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`MJGL>`®LUKPH�ZPNEFI[�BOHR@C[;H5KPL>`MNE@C\GZ�@C\ `MJGH�BENOZv`1@>q8\iDGF¦];H5KvZ«LU\�fo»*NEBOB `PH5BOB DGZ®eUBO@C]�L>B qrH~L>`PDGKPH.Z1@Uqd`PJGH
KML~» f�L>`|Lwx

� %����/(�`A�.- � `�KPH5[�KPH5ZvH5\}`MZ�`MJGH1F6H~LU\(�>LUBEDGH�@Uq�`MJGH1BONEZv`5Q

µx ≡ 1

n

n
∑

i=1

xi

n È s

� JGH�»d@UKPf(L~�CH.KMLUeUH�@CKvNOeCNE\�L>`MH.Z&NO\6`MJGH�z�KPH5\�a|J (�%�
����,��npN�`MZPH.BEq²qrKP@CF `PJGH�� `MLUBONOLU\h(�%������$(�`MJ�L¡`
@CKvNOeCNE\�L>`PH5Z	NO\I`PJGHlk�KMLU]GNEa�s	LU\Gf$`PJGHlKPH5LUZP@U\(NOZ `PJ�L>`dZPJGNE[G[²H.KPZ8D�ZPH5f�`P@¦a5@U\i`PKPNE]GD�`MH�`M@«`PJGH5NEK
eCD�NOBOf,LRa.H5Kv`MLUNO\±LUF6@CDG\}`*@Uq
F6@C\GH.m$`M@�a5@��CH.K�qr@UK H.�CH.\}`MD�LUB_»*KvH5a��¡LUeCH.Z5x
� �F1��$(�9#- � `lNEZ�`MJ�HM��F6NOfGf�BOH�	l�UL>BODGH©NO\�`PJGH¦BENOZv`5x � @(fGH�°�\GHRNE`�@C\GH®°�KPZ�`l@CKvfGH5KvZ�`MJGH«BONOZ�`�NE\
ZvDGa|J¬L6»8L~m¢`PJ�L>`

y1 ≤ y2 ≤ . . . yn

»*JGH.KPH
yi

qr@UK�H~L>a|J
i
NEZlH5hiD�L>B `M@,LU\£H.BOH.FIH.\i`lNO\�`PJGH

@CKvNOeCNE\�LUB;BONEZv`
x1, x2, . . . , xn

x � JGH1F6H5fGNOLU\,NOZ

xmedian ≡






yn+1
2

NEq
n
NOZ @wfGf

,
1
2

(

yn
2

+ yn
2
+1

) NEq
n
NOZ H.�CH.\

,

n � s

� JGH�» @CKPf±F6H5fGNOLU\,@CKPNEeCNO\�L¡`MH5ZdNO\�`MJ�H®^�L>`PNO\ D]�F1��&@3��x
� `�NOZ�NOF6[²@CK�`|LU\}` `P@$\G@U`PH©`PJ�L>`5¹;NE\�eCH.\GH5KPLUB�¹

µx 6= xmedian

x*� q�`PJGH©BONOZ�`�@Uq&\iDGF¦];H5KvZ�NOZ*ZvDGa|J¢`MJ�L¡`
`MJ�H5KPH�L>KPHRZP@UFIH¦�UH5Kvm¢BbLUKveCH(nrZPFILUBOBbs �>LUBEDGH5Z�@Uq

xi

@C\�HRJ�LUZ
µx > xmedian

n
µx < xmedian)

x®^�H�`
DGZ1eCN��CH�LU\oH���LUF6[GBOH>x � JGH�BONEZv`

xi

KvH5[GKvH5ZPH.\}`MZ®`PJGHR`MNEFIH.Zl\GH5H.fGH5foqr@CK � FINEa5H¦`P@±Zv@CBE�UH6L,FIL�G.H
LU\Gf¢`PJGH¦@CDw`Ma5@UFIH.ZlLUKvH

x1 = 9′
¹
x2 = 10′

¹
x3 = 12′

¹
x4 = 9.5′

¹
x5 = 24

J�x���\¢`MJGNEZ�a~L>ZPHU¹²`MJGH
L~�CH.KMLUeCH�NOZ	\G@U`	�CH.Kvm6KPH.[GKPH.ZPH5\}`ML>`MN��CHl@Uq�FI@CZ�`	FINEa5H*ZPNE\Ga5H�NE`A»*NOBEBGmwNEH5BEf$L©KPH5ZvDGBE` @Uq²`MJGH�@CKPfGH.K @>q�L
qrH.» JG@CDGKvZ5¹�»*J�NOBOHl`PJGH�F6H5fGNOLU\(NOZ @Uq�`PJGH1@CKPfGH.K @Uq

10′
x � J�NOZ8`MH.BOBEZ8DGZ `MJ�L¡`8`MJGH1F6H5fGNOLU\(NOZdDGZPH�qrDGB

»*JGH.\�@C\GHl»dLU\}`MZ*`M@6eCH�`*KPNOf,@UqO�/(��P����%���9<"Y��¹GBEN*�>H�`MJGH1ZvNOBOB�m$F6@CDGZvHUx
� ?.1A�.- � `dNOZ&`MJGH�FI@UZv`AqrKPH.h�D�H5\}`d�>LUBEDGH�NE\6`PJGH�BONOZ�`~x
� `dNEZ \G@>`d\GH.a5H.ZPZML>KPNOB�m�DG\GNEh�D�HU¹i`MJGH�mIa5LU\
];H1ZPH.�UH5KPLUB�FI@�fGH5Z©nrZPH.HU¹{HUxyeGx�¹G`MJGH1a~L>ZPH1NO\±z NEeGx�����s�x
� (�9A`A�.- � `*NOZ8`MJ�H©NE\}`MH5K��>LUB�@Uq��>LUKPNOL>`MNE@C\(@Uq�`MJGH1f�L>`ML�Q

r ≡ xmax − xmin

n SCs
»*N�`MJ

xmax ≡ max{x1, . . . , xn}
LU\Gf

xmin ≡ min{x1, . . . , xn}
x

� JGH1KML>\GeCH1NOZ @C]}��NO@UDGZPB�m$�CH.Kvm,ZvH5\GZvNE`MN��CH1`M@�H���`PKPH5F6H��>LUBODGH.Z5x
�<(����$(�9 ���.- � ` F6H~LUZvDGKPH.Z `MJ�H�ZP[�KPH~L>fGNO\Ge®@Uq�`PJGH�fGL>`|L�¹�N�xyHUx
`MJGH*�>LUKPNOLU\Ga5H�NOZ	ZPFILUBEB�NEq_L>BOB�f�L>`ML
LUKvH�a5@C\�a5H5\}`PKML>`PH5f¢L>KP@CDG\�f±`PJGH1FIH5LU\±LU\Gf±NE` NEZ BbLUKveCH�@U`MJ�H5Kv»*NEZPH>x	� `*NEZ fGH.°G\GH5f�LUZ

σ2
x ≡ 1

n

n
∑

i=1

(xi − µx)
2 = 〈 x2 〉 − µ2

x

n � s

nrZPH5H�`MJ�H6k�[G[;H5\GfGN � k qr@CK1L,[GKP@�@Uq	@Uq `MJGH�ZPH.a5@C\�f NEfGH5\}`MN�`�m�s�xdH�H.KPH~L¡q¤`MH5K 〈· · ·〉 NE\GfGNOa5L>`MH.Z`PJGH«ZvDGF
n−1∑n

i=1 · · ·
xl��@U`MH©`MJ�L>`

(xi − µx)
2 NOZ�L$FIH5LUZPD�KPH«@>q&`MJGH®NO\GfGN���NOfGD�L>B_fGNOZ�`|LU\Ga.H

qrKv@CF `PJGH©L��UH5KPLUeCH®LU\Gf(`MJ�L¡`�qrKv@CF N�`MZ8�UH5Kvm,f�H.°�\GN�`MNE@C\
σ2

x

NEZ [²@UZPNE`PNE�UHUx

�
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σx ≡
√

σ2
x .

n � s
� ��=6(�"$�&%�� %B(����$(3Q.�&=R�&"+S�- � `�NOZ�L�a5@CF6[�LUKvNOZP@U\W];H.`�» H5H.\�`MJGH©Zv`MLU\Gf�L>KPf�f�H.��NbL>`PNO@C\WLU\Gf,`MJ�H«L~�}�
H.KMLUeCH>Q

rvx ≡ σx

µx
.

n � s
��@U`MH©`MJ�L>`�`MJGNEZ�KPL>`MNE@INEZlLU\£L>fGNOF6H5\GZvNO@C\GLUB_hiD�LU\}`MN�`�m�L>\Gf LUZ�ZvDGa|J£NE`�NOZ�KPH.BOH.�>LU\}`�`M@�a.@CF��
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� JGH��>LUKPNOLU\Ga5HRNEZ�»dH.BOB�� ZPDGN�`MH.f¢`M@±fGNOZ�`MNO\�eCDGNOZvJ£KMLUKvH�H.�CH.\}`MZ5x�z{@UK�NO\GZ�`|LU\Ga.HU¹
L([GKP@UqrH.ZPZv@CK©»*NEBOB�`MKvm
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@Uq H��w[GBO@UZPNE�UH5Z*»*NOBEB�[GKPH�qrH5K*`M@6J�L~�CH®L6ZvF$L>BOB �>LUKvNbLU\Ga.H1NO\(`MJGH©fGH.BbL~m(`MNEFIH�qr@UK�Hµ�w[GBO@CZvNO@C\,`M@IL~�C@CNEf
LUa.a5NOf�H5\}`MZ.x
� J�H6Z�`|LU\�f�LUKPf fGH���NbL>`PNO@C\£NEZlFIH5LUZPD�KPH5foNO\¢`PJGHRZML>FIHRDG\�NE`MZ1L>Zl`MJGH�L~�CH.KMLUeUHIL>\Gf NE`�NEZlJGH5\�a5H

fGNEKPH5a�`MB�mWa.@CF6[�LUKML>]GBOH©`M@�N�`~x � JGNEZlNOZ�»*J}m¢@C\GH«DGZPH.Z1`PJGHRLUf�NOF6H5\GZvNO@C\�L>B�hiD�L>\i`PNE`�m
rvx
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z NEeCDGKPH È Q��dLUK1fGNbLUeUKMLUF npBOH�q¤`µslLU\�foqrKvH5hiDGH5\�a.moJGNOZ�`M@CeUKMLUF nrKPNEeCJ}`µs�qr@CKl`PJGHIZvH.`©@Uqdf�L>`|L,NO\£`PJGH
� LU]GBOH�];H5BE@�»1x
� `�NOZ�@Uq¤`PH5\�D�ZPH.qrD�B�`P@$a|J�LUKPLUa.`PH5KvNOZPH©`MJGH©H5\�ZPH5F«]GBOH®@Uq�f�L¡`|L6»*N�`MJ±`MJGH®L~�CH5KPLUeCH.Zl@Uq�F6@CKvH®a.@CF��

[GBENOa~L¡`MH5f�qrD�\Ga.`PNO@C\GZ.x � \�H©a5LU\,`MJGH.\WfGH�°�\GH�`MJ�H®L~�UH5KML>eCH®@>q�LReCH.\GH5KvNOa�qrDG\Ga�`MNO@U\
f(xi)

Q
��H5\GH.KPNEa1L��UH5KPLUeCH®LU\Gf,FI@UFIH.\i`ML

〈 f(x) 〉 =
1

n

n
∑

i=1

f(xi) .
n � s

� JGH�LU\GeUDGBbLUK ]GKMLUa��>H.`PZdDGZvD�LUBOB�m¦fGH.\G@U`PH�eUH5\GH.KPNOa�L~�CH.KMLUeUH5Z	@Uq `PJGNOZ�`�m�[;HUx&k�[�LUK�`MNOa.DGBbL>K�a~LUZvH
NEZ eCNE�UH5\±]im

f(x) = xk Q

µ(k)
x ≡ 1

n

n
∑

i=1

xk
i .

n �Cs

��@U`MH«`PJ�L>`�ZvH.`v`MNO\�e
k = 1

@C\�HRKPH5a.@��CH5KvZ�`MJGHRfGH�°�\GN�`MNO@U\¢@UqA`MJGH�L~�UH5KML>eCH�LU\Gf¢»*N�`MJ
k = 2@C\�H«@C]�`MLUNO\�Z�@U\GH«@Uq `MJGH©`�»d@$`PH5KvFIZ�LU[G[;H~LUKvNO\Ge6NO\±`MJGH©ZPH.a5@C\�f£H��w[GKPH.ZPZvNO@C\£NE\�n � s qr@UK�`PJGH

�>LUKvNbLU\Ga.HUx � JGH��i\G@�»*BOH.fGeCH¦@Uq&LUBOB�FI@UFIH.\i`PZ�L>BOBO@�»*Z�@C\GH«`P@$KvH5a5@U\GZv`PKPDGa�`�`MJGH©qr@CKPF @Uq&`PJGH
qrKvH5hiDGH5\�a.m�f�NbLUeCKPLUF±x � JGHE��\�@�»*BEH5fGeUHl@Uq�ZP@UFIH�@Uq_`MJGH.F eCNE�UH5Z8[�L>Kv`MNOLUB\�i\G@�»*BOH5f�H5eCH�L>]²@CDw`
`PJGH�qr@CKPF @Uq
`PJGNOZ f�NbLUeCKPLUF±x

�
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�8(��M1��$(�`��/(�D �.- � J�H5ZPHlLUKPH�eCKMLU[�JGZdNE\I»*JGNEa|J(@C\GH�»*KvNE`PH5Z5¹w@C\$`PJGH
x
��L¡�wNOZ5¹wLUBEB{`PJGH��>LUBEDGH5Z @Uq

x
`|L��>H5\o@C\£`MJGH�BONEZv`5¹_LU\Gfo@C\£`MJGH

y
L¡�wNOZl`MJ�H6\iDGF«]²H.K�@Uq `PNOF6H5Z�H5LUa|Jo�>LUBEDGH�LU[G[;H~L>KPZ1@C\

`PJGH1BONOZ�`~x � H5H©z NOe�x È � BOH.q¤`5x
k �CH.Kvm·NOF6[²@UKv`|L>\i`�[GLUKMLUF6H.`PH5K��RDGZvH5f¨`P@¬a5@U\GZv`PKPDGa�`$`MJ�H5ZPHWeCKML>[GJGZ6NOZR`MJGH 0I�$1�"YV ?
:'"&V<�
Q.�&9 ��x&��\Gf�H5H5f ¹�@C\GH1\GH5H.fGZ `M@�a|JG@�@CZPH©LRfGNEZv`|L>\Ga5H�];H.`�» H5H.\¢[²@UNO\}`MZ8@U\,`PJGH

x
��L¡�wNEZ8`MJ�L>` »*NEBOB

];H¦a5@U\GZPNEfGH5KvH5foLUZl];H5NE\Ge(fGN�J²H5KvH5\}`~x � JiDGZ.¹�fGL>`|L$Zv[�LU\G\�NO\Ge,LU\£NE\}`MH5K��>LUB
xmax − xmin

LUKvH
a.BbLUZvZPNE°GH5f¢NE\

nbin

eCKv@CDG[GZ.¹ H5LUa|J£@UqABOH.\GeU`PJ
∆x = (xmax − xmin)/nbin

x�cdBOH5LUKPB�mC¹{`MJGH®ZPN*G.H
@Uq

∆x
ZPJG@UDGBOfo\G@U`©];HIa.@CFI[GLUKMLU]�BOH¦`M@

xmax − xmin
nr`P@�L~�C@UNOfo[GD�`P`PNO\GeWLUBEB�f�L>`ML±NE\o`PJGH

ZPLUFIH�]�NO\{sµ¹{LU\Gf,NE`*ZvJG@CDGBEfW\G@>`*]²H��CH.Kvm,ZvF$LUBEB�H5N�`MJGH.K©nr`P@$L~�C@UNOf,J�L~��NO\GeIL>`*F6@CZv`�L�ZPNE\GeCBOH
H��CH5\}`�NO\,H~L>a|JW]GNE\{s�x
� JGHRBE@wa5L>`MNE@C\¢L>\Gf¢»*NOf�`PJ£@UqA`MJGH«]�LUKlNE\¢`MJGH¦f�NbLUeCKPLUF NOZ�L>KP]GN�`MKML>KvmCx � \GH«a~LU\ a|JG@�@CZPH¦`P@
a.H5\}`MH.Kl`MJGHR]�L>K�L>`l`PJGH¦a5H.\}`MH5K1@Uq&`PJGHR]GNE\�¹�L>`�`MJGHRBEH.q¤`v� H5\Gf�@UqA`MJGH¦]�NO\�¹_L¡`l`MJGH«KPNOeUJi`���H.\Gf
@Uq�`MJ�H©]�NO\�x�xExA@C\�H©a5LU\WLUBOZv@6a|J�@w@CZvH®N�`MZ8»*NEf�`MJ�x � JGH©F6@CZv`*\�L¡`MDGKPLUB_a|JG@CNEa5H5Z.¹;LU\Gf,`MJGH1@C\GH.Z
» H1DGZPH�JGH.KPH>¹{LUKPH�`P@�a5H5\}`PH5K8`MJ�H©]GLUK8@C\�`PJGH�a5H.\i`PH5K*@Uq�`MJGH�]�NO\�¹�LU\Gf(`M@RDGZvH1L¦»*NOf�`PJ(ZPDGa|J
`PJ�L>`*\GH.NOeCJi];@CDGKPNE\GeR]�LUKvZ `M@CDGa|J x
��\±F$L>\im�a~LUZvH5Z5¹{`MJ�H1»*NEf�`MJ±@Uq�`MJGH©]�LUK f�NbLUeCKPLUF7L¡`�L>]²@CDw`*J�LUBEq
JGH.NOeCJ}`�NOZ eCN��CH.\W]}m(`�»*NOa.H
`PJGH1Zv`|L>\Gf�LUKvfWfGH���NbL>`PNO@C\�x
� �P���.@\��9 ��S�VA�*��" ?F`��F(�D �.- ��\,`MJGNEZ�a5LUZPH>¹;`PJGH
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��L¡�wNOZ NEZ*\G@CKPFILUBEN*G5H.f(]}m(`MJGH1`M@U`MLUB�\iDGF¦];H5K�@Uq

f�L¡`|L
n
x � JiDGZ.¹�`MJGH

y
��L¡�wNOZ�NOZl];@CDG\�fGH5f£];H.`�» H5H.\

0
LU\�f

1
x � H.HRz NOe�x È � KPNEeCJ}`~x � J�H�:;?B��D

@Uq�`MJ�H©f�NbLUeCKPLUF NOZ \G@U`�a|J�L>\GeCH5f±]}m(`MJGNEZ8`MKPLU\GZvqr@UKPFIL>`MNE@C\�x
z�KP@UF `MJ�H ]�LUKALU\GfRqrKvH5hiDGH5\�a.m6fGNbL>eCKMLUF6Z @U\GH*a~LU\�a|JGH.a��¦»*JGH.`PJGH5KA`MJGH*f�L¡`|L�LUKvH�@UK&LUKPH*\G@>`
H��CH5\�BEm¢f�NOZv`PKPNE]GD�`MH.f LU];@CD�`l`PJGHRL~�CH.KMLUeCH>x«��\f��SBD�D]��"+���,��a~L>ZPH5Z�`PJGH.m¢LUKPH>¹�NO\ LUZ�m�FIF6H.`PKPNOa
a5LUZPH.Z�NE\GZv`PH~LUf n ���3��0 �F1]1��*��"+���$Q.@A"+�,?B9�s `PJGH1f�L>`|LR[GNEBOHlD�[W@C\±@C\GH1ZvNOfGH�@Uq�`MJ�H®L~�UH5KML>eCHUx

��\Wz NEeGx È » H®[GBE@U`8`PJGH1f�L>`|L�NO\�`PJGH�qr@CBOBE@�»*NO\Ge � LU]GBEH
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NO\±`MJGH©qr@CKPF @>qALI]�L>K�fGNOLUeCKML>F npBEH.q¤`µs LU\�f£L6qrKvH5hiDGH5\�a.m¢J�NOZv`P@CeCKPLUF npKvNOeCJ}`µsµx � JGH«a.@C\GZ�`MKPD�a.`MNE@C\
KPD�BOH8NEZ �CH.KvmRZvNOF6[GBOH>x z NEKPZ�` » H�a|J�@CZPH `MJ�H ]GNO\w��»*NOf�`PJ«`M@�];H @C\GH>¹C`MJGH F6@CZ�`&\�L>`PDGKMLUBwa|JG@CNEa5HUx���H���`5¹
» H�a.@CDG\}`	JG@�»¨FILU\}m«`PNOF6H5Z&H5LUa|JI\iDGF«]²H.KALU[G[;H~LUKvZ&@C\R`MJGH `|L>]GBOH L>\Gf�fGKML~» L�]�L>K�@Uq;`MJGNEZ&JGH5NEeCJ}`
@C\R`MJ�H�f�NbLUeCKPLUF±x
z�@CK&Hµ��LUFI[�BOHU¹

1
L>[G[²H5LUKPZ&@U\GBEm«@C\Ga5H�LU\�f6J�H5\Ga.H�N�`MZALUZvZP@�a5NbL¡`MH5f�]�L>K&J�LUZAJGH5NEeCJ}`

H5hiD�L>B;`P@«@C\GH>x���\GZ�`MH~L>f�¹
6
LU[G[;H~LUKvZ	°��CH�`PNOF6H5Z	LU\GfINE`MZA]�L>K J�L>Z `MJ�H5\$J�H5NOeUJi` H5hiD�L>B;`P@®°G�UHUxA��@>`MH

`MJGL>` `PJGH�ZvDGF @Uq�`MJ�H�JGH.NOeCJ}`MZ @Uq�`PJGH�]�L>KPZdNE\I`PJGH�]�L>K fGNOLUeCKPLUF ZPJ�@CDGBOf$]²H�H5hiD�LUB{`M@©`MJGH�\�D�F¦]²H.K
@Uq
f�L>`ML�@U\±`PJGH�`|LU]GBEHU¹�»*J�NOBOH�`MJGH1ZPD�F @Uq
`PJGH1JGH5NEeCJ}`MZ NE\,`PJGH�qrKPH.h�D�H5\Ga�mW[�BO@U` H.hiD�LUBOZ*@C\�HUx

� ?B���P��=6(�"+�,?B9#- � JGH�a.@CKPKvH5BbL¡`MNO@U\ hiD�LU\}`PNE°�H.Z®`MJ�H�ZPNEFINEBbLUKvNE`�mW]²H�`�»dH.H5\�`�» @·np@CK©FI@UKPH�s�f�L>`ML
ZvH.`MZ.x � JGH.KPHWLUKPH,FILU\}m�[²@UZPZPNE]GBOH,fGH�°�\GN�`MNO@U\GZR@Uqla.@CKPKvH5BOL>`MNE@C\ LU\GfªH~LUa|JªF$L~m�];H,]²H�`P`MH.K
LUfGLU[�`MH.f±`P@�ZP@CF6H�[GKP@U]GBOH.FWx>� H1JGH5KvH®f�NOZPa.DGZPZ*Zv@CFIH1@Uq�`MJ�H5F±x
^_H.`*D�Z*`ML��UHl`�» @6ZPH.`PZ*@Uq fGL>`|L¦@Uq�`MJ�H�ZMLUF6H�BOH.\GeU`MJ ¹ {x1, . . . , xn}

LU\Gf {y1, . . . , yn}
x � JGH

NE\GfGH��
i
`PJ�L>`dBbLU];H5BEZ `MJ�H�H5BEH5F6H5\}`MZdNO\�H5LUa|J(ZPH�` NOZ ZPDGa|J(`MJGL>`d`PJGHlfGH�`MH5KvFINE\GZdZv@CF6Hl\�L>`PDGKMLUB
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@CKvfGH5K.x z�@CK®Hµ��LUFI[�BOHU¹ NE`¦FIL~moKPH5[�KPH5ZvH5\}`IL�fGNEZPa5KvH.`PH$`MNEFIHILU\Gf�`PJGH�H5BEH5F6H5\}`MZ
xi

LU\Gf
yiFIL~m�];H1`�» @6fGN�J²H5KvH5\}`�@C]GZPH.Kv�>LU]GBEH5Z*F6H~LUZvDGKPH.f�L>` `PJGH5ZvH©`PNOF6HlZv`PH5[GZ.x

� JGH1a.@CKPKvH5BbL¡`MNO@U\(]²H�`�»dH.H5\�`PJGH�`�»d@6ZPH�`MZ
X
L>\Gf

Y
NEZ8`MJGH.\Wf�H.°�\GH.f¢LUZ

Cxy =
1

σxσy

n
∑

i=1

(xi − µx)(yi − µy)
n � s

»*N�`MJI`PJGHlL~�UH5KML>eCH5Z
µx

LU\Gf
µy

¹�LU\�f$`MJGH�Zv`MLU\Gf�LUKvf�fGH��wNOL>`MNE@C\GZ.¹
σx

LU\Gf
σy

fGH.°G\GH5f,LU];@��CH>x
Cxy

`ML��UH.Z �>LUBOD�H5ZA]²H�`�»dH.H5\ −1
nra5@CF6[GBEH.`MH*fGH.a5@CKvKPH.BbL>`PNO@C\{s&LU\�f

1
npa.@CFI[�BOH.`PH*a5@CKvKPH5BOL>`MNE@C\{sµx

k�\G@U`MJ�H5K8Hµ�GL>FI[GBEH�a5LU\�];HlfGKML~»*\�qrKv@CF [�Jim�ZvNOa5Z.Q	L«F$L>eC\GH.`PNOa�Zvm�Zv`PH5F FI@�fGH5BEBOH.f$]}mI»*JGL>`
NEZ¦a~LUBEBOH.f¬`MJGH(��ZvNO\Ge£F6@�fGH5B xC��NE`MJ�NO\¬`PJGNOZ¦F6@�fGH5B	`MJGH(FILUeC\GH�`MNEa$Zvm�Z�`MH5F NOZ¦KvH5[GKvH5ZPH.\}`MH5f
]}moZP[GNE\GZ(nrZPH.H$`MJGH elD�LU\}`MDGF �WH.a|J�LU\GNEa5Z¦a.@CDGKvZPH�i�s @C\�LWBbL¡`P`MNEa5H>x,g	L>a|J�ZP[GNE\¬NOZ«LWBENE`P`PBOH
�UH5a.`P@CK®`PJ�L>`©a~L>\¬@C\GB�m£[;@CNO\}`©DG[�L>\Gf f�@�»*\�LU\Gf¬NEZ1JGH5\Ga.H$KvH5[GKvH5ZPH.\}`MH5f�]}moL,�UL>KPNbL>]GBOH

s`PJ�L>`�`|L �UH5Z��>LUBEDGH5Z ±1
nrqr@UK�DG[oLU\Gf fG@�»*\�¹�KPH.ZP[;H5a.`PNE�UH5BEm�sµxRgALUa|J Zv[GNO\ NEZlBbLU];H5BEBOH.f¢]}m LU\

NE\GfGH��
i
`PJ�L>`6KPH.[GKPH.ZPH5\}`PZI`MJ�HWZvNE`MH,N�`�@wa.a5DG[GNEH5Z6@C\ `MJGH,BbL¡`P`MNEa5H>x·� q�`MJGH±BbL¡`P`MNEa5H(NEZRa5DG]GNEa

LU\�f
d
fGNEFIH.\GZPNE@C\�LUB�LU\Gf�@U\GH®`PJGH5\WJ�LUZ

n = Ld Zv[GNO\GZ�NO\±`MJGH©Zvm�Z�`MH5F±¹²»*N�`MJ L
`MJGH©BONE\GH~LUK

BEH5\GeU`PJR@Uq�`MJ�H
d
f�NOF6H5\GZvNO@C\�L>Bwa.DG]²H>x `MJ�H8ZPH�`&»dH »dLU\}`&`M@�Zv`PDGf�m«NOZ `PJGH5\

X = {s1, . . . , sn}
x

� JGH�FILUeC\GH�`MN*G.H5f6Zv`ML>`MH�NOZ	KPH.[GKPH.ZPH5\}`PH5f(]}m6L®a.@C\�°�eCD�KML>`PNO@C\�ZPD�a|J�`MJ�L>`A`PJGH�FILUeC\�H.`MN�G~L>`PNO@C\
fGH.\GZPN�`�mC¹

m = n−1∑n
i=1 si

¹&`|L �UH5Z6L¢\G@U\w� G.H5KP@¢�>LUBEDGH$»*JGNEBOH$`PJGH([�LUKPLUFILUeC\GH�`MNOaIZv`ML>`MH(NEZ
ZvDGa|Jª`PJ�L>`

m = 0
x���@U`PH(`MJ�L>`R`PJGH(FILUeC\GH�`MN*G5L>`MNE@C\�fGH.\GZPN�`�m

m
NEZ�uvDGZv`R`PJGH±L~�CH5KPLUeCH,@Uq

`PJGHRZPH�`
X
¹
m = µx

x«��@�»1¹_@C\GHRa5LU\ NOFILUeCNE\GH©`PJ�L>`l`PJGHRa5@U\�°�eCDGKPL>`MNE@C\£H.�U@CBE�UH5Z1NO\¢`PNOF6HU¹
F6H~LU\�NO\Ge¦`PJ�L>`�H~LUa|JWZP[GNE\Wa|JGLU\GeCH.Z�N�`MZ a5@U\�°�eCDGKPL>`MNE@C\±LUZ `MNEFIH�H��C@CB��CH5Z.xdk�\GfW@U\GH®FIL~m�];H
NE\i`PH5KvH5Zv`PH5f·NO\�a.@CFI[GLUKPNE\Ge¢`MJGH(a.@C\�°�eUDGKML>`PNO@C\�ZR@Uq�`PJGH�`M@>`|LUB8Z�m�Zv`MH.F L>`�fGN6J H.KPH5\}`R`PNOF6H5Z5x
� JGNEZ�NEZ�L>a|JGNOH��CH5f�]imWa5@UFI[GDw`MNO\�e�`PJGH«a.@CKPKvH5BOL>`MNE@C\ n � s8»*JGH5KvH«`MJ�H

X
NOZ*`MJGH®ZPH.`�@Uq

n
ZP[GNE\

�>LUBEDGH5Z L>`8@U\GH�`PNOF6HU¹iZML~m
t1
¹�L>\Gf$`MJ�H

Y
NEZ `PJGH�ZvH.`8@>q

n
Zv[GNO\$�>LUBEDGH5Z L>`8LU\G@U`PJGH5K	`MNOF6HU¹iZPL�m

t2
x®��\ @U`PJGH5Kl» @CKvfGZ5¹

X = {s1(t1), s2(t1), . . . , sn(t1)}
¹
Y = {s1(t2), s2(t2), . . . , sn(t2)}LU\�f

Cxy =
1

σ(t1)σ(t2)

n
∑

i=1

(si(t1) − m(t1))(si(t2) − m(t2)) .
n È T}s

� ?B%B(����$(�9 ���.- � JGH1\iDGFIH.KML>`P@CK NO\ n � sdNOZ a5LUBOBEH5f�`MJ�H©a.@��UL>KPNbL>\Ga5H1@Uq
x
LU\�f

y
x

����� ����������� � !"�$#

� JGH$L��UH5KPLUeCH�@Uq LWZPH�`¦@Uq8f�L>`|LWNOZ©ZPNOF6[GBENEq¤m&%�`PKMLU\GZvBbL>`PH5f�§�]}m LWDG\GN�qr@CKPF `PKMLU\�ZPBbL¡`MNO@U\ @Uq LUBOB�`PJGH
H5BEH5F6H5\}`MZ NE\(`MJGH�ZvH.`~x �W@UKPH1[GKPH.a5NEZPH5B�mC¹GN�q

µx

NOZ8`MJ�H1L��UH5KPLUeCH1@Uq L�ZvH.` {x1, . . . , xn}
¹�`PJGH5\

µx + cNOZ8`PJGH©L~�CH5KPLUeCH©@Uq�`MJGH1ZPH�` {x1 + c, . . . , xn + c} »*N�`MJ c
LRa5@U\GZv`MLU\}`~x

� J�H(Zv`|L>\Gf�LUKvf�fGH.��NbL¡`MNO@U\�@Uq�L�ZPH�`�@Uq�f�L>`ML�NOZ¦\�@U`¦F6@wf�NE°�H.f�]}m�L¢DG\GN�qr@CKPF `PKMLU\GZvBbL>`PNO@C\ @Uq
LUBEB8`MJGHWH5BOH.FIH.\}`MZ$NE\ª`PJGH�ZvH.`~x �W@UKPH�[�KPH5a.NOZvH5BEmU¹ NEq

