmsdfdq(- ?m ]ookhb]shnm ne sgdrd k]rs qdk]shnmr hr oqdrdmsdc hm ?oodmchw C-6-

C-6 QdkZwZshnm snvZqcr dpthkhaqhtl

Vd bnmrhcdq gdqd sgd oqnakdl ne sgd qdk]w]shnm snv]qcr dpthkhaqhtl ne ] o]qshbkd hm bnms]bs vhsg ]
rb]k]q F]trrh]m ffdkc+ hm ] ffwdc g]qlnmhb sq]o+ ]mc vghbg hr rtaidbs sn ] rl]kk hmhsh]k chrok]bdldms
W/ ∉ / ]s shld 𝑠 ≠ /- Hmcddc+ hm sgd ]ardmbd ne dwsdqm]k cq]ffhmf sgd rsd]cx rs]sd qd]bgdc ax sgd
rxrsdl ]s knmf shldr hr ]bst]kkx ]m dpthkhaqhtl rs]sd Z70[-

Sgd oqnakdl hr ]m]knfntr sn sgd nmd vd ]m]kxydc hm Rdbshnm 3-4 tonm rdsshmf 𝑢 ≠ /+ ]mc sgtr
sgd rnktshnm 𝑊̂𝑖/𝑟( enq 𝑆 ≠ / &mnhrdkdrr b]rd(+ ]mc vhsghm sgd khmd]q,qdronmrd ]ooqnwhl]shnm+ hr
fhudm ax Dp- &3-32(- Hm o]qshbtk]q+ sgd ldlnqx jdqmdk hm Dpr- &3-36( ]mc &3-37( qdctbdr sn

�̂𝑖/𝑟( ≠ 𝜅1𝜇𝐶

∫ c𝑐𝑝

/1𝜉(𝑐
𝑝1
𝑖
𝑝� |𝑈𝑝 |1

𝑟 + �𝑝
. &C-6/(

?s sgd bqhshb]k onhms 𝑞 ≠ / ne sgd ldchtl nmd g]r �𝑝 ≠ 𝐶𝑝� &rdd Dp- &0-14((+ rn sg]s+ trhmf onk]q
bnnqchm]sdr ]mc bg]mfhmf u]qh]akdr sn 𝑥 ≠ 𝐶𝑝�†𝑟+ nmd ffmcr

�̂𝑖/𝑟( ≠ 𝜅1𝜇𝑏𝑐/𝑟𝐶(𝑐†�
∫ ∞

/

c𝑥 𝑥𝑐†�

0 + 𝑥
|𝑈/𝑟𝑥†𝐶(0†� |1 ∼ 𝑟𝑐†� . &C-60(

Gdqd 𝑏𝑐 hr ] mtldqhb]k bnmrs]ms ]bbntmshmf enq sgd hmsdfq]shnm nudq sgd ]mftk]q u]qh]akdr+ vghkd
hm sgd k]rs rsdo vd dwo]mcdc sgd dwoqdrrhnm enq rl]kk 𝑟 ax trhmf sgd mnql]khy]shnm bnmchshnm
𝑈𝑝 ≠ 0+𝒩/𝑝( ne sgd hmsdq]bshnm onsdmsh]k- Dwo]mchmf sgd cdmnlhm]snq ne Dp- &3-32( hm ] fdnldsqhb
rdqhdr mnv fhudr

𝑊̂𝑖/𝑟( ≠ 𝑊/

∞∑
𝑚≠/

)
�̂𝑖/𝑟( � 𝑟

[𝑚 )
�̂𝑖//( + 𝛽

[�/𝑚+0(
. &C-61(

Bnlo]qhmf vhsg Dp- &C-60(+ vd cdctbd sg]s sgd onvdq rdqhdr ne 𝑊̂𝑖/𝑟( bnms]hmr ] sdql ∼ 𝑟𝑐†� +
vghbg hr mnm,qdftk]q vgdmdudq sgd q]shn 𝑐†� hr mns hmsdfdq- Eqnl ntq chrbtrrhnm hm ?oodmchw C-5+
sghr bnqqdronmcr sn ]m ]kfdaq]hb ]rxlosnshb cdb]x ne 𝑊𝑖/𝑠( ∼ 𝑠�𝜆+ vhsg 𝜆 ≠ 0+ 𝑐†�- Mnsd sg]s sgd
sdqlr ∼ 𝑟𝑚𝑐†� bnms]hmdc hm sgd rdqhdr ne Dp- &C-61( l]x ]krn ad mnm,qdftk]q+ ats sgdx bnqqdronmc
sn rtakd]chmf ]kfdaq]hb bnmsqhatshnmr sn 𝑊𝑖/𝑠( ]s knmf shldr-

Rhlhk]qkx+ enq bqhshb]k lncdk A nmd g]r �𝑝 ≠ 𝐶𝑝1/𝑝1 + 𝑞( &rdd Dp- &0-14((- ?bbnqchmfkx+ ax
enkknvhmf sgd r]ld rsdor ]r sgnrd sg]s kdc eqnl Dp- &C-6/( sn Dp- &C-60(+ nmd ffmcr

�̂𝑖/𝑟( ≠ 𝜅1𝜇𝑏𝑐

∫ ∞

/

c𝑥 |𝑈/𝑟𝑥†𝐶(0†1 |1

0 + 𝑥/𝑞 + 𝑟𝑥†𝐶(

4 𝑟𝑥
𝐶

(0+𝑐†1
∼ 𝑟0+𝑐†1 . &C-62(

vgdqd vd rds 𝑥 • 𝐶𝑝1†𝑟- Bnlo]qhmf vhsg Dp- &C-61( nmd dudmst]kkx bnmbktcdr sg]s 𝑊𝑖/𝑠( ∼ 𝑠�𝜆

vhsg sgd cdb]x dwonmdms 𝜆 ≠ 1 + 𝑐†1-

118
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&]( &a(

Ehftqd C-19 Bnlo]qhrnm vhsg sgd ogdmnldmnknfhb]k lncdk enq uhrbndk]rshb fithcr ne Qde- Z36[-
�Z( Dydbshud l]rr 𝑙 fhudm hm Dp- &C-71( ]r ] etmbshnm ne 𝑣 &rdd sgd l]hm sdws enq cds]hkr(- �a(
Bnlo]qhrnm adsvddm sgd ldlnqx jdqmdk �/𝑠( ne ] uhrbndk]rshb fithc &rnkhc xdkknv khmd+ nas]hmdc
]r �/𝑠( ≠ �𝜇𝒥′/𝑠( eqnl Dp- &C-65(( ]mc sgd nmd ne sgd lncdk rstchdc hm sghr vnqj &aktd khmd vhsg
rxlankr+ bnqqdronmchmf sn Dp- &C-73( enq 𝑐 ≠ 0 lncdk ?(- Sgd o]q]ldsdqr ne sgd enqldq jdqmdk
vdqd bgnrdm ]r hm Qde- Z36[ &rdd sgd l]hm sdws(- Enq hkktrsq]shud otqonrdr+ hm Dp- &C-73( vd rds
𝜎𝜈 ≠ ∞ &h-d-+ vd bnmrhcdq sgd ffdkc ]s bqhshb]khsx(+ vghkd 𝜎𝑄 ]mc 𝜎𝑢 enq sgd k]ssdq jdqmdk g]ud addm
ffwdc ax l]sbghmf sgd kd]chmf adg]uhnq ne sgd enqldq �/𝑠( ]s rgnqs shldr+ ]mc sgd bqnrrhmf onhms
ne sgd gnqhynms]k ]whr- Ansg btqudr dudmst]kkx ]ooqn]bg ydqn eqnl adknv ]r 𝑠 → ∞-

Sgd onvdqr ne sgd ]kfdaq]hb cdb]xr ne 𝑊𝑖/𝑠( ]fqdd vhsg sgnrd oqduhntrkx entmc hm Qde- Z70[
– rdd Dpr- &22( ]mc &23( sgdqdhm- Sgd ]ooqn]bg trdc hm Qde- Z70[ hm nqcdq sn cdqhud sgdrd oqdchb,
shnmr chydqr+ gnvdudq+ eqnl sgd nmd trdc gdqd ]mc hm Rdbshnm 3-49 hm o]qshbtk]q+ sgd enqldq qdkhdr
nm ] vd]j,bntokhmf dwo]mrhnm enq rl]kk 𝜅+ vghkd hs ]rrtldr 𝑆 ∉ / ]mc hs cndr mns qdpthqd sgd
khmd]q,qdronmrd ]ooqnwhl]shnm &sgtr hs ]krn ]kknvr sgd hmudrshf]shnm ne ]m hmsdqldch]sd mnmkhmd]q
cxm]lhb]k bqnrrnudq+ rdd Qde- Z70[ enq cds]hkr(- ?ksgntfg khlhsdc sn sgd mnhrdkdrr b]rd 𝑆 ≠ /+ sgd
]m]kxrhr oqdrdmsdc gdqd ]mc hm Rdbshnm 3-4 ne sgd oqdrdms vnqj l]jdr+ hmrsd]c+ mn ]rrtloshnm
bnmbdqmhmf sgd l]fmhstcd ne 𝜅- Sghr rtffdrsr sg]s sgd dwonmdmsr ne sgd ]kfdaq]hb cdb]xr cdsdq,
lhmdc ]anud l]x hm e]bs ad mnmodqstqa]shud hm 𝜅+ ]r hs v]r bnmidbstqdc hm Qde- Z70[ a]rdc nm sgd
duhcdmbd oqnuhcdc ax mtldqhb]k rhltk]shnmr-

C-7 BnloZqhrnm vhsg Z ogdmnldmnknfhbZk lncdk enq uhrbndkZrshb
fithcr

Sgd tmcdqc]lodc nrbhkk]shnmr ne ] bnkknhc]k o]qshbkd cq]ffdc sgqntfg ] uhrbndk]rshb fithc qdonqsdc
hm Qde- Z36[ g]ud addm cdrbqhadc sgdqdhm hm sdqlr ne sgd khmd]q+ fdmdq]khydc K]mfduhm dpt]shnm

𝛽∞𝑊̄/𝑠( +
∫ 𝑠

�∞
c𝑡𝒥 /𝑠 � 𝑡(𝑊̄/𝑡( ≠ �𝜃𝑊/𝑠( + 𝑒 /u(/𝑠( . &C-63(

vgdqd 𝛽∞ hr sgd eqhbshnm bndflbhdms ]s hmffmhsd eqdptdmbx+ vghkd 𝑒 /u(/𝑠( hr ] rsnbg]rshb bnqqdk]sdc
mnhrd sdql vhsg u]mhrghmf ]udq]fd- Trhmf sg]s ansg }𝑊/𝑠(⟩ ]mc }𝑊̄/𝑠(⟩ u]mhrg enq 𝑠 < / ]mc

12/



C-7- BNLO?QHRNM VHSG ? OGDMNLDMNKNFHB?K LNCDK ENQ UHRBNDK?RSHB EKTHCR

hmsdfq]shmf ax o]qsr+ nmd b]m bgdbj sg]s Dp- &C-63( hr enql]kkx dpthu]kdms sn sgd dydbshud dpt]shnm
hm &3-54( tonm hcdmshexhmf

𝛽∞ • 0†𝜇. ]mc �/𝑠( • �𝜇𝒥′/𝑠(. &C-64(

Ehm]kkx+ sgd ldlnqx jdqmdk hr ]rrtldc hm Qde- Z36[ sn ad ne sgd enql

𝒥 /𝑠( ≠ 𝛽/ � 𝛽∞
𝜎

𝑑�𝑠†𝜎 +
∑
ℎ

)
𝛽ℎ

𝜎ℎ
𝑑�𝑠†𝜎ℎ � 𝛽ℎ

𝜎
𝑑�𝑠†𝜎

(
. &C-65(

vgdqd 𝛽/ < 𝛽∞ hr sgd ydqn,eqdptdmbx eqhbshnm bndflbhdms+ vghkd 𝛽ℎ ]mc 𝜎ℎ ]qd ogdmnldmnknfhb]k
o]q]ldsdqr hmsqnctbdc sn ffs sgd dwodqhldms]k c]s]- Sgd jdqmdk hm Dp- &C-65( qdctbdr sn sg]s ne ]
Idyqdx‘r fithc Z204[ enq 𝛽ℎ • /+ vghbg hr rgnvm hm Qde- Z36[ sn ]ooqnoqh]sdkx cdrbqhad sgd o]qshbkd
cxm]lhbr hm ] rs]shb sq]o+ h-d-+ enq 𝑢 ≠ /- Enq 𝑢 < /+ hmrsd]c+ nmd b]m q]shnm]khyd sgd dwodqhldms]k
c]s] ax bnmrhcdqhmf nmd nq lnqd ]cchshnm]k qdk]w]shnm shldrb]kdr 𝜎ℎ < 𝜎+ vdhfgsdc ]r hm Dp- &C-65(
ax rnld rths]akd bndflbhdmsr 𝛽ℎ < /- Hs ]bst]kkx stqmr nts sg]s ]m hmbqd]rhmf mtladq ne o]hqr
/𝛽ℎ . 𝜎ℎ( hr mddcdc enq ffsshmf sgd dwodqhldms]k c]s] tonm hmbqd]rhmf sgd cq]ffhmf udknbhsx 𝑢+ gdmbd
sgd Vdhrrdmadqf mtladq Z205[-

Hmsdfq]shmf ax o]qsr sgd rdbnmc sdql nm sgd k-g-r- ne Dp- &C-63( ]mc hmsqnctbhmf ℳ/𝑠( •
�
︸ ∞
𝑠

c𝑡𝒥 /𝑡(+ nmd b]m b]rs Dp- &C-63( hm sgd enql

∫ 𝑠

�∞
c𝑡ℳ/𝑠 � 𝑡( $𝑊/𝑡( ≠ �𝛽/𝑊̄/𝑠( � 𝜃𝑊/𝑠( + 𝑒 /u(/𝑠( . &C-66(

?s knmf shldr+ sgd k-g-r- l]x ad etqsgdq ]ooqnwhl]sdc ]r
∫ 𝑠

�∞
c𝑡/ ℳ/𝑠 � 𝑡/( $𝑊/𝑡/( ≠

∫ ∞

/
c𝑡ℳ/𝑡(

)
$𝑊/𝑠( � 𝑡

c2𝑊/𝑠(
c𝑠2 + 𝑡1

1
c3𝑊/𝑠(

c𝑠3 + . . .

