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1. Introduction

1 Introduction

1.1 Closed and open systems in equilibrium

1.1.1 Classical

In classical Hamiltonian mechanics, the state of a closed system at a given instant
corresponds to a point in phase space, with generalised coordinates {~pi, ~xi}. Here, i is
the label that identifies the particles/individuals, i = 1, . . . , N , ~xi = (x1

i , . . . , x
d
i ) is the

position of the ith particle in a d dimensional space, and ~pi the associated momentum.
The physical quantities characterising the system are functions of these coordinates and
possibly also time, f({~pi, ~xi}, t). Through Hamilton’s equations, one can then deduce –
at least in principle – the evolution of the system from the initial conditions and predict
its state at any future instant.

Classical mechanics usually deals with the evolution of a system of a few particles,
possibly in interaction and under the effect of some external potential. Imagine though
that the system is made of N → ∞ elements. We then enter the realm of Statistical
Physics (insightful discussion of the passage from classical mechanics to statistical physics
can be found in these references [1,2]). In cases in which one focuses on a (small) part of the
whole isolated system and treats the (large) rest as an environment, the selected system
is now open and its dynamics become dissipative and noisy, described by a Langevin
equation, a master equation, or the Fokker-Planck formalism [3–8].

Figure 1.1: Ergodicity in classical systems
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1.1 Closed and open systems in equilibrium

Under equilibrium conditions, ergodicity states that temporal averages of (non patho-
logical) observables which depend on time only through the phase space variables, which
are performed over a sufficiently long time interval after a sufficiently long equilibration
time, coincide with statistical averages calculated as an average of the observable weighted
with a static distribution of the phase space variables, P ({~pi, ~xi}). The Gibbs-Boltzmann
equilibrium theory tells us which is the form of this probability depending on whether the
system is closed (microcanonical) or open (canonical, grand-canonical) [1, 2, 9, 10].

In practice, what this means is that an experimentalist or a scientist doing numerical
simulations can take two routes. On the one hand, let a single system evolve in time and
calculate from the trajectory the time average of the desired observable. On the other
had, take many copies of the same system, let them evolve independently, and calculate,
at a chosen time, the statistical average of the observable over all those copies. The sketch
in Fig. 1.1 illustrates this point.

It is usually very difficult to prove ergodicity. It can only be assumed, used and the
consequences checked. Of course, there are many cases of great interest where it is clear
that it does not hold. This is the subject of classical out of equilibrium dynamics.

When the number of constituents of the system of interest diverges, that is, in the
thermodynamic limit - be it isolated or in contact with an environment - collective ef-
fects can emerge and lead to phase transitions [11] and other unexpected behaviors like
non-equilibrium slow dynamics [12, 13] and the impossibility of reaching equilibrium in
reasonable experimental times. This is the content of the expression “More is different”
coined by P. W. Anderson to motivate the study of complex systems in general [14]. This
is what many research groups are interested in.

Exercise 1.1
Time and ensemble averages. (a) Take a one-dimensional harmonic oscillator, H = p2/(2m) +mω2x2/2,
with energy E. Compute the time average of x2 along a trajectory and compare it to the microcanonical
average 〈x2〉micro =

∫
dx dp x2 δ(E −H)/

∫
dx dp δ(E −H). (b) Take now two uncoupled oscillators with

frequencies ω1 and ω2 and total energy E. Compute the time average of x2
1 and its microcanonical

average. Is the system ergodic?

Solution. (a) The trajectory is x(t) = A cos(ωt + ϕ) with E = mω2A2/2, so x2 = A2/2 =
E/(mω2). For the microcanonical average, use x =

√
2E′/(mω2) cos θ, p = −

√
2mE′ sin θ,

for which dx dp = dE′ dθ/ω. The delta function fixes E′ = E and the average over the
uniform angle θ gives 〈x2〉micro = (2E/mω2)〈cos2 θ〉 = E/(mω2). The two coincide: for one
degree of freedom the energy shell is the trajectory itself.
(b) Each oscillator conserves its own energy, so x2

1 = E1/(mω
2
1) with E1 fixed by the

initial condition. In the microcanonical ensemble the distribution of E1 is proportional to
the product of the densities of states of the two oscillators, g1(E1)g2(E − E1), which are
constants (gi = 1/ωi): E1 is uniformly distributed in [0, E] and 〈x2

1〉micro = E/(2mω2
1).

The time average depends on the initial condition and differs, in general, from the ensemble
average: the system is not ergodic, because it has two conserved quantities (it is integrable).
A linear coupling does not change this, since it can be removed by passing to normal modes,
whose energies are again separately conserved. Breaking integrability requires a nonlinear
coupling, and even then, by the KAM theorem, ergodicity is not guaranteed for weak
nonlinearity or few degrees of freedom.
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1.2 Being out of equilibrium

1.1.2 Quantum

Do these consideration apply/vary quantum mechanically?

In quantum mechanics, when the state of a closed system is perfectly known, it is
represented by a state vector in a Hilbert space from which one can extract the expectation
values of operators which are related to the physical observables that characterise the
system.

In other cases, the state of the system is not perfectly known. One then adopts a
statistical description, based on the idea of copying the system many times. The equi-
librium hypothesis forces the density operator (similar to the probability distribution of
the classical problem) to be of the special Gibbs-Boltzmann form. The study of quantum
many-body problems at or very close to (linear response) equilibrium has concentrated
most analytic and experimental studies until a decade ago or so. Quantum phase transi-
tions, taking place at strictly zero temperature and driven by another control parameter
that basically measures the strength of the quantum fluctuations have been predicted and
measured both experimentally and numerically [15].

Since fully isolating a quantum system is extremely difficult, many relevant experimen-
tal situations concern open quantum systems rather than isolated ones. It is therefore
necessary to build models of environments and couplings between the system of inter-
est and its surroundings [16–18]. This is non-trivial and brings about many interesting
features.

Out of equilibrium quantum systems also exist and they are the focus of very active
research nowadays [19].

1.2 Being out of equilibrium
Equilibrium is the exception rather than the rule in physical situations. Certainly,

there is only one way of being in equilibrium which is compatible with the conservation
laws. For instance, a fully isolated system is in the microcanonical ensemble, one that
exchanges energy with a thermal environment is in the canonical one, and so on and so
forth.

There are many ways to be out of equilibrium. Some, realizable in the classical limit
as well as under quantum fluctuations, are the following.

- Take a system in equilibrium and weakly perturb it so as to take it away from
equilibrium but not much. To treat these cases, linear response theory was built.
This is a very well established theory that captures correctly these weakly out of
equilibrium situations. Most standard books on condensed matter systems treat
this case [20,21].

- Take an isolated system in (microcanonical) equilibrium and suddenly (or with
some time-dependent protocol) change a parameter of its Hamiltonian. The time
evolution under the new Hamiltonian will occur out of equilibrium and reaching (or

7



1.2 Being out of equilibrium

not) new equilibrium conditions may take very long. These procedures are called
quenches and they have mostly been studied in quantum settings, where they are
called quantum quenches [22]. The putative stationary conditions reached could be
the standard equilibrium ones (as expected for interacting non-integrable many body
systems) or could take new forms, as Generalized Gibbs Ensembles, for integrable
systems.

- Take an open system in (canonical) equilibrium and suddenly (or with some time-
dependent protocol) change a control parameter of the bath, be it temperature,
pressure, etc. The time evolution under the new conditions will take place out of
equilibrium [13]. Reaching (or not) new equilibrium conditions may take very long.
These procedures are also called quenches for the instantaneous ones or annealing for
the time-dependent ones. They have been studied at length in classical statistical
physics, for example, in coarsening/domain growth problems [23], or in the context
of glassy systems [24,25].

- Strongly perturb an otherwise closed system with an external, for instance, a pe-
riodic time-dependent, force. These protocols can be performed on classical and
quantum systems as well. They have been fashionable in the quantum setting re-
cently and are associated with the name Floquet theory [26].

- Strongly perturb an open dissipative system with an external drive. These setting
arise in classical cases, for example, the physics of granular matter [27], and in
quantum cases like what is studied with quantum optics platforms. A question
typically asked in these setting is whether a non-equilibrium steady state is reached,
how long does it take to reach it if it is possible, and which are its characteristics.

Some of these protocols are sketched in Fig. 1.2.

t

h(t)

t′

|h| � 1

(a)

t

λ(t)

t0

λ0

λ

(b)

t

T (t)

t0

T0

T

annealing

(c)

t

h(t)

t0

2π/Ω

(d)

Figure 1.2: Sketches of some protocols that take a system out of equilibrium. (a) A weak
perturbation h coupled to an observable, applied around the time t′: linear response. (b) A
sudden change of a parameter of the Hamiltonian of an isolated system, λ0 7→ λ at t0: a
quantum quench (solid); the dashed line is a protocol with a finite rate. (c) A sudden change of
the temperature of the environment of an open system, T0 7→ T at t0 (solid), or a slow annealing
(dashed). (d) A periodic drive with frequency Ω switched on at t0: Floquet setting for a closed
system or driven-dissipative one, possibly leading to a non-equilibrium steady state, for an open
system.
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1.3 Classical examples

1.3 Classical examples
There are many classical system which evolve out of equilibrium.
The well-known phenomenon of Brownian motion or just diffusion is out of equilibrium.

Why so? Because the mean-square displacement of the Brownian particle grows with
no limit. The description of generic Brownian motion is typically done with a Langevin
equation where a model of the environment is assumed and a choice of friction and thermal
noise is made. The simplest one corresponds to a Markov process with memory-less
friction and white noise. Non-Markovian classical baths also exist. The deterministic
force can include quenched random effects in the form of a quenched random potential
or a random force (in both cases the values are taken from a probability distribution and
held fixed during evolution). In normal diffusion the growth is linear in time. In sub or
super diffusion the power is smaller or larger than one. The main point is that in none of
these cases a saturation limit is reached.

Exercise 1.2
Diffusion never equilibrates, a trapped particle does. Consider the over-damped Langevin equation γẋ =
−kx + ξ, with 〈ξ(t)〉 = 0 and 〈ξ(t)ξ(t′)〉 = 2γkBTδ(t − t′), and initial condition x(0) = x0. Compute
〈x2(t)〉. Discuss the limits t→∞ at fixed k > 0 and k → 0 at fixed t.

Solution. With τ = γ/k, x(t) = x0e
−t/τ + γ−1

∫ t
0
ds e−(t−s)/τξ(s), and

〈x2(t)〉 = x2
0e
−2t/τ +

kBT

k

(
1− e−2t/τ

)
.

For t� τ , 〈x2〉 → kBT/k, that is k〈x2〉/2 = kBT/2: equipartition, the particle equilibrates
with the bath. For k → 0 at fixed t, 〈x2(t)〉 − x2

0 → 2Dt with D = kBT/γ (Einstein
relation): the mean-square displacement grows without bound and the free particle never
reaches equilibrium. The relaxation time τ = γ/k diverges as k → 0.

The simplest macroscopic example is the growth of order when a system is taken across
a second order phase transition [23]. This can be done by changing abruptly a parameter
in the Hamiltonian of the system (e.g. in a simulation) or the temperature of the bath (e.g.
in an experiment). It is a quench. The standard example is the case of a magnetic system,
taken from a paramagnetic state to conditions under which it should magnetise. How does
it do it? By growing domains of the competing possible orderings. In an Ising model in
two or more dimensions, these are two oppositely magnetised equivalent low temperature
states. Locally, the system choses one or the other and in the course of time it grows these
regions, ones at the expense of the other ones but in a symmetric way. Eventually, after
a time that diverges as a function of system size, the spontaneous symmetry breaking
mechanism takes place and one of the two equilibrium states is selected. But during this
very long term evolution the system remains far from equilibrium with vanishing averaged
magnetisation density. The description of this process can be done at a microscopic level,
with Monte Carlo simulations, for example. Analytically, one proposes a time-dependent
Ginzburg-Landau equation which is a Langevin equation on a field, the coarse-grained
magnetisation. A model for the environment is also necessary, to decide the functional
form of the friction and noise terms. Usually, a Markov choice is made.

9



1.3 Classical examples

Phase separation is also an out of equilibrium process. The difference with the magnetic
domain growth explained in the previous paragraph is that the order parameter of phase
separation is conserved. For example, if you consider a mixture of oil and water, the
mass of each of the phases remains constant in time since oil cannot be transformed into
water or vice versa. This imposes a conservation law and the microscopic dynamics or
mesoscopic Langevin equation have to respect it.

Glassy systems are ensembles of spins, atoms, molecules, polymers, or other con-
stituents with astronomically long relaxation times at low temperatures/high pressures [13,
24, 25]. Examples are spin-glasses, window glasses, plastics, etc. They do not reach their
ideal ordered (e.g. crystalline) equilibrium states in experimentally relevant time-scales.
For these samples/models, there is no clear growth of local order developing in the course
of time and in this sense they are different (and more complex) than coarsening sys-
tems. The slow relaxation is due to metastability, due to complex free-energy landscapes.
Glasses obviously exist in contact with surroundings.

Externally driven systems, as can be sheared liquids or periodically shaken granular
matter can reach non-equilibrium steady states that are, though, different from Gibbs-
Boltzmann equilibrium.

Active matter refers to systems composed of many interacting units that consume en-
ergy to generate motion or mechanical stresses, leading to collective behavior that is
inherently out of equilibrium [28,29]. They exist at very different scales, from the micro-
scopic to the macroscopic. The individual units – called active particles – may be biologi-
cal (cells, bacteria, birds) or synthetic (self-propelled colloids, asymmetric grains, artificial
microswimmers). Because each component continuously converts stored or environmental
energy into movement, active matter systems do not relax to thermal equilibrium and of-
ten exhibit emergent phenomena such as flocking, swarming, turbulent-like flows, pattern
formation, and spontaneous breaking of symmetries. Active matter provides a framework
for understanding the physics of living systems and inspires the design of novel materials
with self-organizing properties. In usual cases they reach a non-equilibrium steady state
with peculiar properties. Several lectures in this program discuss this problem in great
detail.

Exercise 1.3
Relaxation of an Ornstein–Uhlenbeck process. Consider the over-damped Langevin equation γ0ẋ = −kx+
h(t) + ξ, with 〈ξ(t)〉 = 0, 〈ξ(t)ξ(t′)〉 = 2γ0kBT δ(t − t′), a deterministic initial condition x(0) = x0, and
h(t) a weak external force. Call τ ≡ γ0/k. (a) Set h = 0. Solve the equation and compute 〈x(t)〉 and
the variance σ2(t) = 〈x2(t)〉 − 〈x(t)〉2. Argue that P (x, t) is Gaussian and compare it to the Boltzmann
distribution. (b) Compute the two-time correlation C(t, t′) = 〈x(t)x(t′)〉 for t ≥ t′. Is it a function of t−t′
only? (c) Compute the linear response R(t, t′) = δ〈x(t)〉/δh(t′)|h=0. (d) Check whether the fluctuation–
dissipation theorem (FDT) ∂t′C(t, t′) = kBT R(t, t′), t > t′, holds. When is it satisfied? What happens
in the limit k → 0?

Solution. (a) The equation is linear and is solved by x(t) = x0e
−t/τ+γ−1

0

∫ t
0
ds e−(t−s)/τ [ξ(s)+

h(s)]. For h = 0, 〈x(t)〉 = x0e
−t/τ and, using the noise correlation, the variance of the po-

sition is σ2(t) = (2kBT/γ0)
∫ t

0
ds e−2(t−s)/τ = (kBT/k) (1 − e−2t/τ ). Since x(t) is a linear

functional of the Gaussian noise, P (x, t) is a Gaussian with these mean and variance. For

10



1.3 Classical examples

t� τ , 〈x〉 → 0 and σ2 → kBT/k: P (x, t)→ Z−1e−βkx
2/2, the Boltzmann distribution, and

equipartition k〈x2〉 → kBT holds. At finite times the distribution is not Boltzmann. Even
for x0 = 0, where the mean is already correct, the width corresponds to a time-dependent
“temperature” T (1− e−2t/τ ) < T .
(b) For the fluctuations δx = x− 〈x〉 and t ≥ t′,
〈δx(t)δx(t′)〉 = (2kBT/γ0)

∫ t′
0
ds e−(t−s)/τe−(t′−s)/τ = (kBT/k) [e−(t−t′)/τ − e−(t+t′)/τ ], so

C(t, t′) =
kBT

k
e−(t−t′)/τ +

(
x2

0 −
kBT

k

)
e−(t+t′)/τ .