σx

NOZ�`MJGHWZv`MLU\Gf�LUKvf fGH��wNOL>`MNE@C\·@Uql`MJ�H�ZPH�`
{x1, . . . , xn}

¹�`PJGH5\
σx

NEZ LUBEZP@¦`MJ�H©Z�`|LU\�f�LUKPf,fGH���NbL>`PNO@C\(@Uq�`PJGH1ZPH.` {x1 + c, . . . , xn + c} »*NE`PJ cLRa5@C\�Zv`|L>\i`5x
� J�H«a5@UKPKPH.BbL>`PNO@C\±];H.`�» H5H5\¢`�» @�ZvH.`MZ�@Uq&f�L¡`|LIKvH5FILUNO\�Z�D�\Ga|J�LU\GeUH5f LID�\GNEqr@CKvF7`MKPLU\GZPBOL>`MNE@C\,@Uq

`MJ�H1`�» @6ZPH.`PZ�]}m�`PJGH1ZMLUF6H1a5@C\�Zv`|L>\i`5x
k�\G@U`PJGH5K�`�m�[;HR@UqAf�L>`MLI`MKPLU\GZ�qr@CKPFIL>`MNE@C\W`PJ�L>`�»dHRZvJ�LUBOB�H5\�a5@CDG\}`PH5K�NOZ�`MJGH¦F«DGBE`PNO[GBENOa~L¡`MNO@U\(]im

LRa5@C\�Zv`|L>\i`5x � J�H©FILUNE\([GKP@C[;H5K�`MNEH5Z8`MJGL>`*»dH1ZPJGLUBOB�D�ZPH®LUKPH>Q
� J�H£L~�CH5KPLUeCH¢@>q1L¬ZPH�`(@Uq�fGL>`|L `PJ�L>`$J�LUZ$];H5H.\ F¦DGB�`MNO[�BONOH.f ]imªL¬a.@C\GZ�`|LU\}`(NEZ$ZPNEFI[�BEm�`PJGH

a5@U\GZv`MLU\}`�`PNOF6H5Zd`PJGH1@CKPNEeCNO\GLUB L~�UH5KML>eCHUx � JGH1F6H~LU\w� ZPhiD�LUKvH�fGH.��NOL>`MNE@C\(@Uq L�ZvH.`�@Uq�f�L>`ML¦`MJ�L>`*JGLUZ

�
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];H5H5\ F¦DGB�`MNO[�BONOH.f�]}moL,a5@C\GZ�`|LU\}`®NOZ�H.h�DGLUB&`M@,`MJGH�a5@U\GZv`MLU\}`®`PNOF6H5Zl`MJ�H6@UKP[GNEeCNO\�L>B F6H~LU\w� ZPhiD�LUKvH
fGNEZP[GBOLUa5H.FIH.\i`5x&z NE\�LUBOB�mC¹C`PJGH�a.@CKPKvH5BbL¡`MNO@U\I];H.`�» H5H.\,`�» @¦ZvH.`MZd@Uq�f�L>`ML©`MJGL>`8J�L~�UHl]²H.H5\(F¦D�BE`MNE[GBONEH5f
]}m�`MJ�H©ZPLUF6H©a.@C\GZ�`|LU\}`�KPH.F$LUNE\GZ DG\Ga|JGLU\GeCH.f�x
n � H5H1k�[G[²H.\GfGN �,k³qr@CK8`MJGH1[GKv@w@>qrZ @Uq
`PJGH5ZvH®KvH5ZvDGBE`PZ5x�s

����� ��� �	����� ���"�

k ZPH�`�@>q f�L¡`|L
X
NOZ KPH.[GKPH.ZPH.\i`PH5f¢]}m(`PJGH1]�LUK fGNOLUeCKML>F ZPJ�@�»*\±NO\±z NEeGx � x

� J�H�L��UH5KPLUeCH¦NEZ�eCN��CH5\£]}m
µx = 1

34
(1 × 1 + 2 × 3 + 3 × 4 + 4 × 6 + 5 × 4 + 6 × 3 + 7 ×

2 + 8 × 1 + 9 × 0 + 10 × 0 + 11 × 0 + 12 × 0 + 13 × 4 + 14 × 0 + 15 × 6)
`MJ�L¡`*NOZ H5hiD�L>B�`P@

245/34 = 7.21
LU\Gf,NEZ�ZvJG@�»*\±»*N�`MJ±L�eCKPH.H5\,�CH5K�`MNEa~LUB_BENO\GH>x

� J�H�FIH.fGNbLU\$NOZ8eCN��CH.\(]im
xmedian ≡ 1

2
(y17 + y18)

qr@CKd`PJGHl@CKvfGH5KvH5f,H5\�ZPH5F«]GBOH
Y
x � JGNOZdm�NEH5BOf�Z

xmedian = (4 + 5)/2 = 4.5
x*��@>`MH®`PJ�L>`�`MJGH®[²H5L��iZ�L>`

13
LU\Gf

15
[GD�ZPJ¢`MJ�H¦L~�CH.KMLUeCH©`M@IJGNOeCJ�H5K

�>LUBOD�H5Z8`MJGLU\±`PJGH1FIH.fGNbL>\�x
� J�H5KPH®LUKvHl`�»d@IFI@�fGH5Z.¹

x = 4
LU\Gf

x = 15
x

� J�H¢FIH5LU\w� ZPhiD�LUKvH���f�NOZP[�BbLUa.H5F6H5\}`�@CK��>LUKPNOLU\Ga.H�NOZ
σ2

x ≡ 〈x2〉 − µ2
x

x � J�H¢ZPH.a5@C\Gf `PH5KvF NEZ
ZPNEFI[�BEm

7.52 = 56.25
x � JGHl°�KvZv` `MH.KPF KPH~L>fGZ5Q 1

34
(12 × 1 + 22 × 3 + 32 × 4 + 42 × 6 + 52 × 4 +

62 × 3+72 × 2+82 × 1+92 × 0+102 × 0+112 × 0+122 × 0+132 × 4+142 × 0+152 × 6)`MJGL>`lm�NOH.BOfGZ 1
34

(1 + 12 + 36 + 96 + 100 + 108 + 98 + 64 + 556 + 1350) = 2421/34 ≈ 71.2
x

� JiDGZ5¹
σ =

√
71.2 − 51.98 = 4.38

x � JGNOZl�>LUBEDGH¦NOZ�ZPJG@�»*\¬NE\¢`MJGH¦°GeCDGKPH¦»*N�`MJ£`�» @±J�@CKPN�G5@C\}`|L>B
]GBEDGH6LUKPKv@�»*Z1»*NE`PJ£`MJGNEZ©F6@�fGDGBOD�Zl`MKML>a5H5f¬L>`©J�LUB�q `PJGH�JGH5NEeCJ}`®@>qd`MJ�HI[GBE@U`©LU\GfoZv`MLUKv`PNO\Ge±L>`1`PJGH
BO@�a~L¡`MNO@U\�@Uq�`MJGH1F6H~LU\�x
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z NEeCDGKPH � Q �8LUKAfGNOLUeCKPLUFXKvH5[GKvH5ZPH.\}`MNO\�eRL©ZvH.` @Uq�fGL>`|L�x � JGHlL~�UH5KML>eCH�NEZANO\GfGNEa~L>`PH5fR»*NE`PJ$L��CH.Kv`PNOa~L>B
BONE\GHUx � JGH®F6H5f�NbLU\(NEZ*L>`

x = 4.5
x � JGH1JG@CKvN*G5@U\i`MLUB�BENO\GHlZvJG@�»*Z

2σ
L>`*JGLUBEq�BOH.\GeU`PJ�x

� � �
=��W0��,2.-�2µ/�� /�%(' =M� �

� H�ZvJ�LUBOB{fGH��CH.BO@C[6`MJGH*`MJGH.@CKvm�@>q_[GKP@U]�LU]GNEBONE`PNOH.Z�DGZPNE\Ge®L®KPH.BOH��UL>\i`	Hµ�GL>FI[GBEHUQ�`M@CZvZPNO\�e¦L1a5@CNE\�x&��@>`
ZPD�KP[GKvNOZPNE\GeCB�mC¹>`PJGNOZ NOZ�L��UH5K�m«» H5BOB ��a|JG@UZPH5\RHµ��LUFI[�BOHdZvNO\Ga.H8`MJGH `MJGH.@CKvm®@Uq;[GKP@U]�LU]GNEBONE`PNOH.Z�JGLUZ�BbL>KPeCH.BEm
fGH��CH5BE@C[;H5f,`M@�`MKvmI`M@�»*NO\,NO\,e}L>F¦]GBONE\GeGx

�




 ��� � � ��� � ��� ��� � � � 
 � �l� � � �d���_�5��� �
����� �
�

H TH

HTHTTH T

TTTHH T HHTHTHH T H

H          T

T

H

T

z NEeCDGKPH�SwQ«k `MKvH5H6fGNbLUeUKMLUF KPH5[�KPH5ZvH5\}`MNE\Ge£LUBEB�[;@CZPZvNO]GBEH6KvH5ZvDGBE`PZ®@Uq `M@CZvZPNE\Ge�L,a5@UNO\
n
`PNOF6H5Z5x6��\

];@CBOf�¹�@C\GH�[�LUK�`MNEa5DGBOLUK8@CD�`Pa5@CF6HUx

� ��� � ��#�# ! ��� �	� ��! �

� q&@C\�H®`M@UZPZPH.Z�LIa.@CNO\WNE`�NOZ�[GKPLUa.`PNOa~L>BOBEm�NOF6[²@CZvZPNE]GBOHl`P@$[GKvH5fGNEa.`�NEq�N�`�»*NEBOB�qpLUBEB_JGH~L>fGZ�@CK�`|LUNEBOZ©n¤`MKvm
`M@±ZP@UBE�CH6��H.» `M@U\�§�Z©H5hiD�L¡`MNO@U\GZ�qr@CK�`MJGH�a5@UNO\ LU\Gf LUNOK.xEx�x¸s�H�@�» H.�UH5K.¹�KPH.[²H5L>`MNE\Ge(`MJGH�H��w[;H5KvNOF6H5\}`
Dd(�9<Sd"+�&D]���8@C\GH1a~LU\W[GKPH.fGNOa�`�eCH5\GH.KMLUB�[�L¡`P`MH.KP\GZ�@Uq
`MJGH1JGH5LUfw� `MLUNOB_ZvH5hiDGH.\Ga5H>x � JGNOZ*NOZ�L�eCH5\�H5KML>B
qrH~L¡`MDGKvH�@Uq �/(�9#1A?BD ��%���9<"Y��QR@C\�H�NOZ®DG\�LU]GBEHI`P@¢[GKPH.fGNOa�`«`PJGH�@CD�`Pa5@CF6H$@>q�L�ZPNE\GeCBOH6H��w[;H5KvNOF6H5\}`
]GD�`�@C\�H©a5LU\±[GKPH.fGNOa�`�Zv@CF6H�eCH5\GH.KMLUB�qrH5L>`MD�KPH5Z�@Uq L6ZvH5hiDGH.\Ga5H®@Uq
`PJGH5F±x	��@U`PH�`MJ�L>` `PJGH©BONOZ�`8»*NE`PJ
`MJ�H�KPH.ZPDGB�`MZ8@>q_`M@CZvZPNO\�e®`MJ�Hla5@CNE\$FILU\}m�`MNOF6H5Z	a5@U\GZv`PNE`MDw`MH5Z8LU\�H���LUF6[GBEH�@Uq�KPL~»�f�L>`|L«LUZ `PJGHl@C\GH.Z
`MJGL>` »dH©FILU\GNO[�DGBbL>`PH5f�NE\(`MJGH1[GKvH.��NO@CD�Z � H5a.`PNO@C\ x
� J�H¦ZPH.h�D�H5\Ga.H6@>q&`M@CZvZPH5Z�a5LU\£];H«KPH.[GKPH.ZPH.\i`PH5fo]}m¢L � `�»d@¡��BOH5L~�CH�	®`MKvH5H>¹�LUZ�`PJGH¦@C\�H«NO\¢z NOeGx;S�x

� JGH�°�KvZv`�BEH.�CH.B8NO\ `MJGH�`PKPH5H(KvH5[GKvH5ZvH5\}`MZ�`MJGHI`�»d@ [;@CZPZvNO]GBEH�@CD�`Pa5@CF6H5Z¦@>q�`PJGH�°�KvZv`¦`P@CZPZ.x�gALUa|J
\G@�fGH«]�KMLU\Ga|J�H5ZlNE\�`MJGH©`�»d@$[²@CZvZPNE]GBOH©@CD�`Pa5@CF6H5Z�@Uq&`MJGH®ZPH.a5@C\Gf¢`P@CZPZ�
 `MJiDGZ.¹²`PJGH«ZvH5a5@U\Gf BOH.�UH5B�@Uq
`MJ�H�`MKvH5HlJ�L>Z qr@CDGK H5BEH5F6H5\}`MZ.x � JGH�a5@C\�Zv`MKvDGa.`PNO@C\�Zdqr@CBOBE@�»*Z NE\I`MJ�NOZ »dL~m�DG\}`PNOB{`MJGH

n
� `PJ�BOH��CH5B;`MJ�L¡`

a5@UKPKPH.ZP[;@C\GfGZ�`P@�`MJGH
n
� `MJ¢`P@CZPZ1L>\Gf£J�LUZ

2n H5BEH5F6H5\}`MZ.x � JGHR@CDw`Ma5@UFIH¦@>qdL�ZvNO\GeUBOH«Hµ�w[²H.KPNOF6H5\}`5¹
ZML~m H � H � NEZ*L 0 (�=(�l@C\,`MJ�H1`PKPH.H®L>Z8`MJGH1@C\GH1ZvJG@�»*\�NO\,];@CBOf�qpL>a5H1@C\±z NOe�x�S�x

��
���
�� ����������������� �!�#"%$#��&�'��('�)�*+)-,.�

� q�»dH�`M@UZPZ�LU\,DG\i]GNbL>ZPH5f,a.@CNO\(» H©Hµ�w[²H.a.`�LUBOB²[�L>`PJGZ `M@R];H©H.hiD�LUBOB�m$BEN*�>H5BEmUx>��J}m � � JGNOZ*NOZ8LR�UH5K�m
NOF6[;@CKv`MLU\}`M(B����@ DE #"$�,?B9<iIH�@�» a~LU\,» H uvDGZ�`MN�q¤m�NE`��
��FILUeCNE\GH«`PJ�L>`l» HR`M@CZvZ1`PJGHRZML>FIHRa.@CNO\ L$�UH5Kvm BOLUKPeUH¦\iDGF¦];H5K�@UqA`MNEFIH.Z5¹

n → ∞ ¹�» H6a.@CDG\}`
`MJ�H�\iDGF¦];H5K @Uq H L>\Gf � Zd`MJGL>` » Hl@C]w`|LUNE\�¹�LU\Gf$» H�a.@C\GZv`PKPDGa�`8`MJ�H  #�P?�Q�(3Q.�&=R�&"+Sd?B�E=6(��+`A�

N
=R�&D��&"

:��P���.@\��9 ��S¡Q

P (H) ≡ lim
n→∞

fn(#
H

) = lim
n→∞

#
H

s

n
.

n È§È s

P (T ) ≡ lim
n→∞

fn(#
�

) = lim
n→∞

(

n − #
H

s

n

)

= 1 − P (
H

) .
n È�� s

� JGNEZ«fGH�°�\GNE`PNO@C\ hiD�LU\}`MN�°�H5Z«`PJGH�ZvDG]�uvH5a�`MN��CH(NOf�H~L&%y»*J�L>`¦fG@�» H�H��w[;H5a.`«`M@¢eCH�`RL>q¤`PH5K©`M@CZvZPNO\�e£L
a5@UNO\\�C§&� q�`MJGH�a.@CNO\(NEZ \G@U`*]GNOLUZPH.f�¹GNEq

n
NEZ ZPD 56a5NEH5\}`MB�m�BOLUKPeCH>¹w» H1ZPJG@CD�BOf,eCH.`*@U\GH�J�LUB�q
@>q
H�Z*LU\Gf

@C\GH1J�L>BEq�@Uq � Z.x � JiDGZ.¹;qr@UK
n → ∞ Q

p ≡ P (H) =
1

2
= 1 − P (T ) q ≡ P (T ) =

1

2
.

n È SCs

�
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 � �l� � � �d���_�5��� �
����� �
�

� q�¹&NO\�Zv`MH5LUf�¹ `PJGH�a.@CNO\�NEZ«]GNOLUZPH.f�¹ZH nr@CK � s©»*NEBOB	LU[G[;H~L>K«F6@CKPH6qrKPH5hiDGH.\}`MBEmUx � JGH5\
p > 1

2

LU\Gf
q < 1

2

@CK %��,����%����P�.(Ux

� ��� ����� � � � �	� � ����! � � � � ������� ����� ! � !"��� ��� � ��������� ! �"! ���

�8LUZvH5f6@C\¦`MJ�H*`P@CNO\Ra.@CZPZAHµ�GL>FI[GBEH8NE`�NOZ�\�L¡`MDGKPLUB�`M@�f�H.°�\GH*NE\6eUH5\GH.KMLUB�`PJGH  #�P?�Q�(3Q.�&=R�&"+S�?
:8(�9h��%���9<"
LUZ `MJ�H1�>LUBEDGHl`|L �UH5\±]}m(`MJGH�qrKvH5hiDGH5\�a.m,NO\(`PJGH1BONOF6NE`

n → ∞ Q

P (E) ≡ lim
n→∞

fn(E)
n È � s

»*JGH.KPH E fGH.\G@U`MH.Z«`MJ�H�H.�UH5\}`R»dH�LUKPHINO\}`MH.KPH5Z�`MH.f�NO\�¹
HUxyeGx¢eCH�`P`MNE\Ge¢S�H�Z¦L¡q¤`MH5K©`M@CZvZPNE\Ge
n → ∞a5@UNO\GZ.x

^_H�`dDGZ	F6H5\}`MNE@C\R`MJ�L>`	@C\�H�NEZ&DGZPH.f$`M@©BONEZv`MH.\R`M@1»dH5L>`MJGH.KdKvH5[;@CKv`PZ	NE\6»*J�NOa|J$[;H5@U[GBOH8`MLUB*�RL>]²@CDw`
`MJ�H���[GKP@C]GLU]GNOBENE`�m�@Uq8J�L~��NO\�e�KML>NO\ `M@CF6@CKPKv@�» 	|x���\o`MJGNEZ®a5LUZPH>¹
`MJ�H$fGH�°�\GNE`PNO@C\o@Uqd[GKP@C]GLU]GNOBENE`�m¢LUZ
L$BENOF6NE`MNE\Ge�[GKP@�a5H.fGDGKvH¦NOZlF«DGa|J£BOH.ZPZla.BOH~L>KlLU\Gf£];H5a.@CF6H5ZlF¦D�a|J£FI@CKvH«ZvDG]�uvH5a�`MN��CHUx � HRZv`MNEa��±`P@
@C]�uvH.a.`PNE�CH1a5LUZPH.Z�JGH.KPH1»*JGH5KvH�`MJGH©LU];@��CH©fGH.°�\�NE`MNE@C\(a~L>\W];H1ZML>qrH.BEm(L>[G[GBONEH5f�x
� D�`~¹¡NE`�NEZ�LUa.`PD�LUBOB�m�\�@U`�\GH5a.H5ZvZMLUK�m©`P@�eU@*`P@*ZPDGa|J®H���`MKvH5F6H	Hµ��LUFI[�BOH�`M@�KPH5LUBON�G5H `PJ�L>`�ZP@UFIH�`MNOF6H5Z

`MJ�H�fGH.°G\GNE`PNO@C\¬LU]²@��UH�F$L~mo];H�LUF¦]�NOeCDG@UDGZ5x � JGNOZ®[GKP@C]�BOH5F J�L>Z¦]²H.H5\�fGNEZPa.DGZPZvH5f NO\o`MJGH�[GLUZv`5x
��@UBOF6@CeC@CKv@���eCL��UHlKML¦KvNOeCD�KP@CDGZ fGH5N�°�\GN�`MNO@U\$@Uq�[GKv@C]�LU]�NOBON�`�mR`MJ�L¡`8»dH�ZPJ�LUBEB \G@>`8fGNEZPa5D�ZPZ JGH.KPHUxI� H
ZPJGLUBOB²ZPNOF6[GB�m�ZML~m�`MJGL>`8N�` NOZ ]�LUZPH.f,@C\(DGZPNE\Ge¦`MJ�H�BONOZ�`d@>q
[�KP@C[;H5K�`MNOH.Zd`MJGL>`8» H�fGNOZva5DGZvZ ]²H.BO@�» LUZ*L
fGH�°�\GNE`PNO@C\(@>q�[GKv@C]�LU]GNEBON�`�mCx

� � � ����������� � !"�$#

� H¦\G@�» BONOZ�`lL�ZvH5KvNOH5Z�@UqA[GKP@U[²H.Kv`MNEH5Z�@UqA[GKP@U]�LU]GNEBONE`PNOH.Z5x � @CF6H«@Uq&`PJGH5F LUKPH«@C]}�wNE@CDGZ�L>\Gf�qr@CBEBO@�»
ZPNEFI[�BEm�qrKP@CF `PJGH&qrKPH.h�D�H5\Ga�mi� ]�LUZvH5fRfGH�°�\GNE`PNO@C\�eUNE�CH.\«L>]²@��CH>x � @UFIHA@U`PJGH5K�LUKvH	\�@U`�LU\Gf©a5@C\�Zv`MN�`MD�`PH
\GH�» fGH�°�\GNE`PNO@C\�Z5x
[W��D�� �* <?����&"$�&%��M1A�"!Z9<�&" �.- � `©NEZla5BEH~LUKl`PJ�L>`�`MJ�H6[�KP@C]�L>]GNOBENE`�m±@UqdLU\ H.�CH.\}`«NEZ1L�h�DGLU\}`MNE`�m�`MJ�L>`1a5LU\
`|L �UH1@C\GB�m�[;@CZPN�`MNE�UH�@CK G5H.KP@��>LUBODGH.Z5Q

P (E) ≥ 0 .
n È�� s

��?B@A9#13- � `�NOZ�LUBOZv@Ia.BOH~L>K�qrKv@CF NE`PZ�fGH�°�\GN�`MNO@U\±`PJ�L>`�`MJGH®[GKP@C]GLU]GNOBENE`�m$@UqALU\WH.�CH.\}`1NOZ�]²@CD�\GfGH5f�]im
@C\GH>Q

P (E) ≤ 1 .
n È�� s

#M?B��Dd(�=R�
$�(�"$�,?B9#- ��@U`PHl`MJ�L¡` `MJGH1ZPD�F7@Uq�`MJGH1\iDGF¦];H5K @>q @�a5a.DGKPKvH5\Ga.H5Z�@Uq�H~LUa|J±H.�UH5\}`�NEZ H5hiD�LUB�`P@
`MJ�H�`P@U`|L>B�\iDGF¦];H5K1@Uq [²@CZvZPNE]GBOHRH��CH5\}`5x � JiDGZ.¹�`PJGH�ZPDGF @Uq	`MJ�H�qrKvH5hiDGH.\Ga5NEH5Z©@��UH5K�`MJ�H6H��CH.\i`PZ«NEZ
\G@CKvF$L>BONOZvH5f�`P@6@U\GHU¹{LU\�f,`PJGH1ZPDGF @>q [GKv@C]�LU]�NOBON�`MNEH5Z	NOZ*LUBEZP@�\G@CKvF$LUBENOZvH5f�`M@�@C\�HUQ

∑

E

P (E) =
∑

E

lim
n→∞

fn(E) = 1
n È�� s

n L>ZPZPD�FINE\GeR`MJ�L>`*@U\GH1a~LU\±H��wa|J�LU\�eCH®ZvDGF LU\�fWBENOF6NE`µsµx
NO�P?�Q�(3Q.�&=R�&"+S ?
: "&V<����?BDE #=*��D]��9<")(���S ��%���9<")- � q_`PJGH�[GKv@C]�LU]GNEBON�`�mR@Uq�@�a5a5D�KPKPH.\Ga5H1@Uq�L>\�H.�UH5\}`~¹ E ¹�NEZ
P (E)

¹;`MJGHR[GKv@C]�LU]�NOBON�`�m,@UqA\G@C\���@�a5a5D�KPKPH.\Ga5H�@Uq&`PJGHRZML>FIH¦H��CH.\i`$nrNE`MZ ��?BDE #=*��D]��9<")(���Sh��%���9<"p¹ E sNOZ
P (E) = 1 − P (E) .

n È �}s

È T
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� JGNEZ�NEZ
uvDGZv`�LRa5@U\GZPH.h�D�H5\Ga.H«@Uq�`MJGH1\G@UKPFILUBON�G~L>`PNO@C\I@Uq
`PJGH1[GKP@U]�LU]GNEBONE`PNOH.Z5x
z�@CKIH���LUF6[GBOH>¹8»*JGH5\ » H¢NO\}`PKP@�fGDGa5H.f `MJGH�a5@CNE\¨`M@CZvZ�[GKv@C]GBOH.F ]²H�qr@CKPH�» H¢ZPLUNOf¨`PJ�L>`I»*JGH5\

`M@UZPZPNE\GeRL¦\G@UKPFILUB{a5@CNE\(@C\GH�°G\GfGZ H @C\�HlJ�LUB�q_@Uq�`MJGH�`MNOF6H5ZdLU\Gf � `PJGH�@U`MJ�H5KdJGLUBEq�@Uq_`PJGH�`PNOF6H5Z5x
��\�`M@CJ�H5K«» @CKPf�Z5¹A»dH (B����@AD]�F1I`MJ�L¡`¦`MJGH([�KP@C]�L>]GNOBENE`�m @Uq�eCH�`P`MNE\Ge�H7NE\�L�`M@CZvZRNOZ

1/2
LU\�f�`MJGH

[GKv@C]�LU]GNEBON�`�mI@>q °�\Gf�NO\GeR`MJ�H©a.@CF6[GBOH.FIH�`|LUK�m$H��CH5\}` � NEZ
1 − 1/2 = 1/2

`P@w@Gx
� 131��&"$�,?B9] #���&9 ���! #=*�.-Az�@CK LU\}m,[�L>NOK8@Uq
H.�UH5\}`MZ E1

LU\Gf E2
¹

P (E1

∨

E2) = P (E1) + P (E2) − P (E1

∧

E2) .
n È�� s

� JGH6Zvm�F¦];@CB ∨ KvH5[GKvH5ZPH.\}`MZ«`PJGHIBE@CeCNEa~LUB8np\G@U`©Hµ��a.BODGZvNE�UH�s���@CK 	«»*JGNOBEHR`MJGH6Zvm�F¦];@CB ∧ KvH5[GKvH5ZvH5\}`MZ
`MJ�HlBO@CeUNOa~L>B ��LU\GfA	|x � JGH�F6H~L>\GNO\Ge®@Uq_`MJ�HlBO@CeUNOa~L>B;@UKdNOZ	`MJ�L¡`d`MJ�H�H.�CH.\}` E1

∨ E2

NEZ `MKvDGH�»*JGH.\GH.�UH5K
E1

NOZ�`PKPDGH>¹ E2

NOZ�`PKPDGH®@CK�];@U`PJ E1

LU\�f E2

L>KPH«`PKPDGH>x � JGH¦F6H~LU\�NO\GeI@Uq&`MJGH®BO@CeUNOa~L>B
L>\Gf¢NOZ�`MJ�L¡`
`MJ�H©H��CH.\i` E1

∧ E2

NEZ8`MKPD�H©@U\GBEm$NEq E1

LU\Gf E2

LUKvH1`PKPDGH>x
^_H�`�D�Z�NEBOBOD�Zv`MKPL>`MH�`MJGNEZ�[�KP@C[;H5K�`�m�»*NE`PJ�LU\±H���LUF6[GBEHUx	��F$LUeUNO\GH�`PJ�L>`�@C\GH©NOZ [�BbL~m�NO\GeR»*NE`PJ±`�» @

fGNEa5H5Z.¹�L$KvH5f LU\�f£L$]GBEDGH«@C\�H(nr`P@�FIL��UH©`MJGH.F fGNEZv`PNO\GeCD�NOZPJGLU]GBOH~s�x ��J�L>`�NOZ*`MJGH«[GKP@C]GLU]GNOBENE`�m�qr@UK
eCH�`P`MNE\Ge

1
»*NE`PJ,`PJGH1KPH.fW@C\�H©@UK

2
»*N�`MJ,]GBEDGH1@C\GH��

� J�NOZ [GKv@C]GBOH.F NEZ8KPH.[GKPH.ZPH5\}`PH5f¢FIL>`MJ�H5FIL>`MNEa~LUBEBEm�LUZ8qr@UBOBO@�»*Z.x � JGH1H.�UH5\}` E1

NOZ8eCH�`P`PNO\Ge
1
»*N�`MJ

`MJ�H	KvH5f©fGNOa.HUx � JGHAH.�CH.\}` E2

NOZ_eUH.`P`PNO\Ge
2
»*NE`PJ�`MJGHA]GBEDGHAfGNOa.HUx � JGH5KvHdLUKvH

6×6 = 36
[;@CZPZvNO]GBEH&@CD�`v�

a5@UFIH.Z_@Uqi`MJGKv@�»*NE\Ge8`MJ�H�`�»d@�fGNOa.H5Z.¹¡N x�H>x
eUH.`P`PNO\Ge `MJGH&[�L>NOKPZ
(1, 1); (1, 2); . . . ; (2, 1); (2, 2); . . . ; (6, 6)»*JGH.KPH `PJGHA°�KPZ�` H.BOH5F6H5\}`�NO\©H~L>a|J«[�LUNEK_NOZ_`MJ�H KvH5ZPD�BE`
@Uq�`PJGH KvH5f©fGNOa.HdL>\Gf©`PJGH	ZPH5a.@C\Gf¦@U\GH NEZ_`MJGH	KPHµ�

ZPD�BE`_@Uq�`MJ�H&]GBODGH fGNOa.HUx � JGHAH.�CH.\}` E1
∨ E2

NOZ `PKPDGHANE\�`MJGHAa5LUZPH.Z
(1, 1);(1, 2);(1, 3);(1, 4);(1, 5);(1, 6);

(2, 2);(3, 2);(4, 2);(5, 2);(6, 2)
¹CZv@¦`MJGH.KPH�LUKvH

11
`MKPD�HlKPH5LUBON�G~L>`PNO@C\GZ	LU\�f�¹�ZvNO\Ga.H�`MJGH�fGNOa.H5Z LUKvHl\G@U`

]GNOLUZPH.f�¹�L>q¤`PH5K
n → ∞ KvH5[;H.`PNE`MNE@C\GZ8@>q
`PJGH�H��w[;H5KPNEFIH.\}` ��`MJ�KP@�»*NO\Ge¦`PJGHl`�» @IfGNEa5H.Z 	l» H1H��w[�LUa�`*`M@

°�\Gf
11/36

ZvDGa5a.H5ZvZvqrDGB�`MKPNEH5Z.x � J�D�Z5¹�`MJGH1[GKv@C]�LU]�NOBON�`�m6@Uq `PJGNOZ H��CH5\}`�NOZ
P (E1

∨ E2) = 11/36
x

��@�»1¹>`MJ�H \iDGF¦];H5K�@Uq�[²@CZvNE`PNE�CHA@CDw`Ma5@UFIH.Z�qr@UK�`PJGH	H.�CH.\}` E1

NOZ�uvDGZ�`
6
x � JGH ZMLUF6H	LU[G[GBENOH.Z�`P@�`PJGH

H.�UH5\}` E2

x � JGH�ZPDGF @Uq_`PJGH5ZvHl`�»d@R\iDGF¦];H5KvZ8NOZ
12
LU\�f�NE`dfG@wH.Z8\G@U`da5@CNE\Ga5NEfGH�»*N�`MJ�KvH5ZvDGBE`*L>]²@��CH>x

� JGH®KPH~L>ZP@C\±»*Jim±NEZ�`PJ�L>`�`MJGH©H.�UH5\}`
(1, 2)

¹G`MJ�L¡`�Zv@CBE�UH5Z�`PJGH©[GKP@C]�BOH5F±¹�NOZ�a5@UDG\}`MH5fW`�»*NOa5H>x � \Ga5H
NO\W`MJGHR\iDGF¦];H5K�@Uq	[²@CZvNE`PNE�CH®@CD�`Pa5@CF6H5Z�qr@UK E1

LU\�f£@C\Ga5H«NO\¢`MJ�H¦\iDGF¦];H5K�@UqA[;@CZPN�`MN��CH«@UD�`Ma.@CFIH.Z
qr@CK E2

x � \GH�\GH5H.fGZd`P@«a5@UKPKPH.a.`8`PJGNOZ	fG@CD�]GBOH�a5@CD�\i`PNO\Ge¦LU\Gf$`PJGNOZ	NOZA»*J}mI`PJGH5KvHlNOZA`MJGH�BbLUZ�` `PH5KvF NE\
n È~� s�x � L��iNE\Ge�`MJGNEZ�NO\}`M@1L>a5a5@UDG\}`~¹i@C\GH °�\Gf�ZA`PJ�L>`�`PJGH*KPNEeCJ}`v��JGLU\Gfw� ZPNOf�Hd@Uq;`MJGNEZ�H5hiD�L¡`MNO@U\6[�KPH5f�NOa.`PZ
P (E1