[

≠ ℳ̂//( $𝑊/𝑠( + ℳ̂′//(c
2𝑊/𝑠(
c𝑠2 + 0

1ℳ̂
′′//(c

3𝑊/𝑠(
c𝑠3 + . . . &C-67(

vgdqd
ℳ̂/𝑟( ≠ )𝒥̂ /𝑟( � 𝒥̂ //([†𝑟 &C-68(

cdmnsdr ]r trt]k sgd K]ok]bd sq]mrenql ne ℳ/𝑠(- Ax qds]hmhmf nmkx sgd ffqrs sdql ℳ̂//( $𝑊/𝑠( hm sgd
dwo]mrhnm ne Dp- &C-67(+ sgdm Dp- &C-66( qdctbdr sn sg]s ne ]m tmcdqc]lodc g]qlnmhb nrbhkk]snq
vhsg l]rr

𝑙 • ℳ̂//( ≠ �
〉
𝛽/ � 𝛽∞ �

∑
ℎ

𝛽ℎ

(
𝜎 �

∑
ℎ

𝛽ℎ𝜎ℎ . &C-7/(

Nmd mnql]kkx ffmcr 𝑙 < / vgdm 𝛽ℎ • / &bnqqdronmchmf sn dwonmdmsh]kkx cdb]xhmf rnktshnmr enq
}𝑊/𝑠(⟩(+ vghkd ]m ]ooqnoqh]sd bgnhbd ne sgd bndflbhdmsr 𝛽ℎ < / b]m qdmcdq 𝑙 < /+ h-d-+ ] anm],
ffcd hmdqsh] vghbg l]x dwok]hm sgd dldqfdmbd ne nrbhkk]shnmr vhsghm sgd rxrsdl- ?m nrbhkk]shmf
adg]uhnq ne }𝑊/𝑠(⟩ vhsg eqdptdmbx

Ψ ≠
0

1𝑙

√
3𝑙𝜃 � 𝛽1

/ < / &C-70(

hr sgdm dwodbsdc enq 𝛽/ < 1
√
𝑙𝜃-

120



?OODMCHW C- B?KBTK?SHNMR NE BG?OSDQ 3

Hs hr hmsdqdrshmf sn bgdbj he sgd ]m]knfx vhsg ] g]qlnmhb nrbhkk]snq gnkcr enq ntq lncdk ]r vdkk+
uh] sgd l]oohmf hm Dp- &C-64(- Bnmrhcdqhmf enq hmrs]mbd bqhshb]k lncdk ? &rdd Rdbshnm 3-4-1( ]mc
trhmf Dpr- &3-47( ]mc &C-68(+ nmd enql]kkx ffmcr ] &ydqn,eqdptdmbx( l]rr

𝑙 ≠ ℳ̂//( ≠
𝜅1𝜎1

𝑄

7𝑄

)
0
𝑣2 �

1/4 + 3𝑣(
/0 + 1𝑣(3

[
. &C-71(

]r ] etmbshnm ne sgd Vdhrrdmadqf mtladq 𝑣 &rdd Dp- &3-46((- Sghr dydbshud l]rr hr oknssdc hm
Ehf- C-1] ]mc hs ]ood]qr sn ad ]kv]xr onrhshud+ vghkd hs hmbqd]rdr ]mc chudqfdr tonm qdctbhmf sgd
u]ktd ne 𝑣 snv]qcr ydqn- Sghr adg]uhnq b]m ad q]shnm]khydc ax bnlo]qhmf vhsg sgd cxm]lhb]k
og]rd ch]fq]l hm sgd rsqnmf,bnmffmdldms khlhs rgnvm hm Ehf- 3-6a- Hm e]bs+ vd mnsd sg]s Ψ ≃ /
hm sgd k]ssdq ]r rnnm ]r sgd bnlokdw onkdr ]ood]q enq rl]kk u]ktdr ne 𝑣 ]mc 𝑓+ ]esdq vghbg Ψ hr
] fqnvhmf etmbshnm ne 𝑣 &enq ]mx u]ktd ne 𝑓(- Hmudqshmf Dp- &C-70( xhdkcr hm e]bs+ bnmrhrsdmskx+
𝑙 ∼ 0†Ψ1 – h-d-+ gd]uhdq naidbsr nrbhkk]sd lnqd rknvkx-

Hs hr mnv sdloshmf sn trd sgd bnmchshnm rs]sdc hm Dp- &C-70( hm nqcdq sn oqdchbs sgd antmc]qhdr
vhsghm sgd og]rd ch]fq]l hm Ehf- 3-6a- Hm sgd rsqnmf,bnmffmdldms khlhs ne bqhshb]k lncdk ?+
gnvdudq+ sgd ]qftldms ntskhmdc ]anud qdmcdqr ] eqhbshnm bndflbhdms 𝛽/ hm Dp- &C-66( dpt]k sn

𝛽/ → �𝜅
1𝜎𝑄
3𝑄

2 + 1𝑣
/0 + 1𝑣(2 . &C-72(

vghbg hr mdf]shud enq ]kk u]ktdr ne 𝑣- ?bbnqchmfkx+ sghr hmchb]sdr sg]s sgd ]ooqnwhl]shnm trdc hm
Dp- &C-7/( – bnqqdronmchmf sn jddohmf nmkx sgd ffqrs nqcdq sdql hm sgd dwo]mrhnm enq rl]kk 𝑟 hm
Dp- &C-67( – hr mn knmfdq ]bbtq]sd hm ntq b]rd- Hm e]bs+ hs stqmr nts sg]s sgd mnmsqhuh]k ]m]kxshb
rsqtbstqd ne sgd ldlnqx jdqmdk hm Dp- &3-47( &rdd Ehf- 3-6( oqdudmsr tr eqnl rhlokx dwo]mchmf
�̂/𝑟( &]mc gdmbd ℳ̂/𝑟(( hm ] S]xknq rdqhdr ]qntmc 𝑟 ≠ /- Hm nqcdq sn bgdbj sghr+ nmd b]m mtldqhb]kkx
hmudqs 𝑊̂/𝑟( hm Dp- &3-32( ]esdq qdok]bhmf �̂/𝑟( ax hsr 𝑚,sg nqcdq S]xknq dwo]mrhnm9 sgd ]lokhstcd
ne sgd bnqqdronmchmf ]ooqnwhl]shnm sn 𝑊/𝑠( stqmr nts sn chudqfd tonm hmbqd]rhmf 𝑠 &tmkhjd sgd
]bst]k rnktshnm+ vghbg hr dwodbsdc sn ad antmcdc(-

Hm bnmbktrhnm+ bnmsq]qx sn sgd ogdmnldmnknfhb]k lncdk oqdrdmsdc hm Qde- Z36[ – vghbg
dwok]hmr sgd nqhfhm ne sgd nardqudc nrbhkk]shnmr hm sdqlr ne sgd dldqfdmbd ne ]m dydbshud g]qlnmhb
nrbhkk]snq – sgd cxm]lhbr hmudrshf]sdc gdqd cndr mns ]clhs rtbg ] rhlokhffdc dwok]m]shnm- Rshkk+
hs hr hmsdqdrshmf sn bnlo]qd sgd pt]khs]shud ed]stqdr ne sgd ldlnqx jdqmdkr �/𝑠( sg]s dldqfd hm
sgdrd svn b]rdr- Sn ad bnmbqdsd+ vd bnmrhcdq ] ffdkc vhsg lncdk ? cxm]lhbr hm 𝑐 ≠ 0 ]mc vd
bgnnrd ] F]trrh]m hmsdq]bshnm onsdmsh]k 𝑈𝑝 ≠ dwo

�
𝑝1𝑄1†1

(
+ rn sg]s sgd hmsdfq]k hm Dp- &3-30( b]m

ad bnlotsdc hm bknrdc enql+ xhdkchmf

�/𝑠( ≠ 𝜅1𝜇

3
√
𝜉𝑄 𝜎𝑄

0 + 𝑠†𝜎𝑄 � 0
1 /𝑠†𝜎𝑢(1

/0 + 𝑠†𝜎𝑄(4†1
dwo

)
� 𝑠

𝜎𝜈
� /𝑠†𝜎𝑢(1

3/0 + 𝑠†𝜎𝑄(

[
. &C-73(

Vd mnsd sg]s sghr etmbshnm+ vghbg hr onrhshud enq 𝑠 ≠ /+ adbnldr mdf]shud tonm hmbqd]rhmf 𝑠 ]mc+
enq 𝑠 → ∞+ hs ]ooqn]bgdr ydqn eqnl adknv+ oqnuhcdc sg]s sgd cq]ffhmf roddc 𝑢 cndr mns u]mhrg
&gdmbd 𝜎𝑢 < ∞+ rdd Dp- &3-34((-

Sgd jdqmdk �/𝑠( hm Dp- &C-73( hr oknssdc hm Ehf- C-1a+ vgdqd vd bnlo]qd hs sn sgd nmd ne
Qde- Z36[- Sgd k]ssdq+ vghbg dmbncdr sgd hmsdq]bshnm vhsg sgd uhrbndk]rshb fithc+ b]m ad qd]chkx
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C-7- BNLO?QHRNM VHSG ? OGDMNLDMNKNFHB?K LNCDK ENQ UHRBNDK?RSHB EKTHCR

nas]hmdc ax bnlahmhmf Dpr- &C-64( ]mc &C-65(- ?r vd rgnv hm Ehf- C-1a+ bgnhbdr ne sgd u]ktdr ne
sgd o]q]ldsdqr 𝛽ℎ ]mc 𝜎ℎ dwhrs rtbg sg]s sghr rdbnmc �/𝑠( ]krn adbnldr mdf]shud enq rtflbhdmskx
k]qfd 𝑠- Hm o]qshbtk]q+ hm Ehf- C-1a vd trdc svn shldrb]kdr 𝜎ℎ + vhsg ℎ ∈ {0. 1{+ ]r qdonqsdc hm
S]a- 0 ne Qde- Z36[ enq Vh ≠ /.06- Vd sgtr bnmbktcd sg]s+ hm ansg lncdkr+ sgd ldlnqx jdqmdk �/𝑠(
ed]stqdr Umsh,bnqqdk]shnmr ]s knmf shldr- Sghr hr qdlhmhrbdms ne sgd mdfUshud ldlnqx nesdm entmc
hm sgd bnmsdws ne qgdnknfx ne bnlokdw fithcr Z206–210[+ ]mc rtffdrsr sg]s sgd tmcdqc]lodc
lncdr chrok]xdc ax sgd o]qshbkd ]qd hmcddc ctd sn sgd mdf]shud qdronmrd ne sgd rtqqntmchmf
mnm,dpthkhaqhtl dmuhqnmldms Z36[+ hmcdodmcdmskx ne hsr ]bst]k ogxrhb]k nqhfhm &h-d-+ ctd sn dhsgdq
bnqqdk]shnmr nq uhrbndk]rshbhsx(-
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D

B•lcul•tions of Bh•pter 4

D-0 JxZotmnu qntsd sn sgd rtidp�-ce-a-seb ZooqnwhlZshnm

Hm sgd qd]bshud b]rd+ nmd b]m nas]hm sgd 𝒩/𝜙/( o]qs ne sgd dydbshud Enjjdq,Ok]mbj dpt]shnm enq
sgd sq]bdq o]qshbkd+ Dp- &4-42(+ vhsgnts hmunjhmf sgd pt]rh,dpthkhaqhtl chrsqhatshnm ]r cnmd hm
Rdbshnm 4-2-0+ ats hmrsd]c chqdbskx eqnl sgd ]ch]a]shb dkhlhm]shnm dpt]shnmr &4-35( cdqhudc hm
Rdbshnm 4-2- Vd rs]qs eqnl Dp- &4-35a(+ vghbg fhudr sn knvdrs nqcdq hm 𝜙

𝐴𝑚𝑙𝑝
/0(
𝑙 ≠ 𝑟𝑚𝑃

//( ≠⇒ 𝑝
/0(
𝑚 ≠ 𝑃//(𝐴�0

𝑚𝑙𝑟𝑙 ≠ 𝑃//(��0
𝑚𝑙𝜎𝑙 . &D-0(

vgdqd sgd udqx k]rs rsdo gnkcr hm sgd qd]bshud b]rd vhsg 𝜖 ≠ 0 – rdd Dpr- &4-28( ]mc &4-33(- Mdws+
eqnl Dp- &4-35b( vd hmedq

𝐴𝑚𝑖 𝑝
/1(
𝑖𝑙

+ 𝐴𝑙𝑖𝑝
/1(
𝑖𝑚

≠ 𝑟𝑚𝑝
/0(
𝑙 + 𝑟𝑙𝑝

/0(
𝑚 + 1𝐾𝑚𝛾𝑚𝑙𝑃

//( . &D-1(

vgdqd hm fdmdq]k sgd l]sqhw 𝐴𝑚𝑖 hr mnm,ch]fnm]k adb]trd ne sgd 𝒩/𝑏( sdqlr &rdd hsr cdffmhshnm hm
Dp- &4-3/((- Vd qdbnfmhyd hm Dp- &D-1( ] l]sqhw Kx]otmnu dpt]shnm hm sgd enql

𝐴ℳ +ℳ𝐴𝑆 ≠ 𝐵 . &D-2(

vhsg ℳℎ 𝑖 ≠ 𝑝
/1(
ℎ 𝑖

+ ]mc vd mddc sn rd]qbg enq ] rxlldsqhb rnktshnm ℳ ≠ ℳ𝑆 - Rtbg ] rnktshnm
hr tmhptd vgdmdudq sgd vgnkd rodbsqtl ne sgd l]sqhw 𝐴 g]r ] cdffmhsd rhfm Z072[- Tmcdq sghr
rxlldsqx ]rrtloshnm &vghbg vhkk ad bgdbjdc adknv(+ vd qdvqhsd Dp- &D-2( ]r

𝐴ℳ + /𝐴ℳ(𝑆 ≠ 𝐵. &D-3(

Rhmbd 𝐵 hr ] rxlldsqhb l]sqhw hm ntq b]rd+ vd cdctbd sg]s sgd rnktshnm rgntkc qd]c

𝐴ℳ ≠
0
1𝐵 + ⊥ . &D-4(

vgdqd ⊥ hr ]m ]msh,rxlldsqhb l]sqhw- Bgnnrhmf ⊥ ≠ /+ vd nas]hm

ℳ ≠
0
1𝐴

�0𝐵 . &D-5(

vghbg hmcddc hr ] rxlldsqhb l]sqhw nvhmf sn sgd mnm,sqhuh]k oqnodqsx 𝐵𝐴𝑆 ≠ 𝐴𝐵+ vghbg gnkcr
hm ntq b]rd- Vd sgtr hcdmshex Dp- &D-5( ]r sgd rnktshnm vd ]qd rd]qbghmf enq- Sghr bnhmbhcdr vhsg
𝑝
/1(
ℎ 𝑖

fhudm hm Dp- &4-41(+ ats vd chc mns g]ud sn qdrnqs sn Vhbj‘r sgdnqdl hm nqcdq sn nas]hm hs- Hm
o]qshbtk]q+ hs gnkcr sqtd ]krn enq 𝑆𝑤 ∉ 𝑆𝜏+ hm vghbg b]rd sgd nmd hm Dp- &4-08( hr mns sgd bnqqdbs
rs]shnm]qx chrsqhatshnm-
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?OODMCHW D- B?KBTK?SHNMR NE BG?OSDQ 4

Mnv vd stqm sn sgd rodbsqtl ne sgd l]sqhw 𝐴- Eqnl sgd sgdnqdlr nm sgd Rxkudrsdq dpt]shnm
Z072[+ hs hr rtflbhdms sn oqnud sg]s sgd l]sqhbdr 𝐴 ]mc �𝐴 g]ud mn bnllnm dhfdmu]ktdr hm nqcdq
enq sgd l]sqhw dpt]shnm &D-1( sn ]clhs ] tmhptd rxlldsqhb rnktshnm ℳℎ 𝑖 - Enq 𝑏 ≠ / sghr hr sqhuh]kkx
sqtd+ vghkd enq 𝑏 ∉ / nmd b]m fhud ]m ]qftldms ]jhm sn sgd mnm,bqnrrhmf qtkd hm bnmcdmrdc l]ssdq
ogxrhbr Z211[9 hmcddc+ sgd odqstqa]shnm 𝑏ℎ𝑖 sn sgd l]sqhw 𝐴ℎ𝑖 hr ] etmbshnm ne sgd o]q]ldsdq 𝑊 –
h-d-+ sgd sq]bdq onrhshnm+ rdd Dp- &4-3/( – rn sg]s ]mx ’bqnrrhmf“ adsvddm dhfdmu]ktdr b]m nmkx ad
]bbhcdms]k ]mc cndr mns oqnuhcd ]cchshnm]k rnktshnmr sg]s ]qd u]khc enq ]mx bgnhbd ne 𝑊-

D-1 BZkbtkZshnmr enq sgd oZrrhud ptZcqZshb bZrd

Hm sgd enkknvhmf vd bnmrhcdq sgd pt]cq]shb bntokhmf b]rd cdrbqhadc hm Rdbshnm 4-2-1-1+ oqnuhchmf
]kk sgd hmsdqldch]sd rsdor hm sgd cdqhu]shnm-

Hm sghr b]rd 𝑟𝑚 ≠ 𝑠𝑚 ≠ / hm Dp- &4-35(+ rn sg]s vd nmkx mddc sgd dunktshnm dpt]shnmr enq sgd
dudm lnldmsr 𝑃/1𝑚(- Hm o]qshbtk]q+ Dp- &4-35]( hlokhdr sg]s vd mddc sn cdsdqlhmd sgd entqsg
lnldms 𝑝/3(

ℎ 𝑖𝑚𝑙
]s sgd knvdrs nqcdq hm 𝜙- Gnvdudq+ hm sgd o]rrhud b]rd sgd rxrsdl cndr mns r]shrex

cds]hkdc a]k]mbd+ ]mc sgtr sgd bnqqdbs rs]shnm]qx chrsqhatshnm hr mns fhudm ax Dp- &4-08( ats hmrsd]c
enkknvr ax rnkuhmf sgd bnqqdronmchmf cxm]lhb]k dpt]shnm- ?m]knfntrkx sn sgd ]ooqn]bg kd]chmf
sn Dp- &4-35(+ vd b]m cdqhud

𝜑𝑠𝑃
/3(
𝑚𝑙𝑜𝑝 ≠ �𝜙�0

˜
𝐴𝑚𝑘𝑃

/3(
𝑙𝑜𝑝𝑘

+ 𝐴𝑙𝑘𝑃
/3(
𝑚𝑜𝑝𝑘

+ 𝐴𝑜𝑘𝑃
/3(
𝑚𝑙𝑝𝑘

+ 𝐴𝑝𝑘𝑃
/3(
𝑚𝑙𝑜𝑘

[
+ 𝒩/𝜙/( &D-6(

+ 1𝜙�0
˜
𝐾𝑚𝛾𝑚𝑙𝑃

/1(
𝑜𝑝 + 𝐾𝑙𝛾𝑙𝑜𝑃

/1(
𝑚𝑜 + 𝐾𝑜𝛾𝑜𝑝𝑃

/1(
𝑚𝑙 + 𝐾𝑝𝛾𝑝𝑙𝑃

/1(
𝑚𝑜 + 𝐾𝑚𝛾𝑚𝑜𝑃

/1(
𝑙𝑜 + 𝐾𝑚𝛾𝑚𝑝𝑃

/1(
𝑙𝑜

[
.