The second term depends on t+ t′: during the transient, time-translation invariance is bro-
ken. For t′ � τ at fixed t−t′ it decays and the stationary result C(t−t′) = (kBT/k) e−(t−t′)/τ

is recovered.
(c) Averaging the solution, 〈x(t)〉 = x0e

−t/τ + γ−1
0

∫ t
0
ds e−(t−s)/τh(s), hence R(t, t′) =

γ−1
0 e−(t−t′)/τ θ(t− t′). Because the equation is linear, the response does not depend on x0

and is time-translation invariant at all times.
(d) Differentiating the result of (b) and using kBT/(kτ) = kBT/γ0,

∂t′C(t, t′) = kBT R(t, t′) +
1

τ

(kBT
k
− x2

0

)
e−(t+t′)/τ .

The FDT is violated during the relaxation. It is recovered for t′ � τ , or from the start if
x0 is drawn from the Boltzmann distribution, 〈x2

0〉 = kBT/k: equilibrium initial conditions
produce an equilibrium dynamics. The system is out of equilibrium for a time of order τ ,
which diverges for k → 0. In this limit, at fixed times, C(t, t′) = x2

0 + 2D t′ and R = γ−1
0 , so

∂t′C = 2kBT R: the FDT is violated by a factor 2 at all times, and the free particle never
equilibrates.

Remark. The stationary state of this process is an equilibrium one (detailed balance holds);
here the departure from equilibrium is the transient. A non-equilibrium stationary state
requires, e.g., a non-conservative force in d ≥ 2 or coupling to different baths (e.g. white
and colored) at different temperatures.

Exercise 1.4
Diffusion of an active Brownian particle in one dimension. A self-propelled particle (a bacterium, or a
colloid that consumes fuel) moves in one dimension in an over-damped environment according to

ẋ(t) = v0 u(t) +
√

2Dη(t) ,

where D is the thermal diffusion constant, η is a Gaussian white noise with 〈η(t)〉 = 0 and 〈η(t)η(t′)〉 =
δ(t − t′), and v0u(t) is the self-propulsion velocity. The orientation u(t) is independent of η, stationary,
with 〈u(t)〉 = 0 and 〈u(t)u(t′)〉 = e−|t−t

′|/τ , with τ the persistence time. (For a run-and-tumble particle,
u = ±1 flips sign with rate α and τ = 1/(2α). For the projection on the x axis of an active Brownian
particle in the plane, u =

√
2 cos θ with θ diffusing with rotational diffusion constant Dr, and τ = 1/Dr.)

(a) Compute the mean-square displacement 〈[x(t) − x(0)]2〉. (b) Discuss its short and long time limits,
and identify the effective diffusion constant Deff . (c) Check that Deff is also given by the Green-Kubo
formula Deff =

∫∞
0
dt 〈ẋ(t)ẋ(0)〉, where the white noise contributes D. (d) The particle is now subject to

an external force F with mobility µ, ẋ = µF + v0u+
√

2Dη, and the thermal part satisfies the Einstein
relation D = µkBT . Define an effective temperature through Deff = µkBTeff . Is it equal to T? (e) In
a harmonic trap, F = −kx, compute the stationary 〈x2〉 and compare with kBTeff/k. Is the stationary
state an equilibrium state at some temperature? (f) Estimate Deff/D for an E. coli bacterium, with
v0 ' 20µm/s, τ ' 1 s and D ' 0.2µm2/s.
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1.4 Why quantum?

Solution. (a) Integrating the equation of motion, x(t)−x(0) = v0

∫ t
0
ds u(s)+

√
2D
∫ t

0
ds η(s).

The two terms are independent and have zero mean, so the cross term vanishes on average
and

〈[x(t)− x(0)]2〉 = v2
0

∫ t

0

ds

∫ t

0

ds′ e−|s−s
′|/τ + 2D

∫ t

0

ds

∫ t

0

ds′ δ(s− s′) .

The second integral equals t. In the first one, the integrand depends only on s − s′,
and

∫ t
0
ds
∫ t

0
ds′ f(|s − s′|) = 2

∫ t
0
dr (t − r)f(r), so that

∫ t
0
ds
∫ t

0
ds′ e−|s−s

′|/τ = 2
∫ t

0
dr (t −

r)e−r/τ = 2τ2
(
t
τ − 1 + e−t/τ

)
. Then

〈[x(t)− x(0)]2〉 = 2Dt+ 2v2
0τ

2

(
t

τ
− 1 + e−t/τ

)
.

(b) For t � τ , expanding e−t/τ ' 1 − t/τ + t2/(2τ2), 〈[x(t) − x(0)]2〉 ' 2Dt + v2
0t

2: the
active part is ballistic, the particle swims in a straight line. (At very short times, t < D/v2

0 ,
the thermal term dominates.) For t� τ , 〈[x(t)−x(0)]2〉 ' 2(D+v2

0τ)t−2v2
0τ

2: the motion
is diffusive, with

Deff = D + v2
0τ .

The active contribution is a random walk with steps of length v0τ taken every time interval
τ : (v0τ)2/τ = v2

0τ . (c) 〈ẋ(t)ẋ(0)〉 = v2
0e
−|t|/τ + 2Dδ(t). The delta function at the edge of

the integration interval contributes D, and
∫∞

0
dt v2

0e
−t/τ = v2

0τ : the Green-Kubo formula
gives the same Deff . (d) The response to the force is not modified by the activity: 〈x(t)−
x(0)〉 = µFt, with the same mobility µ. Then kBTeff = Deff/µ = kBT + v2

0τ/µ > kBT .
The Einstein relation between diffusion and mobility, a consequence of the fluctuation-
dissipation theorem, is violated: the particle is out of equilibrium, it is driven by its internal
energy source. (e) With κ = µk, the stationary solution is x(t) =

∫ t
−∞ ds e−κ(t−s)[v0u(s) +√

2Dη(s)]. The thermal part gives 2D
∫∞

0
da e−2κa = D/κ = kBT/k, the equipartition

result. The active part gives v2
0

∫∞
0
da
∫∞

0
db e−κ(a+b)e−|a−b|/τ = v2

0τ/[κ(1 + κτ)]. Hence

〈x2〉 =
kBT

k
+
v2

0τ

µk

1

1 + µkτ
.

For a soft trap, µkτ � 1, 〈x2〉 ' kBTeff/k: the particle looks thermal at temperature Teff .
For a stiff trap, µkτ & 1, the active contribution is reduced: the particle relaxes in the
trap before its orientation changes and it accumulates against the walls. The “temperature”
extracted from 〈x2〉 depends on the stiffness of the trap, so no single temperature describes
the stationary state: it is not an equilibrium state. (f) v2

0τ ' 400µm2/s, soDeff ' 400µm2/s
and Deff/D ' 2 × 103: the bacterium spreads thousands of times faster than a passive
particle of the same size, and Teff is of the order of 105 K.

1.4 Why quantum?
Strong experimental activity in condensed matter and atomic physics has relaunched

the interest in developing formalism for, and obtaining results on, out of equilibrium
situations in which quantum fluctuations pay a role.

Let us explore parallel examples to the ones presented in the previous Section, now in
their quantum realisation.

Consider a trapped cold atom system. For example, the atoms can be trapped in a
long (compared to the atomic scale) linear tube (approximately one dimensional space)
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or in a finite sector of the plane. A few atoms of a given species can be inserted in these
spaces and be surrounded by many atoms of another species which act as a bath with
respect to the less numerous ones. This setting reproduces the classical Brownian motion
one, now under quantum fluctuations. The nature of the bath is more complex than
the classical one for which a Markov assumption is usually acceptable. Such quantum
Brownian motion [30] has been realised by several experimental groups [31]. Quenched
random potentials can also be at least approximately realised with light.

Quantum phase separation can also be studied in cold atom platforms by starting the
system in a, say, uniform mixture of two species which repulsive interaction between
different atoms [32, 33]. Magnets at very low temperatures undergo quantum domain
growth.

Quantum spin-glasses and quantum glasses also exist and have similar slow relaxations
to classical ones [19]. The former ones are systems of quantum spins placed at fixed ran-
dom positions in a host material. The quenched randomness in the distances between the
magnetic moments translates into quenched random interactions since the latter depend
on the former. In the case of quantum glasses, there are no quenched random couplings
but the atoms or molecules, which follow quantum mechanical rules, also display slow out
of equilibrium dynamics.

In atomic physics cold atom platforms as the one sketched in Fig. 1.3(b) have allowed
one to study quantum systems with many (though not infinite) atoms in almost perfect
isolation. Light beams are used to generate periodic potentials that trap the atoms
in lattice structures. The magic of these systems is that the parameters (interaction,
hopping) can be tuned in real-time [34]. Questions about the equilibration of the samples
are posed. Periodic modulation of hopping (“shaking”) or the interactions can also be
controlled in these cases.

In analog quantum simulators, such as ultracold atom platforms, arrays of atoms with
long-range interactions, and trapped atomic ions, one can exert control over constituent
degrees of freedom by tuning the Hamiltonian governing their interactions. The possibility
of highly coherent and controllable Hamiltonian dynamics has led to important questions
about universality in the approach to thermal equilibrium [35].

Digital quantum simulators, formed by, e.g. formed of superconducting qubits, could
afford an even greater degree of control. Their time evolution would take place in discrete-
time through the application of unitary operations, measurements, and feedback. Suc-
cessful implementation of these operations is a stepping-stone towards the goal of building
a fault-tolerant quantum computer. Researchers are asking in this context which collec-
tive quantum phenomena, or dynamical phases of matter, could emerge in such quantum
circuits? [36]

In the quantum realm, another possible out of equilibrium situation is the so-called
many-body localisation [37–39]. It is the extension of Anderson localisation [40] to prob-
lems with many interacting electrons in a medium with quenched randomness. Though
the existence of these systems is still debated, the idea is that they would have neither
diffusion nor transport and quenched disorder could arrest thermalisation entirely. These
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localisation properties would not resist coupling to an environment.
In condensed matter physics many pump-probe experiments [41] as the one sketched in

Fig. 1.3(a) are being conducted to try to understand the behaviour of samples. Periodic
perturbation induced by strong (classical) light fields, with tuneable frequency and am-
plitude, have also been used. The typical question is ‘How rapidly (and radically) can we
change the property of a material with light?’

Both in condensed matter systems and atomic physics the idea to use non-equilibrium
perturbations as a new knob to control/stabilize/create new quantum phases of matter is
intensively being studied. This is called Floquet engineering. One can note that a similar
question was fashionable in the context of granular matter around 20 years ago.

Figure 1.3: (a) Pump-probe experiments: electrons in solids under ultrafast optical fields. (b)
Neutral atoms trapped in optical lattices.

The idea to use quantum mechanics to compute in a more efficient way than with
classical rules was put forward by Feynman [42]. Concomitantly, it became necessary to
understand how to process quantum information.

The difficulty of factoring large integers into products of prime numbers is at the basis of
schemes for public key cryptography. The solutions of factoring can be easily verified, once
found. However, they are hard to find: if p and q are large prime numbers, the product
n = pq can be computed quickly (the number of elementary bit operations required is
about log2 p log2 q). The time needed to give an answer to the reversed question “given n,
find the factors p and q” in the worst case is supposed (not proven) to grow faster than
any power of lnn (the number of digits). Indeed, the faster algorithm known to date uses
exp[c(lnn)1/3(ln lnn)2/3] with c = (64/9)1/3 ∼ 1.9. Estimates are such that factoring a
400 digit number would take about 1010 years.

Shor proved [43] that a quantum computer can factor a large number efficiently, in
polynomial time O[(lnn)3]. Shor’s algorithm could factor a 400 digit number in less than
3 years.

Leaving aside the extensive experimental efforts to build controllable large-scale quan-
tum devices, many theoretical questions are posed in the context of quantum computation
and information. The following list is a selection of the ones given in the MIT Physics
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Department website:
https://physics.mit.edu/research-areas/quantum-information-science/

- Quantum algorithms and complexity. If a perfectly functioning quantum computer
were built, which problems could it solve faster than conventional computers, and
which problems do not admit any speedup?

- Quantum information theory. Meaning and limits of communicating classical and
quantum information over quantum channels. How can we store, transfer, or ma-
nipulate quantum information in the presence of noise? How can we efficiently
communicate and compute in the presence of errors? What are the basic properties
of quantum entanglement and information?

- Measurement and control. How can we efficiently manipulate and characterize quan-
tum devices?

- Applications and connections. How can ideas from quantum information science
contribute to other research areas as diverse as convex optimizations, black holes,
and exotic quantum phases of matter? Is there a unified framework to efficiently
describe quantum entanglement and information in complex systems?

Exercise 1.5
When are quantum effects important? Quantum statistics matter when the thermal de Broglie wavelength
λT = h/

√
2πmkBT is comparable to, or larger than, the mean inter-particle distance n−1/3, that is, when

nλ3
T & 1. Evaluate λT , n−1/3 and nλ3

T for (a) a cloud of 87Rb atoms at T = 100 nK and n = 1014 cm−3;
(b) the conduction electrons of copper, n = 8.5×1022 cm−3, at room temperature; (c) nitrogen molecules
in air at room temperature and atmospheric pressure.

Solution. (a)m = 87×1.66×10−27 kg, λT ' 0.59µm, n−1/3 ' 0.22µm, nλ3
T ' 21: quantum

degenerate (Bose-Einstein condensation occurs for nλ3
T > 2.612). (b) λT ' 4.3 nm, n−1/3 '

0.23 nm, nλ3
T ' 7×103: the electron gas is strongly degenerate at room temperature, which

is why the Fermi-Dirac distribution is needed. (c) n = P/kBT ' 2.4×1025 m−3, λT ' 0.019
nm, n−1/3 ' 3.4 nm, nλ3

T ' 2× 10−7: classical gas.

Exercise 1.6
Why are qubits operated at millikelvin temperatures? A superconducting qubit has a transition frequency
ω/2π = 5 GHz. Compute ~ω/kBT and the equilibrium probability of finding the qubit in its excited
state at T = 20 mK, 100 mK and 300 K.

Solution. For a two-level system pexc = 1/(1 + eβ~ω). ~ω/kB ' 0.24 K. At 20 mK,
~ω/kBT ' 12 and pexc ' 6× 10−6: the qubit is in its ground state, a pure state, to a very
good approximation. At 100 mK, ~ω/kBT ' 2.4 and pexc ' 0.08. At room temperature
~ω/kBT ' 8× 10−4 and pexc ' 1/2: the qubit is in a fully mixed state and useless.

Exercise 1.7
Quantum quench of a harmonic oscillator. A particle of mass m is prepared in the ground state |ψ0〉 of
Ĥ0 = p̂2/(2m) +mω2

0 x̂
2/2. At t = 0 the frequency is suddenly changed, ω0 → ω, and the particle evolves

in isolation with Ĥ = p̂2/(2m) + mω2x̂2/2. (a) Solve the Heisenberg equations for x̂(t) and compute
〈x̂2(t)〉. Does it reach a stationary value? (b) Compute the energy E = 〈ψ0|Ĥ|ψ0〉 and the time average
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〈x̂2〉. Define an effective temperature Teff by requiring that the Gibbs state e−βeffĤ/Z has the same
energy, and compare 〈x̂2〉 with 〈x̂2〉Teff

. (c) Use the fact that the state remains Gaussian to compare
〈x̂4〉 with 〈x̂4〉Teff

. Does the system thermalize? (d) Which quantities are conserved by the evolution?
Compute the probabilities Pn = |〈n|ψ0〉|2 of occupying the eigenstates |n〉 of Ĥ, and compare with the
Gibbs ones.

Solution. (a) The Heisenberg equations are linear, and x̂(t) = x̂ cosωt + p̂
mω sinωt. In the

initial state 〈x̂2〉0 = ~/(2mω0), 〈p̂2〉0 = m~ω0/2 and 〈x̂p̂+ p̂x̂〉0 = 0, so

〈x̂2(t)〉 =
~

2mω0
cos2 ωt+

~ω0

2mω2
sin2 ωt = a+ b cos 2ωt ,

a =
~

4m

( 1

ω0
+
ω0

ω2

)
,

b =
~

4m

( 1

ω0
− ω0

ω2

)
.