∨ E2) = (6 + 6 − 1)/36 = 11/36
»*JGNEa|JWNEZ8`MJGH1a5@UKPKPH.a.`�KPH.ZPDGB�`~x

N (���"+�,��@A=6(����F(B�����8D�@ "$@ (�=&=RS'�/^ ��=R@3���&%�����%���9<"&�.- ��JGH.\o`PJGHRH.�UH5\}`MZ E1

LU\Gf E2

LUKvHRF¦D�`PD�LUBOB�m±H��i�
a5BEDGZPN��CH>¹ E1

∧ E2 = 0
LU\Gf(`PJGH�qr@CKPF¦D�BbL,n È~� sdZPNEFI[GBENE°�H.Zd`M@

P (E1

∨

E2) = P (E1) + P (E2) .
n � TCs

� @CK/��NE\Ge¦L>e}LUNO\�»*NE`PJ�fGNEa5H5Z.¹�F¦Dw`MD�LUBEBEmRHµ�wa5BOD�ZPNE�UHlH.�UH5\}`MZ*L>KPH %�eCH�`P`PNO\Ge
1
LU\Gf

2
»*NE`PJ�@C\GH�fGNOa.H

L>q¤`PH5K @C\GH�`PJGKP@�»1x � JGH5KvH«L>KPH�[GBEH5\}`�m,@Uq
@U`MJGH.K H���LUF6[GBOH.Z*@Uq
`PJGNOZ Zv@CKv`5x
�<?B�&9<"  #�P?�Q�(3Q.�&=R�&"$S - � \GH$a~LUBEBOZ«NE\¬`MJ�NOZ®»dL~m¬`PJGH�[GKv@C]�LU]GNEBON�`�m @Uq*ZPNEF¦DGBE`MLU\GH.@CDGZ«@�a5a.DGKPKvH5\Ga.H(@Uq�L
\iDGF¦];H5K*@Uq
H.�UH5\}`MZ.¹

P (E1, E2, . . . , En) .
n �SÈ s

� JGH1a5@UFIFIL¦FIH5LU\GZ*JGH.KPH�`MJGH1ZPLUFIH©LUZ8`PJGH1Zvm�F¦];@CB ∧ NO\ n È�� s�x
7�9#1A�  <��9#1A��9 ���  #���&9 ���! #=*�.- � q�`�» @ H.�UH5\}`MZ6a~LU\ @�a5a.DGKRNO\Gf�H5[;H5\GfGH.\}`MBEm¬@Uq*`MJGH(KvH~LUBENOZPL>`MNE@C\¬@Uq*`PJGH
@U`PJGH5K.¹i`PJGH*[GKP@U]�LU]GNEBONE`�m®@Uq;`MJGH*ZvNOF¦DGB�`|LU\�H5@CDGZ&@�a5a.DGKPKvH5\Ga.H�@>q²`PJGH5F NEZAZPNOF6[GB�m®`PJGH*[GKP@�fGDGa�` @>q²`PJGH
NO\�fGNE��NOf�D�LUB [�KP@C]�L>]GNOBENE`MNEH5Z.Q

P (E1, E2) = P (E1)P (E2) .
n �C� s

È§È




 � 
 � � �.�	��� 
"� � � � � � � 

� ��� � � � � � � � � ��� � � � ��	��
��� 
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�

� JGH1eCH.\GH5KPLUBONEZML>`PNO@C\�`P@
n
NE\GfGH5[;H5\�fGH5\}`�H.�UH5\}`MZ�NOZ Zv`PKMLUNEeCJ}`Pqr@CK�»8L>KPf�Q

P (E1, E2, . . . , En) = P (E1)P (E2) . . . P (En) .
n � SCs

k�Z�LU\¢Hµ��LUFI[�BOH«@U\GH«a5LU\£NOFILUeCNE\GH�[GBbL~m�NO\�eI»*NE`PJ¢fGNEa5H¦L>\Gf¢a~L>KPfGZ�L>\Gf LUZF�iNE\Ge(LU];@CD�`�H.�UH5\}`MZ
`MJGL>`�LUKPH©LUZvZP@�a5NOL>`MH.f,`P@R`MJGH1fGNEa5H©LU\Gf(`M@�`MJ�H©a5LUKPf�Z5¹�NO\�fGH5[;H5\Gf�H5\}`MB�mCx
� ?B9#1��&"$�,?B9#(�=A #�P?�Q�(3Q.�&=R�&"+S�- � JGH [GKP@U]�LU]GNEBONE`�ml@UqG`MJ�Hd@�a5a5D�KPKPH.\Ga5H @Uq{LU\«H.�CH.\}`&H.�UH5\}` E1

a5@C\�fGNE`PNO@C\GH.f
`M@R`PJGH1@wa.a5DGKvKPH5\�a5H©@Uq�L>\G@U`MJ�H5K*H.�UH5\}` E2

NEZ

P (E1|E2) =
P (E1, E2)

P (E2)
.

n � � s

cdBOH5LUKPB�mC¹GN�q E1
LU\Gf E2

LUKPH�NE\GfGH.[²H.\GfGH5\}`�H.�UH5\}`MZ.¹
P (E1|E2) = P (E1)

��\,`MJ�H � ��Z�» H1ZPJ�LUBEB_ZPH.H©[�BOH5\}`�m(@>q�H���LUF6[GBEH5Z8`MJGL>`*NOBEBODGZ�`MKML¡`MH�`PJGH5ZvH©[�KP@C[;H5K�`MNOH.Z5x

� � � � !"# � � � � � � � � � � � � ! ��� ��� # � ��� � ��� � � � ! �����"�$#

k a~L>KPH.qrD�B H��w[²H.KPNEFIH.\i`MLUBONEZv`«[²H.Kvqr@CKvFIZ�L¢F6H~LUZvDGKPH.FIH.\}`IFILU\}m¬`PNOF6H5Z¦NE\�NOfGH.\}`MNOa5LUBda.@C\GfGN�`MNE@C\GZ5¹
`MJ�H5\oa~LUBEa5DGBOL>`MH.Zl`MJGH¦qrKvH5hiDGH5\�a.mo@Uq H~LUa|JoKPH.ZPDGB�`©LU\Gf£qrKP@CF `MJGH.FW¹�NE\¢`MJGH�BONEFIN�`�@>q8L��CH.Kvm BOLUKPeCH
\iDGF¦];H5K @Uq�FIH5LUZPD�KPH5F6H5\}`PZ1nr`PJ�L>` NO\�KvH~LUB;BON�qrH�L>KPH�\�H.�CH.K NO\�°G\GNE`PH�i�s'����"+�&Dd(�" ���A`MJ�H�[GKv@C]�LU]GNEBON�`�mR@Uq
H~L>a|JWKvH5ZPD�BE`~xI� H1a~LUBEB
�/(�9#1A?BD %B(����$(3Q.=*�d`PJGH1KPH.ZPDGB�`*@Uq
`PJGH1H��w[;H5KPNEFIH.\}`~x
z�@CK$NO\GZ�`|LU\Ga.HU¹�NO\ `MJ�H£a5@CNE\ `M@CZvZ([GKP@C]�BOH5F `MJGH£KPLU\GfG@UF �>LUKPNOLU]GBEHU¹ BOH�`(DGZ,a~L>BOB�N�`

x
¹�`|L��>H5Z

@C\GB�m$`�» @$[;@CZPZvNO]GBEHl�>LUBODGH.Z5¹\H³LU\�f � x<� H©a5LU\WLUZPZv@wa.NbL>`PHl`MJGH.ZPH1`�»d@IH��wa5BEDGZPN��CH©KPH5ZvDGBE`PZ »*NE`MJ(`PJGH
\iDGF¦];H5KvZ8T©LU\Gf È LU\Gf6`MJGH.\�a~L>BOBG`MJ�H�KPLU\GfG@CF �UL>KPNbL>]GBOH

x
Q.�&D]?.13(�= x �dNOF6@�f�LUBGKPLU\GfG@CF �>LUKvNbLU]�BOH5Z

LUKvH]1��*�����P��" �8ZvNO\Ga.Hl`MJGH�m,a~LU\±@C\GB�m$`ML��UH��>LUBOD�H5Z @C\WLRfGNOZva5KPH�`MH1ZPH�`Rn
0, 1

NE\(`MJGNEZ a~LUZvH�s�x
� `PJGH5KlKPLU\GfG@UF �>LUKvNbLU]GBEH5Z�a~LU\¢`ML��UH®�UL>BODGH.Z�@C\£a.@C\}`MNO\iDG@UDGZlZPH�`MZ.¹�LUZ�`PJGH¦KPH5LUB \iDGF«]²H.KPZ5¹�LU\Gf

LUKvH�JGH.\Ga5H�a~LUBEBOH.f���?B9<"$�&9<@<?B@ �AKPLU\GfG@UFX�>LUKPNOLU]GBOH.Z5x
��F$LUeUNO\GH `MJGL>`A»dH�BO@�@ �¦L>`	`MJ�H�LU]�ZP@CBED�`MH �>LUBOD�H
@Uq²`MJGH*�CH.BO@�a5NE`�m

v
@Uq�L1[�LUKv`PNOa.BOH*FI@���NO\�e1»*N�`MJGNE\$L1e}LUZ.x���\$[�KPNE\Ga5NE[GBOH>¹C`MJGNEZ	�>LUBEDGH*a~LU\I]²H�LU\}m�KPH5LUB

\iDGF¦];H5K®npF6@CZ�`*[GKP@C]GLU]GBEm$]²@UDG\GfGH.f�xEx�x�s6LU\�fWJGH.\Ga5H
v
NEZ*LRa5@C\}`MNE\iDG@CDGZ*KPLU\GfG@CF �UL>KPNbL>]GBOH>x

��J�H5\¦fGH5LUBONE\Ge*»*NE`MJ®a5@C\}`PNO\iDG@CDGZ
KMLU\�fG@CF³�>LUKPNOLU]GBOH.Z_»dH J�L~�CHd`P@�];HdF6@CKPHA[GKvH5a5NEZPHdLU]²@UD�`
»*JGL>`
» HdF6H~LU\©]}m©`PJGHd[�KP@C]�L>]GNOBENE`�m�@Uq{LU\®H.�CH.\}`~x���\©`MJGNEZ
a5LUZPH>¹>`MJ�HdhiD�LU\}`MN�`�m�`MJ�L¡` NEZ�» H5BEBifGH.°�\�H5fRNOZ_`PJGH
[GKv@C]�LU]GNEBON�`�m«qr@CKA`MJGH�H.�UH5\}` `M@©`|L��>H��>LUBOD�H5ZA»*NE`MJ�NO\�L©eCNE�UH5\�NE\}`MH5K��>LUB�x
��\I`MJ�H�a~L>ZPHl@Uq `MJGH��CH5BE@wa.NE`�m
@UqALI[�LUKv`PNOa.BOH©NO\W`PJGH«eCLUZ5¹;»dHRL>ZF�(»*J�L>`�NOZ�`PJGH«[�KP@C]�L>]GNOBENE`�m�`PJ�L>`�`PJGH«[GLUKv`PNOa5BEH®JGLUZlLU\¢LU]GZP@UBOD�`PH
�CH.BO@�a5N�`�m£a5@CF6[GKvNOZPH.f ]²H�`�»dH.H5\

v1

L>\Gf
v1 + ∆v

x���\ `MJGH6BONEFIN�`�NE\£»*JGNOa|J
∆v

NOZ�NE\�°�\GN�`MH5ZvNOFILUBEBEm
ZPFILUBEB�n

∆v → dv
s&`MJGNEZ LUBOBE@�»*ZdDGZ8`P@RfGH.°�\�Hl`MJGHE #�P?�Q�(3Q.�&=R�&"$Sd1A��9 ���&"+S�LUZ8`MJGH�[GKP@C]GLU]GNOBENE`�mRqr@CK `MJGH

KML>\GfG@CF �>LUKvNbLU]�BOH®`P@±`ML��UHR�>LUBEDGH5Zl»*N�`MJGNE\ `PJGH�NO\�°G\GNE`PH5ZPNEF$L>B
NE\i`PH5K��UL>B�@Uq BOH5\�eU`MJ
dv

Z�`|LUK�`MNE\Ge±L>`
v1

Q
p(v)dv

n �C� s
� H&DGZPHABO@�» H5K_a5LUZPH.Z�`P@*fGH5\G@>`MH&[GKv@C]�LU]GNEBON�`�m�f�H5\GZvNE`MNEH5Z�LU\�f©D�[G[²H.K_a~LUZvH5Z_`M@*NE\GfGNOa5L>`MH
[GKP@U]�LU]GNEBONE`PNOH.Z5x

� �
	 �
�
��� � � � ��� !"# ��! � # ��� ��� � � ��� � � � ! �����"�$#

��\«`PJGH8ZML>FIH	»8L~m«LUZ NE\ � H5a�`~xUS�» H8a|J�LUKPLUa.`PH5KPNEZPH.f�L�BONEZv`
@Uq�\iDGF¦];H5KvZ�DGZPNE\Ge�L�ZvH5KvNOH5Z @Uq�fGH�°�\GNE`PNO@C\�Z
n L~�UH5KML>eCHU¹�F6H5f�NbLU\�¹{JGNEZv`P@CeCKML>FIZ.¹²H�`MaUx�s�¹²JGH5KvH«» H¦fGH.°G\GH¦ZPNEFINEBbLUK hiD�L>\i`PNE`PNOH5Z�`M@Ia|J�LUKML>a.`MH.KPNEZPH«`PJGH
];H5J�L~��NO@CD�K @Uq KPLU\GfG@UF �>LUKPNOLU]GBOH.Z5x
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� � �l� � � �d���_�5���¨���������*���R
 ����� �l�

�>^_ <����"
�F1d%B(�=R@\��?B� D]�F(�9#- � J�H�H��w[;H5a�`MH5fI�UL>BODGH.Z @Uq_L®fGNEZPa5KvH.`PH�LU\�f(L©a.@C\}`MNE\�D�@CDGZdKPLU\GfG@UF �UL>KPN��
LU]GBEH1LUKPH

E(x) =
∑

x

xP (x) , E(x) =
∫

dx p(x)x ,
n �U� s

KPH.ZP[;H5a�`MNE�UH5B�mCx
�<(����$(�9 ���.- � JGH©�>LUKvNbLU\�a5H�@Uq LRfGNOZva5KPH�`MH©LU\GfWLRa5@C\}`PNO\iDG@CDGZ*KPLU\GfG@CF �UL>KPNbL>]GBOH�L>KPH�fGH�°�\GH5f�LUZ

σ2
x ≡

∑

x

(x − E(x))2P (x) σ2
x ≡

∫

dx p(x)(x − E(x))2 ,
n �C� s

KPH.ZP[;H5a�`MNE�UH5B�mCx
� ?BD]��9<")( � JGH

k
� `PJ,FI@CF6H5\}`PDGF @Uq LRKMLU\�fG@CF �>LUKvNbLU]GBEH�NEZ�f�H.°�\GH.f�L>Z

µ(k) ≡
∑

x

xkP (x) µ(k) ≡
∫

dx xk p(x) .
n � �}s

��\GfGH.H5f�¹\�i\G@�»*NO\�e$LUBEB F6@CF6H5\}`|L¦@C\�H©a5LU\±KPH5a.@C\GZ�`MKPD�a.`�`MJGH�qrDG\Ga�`MNE@C\�LUB qr@UKPF @>q
P
@UK

p
x

NO�P?�Q�(3Q.�&=R�&"+S]1��*��"+���$Q.@A"+�,?B9#- � JGH1ZvH.`*@Uq
[GKP@U]�LU]GNEBONE`PNOH.ZdLUZvZP@�a5NOL>`MH.f�`M@6L¦KMLU\�fG@CF �>LUKvNbLU]�BOH�NEZ a~LUBEBOH.f
LM #�P?�Q�(3Q.�&=R�&"$S 1��*��"+���$Q.@A"+�,?B9�x � J�Hl[GKP@U]�LU]GNEBONE`�m¦fGNOZ�`MKPNE]GD�`PNO@C\GZ	FIL�m6];H�KvH5[GKvH5ZPH.\}`MH5f±]}mI`MLU]GBEH5Zd]�D�`
NE`�NEZ*qpL>K�F6@CKPH1a.@C\}�CH5\�NOH5\}`�`M@$KvH5[GKvH5ZvH5\}`l`MJ�H5F7»*NE`PJWqr@CKvF¦DGB��8@CK fGNbL>eCKMLUF6Z8`MJGL>`�eUH5\GH.KMLUBEN*G5H�`PJGH
qrKPH.hiDGH5\Ga�m¢[GBE@U`�NO\�z NOeGx È ��KPNEeCJ}`~x � JGH.ZPHRLUKvH*uvDGZ�`l[GBE@U`MZ*»*NE`PJ

P (x)
NO\±`MJGH

y
��L¡�wNOZ�LU\Gf

x
NO\W`PJGH

x
��L���NEZ5x
� @AD�@ =6(�"$�&%��  #�P?�Q�(3Q.�&=R�&"+S�- ��NE`PJ¬`MJGH([�KP@C]�L>]GNOBENE`�m£fGNEZv`PKPNO]�D�`MNE@C\¬@Uq�L¢fGNEZPa.KPH.`PH�KML>\GfG@CF �>LUKPNOLU]GBOH
@C\GH,a.@C\GZv`PKPDGa�`MZ$Loa.DGF¦DGBOL>`MN��CH,[GKP@U]�LU]GNEBONE`�mo`MJGL>`6NOZ�ZPNEFI[GB�m `PJGH±[GKP@C]GLU]GNOBENE`�moqr@CKR`MJGH,KPLU\GfG@CF
�>LUKPNOLU]GBEH�`M@R`|L �UH©L��>LUBEDGH�`PJ�L>`�NOZ BOLUKPeCH.Kd`MJGLU\WZv@CF6H�a|JG@CZPH.\�@C\�HUQ

F (x1) =
∑

x≥x1

P (x) .
n �>� s

� NEFINEBbLUKvBEmC¹Cqr@UK*L6a.@C\}`MNO\iDG@UDGZ*KMLU\Gf�@CF �>LUKPNOLU]GBEHU¹

F (x1) =
∫ ∞

x1

dx p(x) .
npSCT}s

� � �
=��W0��,2.-�2µ/�� )(253�/��
2 �±+�/�2�=«:,3

��\£`MJGNEZ � H.a.`MNE@C\£»dHR[�KPH5ZvH5\}`®ZP@CF6H¦[GKv@C]�LU]GNEBON�`�mWf�NOZv`PKPNE]GD�`MNE@C\GZ�`MJ�L>`�LU[G[;H~LUK�KvH5a5D�KPKPH.\}`MBEm�NO\¢`PJGH
Zv`PDGf�m,@Uq
[GJ}m�ZPNEa~LUB ¹G]GNO@UBO@CeCNEa~LUB ¹�LU\Gf,ZP@�a5NE@CBO@CeUNOa~L>B²Z�mwZ�`MH.FIZ�LUF6@C\GeR@U`PJGH5KvZ5x

	 ��� � � � � ! � ��� ! � �

k ZvNOF6[GBOH�h�D�H5Zv`PNO@C\,@C\�H�a~LU\,[;@CZPHl\�@�» NOZ.Q&JG@�» FILU\}m]H�Z fG@R» H�H��w[²H.a.`�L>q¤`PH5K L«°�\�NE`MH�\�D�F¦]²H.K
n
@Uq�`M@CZvZPH5ZP�
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��
���
�� � ����"���� �#)-,�)�& �	�

^_H.`1DGZlqr@�a5D�Z�@C\£`MJGHRa5LUZPH
p = q = 1

2

x � JGHR°�KvZv`�»dL~m¢`M@(a.@CFI[�D�`MH¦`PJGHRZPH5LUKPa|JGH.f¬[GKv@C]�LU]�NOBON�`�m
Pn(h)

NEZ ]}m,DGZPNE\GeR`MJGH�qrKPH.hiDGH5\Ga�m}��]�LUZvH5f¢f�H.°�\GN�`MNE@C\�Q

Pn(h) = lim
n→∞

#
KvH5ZPD�BE`MZ »*N�`MJ

h
H�Z*NE\WL¦`PJGH1ZPH5h{x	@Uq
BOH5\�eU`MJ

n`P@U`|LUB
#
KPH.ZPDGB�`MZ n S È s

»*JGH.KPH
n
NOZ*`MJGH©\iDGF¦];H5K�@Uq&KPH.[²H�`MN�`MNO@U\GZ*@Uq�`MJ�H®Hµ��[;H5KvNOF6H5\}` %�a5@U\GZv`PKPDGa�`MNO\�e�LIZvH5hiDGH.\Ga5H�
(F$LUf�H

@Uq>H�Z�LU\Gf � Z�L>\GfW@>q BEH5\GeU`PJ
n

I»*N�`MJ(`MJGH1KvH5ZPD�BE`*@Uq�`MJGKv@�»*NO\GeILU\,DG\i]GNbL>ZPH5f±a5@UNO\

n
`MNOF6H5Z.x

z�@CK*L>\WDG\i]GNOLUZPH.f�a.@CNO\,H~L>a|J�ZPH.hiDGH5\Ga.H¦ZPJ�@CDGBOfWLU[G[;H~L>K*LU\Gf�H.hiD�LUB_\iDGF¦];H5K�@Uq�`MNOF6H5Z©n¤`|L��iNE\Ge
a~L>KPH1@Uq�`MJGH1@CKvfGH5K*@Uq LU[G[;H~LUKvH5\Ga.H5Z�@Uq>H�Z�LU\Gf � ZMs�x
� J�H$`M@U`MLUBA\iDGF¦];H5K«@>q ZPH.h�D�H5\Ga.H5Z�@C\GHIa~LU\�a.@C\GZ�`MKPD�a.`RNEZ

2n ZPNE\Ga5H$L>`¦H5LUa|J�[;@CZPN�`MNE@C\ NE\ `PJGH
ZPH.hiDGH5\Ga.H�@C\�H�JGLUZ&`MJGH*a|JG@CNEa5H*];H.`�» H5H5\I`�»d@©KPH.ZPDGB�`MZ�n+H @CK � sµx � JGH�`P@U`|L>BG\iDGF¦];H5KA@Uq²ZPH5hiDGH.\Ga5H.Z5¹
LUF6@C\Ge¦`PJGH

2n [;@CZPZvNO]GBEH�@C\GH5Z.¹�`MJ�L>`*JGL��UH h
H�Z�NOZ*LR\iDGF¦];H5K `MJGL>`*ZPJ�L>BOB�a.@CFI[�D�`MH1];H5BO@�»1x

��
���

� ��� )+��� ,���� $#��& $ � � ,�) ��� &	� ,���� $#��& '#�('�)+*�)-, �

� H$J�L~�CH$LUBOKvH~LUfwm Zv`MKvH5ZvZPH5f�`PJ�L>`®NE`©NOZ©FI@UKPH6[GKPH.a5NOZvHI`P@�DGZvHI`MJ�H$[GKv@C[²H.Kv`PNOH5Z©@Uq8`PJGH$[�KP@C]�L>]GNE`�m
npF6@CKvH	`PJ�LU\¦N�`MZ
qrKvH5hiDGH.\Ga.m}��]GLUZPH.f6f�H.°�\GN�`MNE@C\{s�x
^_H.` DGZ�\G@�»�qr@CBEBO@CK_`MJ�NOZ�KP@CD�`PH `P@lfGH5KvNE�UH L�qr@CKvF¦DGBOL
qr@CK

Pn(h)
x
� H©ZvJ�LUBEB�\G@U`�LUZvZPDGF6H

p = q = 1/2
]GD�`�fGH.KPNE�UH�`MJGH�qr@CKvF¦DGBbL®NO\(`MJGH1eCH.\GH5KPLUB_a~L>ZPHUQ

P (H) = p , P (T ) = q = 1 − p .
n S � s

� JGH1fGNEH5\}`MN�`�m
p + q = 1

qr@CBOBE@�»*Z qrKP@CF `PJGH1\G@CKvF$LUBEN*G5L>`MNE@C\I@>q
`PJGH1[GKP@C]GLU]GNOBENE`�mUx
z
NOKPZ�`~¹GBEH.`*DGZ*DGZvH�`MJGH1[GKv@C[²H.Kv`�m,@Uq
NO\�fGH5[;H5\Gf�H5\Ga.H®];H.`�» H5H.\W`MJ�KP@�»*Z�@>q
`PJGH1a5@CNE\,`P@R»*KPNE`PHUQ

P (E1, E2, . . . , En) = P (E1)P (E2) . . . P (En) ,
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h
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P (E1

∨
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∧
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LU\Gf E2
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@Uq�`MJGH±H��w[;H5KvNOF6H5\}`µsµx � JiDGZ6NOZR`�» @ ZPL~m E1
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h
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∑

ph(1 − p)n−h =
\iDGF¦];H5K*@Uq
ZPH.h;x	@Uq
BOH.\GeU`MJ

n
»*NE`PJ

h
H�Z

ph(1 − p)n−h .
n S � s
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n
»*NE`MJ
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n
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a5@UKPKPH.ZP[;@C\Gf,`M@�`MJGH�BE@wa5L>`MNE@C\(@C\(`MJ�H©ZvH5hiDGH.\Ga5H�npBOH��CH.B_@Uq
`PJGH�`MKvH5H�sd»*JGH.KPH1`MJGHMH LUKvKPNE�UH5Z.x
� H LUKPH \G@�» NE\ L [;@CZPN�`MNO@U\ `M@·eCH5\GH.KMLUBEN*G.H »*JGL>`,»dHoJ�L~�CH(uvDGZv`±fG@C\�Hoqr@CK,@C\�H H `P@·`PJGH
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� `�NOZ*a5BEH~LUK8`PJ�L>`*`MJ�H©\iDGF«]²H.K�@Uq�»dL�m�Z�NO\(»*JGNOa|JW@C\GH1a~L>\W@CKvfGH5K `�» @$H.BOH5F6H5\}`PZ�NEZ `�»d@LgyZPL�m(`PJGH.m
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2
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3
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1
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H NOZ

n(n − 1)(n − 2) . . . (n − h + 1)

h(h − 1)(h − 2) . . . 1
=

n!

h!(n − h)!
≡
(

n
h

)

»*JGH.KPH1»dH1J�L~�CH©fGH�°�\GH5f±`MJGH :_(A��" ?B���$(�=

n! ≡ n × (n − 1) × (n − 2) . . . 2 × 1 ,
npS � s

LU\Gf,`MJ�H©BOLUZv`8Zvm�F¦];@CB_KPH.[GKPH.ZPH5\}`PZ�`MJ�H ��?BDdQ.�&9#(�" ?B���$(�= 9<@ADdQ����µx
� H�°�\�LUBEBEmIJ�L~�CH

Pn(h) =

(

n
h

)

ph(1 − p)n−h .

��
���
 � � ) � � ��� � ) & �

� JGHRqr@CKvF @Uq	`MJGH�]GNEFI@�f�LUB�fGNEZv`MKvNO]GDw`MNO@U\£LU\GfoNE`PZlH.�U@CBOD�`PNO@C\£»*N�`MJ
n
NOZ�ZvJG@�»*\ NE\ z
NOeCZ.x � n

p =
q = 1/2

s&LU\�f(��n
p 6= q

sµx&��@>`MH*`MJ�L>`	»*JGH.\
n
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x � JGNEZ«Zv`ML>`MH.FIH.\}`«a5LU\�];HI[GKv@��CH5\�KvNOeC@UKP@CDGZvBEmUx
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E(h) = np , σ2
h = np(1 − p)

npSC�}s
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rvh = σh/E(h) ∝ 1/

√
n
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0
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n →
∞ x � JGNEZ1FIH5LU\GZl`MJGL>`�`MJGH�fGNEZv`PKPNO]�D�`MNE@C\GZ�BE@w@��WF6@CKPH�L>\Gf FI@CKvHRZPF6@w@>`MJ LU\Gf [;H~L �UH5fo»*JGH5\
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È��



� ��� ��� � 	 � � � � � ��� � � �l� � � �d���_�5���¨���������*���R
 ����� �l�

 0

 0.125

 0.25

 0.375

 0  1  2  3

p(
x)

x

n=3

 0

 0.0625

 0.125

 0.1875

 0.25

 0  1  2  3  4  5  6  7  8  9

p(
x)

x

n=9

 0

 0.0625

 0.125

 0.1875

 0.25

 1  3  5  7  9  11 13 15

p(
x)

x

n=15
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p(
x)

x
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p(
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x

n=100

z NEeCDGKPH � Q�g&�U@CBODw`MNO@U\�»*NE`PJ
n
@UqA`MJGHR]�NO\G@CF6NbL>B_fGNOZ�`MKPNE]GD�`PNO@C\±qrDG\Ga.`PNO@C\ x®��@U`MH«JG@�» `PJGH«qr@CKvF NEZ

F6@CKPH1LU\�fWF6@CKPH1a.@C\}`MNO\iDG@UDGZ�LUZ
n
NE\Ga5KvH~LUZvH5Z5x � \GH1ZPH5H.Z�qrKv@CF `PJGH5ZvH«[GBE@U`MZ8`PJ�L>`*`MJGH1BE@wa5L>`MNE@C\(@Uq

`MJ�H©FIL¡�wNOF«DGF NEZ*L>` ≈ n/2
»*JGNOBEH�`MJGH�»*NEf�`MJ±@Uq�`MJGH1a5D�Kv�CH®L>`*J�L>BEq�JGH5NEeCJ}`�NOZ ≈ 2σh ≈ √

n
x

� J�HI]GNEFI@�f�LUB�fGNEZv`MKvNO]GDw`MNO@U\£NOZ1L %�`�» @>��[GLUKMLUF6H.`PH5K.§�@C\GH>x
n
LU\�f

p
LUKvHR`MJGH�[�LUKPLUF6H.`MH.KPZ1a5@U\w�

`MKv@CBOBENO\Ge®NE`PZ8qr@CKPF±x
� @�ZvDGFIFILUKvN*G5H>¹d» H¢J�L~�CHIuvDGZ�`�Z�`MDGfGNEH5f L [GKP@C]�BOH5F±¹d`PJGH�`M@UZPZPNE\Ge¬@>q©L¬a5@CNE\ LU\�f¨»dH�J�L~�CH

fGH.KPNE�UH5f¬LU\ H.hiD�L>`MNE@C\ `MJ�L>`©eCN��CH.Z®DGZ1`MJ�H6[�KP@C]�L>]GNOBENE`�m¢@>qd@�a5a.DGKPKvH5\Ga.H$@Uq8LU\ H��CH.\i`(n
h
H�Z|slNO\ L

ZPH.KPNEH5Z&@Uq
n
H��w[;H5KvNOF6H5\}`MZ.x � JGNOZ
qr@CKPF¦D�BbL�NEZ �>LUBONEf�¹U@C]}��NO@UDGZPB�mC¹C@C\�BEm©qr@CK `MJ�NOZ�[GKv@C]GBEH5F n LU\Gf�@U`PJGH5KvZ

`MJGL>`da5LU\$];H�F$LU[�[²H.fI@C\}`P@«NE`|s�x g&�UH5\(N�q�NE`ANEZ_uvD�Zv`dLU\$Hµ�GL>FI[GBEHU¹iNE`	NEZ	NEBOBEDGFINE\�L>`PNO\Ge�LU\Gf$N�` LUBOBE@�»*Z
DGZ `M@�fGH�°�\GH1`MJGH1a.@C\Ga5H.[�`�@Uq [�KP@C]�L>]GNOBENE`�mCx

� H,a~LU\ª\G@�»7a.@C\GZv`PKPDGa�`�L£°�eCD�KPH(»*NE`PJ
Pn(h)