Rhmbd 𝐴𝑚𝑙 ≠ 𝑎𝑚𝛾𝑚𝑙 hr ch]fnm]k+ eqnl Dpr- &4-35b( ]mc &D-6( vd ffmc sgd 𝒩/𝜙/( rnktshnmr

𝑝
/1(
𝑚𝑙 ≠

𝑆𝜏

𝛼𝑚
𝛾𝑚𝑙𝑃

//( . &D-7(

𝑝
/3(
𝑙𝑚𝑜𝑝 ≠ 1𝑆𝜏

𝐾𝑚𝛾𝑚𝑙𝑝
/1(
𝑜𝑝 + 𝐾𝑙𝛾𝑙𝑜𝑝

/1(
𝑚𝑝 + 𝐾𝑜𝛾𝑜𝑝 𝑝

/1(
𝑚𝑙 + 𝐾𝑝𝛾𝑝𝑙𝑝

/1(
𝑚𝑜 + 𝐾𝑚𝛾𝑚𝑜𝑝

/1(
𝑙𝑝 + 𝐾𝑚𝛾𝑚𝑝𝑝

/1(
𝑙𝑜

𝐾𝑚𝛼𝑚 + 𝐾𝑙𝛼𝑙 + 𝐾𝑜𝛼𝑜 + 𝐾𝑝𝛼𝑝

≠ 𝑆1
𝜏

)
𝛾𝑚𝑙𝛾𝑜𝑝
𝛼𝑚𝛼𝑝

+
𝛾𝑙𝑜𝛾𝑚𝑝 + 𝛾𝑙𝑝𝛾𝑚𝑜

𝛼𝑚𝛼𝑙

[
. &D-8(

Hm nqcdq sn du]kt]sd Dp- &4-35b( ]s 𝒩/𝜙/(+ vd mddc sn cdsdqlhmd 𝜑𝑠 𝑝/1( trhmf Dpr- &4-35]( ]mc &D-7(+
vghbg xhdkcr

𝑝̂
/1(
𝑚𝑙 ≠

0
𝑏 /𝑎𝑚 + 𝑎𝑙(

)
�
𝑆1
𝜏

𝛼𝑚
𝛾𝑚𝑙

∑
𝑜

𝜑𝑊
ℓ𝑜𝑜

𝛼𝑜
𝑃//( +

∑
𝑜𝑝

𝜑𝑊ℓ𝑜𝑝𝑃
/3(
𝑚𝑙𝑜𝑝

[

≠
𝑆1
𝜏

𝑏 /𝑎𝑚 + 𝑎𝑙(
∑
𝑜

𝜑𝑊

)
ℓ𝑜𝑚𝛾𝑙𝑜

𝛼𝑜𝛼𝑚
+

ℓ𝑜𝑙𝛾𝑚𝑜
𝛼𝑜𝛼𝑙

[
𝑃//(. &D-0/(

Ehm]kkx+ hmrdqshmf Dpr- &D-7( ]mc &D-0/( hmsn Dp- &4-35]( qdmcdqr sgd dydbshud Enjjdq,Ok]mbj dpt]shnm
qdonqsdc hm Dp- &4-60(-
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D-2- BNLO?QHRNM VHSG OQDUHNTR QDRTKSR HM SGD ATKJ

D-2 BnloZqhrnm vhsg oqduhntr qdrtksr hm sgd atki

Hm sghr ?oodmchw vd bgdbj sgd bnmrhrsdmbx ne ntq qdrtksr vhsg sgd dydbshud o]qshbkd cxm]lhbr
cdqhudc hm Qder- Z18–20[ enq sgd r]ld lncdk sg]s vd cdrbqhadc hm Rdbshnm 4-0+ ats hm sgd ]ardmbd ne
bnmffmdldms+ h-d-+ hm sgd atki khlhs- Sgqntfgnts sgd l]hm sdws+ vd g]ud ]rrtldc sg]s sgd NO ffdkc
r]shrffdr dhsgdq Mdtl]mm nq Chqhbgkds antmc]qx bnmchshnmr &rdd Rdbshnm 4-0(+ vghkd vd chc mns
]ccqdrr dwokhbhskx sgd b]rd ne odqhnchb ABr- Hm e]bs+ sghr b]rd hr ]qft]akx kdrr hmsdqdrshmf sg]m sgd
nsgdq svn+ rhmbd sgd dydbshud cqhes ]mc chytrhnm bndflbhdmsr 𝜆/𝑊(+ 𝐶/𝑊( ne sgd o]qshbkd adbnld
𝑊,hmcdodmcdms ]s kd]chmf nqcdq hm sgd ]ch]a]shb dwo]mrhnm &rdd Qde- Z53[(- Lnqdnudq+ sgd b]rd ne
OABr b]m nesdm ad ]ccqdrrdc ax rs]qshmf eqnl sgd qdrtksr enq Mdtl]mm ]mc Chqhbgkds ABr+ ]r vd
vhkk cds]hk adknv-

?ssdloshmf sn qdbnudq sgd atkj khlhs ne sgd bndflbhdmsr 𝜆/𝑊(+ 𝐶/𝑊( ax rhlokx rdmchmf 𝐾 → ∞
hm sgd ffm]k dwoqdrrhnmr bnqqdronmchmf sn Mdtl]mm.Chqhbgkds ABr vntkc qdmcdq+ hm fdmdq]k+ ]
vqnmf qdrtks- Gdtqhrshb]kkx+ sghr hr adb]trd nmkx gUke ne sgd lncdr ne sgd NO ffdkc oqdrdms hm ] atkj
rxrsdl ]qd qds]hmdc vgdm cd]khmf vhsg Mdtl]mm.Chqhbgkds ABr- Hmcddc+ ] odqhnchb etmbshnm
𝑒 /�( nm sgd hmsdqu]k )�𝐾. 𝐾[ ]clhsr sgd dwo]mrhnm

𝑒 /�( ≠ 0
√
𝐾

)
𝑍/
1 +

∞∑
𝑚≠0

4
𝑍𝑚 bnr 𝑚𝜉�

𝐾
+ 𝑎𝑚 rhm 𝑚𝜉�

𝐾

([
. &D-00(

vgdqd sgd Entqhdq bndflbhdmsr ]qd fhudm ]r trt]k ax

𝑍𝑚 ≠
0
√
𝐾

∫ 𝐾

�𝐾
c� 𝑒 /�( bnr 𝑚𝜉�

𝐾
. 𝑎𝑚 ≠

0
√
𝐾

∫ 𝐾

�𝐾
c� 𝑒 /�( rhm 𝑚𝜉�

𝐾
. &D-01(

Dpt]shnm &D-00( drrdmsh]kkx bnms]hmr ] rtl ne Mdtl]mm ]mc Chqhbgkds dhfdmlncdr+ ]r vd b]m
vqhsd+ trhmf Dp- &4-20(9

𝑒 /�( ≠ 0
√

1

) ∞∑
𝑚≠/

𝑍𝑚𝜌
&M(
𝑚 /�( +

∞∑
𝑚≠0

𝑎𝑚𝜌
&C(
𝑚 /�(

[
•

∞∑
𝑚≠�∞

𝑏𝑚𝜌
&O(
𝑚 /�(. &D-02(

vgdqd 𝜌&O(
𝑚 /�( v]r hmsqnctbdc hm Dp- &4-23(+ vghkd

𝑏𝑚 •


𝑍�𝑚 . 𝑚 ≠ /.�0.�1. . . .

𝑎𝑚 . 𝑚 ≠ 0. 1. 2. . . .
&D-03(

Vd sgdm stqm sn sgd bnlo]qhrnm vhsg oqduhntr atkj qdrtksr ax rs]qshmf vhsg sgd khmd]qkx
bntokdc b]rd- Sgd dydbshud o]qshbkd cxm]lhbr g]r addm nas]hmdc hm sgd ]ch]a]shb khlhs hm Qde- Z2/[
hm sgd enql ne ] K]mfduhm dpt]shnm- Vghkd sgd ]rrnbh]sdc atkj cqhes sdql g]r addm entmc sn
u]mhrg+ 𝜆𝑎/𝑊( ≠ /+ sgd chytrhnm bndflbhdms 𝐶𝑎/𝑊( s]jdr ] mnmsqhuh]k enql ]r qdonqsdc hm Dpr- &11(
]mc &12( sgdqdhm- Tonm dwoqdrrhmf 𝐶𝑎/𝑊( ≠ 𝑆 � 𝜙𝑆𝐿𝑎/𝑊( ]r vd chc hm Dp- &4-47(+ ]mc ax b]kkhmf
𝜙 • 𝜃†𝜃𝜏 sgd ]ch]a]shbhsx o]q]ldsdq &h-d-+ sgd q]shn ne sgd o]qshbkd.ffdkc lnahkhshdr hm sgd mns]shnm
ne Qde- Z2/[(+ sgd atkj qdrtks qd]cr

𝐿𝑎/𝑊( ≠ /1𝜖 � 0( ℎ
1

𝑐

∫
𝑐𝑐𝑝

/1𝜉(𝑐
𝑝1𝒥̂ 1

0 /𝑝(
Γ̂/𝑝(Θ̂/𝑝(

&D-04(
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?OODMCHW D- B?KBTK?SHNMR NE BG?OSDQ 4

to sn 𝒩/𝜙(- Sghr hr u]khc hm ]mx chldmrhnm 𝑐+ ]mc sgd shkcd rs]mcr enq sgd Entqhdq sq]mrenql ne
sgd nodq]snqr hmsqnctbdc hm Rdbshnm 4-0- Rhmbd 𝜖 ≠ /†0 enq ] o]rrhud.qd]bshud sq]bdq qdrodbshudkx+
sgd bnqqdbshnm sn sgd chytrhnm bndflbhdms hr sgd r]ld hm sgdrd svn b]rdr+ ats vhsg sgd noonrhsd
rhfm &hm o]qshbtk]q+ chytrhnm hr dmg]mbdc hm sgd o]rrhud b]rd ]mc ghmcdqdc hm sgd qd]bshud b]rd(-
Mnsd sg]s sgd r]ld qdrtks+ Dp- &D-04(+ b]m ad qdbnudqdc ax s]jhmf sgd UchUaUshb khlhs 𝜃𝜏 ≫ 𝜃 hm
Dp- &32( ne Qde- Z18[-

Bnlo]qhmf sgdrd vhsg ntq qdrtksr+ vd mnsd sgd enkknvhmf onhmsr9

” Sgd bnqqdbshnm sn sgd chytrhnm bndflbhdms 𝐿𝑎/𝑊( hm Dp- &D-04( qdctbdr+ enq 𝑐 ≠ 0+ sn 𝐿/𝑊(
fhudm hm Dp- &4-48( enq ] qd]bshud sq]bdq+ oqnuhcdc sg]s hm sgd k]ssdq nmd qdok]bdr sgd sdql
)𝜑𝑊𝑢𝑚/𝑊([1 ax |𝜑𝑊𝑢𝑚/𝑊(|1+ ]mc bgnnrdr ok]md v]udr 𝜌𝑚/�( ≠ dwo/h𝑗𝑚�(†

√
1𝐾+ vhsg 𝑗𝑚 ≠

𝜉𝑚†𝐾. 𝑚 ∈ R+ ]r sgd dhfdma]rhr- Hm sghr v]x+ sgd 𝑊,cdodmcdmbd duhcdmskx cqnor nts ne
sgd hmsdfq]k nudq 𝑝- ZMnsd+ gnvdudq+ sg]s sghr oqdrbqhoshnm hr dpthu]kdms sn bgnnrhmf qd]k
odqhnchb dhfdmetmbshnmr ]r hm Dp- &4-23([- Sgd dpthu]kdmbd adsvddm sgd svn dwoqdrrhnmr hm
Dpr- &4-48( ]mc &D-04( b]m sgdm ad qdbnfmhydc ax qdok]bhmf sgd Entqhdq sq]mrenqlr ne sgd
nodq]snqr Γ.Θ.𝒥0 hmsqnctbdc hm Rdbshnm 4-0 ax sgdhq bnqqdronmchmf Entqhdq bndflbhdmsr
𝛼𝑚 . 𝐾𝑚 ]mc 𝑢𝑚 Zrdd Rdbshnm 4-1-0[+ ]mc sgd hmsdfq]k ax ] rtl ]bbnqchmf sn

︸
1

c𝑝 → 0
1𝐾

∬
𝑚∈R-

Qdb]kk sg]s sgd r]ld etmbshnm 𝐿/𝑊( bnmsqnkr sgd chytrhnm bndflbhdms ]krn hm sgd o]rrhud
b]rd Zrdd Dp- &4-58([-

” Sgd u]mhrghmf atkj cqhes sdql 𝜆𝑎/𝑊( ≠ / hr bnmrhrsdms vhsg sgd fi]ssdmhmf ne sgd rs]shnm]qx de,
edbshud onsdmsh]kr ]mc ne sgd chytrhnm bndflbhdms hm sgd atkj khlhs+ h-d-+𝑈/𝑊(.𝑉/𝑊(.𝐶/𝑊(→
bnmrs- enq 𝐾 → ∞- Hmcddc+ sgd cqhes bndflbhdms𝜆/𝑊( hr fdmdq]kkx oqnonqshnm]k sn sgdhq cdqhu],
shud vhsg qdrodbs sn 𝑊 Zrdd Dpr- &4-42(+ &4-47(+ &4-55(+ &4-58( ]mc &4-61([- Vd g]ud ]kqd]cx mnsdc
hm Rdbshnm 4-2-1-2 sg]s 𝑈/𝑊(.𝑉/𝑊( cdffmdc hm Rdbshnm 4-1-1 ltrs adbnld 𝑊,hmcdodmcdms hm
sgd atkj ax sq]mrk]shnm]k hmu]qh]mbd &sghr g]r addm bgdbjdc dwokhbhskx hm Rdbshnm 4-3-0 enq sgd
ny,bqhshb]k KF lncdk(- ?s sgd bqhshb]k onhms+ 𝑈/𝑊( ]mc 𝑉/𝑊( l]x qdctbd hm sgd atkj khlhs
sn ] rsqtbstqdkdrr+ HQ chudqfhmf bnmrs]ms+ vghbg gnvdudq cndr mns ]ydbs sgdhq cdqhu]shudr
]mc sgtr sgd cqhes bndflbhdms-

Sn ad lnqd bnmbqdsd+ kds tr ]m]kxyd sgd b]rd ne sgd F]trrh]m KF G]lhksnmh]m vhsg lncdk ?
cxm]lhbr ]ccqdrrdc hm Qde- Z2/[- Hm sgd khlhs 𝐾 → ∞+ ntq dwoqdrrhnm hm Dp- &D-22( adbnldr