The width of the wave packet “breathes” at frequency 2ω forever: there is no damping and
no stationary value, unless ω = ω0.
(b) The energy is conserved and equal to E = 〈p̂2〉0/(2m)+mω2〈x̂2〉0/2 = ~(ω2

0 +ω2)/(4ω0),
larger than the ground-state energy ~ω/2 of Ĥ: the quench injects energy. The time average
is 〈x̂2〉 = a = E/(mω2). In the Gibbs state, Eth = (~ω/2) coth(β~ω/2) and 〈x̂2〉th =
~/(2mω) coth(β~ω/2). Imposing Eth = E gives coth(βeff~ω/2) = (ω2

0 + ω2)/(2ω0ω), and
then 〈x̂2〉Teff

= E/(mω2) = a. The two coincide: since 〈Ĥ〉 = mω2〈x̂2〉 on average (virial
theorem) for both states, 〈x̂2〉 cannot distinguish them.
(c) The initial state is Gaussian and the evolution is quadratic, so the state is Gaussian at
all times with zero mean and variance σ2(t) = a+ b cos 2ωt. Hence 〈x̂4(t)〉 = 3σ4(t) and

〈x̂4〉 = 3
(
a2 +

b2

2

)
> 3a2 = 〈x̂4〉Teff

,

where the thermal state is also Gaussian, with variance a. The inequality is strict for any
ω 6= ω0: even after time averaging, the system does not look thermal. The time-averaged
distribution of x is a superposition of Gaussians of different widths, not a Gaussian.
(d) Every projector |n〉〈n| on an eigenstate of Ĥ is conserved, so all the Pn are fixed by the
initial state. In the ω-basis, |ψ0〉 is a squeezed vacuum with e2r = ω0/ω; it is even in x, so
only even levels are populated:

P2n =
1

cosh r

(2n)!

22n(n!)2
tanh2n r , P2n+1 = 0 , tanh r =

ω0 − ω
ω0 + ω

,

to be compared with the Gibbs distribution P th
n = (1− e−βeff~ω) e−nβeff~ω, which populates

all levels. (As a check, 〈n̂〉 = sinh2 r reproduces E = ~ω(sinh2 r + 1/2).) The long-time
averages are given by the diagonal ensemble

∑
n Pn|n〉〈n|, which retains the full memory of

the initial state.

Remark. As in the classical Ex. 1.1(a), a single isolated degree of freedom cannot thermal-
ize: there is no environment to absorb energy, and the conserved Pn are as many as the
states. Thermalization requires either a bath (open system) or many interacting degrees
of freedom and local observables (isolated system, ETH). Free systems with many modes,
each conserving its own occupation, are instead described by a GGE.
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1.5 Aim of these lectures
These lectures give an introduction to some methods used in the study of many-body

quantum systems in and out of equilibrium.
We will start reviewing the formalism of quantum mechanics in Sec. 2 and some generic

properties of correlation and linear response functions in Sec. 3. The classical limits of
these properties are important and will be discussed. While discussing quantum mechani-
cal concepts we will pay special attention to the essential property of entanglement. Open
classical and quantum systems will be dealt with in Sec. 4 (e.g. Langevin equations in the
classical case, Lindblad formalism in the quantum). The path integral formalism, useful
to establish perturbative expansions, renormalisation group analysis and self-consistent
approximations both in and out of equilibrium will be explained in Sec. 5. Finally, we
will study some elements of quantum chaos, and Anderson and Many-Body Localisation,
in Sec. 6.

1.6 General references
Several books describe part of the formalism that we will discuss in these lectures [18,

20, 21, 44–46]. Review articles are more specific and touch upon more modern issues [22,
35,37–39,47–49].

Interestingly enough, and not always known to everyone, the questions asked, for-
malisms used, and results obtained for quantum and classical many-body systems can be
very similar. We will stress these coincidences in these lectures. Of course, some aspects
are specific to quantum mechanics.

17



2. Quantum mechanics

2 Quantum mechanics
In this Section we introduce a bit of notation, and we recall concepts and postulates of

quantum physics [50,51]. We present them with the aim of giving a very basic introduction
to quantum information and quantum computation, following in part the presentation
in [52]. In Preskill’s words information is something encoded in the state of a physical
system and computation is something that can be carried out on an actual physically
realizable device. Both belong to the area of physics, theoretical and experimental.

2.1 Concepts and notation

2.1.1 Hilbert space, pure states and linear superposition

A pure quantum state is a mathematical entity, a vector with norm one in a Hilbert
space, that embodies knowledge of a quantum system. A Hilbert space is a (finite or
infinite dimensional) vector space equipped with an inner product that induces a distance
function.

Symbol Name, object, property
H Hilbert space (a complex vector space

with a scalar product)
|ψ〉 A vector - a ket - in H
c|ψ〉+ d|φ〉 with c, d ∈ C A linear combination, also in H
c∗〈ψ|+ d∗〈φ| Bra dual to c|ψ〉+ d|φ〉
〈ψ|φ〉 ∈ C Inner product
〈φ|ψ〉 = 〈ψ|φ〉∗ Complex conjugate
〈η|(c|ψ〉+ d|φ〉) = c〈η|ψ〉+ d〈η|φ〉 Associativity
〈φ|φ〉 ≥ 0 Postulate of definite metric
〈φ|φ〉1/2 Norm of |φ〉
〈ψ|φ〉 = 0 Orthogonality

{|ψn〉} with 〈ψn|ψm〉 = δnm Orthonormal basis of a finite dimensional H
|ψ〉 =

∑
n

cn|ψn〉 with cn = 〈ψn|ψ〉 ∈ C Representation of |ψ〉 in the basis {|ψn〉}

Imagine that you have a classical system which has K energy levels (for simplicity,
suppose the spectrum is discrete). Classically, it can be in one of these levels and one
can identify its state from the value of the index k which runs from 1 to K. In quantum
mechanics, the linear superposition principle states that the system is placed in a linear
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superposition of these K states with complex coefficients. Concretely, if the K states are
the orthonormal states |ψ1〉, . . . , |ψK〉, a generic pure state of the system is

|ψ〉 = c1|ψ1〉+ · · ·+ cK |ψK〉 (2.1)

with ck ∈ C and
∑K

k=1 |ck|2 = 1. This is a linear superposition of the basis states {|ψk〉}.
An informal way to think about the meaning of this statement is that the system has

not made its mind about which situation {|ψk〉} it is in (until it is measured).
One defines the dual of the ket |ψ〉, called the bra, 〈ψ|:

〈ψ| = c∗1〈ψ1|+ · · ·+ c∗K〈ψK | . (2.2)

The squared modulus of the vector |ψ〉 is then

〈ψ|ψ〉 = (c∗1〈ψ1|+ · · ·+ c∗K〈ψK |)(c1|ψ1〉+ · · ·+ cK |ψK〉) =
K∑
k=1

|ck|2 = 1 (2.3)

Example
Take as an example a qubit or two state system, k = 1,K = 2. Classically, the qubit has two possible
configurations, 0 and 1. Quantum mechanically it is a vector in a two-dimensional complex vector
(Hilbert) space with inner product. A basis of this Hilbert space is

|ψ1〉 = |0〉 =

[
1
0

]
|ψ2〉 = |1〉 =

[
0
1

]
(2.4)

which are eigenvectors of the operator σ̂z with eigenvalue 1 and −1, respectively. The definition and
properties of the spin operators and Pauli matrices are recalled in App. A.

The duals of the kets above are

〈ψ1| = 〈0| =
[
1 0

]
〈ψ2| = 〈1| =

[
0 1

]
(2.5)

The two states are orthogonal 〈0|1〉 = 〈1|0〉 = 0 and normalized to one 〈0|0〉 = 〈1|1〉 = 1. For such a
system, a generic pure state with norm one is |ψ〉 = c0|0〉+ c1|1〉, with |c0|2 + |c1|2 = 1.

From a quantum information viewpoint, a quantum system can carry continuous in-
formation about the relative balance of each of the states in which it can be. For a qubit,
one can argue that the system has information about the relative balance of |0〉 and |1〉,
through the coefficients c0 and c1. Quantum algorithms can sometimes use this fact to
run more efficiently than their classical counterparts.

Quantum information is not deterministic. When someone takes a look at a classical
bit, it simply is a 0 or a 1, as it was beforehand and as it will be afterward, apart from
the possibility of error. This is not so with qubits, the result of the measurement has a
probabilistic meaning and the state is affected by the measurement.

A pure state can be described by a single vector. A mixed state is a statistical ensemble
of pure states. Mixed states arise in two different situations: first, when the preparation
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of the system is not fully known, and one must deal with a statistical ensemble of possible
preparations; second, when one wants to describe a physical system which is entangled
with another, as its state cannot be described by a pure state. States, both pure and
mixed, can be described by density operators, with ones for pure states taking a very
simple form. We will give the definition of the the density operator and come back to the
description of mixed states and the meaning of entanglement in Sec. 2.3.3.

2.1.2 Operators

A quantum operator is, by definition, a linear map from a Hilbert space to itself, so it
sends vectors into vectors.

Â : |ψ〉 7→ Â|ψ〉 (2.6)

Example
Take as an example a qubit or two state system, k = 1,K = 2. The Pauli operators, are operator acting
on this Hilbert space. They are applied to a spin state and they produce another spin state.

Rank one

Given vectors and dual vectors we can define an operator via the outer product

Ô = |ψ〉〈φ| . (2.7)

Ô acts on a vector in H and produces as a result another vector in H. Any operator
that has rank 1, i.e., maps the whole Hilbert space into a 1-dimensional subspace can be
written this way.

The Hermitian conjugate of this operator is

Ô† = |φ〉〈ψ| (2.8)

with the combined operation of transposition and complex conjugation which are easy to
visualise in the matrix representation of operators.

An operator is Hermitian if Ô† = Ô. A special case is the projector

P̂ = |ψ〉〈ψ| , (2.9)

which satisfies P̂ † = P̂ and also P̂ 2 = P̂ , if 〈ψ|ψ〉 = 1.

Example
Take as an example a qubit or two state system, k = 1,K = 2. With |φ〉 6= |ψ〉, one can build the
operators:

Ô1 =

[
1
0

]
(0 1) =

[
0 1
0 0

]
Ô2 =

[
0
1

]
(1 0) =

[
0 0
1 0

]
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which are non-Hermitian, Ô†1,2 6= Ô1,2. Instead, with |φ〉 = |ψ〉, one can build the projectors:

P̂1 =

[
0
1

]
(0 1) =

[
0 0
0 1

]
P̂2 =

[
1
0

]
(1 0) =

[
1 0
0 0

]
which verify P̂ †1,2 = P̂1,2 and

P̂ 2
1 =

[
0 0
0 1

] [
0 0
0 1

]
=

[
0 0
0 1

]
= P̂1 P̂ 2

2 = P̂2

and are idempotent.

Given the orthonormal basis of a finite dimensional Hilbert space H, {|ψn〉} with
〈ψn|ψm〉 = δnm, one has the closure relation∑

n

|ψn〉〈ψn| = I . (2.10)

Example
Take as an example a qubit or two state system, k = 1,K = 2. The closure relation reads[

0 0
0 1

]
+

[
1 0
0 0

]
= I

General Rank

A general quantum operator cannot always be written as the outer product of two
states. A generic operator Â on a K-dimensional Hilbert space is a K ×K matrix, which
typically has rank > 1.

The rank of an operator is a measure of how many independent directions it maps into.
For a linear operator Â acting on a Hilbert space (or a matrix acting on a vector space).
its rank is

rank Â = dim(image Â),

For matrices, the rank is the maximum number of linearly independent rows or columns
(that is, the number of lines such that α~v1 + β~v2 = ~0 does not have a solution with α 6= 0
and β 6= 0, where ~v1,2 are the rows taken as vectors; and similarly for columns).

Any operator can be written as a sum of outer products. Inserting the resolution of
the identity, I =

∑
i |ψi〉〈ψi|, on both sides of Â, for any orthonormal basis {|ψi〉},

Â = I Â I =
∑
i,j

Aij |ψi〉〈ψj| , Aij = 〈ψi|Â|ψj〉 . (2.11)

The operator |ψi〉〈ψj| maps |ψj〉 onto |ψi〉 and all the other basis vectors onto zero:
its matrix has a single non-vanishing element, equal to one, in position (i, j). The K2
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operators |ψi〉〈ψj| form a basis of the space of operators, and the expression above is
simply the decomposition of the matrix of Â on this basis. It holds for any operator and
in any basis, but it involves, in general, K2 terms.

For special operators a basis can be found in which the sum has only K terms. If Â
is Hermitian it has real eigenvalues λk and an orthonormal basis of eigenvectors {|ak〉},
Â|ak〉 = λk|ak〉, in which its matrix is diagonal. This is the spectral decomposition

Â =
∑
k

λk |ak〉〈ak| , Â|aj〉 =
∑
k

λk |ak〉〈ak|aj〉 = λj |aj〉 . (2.12)

It is not available for all operators: it exists if and only if Â is normal, [Â, Â†] = 0, a
class that includes Hermitian and unitary operators. For instance, σ̂+ = |0〉〈1| satisfies
(σ̂+)2 = 0, its only eigenvalue is zero, and its eigenvectors do not form a basis.

The singular value decomposition, instead, is always possible:

Â =
∑
k

sk |uk〉〈vk| , sk ≥ 0 , (2.13)

where {|uk〉} and {|vk〉} are two, in general different, orthonormal bases. The |vk〉 are
the eigenvectors of the Hermitian and positive operator Â†Â, with eigenvalues s2

k, and
|uk〉 = Â|vk〉/sk for sk 6= 0. For σ̂+, s1 = 1, |u1〉 = |0〉, |v1〉 = |1〉 and s2 = 0. For
a Hermitian operator, sk = |λk| and |uk〉 = ±|vk〉 according to the sign of λk, and the
spectral decomposition is recovered.

In all cases the operator is written as a sum of rank-one operators: |u〉〈v| maps any
vector onto the single direction |u〉. The number of non-vanishing singular values is the
rank of Â. We will meet the singular value decomposition again in Sec. 2.3.3: the Schmidt
decomposition of a bipartite pure state is the singular value decomposition of its matrix
of coefficients.

Example
Take as an example a qubit or two state system, k = 1,K = 2. An example of an operator with rank 2
in this qubit space is

σz =

[
1 0
0 −1

]
and it cannot be written as |ψ〉〈φ|. Instead, it can be written as

σz = a11

[
1
0

] [
1 0

]
+ a12

[
0
1

] [
1 0

]
+ a21

[
1
0

] [
0 1

]
+ a22

[
0
1

] [
0 1

]
= a11︸︷︷︸

=1

[
1 0
0 0

]
+ a12︸︷︷︸

=0

[
0 0
1 0

]
+ a21︸︷︷︸

=0

[
0 1
0 0

]
+ a22︸︷︷︸

=−1

[
0 0
0 1

]

=

2∑
k=1

λk|ψk〉〈ψk| (2.14)

with σ̂z|ψk〉 = λk|ψk〉, λk = ±1 and |ψk〉 the corresponding eigenstates.
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Symbol Name, object, property

Â Observable - Operator
Â|ψ〉 = |ψ′〉 Action on a vector in H
Â(c|ψ〉+ d|φ〉) = cÂ|ψ〉+ dÂ|φ〉 Linearity
〈ψ|Â† with Â† the adjoint of Â bra associated to the ket Â|ψ〉
Â = Â† Hermitian
〈φ|Â|ψ〉 = 〈ψ|Â†|φ〉∗ Self-adjoint
Â†Â = ÂÂ† = I Unitary
ÂB̂ 6= B̂Â Non commutative (but associative)
(ÂB̂)† = B̂†Â† Hermitian
|ψ〉〈φ| Outer product: an operator
Â|an〉 = an|an〉 with an ∈ C Eigenstate |an〉 with eigenvalue an
Â = Â† =⇒ an ∈ R ∀n real eigenvalues
{|an〉} with an 6= am Orthonormal basis of H
|ψ〉 =

∑
n

cn|an〉 with cn ∈ C ket written in the basis {|an〉}

〈an|Â|am〉 = 〈am|Â†|an〉∗ Matrix representation of Â
Hermitian = transpose & conjugate

TrÂ =
∑
n

〈an|Â|an〉 Trace of Â

Â =
∑
n

an|an〉〈an| Representation of Â

If [Â, B̂] = 0 then 〈an|B̂|am〉 = bnδnm Compatible operators,
diagonal in same basis same eigenkets

〈(∆Â)2〉〈(∆B̂)2〉 ≥ 1
4
|〈[Â, B̂]〉|2 Uncertainty relation

{|ψn〉} with 〈ψn|ψm〉 = δnm Orthonormal basis of a finite dimensional H∑
n

|ψn〉〈ψn| = I Closure

Exercise 2.1
Spin along an arbitrary direction. Let ~n = (sin θ cosφ, sin θ sinφ, cos θ) be a unit vector and σ̂~n = ~n · ~̂σ.
(a) Show that σ̂2

~n = I and deduce its eigenvalues. (b) Show that its eigenvectors are |~n+〉 = cos θ2 |0〉 +

eiφ sin θ
2 |1〉 and |~n−〉 = sin θ

2 |0〉 − e
iφ cos θ2 |1〉, and that they are orthogonal. (c) Which states do you

obtain for ~n = êx?