ZPNOF6NOBOLUKPB�m£`M@ `MJGH,@C\�H5Z�»dH±a5@C\�Zv`MKvDGa.`PH5f·qr@CK
H��w[;H5KvNOF6H5\}`|LUB�f�L>`ML¬NO\·`MJGH�]²H.eCNO\G\�NO\Geo@Uq�`MJ�NOZ$a.@CDGKvZPHUx ��\¨`MJGH�[GKPH.ZPH5\}`,a5LUZPH�» H�» @CKF� »*NE`PJ
L `PJGH5@CKvH.`PNOa~L>B�a5D�Kv�CH>¹�f�H.`MH.KPF6NO\GH.f ]}m g&h{x1n SU�}s�¹8`PJ�L>`$» H£ZPJGLUBOB�DGZPH¢`P@ D]?.1A��=&H��w[;H5KvNOF6H5\}`|LUB
f�L>`ML�x,��\�L±qrH�» »d@UKPfGZ.¹ `MJGHIFI@�fGH.BONO\�e±[�KP@�a5H5f�DGKPHIeC@wH.Z¦LUZ1qr@CBEBO@�»*Z5Q®eCNE�UH5\�L±ZPH.`«@Uq f�L¡`|LW@U\GH
»dLU\}`MZ«`P@¢a|J�LUKPLUa.`PH5KPNEZPH>¹&@C\GH$[�KPH5ZvH5\}`MZ¦`PJGH5F NO\�L±qrKPH.hiDGH5\Ga�m�[GBE@U`«LU\Gf�@C\GHIfGKML~»*Z.¹&@C\¬`M@U[�@Uq
`MJ�H(H��w[²H.KPNEFIH.\i`MLUB qrKvH5hiDGH.\Ga.m�a.DGKv�UHU¹A`MJGH�`PJGH5@UKPH.`PNOa5LUBd@C\�HUxo��DGH(`M@W`MJGH(Hµ��[;H5KvNOF6H5\}`|L>BdH5KvKP@CKvZ
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`MJGL>`�»dH�fGNEZPa.DGZPZ1NO\ � H.a.`5x_��x È ¹�LU\Gf£`MJGL>`©LUKPHRNEFI[;@CZvZPNO]�BOH®`P@±L��U@CNOf ¹�`MJGHRa.DGKv�UH5Z«a5LU\G\G@>`1F$L>`Pa|J
[;H5KvqrH.a.`PBEm±»dH.BOB�x � \GH«`MJ�H5\£J�LUZ�`M@�fGH�`MH.KPF6NO\GH©»*JGH.`PJGH5Kl`PJGH¦fGH��wNOL>`MNE@C\GZ�LUKPH¦ZvNOeC\�NE°�a5LU\}`�@CK�\G@U`~x
� qA`MJGH�m£LUKvHU¹ `PJGH¦`MJ�H5@CKvH.`MNEa~LUB�[GKvH5fGNEa.`MNE@C\¢J�L>Zl`M@(];H¦fGNOZva~LUKvfGH5f x©� qA`PJGH.m¢LUKPH¦\�@U`�@C\GHRa5LU\��UH.H5[
NE`5x>� H©ZvJ�LUBEB�a5@CF6H1]�LUa��$`P@R`MJGNEZ�[�KP@C]GBEH5F BbL>`PH5K5x

��
���

� ��& � � ��� � � $ * ����� ,���� ���!�#"#& � � �!*�� �!�#" &�, �#� � �

k `�m�[GNEa~LUB�[GJ}m�ZPNEa~LUB
KPH~L>BON*G5L>`MNE@C\,@Uq�`PJGH«`M@UZPZ�a.@CNO\�[GKP@C]�BOH5F NEZ�`PJGH«KPLU\GfG@CF »dLUB*�,[GKv@C]GBEH5F `MJ�L¡`
» H©ZvJ�LUBEB�Zv`PDGf�m(NE\±eUKPH~L¡`*fGH.`MLUNOB²NO\ � KMLU\GZv[²@UKv`�j&JGH5\G@UFIH.\�LRZPDGKvNO\GeR`MJ�H©ZvH5a.@C\Gf±ZPH5F6H5Z�`MH.K5x � L �UH
L�@C\GH1fGNOF6H5\�ZPNO@U\�LUB BOL>`P`PNOa.H�»*NE`PJ±Zv[�LUa.NO\Ge

a
LU\�f�LRfGKvDG\ �UH.\�»dLUB*�>H5K `MJ�L¡`�a5LU\±@wa.a5DG[}m(`MJ�H©ZvNE`PH5Z

@C\¢`PJGNOZlBOL>`P`PNOa.HUx � \ ��\�@�»*Z�`PJ�L>`�NE\¢H~LUa|J£`PNOF6H«Zv`PH5[£`MJ�H¦»8LUB��UH.K�FI@��CH.Z�KPNEeCJ}`�@C\GH¦JGLUBEqA@UqA`PJGH
`MNEFIH.ZlLU\�foN�`lF6@��CH5Z�BEH.q¤`�`MJGHR@U`PJGH5K�J�LUBEq�x1k�q¤`MH5K

n
`MNEFIH®Zv`MH.[GZ5¹_`PJGH«»dLUB*�>H5K�F6NOeCJ}`lJGL��UHR`|L��>H5\

h
Zv`MH.[GZ�`P@$`MJGH«KPNOeUJi`lLU\Gf

n − h
Z�`MH.[GZl`M@$`PJGH«BEH.q¤`5x

Pn(h)
KvH5[GKvH5ZvH5\}`MZ�`MJ�H¦[GKP@U]�LU]GNEBONE`�m�@Uq&`MJGNEZ

a5@UFI[;@CZPH.fIH��CH.\i`5x � JGNOZAKML¡`MJGH.K	ZvNOF6[GBOHd[GKP@C]�BOH5FXJ�LUZAF$L>\imRLU[G[GBENOa~L¡`MNO@U\RNO\�[GJ}m�ZPNOa.ZdL>\GfI]�NO@CBE@CeUm
LU\Gf±NE`8NOZ*L>` `PJGH1]�LUZPNEZ*@Uq
`PJGH�`MJGH.@CKvm�@Uq f�N�J²DGZPNE@C\�x
� J�HI]GNEFI@�f�LUB fGNOZva.`MKvNO]GDw`MNO@U\ L>[G[GBONEH5Zl`P@W[GKv@C]GBEH5F6Z1`PJ�L>`©a~L>\¬];H6a5LUZv`®NO\ `MJ�H6qr@CKvF @Uq8L,mUH5Z

@CK*\G@6LU\GZ�»dH.K5xdz{@UK H���LUF6[GBOH>¹�eCNE�UH5\WL6[;@C[GDGBOL>`MNE@C\�@Uq
n
[�L>`MNEH5\}`MZ*@C\�H©a5LU\,»d@C\�fGH5K*»*J�L>`�NOZ8`PJGH

[GKv@C]�LU]GNEBON�`�m£`MJ�L>`
h
L>FI@C\�eW`MJ�H5F JGL��UH,LUZv`PJGFIL�NEq @U\GH �i\G@�»*Z¦`MJ�L¡`¦`MJGH$[GKP@C]GLU]GNOBENE`�m£@>q�H5LUa|J

[�L>`PNOH.\i`*JGL���NE\Ge6LUZv`PJGF$LRNEZ
p
x � JGNOZ*NEZ eCNE�UH5\,]}m

Pn(h)
»*NE`PJ±[GLUKMLUF6H.`PH5KvZ

n
L>\Gf

p
x

	 ��� � � � � ��!"# #�� � � !"# ����! � � � !"� �

� JGH1fGNEZv`MKvNO]GDw`MNO@U\
P (x) =

µx

x!
e−µ ,

n S � s
»*NE`PJ

µ
L¢[�LUKML>FIH�`MH5K�L>\Gf

x
L¢fGNEZPa.KPH.`PH,KMLU\Gf�@CF �>LUKvNbLU]GBEHU¹ `ML��iNO\Ge¢�>LUBEDGH5Z

x = 0, 1, 2, . . .
¹ANOZ

a~L>BOBOH.f,j
@CNEZPZv@C\W[�KP@C]�L>]GNOBENE`�mIfGNOZ�`MKPNE]GD�`PNO@C\$qrD�\Ga.`PNO@C\ n	��

�Gs�x � H.H«z
NOeGx � x
��N�`MJIL®ZvNOF6[GBOH a5LUBOa.DGBbL>`PNO@C\R@U\GH�[�KP@��CH.Zd`MJ�L¡`	`PJGH�[GLUKMLUF6H.`PH5K

µ
NOZA`MJGH�H��w[;H5a.`PH5f��>LUBEDGH*@Uq `PJGH

KML>\GfG@CF �>LUKvNbLU]�BOHU¹
E(x) = µ

LU\Gf
σ2

x = µ
x

j�@CNOZvZP@C\���

�Wa~L>\¢]²H®@C]�`MLUNO\GH.f¢LUZ�`MJGH«BONOF6NE`8@Uq�`MJ�H¦]GNO\�@CFINOLUB�fGNEZv`PKPNO]�D�`MNE@C\±»*J�H5\
n
NEZ��UH5K�m

BbL>KPeCH>¹
p
NOZ ZvF$LUBEB�LU\�f

np
NEZ �UH5[w`�°w��H.f�x

� » @�H���LUF6[GBEH5Z©@UqdKPLU\GfG@UF �UL>KPNbL>]GBOH.Z�fGH5Zva5KPNE]²H.f¬]}m£`MJ�H$j�@CNOZvZP@C\ fGNOZ�`MKPNE]GD�`PNO@C\ LUKvH6`PJGHRqr@CB��
BO@�»*NE\GeGx
� L��>H,L�e}LUZ®a5@C\�°G\GH5f�`M@¢LW�C@CBEDGF6H

V
»*N�`MJ�L~�CH.KMLUeUH�fGH5\�ZPNE`�m

ρ
x¢� q*@C\�H�fGNE��NEfGH5Z©`MJGH$`P@U`|L>B

�C@UBODGF6H®NE\}`M@6ZPFILUBOB_];@~��H.Z�»*NE`PJ�H.h�DGLUB��U@CBOD�FIH
v
¹{`PJGH«BE@wa5LUB_fGH.\GZPN�`�m��GDGa.`PD�L>`MNE@C\GZ*qrKP@CF ];@~�±`M@

];@��²x � JGH8\iDGF¦];H5K�qr@�[�LUK�`MNEa5BOH.Z
NE\«H5LUa|JRBON�`P`MBEH��C@CBEDGF6H
v
NEZ fGH.ZPa5KvNO];H5f«]im«L�j�@CNOZvZP@C\«fGNOZ�`MKPNE]GD�`PNO@C\�x

k�\G@U`PJGH5K±H���LUF6[GBOH NEZ,`PJGHo@C\GHo@Uq«`PJGH BE@wa5LUBla.@C\G\GH.a.`MN���NE`�m�NO\�`MJ�H Zv@>��a5LUBOBEH5f g&KPfG@CZ���Y*H5\}m�N
KML>\GfG@CF eUKMLU[GJ�»*N�`MJ©L~�CH5KPLUeCH	a5@C\�\GH5a�`MNE��N�`�m

c
x � JGHA\iDGF¦];H5K�@UqwBONE\ �iZ_KPH~L>a|JGNO\Ge�L8�CH.Kv`PH�����DGa�`MD�L>`PH

LUa.a5@CKvfGNO\GeR`P@IL�j�@CNOZvZP@C\±fGNOZ�`MKvNO]GD�`PNO@C\�»*N�`MJ,[�LUKPLUF6H.`MH.K
µ = c

x

	 � � � � � � � � � � � � ������� #�# ! � � � !"# ��� ! � � � !"���

� JGH�qr@CKvF¦DGBbL
p(x) =

1√
2πσ2

e−
(x−µ)2

2σ2 ,
n � TCs
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»*JGH.KPH
x
`|L��>H5Z*LUBEB��UL>BODGH.Z8@C\�`MJ�HlKPH5LUB�L¡�wNEZ8LU\Gf

µ
LU\Gf

σ2 LUKvH�`�» @R[�LUKML>FIH�`MH5KvZ5¹wKPH5[�KPH5ZvH5\}`MZ `PJGH
�1LUDGZPZvNbLU\,[GKv@C]�LU]�NOBON�`�m$f�H5\GZvNE`�mCx � \GH1H~LUZvNOBEm$a|JGH5a��iZ.¹ ]}m,fGNOKvH5a�`*NO\}`MH.eCKML>`PNO@C\ ¹�`MJ�L¡` `MJGH©H��w[;H5a.`PH5f
�>LUBOD�H�@Uq

x
¹
E(x)

¹�H5hiD�LUBEZ
µ
L>\GfWN�`MZ8�>LUKvNbLU\Ga.HU¹

σ2
x

¹�H.hiD�LUBOZ
σ2 x � H5H®z NOe�x � x

� J�H¦�1LUDGZvZPNbL>\W[GKv@C]�LU]�NOBON�`�m$f�H5\GZvNE`�m±a~LU\WLUBEZP@6]²H���NOH�»dH.f£LUZ�L6BENOF6NE`d@Uq `PJGH®]�NO\G@CF6NbL>B²fGNEZv`PKPN��
]GD�`PNO@C\ x&��\±`PJGNOZ a5LUZPH1@C\GH �>H5H5[�Z

p
°�\GN�`MH1LU\�f±`ML��UH.Z

n
`M@�NE\�°�\GN�`�mCx

 0
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z NEeCDGKPH � QAj
@CNEZPZv@C\Wf�NOZv`PKPNE]GD�`MNE@C\�qr@CK8`PJGKPH.H1�>LUBEDGH5Z*@Uq
µ
eCNE�UH5\,NO\(`PJGH �UH.mUx
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z NEeCDGKPH � Qd�1LUDGZvZPNOLU\W[�KP@C]�L>]GNOBENE`�mIfGH5\GZvNE`�mUx8^_H.q¤`5Q	°��wH.f
σ2 = 1

L>\Gf±`PJGKPH.H©�>LUBEDGH5Z*@Uq
µ
eCNE�UH5\±NO\

`MJ�HM�>H.mUxdY*NOeCJ}`5Q °��wH5f
µ = 0

LU\Gf,`MJGKvH5H��>LUBODGH.Z @Uq
σ
eCN��CH.\WNE\,`PJGH �UH�mCx

� J�H«�1LUDGZvZPNOLU\(fGNOZ�`MKvNO]GD�`PNO@C\INO\(N�`MZ�9 ?B��Dd(�= :;?B��D J�LUZ G.H5Kv@RFIH5LU\±LU\Gf(DG\GN�`8�>LUKPNOLU\Ga.HUx	��NE�CH.\
L�eCH.\GH5KvNOa6�1LUDGZPZvNbLU\£f�NOZv`PKPNE]GD�`MNE@C\�¹;`MJGHR\G@UKPFILUB�qr@UKPF NOZ1LUa|JGNEH.�UH5f ]}m£fGH.°G\GNO\Ge

y = (x − µ)/σLU\Gf,`MKPLU\GZ�qr@CKPF6NO\Ge
p(x)

NE\i`P@
p(y)

Q

p(y) =
1√
2π

e−
y2

2 .
n � È s

� J�H a.DGF¦DGBOL>`MN��CH£[GKv@C]�LU]GNEBON�`�mª@>qRL�KMLU\�fG@CF �>LUKvNbLU]GBEH�»*NE`PJ L¨�1LUDGZvZPNbL>\ f�NOZv`PKPNE]GD�`MNE@C\ LUKvH
`|L>]GDGBbL¡`MH5fI@CK	a~LU\I]²H�a5@CF6[GD�`PH5f$\iDGF6H5KvNOa5LUBOB�mCx � J�H.m$LUKPH�@Uq_eCKvH~L>` DGZvH�NO\I��\�qrH5KvH5\}`MNOLUB � `|L¡`MNOZ�`MNEa5Z5x

	 � � � � � ��� ��! � ��� ! ��� � � � � ! � ��� ! � �

� JGH¦a5LUBOa.DGBbL¡`MNO@U\±@>q�`MJGH¦j
@CNEZPZP@U\£LU\Gf �1LUDGZvZPNOLU\�fGNEZv`PKPNO]�D�`MNE@C\GZ*NOZ�F¦DGa|J£ZvNOF6[GBOH.K*`PJ�LU\�`PJGH«a5LUB��
a5D�BbL>`PNO@C\(@Uq�`MJ�H©]�NO\G@CF6NbL>B�x � q
a5@UDGKPZvHU¹�`MJGH.ZPH1fGNEZv`MKvNO]GDw`MNO@U\GZ LUKvH©\�@U`*NOfGH.\}`MNOa5LUB�x
k KPDGBEH¢@Uq1`MJiDGF¦] `PH5BEBOZI`PJ�L>`�`PJGH j
@UNOZPZv@C\GNOLU\ LU[G[�KP@~�wNOFIL>`MNE@C\ª`P@�`MJGH¢]�NO\G@CF6NbL>B�NEZ$KPL>`MJGH.K

LUa.a5DGKPL>`MH�»*JGH.\
n ≥ 20 p ≤ 0.05 .

n � � s
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z NEeCDGKPH � Q ^_H.q¤`~Q
`MJGH
χ2 [GKv@C]�LU]GNEBON�`�m¦fGH.\GZPN�`�m6»*N�`MJ6@C\GH�fGH5eUKPH5H�@Uq qrKvH5H.fG@CF±x&Y�NEeCJ}`~Q
a5@CF6[�LUKvNOZP@U\

];H.`�» H5H5\£`PJGH
χ2 [GKv@C]�LU]GNEBON�`�m�fGH.\GZPN�`�mWqr@CK n

fGH.eCKPH.H5Zl@>q�qrKPH.H5fG@CF±¹ D�ZPNO\�e
n
�>LUBEDGH5Z�eCNE�UH5\¢NE\W`PJGH

�UH�mCx

 0

 0.0625

 0.125

 0.1875

 4  9  14  19  24  29

p(
x)

x

n=30
Gauss

z
NOeCDGKvH1��Q � JGH1]GNE\G@CF6NbLUB;a5@CF6[�LUKvH5f,`M@R`MJ�H«�1LUDGZvZPNOLU\�x

^_H.`�DGZ�a|JGH.a��W`PJGNOZ�Zv`ML>`MH.FIH.\i`�»*NE`PJ¢LU\¢Hµ��LUFI[�BOHUx � L��UH«L$]GNE\G@CF6NbLUB�f�NOZv`PKPNE]GD�`MNE@C\(»*NE`PJ
n = 70LU\Gf

p = 0.02
x � JGH1[GKP@U]�LU]GNEBONE`�mI@Uq�`MJGKvH5H1ZPD�a5a5H.ZPZvH5ZlNEZ

P (h = 3, n = 70) =
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[h − 0.5, h + 0.5]
Q

P (h, n) ≈
∫ h+0.5

h−0.6
dx p(x) .

n � � s
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σ =
√

np(1 − p) =
√
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1√
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i = 1, . . . , n

L>KPH¦NE\GfGH5[;H5\�fGH5\}`©KMLU\�fG@CF �>LUKvNbLU]�BOH5Z�H~LUa|Jo@C\GHRfGNEZv`PKPNO]�D�`MH.f LUa5a.@CKPfGNE\Ge
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n � TCs
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x2
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DGZl`MJGL>`�`MJGHR[�KP@C]�L>]GNOBENE`�m(qr@CK�`PJGNOZ��UL>BODGH«`P@(]²HRf�N�J²H5KPH.\}`�qrKP@CF
`MJ�H©Hµ�w[²H.a.`MH.fW�>LUBEDGH�@Uq

x
¹
E(x)

¹G`MH.\GfGZ*`M@ G5H.KP@�»*JGH5\
n → ∞ Q
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� `ML>`MNEZv`MNEa5Zd`PH5BEBOZdD�Z8»*NE`MJ�»*J�NOa|Ja��?B9 !O1A��9 ���A»dH1a5LU\,H5Zv`PNOFIL>`MH�`MJGH�];H5JGL���NE@CDGK @Uq�`MJ�H�[²@C[�DGBbL>`PNO@C\
qrKP@UF `MJGL>`�@Uq
`PJGH1ZMLUF6[GBEHUx
� D�`~¹&FILU\}moh�D�H5Zv`PNO@C\�ZRLUKPNEZPH$LU]²@UD�`«`PJGH�a5@UFI[;@CZPN�`MNE@C\ @>q `MJGH�ZPLUF6[GBOH.Z5xL��J�L¡`¦ZPN�G5H�ZvJG@CDGBEf

@C\GHWa|JG@�@CZPH;� ��\¨»*JGNOa|J¨F$LU\�\GH5K6ZPJG@UDGBOfª@C\GH�a|J�@w@CZvHW`PJGH�F6H5F¦];H5KvZI@>ql`MJGH±ZML>FI[GBEH�� ��JGL>`
a5@U\Ga5BEDGZPNE@C\GZ8L>]²@CDw`d`MJ�Hl[²@U[GDGBbL¡`MNO@U\Ia5LU\�];HlfGKML~»*\�qrKv@CF `MJGHl@U\GH5Z8@U]�`|LUNE\GH5fIqrKP@CF `MJ�H�ZML>FI[GBEH��
��NE`PJ(»*JGNOa|J±fGH5eUKPH5H1@Uq
a5@U\�°�fGH.\Ga5H®a~LU\,`MJGH.ZPH1a5@U\Ga5BEDGZPNE@C\GZ*]²H�`ML��UH.\\�
k \�D�F¦]²H.K8@Uq�KvH5a5H.NO[�`PZ8`MH.BOB;DGZ8JG@�»�`M@RH.Zv`MNEF$L¡`MH�ZvH.�UH5KML>B�[GKP@U[²H.Kv`MNEH5Z @Uq�`MJGHlD�\ �i\G@�»*\±[�KP@C]�L��

]GNEBONE`�m¦fGNOZ�`MKPNE]GD�`PNO@C\WnpH>x�e�x�NE`PZ F6H~LU\
µ
LU\�f�NE`PZ	�>LUKvNbLU\Ga.H

σ2 sAD�ZPNO\�e®`MJ�H�KPH.ZPDGB�`MZ @Uq_F6H~LUZvDGKPH.FIH.\i`PZ
@C\±L¦ZML>FI[GBEHUx&­�ZPNE\GeR`MJGH.ZPH�KPH.a5H.NO[�`PZ�@U\GH�a~LUBEa5DGBOL>`MH.Z8��",(�"+�*��"$�,���	»*JGNOa|JWLUKPHAuvDGZv` qrDG\�a.`MNE@C\GZ @Uq�`PJGH
NE`PH5F6ZdNE\$`MJGH�ZMLUF6[GBOH�`MJ�L¡`8eCN��CHlDGZ a.BODGH.Z LUZd`P@¦JG@�» NOZ `PJGH ��
 �I» H1LUKvH�BO@�@ �iNO\�e®qr@CK.x>��JGH5\(`PJGH
Zv`ML>`MNEZv`PNOa5ZdLUKPH�DGZPH.f,`P@¦H5Z�`MNEF$L>`PH�`PJGH��>LUBOD�Hl@Uq�LU\(DG\ ��\�@�»*\,hiD�LU\}`PNE`�m6`MJGH�m(LUKvHla~LUBEBZ����"$�&Dd(�" ?B����x
� H©KvH.��NOH�» `PJGH5F7J�H5KPH>x ��\±LUf�fGNE`PNO@C\�¹w@C\GH�»dLU\}`MZ*`M@�hiD�LU\}`MN�q¤m

P (| H5Z�`MNEF$L>`P@CK − [GKP@C[;H5K�`�m,@Uq
[²@C[�DGBbL>`PNO@C\ | < ε) .
n �C� s

� ��� ����������� � !"�$# ��� �$# � ! � ��� ����#

Y�LU\GfG@CF a|J�LUKPLUa.`PH5K5x ��\�eUH5\GH.KMLUB ¹{LU\}m,H5Zv`PNOFIL>`M@UK NOZ�LIKPLU\GfG@CF �UL>KPNbL>]GBOH�N�`MZPH.BEq
ZPNE\Ga5H©NE`�fGH.[²H.\GfGZ
@C\(`MJ�H©H.BOH.FIH.\i`PZ `|L��>H5\W`P@Rqr@CKPF `MJGH1ZML>FI[GBEHUx
� \GH®a~LU\�fGH.°�\�H¦F$L>\im,H.Zv`PNOFIL>`M@CKvZ�@>qALIeCN��CH.\¢hiD�LU\}`MN�`�mCx*k�F6@C\Ge6`MJGH.F @U\GH«NEZ�`PJGH«];H5Z�`~¹ @UK

F6@CKPHILUfGH.h�DGL>`MH$qr@UK©`PJGH�[GKv@C]GBOH.F »dH$J�L~�CH,L>`®J�LU\Gf x���\¬`PJGH$qr@CBEBO@�»*NO\Ge(» H�BONEZv`®L�\iDGF¦];H5K®@Uq
[GKv@C[²H.Kv`PNOH5Z8`PJ�L>`�LReC@�@wf(H.Zv`MNEF$L¡`M@CK8ZvJG@CDGBEfWJGL��UHUx

� S



� � � � � � � � ����� � ���	��

� � ��
"� � � � � ����������������� �l���	�������W������� �

��L¡�wNEF¦DGF BEN*�>H5BONEJG@�@wf�x � JGHAFIL¡�wNOF¦DGF BON��UH.BONOJ�@w@�flH5Z�`MNEF$L>`P@CK�NEZ�`MJGHA@C\GH&`PJ�L>`�J�LUZ_`PJGHAF$L¡�wNEF¦DGF
[GKv@C]�LU]GNEBON�`�mI@>q�eCH�`P`MNE\GeRa5BE@CZPH�`P@�`PJGH©LUZPZv@wa.NbL>`PH5f,[GKv@C[²H.Kv`�m(@>q
`PJGH ��

�,@>q
`PJGH1[²@C[�DGBbL>`PNO@C\ x
cd@C\GZvNOZ�`MH5\�a.mCx ��FILUeCNE\GH«`PJ�L>`�@C\�HRDGZPH.Z®L(ZPLUFI[�BOH«@>qdZvN*G5H È T,LU\Gf£eCH�`MZ©L�a5H.Kv`|L>NO\£KPH.ZPDGB�`�qr@CK�`PJGH
H5Z�`MNEF$L>`P@CK5x*^_H�`�DGZ�\G@�»³`|L��>HRLIZPLUF6[GBOH1@Uq&ZvN*G.H È TCTw¹{qr@UK�»*JGNEa|J�» H¦eCH.`�LU\G@>`MJGH.K�KPH.ZPDGB�`�qr@UK�`PJGH
H5Z�`MNEF$L>`P@CK5x � JGH®a.@C\GZvNOZv`PH5\Ga�m,[GKP@U[²H.Kv`�m,F6H~LU\GZ `PJ�L>`~¹GLUZ*NO\}`MDGN�`MN��CH5B�m$Hµ�w[²H.a.`MH.f�¹{`MJGH1KPH.ZPDGB�`*qrKP@CF
`MJ�H�BbL>KPeCH.K ZPLUFI[�BOH*»*NOBOB{];H�a.BO@CZvH5K�nrNO\I[GKP@C]GLU]GNOBENE`�m�s
`M@®`MJGH�LUa.`PD�LUB;KPH5ZvDGBE`d@Uq_`MJ�H�[GKv@C[²H.Kv`�mI@Uq�`PJGH
[;@C[GDGBOL>`MNE@C\�x ��\±FIL>`MJGH.F$L¡`MNOa5LUB{`MH5KvFIZ.Q

P (| H.Zv`PNOFIL>`M@CK (n = 10) − [GKP@U[²H.Kv`�m | < ε) > P (| H5Z�`MNEF$L>`P@CK (n = 100) − [GKP@U[²H.Kv`�m | < ε) .
n � �Cs

n ­�\{s�]�NbLUZ.x Y*H5F6H5F«]²H.K�`PJ�L>`�L>\�H5Z�`MNEF$L>`P@CK*NOZ�LIKPLU\GfG@CF �>LUKvNbLU]GBEH©LU\Gf�J�H5\Ga.H¦a|J�LUKPLUa.`PH5KPNEZPH.f£]im
L ��

��`MJGL>` » H�a5LUBOB

q(
H.Zv`PNOFIL>`M@CK

)
x&k�\$D�\�]�NbLUZvH5f�H.Zv`MNEF$L¡`M@CKANOZAZvDGa|J�`MJ�L¡`dN�`MZ	H��w[²H.a.`ML>`MNE@C\I�>LUBEDGH

H5hiD�L>BOZ `MJGH1[�L>KMLUF6H.`PH5K8» H®L>KPH�`MK�mwNE\GeR`M@�H5Z�`MNEF$L>`PHUQ

E(
H5Z�`MNEF$L>`P@CK

) =
∫

d
H5Z�`MNOFIL>`P@CK

q(
H5Z�`MNEF$L>`P@CK

)
H5Z�`MNOFIL>`P@CK

=
∫

dx p(x) x .
n �U� s

?	LUKvNbLU\Ga.HUx �dH.NO\Ge®L®KPLU\GfG@UF �UL>KPNbL>]GBOH>¹C`MJGH�H5Z�`MNOFIL>`P@CK&J�LUZ LU\�L>ZPZP@�a5NOL>`MH.fI�>LUKvNbLU\Ga.HUx � \�H�[GKvH.qrH5KvZ
H5Z�`MNEF$L>`P@CKPZ »*NE`MJWLRZPFILUBOB;�>LUKPNOLU\Ga5Hl`P@�H5Zv`PNOFIL>`M@UKPZ8»*NE`PJ±L�BOLUKPeUHl�UL>KPNbL>\Ga5H>x

σ2H5Z�`MNEF$L>`P@CK =
∫

d
H5Zv`PNOFIL>`M@UK

q(
H5Z�`MNOFIL>`P@CK

)
H5Zv`PNOFIL>`M@UK 2−(

∫

d
H.Zv`MNEF$L¡`M@CK

q(
H5Zv`PNOFIL>`M@UK

)
H.Zv`MNEF$L¡`M@CK

)2 .n � TCs
��@U`MH�`PJ�L>`RZv@CF6H.`MNEFIH.Z¦@C\GH$DGZPH.Z6H.Zv`PNOFIL>`M@CKvZ«`MJGL>`RfG@ \G@U`¦ZML>`PNOZvq¤m�LUBOBA`MJ�H5ZPH,[GKv@C[;H5Kv`PNOH.Z¦ZPN �

F¦DGB�`|LU\�H5@CDGZvBEmUx¦��\ [�KMLUa�`MNOa5LUB�L>[G[GBONEa~L>`PNO@C\�Z�@C\GH�\GH.H5fGZ1`M@,a|JG@�@CZvHIL(ZPLUFI[�BOH�LU\Gf NE\i�UH5Z�`MNOeCL>`MH�NE`
npN x�H>xdL>ZF�(H.�UH5K�mWF6H5F«]²H.K�@>q&L�ZMLUF6[GBOHl»*J�@$NOZ*JGH©@CK*ZPJ�H®eC@UNO\GeR`M@��C@>`MH1qr@CK|sµx � @UFIH1fGH�°�\GNE`PNO@C\�Z
FIL�m BEH~LUf `M@,�CH.Kvmo[GKvH5a5NEZPHIKPH5ZvDGBE`PZ®]�D�`«];H6NOF6[GKMLUa�`MNEa~LUB*nrN�xyHUxIa|JG@w@UZPH�L,ZML>FI[GBEHR»*NE`MJoJ�LUB�qd`PJGH
ZPN�G5HR@UqA`PJGH�[²@C[�DGBbL>`PNO@C\WNO\oLU\£H.BOH5a�`MNE@C\£[²@UBOB¤sµx � J�D�Z5¹�@C\GHR\GH.H5fGZ�`M@,FIL��UHRZv@CF6HRa5@CF6[GKP@UFINEZPH5Z
LU\Gf£a|J�@w@CZvH«`MJ�H¦]²H.Zv`�H.Zv`PNOFIL>`M@CK*qr@CK�`MJGH®a5@C\Ga.KPH�`MHR[GKv@C]GBOH.F L>`lJ�L>\Gf�x � @CF6H.`PNOF6H5Z�NE`�NOZ�]²H�`P`MH.K
`M@$a|JG@w@UZPH�L$]GNOLUZPH.f£H5Z�`MNOFIL>`P@CK�»*N�`MJ£LIZPFILUBOBEH5K*�UL>KPNbL>\Ga5H©`MJ�LU\ L>\¢DG\i]GNbL>ZPH5f£H.Zv`PNOFIL>`M@CK�»*NE`PJ£L
BbL>KPeCH��>LUKPNOLU\Ga5H¢n¸uvDGZ�`¦];H5a5LUDGZPH$]im¬a|JG@�@CZPNE\GeW`PJGH�ZML>FI[GBEH6» H�FIL~mw];H$D�\GBODGa��}m�LU\Gf�eCH�`RLW�UH5K�m
]�LUf±KPH.ZPDGB�`µsµx
��\R`PJGH H5hiD�L>`PNO@C\�ZALU]²@��UH*» H�LUZPZvDGF6H5fR`MJ�L¡`&`MJGH H.Zv`MNEF$L¡`M@CK
NOZ&L�a5@U\i`PNO\iDG@CD�Z&KMLU\Gf�@CF �>LUKvNbLU]GBEHUx