𝐿𝐶†𝑀 /𝑊(→
ℎ1

3

˜
𝜈 ± 𝑑�1𝑊†𝜈 /𝜈 � 1𝑊(

[
. &D-05(

vgdqd sgd ± rhfm bnqqdronmcr sn Chqhbgkds.Mdtl]mm ABr+ qdrodbshudkx- Trhmf Dp- &D-02( snfdsgdq
vhsg sgd cdffmhshnm ne 𝐿/𝑊( hm Dp- &4-48(+ vd b]m nas]hm sgd atkj qdrtks ]r

𝐿𝑎/𝑊( ≠
0
1 )𝐿𝑀 /𝑊( + 𝐿𝐶/𝑊([ ≠

ℎ1𝜈

3 . &D-06(

vghbg bnhmbhcdr vhsg sgd dwoqdrrhnm qdonqsdc hm Dp- &26( hm Qde- Z2/[ &vhsg 𝑐 ≠ 0 ]mc 𝑙 • 0†𝜈(-
Vd qdl]qj sg]s+ enq sgd KF G]lhksnmh]m vhsg lncdk A cxm]lhbr+ sgd ]ch]a]shb khlhs ]mc sgd

atkj khlhs ]qd hmbnlo]shakd &rdd ]krn Qde- Z70[ ]mc Rdbshnm 1-2(- Sgd qd]rnm hr sg]s hm lncdk A ]
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D-3- DEEDBSHUD MNHRD HM SGD O?RRHUD,PT?CQ?SHB B?RD

bnmshmttl ne rknv NO lncdr athkcr to ]s sgd v]udmtladq rb]kd 𝑝 ∼ 0†𝐾 vgdm ]ooqn]bghmf sgd
atkj khlhs+ rn sg]s sgd NO ffdkc b]m mdudq ad bnmrhcdqdc eUrs &vghkd hm lncdk ? dudm sgd rknvdrs
lncd g]r ] ffmhsd qdk]w]shnm shld+ ]r knmf ]r sgd bnqqdk]shnm kdmfsg 𝜈 qdl]hmr ffmhsd(- Sghr hr ]
chqdbs bnmrdptdmbd ne sgd bnmrdqu]shnm ne sgd NO ffdkc hm lncdk A cxm]lhbr- Hm ntq enql]khrl+
sghr sq]mrk]sdr hmsn sgd chudqfdmbd ne sgd dydbshud ]ch]a]shbhsx o]q]ldsdq 𝜙̂ hm Dp- &4-25( hm sgd
atkj khlhs+ adhmf 𝑐Θ ≠ �1 enq lncdk A &vghkd 𝑐Θ ≠ / enq lncdk ?(-

Kds tr ffm]kkx ]ccqdrr sgd pt]cq]shb]kkx bntokdc b]rd- Sgd bnqqdbshnm sn sgd chytrhnm bnde,
ffbhdms g]r addm nas]hmdc hm sgd atkj tmcdq sgd vdUi,bntokhmf ]ooqnwhl]shnm hm Qde- Z20[+ rdd
Dp- &55( sgdqdhm- Hsr UchUaUshb khlhs b]m ]f]hm ad qdbnudqdc ax hmrodbshmf sgd khlhs enq 𝜃𝜏 ≫ 𝜃+
vghbg qdmcdqr

𝐿𝑎/𝑊( ≠ /1𝜖 � 0( ℎ
1

1𝑐

∫
𝑐𝑐𝑝 𝑐𝑐𝑝

/1𝜉(1𝑐
/p + o(1𝒥̂ 1

1 /p(𝒥̂ 1
1 /o(

Γ̂/p(Γ̂/o(
)
Θ̂/p(Γ̂/p( + Θ̂/o(Γ̂/o(

[ . &D-07(

Sghr ]f]hm bnlo]qdr udqx vdkk vhsg sgd bnqqdbshnm sn sgd chytrhnm bndflbhdms oqdrdmsdc hm
Dp- &4-62( enq sgd o]rrhud b]rd+ tonm qdok]bhmf ℓ1

𝑚𝑙 ax |ℓ𝑚𝑙 |1 ]mc bgnnrhmf ok]md v]udr enq
sgd dhfdmlncdr &vghkd vd g]ud rgnvm hm Rdbshnm 4-2-1-2 sg]s sgd bnqqdbshnm hm sgd qd]bshud b]rd
qdctbdr hm sgd atkj khlhs sn sg]s ne sgd o]rrhud b]rd+ to sn ] lhmtr rhfm(- Mn dwokhbhs enqlr g]ud
addm nas]hmdc enq sgd chytrhnm bndflbhdms ne rodbhffb lncdkr hm sgd pt]cq]shb b]rd &dhsgdq hm sghr
l]mtrbqhos nq hm Qde- Z20[(+ ats vd g]ud rshkk bgdbjdc sgdhq nudq]kk pt]khs]shud ]fqddldms &rdd
Rdbshnm 4-3(-

D-3 DΨdbshud mnhrd hm sgd oZrrhud,ptZcqZshb bZrd

Hm sgd o]rrhud b]rd ]mc hm sgd ]ardmbd ne khmd]q bntokhmfr nq antmc]qx ffdkcr+ sgd cxm]lhbr ne
sgd ffdkc lncdr 𝜏𝑚 fhudm hm Dp- &4-27( qdctbdr sn

𝜑𝑠𝜏𝑚 ≠ �𝜙�0𝑎𝑚𝜏𝑚 + 𝜙�0†1𝜈𝑚 . &D-08(

vgdqd sgd bnqqdk]shnmr ne 𝜈𝑚 ]qd fhudm hm Dp- &4-31(- ?s knmf shldr vd sgtr g]ud
}
𝜏𝑚/𝑠(𝜏𝑙/𝑠′(

〈
≠ 𝛾𝑚𝑙

𝐾𝑚

𝑎𝑚
𝑑�𝑎𝑚 |𝑠�𝑠

′ |†𝜙 ≠ 𝛾𝑚𝑙
𝑆𝜏

𝛼𝑚
𝑑�𝑎𝑚 |𝑠�𝑠

′ |†𝜙 . &D-1/(

Rhlhk]qkx+ sgd K]mfduhm dpt]shnm &4-26( enq sgd o]rrhud sq]bdq b]m ad b]rs hm sgd enql

𝜑𝑠𝑊/𝑠( ≠ �
∑
𝑚𝑙

ℓ𝑚𝑙/𝑊(𝜏𝑚/𝑠(𝜏𝑙/𝑠( + 𝜁/𝑠( • �
∑
𝑚

𝜀𝑚/𝑊 . 𝑠( + 𝜁/𝑠( • Ξ𝑏/𝑊 . 𝑠( + 𝜁/𝑠(. &D-10(

vgdqd enkknvhmf Qde- Z53[ vd hmsqnctbdc sgd dydbshud mnhrd

Ξ𝑏/𝑊 . 𝑠( • �
∑
𝑚

𝜀𝑚/𝑊 . 𝑠( • �
∑
𝑚𝑙

ℓ𝑚𝑙/𝑊(𝜏𝑚/𝑠(𝜏𝑙/𝑠(. &D-11(

Trhmf Vhbj‘r sgdnqdl+ hs hr rhlokd sn rgnv sg]s

}𝜀𝑚/𝑠(⟩ ≠ ℓ𝑚𝑙/𝑊(
𝑆𝜏

𝛼𝑚
. &D-12(

}𝜀𝑚/𝑠(𝜀𝑗/𝑠′(⟩𝑏 ≠ ℓ𝑚𝑗ℓ𝑗𝑚

𝑆1
𝜏

𝛼𝑚𝛼𝑗
𝑑�/𝑎𝑚+𝑎𝑗 (|𝑠�𝑠

′ |†𝜙 + 𝛾𝑚𝑗
𝑆1
𝜏

𝛼𝑚

∑
𝑙

ℓ1
𝑚𝑙

𝛼𝑙
𝑑�/𝑎𝑚+𝑎𝑙(|𝑠�𝑠

′ |†𝜙 . &D-13(
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?OODMCHW D- B?KBTK?SHNMR NE BG?OSDQ 4

vgdmbd

}Ξ𝑏/𝑊 . 𝑠(Ξ𝑏/𝑊 . 𝑠′(⟩𝑏 ≠ 𝑆1
𝜏

∑
𝑚𝑙

ℓ1
𝑚𝑙 + ℓ𝑚𝑙ℓ𝑙𝑚

𝛼𝑚𝛼𝑙
𝑑�/𝑎𝑚+𝑎𝑙(|𝑠�𝑠

′ |†𝜙 . &D-14(

Ax bnlo]qhmf sgd k]ssdq vhsg sgd dydbshud chytrhnm bndflbhdms 𝐶/𝑊( hm Dp- &4-61(+ vd ffm]kkx
nas]hm sgd Fqddm,Jtan qdk]shnm hm Dp- &4-66(-

D-4 CdsZhkr ne sgd bZkbtkZshnm ne sgd rsZshnmZqx onsdmshZkr

Hm sghr ?oodmchw vd fhud etqsgdq cds]hkr nm sgd cdqhu]shnmr oqdrdmsdc hm Rdbshnm 4-3-
Kds tr rs]qs eqnl sgd KF lncdk+ ]mc bnmrhcdq sgd bnlots]shnm ne 𝑈/𝑊( hm sgd pt]cq]shb b]rd

Zrdd Dpr- &4-11( ]mc &4-7/([9 he / ≤ 𝑤 ≤ 𝜉+ vd b]m trd sgd qdk]shnmr Z170[

∞∑
𝑗≠0

bnr1/𝑗𝑤(
𝑗1 + 𝑍1 ≠

𝑍𝜉 brbg/𝑍𝜉( )bnrg/𝑍𝜉( + bnrg/𝑍/𝜉 � 1𝑤(([ � 1
3𝑍1 . &D-15(

∞∑
𝑗≠0

rhm1/𝑗𝑤(
𝑗1 + 𝑍1 ≠

𝜉 brbg/𝑍𝜉( rhmg/𝑍/𝜉 � 𝑤(( rhmg/𝑍𝑤(
1𝑍 . &D-16(

]mc hcdmshex 𝑍𝑤 → 𝑤†𝜈+ 𝑍𝜉 → 𝐾†𝜈-
Mdws+ vgdmdudq sgd qdrtks hr rshkk ] bnmudqfdms rdqhdr+ vd b]m bnlotsd cdqhu]shudr ]r

∞∑
𝑗≠0

bnr1/𝑗𝑤(
/𝑗1 + 𝑍1(1 ≠ � 𝜑

𝜑/𝑍1(

∞∑
𝑗≠0

bnr1/𝑗𝑤(
𝑗1 + 𝑍1 . &D-17(

Hm sghr v]x+ vd b]m nas]hm ] bknrdc,enql dwoqdrrhnm enq 𝐿/𝑊( hm sgd khmd]qkx bntokdc b]rd9 rod,
bh]khyhmf Dp- &4-48( sn sgd KF lncdk vhsg khmd]q bntokhmf+ nmd g]r

𝐿/𝑊( ≠ 1ℎ1

𝐾

∑
𝑚

𝑗1
𝑚 )bnr†rhm/𝑗𝑚𝑊([1

/𝑗1
𝑚 + 𝑞(1𝑗�𝑚

. &D-18(

enq Chqhbgkds.Mdtl]mm ABr+ qdrodbshudkx- Enq lncdk A &� ≠ 1(+ sghr qdctbdr sn sgd rdqhdr hm
Dp- &D-17(+ xhdkchmf Dp- &4-75( hm sgd b]rd ne Mdtl]mm ABr+ ]mc

𝐿/𝑊(Chq ≠
)

ℎ𝜈𝑑𝐾†𝜈

1/𝑑1𝐾†𝜈 � 0(

[1 ] 3
𝐾

)
𝐾1 + 1𝜈1 + 𝐾𝑊 bnrg 1

𝜈
/𝐾 � 𝑊( + 𝐾/𝐾 � 𝑊( bnrg 1𝑊

𝜈

[

+ 1𝜈

)
rhmg 1

𝜈
/𝐾 � 𝑊( + rhmg 1𝑊

𝜈
+ rhmg 1𝐾

𝜈
� 3𝜈

𝐾
bnrg 1𝐾

𝜈

[{
&D-2/(

hm sgd b]rd ne Chqhbgkds ABr &qdonqsdc gdqd l]hmkx enq enql]k qd]rnmr+ rhmbd lncdk A cxm]lhbr
vhsg ] fkna]kkx bnmrdqudc NO ffdkc hr hmbnlo]shakd vhsg Chqhbgkds ABr – rdd Rdbshnm 4-1-2(- Enq
lncdk ? &� ≠ /(+ vd b]m ]cc ]mc rtasq]bs 𝑞 ]s sgd mtldq]snq sn vqhsd

𝐿/𝑊( ≠ 1ℎ1

𝐾

]∑
𝑚

)bnr†rhm/𝑗𝑚𝑊([1

𝑗1
𝑚 + 𝑞

� 𝑞
∑
𝑚

)bnr†rhm/𝑗𝑚𝑊([1

/𝑗1
𝑚 + 𝑞(1

{
. &D-20(

13/



D-4- CDS?HKR NE SGD B?KBTK?SHNM NE SGD RS?SHNM?QX ONSDMSH?KR

Sgd ffqrs sdql hr hcdmshb]k sn Dpr- &D-15( ]mc &D-16(+ vghkd sgd rdbnmc hr ]m]knfntr sn lncdk A-
Sgd svn rdqhdr qdonqsdc ]anud hm Dpr- &D-15( ]mc &D-16( rs]qs eqnl 𝑚 ≠ 0+ rn sgd ydqn lncd 𝑚 ≠ /
g]r sn ad ]ccdc ax g]mc vgdm bnmrhcdqhmf Mdtl]mm ABr – rdd Dp- &4-20a(- Nudq]kk+ sghr fhudr

𝐿/𝑊(Chq ≠ ℎ1𝜈

]
0
1 brbg/𝐾†𝜈(

)
bnrg/𝐾†𝜈( + bnrg

)
𝐾 � 1𝑊

𝜈

([
� 𝜈

𝐾

{
� 0

𝜈1 𝐿/𝑊(lncdk A
Chq .

𝐿/𝑊(Mdtl ≠ ℎ1𝜈 brbg/𝐾†𝜈( rhmg/𝑊†𝜈( rhmg
)
𝐾 � 𝑊

𝜈

(
� 0

𝜈1 𝐿/𝑊(lncdk A
Mdtl . &D-21(

vghbg rhlokhex sn

𝐿/𝑊(Chq ≠
ℎ1

7 rhmg1/𝐾†𝜈(

]
1/𝑊 � 𝐾( bnrg

)
1𝑊
𝜈

(
� 1𝑊 bnrg

)
1/𝐾 � 𝑊(

𝜈

(
� 1𝐾

+ 𝜈

)
rhmg

)
1𝑊
𝜈

(
+ rhmg

)
1𝐾
𝜈

(
+ rhmg

)
1/𝐾 � 𝑊(

𝜈

([ {
.

𝐿/𝑊(Mdtl ≠
ℎ1

7 rhmg1/𝐾†𝜈(

]
� 1 rhmg

)
𝐾

𝜈

( )
𝜈 bnrg

)
𝐾 � 1𝑊

𝜈

(
� 1𝑊 rhmg

)
𝐾 � 1𝑊

𝜈

([

+ 3𝐾 rhmg1
)
𝑊

𝜈

(
+ 𝜈 rhmg

)
1𝐾
𝜈

( {
. &D-22(

Ehm]kkx+ hm nqcdq sn bnlotsd sgd o]qs ne 𝑉/𝑊( oqnonqshnm]k sn ℎ0 Zrdd Dpr- &4-73( ]mc &4-76([+ vd
l]jd trd ne sgd Vdqmdq‘r enqltk]r ]mc sgd qdk]shnm Z170[

∞∑
𝑗≠0

bnr/𝑗𝑤(
𝑗1 + 𝑍1 ≠

𝜉 bnrg 𝑍/𝜉 � 𝑤(
1𝑍 rhmg 𝑍𝜉

� 0
1𝑍1 . &D-23(

Enq sgd bqhshb]k FR lncdk+ vd l]jd trd ne sgd jmnvm qdk]shnm Z170[

𝑒1𝑚/𝑤( •
∞∑
𝑗≠0

bnr 𝑗𝑤
𝑗1𝑚 ≠

/�0(𝑚�0/1𝜉(1𝑚
1/1𝑚(� 𝐴1𝑚

4 𝑤

1𝜉

(
. &D-24(

vgdqd 𝐴𝑚/𝑤( hr sgd 𝑚,sg Adqmntkkh onkxmnlh]k Z170[+ ]mc 𝑤 ∈ )/. 1𝜉[- Enq hmrs]mbd+ nmd g]r

𝑒3/𝑤( ≠
0

61/ /7𝜉
3 � 5/𝜉1𝑤1 + 5/𝜉𝑤2 � 04𝑤3(.