Solution. (a) σ̂2
~n =

∑
ab nanbσ̂

aσ̂b =
∑
a n

2
a I +

∑
a<b nanb{σ̂a, σ̂b} = I, since the Pauli

matrices anticommute. The eigenvalues satisfy λ2 = 1 and, since Tr σ̂~n = 0, they are +1
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and −1. (b) In matrix form σ̂~n =

[
cos θ sin θe−iφ

sin θeiφ − cos θ

]
. Acting on |~n+〉, the first component

is cos θ cos θ2 +sin θ sin θ
2 = cos θ2 and the second one eiφ(sin θ cos θ2−cos θ sin θ

2 ) = eiφ sin θ
2 , so

σ̂~n|~n+〉 = |~n+〉; similarly for |~n−〉 with eigenvalue −1. 〈~n−|~n+〉 = sin θ
2 cos θ2 − cos θ2 sin θ

2 =
0. Any pure qubit state is |~n+〉 for some ~n: this is the Bloch sphere. (c) θ = π/2, φ = 0:
|~n±〉 = |±〉, up to a sign.

Exercise 2.2
Commutators. Using [x̂, p̂] = i~, prove [x̂, p̂2] = 2i~p̂ and, more generally, [x̂, f(p̂)] = i~f ′(p̂) for any
function f with a Taylor expansion. Deduce [x̂, Ĥ] for Ĥ = p̂2/(2m) + V (x̂).

Solution. [x̂, p̂2] = [x̂, p̂]p̂ + p̂[x̂, p̂] = 2i~p̂. By induction, [x̂, p̂n] = [x̂, p̂]p̂n−1 + p̂[x̂, p̂n−1] =
ni~p̂n−1, and summing the Taylor series [x̂, f(p̂)] = i~f ′(p̂). Since [x̂, V (x̂)] = 0, [x̂, Ĥ] =
i~p̂/m, which, in the Heisenberg picture, gives dx̂/dt = p̂/m.

2.1.3 Measurement

It is postulated that a measurable observable of a physical system is represented by a
linear Hermitian operator, that acts on vectors of the Hilbert space representing the state
of the physical system.

The process of measuring an observable Â in a state |ψ〉 goes as follows.
− First, one needs to express the observable Â in terms of its eigen-basis. For that,

one needs to determine its eigenstates {|an〉} and eigenvalues {an} from

Â|an〉 = an|an〉 .

The eigenvalues an are the possible outcomes of the measurement, and the eigen-
states |an〉 form a basis for the Hilbert space.

− Next, express the system’s state |ψ〉 in terms of the eigenstates {|an〉} of A:

|ψ〉 =
∑
n

cn|an〉 ,

where cn = 〈an|ψ〉 are the expansion coefficients, which represent the projection of
|ψ〉 onto the eigenstate |an〉.

− The Born rule states that when one measures the observable Â, the system collapses
into one of its eigenstates |an〉, and the corresponding eigenvalue an will be the
measurement result. The probability P (an) of measuring the eigenvalue an is given
by the squared modulus of the projection of |ψ〉 onto |an〉:

P (an) = |〈an|ψ〉|2 = |cn|2 .

It tells how likely it is to observe the outcome an when measuring Â in the state |ψ〉.
The outcome of a measurement is not deterministic, there is a probability element
to it. Note that |cn|2 are positive real values and

∑
n |cn|2 = 1. One cannot access

the phase of the coefficients cn in this way.
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Note that it is assumed that the measurement of an observable somehow instanta-
neously changes the quantum state of the system into one of the eigenstates of that
operator, |ψ〉 7→ |an〉 with P (an) = |cn|2.

There is, however, a way to access the phases of the coefficients cn by working in
another basis. Let us see how it works with an example.

Example
Take the two-level system, k = 1,K = 2 and consider the quantum state

|ψ〉 =
1√
2
|0〉+

eiθ√
2
|1〉 (2.15)

The standard measurement of σ̂z would yield |0〉 with probability p0 = 1/2 or |1〉 also with probability
p1 = 1/2.

Let us change basis to

|+〉 =
1√
2

(|0〉+ |1〉) |−〉 =
1√
2

(|0〉 − |1〉) (2.16)

eigenstates of σ̂x with eigenvalues 1 and −1, respectively, which implies

|0〉 =
1√
2

(|+〉+ |−〉) |1〉 =
1√
2

(|+〉 − |−〉) (2.17)

and use these expressions to rewrite |ψ〉 in this new basis:

|ψ〉 =
1

2
(|+〉+ |−〉) +

eiθ

2
(|+〉 − |−〉) =

1

2

(
1 + eiθ

)
|+〉+

1

2

(
1− eiθ

)
|−〉

=
1

2
(1 + cos θ + i sin θ) |+〉+

1

2
(1− cos θ − i sin θ) |−〉 (2.18)

Therefore, the probabilities of measuring +1 and −1 with the operator σ̂x are

P+ =
1

4
| (1 + cos θ + i sin θ) |2 =

1

4
[(1 + cos θ)2 + (sin θ)2] =

1

2
[1 + cos θ] = cos2 θ

2
(2.19)

P− =
1

4
| (1− cos θ − i sin θ) |2 =

1

4
[(1− cos θ)2 + (− sin θ)2] =

1

2
[1− cos θ] = sin2 θ

2
(2.20)

One verifies that P+ + P− = 1, and one can thus measure θ. The Bloch sphere representation of this
state is shown in Fig. 2.1.

Exercise 2.3
Global and relative phases. Consider |ψϕ〉 = (|0〉 + eiϕ|1〉)/

√
2. (a) σ̂z is measured. Compute the

probabilities of the two outcomes. (b) σ̂x is measured instead. Compute the probability of obtaining the
eigenvalue +1, that is, of finding the qubit in the eigenstate |+〉 = (|0〉 + |1〉)/

√
2 of σ̂x. (c) Show that

eiα|ψϕ〉 gives the same results as |ψϕ〉 for any measurement.

Solution. (a) |〈0|ψϕ〉|2 = |〈1|ψϕ〉|2 = 1/2, independently of ϕ. (b) 〈+|ψϕ〉 = (1 + eiϕ)/2, so
the probability is |1 + eiϕ|2/4 = cos2(ϕ/2): it varies between 0 and 1. The relative phase is
invisible in one basis and fully visible in another one. (c) All probabilities are of the form
|〈φ|ψ〉|2, and |eiα| = 1. A global phase has no physical meaning; a relative phase does.
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x

y

z

|0〉

|1〉

|+〉

|−〉

|+i〉

|−i〉

~n, |ψ〉
θ

φ

Figure 2.1: The Bloch sphere. A pure qubit state |ψ〉 = cos θ2 |0〉+ eiφ sin θ
2 |1〉 is represented by

the unit vector ~n = (sin θ cosφ, sin θ sinφ, cos θ), and it is the eigenvector of ~n · ~̂σ with eigenvalue
+1. The eigenstates of σ̂z are at the poles and those of σ̂x, |±〉, and σ̂y, |±i〉 = (|0〉 ± i|1〉)/

√
2,

on the equator. Orthogonal states are antipodal. The state (|0〉 + eiθ|1〉)/
√

2 of the example
above lies on the equator (polar angle π/2, azimuth equal to the phase θ), and the probabilities
P± of the outcomes of a measurement of σ̂x are the squared cosine and sine of half its angular
distance to |+〉.

A special operator is the Hamiltonian, which is restricted by two postulates of quantum
mechanics:

− The Hamiltonian must be a Hermitian operator so that its eigenvalues (energy levels)
are real (as any other observable).

− The spectrum must be bounded from below so as to have a finite ground state
energy.

After a measurement, the quantum state collapses to an eigenstate of the operator
measured. Other aspects of the state may be unknown. Repeating the same measurement
will not alter the state which is already an eigenstate of the operator.

A full set of compatible measurements (sometimes called a complete set of commuting
observables) is a set of observables {Â1, Â2, . . . , Ân} such that commute pairwise and the
joint eigenvectors of the set form a unique basis for the Hilbert space and are not degen-
erate. Because all observables in the set commute, the measurements can be performed
simultaneously and one measurement does not disturb the other ones. Each measurement
reduces uncertainty about the quantum state. When the set is complete, no degeneracy
remains: the final state is uniquely specified and it cannot be written as a probabilistic
mixture, it is a pure state.

The uncertainty principle states that pairs of physical quantities represented by non-
commuting operators – such as position and momentum – cannot both be known with
perfect precision at the same time. The more precisely one of them is measured, the less
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precisely the other can be known. This is not due to experimental limitations, but is a
fundamental property of nature arising from the wave-like nature of quantum states. For
position and momentum,

∆x∆p ≥ ~
2

(2.21)

This means that no quantum system can have both a perfectly defined position and a
perfectly defined momentum simultaneously. It reflects that quantum particles do not
have definite values of these quantities until they are measured.

Performing a measurement of one observable Â will necessarily influence the outcome
of a subsequent measurement of an observable B̂, if Â and B̂ do not commute. This is
another way to see that the act of acquiring information about a physical system inevitably
disturbs its state. This does not happen in classical physics. Quantum information cannot
be copied with perfect fidelity (no cloning principle, see Sec. 2.4.6) and one cannot use
the trick of measuring on a copy without disturbing the original system in this way.

These are bad news when it comes to use quantum mechanics to build a quantum
computer: reading the output of a quantum computer - making a measurement - would
destroy most of the information it stores. Where once there was a superposition, the
measurement takes the measured qu-bit to be in one of its two states. There are ways
to avoid this problem, by introducing ancilla qubits, which are extra qubits added to
implement irreversible logical operations on them.

The spectrum of the operators which correspond to observables are the values that these
can take in a measurement. Since measurements should take real values, the operators
associated to observables should be self-adjoint, Â = Â† and have the same domain, thus
be Hermitian. The eigenvalues of a Hermitian operator are real and the eigenvectors
associated to different eigenvalues are orthogonal. The first statement reads as follows.

For Ĥ = Ĥ†, Ĥ|ψn〉 = En|ψn〉 with En ∈ R . (2.22)

Exercise 2.4
Prove the statement above.

Proof. Take the inner product of this expression with 〈ψn|, and use the orthonormality of the
eigenvectors to get 〈ψn|Ĥ|ψn〉 = En. Now, rewrite the left-hand-side as lhs=〈ψn|Ĥ†|ψn〉∗
and use the fact that Ĥ = Ĥ†, to get lhs=〈ψn|Ĥ|ψn〉∗ = E∗n. Equating to the right-hand-
side, En = E∗n.

Haydock and Kelly stated that, while the Hermitian condition was sufficient to ensure
real eigenvalues, it was not necessary [53]. Attempts have been made to relax the Her-
miticity condition, and work with non-Hermitian Hamiltonians (still with PT parity-time
reversal symmetry) which have only real eigenvalues. Many such non-Hermitian Hamilto-
nians were constructed and studied. This gave rise to the field of non-Hermitian quantum
mechanics which is quite fashionable nowadays [54].
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Symbol Measurement
Â|ψ〉 = an|ψ〉 iff |ψ〉 = |an〉 Action on an eigenvector
|ψ〉 −→ |an〉 an eigenvector of Â Measurement of Â

System projected on |an〉
|〈an|ψ〉|2 Probability of collapse on |an〉 (|ψ〉 normalized)
〈A〉ψ = 〈ψ|Â|ψ〉 Expectation value of Â in the state

=
∑
n

an |〈an|ψ〉|2 |ψ〉 =
∑
n

cn|an〉 =
∑
n

〈an|ψ〉|an〉

{|ψ〉} Copies of the state Pure ensemble

Exercise 2.5
Measurements of incompatible observables. A qubit is prepared in |0〉. (a) σ̂z is measured. Which results
are obtained, with which probabilities? (b) σ̂x is measured first and then σ̂z. Give the probabilities of
the four possible pairs of results. (c) The measurement of σ̂x is performed but its result is not read.
Which is the density operator after this measurement?

Solution. (a) +1 with probability one. (b) σ̂x gives ±1 with probability |〈±|0〉|2 = 1/2
and leaves the qubit in one of the two |±〉. Then σ̂z gives ±1 with probability 1/2. The
four pairs have probability 1/4 each. The intermediate measurement of an incompatible
observable erased the information on σ̂z. (c) ρ̂ = 1

2 |+〉〈+|+
1
2 |−〉〈−| = I/2: a non-selective

measurement transforms the pure state into a maximally mixed one.

2.1.4 Expectation values

The expectation value represents the average value of a measurement over many trials
for a given state. For a quantum state |ψ〉 =

∑
n cn|an〉 the expectation value of an

operator Â is given by:

〈Â〉ψ = 〈ψ|Â|ψ〉 =
∑
n

an|〈an|ψ〉|2 =
∑
n

an|cn|2 . (2.23)

The expectation value is a single number (real if Â is Hermitian because all an are real).
It represents an average over many measurements, not a single measurement outcome.
The process of calculating the expectation value does not alter the quantum state |ψ〉〈ψ|
contrary to a measurement. The expectation value calculation is a theoretical computation.

Example
Consider the state |ψ〉 = |0〉 (spin up). The expected value of the operator σ̂z is 〈0|σ̂z|0〉 = 〈0|0〉 = 1.
instead, if the state is a superposition of up and down |ψ〉 = a|0〉 + b|1〉, then 〈ψ|σ̂z|ψ〉 = (a∗〈0| +
b∗〈1|) σ̂z (a|0〉+b|1〉) = (a∗〈0|+b∗〈1|) (a|0〉−b|1〉) = (|a|2〈0|0〉−a∗b〈0|1〉+b∗a〈1|0〉−|b|2〈1|1〉) = |a|2−|b|2.
This means that the probability of measuring spin-up along the z axis is |a|2 while the one of measuring
spin-down along the same axis is |b|2.
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Exercise 2.6
Uncertainty relation for a qubit. For |ψ〉 = cos θ2 |0〉+sin θ

2 |1〉 compute 〈σ̂a〉 and (∆σa)2 = 〈(σ̂a)2〉−〈σ̂a〉2
for a = x, y, z, and check the Robertson inequality ∆σx ∆σy ≥ 1

2 |〈[σ̂
x, σ̂y]〉|.

Detailed solution for σ̂z.
The state. Write c ≡ cos θ2 and s ≡ sin θ

2 , so that |ψ〉 = c |0〉+s |1〉. The state is normalized,
〈ψ|ψ〉 = c2〈0|0〉+ cs 〈0|1〉+ sc 〈1|0〉+ s2〈1|1〉 = c2 + s2 = 1, where we used 〈0|0〉 = 〈1|1〉 = 1
and 〈0|1〉 = 〈1|0〉 = 0. Since c and s are real, the associated bra is 〈ψ| = c 〈0|+ s 〈1|.
Action of the operator. |0〉 and |1〉 are the eigenvectors of σ̂z with eigenvalues +1 and −1,
σ̂z|0〉 = |0〉, σ̂z|1〉 = −|1〉. By linearity,

σ̂z|ψ〉 = c σ̂z|0〉+ s σ̂z|1〉 = c |0〉 − s |1〉 .

Expectation value.