� NEFINEBbLUKAqr@CKPF6Z a~L>\±];H�»*KPN�`P`MH.\±qr@UK fGNOZva5KPH�`MH1@C\GH.Z5x

� ��� � � � � � #�� � ��� �$# ��! � ��� � � # �

g&Zv`PNOFIL>`M@CKd@Uq
`PJGH1FIH5LU\ � `�NOZ a5BEH~LUK8`PJ�L>` `PJGH1]²H.Zv`�H5Z�`MNOFIL>`P@CK8@Uq�`MJGH1F6H~LU\,NEZ

x ≡ 1

n

n
∑

i=1

xi .
n � È s

� JGNEZ�NEZ
uvDGZv`*`PJGH©L��UH5KPLUeCH1@Uq�`MJGH1KPH.ZPDGB�`MZ*@C]�`MLUNO\�H5f,H���LUF6NO\GNE\Ge¦`MJ�H©ZPLUF6[GBOH>x
g&Zv`PNOFIL>`M@CKd@Uq
`PJGH��>LUKPNOLU\Ga5H � J�H©];H5Z�`�H.Zv`PNOFIL>`M@CKd@Uq
`PJGH��>LUKPNOLU\Ga5H�NEZ

σ2 ≡ 1

n − 1

n
∑

i=1

(xi − x)2 .
n �}� s

� JGH�fGH.\G@CF6NO\�L>`P@CK
n − 1

NEZ�\G@U`1Zv@±@U]i��NE@CDGZ.i®]GD�`1N�`l`MDGKv\GZ1@CD�`l`PJ�L>`1@C\�HR\GH5H.fGZ©`P@(DGZPH
n − 1NO\�Zv`MH5LUf,@Uq `PJGH1FI@UKPHl\�L¡`MDGKPLUB_a|JG@CNEa5H

n
`M@�eCH�`�L>\±D�\�]�NbLUZvH5f�H.Zv`PNOFIL>`M@CKd@Uq
`PJGH��>LUKPNOLU\Ga5H>x

� �
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"��� � ��� � � 
 � �
� � � � � ����������������� �l���	�������W������� �

� � � �&� � � � � � � � ! � � ��� � � � ��� � � � � � � �

� \Ga5H¦» H�J�L~�CH�a|JG@CZvH5\ LU\ H5Z�`MNOFIL>`P@CK�@UqA`PJGHRFIH5LU\£@Uq L([²@U[GDGBbL¡`MNO@U\�¹;» H�J�L~�CHR`M@(KvH~LUBENOZvH«`MJ�L¡`
`MJ�NOZ©NE`MZvH5B�q NOZ®LWKPLU\GfG@CF �>LUKvNbLU]GBEHR»*NE`MJ¬LWa.H5Kv`MLUNO\ ��

�²x H�@�» NOZ©`MJGNEZ ��

� a|J�LUKPLUa.`PH5KPNEZPH.f�¹�N�xyHUx
»*JGNEa|J�LUKvH1NE`MZ F6H~L>\WL>\Gf(�UL>KPNbL>\Ga5H>¹�LU\Gf,»*JGNOa|J,qr@CKvF fG@�H5Z `MJ�NOZ ��
 ��`|L��>H��
^_H�`�DGZ�a~L>BOa5D�BbL>`PH©`PJGHRH5Z�`MNOFIL>`P@CK�@>q	`PJGH¦F6H~LU\�DGZPNE\Ge(ZMLUF6[GBEH5Z�@>q ZvN*G.H

n
x � JGHRH.Zv`MNEF$L¡`M@CK�@Uq

`MJ�HlFIH5LU\�NEZ8L¦ZPD�F @��CH.K
n
KML>\GfG@CF �>LUKPNOLU]GBEH5Z5¹�fGN��wNEfGH5f$]im

n
x � JiDGZ.¹�`MJGH�H��w[²H.a.`ML>`MNE@C\��>LUBODGH�@Uq

`MJ�H©KPLU\GfG@UF �>LUKPNOLU]GBOH ��H.Zv`MNEF$L¡`M@CK8@>q F6H~LU\A	�NOZ

E(x) =
1

n

∑

i=1

E(x) = E(x) ,
n � S}s

N�xyHUxRN�`1NOZ�H.h�DGLUB�`M@,`MJGH�Hµ��[;H5a�`|L>`PNO@C\£�>LUBEDGHR@Uq	`MJGH�[;@C[GDGBOL>`MNE@C\�xR� �
E(x) ≡ ∫

dxq(x)x
»*JGNEBOH

E(x) =
∫

dxp(x)x
x

��JGL>`�LU];@CD�` `MJ�Hl�UL>KPNbL>\Ga5H�@Uq�`MJ�H�KMLU\Gf�@CF �>LUKvNbLU]GBEH
x
� � H1J�L~�CH1ZPJG@�»*\±`MJ�L>` `PJGHl�>LUKPNOLU\Ga.H

@UqAL6KMLU\�fG@CF �>LUKPNOLU]GBOH
z
]�DGNOB�`�»*N�`MJ±`MJGH®ZPDGF @Uq�`�» @�KML>\GfG@CF �>LUKPNOLU]GBEH5Z5¹

x
LU\Gf

y
¹{NOZ�H5hiD�LUB�`M@

`MJ�HIZvDGF @Uq8`MJ�H6�>LUKvNbLU\Ga.H5Z.¹
σ2

z = σ2
x + σ2

y

¹
z = x + y

x���@�»1¹
NO\¬@UDGK1a~LUZvHU¹�H5LUa|J�H5BEH5F6H5\}`©NO\
`MJ�H«ZPD�F NEZ�H.h�DGLUB
`P@

x/n
x�k�\Gf¢»dH¦LUBOZv@$ZPJ�@�» H5f¢`PJ�L>`�`MJGH©�UL>KPNbL>\Ga5H®@Uq

x/n
¹
σ2

x/n

¹²H5hiD�LUBEZ�`PJGH
�>LUKPNOLU\Ga.H�@Uq

x
fGNE��NEfGH5f,]}m

n2 Q σ2
x/n = σ2

x/n
2 xZH�H5\Ga.HU¹

σ2
x = (σ2

x/n + . . . + σ2
x/n) = nσ2

x/n = nσ2
x/n

2 = σ2
x/n

n � � s

� H®LUKPH©\G@�»³eC@CNE\GeR`M@IH��w[GBO@UNE` `MJ�H5ZPH®KPH.ZPDGB�`MZ5¹�`P@CeCH.`PJGH5K*»*NE`PJ±`PJGH«a.H5\}`MKPLUB�BONEFIN�`d`MJ�H5@CKvH5F±¹{`P@
[GKvH5fGNEa.`�`MJ�HRa5@C\�°GfGH5\Ga.HINE\}`MH5K��>LUB�@UqA`MJ�H6H.Zv`PNOFIL>`M@CK¦n � È s�x � J�H6a.H5\}`MKPLUB&BONEFIN�`*`MJGH.@CKPH.F `MH.BOBOZ�DGZ
`MJGL>`~¹�»*J�H5\

n
NOZ8ZvD 56a5NEH5\}`MB�m�BbL>KPeCH>¹

x
NOZ*�1LUDGZvZPNbL>\(fGNOZ�`MKPNE]GD�`PH5f�»*NE`PJ(FIH5LU\(H5hiD�L>B�`M@¦`MJ�H�FIH5LU\

@Uq�`MJGH1[;@C[GDGBOL>`MNE@C\�¹wLU\Gf,�>LUKPNOLU\Ga5H�H.hiD�LUB�`M@�`MJ�H1�>LUKvNbLU\�a5H�@Uq�`MJGH1[;@C[GDGBOL>`MNE@C\�fGN���NOfGH.f±]}m
n
Q

µx = µx , σ2
x =

σ2
x

n2
, p(x) =

1
√

2πσ2
x

exp

(

−(x − µx)
2

2σ2
x

)

.
n �}� s

� J�NOZlKvH5ZPD�BE`lNEZ�a.H5\}`MKPLUB `M@I`MJGH¦NE\�qrH5KvH5\Ga.H¦@Uq&`PJGH¦[;@C[GDGBOL>`MNE@C\�F6H~LU\WqrKP@CF `MJ�H¦ZMLUF6[GBEH«F6H~LU\�x
z�@CKALU\}m�[�LUNEK&@Uq;�UL>BODGH.Z

x1
LU\Gf

x2
» H8�i\G@�» »*J�NOa|J$NEZ�`MJGH�[GKv@C]�LU]GNEBON�`�m©`PJ�L>` L1ZMLUF6[GBOH F6H~L>\IBENOH5Z

»*NE`PJGNO\¢`PJGH�NO\}`MH.Kv�>LUB
[x1, x2]

¹
P (x1 ≤ x ≤ x2)

x � H6LUBOZv@ ��\�@�» »*JGNOa|JoNOZ�`MJGH�[GKv@C]�LU]GNEBON�`�m±qr@UK
`MJ�H¦fGNOZ�`|LU\�a5H¦];H.`�» H5H.\o`PJGH¦ZML>FI[GBEH«F6H~LU\¢LU\Gf¢`MJ�HRL~�CH5KPLUeCH¦@>q&`MJGHRZPLUFI[�BOH©FIH5LU\�¹ \�@CKPFILUBONEZPH.f
]}m�`PJGHRZv`MLU\Gf�LUKvf fGH.��NbL¡`MNO@U\�¹²`P@(BONOH©»*NE`PJGNO\£L>\oNE\}`MH5K��>LUB�¹²N�xyHUx�»dH �i\G@�»

P ( |x−µx|
σx

≤ x1)
x«��@�»1¹

ZPNE\Ga5H
µx = µx

¹G» HM�i\G@�»

P (
|x − µx|

σx
≤ x1) .

n �C� s

� JGH.ZPH«�>LUBEDGH5Z�LUKPH®eCNE�UH5\WNO\ � LU]GBEH5Z�`MJ�L>`�@C\GH®a~LU\±°�\Gf¢NE\¢LU\}m,`MHµ��`M];@w@ �,@C\ � `|L¡`MNOZ�`MNEa5Z�@CK�`PJGH.m
LUKvH8�CH5K�m�H~LUZ�mR`M@1a~L>BOa5D�BbL>`PHd»*NE`PJ�¹Cqr@CK&H���LUF6[GBEHU¹ � a.Nb^�LU]�x���\}�UH5Kv`PNO\Ge1`MJ�NOZ&KPH5LUZP@U\GNO\Ge�¹C»dH*a~L>\I\G@�»
KPH5LUf,`MJGNEZ H��w[GKPH.ZPZvNO@C\WLUZ m�NOH5BEfGNO\�e«`MJGH1[GKv@C]�LU]�NOBON�`�m�`MJ�L>` `PJGH1[²@U[GDGBbL¡`MNO@U\�FIH5LU\,NOZ*L>`*F6@CZ�`�L>`�L
fGNEZv`|L>\Ga5H

x1
qrKP@CF `MJGH1ZML>FI[GBEH�FIH5LU\�Q

P (|µx − x| ≤ x1σx) .
n �}� s

^_H�`�DGZRH��w[GBOLUNO\¬»*JGL>`R»dH(F6H~L>\�»*NE`MJ L>\·Hµ��LUFI[�BOHUQ6k \GH�» fGKvDGe BO@�» H5KPZ¦`PJGH(JGH5LUKv`RKPL>`MH.Z
]}m��>LUK�mwNE\Ge,LUF6@CDG\}`MZ�»*NE`MJ£Z�`|LU\�f�LUKPf fGH���NbL>`PNO@C\¢@>q � x � � ];H~L¡`MZ ´ FINE\�Dw`MH(n

σx

s�x©��F$L>eCNO\GH©`MJ�L¡`1L
ZML>FI[GBEHR@Uq � T([²H.KPZP@U\GZ©L��UH5KPLUeCH5Z®L(fGKP@U[ @Uq � x�S � ]²H5L>`MZ ´ F6NO\·nr`PJGH�ZMLUF6[GBEHRFIH5LU\

x
s�x���J�L>`©NEZ

�C�
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p(
x)

xx1 σ x1 σµ

95%

 0

pr
ob

x

95%

χ2 crit χ2

z NEeCDGKPH � QW^_H�q¤`~Q,k �©L>DGZPZvNbLU\·a5DGK��CH>x � JGHWLUKvH~L DG\GfGH.K�`PJGH±a5DGK��CH±]²H�`�»dH.H5\¨`PJGH(`�»d@o�UL>BODGH.Z
x = µx ± x1σx

KvH5[GKvH5ZvH5\}`MZ(`MJ�H �}�
%
@>q�`MJGH±`M@U`MLUB*[GKP@C]GLU]GNOBENE`�m�»*J�H5\

x1 = 1.96
x � H5HW`MJGH

H���LUF6[GBEH�NO\(`MJGH�`PH���`~x	Y*NOeCJ}`~Q � JGH
χ2 fGNOZ�`MKvNO]GD�`PNO@C\�LU\Gf,`MJGH1fGH�°�\GNE`PNO@C\(@>q χ2

crit

x

`MJ�H�F6H~L>\IBE@�» H5KvNO\Ge©L>` L �}�
%
a5@C\�°GfGH5\Ga.H�BEH.�CH.B&� � JGH�Z�`|LU\�f�LUKPf6fGH��wNOL>`MNE@C\�@Uq;`MJGH�ZMLUF6[GBEH FIH5LU\

NOZ
σx = σx/

√
n = (2.49

];H~L>`PZ ´ F6NO\
)/
√

50 = 0.352
];H~L>`PZ ´ F6NO\�x � JGH¦F6H~LU\�@Uq&`MJGH«ZMLUF6[GBOH©NOZ

x = 5.32
]²H5L>`MZ ´ F6NO\�x

� NO\Ga.H	`PJGH ��
 �1@UqGZPLUF6[GBOHAF6H~LU\®NOZ�Ll�1LUDGZvZPNbL>\�¹¡» H �i\G@�»�`PJ�L>`
P (|x−µx|/σx ≤ x1)

a5@U\i`MLUNO\�Z
�}�

%
@Uq�`MJ�H�LUKPH5L¦@Uq�`MJGH���

�$NEq

x1 = 1.96
n¤`|LU]GD�BbL>`PH5f�f�L¡`|L}sµx � J�D�Z5¹G`MJ�HlH���`MKvH5F6Hl�>LUBODGH.Z8@Uq

µx`MJGL>`�qpLUBEB_»*NE`MJ�NO\W`PJGH«ZvH5BEH5a.`PH5f NO\}`PH5Kv�>LUB�LUKvH
x ± x1 × σx = (5.32 ± 1.96 × 0.352)

];H~L>`PZ ´ F6NO\ ¹
N�xyHUx�» H©a~LU\,];H �C�

%
ZvDGKPH1`MJ�L¡`

µx

NOZ ];H.`�» H5H5\ � x � S6L>\Gf � x�T È ];H~L¡`MZ ´ FINE\�x � H.H«z NEeGx � ��BOH�q¤`~x

� � � � � ��� ��� � � � ! � ��� �

��@>`MHl`MJGL>`~¹GNE\(eCH5\�H5KML>B�¹�» H1fG@�\G@U` �i\G@�»
σ2

x

¹�`PJGHl�>LUKPNOLU\Ga.H�@Uq�`MJGH1[;@C[GDGBOL>`MNE@C\(LU\Gf(`PJGNOZ NEZd»*J}m
» H®\GH.H5f,`M@�H5Z�`MNEF$L>`PH�NE`5x>�¬H�`PJGH5\WDGZPH©g&h{x�n �}� s `P@If�@6N�`~x

� 	 :,01- �$3_2537=©< '�
 �£' � 2�� '*:�/�01-·),01/�0

��\¬`PJGNOZ � H5a�`MNE@C\¬» H$H��w[GBE@CKPHIZPH��CH5KPLUBdhiDGH.Zv`PNO@C\GZ.QR»*Jim NOZ1`MJ�H5KPHI\G@CNEZPH$NE\�LU\ H��w[;H5KPNEFIH.\}`~¹�JG@�»
`M@�fGH.ZPa.KPNO];H©LU\,H��w[;H5KPNEFIH.\}`|LUB_fGNEZv`PKPNO]�D�`MNE@C\�¹�JG@�» `M@�fGH�`MH.KPF6NO\GH�N�q�`�» @6FIH5LUZPDGKvH5F6H5\}`MZ�LUKvH�a5@CK��
KPH.BbL>`PH5f np@U\GH,NOZ6L£a5@C\GZvH5hiDGH.\Ga5H¢@>q�`PJGHW@>`MJGH.K|s«@CK�\G@U`5¹dL>\GfªJ�@�» a~LU\·@C\GH±fGH.ZPa5KvNO];H±L ZvH.`I@Uq
a5@UKPKPH.BbL>`PH5f,H��w[;H5KvNOF6H5\}`|LUB_fGL>`|L�x

����� � � � �(� �$# ��� � ��! #��

��J}m$f�@«`MJGH�KPH.ZPDGB�`MZ8@Uq_LU\�H��w[;H5KvNOF6H5\}`8a|J�L>\GeCH�qrKv@CF @C\GH�F6H~L>ZPDGKvH5F6H5\}`8`M@«LU\G@U`PJGH5KP� � \GH�a5LU\
NOf�H5\}`MN�q¤m$`MJ�KPH5H1KPL>`MJGH.K*@C]}�wNE@CDGZ Zv@CDGKPa.H5Z�@Uq %�\G@CNEZPH>§�`MJ�L¡`*NOF6[GBEm6`MJGNEZ fGN�J²H5KvH5\Ga.HUx
� J�HW°�KvZv`�@U\GH�NEZ6`PJ�L>`6`MJGHWH��w[²H.KPNEFIH.\i`MLUB�a5@C\Gf�NE`MNE@C\GZ�a|J�LU\�eCHWqrKv@CF @C\GHWFIH5LUZPDGKvH5F6H5\}`$`P@

`MJ�H6@>`MJGH.K5xRz�@CK�Hµ�GL>FI[GBEHU¹_N�q	`PJGH�H��w[;H5KPNEFIH.\}`|LUB�ZvH.`���DG[oNOZ�NE\ L,Kv@w@UF L>`�`PH5F6[²H.KML>`PDGKPH
T
qrKP@CF

@C\GH®FIH5LUZPD�KPH5F6H5\}`�`M@I`PJGH«\�H���`�ZPFILUBEB��UL>KPNbL¡`MNO@U\GZ @Uq&`MJ�H®`MH.FI[;H5KPL>`MD�KPH®LUKPH®[²@CZvZPNE]GBOH®LU\Gf±`MJGH.ZPH
F6NOeCJ}`�L J²H5a�`�`PJGH®Hµ�w[²H.KPNOF6H5\}`MLUB�KPH5ZvDGBE`5x8k a~LUKvH.qrDGB�H��w[;H5KvNOF6H5\}`|LUBENOZ�`*F¦DGZv`�`MK�m(`M@IfGNOF6NO\GNEZPJ�`PJGH
H_J²H5a�`�@>q `MJ�H®Hµ�w`PH5Kv\�LUB�[�LUKML>FIH�`MH5KvZ�LUZ�F«DGa|J¢LUZ�[;@CZPZvNO]GBEHUx � D�`�`P@IH.BONEFINE\�L>`MH�`MJGH.F a5@CF6[GBOH�`MH.BEm
NOZ NEFI[;@CZvZPNO]�BOHUx

�U�
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y

x
z NEeCDGKPH È T�Q�k ZPH�`�@>q f�L¡`|L�x � JGH©BONE\GHlKvH5[GKvH5ZPH.\}`MZlLRBENO\GH5LUKd°G`5x

� \GH*NEZ�`MJGH.\6qr@CKva5H.f6`P@©F6H~L>ZPDGKvH h�DGLU\}`MNE`PNOH.ZA`PJ�L>`	LUKvH \G@U`	KPH5LUBOB�m«a.@C\GZ�`|LU\}`	NO\R`MNEFIH8LU\Gf�JGH5\�a5H
��DGa�`MD�L¡`MH8qrKP@UFXF6H~LUZvDGKPH.FIH.\i`&`P@�FIH5LUZPD�FIH.\i`5x � JGH ];H5Z�`AfGH5Zva5KPNE[�`MNE@C\R@Uq;`MJGH fGL>`|LlNEZ `MJGH.\�eCNE�UH5\
]}m,L�[GKP@C]GLU]GNOBENE`�m6fGNEZv`MKvNO]GDw`MNO@U\�¹w`PJGH1[GKP@C]GLU]GNOBENE`�m6fGNEZv`MKvNO]GDw`MNO@U\�`M@R°�\Gf±ZPDGa|JW@CK ZPD�a|J�KPH.ZPDGB�`~x
� J�H	Hµ��LUa.`�qrKP@CF @Uq�`MJGHAZPH5LUKPa|J�H5f«[�KP@C]�L>]GNOBENE`�m�fGNOZ�`MKvNO]GD�`PNO@C\�a5LU\1@C\GB�ml];H	@U]�`|LUNE\GH5f1[;H5K�qr@CKPF6NO\Ge

LU\,NO\w°�\GNE`PHl\iDGF¦];H5K*@Uq
H��w[;H5KPNEFIH.\}`MZ5x � JGNEZ5¹G@>q a.@CDGKPZvHU¹{NOZd\G@U`*qrH~LUZvNO]GBEHUx � JiDGZ.¹{@C\GH�NOZ8qr@UKPa5H.f±`P@
H5Z�`MNEF$L>`PHR`MJGH�qr@CKPF @>q8`MJGH6[GKv]�LU]GNEBONE`�m�fGNOZ�`MKvNO]GD�`PNO@C\£qrKv@CF L,°G\GNE`PHI\iDGF¦];H5K©@Uq F6H~L>ZPDGKvH5F6H5\}`MZ.x
� JGNEZ�NOF6[²@UZPZPNE]GNOBENE`�m�eCNE�UH5Z&KPNEZPHd`P@l`MJGH ��")(�"$�*��"+�,�F(�=#�����P?B�µx � J�H8»8L~m¦`P@lKPH.fGDGa5H `PJGNOZ
H5KPKv@CK�NEZ�ZPNEFI[GBEHUQ
uvDGZ�`¦fG@WFI@CKvHIF6H~L>ZPDGKvH5F6H5\}`MZ.x �dDw`RL>q¤`PH5K®LWa5H.Kv`MLUNO\�[;@CNE\i`1`PJGNOZ©NOZ©NOF6[²@UZPZPNE]GBOHWn¤`M@�@WBE@C\GeWLU\Gf
H��w[;H5\GZvNE�UH�s*LU\Gf±\G@U`*KPH5LUBOB�m�\GH.a5H.ZPZML>KvmCx
z
NO\�LUBEBEmU¹ `MJGH.KPHILUKPHR`PJGH ��Sb��" ��Dd(�"+�,� �����P?B�P��NE\GfGDGa.H5fo]im£`PJGHRqpLUa.`1`PJ�L>`1`MJGH6F6H~LUZvDGKPH.FIH.\i`©NEZ

fG@C\�H®»*NE`PJ�`MJ�H«JGH.BO[¢@Uq�ZP@CF6H¦LU[�[�LUKML¡`MDGZ�`MJ�L>`�NE`PZPH5B�q&F6NOeCJ}`�NO\}`MKv@wf�DGa5H®H5KPKv@CKPZ�LU\Gf¢f�H.��NbL>`PH®`PJGH
NO\}`PKPNO\�ZPNOa®fGNOZ�`MKvNO]GD�`PNO@C\WqrDG\Ga.`PNO@C\£@>q	`PJGH�@C]GZvH5Kv�>LU]�BOHUx � \GHRa~LU\ a.@CKPKvH5a.`�`PJGNOZ�NE\GfGDGa.H5f %�FINEZv`|L �UHU§
]}ma�i\G@�»*NO\�eoNE\�LUZRF¦D�a|J·f�H.`|L>NOB8L>Z¦[²@UZPZPNE]GBOHI`MJGH�»dL~m�NO\�»*J�NOa|J�`MJGH,L>[G[�LUKPL>`MDGZ®»d@CK/�iZ5x � D�`
LUe}L>NO\�¹�`MJGNEZ NOZ8�CH.Kvm,J�L>KPf�x

����� 
 ! � � ��� � � � � �$#�#�! � �

­�ZvD�LUBEBEm NO\ ZPa.NOH5\�a5H5Z¦» H$»dLU\}`¦`M@�fGH.`PH5KPF6NO\�H$LWqrD�\Ga.`PNO@C\�L>B	f�H5[;H5\GfGH.\Ga5H,@CDw`«@Uq�LWZPH.`«@Uq*f�L>`ML
[GKvH5ZPH.\}`MH5f¬LUZ1Ld��`�» @>� a5@CBEDGFI\A	®`MLU]GBEH¦@Uq	BOH.\GeU`MJ

n
»*N�`MJ�¹ NO\£H~L>a|J Kv@�»

i = 1, . . . , n
¹�`PJGHRKPH.ZPDGB�`

@Uq�`MJGH1F6H~LUZvDGKPH.FIH.\}`MZ*qr@CK8`MJGH1[�L>NOKPZ©nrNO\Gf�H5[;H5\GfGH.\}`��>LUKvNbLU]GBEH
xi

¹�f�H5[;H5\GfGH.\}`��>LUKPNOLU]GBEH
yi

s�x H�@�»
a~L>\W@C\�H©f�H5KPN��CH�`MJ�H1qrD�\Ga.`PNO@C\�L>B qr@CKPF

y = f(x)
n � �}s

qrKP@UF `PJGHRZPH�`®@>q [GLUNOKvZ
(xi, yi)

`MJ�L¡`�»*NOBOB�a5H.Kv`MLUNO\GB�m�f�H.��NbL>`PH±npfGD�H¦`M@(\G@CNEZPH¦NE\¢`MJGHRHµ�w[²H.KPNOF6H5\}`5¹
H.`PaUx�sRqrKv@CF `PJGH1NOfGH5LUB�a5LUZPH

yi = f(xi)
�

z
NOKPZ�`~¹;@C\GH©`MKML>a5H5ZlLIZPa5L>`P`PH5Kl[�BO@U`�»*NE`PJ¢L$[;@CNO\}`�qr@CK�H~LUa|J£[�L>NOK�NO\W`PJGH¦f�L¡`|LIZvH.`5xlk�q¤`PH5K�Zv@CF6H
`MKPLUNO\�NO\GeG¹.uvD�Zv`8]}mIH.mUHlNO\GZv[²H.a.`PNO@C\I@C\GH�a~LU\�eUDGH5ZvZd»*JGNOa|J$NOZA`MJGH�qrDG\Ga.`PNO@C\GLUB�qr@CKPF `PJ�L>`dm�NEH5BOf�Z	`PJGH
];H5Zv`*qrDG\�a.`MNE@C\,fGH5Zva5KvNO]GNE\GeR`MJGH1f�L>`ML�x
� L��>H1qr@UK8NO\GZ�`|LU\�a5H�`MJGH�fGL>`|L¦KvH5[GKvH5ZPH.\}`MH5f�NO\,z NEeGx È T�x&� `*NOZ8a.BOH5LUK8`MJ�L¡`8`MJGH1KvH5BbL¡`MNO@U\$];H.`�» H5H5\

�C�
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y

x

a=-8.08316, b=16.0313

c=4

data
c*x**2
ax+b

z NEeCDGKPH È§È Q&k ZvH.`*@Uq�f�L¡`|L�x � \GHlBENO\GH�KPH.[GKPH.ZPH5\}`PZ�L¦BENO\GH5LUK °G` LU\Gf(`MJGH�@>`MJGH.KP@C\GHlL¦h�DGLUfGKML¡`MNOa�°G`
npeUNE�CH.\WNE\�`MJGH �>H.m�s `PJ�L>`�a5BEH~LUKvBEmIKPH.[GKPH.ZPH5\}`PZ�`MJ�H©fGL>`|LRF6@CKPH1LUa.a5DGKPL>`MH.BEmUx

`MJ�H5ZPH©[;@CNO\}`MZ NEZ BONE\GH~LUK.Q
y = f(x) = ax + b

n �C� s
�dD�`5¹ »*J�L>`©L>KPH«`PJGH¦�>LUBODGH.Zl@UqA`MJ�H¦[�LUKPLUFIH�`MH.KPZ

a
npZvBO@C[;H�s�LU\Gf

b
n¤�CH.Kv`MNEa~LUB NO\}`MH.KPa5H.[�`µs/� � JGNOZlNEZ

\G@U`8@C]}�wNE@CDGZ8`P@ReCDGH5ZvZ5xA��\,@CKPf�H5Kd`P@¦°�\Gf(`MJGH.ZPH�[�L>KMLUF6H.`PH5KPZ8» Hl»*NOZvJ�`M@RF6NO\GNEFINEZPH `MJ�H�fGNOZ�`|LU\Ga.H
];H.`�» H5H5\ `MJGH6[²@UNO\}`MZ©LU\Gfo`MJGH�BENO\GH>x � JGH6hiDGH5Z�`MNE@C\¬NEZ5¹�JG@�» fG@±»dH6fGH.°G\GHI`PJGH�fGNOZ�`|LU\Ga.H�� � JGH
F6@CZv`*\�L¡`MDGKPLUB�fGH�°�\GNE`PNO@C\,NEZ

H.KPKP@UK
(a, b) ≡

n
∑

i=1

d2
i ≡

n
∑

i=1

[yi − (axi + b)]2 ,
n � TCs

LU\Gf,`MJ�NOZ NOZ8`PJGH1hiD�LU\}`MN�`�m�»dH1»dLU\}`�`P@�FINE\GNOF6N*G.H�»*N�`MJ,KPH.ZP[;H5a.`�`M@
a
LU\Gf

b
Q

∂
H5KvKP@CK

(a, b)

∂a

∣

∣

∣

∣

∣

a∗,b∗

= 0
∂
H.KPKv@CK

(a, b)

∂b

∣

∣

∣

∣

∣

a∗,b∗

= 0
n �PÈ s

� JGH.ZPH¦a.@CDG[GBEH5f�H.hiD�L>`MNE@C\GZ«nr`P@CeCH.`PJGH5K*»*NE`PJW`PJGH®a|J�H5a��±@Uq&F6NO\GNEFIN�G~L>`PNO@C\I@C\W`PJGH®ZvH5a.@C\Gf£fGH.KPNE�>L¡�
`MN��CH.Z|sdm�NOH5BEf(`MJGH1ZPH5LUKPa|J�H5fW�>LUBEDGH5Z

a∗, b∗
x

��\G@�»*NE\Ge©`PJGH�]²H.Zv` BONO\�H8`MJ�L>`A°G`PZ	`PJGH�f�L>`|L1NOZA\G@>` H.\G@CDGeUJI`M@M�i\G@�» `MJ�L¡`dL1BONE\GH NOZANE\GfGH5H.fI`PJGH
];H5Zv`�°�`�`M@�`MJ�NOZlf�L¡`|L�x®g��CH5\oNEqA\�@U`�H��w[;H5a�`MH5foqrKP@CF H.mUH�NO\GZv[²H.a.`MNE@C\�¹_L�hiD�L>fGKML>`PNOa¦a.DGKv�UH�a5@CDGBEf
m�NOH.BOf�¹
NO\�[GKvNO\Ga.NO[GBEH6L�]²H�`P`PH5K®°�`«`M@W`MJGH�fGL>`|L±NO\�z NEeGx È T�xWk [;@CBEm�\G@UFIH�»*NE`PJ�@CKPf�H5K«H.hiD�LUB `P@
`MJ�H$\iDGF¦];H5K®@Uq*[²@UNO\}`MZ1»*NOBEB	@U]i��NE@CDGZPB�m£m�NOH5BEf�L�[;H5K�qrH5a�`«°G`5xCH�@�» H.�UH5K5¹&°G`PZ®»*N�`MJ�L,�CH5K�m�BOLUKPeCH
\iDGF¦];H5K�@UqA[GLUKMLUF6H.`PH5KvZ�LUKPHRF6H~L>\GNO\GeUBOH5ZvZ5x � JGHRhiD�L>BONE`�m±@UqA`PJ¢°G`1a~LU\£];HRhiD�LU\}`MN�°�H5f¢»*N�`MJ¢`PJGH
%�eC@w@�fG\GH.ZPZ���@Uqb��°G`~§GF6H.`PJG@�f,`PJ�L>` » H®f�NOZPa.DGZPZ*];H5BE@�»1x
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�qrKP@CF H.mCH6NO\�ZP[;H5a.`PNO@C\ 
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LU\Gf�`PJGH$Hµ�w[²H.KPNOF6H5\}`MLUBdf�L¡`|L�NEZ«F6NO\GNEFIN�G5H5f x±��\¬FI@CKvHI`PH5a|JG\GNEa~LUB	`MH.KPF6Z5¹&NEq
f(x; a1, . . . , ak)

NEZ
`MJ�H6[�KP@C[;@CZPH.f£qrDG\Ga.`PNO@C\£»*N�`MJ

a1, . . . , ak

`MJGH�DG\ ��\�@�»*\ [�LUKPLUFIH�`MH.KPZ5¹�`PJGH�@C[�`PNOFILUB
f�H5ZPa.KPNE[�`MNE@C\
@Uq�`MJGH1f�L¡`|LRNOZ @C]w`|LUNE\GH5f(qr@CK8�>LUBEDGH5Z*@Uq�`MJGH1[�L>KMLUF6H.`PH5KPZ ZvDGa|JW`PJ�L>` `PJGH1fGNOZ�`|LU\Ga.H

d(a1, . . . , ak) ≡
n
∑

i=1

[f(xi; a1, . . . , ak) − yexp
i ]2

n �C� s

`|L �UH5Z�NE`PZ FINE\GNOF«DGF �UL>BODGH>x � JGH5ZvH©�>LUBEDGH5Z�LUKvHl°��wH5f�]}m�`PJGH1a5@C\�fGNE`PNO@C\GZ

∂d(a1, . . . , ak)