𝑒5/𝑤( ≠
0

2/13/ /21𝜉5 � 057𝜉3𝑤1 + 10/𝜉1𝑤3 � 015𝜉𝑤4 + 10𝑤5(.

𝑒7/𝑤( ≠
0

01/85// /017𝜉7 � 53/𝜉5𝑤1 + 45/𝜉3𝑤3 � 17/𝜉1𝑤5 + 01/𝜉𝑤6 � 04𝑤7(. &D-25(
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B•lcul•tions of Bh•pter 5

E-0 Bnmmdbshnm vhsg sgd LZx lncdk enq dbnknfx

Vhsghm sgd L]x lncdk enq bnlokdw dbnrxrsdlr Z085[+ vd b]m kds O/𝑠( ∈ N𝑀 qdoqdrdms 𝑀 onotk],
shnmr+ ]mc m/𝑠( ≠ O/𝑠( � O∗ ad sgd fitbst]shnm vhsg qdrodbs sn sgdhq dpthkhaqhtl u]ktd- Sgd k]ssdq
hr ]rrtldc sn dunkud ]bbnqchmf sn

m̄/𝑠( ≠ �𝐺m/𝑠(. 𝐺 ≠ ℓ +
√
𝑆𝐿 . &E-0(

vgdqd ℓ hr ] ch]fnm]k l]sqhw &vghbg bnhmbhcdr vhsg sgd hcdmshsx hm sgd nqhfhm]k L]x lncdk(+
vghkd 𝐿 hr ] FND l]sqhw vhsg khlhshmf dhfdmu]ktd rodbsqtl rtoonqsdc hm )�1. 1[- Sghr b]m ad
l]oodc nm sgd lncdk cdrbqhadc hm Rdbshnm 5-0-0 tonm hcdmshexhmf 𝑆 • 1𝜁- Hm sgd khlhs 𝑀 → ∞
sgd rodbsqtl ne 𝐿 adbnldr ] Vhfmdq rdlhbhqbkd &rdd Dp- &5-3/((: he 𝑜𝑍/𝑍( g]r ] bnlo]bs rtoonqs+
sgdm sgd khlhshmf rtoonqs ne 𝐺 hsrdke vhkk sgtr ad bnlo]bs- He o]qs ne sghr rtoonqs e]kkr vhsghm sgd
mdf]shud rdlh]whr+ sgdm sgd cxm]lhb]k rxrsdl hm Dp- &E-0( adbnldr tmrs]akd9 sghr sq]mrhshnm hr
dwodbsdc sn nbbtq enq ] bqhshb]k u]ktd ne 𝑆 ≠ 𝑆𝑏 -

Chydqdms bgnhbdr ne 𝑜𝑍/𝑍( vhkk hm fdmdq]k ]ydbs sgd onrhshnm ne 𝑆𝑏 Z130[- Vd bntkc enq dw]lokd
bgnnrd 𝑜𝑍/𝑍( sn ad ] Vhfmdq rdlhbhqbkd vgnrd kdes dcfd hr ]s 𝑍 ≠ 0 &rdd Ehf- 5-2a(+ vghbg hr nas]hmdc
ax rdsshmf 𝜆 ≠ 0+𝜌 hm Dp- &5-40(- Vhsg sgd hcdmshffb]shnm 𝑆 ≠ 1𝜁+ sgd khlhshmf rodbsq]k chrsqhatshnm
ne 𝐺 enkknvr eqnl Dp- &5-43( ]r

𝜋𝑀 /𝜅( ≠
1
}
𝜌1 + 3𝑆 � /𝜅 � 0 � 𝜌(1

𝜉/𝜌1 + 3𝑆( Δ
4
𝜌1 + 3𝑆 � /𝜅 � 0 � 𝜌(1

(
+ 𝒩/0†𝑀( . &E-1(

Sgd rtoonqs hr hm 𝜅� ≤ 𝜅 ≤ 𝜅++ vgdqd 𝜅± ≠ 0 + 𝜌 ±
√
𝜌1 + 3𝑆+ rn sg]s hm sgd khlhs 𝑀 → ∞ ]

rs]akd,tmrs]akd sq]mrhshnm hr oqdchbsdc enq 𝑆𝑏 ≠ 𝜌†1 + 0†3- Enq 𝜌 → / vd qdbnudq sgd nqhfhm]k
qdrtks ne L]x+ 𝑆𝑏 ≠ 0†3 Z085[-

E-1 Mtladq ne h-h-c- uZqhZakdr hm Zm hmsdquZk

Hm sghr ?oodmchw vd qduhrd sgd rs]mc]qc sdwsannj qdrtks enq sgd rs]shrshbr ne sgd mtladq ne dhfdmu]k,
tdr hm ] ffmhsd hmsdqu]k+ vgdm rtbg dhfdmu]ktdr adg]ud ]r hmcdodmcdms ]mc hcdmshb]kkx chrsqhatsdc
q]mcnl u]qh]akdr- Sghr vhkk gdko bk]qhexhmf sgd adg]uhnq ne sgd kdudk bnloqdrrhahkhsx 𝜙/𝐷( hm sgd
b]rd ne Onhrrnm kdudk rs]shrshbr-
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Fhudm 𝑀 q]mcnl u]qh]akdr 𝑍ℎ chrsqhatsdc ]bbnqchmf sn 𝑜𝑍/𝑍ℎ( &d-f-+ sgd dhfdmu]ktdr ne sgd
l]sqhw ℓ hm Dp- &5-0((+ sgd mtladq ne u]qh]akdr bnms]hmdc hm sgd hmsdqu]k )�. 𝛼[ b]m ad vqhssdm ]r

𝐻𝑀 )�. 𝛼[ ≠
𝑀∑
ℎ≠0

𝜂ℎ . &E-2(

vgdqd vd hmsqnctbdc sgd hmchb]snq etmbshnm

𝜂ℎ • �)�.𝛼[/𝑍ℎ(. �)�.𝛼[/𝑤( ≠



0 𝑤 ∈ )�. 𝛼[.
/ 𝑤 φ )�. 𝛼[.

&E-3(

Hsr btltk]ms fdmdq]shmf etmbshnm b]m ad bnmrsqtbsdc ax mnshmf sg]s

𝑑�𝑟𝐻𝑀 )�.𝛼[ ≠
𝑀∑
ℎ≠0

𝑑�𝑟𝜂ℎ ≠
𝑀∑
ℎ≠0

)0 + /𝑑�𝑟 � 0(𝜂ℎ[ . &E-4(

]mc sgdm

km

𝑑�𝑟𝐻𝑀 )�.𝛼[

〈
≠

𝑀∑
ℎ≠0

km
)
0 + /𝑑�𝑟 � 0(

∫ 𝛼

�
c𝑍 𝑜𝑍/𝑍(

[
≠ 𝑀 km

)
0 + /𝑑�𝑟 � 0( }

𝐻𝑀 )�. 𝛼[⟩
𝑀

[
. &E-5(

Mnsd sg]s sghr bnhmbhcdr vhsg sgd khlhshmf b]rd hm Dp- &5-84( ne ntq fdmdq]k qdrtks-
Ax dwo]mchmf hm onvdqr ne 𝑟 sgd svn rhcdr ne Dp- &E-5( ]mc bnlo]qhmf vhsg Dpr- &5-5/(

]mc &5-53(+ vd b]m hm o]qshbtk]q dwsq]bs sgd ffqrs svn btltk]msr

𝜃0 ≠ }𝐻𝑀 )�. 𝛼[⟩ . 𝜃1 ≠ }𝐻𝑀 )�. 𝛼[⟩
)
0 � }𝐻𝑀 )�. 𝛼[⟩

𝑀

(
. &E-6(

]mc eqnl Dp- &5-02( vd nas]hm sgd kdudk bnloqdrrhahkhsx

𝜙/𝐷( ≠ 0 � }𝐻𝑀 )�𝐷. 𝐷[⟩
𝑀

. &E-7(

Vd sgtr fdmdqhb]kkx dwodbs 𝜙/𝐷( ∼ 0 enq rl]kk 𝐷+ ]mc 𝜙/𝐷(→ / enq k]qfd 𝐷-

E-2 CdsZhkr ne sgd qdokhbZ bZkbtkZshnm ne sgd rodbsqZk cdmrhsx

Hm sghr ?oodmchw vd ffkk hm sgd lhrrhmf rsdor sg]s kd]c eqnl Dp- &5-11( sn Dp- &5-12( hm Rdbshnm 5-1-
? qdokhb],a]rdc b]kbtk]shnm enq sgd otqd FND dmrdlakd b]m ad entmc hm Qde- Z38[+ eqnl vghbg
vd o]qsh]kkx ]cnos sgd mns]shnm- Vd rs]qs ax dwoqdrrhmf sgd ]udq]fd ne sgd qdokhb]sdc o]qshshnm
etmbshnm ]r

}𝒱𝑚/𝜅(⟩ ∝
}∫

1𝑀𝑚

〉
𝑚∑
�≠0

cq�

(
dwo

〉
� ℎ

1

𝑀∑
ℎ . 𝑖≠0

𝑚∑
�≠0

𝑞ℎ�/𝜅𝜔𝛾ℎ 𝑖 � ℎℎ𝑖(𝑞𝑖�


〈

ℓ.𝐴

. &E-8(

vgdqd vd hmchb]sdc ax ℎℎ𝑖 • 𝑍ℎ𝛾ℎ 𝑖 + 𝐼𝑎ℎ𝑖 sgd dkdldmsr ne sgd q]mcnl l]sqhw ℋ fhudm hm Dp- &5-0(+
]mc 𝐼 ≠ 𝐼/𝑀( • 𝜇𝑀�𝛽†1- Sgd ]udq]fd rxlank ld]mr

}•⟩ℓ.𝐴 •
∫
1𝑀

∏W
X

𝑀∑
ℎ≤ 𝑖

c𝑎ℎ𝑖
YZ
[
𝑜𝐴/{𝑎ℎ𝑖{(

〉
𝑀∑
ℎ≠0

∫
c𝑍ℎ 𝑜𝑍/𝑍ℎ(

(
/•( . &E-0/(
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vgdqd sgd oqna]ahkhsx chrsqhatshnm ne sgd dkdldmsr 𝑎ℎ𝑖 ne sgd FND l]sqhw 𝐴 qd]cr

𝑜𝐴/{𝑎ℎ𝑖{( ≠
𝑀∑
ℎ≠0

𝑑�𝑎
1
ℎℎ
†1

√
1𝜉

∑
ℎ< 𝑖

𝑑
�𝑎1

ℎ 𝑖

√
𝜉

. &E-00(

Gdqd ]mc gdmbdenqsg+ K]shm hmchbdr qtm to sn 𝑀 hm qd]k ro]bd+ vghkd Fqddj hmchbdr qtm to sn 𝑚

hm qdokhb] ro]bd- Bnlotshmf sgd F]trrh]m hmsdfq]kr nudq 𝑎ℎ𝑖 fhudr &to sn ] mtldqhb]k bnmrs]ms(

}𝒱𝑚/𝜅(⟩ ∝
∫
1𝑀𝑚

〉
𝑚∑
�≠0

cq�

( }
dwo

)
� ℎ

1

𝑀∑
ℎ≠0

𝑚∑
�≠0

/𝜅𝜔 � 𝑍ℎ(𝑞1
ℎ�

[〈
ℓ

· dwo


� 𝐼1

3

〉
0
1

𝑀∑
ℎ≠0

〉
𝑚∑
�≠0

𝑞1
ℎ�

(1

+
∑
ℎ< 𝑖

〉
𝑚∑
�≠0

𝑞ℎ�𝑞𝑖�

(1


. &E-01(

vgdqd }•⟩ℓ hmchb]sdr sgd qdctbdc ]udq]fdc nudq sgd dmsqhdr ne ℓ – rdd Dp- &E-0/(- Sgd hmsdq]bs,
hmf sdql hm sgd rdbnmc khmd b]m ad trt]kkx cdbntokdc ax ld]mr ne sgd Gtaa]qc,Rsq]snmnuhbg
sq]mrenql]shnm Z40[+ vghbg hr gnvdudq hmdydbshud hm ntq b]rd+ enq ] fdmdqhb bgnhbd ne 𝑜𝑍/𝑍(- Vd
hmsqnctbd hmrsd]c sgd mnql]khydc cdmrhsx

𝜆/ ]𝑥( • 0
𝑀

𝑀∑
ℎ≠0

𝑚∑
�≠0

𝛾/𝑥� � 𝑞ℎ�(. &E-02(

vgdqd ]𝑥 ∈ N𝑚 g]r bnlonmdmsr 𝑥𝑍 ∈ N+ ]mc vd hmrdqs hmsn Dp- &E-01( sgd etmbshnm]k hmsdfq]k
qdoqdrdms]shnm ne sgd hcdmshsx

0 ≠ 𝑀chl/𝜆(
∫

𝒞𝜆𝒞𝜆̂ dwo

]
�ℎ

∫
c]𝑥 𝜆̂/ ]𝑥(

)
𝑀𝜆/ ]𝑥( �

𝑀∑
ℎ≠0

𝑚∑
�≠0

𝛾/𝑥� � 𝑞ℎ�(
[{

. &E-03(

Gdqd chl/𝜆( hr sgd chldmrhnm ne sgd ffdkc 𝜆+ vghbg qdmcdqr sgd oqde]bsnq nm sgd qhfgs g]mc rhcd
enql]kkx hmffmhsd – sghr vhkk ad ne mn bnmrdptdmbd hm sgd enkknvhmf b]kbtk]shnm+ rhmbd sghr oqde]bsnq
hr 𝜅,hmcdodmcdms- Dpt]shnm &E-03( hr trdetk adb]trd hs ]kknvr tr sn qdvqhsd

0
1

𝑀∑
ℎ≠0

〉
𝑚∑
�≠0

𝑞1
ℎ�

(1

+
∑
ℎ< 𝑖

〉
𝑚∑
�≠0

𝑞ℎ�𝑞𝑖�

(1

≠
0
1

𝑀∑
ℎ . 𝑖≠0

〉
𝑚∑
�≠0

𝑞ℎ�𝑞𝑖�

(1

&E-04(

≠
𝑀1

1

∫
c]𝑥 c ]𝑣 𝜆/ ]𝑥(𝜆/ ]𝑣(

〉
𝑚∑
�≠0

𝑥�𝑣�

(1

≠
𝑀1

1

∫
c]𝑥 c ]𝑣 𝜆/ ]𝑥(𝜆/ ]𝑣(

�
]𝑥 · ]𝑣

(1
.

rn sg]s hmrdqshmf sgd hcdmshsx hm Dp- &E-03( hmsn Dp- &E-01( kd]cr sn

}𝒱𝑚/𝜅(⟩ ∝
∫

𝒞𝜆𝒞𝜆̂ dwo
]
�ℎ𝑀

∫
c]𝑥 𝜆̂/ ]𝑥(𝜆/ ]𝑥( � /𝐼𝑀(1

7

∫
c]𝑥 c ]𝑣 𝜆/ ]𝑥(𝜆/ ]𝑣(

�
]𝑥 · ]𝑣

(1
{

·
∫
1𝑀𝑚

〉
𝑚∑
�≠0

cq�

( }
dwo

)
� ℎ

1

𝑀∑
ℎ≠0

𝑚∑
�≠0

/𝜅𝜔 � 𝑍ℎ(𝑞1
ℎ� + ℎ

𝑀∑
ℎ≠0

∫
c ]𝑣 𝜆̂/ ]𝑣(

𝑚∑
�≠0

𝛾/𝑣� � 𝑞ℎ�(
[〈

ℓ

. &E-05(
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Rs]qhmf ]s Dp- &E-05( enq knmf dmntfg+ nmd qd]khydr sg]s sgd rdbnmc khmd bnms]hmr 𝑀 bnohdr ne sgd
r]ld hmsdfq]k+