〈σ̂z〉 = 〈ψ|σ̂z|ψ〉 = (c 〈0|+ s 〈1|) (c |0〉 − s |1〉) = c2〈0|0〉−cs 〈0|1〉+sc 〈1|0〉−s2〈1|1〉 = c2−s2 ,

and, using cos2 θ
2 − sin2 θ

2 = cos θ,
〈σ̂z〉 = cos θ .

The same result in matrix form, with |ψ〉 → (c, s)T :

〈σ̂z〉 =
[
c s

] [1 0
0 −1

] [
c
s

]
=
[
c s

] [ c
−s

]
= c2 − s2 .

And in terms of probabilities: by the Born rule, a measurement of σ̂z gives +1 with prob-
ability P (+1) = |〈0|ψ〉|2 = c2 and −1 with probability P (−1) = |〈1|ψ〉|2 = s2, so that
〈σ̂z〉 = (+1)P (+1) + (−1)P (−1) = c2 − s2: the quantum expectation value is the average
of the measurement results.
Second moment. (σ̂z)2|0〉 = σ̂z|0〉 = |0〉 and (σ̂z)2|1〉 = −σ̂z|1〉 = |1〉, so (σ̂z)2 = I (in
matrix form, diag(1,−1)2 = diag(1, 1)). Hence

〈(σ̂z)2〉 = 〈ψ|I|ψ〉 = 〈ψ|ψ〉 = 1 ,

which is also (+1)2P (+1) + (−1)2P (−1) = c2 + s2 = 1: whatever the state, the square of
the measured value is one.
Variance.

(∆σz)2 = 〈(σ̂z)2〉 − 〈σ̂z〉2 = 1− cos2 θ = sin2 θ , ∆σz = | sin θ| .

Check with the probabilities: (∆σz)2 =
∑
a=±1 P (a) (a − 〈σ̂z〉)2 = c2(1 − cos θ)2 + s2(1 +

cos θ)2. With 1 − cos θ = 2s2 and 1 + cos θ = 2c2, this is 4c2s4 + 4s2c4 = 4c2s2(s2 + c2) =
(2sc)2 = sin2 θ, using 2 sin θ

2 cos θ2 = sin θ.
Interpretation. 〈σ̂z〉 = cos θ is the z component of the Bloch vector of the state, which points
in the direction of polar angle θ in the x-z plane. For θ = 0 (|ψ〉 = |0〉) or θ = π (|ψ〉 = |1〉)
the state is an eigenstate of σ̂z: the result of the measurement is certain, 〈σ̂z〉 = ±1, and
∆σz = 0. For θ = π/2 (|ψ〉 = |+〉) the two results are equally likely, 〈σ̂z〉 = 0, and the
fluctuations are maximal, ∆σz = 1. In general, the variance vanishes if and only if the state
is an eigenstate of the measured operator.
General Solution. 〈σ̂x〉 = sin θ, 〈σ̂y〉 = 0, 〈σ̂z〉 = cos θ. Since (σ̂a)2 = I: (∆σx)2 = cos2 θ,
(∆σy)2 = 1, (∆σz)2 = sin2 θ. With [σ̂x, σ̂y] = 2iσ̂z, the right-hand side is | cos θ|, equal
to the left-hand side ∆σx∆σy = | cos θ|: the inequality is saturated. Note that for θ = 0
the state is an eigenstate of σ̂z and σ̂x, σ̂y both fluctuate maximally, while for θ = π/2 the
bound is zero although σ̂y fluctuates.
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2.1.5 Unitary operators

Unitary operators satisfy
Û Û † = Û †Û = I , (2.24)

with † representing transpose and complex conjugate, are specially important since the
time-evolution operator has to be unitary to ensure conservation of probability.

A unitary transformation is a rigid body rotation (or reflection) of the Hilbert space,
which results in a transformation of the state vector that does not change its length:

〈ψ′|ψ′〉 = 〈ψ|Û †Û |ψ〉 = 〈ψ|I|ψ〉 = 〈ψ|ψ〉 .

Quantum gates

Take a qu-bit. A unitary operator can be represented by a two by two matrix U with
complex entries and complex transpose U †:

U =

[
a b
c d

]
U † =

[
a∗ c∗

b∗ d∗

]
(2.25)

The unitary condition is UU † = U †U = I.
There are a number of well-known operations of this kind, called gates in the quantum

computational context:

− Hadamard Gate. Can be viewed as a reflection around π/8, or a rotation around
π/4 followed by a reflection.

H =
1√
2

[
1 1
1 −1

]
(2.26)

H2 = I and H†H = I.
The Hadamard gate acts as

H|0〉 =
1√
2

[
1 1
1 −1

] [
1
0

]
=

1√
2

[
1
1

]
=

1√
2

([
1
0

]
+

[
0
1

])
=

1√
2

(|0〉+ |1〉) (2.27)

and
H|1〉 =

1√
2

[
1 1
1 −1

] [
0
1

]
=

1√
2

[
1
−1

]
=

1√
2

([
1
0

]
−
[
0
1

])
=

1√
2

(|0〉 − |1〉) (2.28)

that is, it transforms the eigenstates of σ̂z in eigenstates of σ̂x.
− Rotation Gate. It rotates the plane by θ:

R =

[
cos θ − sin θ
sin θ cos θ

]
(2.29)

R2 6= I but RR† = I.
− NOT Gate. Flips the bit from |0〉 to |1〉 and vice versa

NOT =

[
0 1
1 0

]
(2.30)
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− Phase flip.

Z =

[
1 0
0 −1

]
(2.31)

This gate is a NOT gate acting on the |+〉 = 1/
√

2 (|0〉+ |1〉), |−〉 = 1/
√

2 (|0〉−|1〉)
basis, Eq. (2.16): Z|+〉 = |−〉 and Z|−〉 = |+〉.

Proof.
Z|±〉 =

1√
2

[
1 0
0 −1

]
(|0〉 ± |1〉) =

1√
2

(|0〉 ± (−1)|1〉) = |∓〉 (2.32)

Exercise 2.7
Rotations of a qubit. (a) Using (~n · ~̂σ)2 = I, show that e−iα~n·~̂σ/2 = cos α2 I − i sin α

2 ~n · ~̂σ and that it is
unitary. (b) Compute e−iπσ̂y/4|0〉. (c) Show that the Hadamard gate H = (σ̂x + σ̂z)/

√
2 is both unitary

and Hermitian. (d) What is e−i2πσ̂z/2? Comment.

Solution. (a) Separate even and odd powers in the exponential series: the even ones give∑
k(−1)k(α/2)2k/(2k)! I = cos α2 I and the odd ones −i sin α

2 ~n · ~̂σ. The adjoint is cos α2 +

i sin α
2 ~n · ~̂σ and the product of the two is cos2 α

2 + sin2 α
2 = 1. (b) cos π4 |0〉 − i sin π

4 σ̂
y|0〉,

and σ̂y|0〉 = i|1〉, so the result is (|0〉 + |1〉)/
√

2 = |+〉: a rotation by π/2 around y takes
the north pole of the Bloch sphere to the equator. (c) H† = H since the Pauli matrices are
Hermitian, and H2 = (I + I + {σ̂x, σ̂z})/2 = I, so H†H = I. (d) cosπ I = −I: a rotation by
2π multiplies spin-1/2 states by −1. This global sign is unobservable for a single spin, but
becomes observable in interference experiments.

2.1.6 Density operator

In words, the density operator (or density matrix) is the mathematical object that
describes the state of a quantum system, especially when the system is not in a single,
perfectly known pure state. It is the most general description of a quantum state.

It is particularly important to use the density operator in the quantum theory of open
systems, where a quantum system interacts with an external system whose evolution is
unknown, and in the quantum theory of measurement and information.

Having said so, the dimension of the density matrix of the system is the square of that
of the system’s Hilbert space. This requirement may make their numerical evaluation
prohibitively expensive, even for moderately sized quantum systems.

Let us start by discussing the density operator for a pure state and then see how it
generalizes.

Pure states

The density operator of a pure state |ψ〉 takes the form

ρ̂ = |ψ〉〈ψ| (2.33)
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Figure 2.2: Notation used to represent various gates. Source: Wikipedia.

The pure state |ψ〉 can be expanded in a basis |ψn〉 of the Hilbert space, |ψ〉 =
∑

n cn|ψn〉
and then

ρ̂ =
∑
kl

ckc
∗
l |ψk〉〈ψl| (2.34)

In this same basis, the density matrix has elements

ρnm = 〈ψn|
∑
kl

ckc
∗
l |ψk〉〈ψl|ψm〉 =

∑
kl

ckc
∗
l δknδlm = cnc

∗
m (2.35)

The physical content of the density operator is more apparent when we compute the ele-
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ments of the density matrix with respect to a complete, orthonormal basis. The diagonal
elements are real numbers and they are referred to as populations, give the measurement
probability of the system in each of the states, and add up to one. The off-diagonal
elements are complex conjugates of each other and they are referred to as coherences;
they give information about the relative phase of different components of the superposi-
tion. For example, if we write the state vector as a superposition with explicit phases,
cn = |cn|eiθn ,

ρnm = |cn||cm|ei(θn−θm) (2.36)
In another basis, say {|φn〉}, the elements will be different. The state |ψ〉 will have

different coefficients dn when expanded in this new basis, |ψ〉 =
∑

n dn|φn〉. Then,

ρnm = 〈φn|
∑
kl

dkd
∗
l |φk〉〈φl|φm〉 =

∑
kl

dkd
∗
l 〈φn|φk〉 〈φl|φm〉 = dnd

∗
m (2.37)

and dnd∗m 6= cnc
∗
m.

Example
Let us consider a pure state |ψ〉 of a two-level system, a particle with spin up or down, in a superposition,

|ψ〉 = c0|0〉+ c1|1〉 (2.38)

The density operator is

ρ̂ = |ψ〉〈ψ| = c∗0c0|0〉〈0|+ c0c
∗
1|0〉〈1|+ c1c

∗
0|1〉〈0|+ c∗1c1|1〉〈1|

= |c0|2|0〉〈0|+ |c1|2|1〉〈1|+ c0c
∗
1|0〉〈1|+ c1c

∗
0|1〉〈0|︸ ︷︷ ︸

interference

(2.39)

In the |0〉, |1〉 basis the density matrix is [
|c0|2 c0c

∗
1

c1c
∗
0 |c1|2

]
(2.40)

The trace of this matrix is Trρ̂ = |c0|2 + |c1|2 = 1 by normalization. The interference terms are the
off-diagonal ones in the matrix. Decoherence usually refers to the destruction of the interference terms or
the off-diagonal elements in the matrix, leaving just the diagonal elements. Note however that whether
or not there is any interference (non-zero off-diagonal elements in ρ) depends on our choice of basis. Just
because a density matrix is diagonal in some basis does not mean the system is behaving classically. In
this simple problem ρ is diagonal only if |c0|2 = 0 or |c1|2 = 0.

Use now the basis of eigenstates of the operator σ̂x, |+〉 ≡ (|0〉+ |1〉)/
√

2 with eigenvalue 1 and |−〉 ≡
(|0〉−|1〉)/

√
2 with eigenvalue −1, and rewrite ρ̂ in this basis. One has the new elements ρ11, ρ12, ρ21, ρ22.

They read

2ρ11 = (〈0|+ 〈1|) (c∗0c0|0〉〈0|+ c0c
∗
1|0〉〈1|+ c1c

∗
0|1〉〈0|+ c∗1c1|1〉〈1|) (|0〉+ |1〉)

= c∗0c0 + c0c
∗
1 + c1c

∗
0 + c∗1c1 (2.41)

2ρ12 = (〈0|+ 〈1|) (c∗0c0|0〉〈0|+ c0c
∗
1|0〉〈1|+ c1c

∗
0|1〉〈0|+ c∗1c1|1〉〈1|) (|0〉 − |1〉)

= c∗0c0 − c0c∗1 + c1c
∗
0 − c∗1c1 (2.42)

2ρ21 = (〈0| − 〈1|) (c∗0c0|0〉〈0|+ c0c
∗
1|0〉〈1|+ c1c

∗
0|1〉〈0|+ c∗1c1|1〉〈1|) (|0〉+ |1〉)

= c∗0c0 + c0c
∗
1 − c1c∗0 − c∗1c1 (2.43)

2ρ22 = (〈0| − 〈1|) (c∗0c0|0〉〈0|+ c0c
∗
1|0〉〈1|+c1c∗0|1〉〈0|+c∗1c1|1〉〈1|) (|0〉 − |1〉)

= c∗0c0 − c0c∗1 − c1c∗0 + c∗1c1 (2.44)
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The trace of this matrix is 2Trρ = [c∗0c0+��c0c
∗
1 +��c1c

∗
0 +c∗1c1]+[c∗0c0−��c0c

∗
1−��c1c

∗
0 +c∗1c1] = 2|c0|2+2|c1|2 = 2

and Trρ = Trρ = 1. Can we choose the coefficients c0, c1 so as to make this matrix diagonal while keeping
ρ non diagonal? The requirement ρ12 = ρ21 = 0 implies

c∗0c1 = c∗1c0 and |c0|2 = |c1|2 (2.45)

so it is possible: for instance c0 = c1 = 1/
√

2, that is |ψ〉 = |+〉, gives ρ11 = 1, ρ12 = ρ21 = ρ22 = 0, while
ρ is not diagonal.

One could have proceeded differently, that is, writing |ψ〉 in the |+〉, |−〉 basis. For that, we write

|0〉 =
1√
2

(|+〉+ |−〉) |1〉 =
1√
2

(|+〉 − |−〉) (2.46)

and then

|ψ〉 = c0|0〉+ c1|1〉 =
c0√

2
(|+〉+ |−〉) +

c1√
2

(|+〉 − |−〉) =
c0 + c1√

2
|+〉+

c0 − c1√
2
|−〉 (2.47)

We now construct the elements of the ρ matrix,

ρ11 = 〈+|ψ〉〈ψ|+〉 =
(
〈+|c0 + c1√

2
|+〉+

�������〈+|c0 − c1√
2
|−〉
)(c∗0 + c∗1√

2
〈+|+〉+

�������c∗0 − c∗1√
2
〈−|+〉

)
=

c0 + c1√
2

c∗0 + c∗1√
2

=
1

2
(|c0|2 + |c1|2 + c0c

∗
1 + c∗0c1) (2.48)

which is the same expression we found above. Similarly for the other components.

The density operator of a pure state is Hermitian: ρ̂† = ρ̂. From its definition ρ̂ =
|ψ〉〈ψ|, this is obvious. From the matricial representation, the proof is also simple and
it goes as follows. Let us first have a look at the elements of the density matrix in the
original basis. According to (2.35) they are ρnm = cnc

∗
m. The elements of the matrix of

the operator ρ̂† in the same basis are (ρ†)nm = (cnc
∗
m︸︷︷︸

n↔m

)∗ = (cmc
∗
n)∗ = c∗mcn = cnc

∗
m = ρnm.

To get fully convinced that Hermiticity holds for all ways of writing the density oper-
ator, we now write |ψ〉 in the basis {|ψn〉} and we sandwich the operator with respect to
the basis {|φn〉}. Taking the complex conjugate of those elements:

ρ∗mn =
∑
kl

c∗kcl 〈φm|ψk〉∗ 〈ψl|φn〉∗ =
∑
kl

c∗kcl 〈ψk|φm〉 〈φn|ψl〉

=
∑
kl

clc
∗
k 〈φn|ψl〉〈ψk|φm〉 = ρnm . (2.49)

The diagonal elements ρnn represent probabilities associated with the quantum state’s
measurement outcomes. Since probabilities must be real and non-negative, this aligns
with the fact that the diagonal elements are real and non-negative.

The density operator has unit trace, Trρ̂ = 1 =
∑

n〈φn|ρ̂|φn〉 where {|φn〉} is a generic
complete orthonormal set of vectors, a basis of the Hilbert space.
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Although the density matrix depends on the basis in which it is calculated, its trace is
independent of the basis chosen, since its diagonal elements represent the probabilities of
getting the different outcomes (eigenvalues) of a particular observable whose eigenstates
make up that particular basis. Their sum must add up to 1.

The density operator is positive semi-definite 〈ψ|ρ̂|ψ〉 ≥ 0 for an arbitrary vector |ψ〉,
and all eigenvalues are non-negative. (See Ex. 2.3 for a general proof.)