∂aj

∣

∣

∣

∣

∣

a∗

k

= 0 , ∀j = 1, . . . , n ,
n � S}s

∂2d(a1, . . . , ak)

∂a2
j

∣

∣

∣

∣

∣

a∗

k

> 0 , ∀j = 1, . . . , n .
n � � s

z�@CK*H���LUF6[GBOH>¹�`MJGH©f�L>`MLIZPJ�@�»*\�NO\¢z
NOeGx È�È LUKvH®];H.`v`MH5K�fGH.ZPa5KvNO];H5f¢]}mWL�h�DGLUfGKML¡`MNOa©BbL~» `PJ�LU\W]im
LRBONE\GH~LUKdKPH5eUKPH5ZvZPNE@C\�x
��\¬eCH5\GH.KMLUB ¹ @C\�H$DGZvH5Z¦KPL>`MJGH.K«ZvNOF6[GBOHRqrDG\Ga�`MNE@C\GZ®`P@�fGH.ZPa.KPNO];H$Hµ�w[²H.KPNOF6H5\}`MLUB fGL>`|L±ZPNO\�a5H$@U\GH

H��w[;H5a�`MZ8`MJ�H5F `M@RL>KPNOZvH�qrKv@CF JG@C[;H.qrDGBEBEmRZvNOF6[GBOH*`MJ�H5@CKvH.`MNEa~LUB{BOL�»*Z.x
�¬H�Zv`PKPH5ZvZ8@C\Ga.H�LUe}L>NO\�`MJ�L>`8L
°G`*»*NE`PJ±LR�UH5K�m,BbLUKveCHl\iDGF¦];H5K*@Uq LUf¡uvDGZ�`|LU]�BOH1[�LUKPLUFIH�`MH.KPZ NOZ F6H~L>\GNO\GeUBOH5ZvZ5x
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�
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� \GH�NO\}`MH.KPH.Zv`MNE\Ge,[GKP@U]GBOH.F NOZl`P@±`PKvm¢`P@±f�H5ZPa.KPNE]²H6ZP@CF6HR@C]GZvH5K��UL¡`MNO@U\ »*N�`MJ L�`MJGH.@CKPH�`MNOa5LUB�qr@CKvFWx
�dD�`5¹}@Uq²a5@CDGKvZPH>¹i`PJGH FIL>`Ma|JGNE\Gel];H.`�» H5H.\I`MJ�H�Hµ�w[²H.KPNOF6H5\}`MLUB�f�L¡`|L1LU\GfR`MJ�H8`MJGH.@CKPH�`MNOa5LUB�a.DGKv�UH�»*NEBOB
\GH��CH5K ];HlHµ�GL>a.`~x � JGH�hiDGH.Zv`PNO@C\�`PJGH5\,LUKvNOZvH5Z5Q&J�@�» fG@¦» H �i\G@�» N�q_`MJGH�@C]GZPH.Kv�UH5f±fGN�J²H5KvH5\Ga.H5Z LUKvH
KPH.BOH��UL>\i`&LU\Gf¦`MH.BOBwDGZ�`MJ�L¡` `MJ�H Jim�[;@U`MJ�H5ZPNEZ&NOZ »*Kv@C\Ge�@CK
`MJGH�mRLUKvH�uvDGZv`�\G@CKPFILUB3��\G@CNEZPH�	8L>ZPZP@�a5NOL>`MH.f
`M@W`MJGHIFIH5LUZPDGKvH5F6H5\}`�� � JGH5KvH(LUKvHI»dL�m�Z¦`P@¢hiD�LU\}`MN�q¤mo`PJGH�fGH���NbL>`PNO@C\GZ©];H.`�» H5H5\·H��w[;H5KvNOF6H5\}`|LUB
@C]GZvH5K��UL¡`MNO@U\WL>\Gf±`PJGHl`MJ�H5@CKvH.`MNEa~LUB_[�KPH5f�NOa.`PNO@C\�`PJ�L>`�LUBEBO@�» DGZ `M@�fGH.a5NOf�H1»*J�H.`MJ�H5K*»dH®LUa5a.H5[�`*`PJGH
��°�`/	�@UK \G@U`~xA^_H�`�D�Z�f�NOZPa.DGZPZ�@C\GH1ZvDGa|J�F6H.`PJG@wf,a5LUBOBEH5f�`MJ�H

χ2 LU\�LUB�m�ZPNOZ.x
� J�H(Zv`MKPL>`MH.eUm eC@wH.ZRLUZ«qr@UBOBO@�»*Z.x � JGH(F6H~LUZvDGKPH.FIH.\}`RNOZ®fG@C\GH�NE\�@C\GH$ZMLUF6[GBOHI@CD�`«@Uq�F$LU\}m

[;@CZPZvNO]GBEH�@C\GH5Z.x � JGH1h�D�H5Zv`PNO@C\,» H©»dLU\}`*`M@6LUZF�$NOZ5Q�»*JGL>`�NOZ8`MJ�H�a|J�LU\Ga.H©`PJ�L>` `MJ�H©KvH5ZvDGBE`PZ�@>q
`PJGH
F6H~LUZvDGKPH.FIH.\i`�f�N�J²H5K®qrKv@CF `PJGH$`PJGH5@CKvH.`PNOa~L>Bd@C\GH.Z6LUZ¦@C]GZvH5K��CH5f<� � q*`MJGNEZR[GKP@U]�LU]GNEBONE`�m NEZ¦ZPFILUBEB�¹
`MJ�H5\,»dH1J�L~�CH1`M@�fGNEZPa5LUKPf(`MJ�H©J}m�[;@U`MJGH.ZPNEZ5x	� q N�` NOZ BOLUKPeCH>¹w`PJGH5\,»dH©a~L>\WL>a5a5H.[�`�`MJGH�J}m�[²@>`MJGH.ZPNOZ.x

H�@�»�fG@*»dH	fGH.°G\GH `PJGHAfGNOZva5KPH.[�LU\Ga�m©]²H�`�»dH.H5\«`PJGH Hµ�w[²H.KPNOF6H5\}`MLUB}@C]GZvH5Kv�>L>`PNO@C\®LU\Gf1`MJ�H5@CKvH.`MNEa~LUB
[GKvH5fGNEa.`MNE@C\\� � m(a5@U\GZv`PKPDGa�`MNO\�e6`PJGH

χ2 �>LUKPNOLU]GBEH

χ2 =
n
∑

i=1

(ytheor
i − yexp

i )2

ytheor
i

.
n �C� s

� q
χ2 `|L��>H5Z©L$ZPFILUBEB��>LUBEDGH®» HRF$L~mWZPDGZv[²H.a.`�`PJ�L>`l`PJGHRJ}mw[;@U`PJGH5ZvNOZ�NOZ�a5@CKvKPH.a.`~x1��\GZ�`MH5LUf�¹_NEqAN�`lNEZ

BbL>KPeCH>¹�» H6F$L~m£ZvDGZP[;H5a�`¦NE`1NEZ�»*KP@C\Ge�x �dD�`©JG@�» BOLUKPeUH6NEZ�BbLUKveCH6LU\GfoJG@�» ZPFILUBEB�NOZ1ZPFILUBEB&� � H
ZPJGLUBOBAa|JG@�@CZPH$L�a5KvNE`PNOa~L>B��UL>BODGH

χ2
crit

LUZ«L�a5KvNE`PH5KPNEDGF `P@�fGNEZPa5H.KP\�];H.`�» H5H.\·LUa5a.H5[�`MLU]GBOH$LU\Gf \G@C\
LUa.a5H5[w`|LU]GBEH1Jim�[;@U`MJ�H5ZPH.Z5x
k�Z	LUBOKvH~LUf�m®qr@CDG\GfR»*N�`MJR`MJGH H.Zv`PNOFIL>`M@CK @Uq²`PJGH F6H~LU\6LU\Gf�`MJ�H H5Zv`PNOFIL>`M@UK�@Uq;`MJGH8�>LUKvNbLU\Ga.HU¹C`PJGH

χ2 �>LUKPNOLU]GBEH	NEZ N�`MZPH.BEqGL�KMLU\�fG@CF³�>LUKPNOLU]GBOHAZvNO\Ga.HdNE`
NOZ
a5@CF6[GD�`PH5f«qrKv@CF L�eCN��CH.\¦ZMLUF6[GBEHUx
g���`PH5\GfGNE\Ge
`MJ�H�a5H.\}`MKML>B²BENOF6NE`�`PJGH5@CKvH5F±¹�L>ZdNE`	\�L>FIH�ZPDGeUeCH5Z�`MZ5¹w@C\GH�ZPJG@�»*Zd`PJ�L>`

χ2 NOZ	fGNOZ�`MKPNE]GD�`PH5f�L>a5a5@UKPfGNE\Ge
`M@±L

χ2 ��fGNEZv`PKPNO]�D�`MNE@C\�¹�ZvH5H � H5a�`~x � x � ¹�»*NE`PJ df
\iDGF«]²H.K®@Uq fGH.eCKPH.H5Z©@Uq qrKvH5H.fG@CF n¤`MJ�L>`©fGH.[²H.\GfGZ

�U�
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@C\
n

 \�L>NE�CH.BEm

df = n
]GD�`6NO\·[GKML>a.`MNEa5H

df = n − 1
»*N�`MJ

n
`MJGH,\iDGF¦];H5K6@Uq�f�L>`MLo[;@CNO\}`PZ|s�x

� `RNEZ¦NOF6[²@UKv`|L>\i`©`M@�KPH5F6H5F«]²H.K«`MJ�L¡`¦`MJGHIqr@CKPF @Uq `MJ�H
χ2 f�NOZv`PKPNE]GD�`MNE@C\¬f�H5[;H5\GfGZ�@C\ df

x � JGH
a5KvNE`PNOa~L>B��>LUBEDGH

χ2
crit

NOZ�fGH.`PH5KPF6NO\�H5f�]}m±`MJGH«fGH5eCKvH5H¦@>q&a5@C\w°�fGH5\�a5HR@C\GH©»8L>\i`PZ5¹�N x�H>x�qr@UKlL$fGH.eCKPH.H
@Uq	a5@U\�°�fGH.\Ga5H�H��w[GKvH5ZvZPH5f¬LUZ1L�[;H5KPa.H5\}`|L>eCH¦`MJ�L¡`�a5@CKvKPH.ZP[;@C\GfGZ�`M@�`PJGHRLUKvH~L(DG\Gf�H5Kl`MJ�H

χ2 � ��
 �²¹
» H©°�\�f±`PJGH

χ2
crit

`PJ�L>`�BONEFIN�`MZA`MJGNEZ*LUKPH5L�x&k�\±H���LUF6[GBEH�NOZ eCN��CH5\±NO\±z NEeGx � x
��\£[�KMLUa�`MNOa.H«`MJ�H5\¢»*J�L>`�»dHRfG@(NEZ�`PJGH¦qr@CBOBE@�»*NO\GeGx � HRLUa5a.H5[�`�`PJGKlJ}m�[²@>`MJGH.ZPNOZ 
(`MJGHRf�L¡`|L$NEZ

fGH.ZPa5KvNO];H5f�]}mo`MJGH$`PJGH5@UKPH.`PNOa5LUB [�KPH5f�NOa5N�`MNE@C\ 
£»*NE`MJ�L �}��� a5@U\�°�fGH.\Ga5H(BEH.�CH.BdN�q8`MJGHIa~LUBEa5DGBOL>`MH.f
�>LUBOD�H

χ2 qpLUBOBEZ_]²H.BO@�»�`MJ�H χ2
crit

LUZPZv@wa.NbL>`PH5f®`P@�JGL���NE\Ge �}��� @UqG`PJGH	» H5NEeCJ}` @>q�`MJ�H	`P@U`|LUBi[GKv@C]�LU]�NOBON�`�m
`M@�`MJGH BEH.q¤`�@>q�`MJGNEZ
�>LUBOD�HUx � `PJGH5K�»*NOZPH>¹C»dH KvH�uvH.a.`�`PJGH8J}m�[²@U`PJGH5ZvNOZALU\�f¦»dH BE@w@ �lqr@UK&LU\RLUB�`MH.KP\�L>`PNE�UH
`MJ�H5@CK�mCx

���
	
χ2 �

���
� � � # !"# �	��� ! � � ��� � � � � ��� �

��FILUeCNO\�H6» H�J�L~�CH�`�» @£@C]GZvH5K��UL¡`MNO@U\GZ5¹�ZPL~m
x
LU\Gf

y
¹ LU\Gf�» H$»dLU\}`¦`M@�`PH5Z�`RNEq @U\GH$�>LUKPNOLU]GBEH6NEZ

L J²H5a�`MH5f,]}m�`PJGH�@U`MJ�H5K8@C\�H6n L¦hiDGH5Z�`MNE@C\,KPH5BOL>`MH.f(`M@¦°�\Gf�NO\Ge�L«qrDG\�a.`MNE@C\�LUB²KPH.BbL>`PNO@C\�];H.`�» H5H.\W@U\GH
ZPH�`�@Uq fGL>`|L�LU\Gf,`MJ�H©@>`MJGH.K|s�x
� J�H¦NOfGH5LINEZ�`P@I°�BEB�NE\¢LI`MLU]GBEH

xi, yi

»*NE`MJ±`MJGH®f�L>`ML$LUZvZPDGF6NO\Ge6`MJGH�m¢L>KPH©NO\GfGH.[²H.\GfGH.\i`5¹ `MJ�H5\
°�BEB	NE\ `PJGH$ZPLUFIH�`|L>]GBOH�»*NE`PJ `MJ�H�LUa�`MD�LUB	f�L>`ML�¹ a.@C\GZ�`MKPD�a.`«`PJGH

χ2 qrDG\�a.`MNE@C\ n¤`|L��iNE\Ge±`PJGHI`MLU]GBEH
a5@U\GZv`PKPDGa�`MH5f£D�\GfGH5K�`MJGH«LUZPZvDGF6[�`MNE@C\�@Uq NO\Gf�H5[;H5\GfGH.\Ga5H¦LUZ�`PJGH®`PJGH5@CKvH.`PNOa~L>B�@U\GHU¹²LU\Gf�`PJGH©@U`MJGH.K
LUZ1`MJGHI@C]GZvH5Kv�UH5f�@C\�H�s1LU\Gf¬a|J�H5a��oNEq�¹�qr@CK�`MJGHIa5@CKvKPH5Zv[²@U\GfGNO\�e±�>LUBEDGHI@>q

df
`MJGH

χ2 @C]�`|L>NO\GH.f NEZ
LUa.a5H5[w`|LU]GBEHl@CK \G@U`~x ��\�`MJGH�°GKPZv`8a~LUZvHU¹�`PJGHlf�L>`ML¦LUKvH�NO\�fGH5[;H5\Gf�H5\}`~¹GNE\$`MJ�HlZPH.a5@C\Gf(`PJGH.m$LUKPH�\G@U`~x
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� JGH��>LUKPNOLU\Ga.H�a~LU\±]²H�»*KvNE`P`PH5\,NO\(`�» @IH.hiDGNE�>LUBEH5\}`*»8L~m�Z5Q

σ2
x ≡ 1

n

n
∑

i=1

(xi − µx)
2 = 〈 x2 〉 − µ2

x

n �U� s

� JGH1ZPH.a5@C\�f�H5hiD�L>BONE`�m$NOZ8�UH5Kvm,ZvNOF6[GBOH�`M@6[GKP@��CH1]}m,H��w[GBOLU\GfGNE\GeR`MJGH1Zvh�DGLUKPH>Q

σ2
x ≡ 1

n

n
∑

i=1

(xi − µx)
2

=
1

n

n
∑

i=1

(

x2
i + µ2

x − 2xiµx

)

=
1

n

n
∑

i=1

x2
i + µ2

x

1

n

n
∑

i=1

1 − 2µx
1

n

n
∑

i=1

xi

= 〈 x2 〉 + µ2
x − 2〈 x 〉2

= 〈 x2 〉 − µ2
x� `�NOZ NEFI[;@CKv`MLU\}`d`P@d�i\G@�»³J�@�» `M@�J�LU\�fGBOH�`MJ�NOZ8`�m�[²H1@Uq
ZPD�FIZ.x

����� ����� � � ��� � � � ��� � ! � ! � � � � � � � � # � � � �

� q
µx
NOZ `PJGHAL~�CH.KMLUeCHA@Uqi`PJGH&ZPH�` {x1, . . . , xn}

¹�`PJGH5\
µx+c

NOZ�`PJGHAL~�CH5KPLUeCH&@Uq�`MJ�H&ZPH.` {x̃1, . . . , x̃n} =
{x1 + c, . . . , xn + c} »*N�`MJ c

L1a5@C\GZ�`|LU\}`5x � @©[GKv@��UH�`PJGNOZ&Z�`|L>`PH5F6H5\}`~¹iBOH�`	DGZAa~LUBEB
µx̃ 〉

`PJGH�L~�UH5KML>eCH
@Uq�`MJGH1ZvH.` {x̃1, . . . , x̃n}

x � JGH5\

µx̃ =
1

n

n
∑

i=1

(xi + c) =
1

n

n
∑

i=1

xi + c
1

n

n
∑

i=1

1 = µx + c .

� J�H�Zv`|L>\Gf�LUKvf±f�H.��NbL>`PNO@C\$NOZ8DG\�a|J�LU\GeCH.fW]}m�L¦DG\GNEqr@UKPF `MKML>\GZPBOL>`MNE@C\$@Uq�`PJGH�f�L>`ML�xA^_H.` DGZ a5LUBOB
σ2

x̃

`MJGH��>LUKPNOLU\Ga.H�@Uq
`PJGH1ZPH�` {x̃1, . . . , x̃n}
x � J�H5\

σ2
x̃ =

1

n

n
∑

i=1

(x̃i − µx̃)
2 =

1

n

n
∑

i=1

[xi + c − (µx + c)]2

=
1

n

n
∑

i=1

(xi − µx)
2

= σ2
x .

� J�H©a.@CKPKvH5BOL>`MNE@C\(]²H�`�»dH.H5\±`�»d@6ZPH�`MZ*@Uq
f�L>`|LRKvH5FILUNO\GZdDG\Ga|J�LU\�eCH5fW]im(L�D�\GNEqr@CKvF `PKMLU\�ZPBbL¡`MNO@U\
@Uq²`MJGH*`�»d@®ZPH�`MZd@>q�f�L>`ML©]}mR`�» @(nr[²@CZvZPNE]GBEmRf�N�J²H5KPH.\}`µs�a5@C\�Zv`|L>\i`PZ�n

xi → xi + c1

L>\Gf
yi → yi + c2»*NE`PJ

c1 6= c2

s�x	­�ZvNO\GeR`PJGH1ZMLUF6H�\G@U`ML>`MNE@C\,LUZ�LU];@��UHU¹G`PJGH1[GKP@�@Uq
eC@wH.Z*LUZ qr@CBOBE@�»*Z5Q

Cx̃ỹ =
1

σx̃σỹ

1

n

n
∑

i=1

(x̃i − µx̃)(ỹi − µỹ)
n �C� s

=
1

σxσy

1

n

n
∑

i=1

(xi − µx)(yi − µy)
n � �Cs

= Cxy

n �U� s

S È
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��� � ����� � � ��� � � � � �
� � ! ���"! �	��� !"� � � � � � ��� # � � � �

� JGH�L��UH5KPLUeCH�@>q_L®ZvH.`d@Uq�f�L¡`|L©`PJ�L>` J�LUZ	]²H.H5\�Zva~LUBEH5fI]im�`PJGH�ZPLUFIH*a.@C\GZv`MLU\}`
c
NOZ�uvDGZ�`

µx̃ = cµx
x

j&KP@�@Uq�Q

µx̃ =
1

n

n
∑

i=1

(cxi) = c
1

n

n
∑

i=1

xi = cµx .

� JGH±FIH5LU\w� ZPhiD�LUKvH±f�H.��NbL>`PNO@C\ @UqlLoZvH.`I@Uq�f�L>`|L£`MJGL>`6J�LUZ�]²H.H5\ªZPa~L>BOH5f·]}m�`MJGH±a5@U\GZv`MLU\}`
c
NEZ

σx̃ = cσx

xAjAKv@w@>q�Q

σ2
x̃ =

1

n

n
∑

i=1

(x̃i − µx̃)
2 = c2 1

n

n
∑

i=1

(xi − µx)
2

= c2σ2
x ⇒ σx̃ = cσx .

� JGH�a5@UKPKPH.BbL>`PNO@C\W@Uq	`�»d@,ZPH�`MZ1@Uq	f�L>`ML$`MJ�L¡`1J�L~�CH�]²H.H5\ F¦DGB�`MNE[GBONEH5f±]im�`�»d@ np[;@CZvZPNO]�BEmWfGN�J²H5KvH5\}`
a5@U\GZv`MLU\}`MZ

c1

LU\Gf
c2

NEZ \G@U`�FI@�fGN�°�H5f(]}m�`PJGNOZ*@C[;H5KPL>`MNE@C\�x&j&KP@�@Uq�Q

Cx̃ỹ =
1

σx̃σỹ

1

n

n
∑

i=1

(x̃i − µx̃)(ỹi − µỹ)
n �CTCs

=
1

c1c2σxσy

c1c2
1

n

n
∑

i=1

(xi − µx)(yi − µy)
n � È s

= Cxy .
n � � s

� � %(' �,2.:(= � 2.0©-

� ��� � � � � � ��! � ��� ���
fn(f)

� JGH�»dL~mI`P@¦a~L>BOa5D�BbL>`PH�`PJGHlFIL¡�wNOF¦DGF @>q
fn(h)

@U\$`MJGH�\�L>`PDGKMLUB;\iDGF¦];H5KvZ8NOZ	`MJGH�qr@CBOBE@�»*NE\GeGx
^_H.`
DGZ °GKPZv`&`ML��UH `MJGH

ln
@Uq

fn(h)
x � NE\Ga5H `MJGH

ln
NOZ LlFI@U\G@U`M@U\GNOaAqrDG\Ga�`MNO@U\�¹U`MJ�H8F$L���NEF¦DGF³@Uq

ln fn(h)NOZdBO@�a~L>`PH5f,L>` `PJGH�F$L���NEF¦DGF @Uq
fn(h)

xI�¬@CK/�iNO\Ge¦»*N�`MJ�`MJ�H
ln fn(h)

NEZ8a5@C\}�UH5\GNEH5\}`�ZvNO\Ga.H�NE`dNOZ*L
ZPF6@�@U`MJGH.K qrDG\�a.`MNE@C\$`PJ�LU\

fn(h)
xA��@U`PH�`MJGL>`8N�q

n
NOZ	°�\GNE`PHU¹�`MJGHlZvH.` @>q��>LUBEDGH5Z	`MJ�L¡`8`MJGNEZ qrDG\�a.`MNE@C\

a~L>\$`|L��>H�NEZ	f�NOZPa.KPH�`MHUxZH�@�»dH��CH5K.¹�ZPNE\Ga5H*»dH�LUKPH�NO\}`MH.KPH.Zv`MH.f�NO\IZv`PDGf�m�NO\Ge©`MJGH�BbLUKveCH
n
BENOF6NE`�» H�a5LU\

LUZvZPDGF6H6`PJ�L>`�» H$a5LU\o`ML��UHIL,a5@C\}`MNE\iDGDGF BONEFIN�`lL>\Gfo`PJGH5\ fGN�J²H5KvH5\}`MNOL>`MH¦`PJGH�qrDG\Ga.`PNO@C\
ln fn(h)»*NE`PJ,KPH5Zv[²H.a.`�`M@

h
xI�¬H�`MJ�H5\±J�L~�CH

∂

∂h
ln fn(h) = − ∂

∂h
ln ((n − h)!h!)

np�CS}s

� q_» H1LUZPZvDGFIH�`MJ�L>`
h � 1

LU\Gf
n− h � 1

» H�a~L>\(LU[G[GKv@~��NEF$L¡`MH�`PJGH�qpLUa�`M@CKvNbLUB{DGZvNO\Ge � `MNEKPBONE\GeG§yZ
qr@CKvF¦DGBbL

ln h! ∼ h lnh − h
NEq

h � 1 .
np� � s

��@�»1¹dL>q¤`MH.K6Zv@CF6H(Zv`MKPLUNOeUJi`vqr@CKv»dLUKvf·FILU\GNE[GDGBOL>`MNE@C\GZ«@>q�`PJGHWf�H5KPN��>L>`MN��CH5Z¦» H,°�\Gf `MJ�L>`�`PJGH,H��i�
`MKvH5F¦D�F7a5@C\�fGNE`PNO@C\

∂

∂h
ln fn(h)

∣

∣

∣

∣

∣

hmax

= 0
n � � s

S �
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��� � � ��� � � � � � � � � � � � 
 � �
��� � ���¦� �W���l�

BOH5LUfGZ8`P@
hmax =

n

2

n � � s
LUZRHµ��[;H5a�`MH.f nr@C\GH�a5LU\�`MH5Z�`R`MJGH(Z�`|LU]�NOBON�`�m @Uq*`MJGNEZ¦H���`PKPH5F«DGF LU\Gf�a|J�H5a���`MJGL>`RNE`«NOZ¦NE\GfGH.H5f·L
FIL¡�wNOF¦DGF$s�x

� ��� � ��� ! � ����!"� � ��� � � � � � � � � � � �
�

#����
����� � ! # ��� � � � � � � �

� JGH.KPH®LUKPHl`�» @I»dL~mwZ�@Uq
fGH5KvNE��NO\�e¦`MJGH.ZPH©KPH5ZvDGBE`PZ�LU\Gf±]²@U`PJ±LUKPH1NO\�Zv`MKvDGa.`PNE�UHUx
� J�H©°�KvZv`�ZPH�`�@Uq [�KP@�@UqrZ KPH.BEm�@U\WFILU\GNE[GDGBbL¡`MNO\�e®`MJ�H©ZvDGF6Z5x � JGH1FIH5LU\,@Uq L6]GNE\G@CF6NbLUB{NEZ

E(h) =
n
∑

h=0

h
n!

h!(n − h)!
ph (1 − p)n−h

=
n
∑

h=1

n!

(h − 1)!(n − h)!
p ph−1 (1 − p)(n−1)−(h−1)

= p
n
∑

h=1

n(n − 1)!

(h − 1)![(n − 1) − (h − 1)]!
ph−1 (1 − p)(n−1)−(h−1)

= pn
n−1
∑

k=0

(n − 1)!

k!(n − 1 − k)!
pk (1 − p)(n−1)−k

= pn .
� JGH©L~�CH.KMLUeCH©@Uq

h2 NEZ

E(h2) =
n
∑

h=0

h2 n!

h!(n − h)!
ph (1 − p)n−h

= p
n
∑

h=1

h
n(n − 1)!

(h − 1)![(n − 1) − (h − 1)]!
ph−1 (1 − p)(n−1)−(h−1)

= pn
n−1
∑

k=0

(k + 1)
(n − 1)!

k!(n − 1 − k)!
pk (1 − p)(n−1)−k

= pn(E(k) + 1)

= pn[p(n − 1) + 1] .
� JGH.\�¹�`MJGH1F6H~LU\w� ZPhiD�LUKvH�fGNOZv[GBbL>a5H5F6H5\}`*NEZ

σh ≡
√

E(h2) − (E(h))2 =
√

pn[p(n − 1) + 1) − (pn)2

=
√

(pn)2 − p2n + pn − (pn)2 =
√

pn(1 − p) .
� J�H ZvH5a5@U\Gf®ZvH.`
@Uqw[GKP@�@UqrZ_NOZ_F6@CKvH&eCH5\GH.KMLUBiL>\Gf®NEZ_]�LUZvH5f©@C\©`PJGHADGZPHA@UqweCH.\GH5KPL>`MNE\Ge qrDG\Ga.`PNO@C\GLUB�x

� JGH1F6H~LU\±@Uq L�]�NO\G@CF6NbL>B²NEZ

E(h) =
n
∑

h=0

h
n!

h!(n − h)!
ph qn−h

»*JGH.KPHU¹Gqr@UK8a5@C\}�UH5\GNEH5\Ga.HU¹G» H©a5LUBOBEH5f
q
`MJGHlqpL>a.`M@UK

(1− p)
� JGNEZ H��w[GKPH.ZPZvNO@C\,a~L>\WL>BOZP@«]²Hl»*KvNE`P`PH5\

LUZ

E(h) = p
∂

∂p

n
∑

h=0

n!

h!(n − h)!
ph qn−h

∣

∣

∣

∣

∣

q=1−p

SCS
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`MJGL>`~¹GD�ZPNO\�e$��H.» `M@U\�§�Z*]GNE\G@CF6NbLUB{qr@CKvF¦DGBbLw¹�NOZ H.hiD�LUB�`M@

E(h) = p
∂

∂p
(p + q)n

∣

∣

∣

∣

∣

q=1−p

= pn(p + q)n−1
∣

∣

∣

q=1−p
= pn .

� NEFINEBbLUKvBEmC¹

E(h2) =
n
∑

h=0

h2 n!

h!(n − h)!
ph (1 − p)n−h

= p2 ∂2

∂p2

n
∑

h=0

n!

h!(n − h)!
ph qn−h

∣

∣

∣

∣

∣

q=1−p

+ E(h)

= p2 ∂2

∂p2
(p + q)n

∣

∣

∣

∣

∣

q=1−p

+ np

= p2n(n − 1)(p + q)n−2
∣

∣

∣

q=1−p
+ np

= n(n − 1)p2 + np .

� JGH1F6H~LU\w� ZPhiD�LUKvH1fGNOZv[GBbLUa.H5F6H5\}`*NOZ8`PJGH5\

σh ≡
√

E(h2) − (E(h))2

=
√

n(n − 1)p2 + np − (np)2 =
√

−np2 + np =
√

np(1 − p) .

� � %(' ��=©253�3_=«: )(253�/��
2 �±+�/�2.=®:

����� � � � � ������� ��� � � � � � � �
�

# ���
� � � � !"#���� � � � � � � �

� JGH©L~�CH.KMLUeCH©@Uq�`MJGH©j�@CNOZvZP@C\±fGNOZ�`MKvNO]GD�`PNO@C\$NOZ

E(x) =
∞
∑

x=0

x
µx

x!
e−µ =

∞
∑

x=1

x
µµx−1

x!
e−µ = µ

∞
∑

x′=0

µx′

x′!
e−µ = µ

� JGH©L~�CH.KMLUeCH©@Uq
x2 NEZ

E(x) =
∞
∑

x=0

x2 µx

x!
e−µ =

∞
∑

x=1

x2 µµx−1

x!
e−µ = µ

∞
∑

x′=0

(x′ + 1)
µx′

x′!
e−µ

= µ(µ + 1)

LU\Gf,`MJ�H©F6H~L>\w��Zvh�DGLUKPH�fGNEZP[GBOLUa5H.FIH.\}`*NOZ

σx =
√

E(x2) − (E(x))2 =
√

µ(µ + 1) − µ2 =
√

µ .

����� � � � � � � �

��JGH.\
µ
NOZ8BOLUKPeCH>¹�`PJGHlF6@wf�H�@Uq_`PJGH1j
@CNEZPZv@C\(fGNOZ�`MKvNO]GD�`PNO@C\Ia5@CNE\Ga5NEfGH5Z	»*NE`PJ(NE`MZdL~�CH5KPLUeCH>x	��\�fGH5H.f�¹

`MJ�H©F6@�fGH�NOZ8`PJGH��UL>BODGH�@Uq
x
»*J�H5KPH�`PJGH1F$L¡�wNEF¦DGF NEZ*L>`P`MLUNO\�H5f�Q

∂

∂x
P (x)

∣

∣

∣

∣

∣

xmode

= 0 .
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� JGNEZ�f�H5KPN��>L>`MN��CH�a~L>\W];H®H5LUZPNEBEm$a~LUBEa5DGBOL>`MH.f±D�ZPNO\�e � `MNOKvBONE\GeG§yZ8H��w[GKvH5ZPZvNO@C\±qr@CK8`MJ�H1qpL>a.`M@UKPNbL>B�x � JGNEZ
LU[G[�KP@~�wNOFIL>`MNE@C\�NEZ��>LUBONEf�»*JGH.\GH.�UH5K�`MJGHRF6@�fGH¦LU[�[²H5LUKPZ1L>`lBbLUKveCH®�>LUBEDGH5Zl@>q

x
xM� HRZPJ�L>BOB�DGZPH�NE`

LUZ�L¦»d@UKF�iNO\Ge�J}m�[²@>`MJGH.ZPNOZ�LU\Gf,`MJ�H5\±a|JGH5a��(qrKP@UF `MJ�H©KvH5ZvDGBE` »*JGH.\�N�` JG@CBEfGZ5x � JiDGZ5¹

∂

∂x
P (x) = e−µ ∂

∂x

[

µx

x!