∫
1𝑀𝑚

〉
𝑚∑
�≠0

cq�

( }
dwo

)
� ℎ

1

𝑀∑
ℎ≠0

𝑚∑
�≠0

/𝜅𝜔 � 𝑍ℎ(𝑞1
ℎ� + ℎ

𝑀∑
ℎ≠0

∫
c ]𝑣 𝜆̂/ ]𝑣(

𝑚∑
�≠0

𝛾/𝑣� � 𝑞ℎ�(
[〈

ℓ

≠

]∫
1𝑚

c]𝑥
∫

c𝑍 𝑜𝑍/𝑍( dwo

)
� ℎ

1

𝑚∑
�≠0

/𝜅𝜔 � 𝑍(𝑥1
� + ℎ

∫
c ]𝑣 𝜆̂/ ]𝑣(

𝑚∑
�≠0

𝛾/𝑣� � 𝑥�(
[{𝑀

≠
]∫

1𝑚

c]𝑥
∫

c𝑍 𝑜𝑍/𝑍( dwo
)
� ℎ

1 /𝜅𝜔 � 𝑍(| ]𝑥 |1 + ℎ𝜆̂/ ]𝑥(
[{𝑀

. &E-06(

Mnsd sg]s hs v]r bqtbh]k sn ]rrtld hmcdodmcdms dmsqhdr 𝑍ℎ + rn sg]s sgdhq chrsqhatshnm hm Dp- &E-0/( hr
e]bsnqhydc- Oktffhmf sghr dwoqdrrhnm a]bj hmsn Dp- &E-05( ]kknvr tr sn qdvqhsd }𝒱𝑚/𝜅(⟩ ]r qdonqsdc
hm Dp- &5-12( ne sgd l]hm sdws-

E-3 Bnmmdbshnm vhsg sgd Ydd enqltkZ

Hm sghr ?oodmchw vd rgnv vgx Dp- &5-34( hr ghccdmkx sgd Ydd enqltk]- Hm Qde- Z158[+ sgd qdbhod
enq bnlotshmf sgd rodbsqtl 𝜋0+1/𝜅( ne sgd rtl ne svn q]mcnl l]sqhbdr 𝐿0 + 𝐿1 hr fhudm ]r
enkknvr9

&h( Bnlotsd sgd qdrnkudmsr &nq Fqddm‘r etmbshnmr( ]rrnbh]sdc sn 𝜋0/𝜅( ]mc 𝜋1/𝜅(+ h-d-+ ℱ0/�( ]mc
ℱ1/�(-

&hh( Bnlotsd sgdhq etmbshnm]k hmudqrdr 𝐴0/�( ]mc 𝐴1/�(+ nq Aktd‘r etmbshnmr+ uh] 𝐴/ℱ/�(( ≠ �-

&hhh( ?ookx sgd rtl qtkd
𝐴0+1/�( ≠ 𝐴0/�( + 𝐴1/�( � 0†�. &E-07(

&hu( Hmudqs sgd qdrtks a]bj &rdd Dp- &5-32(( sn ffmc

𝐴0+1/�(→ ℱ0+1/�(→ 𝜋0+1/𝜅(. &E-08(

?mnsgdq hmsdqdrshmf naidbs hr gnvdudq sgd 𝑄,etmbshnm+ vghbg hr rhlokx cdffmdc ]r

𝑄/�( • 𝐴/�( � 0†�. &E-1/(

]mc vghbg hr d]rhkx rddm sn r]shrex sgd eqdd,rtl qtkd Z38+ 157+ 212[

𝑄0+1/�( ≠ 𝑄0/�( + 𝑄1/�(. &E-10(

Hs enkknvr sg]s
𝐴0/𝑤( ≠ 𝐴0+1/𝑤( � 𝑄1/𝑤(. &E-11(

vghbg vd b]m bgnnrd sn ]ookx hm o]qshbtk]q nm 𝑤 ≠ ℱ0+1/�(+ xhdkchmf ax bnmrsqtbshnm

𝐴0/ℱ0+1/�(( ≠ � � 𝑄1/ℱ0+1/�((. &E-12(
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?ookxhmf ℱ0 nm ansg rhcdr ffm]kkx xhdkcr

ℱ0+1/�( ≠ ℱ0/� � 𝑄1/ℱ0+1/�(((. &E-13(

Sgd ]m]knfx vhsg Dp- &5-34( hr qd]chkx drs]akhrgdc nmbd vd qdb]kk sg]s+ he 𝐿1 hr ] FND l]sqhw+ sgdm
hsr 𝑄,etmbshnm hr rhlokx 𝑄1/�( ≠ � Z213[-

E-4 CdsZhkr ne sgd qdokhbZ bZkbtkZshnm ne sgd kdudk bnloqdrrhahkhsx

Hm sghr ?oodmchw vd oqnuhcd sgd sdbgmhb]k rsdor enq sgd cdqhu]shnm ne sgd btltk]ms fdmdq]shmf
etmbshnm ]mc sgd kdudk bnloqdrrhahkhsx oqdrdmsdc hm Rdbshnm 5-2- ? rhlhk]q b]kbtk]shnm enq sgd otqd
FND.FTD dmrdlakd b]m ad entmc hm Qde- Z166[+ vghkd sgd cdqhu]shnm hm sgd b]rd ne sgd Dqcôr,
Qämxh fq]og ]mc sgd ?mcdqrnm lncdk nm ] q]mcnl qdftk]q fq]og v]r qdonqsdc hm Qde- Z165[-

E-4-0 EtmbshnmZk qdoqdrdmsZshnm

Sgd s]qfds ne sghr Rdbshnm hr sn dwoqdrr 𝑃)�.𝛼[/𝑚±( fhudm hm Dp- &5-51( vhsghm sgd qdokhb] enql]khrl+
]r vd chc hm ?oodmchw E-2- Sgd ffqrs rsdo hr sn bgnnrd ] rths]akd qdoqdrdms]shnm enq sgd o]qshshnm
etmbshnm 𝒱/�( sg]s ]ood]qr hm Dp- &5-51(9 hmcddc+ sgd nmd vd hmsqnctbdc hm Dp- &5-10( hr nmkx
]ooqnoqh]sd he Hl{�{ < /+ adhmf sgd hmsdfq]k mns bnmudqfdms nsgdqvhrd- He nm sgd bnmsq]qx Hl{�{ <
/+ sgdm nmd rgntkc bgnnrd hmrsd]c

𝒱+/�( •
)
ℎ

1𝜉

(𝑀†1 ∫
1𝑀

cq 𝑑
ℎ
1 q

𝑆 /���ℋ (q. &E-14(

Rhmbd sgd u]qhntr oqde]bsnqr hm eqnms ne sgd hmsdfq]k hm Dp- &5-10( vhkk b]mbdk nts hm Dp- &5-51( ]esdq
vd s]jd sgd ]m]kxshb bnmshmt]shnm sn 𝑚± → ±ℎ𝑟†𝜉+ vd vhkk mns mddc sn jddo sq]bj ne sgdl hm sgd
enkknvhmf-

Hm ]m]knfx vhsg sgd qdoqdrdms]shnm hm Dp- &E-8(+ vd b]m rshkk vqhsd

𝑃)�.𝛼[/𝑚±( ∝
}∫

1𝑀𝑚

〉
𝑚∑

𝜌≠0
cq𝜌

(
dwo

〉
� ℎ

1

𝑀∑
ℎ . 𝑖≠0

𝑚∑
𝜌≠0

𝑞ℎ𝜌/Θ𝜌𝜌𝛾ℎ 𝑖 � 𝐾𝜌𝜌ℎℎ𝑖(𝑞𝑖𝜌


〈

ℓ.𝐴

. &E-15(

ats mnv vd hmsdqoqds
𝑚 ≠ 1/𝑚+ + 𝑚�(. &E-16(

adb]trd d]bg ne sgd entq o]qshshnm etmbshnmr hm Dp- &5-51( qdpthqdr hsr nvm rds ne qdokhb]r &gdqd
k]adkkdc ax sgd Fqddj hmcdw 𝜌+ sn ]unhc bnmetrhnm vhsg sgd kdes antmc]qx � ne sgd hmsdqu]k(- Vd
g]ud ]krn qdok]bdc sgd dhfdmu]ktd𝜅𝜔 ax sgd aknbj l]sqhw Θ̂+ vghbg hr cdffmdc hm Dp- &5-56( snfdsgdq
vhsg sgd aknbj l]sqhw 𝐾̂- Mnshbd sg]s sgd dkdldmsr �̃𝜔 ≠ ��∗

𝜔 ne sgd l]sqhw Θ̂ enkknv eqnl sgd
qdoqdrdms]shnm hm Dp- &E-14(-

Sgd r]ld rsdor sg]s hm ?oodmchw E-2 kdc tr sn Dp- &5-12( ne sgd l]hm sdws mnv fhud

𝑃)�.𝛼[/𝑚±( ∝
∫

𝒞𝜆𝒞𝜆̂ dwo
]
𝑀𝒫𝑚±)𝜆. 𝜆̂: Θ̂[

{
. &E-17(
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vhsg sgd ]bshnm

𝒫𝑚±)𝜆. 𝜆̂: Θ̂[ • � ℎ

∫
c]𝜎 𝜆/]𝜎(𝜆̂/]𝜎( �

𝜁

1

∫
c]𝜎c]𝜎′ 𝜆/]𝜎(𝜆/]𝜎′(

4
]𝜎 𝐾̂ ]𝜎′

(1
&E-18(

+ km
∫

c]𝜎 dwo
)
� ℎ

1 ]𝜎 Θ̂ ]𝜎 + ℎ𝜆̂/]𝜎(
[ ∫

c𝑍 𝑜𝑍/𝑍( dwo
)
ℎ

1 𝑍]𝜎 𝐾̂ ]𝜎
(
.

Sghr fdmdq]khydr sgd ]bshnm hm Dp- &5-13(+ ]mc sgd udbsnq ]𝜎 ∈ N𝑚 ok]xr sgd r]ld qnkd ]r sgd udbsnq ]𝑥
ats hm ]m dwsdmcdc qdokhb] ro]bd+ vhsg 𝑚 fhudm hm Dp- &E-16(- Ax mnshmf sg]s sgd ]bshnm hm Dp- &E-18(
hr pt]cq]shb hm 𝜆+ vd b]m du]kt]sd sgd F]trrh]m etmbshnm]k hmsdfq]k hm 𝒞𝜆 sn nas]hm

𝑃)�.𝛼[/𝑚±( ∝
∫

𝒞𝜆̂ dwo
]
𝑀𝒫𝑚±)𝜆̂: Θ̂[

{
. &E-2/(

𝒫𝑚±)𝜆̂: Θ̂[ • � 0
1𝜁

∫
c]𝜎c]𝜎′ 𝜆̂/]𝜎(𝐿�0/]𝜎. ]𝜎′(𝜆̂/]𝜎′( + km

∫
c]𝜎 dwo

)
� ℎ

1 ]𝜎 Θ̂ ]𝜎 + ℎ𝜆̂/]𝜎(
[
𝜒𝑍

)
�0

1 ]𝜎 𝐾̂ ]𝜎
(
.

&E-20(

vgdqd 𝜒𝑍/�( v]r fhudm hm Dp- &5-23(+ ]mc vd hmsqnctbdc sgd etmbshnm 𝐿/]𝜎. ]𝜎′( ]r hm Dp- &5-57(-
Vd nlhssdc eqnl Dp- &E-2/( ] Θ̂�hmcdodmcdms oqde]bsnq bnlhmf eqnl sgd F]trrh]m hmsdfq]shnm+
vghbg vhkk hm fdmdq]k cdodmc nm 𝑚- Gnvdudq+ nmd b]m bgdbj sg]s ]kk sgd oqde]bsnqr b]mbdk nts
rlnnsgkx ax hmbktchmf sgd I]bnah]m ne sgd u]qh]akd sq]mrenql]shnmr &rdd k]sdq(+ ]mc ]esdq s]jhmf
sgd etmbshnm]k hmsdfq]k nudq sgd F]trrh]m fitbst]shnmr hm ?oodmchw E-4-1- Vd vhkk sgtr ]unhc
qdonqshmf sgdrd oqde]bsnqr+ rn ]r sn khfgsdm sgd mns]shnm-

Sgd r]cckd,onhms dpt]shnm enkknvr rhlokx eqnl Dp- &E-20( ]r

𝜆̂/]𝜎( ≠ ℎ𝜁

︸
c]𝜎′ 𝐿/]𝜎. ]𝜎′( dwo

)
� ℎ

1 ]𝜎′ Θ̂ ]𝜎′ + ℎ𝜆̂/]𝜎′(
[
𝜒𝑍

4
� 0

1 ]𝜎′ 𝐾̂ ]𝜎′
(

︸
c]𝜎′ dwo

)
� ℎ

1 ]𝜎′ Θ̂ ]𝜎′ + ℎ𝜆̂/]𝜎′(
[
𝜒𝑍

4
� 0

1 ]𝜎′ 𝐾̂ ]𝜎′
( . &E-21(

vghbg hr ]m]knfntr sn Dp- &5-2/(- Hm sgd enkknvhmf+ vd vhkk knnj enq] qns]shnm]kkx,hmu]qh]ms rnktshnm9
sn sghr dmc+ hs hr trdetk sn hmsqnctbd sgd mdv u]qh]akd 𝜀/]𝜎( cdffmdc uh]

𝜆̂/]𝜎( ≠ ℎ

∫
c]𝜎′ 𝐿/]𝜎. ]𝜎′(𝜀/]𝜎′(. &E-22(

Bg]mfhmf u]qh]akdr eqnl 𝜆̂ sn 𝜀 hm Dp- &E-2/( kd]cr sn sgd dwoqdrrhnm qdonqsdc hm Dp- &5-55(-

E-4-1 FZtrrhZm fitbstZshnmr Zqntmc sgd rZcckd,onhms

Hm nqcdq sn fn adxnmc sgd r]cckd,onhms ]ooqnwhl]shnm+ vd hmsqnctbd sgd fitbst]shnm 𝜏/]𝜎( ]qntmc
sgd r]cckd,onhms rnktshnm 𝜀//]𝜎( hm sgd enql 𝜀/]𝜎( ≠ 𝜀//]𝜎( + 𝜏/]𝜎(- B]kkhmf enq aqduhsx 𝒫𝑚±)𝜀: Θ̂[ •
𝒫)𝜀[+ vd sgdm g]ud to sn 𝒩

�
𝑀�1(

𝑃)�.𝛼[/𝑚±( ∝ 𝑑𝑀𝒫)𝜀/[
∫

𝒞/ℎ𝜏( dwo

]
𝑀

1

∫
c]𝜎0 c]𝜎1 𝜏/]𝜎0(

𝛾1𝒫)𝜀[
𝛾𝜀/]𝜎0(𝛾𝜀/]𝜎1(

〉〉〉〉
𝜀≠𝜀/

𝜏/]𝜎1(
{
. &E-23(

]mc nmd b]m bgdbj sg]s vd b]m dwoqdrr

𝛾1𝒫)𝜀[
𝛾𝜀/]𝜎0(𝛾𝜀/]𝜎1(

〉〉〉〉
𝜀≠𝜀/

≠
0
𝜁
𝐿/]𝜎0 . ]𝜎1(

)
�/]𝜎0 . ]𝜎1( + 𝑆/]𝜎0 . ]𝜎1(

[
&E-24(
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hm sdqlr ne sgd etmbshnmr 𝐿 ]mc 𝑆 fhudm hm Dpr- &5-57( ]mc &5-61(+ qdrodbshudkx- Bnlotshmf sgd
F]trrh]m hmsdfq]k hm Dp- &E-23( vd sgtr ffmc