The fact that we did not have a diagonal density matrix in the basis of eigenvectors of
σ̂z and we found a diagonal one in the basis of eigenvectors of σ̂x in the example is not
general. We can also read this case in the opposite sense: one can have a diagonal ρ in
a basis {|ψn〉} that becomes non diagonal in another basis {|φn〉}. In the new basis, the
vectors {|φn〉} can be superpositions of the original basis vectors {|ψn〉}. When expressed
in the new basis, the off-diagonal terms may appear, representing quantum coherences
between the different states in that basis.

Mixed states

Consider a system that is prepared in a pure state (i.e. one that is described by a
single wave function), but we do not know what this pure state is. It might be |ψ1〉 or
|ψ2〉 with (let us assume) equal probability (where the probability reflects our ignorance
rather than a property of the system itself). We express this ignorance as a mixed state
density matrix:

ρ̂ =
1

2
(|ψ1〉〈ψ1|+ |ψ2〉〈ψ2|) (2.50)

where the factors of 1
2
are classical probabilities.

Example
An example would be the one of a spin which has been previously measured by a detector (prepared)
along the z-axis. It is thus in a pure state of either |0〉 or |1〉 but, if we do not know which of the states it
is in because, for example, we could not access the result of the measurement, we must describe it by a
mixed state, with density operator ρ̂ = 1

2 (|0〉〈0|+ |1〉〈1|), and equal probability 1/2 of being in |0〉 or |1〉.
The components in the basis |0〉, |1〉 are ρ11 = ρ22 = 1/2 and ρ12 = ρ21 = 0, so the matrix is diagonal.
The trace of the operator is Trρ̂ = 1. Instead the matrix squared has elements ρ2

11 = ρ2
22 = 1/4 and

ρ2
12 = ρ2

21 = 0 and its trace is Trρ2 = 1/2 < 1.
Note that this density operator is not the one of a pure state |ψ〉 = c0|0〉 + c1|1〉, since for such the
coefficients c0 and c1 are complex numbers with |c0|2 + |c1|2 = 1 and this implues Trρ2 = Tr(|ψ〉〈ψ|)2 = 1.
This density operator can also be expressed as ρ̂ = 1

2 (|+〉〈+| + |−〉〈−|) with |±〉 the eigenstates of σ̂x

with eigenvalue ±1, respectively. The same results apply, of course.

We can also use it to describe an ensemble of systems and the density operator de-
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scribing a mixed state takes the form

ρ̂ =
∑
α

pα|ψα〉〈ψα| (2.51)

where 0 ≤ pα ≤ 1 ∈ R is the fraction of the ensemble in each pure state |ψα〉. They sat-
isfy

∑
α pα = 1. The density matrix can be thought of as a way of using the one-particle

formalism to describe the behavior of many similar particles by giving a probability dis-
tribution (or ensemble) of states that these particles can be found in.

The density operator of a mixed state is still Hermitian, ρ̂† = ρ̂ as obvious from its
definition and the fact that pα ∈ R.
Exercise 2.8
Prove that the trace of a mixed state also equals one Trρ̂ = 1.

Proof. The trace of the density operator of a mixed state |ψ〉 =
∑
α pα|φα〉 is Trρ̂ =∑

n 〈ψn| (
∑
α pα|φα〉〈φα|) |ψn〉 where {|ψn〉} is a basis of the Hilbert space. Each of the pure

states |φα〉 can be expanded in the basis {|ψn〉}: |φα〉 =
∑
m c

m
α |ψm〉 with

∑
m |cmα |2 = 1.

One has Trρ̂ =
∑
α pα

∑
n |〈ψn|ψα〉|2. Then, |〈ψn|ψα〉|2 =|〈ψn|

∑
m c

m
α ψm〉|2 = |

∑
m c

m
α δnm|2=

|cnα|2. We can now replace this result in the above expression for Trρ̂ and find Trρ̂ =∑
α pα

∑
n |cnα|2 =

∑
α pα = 1.

Another and shorter way of proving the same result is to write Trρ̂ = Tr
∑
α pα|φα〉〈φα| =∑

α pαTr|φα〉〈φα| =
∑
α pα = 1, which uses the fact that the trace of the density operator

of a pure state equals one.

The density operator of a mixed state is still positive semi-definite, 〈ψ|ρ̂|ψ〉 ≥ 0 for an
arbitrary vector |ψ〉.
Exercise 2.9
Prove this statement.

Proof. One must show that 〈ψ|ρ̂|ψ〉 ≥ 0 for all states |ψ〉. The density operator is ρ̂ =∑
α pα|ψα〉〈ψα|, with |ψα〉 normalized pure states (〈ψα|ψα〉 = 1), and pα ≥ 0 probabilities

with
∑
α pα = 1. For any normalized state |ψ〉, consider the expectation value

〈ψ|ρ̂|ψ〉 = 〈ψ|

(∑
α

pα|ψα〉〈ψα|

)
|ψ〉 =

∑
α

pα〈ψ|ψα〉〈ψα|ψ〉

Since 〈ψ|ψα〉〈ψα|ψ〉 = |〈ψ|ψα〉|2 ≥ 0 and pα ≥ 0, the expectation value is a weighted sum
of non-negative terms:

〈ψ|ρ̂|ψ〉 =
∑
α

pα|〈ψ|ψα〉|2 ≥ 0.

Thus, ρ̂ is semi-positive definite.

Since the density matrix is Hermitian and semi-positive definite, its eigenvalues are
real and non-negative. Therefore, all physical density operators meet the semi-positive
definiteness criterion.

While the trace of the square of the density operator of a pure system still equals one,
the trace of the square of a mixed system is smaller than one.
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Exercise 2.10
Prove Tr(ρ̂)2 = 1 if ρ̂ = ρ̂pure is the one of a pure system and Tr(ρ̂)2 < 1 if ρ̂ = ρ̂mixed is the one of a
mixed system.

Proof. If ρ̂ is the one of a pure system ρ̂pure = |ψ〉〈ψ| is a projector and the square of a
projector is equal to itself, (ρ̂pure)2 = |ψ〉〈ψ|ψ〉〈ψ| = |ψ〉〈ψ|. Then Tr(ρ̂pure)2 = 1.
Instead, if ρ̂ is the one of a mixed system ρ̂mixed =

∑
α pα|ψα〉〈ψα| with pα ≤ 1 and

∑
α pα =

1. To simply the calculation, I assume that the |ψα here are elements of the basis of H. Its
square reads (ρ̂mixed)2= (

∑
α pα|ψα〉〈ψα|)(

∑
β pβ |ψβ〉〈ψβ |)=

∑
αβ pαpβ |ψα〉〈ψα|ψβ〉〈ψβ |=∑

α p
2
α|ψα〉〈ψα|. The trace of this operator is Tr(ρ̂mixed)2 =

∑
α p

2
α < 1.

More general. Let ρ̂ =
∑
α pα |φα〉〈φα|, with pα ≥ 0,

∑
α pα = 1, and |φα〉 normalized pure

states, not necessarily orthogonal to each other. Expand them on the orthonormal basis
{|ψn〉}, n = 1, . . . ,K:

|φα〉 =

K∑
n=1

c(α)
n |ψn〉 ,

K∑
n=1

|c(α)
n |2 = 1 . (2.52)

The matrix elements of the density operator are

ρnm = 〈ψn|ρ̂|ψm〉 =
∑
α

pα c
(α)
n c(α)∗

m , (2.53)

and ρmn = ρ∗nm. Then

Tr ρ̂2 =
∑
n,m

ρnmρmn =
∑
n,m

|ρnm|2 =
∑
α,β

pαpβ
∑
n,m

c(α)
n c(α)∗

m c(β)
m c(β)∗

n

=
∑
α,β

pαpβ

(∑
n

c(β)∗
n c(α)

n

)(∑
m

c(α)∗
m c(β)

m

)
=
∑
α,β

pαpβ |〈φβ |φα〉|2 , (2.54)

where we recognized the overlaps 〈φβ |φα〉 =
∑
n c

(β)∗
n c

(α)
n and used 〈φα|φβ〉 = 〈φβ |φα〉∗.

The overlap of two normalized states satisfies |〈φβ |φα〉| ≤ 1 (Cauchy-Schwarz inequality),
with equality if and only if the two states differ only by a phase, |φα〉 = eiχ|φβ〉. Indeed,
the vector |χ〉 = |φα〉 − 〈φβ |φα〉 |φβ〉 has norm

0 ≤ 〈χ|χ〉 = 1− |〈φβ |φα〉|2 , (2.55)

which vanishes only if |χ〉 = 0, that is, if |φα〉 is proportional to |φβ〉. Using
∑
α,β pαpβ = 1,

Eq. (2.54) can then be rewritten as

Tr ρ̂2 = 1−
∑
α,β

pαpβ
(
1− |〈φβ |φα〉|2

)
, (2.56)

where every term of the sum is non-negative. Hence Tr ρ̂2 ≤ 1. The equality holds only if
all the terms vanish, that is, if all the states |φα〉 with non-zero probability are the same
physical state (up to a phase): ρ̂ = |φ〉〈φ| is a pure state. A mixed state is, by definition,
a mixture in which at least two physically different states, |φα〉 6= eiχ|φβ〉, have non-zero
probabilities. For this pair pαpβ(1− |〈φβ |φα〉|2) > 0, and

Tr ρ̂2 < 1 for a mixed state. (2.57)

For instance, for an equal-weight mixture of two states, p1 = p2 = 1/2, Tr ρ̂2 = 1
2

(
1 + |〈φ1|φ2〉|2

)
,

which equals 1/2 for orthogonal states and approaches one as the two states become iden-
tical. For the mixture of |0〉 and |+〉, |〈0|+〉|2 = 1/2 and Tr ρ̂2 = 3/4.
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Note that the probabilities pα are the eigenvalues of ρ̂ only if the |φα〉 are mutually orthog-
onal. In terms of the eigenvalues λk of ρ̂, which satisfy 0 ≤ λk ≤ 1 and

∑
k λk = 1, the

same result reads Tr ρ̂2 =
∑
k λ

2
k ≤

∑
k λk = 1, with equality only if one eigenvalue equals

one and all the others vanish.

A pure quantum state is a state that cannot be written as a probabilistic mixture of
other quantum states. There is only one pα = 1 and all the others vanish in (2.51).

Observable expectation values

It is postulated that to each physical state it is associated a single linear operator, the
density operator, ρ̂, such that the expectation value of any observable is given by a trace
of the operator in question times the density operator:

〈Ô〉 = Tr(ρ̂Ô) (2.58)

The expectation value 〈Ô〉 represents the average or mean value of the observable Ô over
many measurements of the quantum system. Specifically, it gives the average outcome
if one were to perform many measurements of Ô on identically prepared systems in the
state with density operator ρ̂.

If Ô is a diagonalizable operator, its eigenvalues represent possible outcomes of a mea-
surement, and 〈Ô〉 is a weighted average of those outcomes, weighted by the corresponding
probabilities.

For non-diagonal operators, 〈Ô〉 might still be a real number, but it does not directly
correspond to the probability of obtaining a particular outcome. Instead, it is a kind of
average over all possible measurement outcomes, rather than a probability for a specific
outcome.

In certain special cases the expectation value of an operator can be interpreted as a
probability:

- If Ô = |on〉〈on| is a projection operator, then 〈Ô〉 = Tr(ρ̂|on〉〈on|) gives the proba-
bility of collapsing the system on the state |on〉 and measuring the associated value.

- If Ô corresponds to an observable that is specifically designed to represent the prob-
ability of a particular outcome (like a measurement), then 〈Ô〉 can be interpreted
as a probability.

This is Born’s rule as applied to mixed states. It provides the bridge between the abstract
quantum formalism and the actual physical outcomes observed in experiments.

Example
The average of the operator P̂0 = |0〉〈0| in the state with density operator ρ̂ is, in the case of a projector,
equal to the probability of obtaining the outcome corresponding to |0〉. The Born rule states:

p(0) = Tr(ρ̂ |0〉〈0|).
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For a general density matrix,

ρ =

[
ρ00 ρ01

ρ10 ρ11

]
,

the probability becomes

p(0) = Tr
[
ρ00 ρ01

ρ10 ρ11

] [
1 0
0 0

]
= ρ00

which is indeed real and in [0, 1]. Similarly, the probability of measuring 1, is p(1) = Tr(ρ̂|1〉〈1|) = ρ11,
and ρ00+ρ11 = 1 ensure the conservation of probability. After the measurement, if the outcome associated
with |0〉 is obtained, the state of the system collapses to the normalized projection of ρ̂ onto |0〉

ρ̂post =
P̂0ρ̂P̂0

p(0)

Substituting P̂0, P̂0ρ̂P̂0 = |0〉〈0|ρ̂|0〉〈0| = ρ00|0〉〈0|. Therefore,

ρ̂post =
ρ00|0〉〈0|
ρ00

= |0〉〈0|.

The expectation value of a generic observable Â in a state |ψ〉 equals

〈Â〉ψ = Tr(Âρ̂) (2.59)

where ρ̂ = |ψ〉〈ψ|.
Exercise 2.11
Prove the statement above.

Proof. Consider |ψ〉 =
∑
n cn|an〉 with |an〉 the eigenvectors of the operator Â. The rhs of

(2.59) is

Tr(Âρ̂) =
∑
n

〈an|Âρ̂|an〉 =
∑
n

〈an|Â|ψ〉〈ψ|an〉 =
∑
n

〈an|Â
∑
m

cm|am〉
∑
r

c∗r〈ar|an〉

=
∑
m

cmam
∑
n

〈an|am〉
∑
r

c∗rδrn =
∑
m

cmam
∑
n

δnmc
∗
n

=
∑
n

cnanc
∗
n =

∑
n

an|cn|2 = 〈ψ|Â|ψ〉 (2.60)

Let us express the ensemble average (expectation value) of an observable Â in a mixed
state ρ̂ =

∑
α pα|ψα〉〈ψα| made out of the pure states

|ψα〉 =
∑
n

cnα|an〉 with cnα = 〈an|ψα〉 (2.61)
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where an and |an〉 are the eigenvalues and eigenkets of Â and this is the representation of
|ψα〉 in this basis. It reads

〈Â〉ψ = Tr(ρ̂Â) =
∑
m

〈am|ρ̂Â|am〉

=
∑
m

am〈am|
∑
α

pα|ψα〉〈ψα|am〉

=
∑
α

pα
∑
m

am
∑
r

crα〈am|ar〉
∑
s

(csα)∗〈as|am〉

=
∑
α

pα
∑
m

am
∑
r

crαδmr
∑
s

(csα)∗δsm

=
∑
α

pα
∑
m

am|cmα |2 (2.62)

There are two types of averaging here: one is a weighted quantum superposition over the
basis kets |am〉 of the pure states, and the other is a statistical (said incoherent) average
with the probabilities pα of the states |ψα〉.

Example
It is important to emphasise the difference between a probabilistic mixture of quantum states and their
superposition.
Take a physical system with a two dimensional Hilbert space with basis |1〉 or |0〉, and consider that the

system can be in any of these two states with equal probability. The density matrix is ρ =
1

2

[
1 0
0 1

]
.

On the other hand, a quantum superposition of these two states with equal probability amplitudes results
in the pure state |ψ〉 = (|0〉+ |1〉)/

√
2, with density operator |ψ〉〈ψ| associated to the density matrix

ρ =
1

2

[
1 1
1 1

]
. Unlike the probabilistic mixture, this superposition can display quantum interference

(non-zero non-diagonal elements).

Exercise 2.12
Consider a mixture, such that with probability 1/2 one prepares |0〉, and with probability 1/2 one prepares
the state (|0〉+ |1〉)/

√
2. Find the density matrix in the {|0〉, |1〉} basis. Calculate the eigenvalues, check

that they are real and positive, that the trace equals one, and whether |ρnm|2 < ρnnρmm.

Solution
ρ =

1

2

[
1 0
0 0

]
+

1

2

[
1/2 1/2
1/2 1/2

]
=

[
3/4 1/4
1/4 1/4

]
(2.63)

The eigenvalues and eigenvectors of this matrix are λ± = 1/2±
√

2/4 and |φ±〉 =
√
λ± |0〉±

√
1− λ± |1〉.