]

� JGH1];H5Zv`�»dL�m$`M@6a5@CF6[GD�`PHl`MJGNEZ fGH5KvNE�>L>`MN��CH�NEZ8`M@6\G@U`MHl`PJ�L>`

g(x) = ln f(x) ⇒ dg(x)

dx
=

1

f(x)

df(x)

dx
⇒ df(x)

dx
= f(x)

dg(x)

dx

n � � s

� L��iNO\Ge
f(x) = µx/x!

LU\Gf
g(x) = ln f(x) = ln µx− ln x! = x ln µ− ln x! ≈ x ln µ−x ln x+x� JGH.\

df(x)

dx
= f(x)

dg(x)

dx
=

µx

x!

d[x ln µ − x ln x + x]

dx

=
µx

x!
[ln µ − ln x − 1 + 1] =

µx

x!
[ln µ − ln x]

� JGH1fGH.KPNE�>L>`PNE�UH�@Uq `PJGH1[²f�q
KPH5LUfGZ

∂

∂x
P (x) = e−µ ∂

∂x

[

µx

x!

]

= e−µ µx

x!
[ln µ − ln x]

`MJGL>` �>LU\GNOZvJGH5Z�L>`
xmode = µ .

n �U�}s

� � %(' � 0©+±3�3_2.0®: )(2.3�/�� 2 �±+(/�2�=®:

� JGHRF6@wf�H¦@UqA`MJGH6�1LUDGZvZPNOLU\¢NOZ�H5hiD�LUB�`P@(NE`MZ�FIH5LU\�x � JGHRF6H~LU\ LU\�f �>LUKvNbLU\�a5H«@>q	`PJGNOZ�[²f�q LUKvH
µ
LU\Gf

σ2 ¹�KPH.ZP[;H5a.`PNE�UH5BEmUx 2σ
a|J�LUKPLUa.`PH5KPN�G5H.Zl`MJGH¦»*NEf�`MJ£@UqA`PJGH¦[;f�q�x®��\�fGH5H.f�¹_NE`�NOZlH.h�DGLUB `M@�`PJGH

fGNEZv`|L>\Ga5H�];H.`�» H5H.\ª`PJGH$`�» @ �>LUBEDGH5Z«@Uq
x
`PJ�L>`Ra.@CKPKvH5Zv[²@C\�f `P@£NO\ �GH5a.`PNO@C\¬[²@CNE\}`MZ

xif

LU\Gf�N�`¦NEZ
LU[G[�KP@~�wNOFIL>`MH.BEmIH5hiD�LUB�`P@6`PJGH�»*NOf�`PJWL¡`*J�LUBEq�JGH.NOeCJ}`5x � J�H©NE\ ��H.a.`MNE@C\,[²@UNO\}`MZ*LUKvH�fGH.°G\GH5f±qrKP@CF

d2p(x)

dx2

∣

∣

∣

∣

∣

xip

= 0
n � � s

LU\Gf±L>q¤`PH5K L¦ZvNOF6[GBOH�a~LUBEa5DGBOL>`MNE@C\$@C\�Hl°�\GfGZ
xip = µ± σ

x � JGH1FIL¡�wNOF¦D�F J�H5NOeUJi`*NEZ
p(x = µ) =

(2πσ2)−1/2 x � JGH©�>LUBEDGH5Z @>q x
»*JGH5KvH©`PJGH1J�LUBEq�JGH.NOeCJ}`�NOZ KvH~LUBEN*G.H5f,LUKvH©eUNE�CH.\,]im

p(xhh) =
1

2
√

2πσ2
⇒ xhh = µ ± σ

√
2 ln 2 .

n � T}s

� JGH�»*NEf�`MJ$NOZ `PJGH5\
∆x ≡ x+

hh − x−
hh =

√
2 ln 2σ

x&��@U`MH�`MJ�L>` `MJGH�qpLUa.`P@CK √
2 ln 2 ≈ 1.17

NEZdL>BOZP@
hiDGNE`PH1a5BO@UZPHl`M@

2
x

S �
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� �X%,0©:��©' =®< 
l0 �
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^_H.`
p(x)

];H¦`MJGHR[GKv@C]�LU]�NOBON�`�m±fGH5\GZvNE`�m£@>qdL�a.@C\}`MNE\�D�@CDGZ1KMLU\�fG@CF �>LUKvNbLU]�BOH
x
x¦cd@C\GZvNOfGH.K�\G@�» L

\GH�» KPLU\GfG@UF �>LUKvNbLU]�BOH
y
`PJ�L>`dNOZ	fGH.°G\GH5f±LUZ

y = f(x)
x � JGHl[GKv@C]�LU]GNEBON�mRfGNOZ�`MKvNO]GD�`PNO@C\6@Uq

y
¹�`PJ�L>`

» H®a5LUBOB
π(y)

ZPJ�@CDGBOf(�UH5KPN�q¤m;Q
π(y)dy = p(x)dx .

n � È s
z�KP@CF `MJGNEZ KPH.h�D�NOKPH.FIH.\}`�@U\GH1fGH5KvNE�CH.Z `MJGH�qrDG\Ga�`MNE@C\�LUB qr@UKPF @>q

π(y)
Q

π(y) = p(x) J = p(x)

∣

∣

∣

∣

∣

dx

dy

∣

∣

∣

∣

∣

= p(x)

∣

∣

∣

∣

∣

1

df(x)/dx

∣

∣

∣

∣

∣

,
n �}� s

»*JGH.KPH J NOZ�`MJGH��CL>a5@C]GNOLU\¢@Uq&`PJGH¦a|J�L>\GeCH¦@Uq&�>LUKvNbLU]�BOH5Z�LU\Gf
dy/dx = df(x)/dx

LU\Gf
dy/dy =

1/(df(x)/dx))
x

S �
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^_H&]GDw`�fGH&a5H � ��H5Z�`
f §�D�`PNOBENOZPH.K BEH5Z�@CDw`MNOBEZ [GKv¥5ZvH5\}`M¥.Z f�LU\�Z_BOH�a.@CDGKPZ	nrJGNOZ�`M@CeUKMLUF6FIH.Z5¹~F6@�mCH.\G\GH5Z.¹
�>LUKPNOLU\Ga.H5Z5¹�x�xEx�s�[;@CDGK*L>\�LUBEm�ZvH5K DG\±H5\GZvH5F¦]�BOH1fGH1fG@C\G\�¥5H5Z.x

È x�^_H5Z \G@U`PH5Z	@C]�`MH.\iDGH5Z8[GLUK D�\$eCKv@CDG[;H�f�§y¥.`PDGfGNOLU\}`MZ8¯©B�§yH���LUF6H5\�°�\�LUB{fGH � `|L¡`MNOZ�`MNEh�D�H5Z	ZP@C\}`�Q
� ¹G��¹���¹{��¹ � ¹ � ¹ � ¹ � ¹ È T�¹ È Tw¹ È T�¹ È T�¹ È T�¹ È�È ¹ È§È ¹ È§È ¹ È§È ¹ È§È ¹ È�� ¹ È�� ¹ È�� ¹ È Sw¹ È S�¹ È S�¹ È � ¹
� Twx

n LCs,��¥.`MH.KPF6NO\GH.K*BOH5Z8�>LUBEH5DGKvZ*h�D�H©BOL«�>LUKPNOLU]GBOH ��\G@U`PH5Z
	1[²H.D�`*[GKvH5\GfGKvHUx
g&Z�`v��a.H®D�\WH.\GZPH.F¦]GBOH1];@CKP\�¥M�
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n � S}s
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s�x
� x�c8LUBEa5DGBEH5K BEH�FI@CF6H5\}` f §�@CKvfGKPH©SRfGH

X
x

� x�c8LUBEa5DGBEH5K H.\�°�\
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x
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n!

k!(n − k)!
pk (1 − p)n−k n � � s
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� x � \£ZPD�[G[²@UZPH�hiDGHRBbL�[GKv@C]�LU]�NOBON�`M¥©f�§yDG\GH�LUF6[²@UDGBOH®f�§�º�`MKvHRfG¥.qrH.a.`MD�H5ZPH6H5Z�`©T�x È x4e�D�H5BOBEH¦H5Z�`
BOL¦[GKP@C]GLU]GNOBENE`P¥�hiD�§yH���LUa.`PH5F6H5\}`lf�H5Dw�±L>FI[;@CDGBEH5Z [�LUKvFIN²hiD�L>`MKvH®Zv@CNOH.\}`*fG¥.qrH.a.`MD�H5DGZvH5Z �

� x�­�\«a|JGH�q{fGHdZvH5Kv��NEa5H8L�KPH.F$LUKvhiDG¥dhiDGH BbL*[GKP@C]GLU]GNOBENE`P¥&h�D�Hda|J�LUhiDGHdH5F6[GBO@�mC¥ LUKvKPNE�UH H.\«KvH.`|L>KPf
H.Zv` Twx È��U� xZelDGH5BEBOH�H5Z�`8BbL©[GKP@U]�LU]GNEBONE`P¥ hiD�§�Hµ��LUa.`PH5F6H5\}`*DG\�H.FI[GBE@�mC¥lL>KPKPN��CH�H5\(KvH.`|L>KPf�Z.§�NEB{m
L¦ZvN��$H5F6[GBO@�mC¥.Z f�LU\GZdBOHlZvH5Kv��NEa5HM�CelDGH.BOBOH�H5Z�`*BbL«[GKv@C]�LU]�NOBON�`M¥�hiD�§�Hµ��LUa.`PH5F6H5\}` � H5F6[GBO@�mC¥.Z
fGD±F6º5F6HlZPH.Kv��NOa.H®\�§�LUKvKPNE�UH5\}`�[�LUZ*H5\±KPH�`|LUKvfC�

� �¬0 )(2.3_/��
2 �W+�/�2�=«: ��=®2.3�3�=®:,:(2.'*:,:('

^�LRfGNOZ�`MKPNE]GD�`PNO@C\,j�@CNOZvZP@C\G\�NOH5\�\GH1H5Zv`�fG@U\G\G¥5H©[�LUK BOL«qr@CKPF«DGBOHRQ

P (X = k) =
µk

k!
e−µ n �}� s

È x�g&Zv`���a.H©D�\GH®f�NOZv`PKPNE]GD�`MNE@C\�fGNEZPa.K,*.`PH1@CDWa.@C\}`MNE\�D�H �
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n LCs � KP@UD��CH.K©BOL$BO@UNOZ�f�H¦fGNOZ�`MKvNO]GD�`PNO@C\�fGH
N
¹_BOH¦\G@UF¦]GKPH®`M@U`MLUBOH®f�§��1D�qrZ�[;@C\Gf�DGZ�f�LU\GZ�BOL

[;¥5KvNO@�fGH
[t, t + ∆t]

x	g �w[GKPNEFIH.K BOH�KP¥.ZPDGB�`|L>`�L~�UH5a©DG\GH�qr@CKPF«DGBOHlFIL>`PJG¥5FIL>`MNEhiDGHUx
np]�s elDGH¬fG¥.��NOH.\}`£a5H�`P`MH�BE@CNOZ±hiD�LU\Gf

n → ∞ ¹
δt → 0

H.`
p
KvH5Z�`MH�°�\GN�� ��@U\G\GH5K

B §�Hµ�w[GKPH.ZPZPNE@C\±F$L>`PJG¥5FIL>`PNOhiDGHlfGD±KP¥.ZPDGB�`|L>`5xA��NOZva5D�`PH5K�BOH�Kv¥5ZPD�BE`|L¡`~x
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[W?B�&" =6( :;?B9 ��"+�,?B9
f(x) = axe−αx � 1 
"!Z9<�,�  <?B@A�41A��� %B(�=*��@A��� 1A� x

� 
���=!����"� <?����&"$� :P�.-

� - � @<� ��?B9<" =*���d��?B9#1��&"+�,?B9 � �.@<��=*���E (��/(�D ��"$�P���
a
��"

α
1A?B�&%���9<" �.(�"$�*�Y:_(��&�P�8 <?B@A� �.@<�]����"$"
�

:;?B9 ��"$�,?B9h��?B�&" @ 9 �41A��9 ���&" 
 1A�  #�P?�Q�(3Q.�&=R�&" 
 �

� - � (�=*��@A=*�����.(]D]?BS ��9<9 ����"O= 
 ��DE #=6(A����D]��9<" 1A� ��?B9�Dd(;^ �&D�@ADd-E[W?B9<" ����� 1A��@ ^ %B(�=*��@ �P�M=*���
D���D]��� �

� - � @<�  <��@ " �F?B9 1��&�P� ��@A�M=*���  #��?� #��� ��" 
��41A� ��SBD 
�"+���,�41A������"$"
� 1A��9 ���&" 
41A�  #�P?�Q�(3Q.�&=R�&" 
 �
� - � ��=R�,��� =6(]%B(�=*��@A�M1A���/^_ <����")(�"$�,?B9 1A�

x
��" 1A�

x + λ
(�%����

λ
@A9 ����?B9 ��",(�9<"
�.-

� - � ��=R�,��� =6(]%B(�=*��@A�M1A���/^_ <����")(�"$�,?B9 1A�
x
��" 1A�

λ x
(�%����

λ
@ 9 ����?B9 ��",(�9<" �.-

� �¬0 )(2.3_/��
2 �W+�/�2�=«: � 0®+,3�3_2.'*:,:(' =®+ :(= � � 01-.'

^�LRfGH5\GZvNE`P¥©f�H©[�KP@C]�L>]GNOBENE`M¥�f�§yDG\GH1�UL>KPNbL>]GBOH1�1LUDGZvZPNEH5\G\GH1H.Zv`�fG@C\G\�¥5H1[�LUK*BbL«qr@UKPF¦DGBEHlZPD�NE�>LU\}`MH�Q

f(x) =
1√

2πσ2
e−

(x−µ)2

2σ2
n � �Cs

È x�g&Zv`���a.H©D�\GH®f�NOZv`PKPNE]GD�`MNE@C\�fGNEZPa.K,*.`PH1@CDWa.@C\}`MNE\�D�H �
� x � = 
 (��$1A�41�
 @A9�=*?F`��,���,��=\`��/(� <VA�/�.@\� "$�/(A����$ ����"$"
��1��*��"$���$Q.@A"$�,?B9  <?B@ �  #=R@3���,��@ �P�M%B(�=*��@A�P�41A�

µ��"
σ2 �

µ = 0.4, 4, 8, 12, 16
��"

σ2 = 0.24, 2.4, 4.8, 7.2, 9.6
-

S�x � ?BD�D]��9<"  <��@ " �F?B9 �P��=R�,���h=6(U1��*��"$���$Q.@ "$�,?B9	� (�@3�����,��9<9 � � =6(�1��*��"$���$Q.@A"$�,?B9 Q.�&9 ?BD��$(�=*� �
��?B9<9 ��$ =6(]� 
  <?B9 ���8`��/(� <VA�/�.@\��D]��9<",-

� x8elDGH.BOBOH«H5Zv`©BOL,F6@�mCH.\G\GH�fGH�BbL(fGNEZv`MKvNO]GDw`MNO@U\¢\G@CKvF$LUBEH � � 
���� ! ��$'���d� 
���@ =R",(�" `��/(� <VA�/�.@<���
D]��9<",-

� x � N
µ = 0

¹GF6@C\}`MKPH.K hiDGH®BOL¦FI@�mUH5\G\GH©H5Z�` G5¥5Kv@Gx
� x�c8LUBEa5DGBEH5K ZPLR�>LUKvNbLU\�a5H�H.`M%�
���� ! ��$4=*�M� 
���@A=R")(�">`��/(� <VA�/�.@\��D]��9<",-
� x��W@U\i`PKPH.K�hiDGH©BOH.Z [²@UNO\}`MZ f�§yNO\ ��H��wNO@U\±f�H

p(x)
ZP@U\i`�ZvNE`MD�¥5Z�¯

x − µ = ±σ
x

� �¬0 )(2.3_/��
2 �W+�/�2�=«:
χ2

È x � KP@CDw�CH5K�BOL$BO@UN
fGHRf�NOZv`PKPNE]GD�`MNE@C\�f�H¦�UL>KPNbL>]GBOH
Y = X2 ZPN X

H.Zv`1DG\GH®�UL>KPNbL>]GBOH®fGNOZ�`MKPNE]GDG¥.H
fGH�qpL)(.@C\,\G@CKvF$LUBEHU¹�L��UH5a

µ = 0
H.`

σ2 = 1
x
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� J�H5KPH�LUKvH F$L>\im«H��wa5H.BOBEH5\}`&`MHµ�w`P]²@�@ �iZ&`MJ�L¡`AfGH5Zva5KPNE]²H8`PJGH � JGH5@UKvmR@Uq²j&KP@U]�LU]GNEBONE`�m®LU\�f6Z�`|L>`PNOZ��
`MNEa5Z.x	�UDGZv`�LR�CH5K�m,[�LUK�`MNbL>B BONEZv` @>q
`PH���`MZ.¹;F6@CZ�`*@Uq
`PJGH5F NO\±z�KPH5\�a|J�¹�NOZ8`PJGH�qr@CBOBE@�»*NE\GeGQ
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^_H1]GD�`�fGH1a.H � � H5Z�`�fGH1a.@CFIF6H5\�a5H5K*¯R�C@UDGZ�qpL>FINEBONbL>KPNOZvH5K	L~�CH.a®BEH5Z `MH.a|JG\GNOhiDGH.Z�Z�`|L>`PNOZ�`MNOhiDGH.Z
[GKv@C[GKPH.FIH.\}`�f�NE`MH.Z5xAg&\Ga.@CKPH©DG\GH�qr@CNEZ5¹GBEH5Z hiDGH5Z�`MNE@C\GZ*H5\WNE`|L>BONOhiDGH.ZdZv@C\}`�[;@CDGK BOL¦F$LUNEZP@C\ x

È x�^_H�`MJG¥.@CK,*.FIH�f�H©BOLRBONOF6NE`PH�a.H5\}`MKPLUBOH>x
n LCsLNO�P��9 ��$ ����� 9<@ D 
��P?��L"�
�= 
  <V<?B9<�/�.@<��� 1A�C= 
 (�9<9<@ (��&�P�f��"��/(	�;?B@A"
��$ =*��� � 1A����9<� ���P���

��VA� 
 �P��� 1A�E��V ( �.@<�.-�T �F(A����$ @A9dVA�*��" ?F`��F(�D�D]� (�%���� =*��� ����� � 
���@A=R")(�"&�81A�8����"+" �E?� 
��/(��
"$�,?B9#-
elDGH.BOBEH£fGNOZ�`MKPNE]GD�`PNO@C\ fG@UNE`,a5H�`�J�NOZv`P@CeCKPLUFIF6H£LU[�[GKP@�a|JGH5K,[;@CDGK,eCKPLU\Gf \G@CF¦]GKvH fGH
\iDGF6¥5Kv@CZ `M¥.BO¥5[�JG@C\GNEh�D�H5ZE�
elDGH.BOBEH�H5Zv`�BOL�F6@�mCH.\G\GH1H.`�BbL«�>LUKvNbLU\�a5H�fGH1a5H�`P`PH®fGNEZv`PKPNO]�D�`MNE@C\'�

� x � \©a5@C\GZvNOf�*.KPHADG\®¥5a|J�LU\}`PNOBOBE@C\1LUBE¥~L>`P@CNOKvH�fGH&`|LUNEBOBEH
n
f�§�D�\GHA[²@C[�DGBbL>`PNO@C\�f�@C\G\G¥.HUx�^�L*FIH.ZPDGKvH

fGH1BOL«�UL>KPNbL>]GBOH
X
ZvDGK*a5H.`�H5\�ZPH5F«]GBOH1fG@C\�\GH�Q

x1

¹
x2

¹
x3

¹
x4

¹
. . .
¹
xn

x
g&Zv`PNOF6H5K BOL¦FI@�mCH.\G\GH©H.`�B�§y¥5a5LUKv`�� `�m�[;H�fGH

X
x

j�H5D�`���@C\,[GKv¥.�C@UNOK H���LUa�`MH.FIH.\i`�BEHlKP¥.ZPDGB�`|L>`*fGH�BOL¦FIº.FIH�FIH.ZPDGKvH�ZPDGK*DG\±LUD�`PKPH�¥µ��a5LU\}`MNEBOBO@U\
fGH�`MLUNOBEBOH

n
�¢g�`�ZPH.Z*FI@�mCH.\G\GH©H.`�¥5a5LUKv`�� `�m�[;HU¹�ZP@U\i`���NEBOZ fGH��>LUKPNOLU]GBEH5Z LUBE¥~L>`P@CNOKvH5Z �

S�x�­�\GH D�ZPNO\�Hd[GKv@wfGD�NE`�fGH5Z
[GNOBEH5Z�L~�CH.adDG\GH fGDGKv¥5Hdf�H	��NOH	hiDGNwL�DG\GHA�>LUKPNOLU\Ga.H ¥.e}LUBOH	¯ � x �>� F6@CNOZ
a5LUKPKv¥5Z5xlgA\�[GKPH.\�LU\}`�DG\£¥.a|J�LU\}`MNEBOBO@U\WfGH � � [GNEBOH5Z�@C\�`PKP@CDw�CH¦DG\�H¦fGDGKv¥5H¦fGH©��NOH«F6@�mCH.\G\GH
¥.e}LUBOH1¯ È�� x�S � F6@CNOZ.x
n LCs±c8L>BOa5D�BOH5K B §�¥.a~LUK�`v��`�mw[;H1fGH1BbL¦fGD�KP¥5H1fGH1��NOH�fGH.Z*[GNOBEH5Z5x
np]�s±c8L>BOa5D�BOH5K BbL8B�§y¥5a5LUKv`�� `�m�[;H�fGHABbLdf�DGKP¥.H	f�H��wNEH&FI@�mUH5\G\GH&H.Zv`PNOF6¥5HA¯8[�LUK�`MNEK�fGH&B�§y¥5a|JGLU\}`MNOBEBO@C\ x
npa~s � \��CH.D�`6H5Z�`MNOF6H5K«B�§yNO\}`MH.Kv�>LUBOBEHIf�H(a5@C\�°�LU\Ga5H±¯ � T

%
fGH(BOL�fGDGKv¥5H,fGH���NOH�F6@�mCH.\G\GH

[;@CDGK `P@CD�`MH.Z*BOH5Z [�NOBOH.Z [GKP@�fGDGN�`MH.Z f�LU\GZ*a5H�`P`PH®DGZvNO\GH>x
� KP@UD��CH.K BbL fGNEZv`MLU\Ga5H ¯*BbL FI@�mUH5\G\GHlnpF6H5ZvDGKP¥.H H.\«DG\GN�`M¥AfGH	B�§y¥5a5LUKv`�� `�m�[²H~s�h�D�N�a.@C\}`MNEH5\}`
� T

%
fGD·[²@UNOfGZ�f�§yDG\GH±fGNOZ�`MKvNO]GD�`PNO@C\�\�@CKPFILUBOH>x ­�`PNOBONEZPH.K¦a5H,KP¥.ZPDGB�`|L>`6[;@CDGKRa5LUBOa.DGBOH.K

B §�NE\}`MH5K��>LUBOBEHRfGHIa.@C\�°{L>\Ga5H>xW��@C\G\GH.K«BOH.Z®BENOF6NE`PH5ZlfGHIa5H�`P`MH6NO\}`PH5Kv�>LUBEBOH�H5\ \G@CF¦]�KPH6fGH
F6@CNEZ5x

npf�s elDGH.B*LUDGKPLUNE`R¥�`M¥(B §�NE\i`PH5K��UL>BOBOHIfGH(a5@U\�°{LU\Ga.H±¯ � T
%
ZvN B�§y¥5a|J�LU\}`PNOBOBE@C\¬a.@C\}`MH.\�LUNE` È TCT

[�NOBOH.Z �

� x � \��CH.D�`6fG¥.`PH5KvFINE\GH5K¦a.@CF¦]GNEH5\�f�§yJGH.DGKPH.Z6[GLUK¦ZPH.F$L>NO\GH�D�\ªL>fG@CBOH.ZPa.H5\}`�[�LUZvZPH,fGH.�>LU\}`�BOL
`P¥5BO¥���NOZPNE@C\�x�k�[GKv¥5Z	L~�C@CNEK�NO\}`PH5Kv��NEH.» ¥ � TCTl[;H5KPZv@C\G\GH.ZA@C\¦`MKv@CD��CH ∑N=500

i=1 x = 16475
JGH.DGKPH.Z

H�` ∑N
i=1(xi − x)2 = 48907

JGH.DGKPH.Z 2 x

n LCs±c8L>BOa5D�BOH5K BOLRFI@�mCH.\G\GH1H.`�B §�¥.a~LUK�`v� `�m�[;H�fGH1a5H�`�¥.a|J�LU\}`MNEBOBO@U\�x
np]�s elDGH.B_H5Z�`�B §�H.Zv`MNEF$L¡`MH5D�K8[²@UDGK B�§y¥5a5LUKv`�� `�m�[²H�f�H©BOLR[²@C[�DGBbL>`PNO@C\ �
npa~s±c8L>BOa5D�BOH5K B §�¥.a~LUK�`v��`�mw[;H1fGH1BbL¦F6@�mCH5\�\GH®f�H5Z*H5a|J�L>\i`PNOBEBO@C\GZ f�H©a.H.`v`MH�`|LUNEBOBEHUx
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npf�s±c8L>BOa5D�BOH5K.¹�L~�CH.a$DG\¬NO\}`MH.Kv�>LUBOBEHRfGH6a5@C\�°�LU\Ga5H$fGH � �
%
¹ BOH6\G@CF«]GKPH6f�§yJGH5DGKvH5Z¦hiDGHIBOH.Z

L>fG@CBOH.a5H.\i`PZ�[GLUZPZvH5\}`�f�H.�>LU\}`�BbL«`M¥.BO¥��wNEZPNE@C\�x

� x � \$H.ZPZPLUNOH�fGH�fG¥�`MH.KPF6NO\GH.K BOL©hiD�LU\}`PNE`M¥�FI@�mUH5\G\GH�fGH�[;@CBEBOD�LU\}`	hiD�§yDG\GHlDGZvNO\GH�fG¥��CH5KvZPH�f�L>\GZ
DG\�HRKPNE��N+*5KPH®[�LUK	uv@UDGK5x � \oL�]²H.ZP@CNE\£f�§�D�\£H5Zv`PNOFIL>`MH.DGKl[GKvH5a.NOZ�¯ � T�eUKMLUF6FIH.Z�[GK *5Z�H�`1@C\
Zv@CDGJ�LUN�`MH�DG\±\GN��CH~L>DWfGH1a.@C\�°{LU\�a5H1fGH �}�

%
x

n LCs � N	hiDGH.BOhiDGH.Z®F6H5ZvDGKPH.Z®NE\GfGNOhiDGH.\}`1h�D�HIBOL(�>LUKvNbLU\�a5HRH5Z�`
σ2 = 21800

eCKPLUF6FIH.Z 2 ¹�H��i�
[�KPNOF6H5K$B�§yH5Zv`PNOFIL>`MH.DGK6fGH£BbL�F6@�mCH5\�\GH£H5\ qr@C\Ga�`MNE@C\ fGD \G@CF«]GKPH£fGHIuv@UDGKPZ�@ � B�§y@C\
H�J H.a.`PDGH5KPLIfGH.Z�F6H5ZvDGKPH.Z5x � \�LU[�[²H.BOBOH.KML«a.H®\�@CF¦]GKvH�fGHduv@CDGKPZ

n
x

np]�s � KP@UD��CH.K�DG\�H©];@CKv\GH1NO\�qr¥.KPNOH.DGKPH�[;@CDGK
n
x

� x�­�\6\�@CD��CH5LUD�[GKP@�a5H.ZPZvDGZ f�H eC¥5\G¥.KML>`PNO@C\Rf�H [GNOH.KPKPH.Z&[GKPH.a5NEH5DGZvH5Z	LlfG@C\G\�¥*LU[GK,*.Z&ZP@C\�[GKvH5F6NOH.K
`PH5Zv`�ZvN��,[GNEH5KvKPH5Z f�H©[;@CNEfGZ�Q	T�x � S�¹�T�x �C� ¹�Twx � � ¹�T�x � � ¹�T�x �U� a~L>KML>`PZ5x

n LCs elDGH.BOBEH©H.Zv`�BbL¦`|L>NOBOBEHlfGH©B�§y¥5a|J�L>\i`PNOBEBO@C\ � g&Zv`v� H5BEBOH1[²H�`MN�`MH1@CD±eCKMLU\�fGH�� elDGH5BEBOH�fGNEZv`PKPN��
]�D�`MNE@C\,fG@CNE`���@C\(Dw`MNOBENOZvH5K8[;@CDGK H.Zv`MNEFIH.K BOH.Z [GKP@C[�KPNO¥�`M¥.Z�f�H©BOLR[²@C[�DGBbL>`PNO@C\ �

np]�s,g&Z�`MNOF6H5K BOLRFI@�mCH.\G\GH1H.`�BOL�f�¥.��NbL>`PNO@C\(Z�`|LU\�f�LUKPf±fGH1BbL¦[;@C[GD�BbL>`PNO@C\�x
npa~s � KP@UD��CH.K	B §�NE\}`MH5K��>LUBOH fGH a5@C\w°{LU\Ga.H*¯ � T

%
[;@CDGK BOH8[;@CNOf�Z�FI@�mUH5\�fGH5Z&[�NOH5KvKPH.Z&eC¥5\G¥.KP¥.H5Z

L~�UH5a«a.H.`v`MH1[GKP@�a5H.fGDGKvHUx
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^_HW]GD�`�f�H¢a5H � � H5Zv`�fGHW�U@CDGZ�F6@C\}`MKvH5K$a.@CF6FIH.\i`ID�`PNOBONEZPH.K6BOL fGNEZv`PKPNO]�D�`MNE@C\ªf�D
χ2 [²@CD�K

hiD�LU\}`MN�°�H5K�BOL KvH5[GKv¥5ZvH5\}`|L>`PNO@C\ªfGH,fG@C\G\�¥5H5ZI[�LUK�DG\GH,fGNEZv`PKPNO]�D�`MNE@C\�H.`IBOH.ZRKP¥5eUKPH5ZvZPNE@C\GZ6BONO\�¥~LUNEKPH5Z
[;@CDGK KPH.BONEH5K8DG\�H�h�DGLU\}`MNE`P¥InpBbL«�>LUKvNbLU]�BOH�NE\GfG¥.[²H.\Gf�LU\}`MH~s ¯�D�\GH1LUD�`PKPHInpBOL«�UL>KPNbL>]GBOH�fG¥5[;H5\GfGLU\}`MH�sµx

È x�­�\�]GNO@UBO@CeCNEZv`PHR[GKP¥�`MH5\�f�h�D�H�hiD�L>`MKvH�H5Zv[�*.a5H.ZRfGH$F6@CDGa|JGH.Z¦fG@CN��CH.\i`¦LU[G[�L>KML��E`MKPH6f�LU\�Z¦BOH.Z
[GKv@C[;@CKv`PNO@C\GZ

1 : 3 : 3 : 9
x$^�L,FIH.ZPDGKvHIf §�DG\ ¥5a|J�L>\i`PNOBEBO@C\£fG@U\G\GH±Q �C�>� ¹ � � � ¹ � SCSw¹ �C�C�C�

F6@CDGa|JGH.Z*fGH1a|J�LUhiDGH1`�mw[;HUx

n LCs elDGH.B_H5Z�`�BEH�\G@CF¦]GKvH�fGH1FI@UDGa|JGH5Z�L>`v`MH5\�fGDW[;@CDGK a|JGLUhiDGH®H.ZP[ *5a.H��
np]�s±c8L>BOa5D�BOH5K

χ2 ≡ ∑

i(
\G@CF«]GKPH.@C]GZPH.Kv�U¥

i −
\G@CF¦]�KPH~L¡`P`MH.\GfGD

i)
2/
\�@CF¦]GKvH~L>`v`MH5\�fGD�x

npa~s±cd@UF¦]GNOH.\Wf�H©f�¥5eCKv¥5Z*fGH1BONE]²H.Kv`M¥lL¡� `���@C\ �
npf�s elDGH.B�H5Z�`1BbLI�>LUBEH5DGK�a5KPN�`MNEh�D�H«fGHRBOL$fGNOZ�`MKvNO]GD�`PNO@C\

χ2 [;@CDGKlLUa5a.H5[�`PH5K�B�§yJ}m�[²@U`PJ�*5ZvHRfGD
]�NO@CBE@CeCNOZ�`MH�L��UH5a©DG\±KPNOZvhiDGH1fGH È T