𝑃)�.𝛼[/𝑚±( ≠ dwo
]
𝑀𝒫)𝜀/[ �

0
1 km cds/� + 𝑆(

{
+ 𝒩

4
0†𝑀1

(
. &E-25(

Dwo]mchmf sgd knf]qhsgl hm rdqhdr ]r

km/0 + 𝑤( ≠ �
∞∑
𝑗≠0

/�𝑤(𝑗
𝑗

. &E-26(

vd ffm]kkx fds Dp- &5-60(+ vgdqd sgd sq]bd ]mc l]sqhw nodq]shnmr ]qd hmsdmcdc nudq sgd qdokhb]
udbsnqr ]r

Sq𝑆 ≠
∫

c]𝜎 𝑆/]𝜎.�]𝜎(. 𝑆1/]𝜎0 . ]𝜎1( ≠
∫

c]𝜎 𝑆/]𝜎0 . ]𝜎(𝑆/]𝜎. ]𝜎1(. &E-27(

Vd l]x sqx sn rodbh]khyd Dp- &5-60( sn sgd qns]shnm]kkx hmu]qh]ms?mr]sy hm Dp- &5-64(- Sgd fitbst]shnm
l]sqhw hm Dp- &E-24( adbnldr

𝑆/]𝜎0 . ]𝜎1( ≠ 𝜀//]𝜎0(
)4
]𝜎0 𝐾̂ ]𝜎1

(1
�
4
]𝜎1 𝐽̂ ]𝜎1

([
. &E-28(

]mc ax trhmf Vhbj‘r sgdnqdl snfdsgdq vhsg Dp- &5-65( vd nas]hm+ enq hmrs]mbd+

Sq𝑆 ≠
∫

c]𝜎𝑆/]𝜎. ]𝜎( ≠ 𝜁

〉
∑
ℎ

4
1𝐽/1(

ℎℎ
� 𝐽1

ℎℎ

(
+
∑
ℎ 𝑖

𝐾ℎℎ𝐾𝑖 𝑖𝐽
/1(
ℎ 𝑖


. &E-3/(

vgdqd vd hmsqnctbdc sgd l]sqhw

𝐽
/1(
ℎ 𝑖
•
∫

c𝑍 𝑜𝑍/𝑍(
)

𝐵̂

0 � ℎ𝑍𝐾̂𝐵̂

(
ℎℎ

)
𝐵̂

0 � ℎ𝑍𝐾̂𝐵̂

(
𝑖 𝑖

. &E-30(

Vd qdbnfmhyd hm sgd k]rs dwoqdrrhnm ] fdmdq]khy]shnm ne sgd qdrnkudms &rdd Dp- &5-31(( sg]s dmbncdr
ghfgdq nqcdq bnqqdk]shnmr- Sgd mdws sdqlr Sq𝑆𝑗 vhsg 𝑗 < 0 hm sgd rdqhdr ne Dp- &5-60( vhkk hmunkud
rnld l]sqhbdr𝐽/𝑗+0(

ℎ 𝑖
vhsg hmbqd]rhmfkx ghfgdq nqcdq bnqqdk]shnmr+ vghbg ]qd mnmsqhuh]k sn bnlotsd

hm fdmdq]k- Gnvdudq+ hs hr rsq]hfgsenqv]qc sn rgnv sg]s Sq𝑆𝑗 ≠ 𝒩
�
𝜁𝑗
(
+ rn sg]s vgdm 𝜁 hr rl]kk

sgd rdqhdr hm Dp- &5-60( hr cnlhm]sdc ax hsr ffqrs edv sdqlr- Sn sgd adrs ne ntq dynqsr+ hs g]r mns
addm onrrhakd sn qdrtl sgd vgnkd rdqhdr hm Dp- &5-60(+ ]r hs g]oodmr hmrsd]c hm sgd otqd FND b]rd
– rdd ?oodmchw E-5 ]mc Qde- Z166[-

E-5 Jdudk bnloqdrrhahkhsx hm sgd otqd FND bZrd

Hm sghr ?oodmchw vd qdbnudq sgd qdrtksr ne Qde- Z166[ bnmbdqmhmf sgd kdudk bnloqdrrhahkhsx enq ]
FND l]sqhw- Sghr ]kknvr tr sn hmrodbs sgd rhlhk]qhshdr ]mc sgd chydqdmbdr vhsg qdrodbs sn sgd
FQO b]rd ]m]kxydc hm sghr l]mtrbqhos- Hm ?oodmchw D-2 ne Qde- Z087[ vd qdod]s sgd cdqhu]shnm
ne 𝜙FND/𝐷( trhmf lnqd rs]mc]qc sdbgmhptdr hm nqcdq sn ]ccqdrr sgd knv,dmdqfx qdfhnm 𝐷 ≪ 𝛾𝑀
&rdd Dp- &5-4( ]mc Rdbshnm 5-2-5(-
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Sgd otqd FND b]rd b]m ad enql]kkx nas]hmdc eqnl Dp- &5-0( ax kdsshmf sgd chrsqhatshnm 𝑜𝑍/𝑍(
ne sgd ch]fnm]k dkdldmsr ne sgd l]sqhw ℓ sdmc sn ] cdks] etmbshnm+ rn sg]s 𝜒𝑍/�( → 0- Sgd
b]kbtk]shnm sgdm adbnldr ]m]knfntr sn sg]s qdonqsdc hm Qde- Z166[+ vgnrd l]hm rsdor vd cds]hk
gdqd enq bnlokdsdmdrr- Ax qdok]bhmf sgd qdokhb],rxlldsqhb ?mr]sy ne Dp- &5-62( hmsn sgd r]cckd,
onhms dpt]shnm &5-58( nmd ffqrs nas]hmr ℳ ≠ 𝜁†𝑌𝜀+ vgdqd 𝑌𝜀 ≠

︸
c]𝜎 𝜀//]𝜎(- Ax trhmf F]trrh]m

hmsdfq]shnm nmd b]m sgdm rgnv sg]s
∫

c]𝜎′ 𝐿/]𝜎. ]𝜎′(𝜀//]𝜎′( ≠ 𝜁]𝜎 𝐵̂ ]𝜎. &E-31(

]mc sgtr sgd qdl]hmhmf eqdd o]q]ldsdqr hm Dp- &5-62( b]m ad cdsdqlhmdc ax rnkuhmf sgd rds ne entq
rdke,bnmrhrsdmbx dpt]shnmr sg]s enkknv eqnl Dp- &5-58( ]r

𝐵̂�0 ≠ 1𝜁 𝐵̂ + ℎ Θ̂. &E-32(

Mnsd sg]s sghr b]m ad qdbnudqdc eqnl Dpr- &5-66( ]mc &5-67( ax trhmf sgd e]bs sg]s sgd qdrnkudms
bnqqdronmchmf sn 𝑜𝑍/𝑍( ≠ 𝛾/𝑍( hr ℱ𝑍/�( ≠ 0†�-

E-5-0 :bshnm Zmc fitbstZshnmr Zqntmc sgd rZcckd,onhms

Ansg sgd ]bshnm ]mc hsr F]trrh]m fitbst]shnm l]sqhw 𝑆 b]m mnv ad bnlotsdc hm bnqqdronmcdmbd
ne sgd r]cckd,onhms rnktshnm hm Dp- &5-62(- Ax trhmf sgd cdffmhshnm ne sgd ]bshnm fhudm hm Dp- &5-55(
snfdsgdq vhsg sgd r]cckd,onhms dpt]shnm &5-58( ]mc sgd oqnodqsx hm Dp- &E-31(+ nmd cdctbdr

𝒫𝑚±)𝜀/: Θ̂[ ≠
𝜁

1

˜
𝑚+

4
Γ1
� + Γ̃1

𝛼

(
+ 𝑚�

4
Γ1
𝛼 + Γ̃1

�

([
+ 0

1 /𝑚+ + 𝑚�( km/1𝜉(

+ 0
1𝑚+ km

�
Γ�Γ̃𝛼

(
+ 0

1𝑚� km
�
Γ𝛼Γ̃�

(
. &E-33(

Sgd bnlots]shnm ne Sq𝑆𝑗 hm Dp- &5-60( qdpthqdr lnqd vnqj- Ehqrs+ vd qdvqhsd hm bnqqdronmcdmbd
ne sgd ?mr]sy hm Dp- &5-62(

𝑆/]𝜎0 . ]𝜎1( ≠ 𝜀//]𝜎0(
)4
]𝜎0 𝐾̂ ]𝜎1

(1
�
4
]𝜎1 𝐵̂ ]𝜎1

([
. &E-34(

vgdqd vd g]ud trdc sgd cdffmhshnm ne sgd etmbshnm 𝐿/]𝜎0 . ]𝜎1( hm Dp- &5-57( ]mc sgd oqnodqsx hm
Dp- &E-31(- Sgd ffqrs edv onvdqr ne 𝑆 b]m sgdm ad bnlotsdc ax ]ookxhmf Vhbj‘r sgdnqdl9 ax
hmsqnctbhmf sgd mns]shnm

}•⟩0 •
0
𝜁

∫
c]𝜎0 /•(𝜀//]𝜎0(. &E-35(

vd mnsd sg]s
}
𝜎0ℎ𝜎0𝑖

〈
0 ≠ 𝐵ℎ𝑖 + rn sg]s lnqd bnlokhb]sdc ]udq]fdr b]m ad g]mckdc ]r

}
𝜎0ℎ𝜎0𝑖𝜎0𝑗𝜎0𝑘

〈
0 ≠ 𝐵ℎ𝑖𝐵𝑗𝑘 + 𝐵ℎ𝑗𝐵𝑖𝑘 + 𝐵ℎ𝑘𝐵𝑖𝑗 . &E-36(

Tonm mnshmf sg]s 𝐾̂1 ≠ �𝑚 + nmd b]m sgdm oqnud ax hmctbshnm sgd qdk]shnm

𝑆𝑗+0/]𝜎0 . ]𝜎1( ≠ /1𝜁(𝑗𝜀//]𝜎0(
)4
]𝜎0 𝐾̂

𝑗+0 𝐵̂ 𝑗 ]𝜎1

(1
�
4
]𝜎1 𝐵̂

1𝑗+0 ]𝜎1

([
. &E-37(

14/
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Trhmf Dp- &E-27( mnv xhdkcr

Sq𝑆𝑗 ≠ 1𝑗�0𝜁𝑗

〉

〉∑
ℎ

𝐾𝑗
ℎℎ𝐵

𝑗
ℎℎ

(1

+
∑
ℎ

𝐵1𝑗
ℎℎ


. &E-38(

]mc hmrdqshmf sgd cdffmhshnm ne sgd l]sqhbdr 𝐾̂ ]mc 𝐵̂ fhudm hm Dpr- &5-56( ]mc &5-63( fhudr

Sq𝑆𝑗 ≠ 1𝑗�0𝜁𝑗
] ˜

𝑚+
4
Γ𝑗
� + /�Γ̃𝛼(𝑗

(
+ 𝑚�

4
Γ𝑗
𝛼 + /�Γ̃�(𝑗

([1
+ 𝑚+

4
Γ1𝑗
� + Γ̃1𝑗

𝛼

(
+ 𝑚�

4
Γ1𝑗
𝛼 + Γ̃1𝑗

�

( {
.

&E-4/(

S]jhmf sgd khlhs 𝑚± → ±ℎ𝑟†𝜉 hm Dpr- &E-33( ]mc &E-4/( sgdm qdrtksr hm

𝒫± ℎ𝑟
𝜉
)𝜀/: Θ̂[ ≠ ℎ𝑟

1𝜉

)
𝜁
4
Γ1
� + Γ̃1

𝛼 � Γ1
𝛼 � Γ̃1

�

(
+ km

〉
Γ�Γ̃𝛼

Γ𝛼Γ̃�

([
. &E-40(

Sq𝑆𝑗

〉〉〉〉
𝜀≠𝜀/

≠ 1𝑗�0𝜁𝑗
] ℎ𝑟
𝜉

4
Γ1𝑗
� + Γ̃1𝑗

𝛼 � Γ1𝑗
𝛼 � Γ̃1𝑗

�

(
� 𝑟1

𝜉1

˜
Γ𝑗
� + /�Γ̃𝛼(𝑗 � Γ𝑗

𝛼 � /�Γ̃�(𝑗
[1 {

. &E-41(

Bnlo]qhmf vhsg sgd cdffmhshnmr ne sgd btltk]ms fdmdq]shmf etmbshnm ]mc sgd btltk]msr hm
Dpr- &5-5/( ]mc &5-53(+ qdrodbshudkx+ vd b]m ffm]kkx hcdmshex

𝜃0
𝑀

≠ � ℎ

1𝜉

)
𝜁
4
Γ1
� + Γ̃1

𝛼 � Γ1
𝛼 � Γ̃1

�

(
+ km

〉
Γ�Γ̃𝛼

Γ𝛼Γ̃�

([
� ℎ

3𝜉𝑀

∞∑
𝑗≠0

/�1𝜁(𝑗
𝑗

4
Γ1𝑗
� + Γ̃1𝑗

𝛼 � Γ1𝑗
𝛼 � Γ̃1𝑗

�

(
.

𝜃1
𝑀

≠ � ℎ

1𝜉1𝑀

∞∑
𝑗≠0

/�1𝜁(𝑗
𝑗

˜
Γ𝑗
� + /�Γ̃𝛼(𝑗 � Γ𝑗

𝛼 � /�Γ̃�(𝑗
[1

. &E-42(

Hm sgd mdws Rdbshnm vd vhkk rodbh]khyd sgdrd qdrtksr sn sgd b]rd hm vghbg sgd hmsdqu]k )�. 𝛼[ hr
rxlldsqhb-

E-5-1 BZrd ne Z rxlldsqhb hmsdquZk

Vd bnmrhcdq gdqd sgd b]rd hm vghbg � ≠ �𝐷 ]mc 𝛼 ≠ 𝐷- Vhsg sghr bgnhbd+ rnkuhmf Dp- &E-32( fhudr�

Γ�

〉〉〉〉
𝑍≠�𝐷

≠
0
3𝜁

)
�/𝜔 � ℎ𝐷( ±

√
7𝜁 + /𝜔 � ℎ𝐷(1

[
• 𝑞𝑑 ℎ𝜂 . &E-43(

vgdqd vd bgnnrd sgd onrhshud aq]mbg ne sgd rpt]qd qnns rn sg]s QdΓ� ≥ / enq ]mx onrhshud 𝜁

&qdb]kk sg]s Γ� qdoqdrdmsr sgd u]qh]mbd ne ] F]trrh]m chrsqhatshnm+ rdd Dp- &5-62((- Rhlhk]qkx+ eqnl
Dp- &E-32( nmd ffmcr enq sgd dmsqhdr ne 𝐵̂ sgd r]ld rxlldsqhdr ]r hm Dp- &5-71(- Sgd ffqrs svn
btltk]msr hm Dp- &E-42( ]qd sgdm entmc sn xhdkc

𝜃0
𝑀

≠
𝑤

𝜉
rhm 1𝜂 + 1𝜂

𝜉
+ ℎ

1𝜉𝑀 km
)

0 + 𝑤𝑑1ℎ𝜂

0 + 𝑤𝑑�1ℎ𝜂

(
. &E-44(

𝜃1
𝑀

≠
0

𝜉1𝑀
km

)
0 +

)
1𝑤 rhm 1𝜂

0 � 𝑤1

(1
[
. &E-45(

0Sgd ]mfkd 𝜂 rgntkc ad bnlo]qdc vhsg 𝜂𝐾 hm Qde- Z166[-
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vgdqd vd b]kkdc 𝑤 • 1𝜁𝑞1- ?r ] ffqrs bgdbj+ nmd b]m d]rhkx udqhex sg]s ansg 𝜃0+ 𝜃1 → / hm sgd khlhs
ne ] u]mhrghmf hmsdqu]k 𝐷 → /-

Ax bgnnrhmf 1𝜁 ≠ 0+ vd nas]hm hm sgd 𝑀 → ∞ khlhs ]m dhfdmu]ktd rodbsqtl chrsqhatsdc vhsghm
sgd hmsdqu]k )�1. 1[- Rdmchmf 𝜔 → /+ ]r oqdrbqhadc ax Dp- &5-5/(+ nmd b]m bgdbj sg]s 𝑞 → 0 &gdmbd
𝑤 → 0(+ vghkd

𝜂 ����→
𝜔→/+

𝜂/ • ]qbs]m
)

𝐷
√

3 � 𝐷1

(
∈
˜
�𝜉1 .