The trace of the matrix equals one, 3/4 + 1/4 = 1, and accordingly λ+ + λ− = 1.
|ρ12|2 = (1/4)2 = 1/16 < ρ11ρ22 = (3/4)(1/4) = 3/16.

When the density operator is just the projector on a pure state, the information content
of the density operator is equivalent to that of the state vector (except for the overall phase,

40
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which is not of physical significance). Otherwise, it represents an incoherent superposition
of states and, through the definition, one assigns a probability or weight to each of them.
The density operator represents uncertainty ‘beyond the minimum required by quantum
mechanics’. Like in classical statistical physics, the density operator can be interpreted
as representing an ensemble of identical systems in possibly different states.

Exercise 2.13
Prove that in a generic mixed state, |ραβ |2 < ρααρββ .

Proof. This result is a consequence of the Cauchy-Schwarz inequality, which holds for any
density matrix, since they are all positive semi-definite.
The Cauchy-Schwarz inequality states that for any two complex vectors |ψ〉 and |φ〉, |〈ψ|φ〉|2 ≤
|〈ψ|ψ〉||〈φ|φ〉| and follows from ||ψ〉 − |φ〉|2 ≥ 0. This inequality is fundamental in linear
algebra and essentially says that the inner product squared between two vectors is bounded
by the product of the norms (magnitudes) of the two vectors.
Apply this inequality to the columns of the density matrix in the subspace α, β. The result
follows.

Symbol Name or property
ρ̂ Density (linear) operator

Trρ̂ = 1 Conservation of probability
〈Â〉 = Tr(Âρ̂) Expectation value of Â in ρ̂

ρ̂pure = |ψ〉〈ψ| Projector on a vector = Pure state
Trρ̂2

pure = 1 consequence of 〈ψ|ψ〉 = 1

ρ̂mixed =
∑
α

pα|ψα〉〈ψα| Mixed state with
∑
α

pα = 1

Trρ̂2
mixed =

∑
α p

2
α < 1 consequence of 0 ≤ pα ≤ 1

ρ̂microcanical = 1
N

∑
n

|ψn〉〈ψn| Ĥ|ψn〉 = En|ψn〉 and pn = 1
N

ρ̂canonical =
e−βĤ

Tre−βĤ
=
∑
n

e−βEn∑
m

e−βEm
|ψn〉〈ψn| Ĥ|ψn〉 = En|ψn〉 and pn =

e−βEn∑
m

e−βEm

Z = Tre−βĤ Partition function
−βF = lnZ Free-energy

Exercise 2.14
The Bloch vector. Any qubit density operator can be written as ρ̂ = (I+~r · ~̂σ)/2 with ~r a real vector. (a)
Show that 〈~̂σ〉 = ~r. (b) Compute the eigenvalues of ρ̂ and Tr ρ̂2, and deduce that |~r| ≤ 1, with |~r| = 1 for
pure states only. (c) Find ~r for the mixture of |0〉 and |+〉 with probabilities 1/2, already studied in the
notes, and recover its eigenvalues.

Solution. (a) Tr(σ̂aρ̂) = 1
2Tr σ̂a + 1

2

∑
b rbTr(σ̂aσ̂b) = ra, using Tr(σ̂aσ̂b) = 2δab. (b)

~r · ~̂σ has eigenvalues ±|~r|, so ρ̂ has eigenvalues (1 ± |~r|)/2. Positivity requires |~r| ≤ 1.

41



2.1 Concepts and notation

Tr ρ̂2 = (1 + |~r|2)/2, equal to one only for |~r| = 1: pure states are on the surface of the
Bloch ball, mixed states inside, the maximally mixed state I/2 at the centre. (c) |0〉 has
~r = êz and |+〉 has ~r = êx, so the mixture has ~r = (1/2, 0, 1/2), |~r| = 1/

√
2, and eigenvalues

1/2±
√

2/4, as found in the notes.

Exercise 2.15
Different ensembles, same density operator. Compare the mixture of |0〉 and |1〉 with probabilities 1/2
each with the mixture of |+〉 and |−〉 with probabilities 1/2 each. Can any measurement distinguish
them?

Solution. Both give ρ̂ = I/2. Since all expectation values are Tr(Âρ̂), no measurement can
distinguish the two preparations. The density operator contains all the physically accessible
information; the decomposition of a mixed state into pure states is not unique.

2.1.7 Statistical Physics

The density operator encapsulates the statistical properties of a system [9,55]. We will
discuss this in more detail after studying the quantum formalism for many-body systems,
but we can already introduce some special expressions for the density operator of systems
in thermal equilibrium.

Microcanonical ensemble

In quantum statistical physics, the microcanonical ensemble describes a closed quantum
system with fixed energy, volume, and particle number. This ensemble is used to model
isolated systems that are not in contact with any external environment or heat reservoir,
for example, an isolated atomic gas.

The system is confined to a narrow range of energy values, denoted as E. In practice,
this is represented by an energy shell [E,E + δE], where δE is very small. The micro-
canonical ensemble assumes equal probability for all quantum states within this energy
range. The density operator for the microcanonical ensemble is:

ρ̂ =
1

Ω

∑
n∈ shell

|n〉〈n|,

where |n〉 are the energy eigenstates, Ω = number of states in the shell is the total number
of accessible microstates. The entropy S in the microcanonical ensemble is given by the
Boltzmann formula:

S = kB ln Ω,

where kB is the Boltzmann constant and Ω measures the multiplicity of states at energy
E. The microcanonical temperature T is defined from the entropy as

1

T
=
∂S

∂E
.
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For an observable Ô, its expectation value is computed as:

〈Ô〉 = Tr(ρ̂Ô) =
1

Ω

∑
n∈ shell

〈n|Ô|n〉.

The microcanonical ensemble embodies the principle of “equal a priori probabilities”: all
accessible microstates are equally likely since there is no external influence to favor one
state over another.

The fields of Quantum Chaos and Ergodicity explore how complex quantum systems
equilibrate and distribute energy among accessible microstates.

Exercise 2.16
Calculate the expected value of σ̂z for a qubit with Hamiltonian Ĥ = −(~ω/2)σ̂z, with ~ω the energy
splitting between the eigenstates of σ̂z (due to an external magnetic field), in microcanonical equilibrium.

Solution. In the microcanonical ensemble, the system is restricted to a specific energy
level E, meaning that only states with this specific energy contribute to the ensemble.
The eigenvalues of Ĥ are E0 = −~ω

2 (corresponding to the eigenstate |0〉), E1 = +~ω
2

(corresponding to the eigenstate |1〉). Thus, the system can be in one of two distinct energy
levels. The microcanonical ensemble assumes the system is strictly confined to one of these
energy levels. The expectation value of σ̂z takes two possible values:

- If the energy is E = −~ω
2 , the system is in the state |0〉, the eigenstate of σ̂z with

eigenvalue +1 and
〈σ̂z〉 = 〈0|σ̂z|0〉 = 1.

- If the energy is E = +~ω
2 , the system is in the state |1〉, the eigenstate of σ̂z with

eigenvalue −1 and the expectation value of σ̂z is

〈σ̂z〉 = 〈1|σ̂z|1〉 = −1.

Canonical ensemble

For a system in thermal equilibrium at temperature T , the density operator ρ̂ is given
by the Boltzmann distribution (also called the canonical ensemble):

ρ̂ =
e−βĤ

Z
,

where Ĥ is the Hamiltonian operator of the system (the total energy operator), β = 1
kBT

,
with kB being the Boltzmann constant and T the temperature, Z is the partition function,
defined as:

Z = Tr(e−βĤ) =
∑
n

〈n|e−βĤ |n〉 =
∑
n

e−βEn ,

where En are the eigenvalues of the Hamiltonian H and {|n〉} is its associated eigenbasis.
The interpretation of this form is similar to the one of classical statistical physics:
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- The partition function plays a central role in thermodynamics, as it helps calculate
thermodynamic quantities like free energy, entropy, and specific heat. It sums over
all possible states of the system, weighted by their Boltzmann factor e−βEn .

- The density operator ρ̂ describes the state of the system. In the canonical ensemble,
the density matrix ρ can be viewed as a weighted sum over the eigenstates of the
Hamiltonian, with the weights determined by the Boltzmann factor. Essentially, ρ̂
encodes the probability distribution of states in canonical thermal equilibrium.

The density operator gives the probability of the system being in a particular state.
For the canonical ensemble, the probability of the system being in the state corresponding
to energy En is given by the Boltzmann distribution

P (En) =
e−βEn

Z
=

e−βEn∑
m e
−βEm

.

Thus, the density operator ρ̂ in the eigenbasis of the Hamiltonian can be written as

ρ̂ =
∑
n

P (En)|n〉〈n| = 1

Z
∑
n

e−βEn|n〉〈n|.

Here, {|n〉} are the eigenstates of the Hamiltonian, and the density matrix with elements
ρmn is diagonal in this basis with entries e−βEn/Z.

The partition function Z is used to compute the free energy F of the system:

F = −kBT lnZ.

The internal energy U is given by

U = 〈Ĥ〉 = Tr(ρ̂Ĥ) = − ∂

∂β
lnZ.

The von Neumann entropy S is defined as

S = −kBTr(ρ̂ ln ρ̂).

One way to justify this is that using ρ̂ = e−βĤ/Z, one recovers the thermodynamic
relation F = 〈Ĥ〉 − TS. The density operator ρ̂ and partition function Z are directly
related through the statistical mechanics framework, providing a complete description of
the system’s thermodynamic behavior.

Exercise 2.17
Calculate the expected value of σ̂z for a qubit with Hamiltonian Ĥ = −(~ω/2)σ̂z, with ~ω the energy
splitting between the eigenstates of σ̂z (due to an external magnetic field), in canonical equilibrium at
inverse temperature β = 1/(kBT ).
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Proof. The matrix representation of the σ̂z is σz =

[
1 0
0 −1

]
. In the canonical ensemble,

the density operator is given by

ρ̂ =
e−βĤ

Tr(e−βĤ)
,

where Tr(e−βĤ) is the partition function, which ensures the normalization of ρ̂. The eigen-
values of Ĥ are −~ω/2 and ~ω/2, corresponding to the eigenstates |0〉 and |1〉, respectively.
Thus

Tr(e−βĤ) = eβ
~ω
2 + e−β

~ω
2 = 2 cosh

(
β~ω

2

)
.

The expectation value of σ̂z is

〈σ̂z〉 = Tr(ρ̂σ̂z) =
Tr(e−βĤ σ̂z)
Tr(e−βĤ)

.

The matrix σz is diagonal in the eigenbasis of Ĥ, with eigenvalues +1 and −1. Thus, the
trace simplifies

Tr(e−βĤ σ̂z) = eβ
~ω
2 (1) + e−β

~ω
2 (−1) = eβ

~ω
2 − e−β ~ω

2 = 2 sinh

(
β~ω

2

)
.

Putting together the two expressions for numerator and denominator

〈σ̂z〉 = tanh

(
β~ω

2

)
.

At high temperatures (β → 0), 〈σ̂z〉 → 0, as the system becomes equally likely to be in
either state. At low temperatures (β → ∞), 〈σ̂z〉 → +1, as the system predominantly
occupies the lower-energy state. In the classical limit ~ → 0, lim~→0〈σ̂z〉 = 0, which is
obvious since Ĥ = 0 in this case.

Exercise 2.18
The quantum harmonic oscillator in canonical equilibrium. For Ĥ = ~ω(â†â+1/2) compute the partition
function Z, the mean occupation number n̄ = 〈â†â〉, the mean energy and 〈x̂2〉. Discuss the limits
kBT � ~ω and kBT � ~ω.

Solution. Z =
∑
n≥0 e

−β~ω(n+1/2) = 1/[2 sinh(β~ω/2)], n̄ = 1/(eβ~ω − 1) (Bose-Einstein),
〈Ĥ〉 = −∂β lnZ = (~ω/2) coth(β~ω/2) = ~ω(n̄ + 1/2). By the virial theorem, or using
x̂ =

√
~/2mω(â + â†), 〈x̂2〉 = (~/2mω)(2n̄ + 1) = (~/2mω) coth(β~ω/2). For kBT � ~ω:

〈Ĥ〉 → kBT and mω2〈x̂2〉 → kBT , the classical equipartition results. For kBT � ~ω:
〈Ĥ〉 → ~ω/2 and 〈x̂2〉 → ~/(2mω), the zero-point fluctuations that do not vanish at T = 0.

2.1.8 Canonical Equilibrium of disordered systems

When there are quenched random variables in the Hamiltonian (random bonds, fields
or potentials), an average of the free-energy over disordered is necessary, just as in the
classical case, to access the typical properties of these systems. A procedure to calculate
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the disorder average goes through the use of the replica method, which can be applied
with a few changes to mean-field quantum problems. Replica symmetry breaking schemes
are also necessary and usually take the same structure as for the same models in their
classical limit. One important difference though is that the diagonal elements of the
replica matrices depend on a periodic imaginary time and are determined by an integro
differential equation in the infinite system size limit [19].

2.2 Qu-bits

2.2.1 Superconducting qu-bits

A Josephson junction consists of two superconductors separated by a very thin barrier
(typically a few nanometers). The barrier can be:

an insulator, making an SIS junction (most common),
a normal metal, SNS junction,
or a constriction, ScS.

In superconductors, electrons form Cooper pairs, and these behave as a single quantum
state described by a wave function Ψ = |Ψ|eiφ, where φ is the quantum phase. The
two superconductors have different phases φ1 and φ2, and the phase difference across the
junction δ = φ1−φ2 drives a supercurrent, which, despite the barrier between the two su-
perconductors and without any voltage applied, can flow through without resistance due
to quantum tunneling of Cooper pairs. The Josephson effect is an example of a macro-
scopic quantum phenomenon, where the effects of quantum mechanics are observable at
ordinary, rather than atomic, scale [56,57]. The Nobel Prize in Physics 1973 was awarded:

1/2 to Leo Esaki and Ivar Giaever “for their experimental discoveries
regarding tunneling phenomena in semiconductors and superconductors.”
1/2 to Brian D. Josephson “for his theoretical predictions of the
properties of a supercurrent through a tunnel barrier, in particular
those phenomena that are generally known as the Josephson effects.”

Quantum theory does not restrict tunneling to the smallest particles. A large object
is made of many particles whose collective wave function can in principle penetrate a
barrier. Clarke, Devoret, and Martinis designed an experiment that realized macroscopic
quantum tunneling and quantized energy levels.

Their system was a centimeter-wide superconducting circuit containing a Josephson
junction. The superconducting electrons in the circuit form a collective system, essentially
a macroscopic object, described by a single quantum phase. Previously developed models
showed that this multielectron object can exist in one of two states, corresponding to zero
voltage and nonzero voltage across the junction. These two states are separated from each
other by an energy barrier, which one can imagine as a steep hill between two anharmonic
valleys.

In 1985, John Clarke’s team, including Michel Devoret and John M. Martinis cooled a
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Josephson junction below 50 mK and demonstrated its macroscopic quantum behaviour
described by a single phase.

They initialized the circuit in the state in which current flows without any voltage,
effectively trapping the multielectron object on one side of the energy barrier. The object
could still “escape” (observable as a sudden switch in the voltage) thanks to thermal
fluctuations that gave it enough energy to climb over the barrier. The escape rate decreases
as the system is cooled down. However, below 50 mK the escape rate stopped dropping
with temperature and instead remained constant – evidence that the object was tunneling
through the barrier without any need of thermal fluctuations. They thus showed that the
superconducting electrons, acting as a collective unit, can tunnel across an energy barrier
between two quantum states.

Next, using their microwave input, they could also excite the superconducting electrons
in their zero-voltage “valley” and observe the effect on the tunneling. They found that
– just as an atom has quantized energy levels – the multielectron object has a discrete
ladder of higher energy states, since it only absorbs or emits specific amounts of energy.
It thus builds a kind of artificial atom.

Clarke, Devoret and Martinis were awarded the Nobel Prize in Physics in 2025 for this
discovery.

“for the discovery of macroscopic quantum mechanical tunnelling and
energy quantisation in an electric circuit”

Superconducting circuit technology is one of the most popular platforms for quan-
tum bits. Josephson Junctions are the only non-linear, non-dissipative circuit element
that allows us to create the essential quantum energy levels needed for a qu-bit, using
macroscopic, human-made circuits.