%
�

npH~s,��@CNE`���@C\,KPH�uvH.`PH5K*ZP@C\±J}m�[²@U`PJ�*5ZvH��

� x�^�L `|LU]GBEHAa5N�� fGH5ZvZP@CD�Z
F6@C\}`MKvH BEH	Kv¥5ZvDGBE`ML>`�f�§�D�\GH ¥�`MDGf�HdJG@CZv[GNE`MLUBON+*5KvH&fGD«\G@UF¦]GKPHAfGH	[�L>`PNOH.\i`PZ
hiDGN_@C\}`�ZPD�Kv�CH.a5D¢D�\±\�@CF¦]GKvH©f §�LU\�\G¥5H.Z�fG@U\G\G¥©¯RDG\±`�m�[;H®f�H©a5LU\Ga.H5K5x

��@CF¦]GKvH1f�§�L>\G\G¥5H.Z
0 1 2 3

j&BOD�Z
��@UF¦]GKPH1fGH1[�L¡`MNOH.\}`MZ

60 110 125 88 67

� \I�UH5D�` `MH.Zv`MH.K8ZPN ¹�L��UH5alD�\$KPNEZPhiDGH�fGH � x �
%
¹�a5H.Z8fG@C\G\�¥5H5Z [²H.D��CH.\}` º.`PKPH�f�¥5a5KvNE`PH5Zd[GLUK D�\GH

fGNEZv`PKPNO]�D�`MNE@C\(j
@UNOZPZv@C\GNEH5\G\GH1fGH1[�L>KMLUF *.`PKPH
µ = 2.1

x

n LCs±c8L>BOa5D�BOH5K BEH5Z*[GKv@C]�LU]GNEBON�`M¥5Zdj
@CNEZPZv@C\GNOH.\G\GH.Z�[;@CDGK
k = 0, 1, 2, 3,

j&BEDGZµx
np]�s�� B�§�LUNOf�H�f�H�a5H.Z8[GKv¥5fGNEa.`MNE@C\GZ j
@CNEZPZv@C\GNOH.\G\GH.Z5¹�a5LUBOa.DGBOH.K BEH�\�@CF¦]GKvH�fGH�[�L>`MNEH5\}`MZ	[�LUKvFIN

� � TRZPDG[G[;@CZv¥5Z�ZvDGKv��N��wKvH
0, 1, 2, 3

LU\�Z�H�`*[GBOD�Z5x
npa~s±c8L>BOa5D�BOH5K BEH

χ2 [;@CDGK a.H5Z�fG@C\G\G¥.H5Z.x
npf�s elDGH.B_H5Z�`�BEH�\G@CF¦]GKvH�fGH1fG¥5eUKP¥5Z�fGH1BONE]²H.Kv`P¥l[²@UDGK a5H1[GKv@C]GB *.FIHM�
npH~s elDGH.B_H5Z�`�BOL«�UL>BOH5D�K a5KPN�`MNEh�D�H�fGH

χ2 [;@CDGK BOH�\�NE�CH5LUD±fGH1KPNOZvhiDGH4�
nrqMs,��@CNE`���@C\,KPH�uvH.`PH5K*B�§yJ}mw[;@U`PJ�*5ZvH �

S�x�^�Ll`|LU]�BOH ZPD�NE�>LU\}`MH*fG¥.a5KPN�`	BOH KPH��CH.\�D$H.`	BbLla.@C\GZP@UFIFIL>`MNE@C\R@C]GZvH5K��C¥5ZdLUDw�
	�`ML>`MZ	­�\�NOZAH5\}`MKvH
È�� � È H.` È��C�C�

� �



� �

An
Y*H.�CH.\iD cd@C\GZv@CFIFIL>`PNO@C\

An
Y*H.�CH.\iD cd@C\GZv@CFIFIL>`PNO@C\

1981 2200.2 1941.3 1989 3894.5 3594.8
1982 2347.3 2076.8 1990 4166.8 3839.3
1983 2522.4 2283.4 1991 4343.7 3975.1
1984 2810.0 2492.3 1992 4613.7 4219.8
1985 3002.0 2704.8 1993 4789.3 4454.1
1986 3187.6 2892.7 1994 5018.8 4698.7
1987 3363.1 3094.5 1995 5307.4 4924.3
1988 3640.8 3349.7

n LCs � KML>a5H5K©a5H.Z®f�@C\G\G¥.H5Z©ZPDGK1DG\oeCKML>[GJGH6L~�CH5aIY*H.�CH.\iD�H5\ LU]GZva5NOZvZPH6H.`«cd@C\GZv@CF6F$L>`PNO@C\
H.\�@CKvfG@C\G\�¥5HIn 9<@ (�`A�41A�  <?B�&9<"&��?B@'���F(�"$" ���  #=*?B"Os�x

np]�s �XL¡��`v� NOB D�\GH1a5@CKvKP¥5BOL>`MNE@C\�H.\i`PKPH©a5H.Z�fG@U\G\G¥5H.Z��
npa~s � \¢H.ZPZPLUNOH.KMLIf�H«KPH.[GKP¥.ZPH.\i`PH5K�a.H5Z�f�@C\G\G¥.H5Zl[�L>K�DG\�H«KP¥.eCKPH.ZPZvNO@C\¢BENO\G¥5LUNOKvHU¹GH.\¢fGH.F$LU\��

fGLU\}` hiDGH�BbL«Zv@CF6FIH�fGH5Z a5LUKPKv¥5Z fGH.Z8H5KvKPH.DGKPZ Zv@CNE`dFINE\GNOFILUBOH>x � Kv@CD��CH.K BOH.Zd¥5hiD�L¡`MNO@U\GZ
hiDGN�fG¥�`MH.KPF6NO\GH.\i`*BOLR[²H.\i`PH1H.`�B�§y@CKPf�@C\G\G¥.H1¯6B §�@CKvNOeCNE\GHE�

npf�s±c8L>BOa5D�BOH5KdBbL«Kv¥5eCKvH5ZPZvNO@C\,BENO\G¥5LUNOKvH�hiDGN_KvH5[GKv¥5ZPH.\}`MH1BOHlF6NOH.Dw�$BOH5ZdfG@C\G\G¥.H5Z®n L>D±ZvH5\GZ*fGH.Z
F6@CNE\GfGKPH.Z a~LUKvKP¥.Z|s�x

npH~s � KML>a5H5K BOL®fGKv@CNE`PH�`PKP@CD��U¥5HlZvDGK8BEH�\iD�LUeCH�fGHl[;@CNO\}`MZ H.`8�U¥5KvNE°�H.K8hiD�§�H.BOBEH�H5Z�` DG\GH�]²@C\�\GH
L>[G[GKP@~�wNOFIL>`PNO@C\(fGH.Z*fG@C\G\G¥.H5Z.x

nrqMs±c8L>BOa5D�BOH5K BOLR[GKP¥.a5NOZvNO@C\(f�H©BOLRKP¥5eUKPH5ZvZPNE@C\WBENO\G¥5LUNOKvHU¹

r2 ≡ 1 −
� @CF6FIH�H.KPKPH.DGKPZ*a5LUKPKv¥5Z

� @UFIF6H6n�cd@C\�ZP@CF6F$L¡`MNO@U\w��cd@C\�ZP@CF6F$L¡`MNO@U\IF6@�mCH5\�\GH�s 2
npe}s � KML>a5H5K�DG\,eCKPLU[GJGH©L~�CH.a®BEH5Z*KPH.ZPNOf�DGZ5xAk³hiDG@CN_KvH5ZPH.F¦]GBEH�� `���NEB��
npJ�s(k f�FIH�`P`M@U\GZ hiD�§�@U\±[;H5Dw` D�`MNEBONEZPH5K	BOH�KP¥5ZvDGBE`ML>`8f�H�BbL«Kv¥5eCKvH5ZPZvNO@C\(BENO\G¥5LUNOKvH�[;@CDGKd[GKPH.fGNOKvH

BEHlqrD�`MD�K5x	g&Zv`MNEFIH.K BbL¦a.@C\GZP@UFIFIL>`MNE@C\�ZvN�BEHlKPH��CH.\�D�H5Zv`�¥.e}LUB�¯
6000

x

� x�Y*H5[;H.`PH.G1B�§�LU\�LUB�m�ZPH�fGH.Z�[;@CNO\}`PZ©npf{s ��npe}s [²@UDGK*B�§yH5\GZvH5F¦]GBEH�fGH1fG@C\G\�¥5H5Z�ZPD�NE�>LU\}`1Q

1 10.000 4 12.597 7 15.869 10 19.990
2 10.800 5 13.605 8 17.138 11 21.589
3 11.664 6 14.693 9 18.509 12 23.316

cd@C\�a5BOD�KPHUx

� �



� �

� ��� ����� ��� �����&%$�
��������� �����	�
��� �������

� `ML>`MNEZv`MNEhiDGH5Z

È x 	�`MD�fGH1fGH1ZP¥5KvNOH.Z�`PH5F6[²@CKvH5BEBOH5Z.x
� x � @U\Gf�LUeCH.Zlf�§y@C[GNE\GNO@C\ x � h�D�H5BOhiDGH.Z uv@CDGKvZ�fGD � H©`M@CD�K�f�§yDG\GHR¥.BOH5a�`MNE@C\�[GKv¥5ZvNOfGH.\i`PNOH.BOBOH>¹²D�\GH
LUeUH5\Ga.H©f�H©Zv@C\Gf�L�eCH.Z�[�DG]GBONEH�BOH.Z KP¥5ZvDGBE`ML>`MZ*ZvDGNE�>LU\}`MZ1Q

• c8LU\GfGNEf�L>`�k Q � � �

• c8LU\GfGNEf�L>` �³Q �SÈ �
g&\GhiDGº�`MH©KP¥~L>BONOZv¥5H1LUD�[GK,*.Z�f�H È TCTCTR[²H.KPZv@C\G\GH.Z5x

elDGH¦�U@CDGZ©NO\GZv[GNOKvH¦a5H.Z©Kv¥5ZvDGBE`ML>`MZM� gA\o[�LUK�`MNEa5DGBENOH5K.¹ º�`MH5Z�� �U@CDGZ©a~LU[�L>]GBOH.Z�fGH�fG¥.`PH5KPF6NO\�HRK
B §�NE\Ga5H.Kv`MN�`MDGf�HlBONE¥5H�¯�a5H.Z�H.Zv`PNOFIL>`MNE@C\GZ �

S�x � H5Z�`MZ�FI¥.fGNOa5LUDw�©­�\GHAeCKMLU\�fGHAH5\}`MKvH5[GKvNOZPH	[GJ�L>KPFILUa5H.D�`MNEh�D�HA��NEH5\}`�fGH [�KP@�fGDGNOKvH&DG\©\G@CD��UH~LUD
`PH5Zv` a~L>[�LU]GBEH�fIH�fGNOLUeC\G@UZv`MNEhiDGH5KADG\GH�a5H.Kv`MLUNO\GH�FILUBbLUf�NOHUx�^�L®[�KP¥.�>LUBEH5\Ga.H�f�H�a.H.`P`PH�FILUBbL>fGNOH
ZvDGK
B §�H.\GZPH.F¦]GBEH	f�H BOL�[;@C[GDGBOL>`MNE@C\6npa>§�H.Zv`���¯¡� fGNOKvH	BOL [GKP@C]GLU]GNOBENE`P¥�f�§y@wa.a5DGKvH5\Ga.H8fGH	BbL F$L>BbLUfGNEH�s
H.Zv`�fGH È � x	^�@UKPZ fGH.Z�H.ZPZML>NOZ5¹�BEHl`MH.Zv`�L¦qr@6D�KP\GN_BEH5Z*KP¥.ZPDGB�`|L>`PZ ZPDGN��UL>\i`PZ5Q

• jAKv@C]�LU]�NOBON�`M¥lhiDGH1BEHl`MH5Z�`�ZP@CN�`*[²@CZvNE`PNEq�ZPN_BEH�[�L>`MNEH5\}`*H5Z�`�F$LUBOLUfGH¦QAj�npj | �¢s�� T�¹ �C� 


• jAKv@C]�LU]�NOBON�`M¥lhiDGH1BEHl`MH5Z�`�ZP@CN�`*[²@CZvNE`PNEq�ZPN_BEH�[�L>`MNEH5\}`*H5Z�`�ZMLUNE\oQ	j�n j | � s�� T(¹�T È 

j�H5\GZvH.G����C@CD�Z�hiDGH©a5H�`MH.Zv`*qr@CDGKv\GNOZvZPH1DG\±]²@C\,fGNOLUeC\G@UZv`MNEalfGH1BbLRFILUBbL>fGNOH��

� x���¥.FI@UeCKMLU[�JGNOH,nr\iDGFI¥.KPNEh�D�H�sl^&§�NE\GZv`PNE`PD�`�\�L>`PNO@C\GLUB f�§y¥.`PDGfGH.Z©f�¥5F6@CeCKML>[GJGNOhiDGH±nr����gA��slH5Z�`
a|J�L>KPeC¥Wf�§�¥�`MDGf�NOH5K$BbL f�¥5F6@CeCKILU[GJGNEH±qrKPLU\�(~L>NOZPH>x ^_H�]�D�`�fGH�a5H¢ZvD¡uvH.`$H5Zv`�f�§�¥�`MDGf�NOH5KIDG\
fGH.ZduvH5Dw� f�H6f�@C\G\G¥.H5Z1qr@CDGKP\�NOZl[�L>K�a5H.`©NE\GZv`PNE`MDw`RQ�NOB�Z.§�L>eCNE`�f�Do\�@CF¦]GKvH6f §�JG@UFIF6H5ZlH�`©fGH
qrH.FIF6H5Z8ZvDGKv��N��UL>\i`PZ*¯¦B�§��UeCH���[²@UDGK È TCTUTCTCT®qrKPLU\�(~L>NOZ�nrH5ZMs�x�?A@CDGZ a|J�H5KPa|J�H5KPH_G®\�@�`MLUF6FIH.\i`
¯$f�¥.`MH.KPF6NO\GH.K�BOLI[GKv@C[�LU]�NOBON�`M¥1fGH®fG¥5a *5Z1¯$B §�LUeUH1�²x�?A@UDGZlH5ZvZMLUNEH5KvH.GRLUD�ZPZPN
f�§y@C]�`MH.\GNOK�BbL6BO@CN
fGH1[GKv@C]�LU]�N_BONE`P¥�fGH©BbL¦f�DGKP¥.H©f�H1��NEH©f�H5Z qrKMLU\�(~LUNEZ�npH.Z|sµx

� x*��\Gf�NOa5H(];@CDGKvZPNEH5K±np\iDGF6¥5KvNOhiDGH~s � \·¥.`PDGfGNEH5KML£¯£B §�LUNEfGH�fGH.Z�@CD�`MNEBOZ¦Z�`|L>`PNOZ�`MNOhiDGH.ZR[GKP¥.ZPH.\i`P¥5Z
[;H5\GfGLU\}`&BOH a5@CDGKvZ�BbL�ZP¥.KPNOH	`MH.FI[;@CKPH.BOBEH fGHdB�§yNO\GfGNEa5H cdk�c � T�nrNO\GfGNEa5H fGH8BbL�]²@UDGKPZvH8fGH j
LUKPNEZ|s�x
� \�a|JGH.KPa|JGH$KML�\G@>`|LUF6FIH.\}`«¯Wa~LUKPLUa.`P¥5KPNEZPH.K«BbL,fGNEZv`MKvNO]GDw`MNO@U\ fGHI[GKP@U]�LU]GNEBONE`P¥RfGH�e}L>NO\oH5\
qr@C\�a.`MNE@C\(fGH1BbLRfGD�KP¥5H1fGD±[GBOLUa5H.FIH.\i`5x

�Rx � L>[²@CK�`|L�¹#N �P?�Q�(3Q.�&=R�&" 
�� �O(�9#(�=RS����41A���41A?B9<9 
�������"I��")(�"$�*��"$�/�.@\��¹ 	&fGN�`MNO@U\(Z � H5a|J�\GNO[�x
H�NEZv`P@CNOKvHlfGH1ZPa.NOH5\�a5H5Z

È x � `ML>`MNEZv`PNOhiDGH5Z.x � KPL~�UL>NOB�fGH �Rx�j�H~LUKvZP@C\WH.` �dNO@UFIH�`MKPN��¡L�x
� x � `ML>`MNEZv`PNOhiDGH5Z.x � KPL~�UL>NOB�fGH©Y1x�z NEZPJGH.K5x
S�x � `ML>`MNEZv`PNOhiDGH5Z.x � KPL~�UL>NOB�fGH � `PDGfGH.\i`5x

� T



� �

� x�j&KP@U]�LU]GNEBONE`P¥Ux � Hµ�w`PH®f�H«�1LUBENOBOH.@Gx
� x�j&KP@U]�LU]GNEBONE`P¥Ux � KPL��>LUNEB�fGH©^�LU[GBOLUa5H>x
� x�j&KP@U]�LU]GNEBONE`P¥Ux � KPL��>LUNEB�fGH �dH.KP\G@CD�BOBON x

��L>`PJG¥5FIL>`PNOhiDGH5Z

È x�j&KP@UD��CH_G®BEHl`MJG¥.@CK,*.FIH1fGH1BbL¦BENOF6NE`PH�a.H5\}`MKPLUBOH>x
� x���NEZPa.D�`MH_G®BOL¦BONOF6NE`PHl�1LUDGZvZPNEH5\G\GH1fGH1BOL�BE@CN ]�NO\G@CF6NbL>BOHUx
S�x 	�`MD�fGH1fGH5Z�BO@CNEZ8fGH.Z�Hµ��`MKPº.FIH.Z5x
� x 	�`MD�fGH1fGH5Z�BO@CNEZ8fGH1[GKv@C]�LU]GNEBON�`M¥�[�BODGZ a.@C\G\iDGH5Z.x
� x���L>KPa|JGH.Z�LUD±J�LUZPLUKPf ¹G[GKP@U[GKPNE¥.`M¥.Z*H.`�LU[G[GBENOa5L>`MNE@C\GZ5x

�dNE@CBO@CeUNOH

È x�^�L�FI@�fG¥5BENOZPL>`MNE@C\(BbL�[GBOD�Z�ZvNOF6[GBOH1f�§yDG\W[²@CB�m�F *.KPH1H5Z�`lfG@C\�\G¥5H©[�LUK�DG\GH®F$LUKva|JGH®LUBO¥5L>`M@CNEKPH
ZvDGK1DG\ Kv¥5ZvH~LUD�x � \ ¥�`MDGf�NOH5KPL(a5H.`v`MH6FI@�fG¥.BONOZPL>`MNE@C\�H�`©@C\ f�@C\G\GH.KML,BOH5Z�Hµ�w[GKPH.ZPZPNE@C\GZ®[²@CD�K
BEHIKPL�mU@C\�fGHIeCNOKPL>`MNE@C\ H.`«BbLWf�NOZv`MLU\Ga.H$H5\}`PKPH$BEH5Z®fGH5Dw�¬];@CD�`MZ©fGH�BOL±a|JGL��b\GH>x � @CD��UH5K¦D�\GH
LUF6H5BENO@CKPL>`MNE@C\6NOF6[²@CK�`|LU\}`PHlfGH1a5H1F6@wf�*.BOH>x
j ��� fGH®�1H.\G\GH5Z.¹W[W�F(�=R�&9A`'��?B9 ���  #"&� �&9] <?B=RS D]���  <VAS����,����¹{cd@CKv\GH5BEB_­�\�NE�;xAj&KPH5ZvZ¦n È��}�U� s�x

� x � \o¥.`MD�fGNOH.KMLWB §�Hµ�w[²¥.KPNOH.\Ga5H6fGHI^_DGKPNOL¡����H.BO]GK��Ga��¢F6@C\}`MKPLU\}`®hiDGHIBOH.Z©]GLUa.`P¥5KPNEH5Z©KPH.ZPNOZ�`|LU\}`PH5Z
LUD��(��NOKPD�Z @CD ´ H�`�L>\i`PNO]GNE@U`MNEhiDGH5Z8Zv@C\}`�BOH�KP¥.ZPDGB�`|L>`*f�H©F«D�`|L>`PNO@C\�Z5x�n ����� � , "#)�� � )+* � x¸s
�Rx ��x �dH.\GH5f�H.��L>\Gf,zdxi?lNOBEBbLUKvZ5¹ NZVAS����,��� 0I�&"&V �&=&=R@3��"+�/(�"$�&%�� �/^ (�DE #=*���K:��P?BD D]�F1��,���&9 ��(�9#1
Q.�,?B=*?F`�S¡¹Gk���j¨jAKvH5ZvZ�� � [GKPNE\GeCH.K5¹ � TCTUT�x

z NE\�LU\Ga.H5Z

È x��W@�f�*.BOH�fGH �dBOLUa��C� � a|JG@UBOH5Z.x
� x 	�`MD�fGH1fGH1BbLR]²@UDGKPZvHUx

g&\}�wNEKP@C\�\GH5F6H5\}`

È x�z�H5D,fGH�qr@CKvº.`PZ5x
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a, c
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È x 	�`MD�fGNOH_G
xi+1

H.\¢qr@C\Ga.`PNO@C\WfGH
xi
[²@CD�K�BEH«a|JG@CN �

a = 12
¹
c = 0

H.`
m = 143

x�elDGH.BOBEH®H.Zv`
BOL¦BO@C\GeUDGH5DGK f�DWa�mwa.BOH4�

� x � \ [²H.D�`1[GKv@CD��CH.K©LU\�LUB�m�`PNOhiDGH.FIH.\i`lh�D�H6BOL$ZP¥.hiDGH5\Ga.H$eC¥.\G¥5Kv¥5H�[�LUK�a5H.`®LUBEeC@CKvNE`MJ�FIH®L�DG\
a�mwa.BOH1fGH1BO@U\GeCDGH.DGK

m
ZvN

� c
H.Zv`lKvH5BOL>`MN��CH5F6H5\}`�[GKPNEFIH®¯

m
npa.H5BOL6�CH.D�`1fGNEKPH©h�D�H

c
H.`

m
\�§y@C\}`�[�L>Z�fGH.ZlfGNE��NEZPH5D�KPZ

a.@CFIF«DG\GZ*LU[G[GLUKv`*BEH�\G@CF¦]GKvH
1
s�x

� a − 1
H5Z�`�D�\WF¦D�BE`MNE[GBOH�fGH

p
[;@CDGK a|JGLUhiDGH®[�KPNOF6H

p
hiDGN_H5Z�`�DG\Wf�NE��NOZvH5DGK*fGH

m
x

� a − 1
H5Z�`�D�\WF¦D�BE`MNE[GBOH�fGH

4
ZvN

m
H.Zv`�DG\±F¦DGBE`PNO[GBEH�fGH

4
x

��@U\G\GH5K1DG\ a|JG@UN��£f�H5Z1[�LUKPLUF *�`MKvH5Z�hiDGN��C¥.KPN�°�H�a5H5Z1a.@C\}`MKML>NO\}`MH.Z�[²@CD�K�BOH5Zl`PKP@CNEZla~L>Z
m =

10, 16, 50
x��W@C\}`MKvH5K BEH5Z ZP¥.hiDGH5\Ga.H5Z�eC¥5\G¥.KP¥.H5Z*[�LUK B §�LUBEeC@CKvNE`MJ�FIH*H.` �U¥5KvNE°�H.K h�D §�H.BOBOH.Z @C\}`*BbL

BE@C\GeCDGH.DGK*L>`v`MH5\�fGDGHUx
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f�§yH5\}`MKvH®H.Dw�²x

È x�^_HE" ����"�1A����?B=RD]?F`A?B�P?B% �)[\D��&��9 ?B%
a.@CF6[�LUKPH fGH qpL (5@C\¦hiD�L>BONE`ML>`MN��CH	BbL�fGNOZ�`MKPNE]GD�`PNO@C\©@C]�`PH5\iDGH
\iDGF6¥5KvNOhiDGH5F6H5\}`�¯·BOL·f�NOZv`PKPNE]GD�`MNE@C\ npD�\GNEqr@CKvFIH£fGLU\GZ�BEH a~LUZ±fGHoB�§�LUBOeC@UKPNE`PJGF6H�F6@wfGD�BOH�s
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¹
n ≤ `

x
� \,fGNE��NEZPH1B�§yNO\}`MH.Kv�>LUBEH�gyT�¹ È j�H5\

n
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cd@CF6[�LUKvH5K�eUKMLU[GJ�NOhiDGH5F6H5\}`ABEH8fGNbL>eCKMLUF6F6H H.\�qrKv¥5hiDGH.\Ga5H `MKv@CD��U¥�\iDGF6¥5KvNOhiDGH.FIH.\i`5¹
Fn(x)

¹
¯RBbLRfGNEZv`PKPNO]�D�`MNE@C\$`MJ�¥5@CKvNOhiDGHU¹

F (x)
¹

Fn(x) =

\G@CF«]GKPH1fGH
y1, y2, . . . , yn

n

F (x) =
∫ x

0
dxP (x) = x

qr@CK
x ∈ [0, 1] ,

n È T È s

@��
y1, . . . , yn
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11, c = 31
¹�H.`�[²@UDGK*[GBODGZvNOH.DGKPZ �>LUBOH.DGKPZ�fGH
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x	��NEZPa5Dw`MH5K
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n LCs±��¥5\�¥5KPH_GRDG\GH¦Zv¥5hiDGH.\Ga5H
x
fGH¦BE@C\GeCD�H5DGK

n = 1000
H5\£D�`PNOBONEZMLU\}`�BbL6KP¥.a5DGKvKPH5\�a5H

xi =
(137xi−1 + 187)

FI@�f
m
x·��N��wNEZPH.K6BEH5ZR\G@UF¦]GKPH.Z�H5\·[�LUNOKvZ

(xk−1, xk)
H.`ILUZPZv@wa.NOH.K

a|JGLUhiDGHW[GLUNOKR¯¢D�\ �UH5a�`MH5D�KIH.\·f�H5Dw� f�NOF6H5\GZvNO@C\GZ.x � KMLUa.H.G(DG\ ���F(�"$"
���4 #=*?B"dZPDGKRBEH
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a.@CD���KPNEK `M@CDGZ*BEH5Z [;@CNO\}`MZ*L~�UH5a©fGH5Z�BONEeC\GH5ZdfGKP@CN�`MH.Z [�LUKML>BOB *.BOH.Z �
Y*H5[;H.`PH.GAB�§y¥.`PDGfGH&fGH&BOLdqpL)(5@U\�ZPDGN��UL>\i`PH Q_KPH.eCKP@CD�[²H_G&BOH5Z_\�@CF¦]GKvH5Z_H5\�`PKPNO[�BOH.`PZ

(xk−2, xk−1, xk)
¹

L>ZPZP@�a5NEH.G�a|J�LUhiDGH*`MKvNO[GBEH.`A¯1DG\��CH5a�`MH.DGKdH.\6`PKP@CNEZ&fGNOF6H5\GZvNO@C\�Z&H.`A`MKPLUa5H_G�BEHE���F(�"+" ���Z #=*?B"
H.\W`PKP@CNEZ8fGNOF6H5\�ZPNO@U\GZ5x

np]�s±��¥5\�¥5KPH_G*DG\GH ZP¥.hiDGH5\Ga.H
x
fGH8BE@C\GeCD�H5DGK

n = 10000
H5\�D�`PNOBENOZML>\i`
BbL�KP¥5a.DGKPKvH5\Ga.H®n È TCTCs�x

��NE��NOZvH5K6BOH5Z È TUTCTCT£\G@CF¦]�KPH5Z6H5\ � TCTCT£eCKv@CDG[;H5Z6fGH � \G@UF¦]GKPH.ZIa|JGLUa5DG\ x k�ZvZP@�a5NOH_G
a|JGLUhiDGH«a.@CDG[GBEH�fGH1\G@CF¦]GKvH5Z
� \±¥.`PDGfGNOH.KMLRBOH.Z*a|JG@CN���ZPDGN��>LU\}`MZ1Q
N x

a = 77
¹
c = 31

¹
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¹
x0 = 2

x©Y*H5[;H.`PH.GR[;@CDGKlf�§�LUD�`PKPH.Zl�UL>BOH5D�KPZlfGHRBOL
ZPH.FIH.\Ga5H>¹;[GLUK H��wH5F6[GBEHU¹

x0 = 105, 21, 5778
x

NON x
a = 173

¹
c = 35

¹
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¹
x0 = 2

x�Y*H5[;H.`PH.G«[;@CDGK�f�§�LUD�`PKPH5Z��>LUBOH.DGKPZ�fGH«BOL
ZPH.FIH.\Ga5H>x

NENON�x
a = 101

¹
c = 33

¹
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¹
x0 = 2

x�Y*H5[;H.`PH.G«[;@CDGK�f�§�LUD�`PKPH5Z��>LUBOH.DGKPZ�fGH«BOL
ZPH.FIH.\Ga5H>x

NE�;x8elDGH1KPH5FILUKvh�D�H�� `���@C\,¯�ZPNEFI[�BOH���DGH4�

� \�ZvH5KPLUNE`*qpLUa.NOBOH.FIH.\}`*H5F6FIH.\G¥«¯6a5@C\�a5BOD�KPH©h�D�H®a.H«eC¥.\G¥5KPL>`MH.DGK�H.Zv`�`MK,*.Z�FILUD��>LUNEZ5x j
@CDGK��
`MLU\}`~¹�NEB�qpLUDw`lKPH.F$L>KPhiDGH5K�h�D�HRBOH5Z�\G@CF¦]GKvH5ZlKv¥5H.BOZlfG@UNE�CH.\}`1º.`MKvH¦\G¥.a5H5ZvZMLUNEKPH.FIH.\i`�`PKP@C\�h�D�¥5Z
[�L>K DG\R@CKvfGNO\GL>`MH.DGK5x
��@C\Ga>¹}DG\R[GBE@U` f §�DG\�H fGNOZ�`MKPNE]GD�`PNO@C\©DG\GN�qr@CKPF6H f�H8\G@CF¦]�KPH5Z KP¥5H.BOZ&L>DGKML�¹
H.BOBOHµ��LUD�ZPZPN ¹�DG\ ��eUKMLUNE\ 	�[²¥.KPNO@�fGNEh�D�HUx
­�\GHdF6¥.`PJG@wf�H [;@CDGK��C¥.KPNE°GH5K ZvNwBEH eUKMLUNE\®H.Zv`ALUa.a5H.[�`|LU]�BOH	@��¦\G@C\®H5Z�`�fGH a~LUBEa5DGBEH5K�BbL*fGNOZ�`|LU\Ga.H
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J}m�[²H.KP[GBOLU\GZMs®hiDGN a.@CD���KPH.\}`RBOH.Z
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BOL6fGNEFIH.\GZPNE@C\,BbL�ZP¥.h�D�H5\Ga.H¦H5Z�`8 <����@ 1A?1LUBE¥~L>`P@CNOKvHUxdk�D�a.@C\}`MKML>NOKPH>¹{ZPN�H5BEBOH1fGNOF6NO\iDGH1L~�UH5a¦BOL
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­�\6LUBEeC@CKvNE`MJ�FIH	[²@UDGK&eC¥5\�¥5KPH.KAfGH5ZA\G@CF«]GKPH.ZI <����@ 1A?dLUBO¥5L>`M@UNOKPH.Z�fGNEZv`MKvNO]GD�¥5Z&fGH8qpL)(.@C\I�©L>DGZPZvNOH5\�\GH
H5Z�`�BOH�ZPD�NE�>LU\}`©Q

N�x���¥5\G¥.KPH.K8fGH5D��(\G@CF«]GKPH.ZO <����@ 1A?�L>BO¥~L¡`M@CNEKPH5Z	KP¥.H5BEZ
U1

H.`
U2

fGNEZv`PKPNO]�DG¥5Z8D�\GNEqr@CKvFI¥.FIH.\}`dZvDGK
B §�NE\i`PH5K��UL>BOH�gyT�¹ È j�x

NEN�x � KMLU\�Zvqr@CKvFIH.K a5H5Z*\G@UF¦]GKPH.Z H5\
V1 = 2U1 − 1

H�`
V2 = 2U2 − 1

x
V1

H.`
V2

Zv@C\}`�fGNOZ�`MKPNE]GDG¥.Z
DG\�NEqr@CKvFIHlF6H5\}`*H.\

[−1, 1]
x

NONON x c8LUBEa5DGBEH5K
S ≡ V 2

1 + V 2
2

x�n
S
H5Z�`�DG\GH1fGNOZ�`|LU\�a5H1a~LUKvKP¥.HUx�s

N��²x � N
S ≥ 1

LUBOBEH5K8L>DW[;@CNO\}` N x&k�D�`PKPH.FIH.\i`�a.@C\}`MNO\iDGH.K5x
�²x � N

S = 0
@C\,[GKvH5\Gf

X1 = X2 = 0
x&k�D�`MKvH5F6H5\}`~¹�@C\±[GKvH5\Gf

X1 = V1

√

−2 ln S

S
, X2 = V2

√

−2 ln S

S
.

n È T � s

X1

H.`
X2
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¥.e}LUBOH1¯RDG\ x
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