𝜉

1

[
. &E-46(

Sghr bnmbktcdr sgd b]kbtk]shnm ne 𝜃0 &rdd Dp- &E-44((+ vghbg hmbktcdr ansg sgd kd]chmf nqcdq sdql
]mc hsr 𝒩

�
𝑀/( bnqqdbshnm &mnsd sg]s sgd k]ssdq hr ]bst]kkx qd]k,u]ktdc(- Gnvdudq+ sgd rdbnmc

btltk]ms 𝜃1 hr rddm sn chudqfd hm sgd khlhs 𝜔 → /+: sgd oqnakdl hr ]ccqdrrdc hm Qde- Z166[
ax hmsqnctbhmf ] 𝑀,cdodmcdms qdftk]qhy]shnm ne sgd hmffmhsd rtl sg]s ]ood]qr hm Dp- &E-42(-
Mnmdsgdkdrr+ vd g]ud rgnvm sg]s rtbg hmffmhsd rtl &]mc gdmbd 𝜃1 hsrdke hm Dp- &E-45(( cndr mns
chudqfd enq ]mx ffmhsd u]ktd ne 𝜔- Sghr ghmsr ]s sgd vdkk,jmnvm e]bs sg]s sgd khlhs 𝜔 → /+ ]mc sg]s
enq 𝑀 → ∞ hm Dp- &5-5/( ]qd mns hmsdqbg]mfd]akd- Hs hr sgdm trdetk sn dwo]mc enq rl]kk 𝜔

𝑤 ≠ 𝑞1 ≃ 0 � 1𝜔
√

3 � 𝐷1
→ 𝜃1 ≃ 1

𝜉1 km

)√
3 � 𝐷1 rhm 1𝜂

1𝜔

[
. &E-47(

Hm nqcdq sn qdbnudq sgd kd]chmf nqcdq qdrtks 𝜃1 ∼ km 𝑀 entmc hm oqduhntr khsdq]stqd Z214–218[+ nmd
g]r sn ]rrtld rnld sxod ne etmbshnm]k qdk]shnm 𝜔 ≠ 𝜔/𝑀(+ rn sg]s sgd khlhs 𝜔 → /+ hr s]jdm ax
bnmsqnkkhmf sgd oqnctbs 𝜔𝑀 Z215[- Sghr fndr gnvdudq adxnmc sgd rbnod ne sgd oqdrdms o]odq-

E-6 Jdudk bnloqdrrhahkhsx hm svn dwZbskx rnkuZakd bZrdr

Hm sghr ?oodmchw vd oqnuhcd ]m]kxshb]k dwoqdrrhnmr enq sgd pt]mshshdr chrbtrrdc hm Rdbshnm 5-2-3
]mc oknssdc hm Ehf- 5-3-

E-6-.-0 BZtbgx chrsqhatsdc 𝑍ℎ

Kds tr rs]qs eqnl sgd b]rd hm vghbg 𝑜𝑍/𝑍( hr sgd B]tbgx chrsqhatshnm+ rdd Dp- &5-35(- Vd rds 𝜆 ≠ /+
rn sg]s sgd oqnakdl qdl]hmr rxlldsqhb ]qntmc sgd nqhfhm- Trhmf sgd dwoqdrrhnm ne ℱ𝑍/�( hm
Dp- &5-4/(+ eqnl Dp- &5-66( vd fds 𝐽̂ ≠ 𝐵̂†/0 + 𝜓𝐵̂(- Rnkuhmf sgd rdke,bnmrhrsdmbx dpt]shnm &5-67(
sgdm xhdkcr

Γ ≠ Γ�

〉〉〉〉
�≠�𝐷

≠ 1
)
𝜔 � ℎ𝐷 � 𝜓 +

√
7𝜁 + /𝜔 � ℎ𝐷 + 𝜓(1

[�0
• 𝑞𝑑 ℎ𝜂 . &E-48(

vgdqd vd bgnrd sgd onrhshud aq]mbg ne sgd rpt]qd qnns rn sg]s QdΓ� < /- ?esdq sghr bgnhbd+
sgd bnmrs]ms 𝜔 b]m ad r]edkx rdms sn ydqn- Sgd qdrtkshmf btltk]ms fdmdq]shmf etmbshnm hr fhudm
hm Dp- &5-74(+ vgdqd sgd ]udq]fdr ]qd s]jdm nudq sgd B]tbgx chrsqhatshnm hm Dp- &5-35(+ ]mc sgd
bndflbhdms ne sgd sdql khmd]q hm 𝑟 qd]cr

𝑙 ≠
3𝜁𝑞1 rhm𝜂 /𝑞𝜓 + bnr𝜂(

𝜉 )0 + /𝑞𝜓(1 + 1𝑞𝜓 bnr𝜂[1
. &E-5/(
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E-7- RB?KHMF ETMBSHNM ENQ SGD GDQLHSH?M FQO LNCDK

E-6-.-1 Vhfmdq chrsqhatsdc 𝑍ℎ

Kds tr mnv bnmrhcdq sgd b]rd hm vghbg 𝑜𝑍/𝑍( hr sgd Vhfmdq chrsqhatshnm+ rdd Dp- &5-40(- ?f]hm vd
rds 𝜆 ≠ /+ rn sg]s sgd oqnakdl qdl]hmr rxlldsqhb ]qntmc sgd nqhfhm- Trhmf sgd dwoqdrrhnm ne
ℱ𝑍/�( hm Dp- &5-41(+ sgd pt]mshsx 𝐽̂ hm Dp- &5-66( adbnldr

𝐽̂ ≠ � 1
𝜌1𝐵̂

)
0 �

√
0 + /𝜌𝐵̂(1

[
. &E-50(

Rnkuhmf sgd rdke,bnmrhrsdmbx dpt]shnm &5-67( xhdkcr+ ]esdq bgnnrhmf sgd onrhshud aq]mbg ne sgd
rpt]qd qnns rn sg]s QdΓ� < / ]mc kdsshmf 𝜔 → /+

Γ ≠ Γ�

〉〉〉〉
�≠�𝐷

≠
ℎ𝐷/𝜌1 + 3𝜁( + 3𝜁

}
𝜌1 + 7𝜁 � 𝐷1

05𝜁1 + 𝜌1𝐷1 • 𝑞𝑑 ℎ𝜂 . &E-51(

Sgd qdrtkshmf btltk]ms fdmdq]shmf etmbshnm hr ]f]hm fhudm hm Dp- &5-74(+ vgdqd sgd ]udq]fdr ]qd
s]jdm nudq sgd Vhfmdq chrsqhatshnm hm Dp- &5-40(- Sgd ]m]kxshb]k dwoqdrrhnm ne sgd pt]mshsx 𝑙 hm
Dp- &5-75( hr btladqrnld+ ats hs enkknvr qd]chkx eqnl Dp- &E-50(-

E-7 RbZkhmf etmbshnm enq sgd GdqlhshZm FQO lncdk

Hm sghr ?oodmchw vd bnmrhcdq sgd b]rd hm vghbg sgd l]sqhw 𝐴 g]r bnlokdw &q]sgdq sg]m qd]k(
dmsqhdr+ h-d-+ hs adknmfr sn sgd FTD dmrdlakd- Hm sghr b]rd+ onvdqetk ]m]kxshb]k snnkr rtbg ]r sgd
G]qhrg,Bg]mcq],Hsyxjrnm,Ytadq hmsdfq]k ]qd ]u]hk]akd Z37[- Enkknvhmf sgd ldsgnc hmsqnctbdc hm
Qde- Z127[+ sgd ]tsgnqr ne Qde- Z164[ cdlnmrsq]sdc sg]s sgd svn,kdudk rodbsq]k bnqqdk]shnm etmbshnm
]rrtldr ] tmhudqr]k enql hm sgd eq]bs]k qdfhld 0 < 𝛽 < 1+ ]mc enq k]qfd 𝑀 - Ntq ]hl gdqd hr
sn khmj sgdhq qdrtks sn sgd kdudk bnloqdrrhahkhsx 𝜙/𝐷(+ ]mc sn rgnv sg]s sgd k]ssdq ]rrtldr hm sgd
eq]bs]k qdfhld sgd rUld tmhudqr]k enql ]r hm sgd qd]k rxlldsqhb b]rd &h-d-+ hm sgd cdenqldc FND
dmrdlakd rstchdc hm sghr l]mtrbqhos(-

Kds tr adfhm ax cdffmhmf+ ]r hm Qde- Z127[ &rdd Dpr- &1-8( ]mc &2-0( sgdqdhm(+

𝐵0/𝑠( •
∑
𝑚

𝑑 ℎ𝑠𝜅𝑚 . 𝐵1/𝑠 . 𝑠′( •
∑
𝑚∉𝑙

𝑑ℎ𝑠𝜅𝑙+ℎ𝑠′𝜅𝑚 . &E-52(

𝑀𝐵/𝑠 . 𝑠′( • }𝐵1/𝑠 . 𝑠′(⟩ � }𝐵0/𝑠(⟩ }𝐵0/𝑠′(⟩ . &E-53(

vgdqd 𝐵/𝑠 . 𝑠′( hr sgd rodbsqUk enql eUbsnq+ ]mc sgd ]udq]fd hr hmsdmcdc nudq sgd dmsqhdr ne sgd l]sqhw
ℋ - Hmrdqshmf sgd hcdmshsx hm sgd enql ne 0 ≠

︸
c𝜅 𝛾/𝜅 � 𝜅𝑚( ]mc trhmf Dp- &5-00(+ nmd fdsr

}𝐵0/𝑠(⟩ ≠ 𝑀

∫
c𝜅 𝑑 ℎ𝑠𝜅 }𝜋𝑀 /𝜅(⟩ . &E-54(

}𝐵1/𝑠 . 𝑠′(⟩ ≠ 𝑀1
∫

c𝜅
∫

c𝜅′ 𝑑 ℎ𝑠𝜅+ℎ𝑠
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∫
c𝜅 𝑑 ℎ/𝑠+𝑠

′(𝜅 }𝜋𝑀 /𝜅(⟩ . &E-55(

Vd mnv hmsqnctbd sgd Entqhdq sq]mrenql ne sgd rodbsq]k enql e]bsnq

𝐵̂/𝜓. 𝜓′( •
∫

c𝑠
1𝜉

∫
c𝑠′

1𝜉 𝑑�ℎ𝜓𝑠�ℎ𝜓′𝑠′𝐵/𝑠 . 𝑠′( ≠ 𝑀 }𝜋𝑀 /𝜓(𝜋𝑀 /𝜓′(⟩𝑏 � }𝜋𝑀 /𝜓(⟩ 𝛾/𝜓 � 𝜓′(. &E-56(
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rn sg]s trhmf Dp- &5-01( vd b]m dwoqdrr

𝑀

∫ 𝐷

�𝐷
c𝜓

∫ 𝐷

�𝐷
c𝜓′ 𝐵̂/𝜓. 𝜓′( ≠

}
𝐻1
𝑀 )�𝐷. 𝐷[

〈
𝑏
� }𝐻𝑀 )�𝐷. 𝐷[⟩ . &E-57(

Bnlo]qhmf Dpr- &E-56( ]mc &E-57(+ vd cdctbd sg]s sgd mnm,rhmftkUq o]qs ne 𝐵̂/𝜓. 𝜓′( cdsdqlhmdr
sgd u]qh]mbd ne sgd mtladq ne dhfdmu]ktdr 𝐻𝑀 )�𝐷. 𝐷[ vhsghm sgd hmsdqu]k )�𝐷. 𝐷[-

Sgd etmbshnm𝐵/𝑠 . 𝑠′(v]r bnlotsdc hm Qde- Z114[ enq sgd Gdqlhsh]m FQO lncdkvhsg
}
|ℋℎ∉𝑖 |1

〈
≠

𝜇1†/3𝑀𝛽(+ ]mc hs qd]cr1

𝐵/𝑠 . 𝑠′( ≠ 1𝜉𝑜𝑍//(𝛾/𝑠 + 𝑠′(
)
𝑅

)
𝑠 � 𝑠′

1 𝐷Sg

(
� 0

[
. &E-58(

vgdqd hm sgd k]qfd 𝑀 khlhs ]mc enq 0 < 𝛽 < 1 sgd etmbshnm 𝑅/𝑡( ]rrtldr sgd rhlokd enql

𝑅/𝑡( ≠ 𝑑�1𝜉Θ1 |𝑡 | . &E-6/(

Vd g]ud hmsqnctbdc &]r hm Z114[( sgd pt]mshshdr

𝐷Sg • 𝛾𝑀𝑀
1�𝛽 ≠

1𝐷𝑆

𝜉)𝜇𝑜𝑍//([1
≠

𝐷𝑆

𝜉Θ1 . Θ • 𝜇𝑜𝑍//(†
√

1. &E-60(

vgdqd 𝛾𝑀 ≃ )𝑀𝑜𝑍//([�0 hr sgd ld]m kdudk ro]bhmf &rdd Rdbshnm 5-2-5(+ vghkd 𝐷𝑆 ≃ 1𝜉𝑜𝑍//(𝜁 hr sgd
Sgntkdrr dmdqfx ]r vd hmsqnctbdc hs hm Rdbshnm 5-2-4 &vhsg 𝜁 fhudm hm Dp- &5-2((- Hs enkknvr sg]s

𝐵̂/𝜓. 𝜓′( ≠
𝑜𝑍//(
𝐷Sg
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)
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vgdqd
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𝜓1 + /1𝜉Θ1(1 &E-62(

hr sgd Entqhdq sq]mrenql ne 𝑅/𝑡( hm Dp- &E-6/(- Trhmf Dp- &E-57(+ vd sgtr nas]hm

}
𝐻1
𝑀 )�𝐷. 𝐷[
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𝑏
≠

𝑀𝑜𝑍//(
𝐷Sg

∫ 𝐷
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c𝜓

∫ 𝐷

�𝐷
c𝜓′ 𝑅̂

)
𝜓 � 𝜓′
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�1𝐷
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𝑤
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≠ 1𝑀𝐷𝑜𝑍//( · 𝜙𝑆

)
𝐷

𝜉Θ1𝐷Sg

(
≠ 1𝑀𝐷𝑜𝑍//( · 𝜙𝑆 /𝐷†𝐷𝑆( . &E-63(

vgdqd hm sgd rdbnmc khmd vd bg]mfdc u]qh]akdr sn 𝑤 ≠ /𝜓 � 𝜓′(+ � ≠ /𝜓 + 𝜓′ + 1𝐷(+ ]mc vd
hmsdfq]sdc nts �+ vghkd hm sgd sghqc khmd vd trdc Dpr- &E-60( ]mc &E-62( ]mc vd qdbnfmhydc sgd
rb]khmf etmbshnm 𝜙𝑆/𝑥( fhudm hm Dp- &5-0/7(-

Sgd qdrtks hm Dp- &E-63( rgntkc ad bnlo]qdc vhsg sgd nmd vd entmc hm Rdbshnm 5-2-4 enq sgd
qd]k FQO lncdk9 trhmf Dp- &5-0/3( ]mc Rdbshnm 5-2-4 xhdkcr hm e]bs

𝜃1/𝐷( ≠
}
𝐻1
𝑀 )�𝐷. 𝐷[

〈
𝑏
≠ 1𝑀𝐷𝑜𝑍//(𝜙𝑆 /𝐷†𝐷𝑆( . &E-64(

Pthsd hmsdqdrshmfkx+ sgd r]ld rb]khmf etmbshnm 𝜙𝑆 ]ood]qr ansg hm sgd cdenqldc FTD ]mc FND
dmrdlakdr-

1Mnsd sg]s hm Qde- Z114[ sghr etmbshnm v]r hmrsd]c hcdmshffdc vhsg 𝐵1/𝑠 . 𝑠′( fhudm hm Dp- &E-52(- ? e]bsnq ne 𝑜𝑍//(v]r
]krn lhrrhmf-
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