One of the advantages of Josephson junctions is that they are close to anharmonic
oscillator, the energy levels are not equally spaced, and then the two lower levels |0〉 and
|1〉 can be isolated. See Fig. 2.3.

Exercise 2.19
Why a Josephson junction is needed. (a) An LC circuit, Ĥ = Q̂2/(2C)+Φ̂2/(2L), is a harmonic oscillator.
Compute its frequency and the corresponding temperature ~ω/kB for L = 1 nH and C = 1 pF. Why can
it not be used as a qubit? (b) Replace the inductance by a Josephson junction, Ĥ = 4EC n̂

2 − EJ cos δ̂,
with [δ̂, n̂] = i and EJ � EC (transmon regime). Expand cos δ̂ to fourth order, identify the harmonic
part and its frequency, and treat the quartic term to first order in perturbation theory to show that
E1 − E0 '

√
8EJEC − EC and E2 − E1 '

√
8EJEC − 2EC . (Use 〈n|ŷ4|n〉 = y4

0(6n2 + 6n + 3) for an
oscillator with zero-point amplitude y0.)

Solution. (a) ω = 1/
√
LC, ω/2π ' 5.0 GHz and ~ω/kB ' 0.24 K. All levels are equally

spaced: a drive resonant with the 0 → 1 transition is also resonant with 1 → 2, 2 →
3, . . . , and the dynamics cannot be restricted to two levels. (b) −EJ cos δ̂ ' −EJ +

EJ δ̂
2/2 − EJ δ̂4/24. The quadratic part is an oscillator with “mass” M = 1/(8EC) (from

4EC n̂
2 = n̂2/2M , in units with ~ = 1) and Mω2

p = EJ , so ~ωp =
√

8EJEC , and zero-point
amplitude δ2

0 = 1/(2Mωp) =
√

2EC/EJ . The first-order shift is −(EJ/24)δ4
0(6n2+6n+3) =
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δ

U(δ)

|0〉
|1〉

tunneling

thermal activation

∆U

(a)

harmonic

|0〉

|1〉

|2〉

~ω01

~ω12

anharmonic

(b)

Figure 2.3: (a) Sketch of the potential energy of the phase difference δ across a current-biased
Josephson junction, the tilted washboard U(δ) = −EJ cos δ−(~I/2e) δ. The phase, a macroscopic
collective variable, is trapped in a metastable well where it has quantized energy levels. It
can escape (and a voltage appears) by thermal activation over the barrier of height ∆U or, at
sufficiently low temperature, by macroscopic quantum tunneling through it. Microwaves induce
transitions between the levels (wavy arrow). (b) The levels of a harmonic oscillator are equally
spaced while those of an anharmonic well are not, ω12 < ω01. The transition |0〉 ↔ |1〉 can then
be addressed without exciting |2〉, and the two lowest levels can be used as a qubit.

−(EC/12)(6n2 + 6n + 3), which gives the quoted level spacings. The anharmonicity −EC
(a few hundred MHz in practice) allows one to address the two lowest levels selectively.

2.2.2 Trapped ions

These are single atomic ions confined by electromagnetic fields inside a trap. They can
be organized in a crystalline structure, like a chain (10-50 ions at present). At cryogenic
or laser-cooled temperatures, each ion’s motion is nearly frozen, and the ions line up
with nanometer precision. Each ion’s internal electronic energy levels serve as a two-level
quantum system – the qubit. A short optical pumping laser pulse drives the ion to a
known ground state. The readout is done by illuminating the ion with resonant light that
scatters photons only if the ion is in the ground state. So if one sees fluoresces, then the
ion is its ground state, if one sees dark, it is in the excited state. Single-ion fluorescence
is detected by a photomultiplier or camera. Transitions between the states can be forced
with lasers.

2.3 Many-body systems
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2.3.1 Hilbert space, pure states and linear superposition

The Hilbert space of a system made of two subsystems A and B is

H = HA ⊗HB (2.64)

An example with many subsystems is a system of spins sitting on a lattice, with the spins
labelled by an integer i = 1, . . . , N , and x = ia the position of each lattice site. Then,

H =
N⊗
i=1

Hi (2.65)

A pure state of a system made of N elements, each with K possible states, is

|ψ〉 =
K∑

k1=1

· · ·
K∑

kN=1

ck1...kN |ψ
k1
1 〉 ⊗ · · · ⊗ |ψ

kN
N 〉 (2.66)

with
∑K

k1=1 · · ·
∑K

kN=1 |ck1...kN |2 = 1. If we measure all N elements by projecting each onto
the {|ψk1〉}⊗· · ·⊗{|ψkN 〉} basis, the probability of obtaining the outcome |ψk11 〉⊗· · ·⊗|ψ

kN
N 〉

is |ck1...kN |2. The so-called computational basis is also often written as

|ψk1 . . . ψkN 〉 = |ψk11 〉 ⊗ · · · ⊗ |ψ
kN
N 〉 (2.67)

The pure state is a superposition of allKN basis states of the system, weighted by complex
coefficients that represent the amplitudes. The normalization condition ensures the total
probability is 1. This structure applies universally for any N and K.

Example
Take as an example a system made of two qubits or two-state systems.

Classically, each of the two qubits has two possible configurations, 0 and 1, and the system made of
the two qubits can be in any of the four possible states 00, 10, 01, 11.

Quantum mechanically, the basis of the Hilbert space of each of them is

|0〉 =

[
1
0

]
|1〉 =

[
0
1

]
(2.68)

A generic state of the combined set of two bits, is

|ψ〉 = c00|0〉 ⊗ |0〉+ c01|0〉 ⊗ |1〉+ c10|1〉 ⊗ |0〉+ c11|1〉 ⊗ |1〉 (2.69)

and its vector representation is 
c00

c01

c10

c11

 (2.70)
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The measurement of the full system, obtained by sandwiching the projector |ψk1〉〈ψk1 | ⊗ |ψk2〉〈ψk2 |
between 〈ψ| and |ψ〉, can give four different outcomes, labeled by k1k2 = 00, 01, 10, 11, each with proba-
bility |ck1k2 |2. The system will then be projected on the state |ψk1〉⊗ |ψk2〉. What is the probability that
the first qubit equals |0〉 after such a measurement? It is |c00|2 + |c01|2 (the second qubit has not been
measured and it can still be in both states).

Imagine now that one measures just the first qubit applying σ̂z to it. The probability of measuring
its eigenvalue 1 in this way is also |c00|2 + |c01|2. The resulting state is

|ψ〉 =
c00|0〉 ⊗ |0〉+ c01|0〉 ⊗ |1〉

(|c00|2 + |c01|2)1/2
(2.71)

The probability that a subsequent measurement performed on the second qubit, by now applying σ̂z to
it, with the full system already set in this state |ψ〉, yields −1 is

P (1st meas on 1st qubit yields 1, 2nd meas on 2nd qubit yields -1) =
|c01|2

(|c00|2 + |c01|2)
(2.72)

Exercise 2.20
The size of the Hilbert space. A generic pure state of N qubits is specified by 2N complex amplitudes. How
much memory is needed to store it on a computer for N = 30 and N = 50, using 16 bytes per complex
number? For which N does 2N exceed the estimated number of atoms in the observable Universe, ∼ 1080?
How many real parameters does a product state of N qubits have?

Solution. N = 30: 230 × 16 bytes ' 17 GB (a laptop). N = 50: ' 1.8 × 1016 bytes = 18
PB (beyond the largest supercomputers). 2N > 1080 for N > 80/ log10 2 ' 266. A product
state needs only two real parameters per qubit (a point on each Bloch sphere), 2N in total:
the exponential size of the Hilbert space comes from the entangled states.

2.3.2 Reduced density operator

The reduced density operator on subsystem A of a total system A⊗B is

ρ̂red
A ≡ TrB ρ̂AB . (2.73)

Separable states

If the pure state describing a system made of two sub-systems A and B is separable

|ψAB〉 = |ψA〉 ⊗ |ψB〉 (2.74)

the density matrix is

ρ̂AB = |ψAB〉〈ψAB| = |ψA〉 ⊗ |ψB〉〈ψA| ⊗ 〈ψB|
= |ψA〉〈ψA| ⊗ |ψB〉〈ψB| = ρ̂A ⊗ ρ̂B (2.75)

The reduced density operator of A in this separable state is then

ρ̂red
A = TrB|ψAB〉〈ψAB| = TrB

(
|ψA〉 ⊗ |ψB〉〈ψA| ⊗ 〈ψB|

)
= TrB

(
ρ̂A ⊗ ρ̂B

)
= ρ̂ATrρ̂B = |ψA〉〈ψA| = ρ̂A (2.76)
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and it is the one of a pure state. Otherwise, for a non-separable state, it is not the one of
a pure state.

Mixed states reduced from pure states

Mixed states arise from pure states of multiple quantum systems, if we consider only
one of the systems by itself. Consider a pure non-separable state of two quantum systems
A and B. In general, we can write such a state as a superposition

|ψAB〉 =
∑
nm

cnm |an〉 ⊗ |bm〉 (2.77)

where {|an〉} and {|bm〉} are basis of the Hilbert spaces of A and B. The coefficients
cnm are complex numbers and the normalization implies

∑
nm |cnm|2 = 1. The density

operator of the full system is

ρ̂AB = |ψAB〉〈ψAB| =
∑

nmn′m′

cnmc
∗
n′m′︸ ︷︷ ︸

cnmn′m′

(
|an〉 ⊗ |bm〉

)(
〈an′ | ⊗ 〈bm′ |

)
=

∑
nmn′m′

cnmc
∗
n′m′ |an〉〈an′| ⊗ |bm〉〈bm′| (2.78)

The reduced density operator, by definition, is the trace of ρ̂AB over the states of B:

ρ̂red
A =

∑
m′′

〈bm′′ |ρ̂AB|bm′′〉 =
∑
m′′

〈bm′′|
∑

nmn′m′

cnmc
∗
n′m′ |an〉〈an′| ⊗ |bm〉〈bm′|bm′′〉

=
∑
m′′

∑
nmn′m′

cnmc
∗
n′m′ |an〉〈an′ | ⊗ 〈bm′′ |bm〉 δm′m′′

=
∑

nmn′m′

cnmc
∗
n′m′ |an〉〈an′ | δm′m

=
∑
nmn′

cnmc
∗
n′m |an〉〈an′|

=
∑
nn′

cnn′ |an〉〈an′| with cnn′ ≡
∑
m

cnmc
∗
n′m (2.79)

The initial state was a pure one but after the trace over B the resulting one is not (note
that the sum includes non-diagonal terms n 6= n′).

We recover the particular case of a separable state only if cnm = cndm,

ρ̂red−sep
A =

∑
mnn′

cndmc
∗
n′d
∗
m |an〉〈an′ | =

∑
m

|dm|2
∑
nn′

cnc
∗
n′ |an〉〈an′ |

=
∑
nn′

cnc
∗
n′|an〉〈an′ | =

∑
n

cn|an〉
∑
n′

c∗n′〈an′ | = |ψA〉〈ψA| (2.80)

Example
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Take the pure state |ψ〉AB = 1√
2
(|0〉A ⊗ |1〉B + |1〉A ⊗ |0〉B) of a composite system AB. The density

operator is

2 ρ̂AB = 2 |ψ〉AB AB〈ψ| = |0〉A A〈0| ⊗ |1〉B B〈1|+ |0〉A A〈1| ⊗ |1〉B B〈0|
+|1〉A A〈0| ⊗ |0〉B B〈1|+ |1〉A A〈1| ⊗ |0〉B B〈0| (2.81)

Take now the trace over the B system and calculate the reduced density operator ρ̂red
A . Only the first

and last terms survive after sandwiching with B〈1| . . . |1〉B and B〈0| . . . |0〉B , respectively. One has

2 ρ̂red
A = 2 Tr

A
ρ̂AB = |0〉A A〈0|+ |1〉A A〈1| (2.82)

and this is a mixed state with Tr(ρ̂red
A )2 < 1:

4(ρ̂red
A )2 = (|0〉A A〈0|+ |1〉A A〈1|) (|0〉A A〈0|+ |1〉A A〈1|) = (|0〉A A〈0|+ |1〉A A〈1|) (2.83)

from where
Tr(ρ̂red

A )2 =
1

2
(2.84)

Purification of mixed states

Conversely, a mixed state can be purified i.e. treated as a pure state of a larger system.
Take the example of a qubit. To purify a mixed state of it, we need to represent

the mixed state as part of a larger Hilbert space in such a way that the mixed state is
recovered as the reduced density matrix of the pure state.

Consider the mixed state of a qubit given by:

ρ =

[
p 0
0 1− p

]
,

where p ∈ [0, 1]. This is a statistical mixture of the states |0〉 and |1〉 with probabilities p
and 1− p, respectively.

A purification of ρ is a pure state |Ψ〉 in a larger Hilbert space (e.g., HA ⊗HB) such
that the reduced density matrix of |Ψ〉〈Ψ| on subsystem A is ρ. We define:

|Ψ〉 =
√
p |0〉A ⊗ |0〉B +

√
1− p |1〉A ⊗ |1〉B,

where |0〉A and |1〉A are the basis states of the original qubit (system A), and |0〉B and
|1〉B are the basis states of an auxiliary qubit (system B) introduced for purification.

To check that this state purifies ρ, calculate the reduced density matrix of |Ψ〉 on
subsystem A by tracing out B:

ρA = TrB|Ψ〉〈Ψ|
Explicitly:

|Ψ〉〈Ψ| =
(√

p |0〉A ⊗ |0〉B +
√

1− p |1〉A ⊗ |1〉B
)

×
(√

p 〈0|A ⊗ 〈0|B +
√

1− p 〈1|A ⊗ 〈1|B
)
. (2.85)
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Tracing out B:

ρA = p |0〉〈0|+ (1− p) |1〉〈1| =
[
p 0
0 1− p

]
.

This is exactly the original mixed state ρ.
The purification introduces an auxiliary system B entangled with A in such a way that

the apparent mixedness of ρ on A arises from the entanglement with B. We will introduce
and discuss the concept of entanglement below.

Expected values in the reduced system

Calculate now the expected value of an observable ÔA on sub-system A:

〈ÔA〉 = Tr
AB
ÔA ρ̂AB =

∑
nm

(〈an| ⊗ 〈bm|) ÔA ρ̂AB (|an〉 ⊗ |bm〉)

=
∑
n

〈an|ÔA

∑
m

〈bm|ρ̂AB|bm〉 |an〉 =
∑
n

〈an|ÔA ρ̂
red
A |an〉

= Tr
A

(ÔA ρ̂
red
A ) (2.86)

where we used the definition of the reduced density matrix. We have performed a partial
trace, an integration over B.

Exercise 2.21
Let us see this calculation at work with an example. Take a system made of two qu-bits and suppose it
is in the state

|Ψ〉 =
1√
2

(|00〉+ |11〉)

Make a measurement on the qubit A.

To perform a measurement on qubit A using the reduced density matrix representation, we
first compute the reduced density matrix for qubit A by tracing out qubit B. Then, we
apply the measurement operators to this reduced density matrix.
The corresponding density matrix for the full system is

ρ = |Ψ〉〈Ψ| = 1

2


1 0 0 1
0 0 0 0
0 0 0 0
1 0 0 1

 .
As the only non-zero elements are 〈00|ρ̂|00〉 = 〈00|ρ̂|11〉 = 〈11|ρ̂|00〉 = 〈11|ρ̂|11〉, that is, the
elements 00, 03, 30 and 33 in the 4 × 4 matrix above with elements ρnm and n = 0, . . . , 3
and m = 0, . . . , 3. The basis elements are ordered n = 0 7→ |00〉, n = 1 7→ |01〉, n = 2 7→
|10〉, n = 3 7→ |11〉.
These matrix elements can also be labelled ρab,a′b′ :

ρ =


ρ00,00 ρ00,01 ρ00,10 ρ00,11

ρ01,00 ρ01,01 ρ01,10 ρ01,11

ρ10,00 ρ10,01 ρ10,10 ρ10,11

ρ11,00 ρ11,01 ρ11,10 ρ11,11


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In this representation, a = 0 and 1 label the first and second line block, respectively. Then,
b = 0, 1 label the two lines within the block. Concerning the columns, a′ = 0, 1 determine
the first, second block columns, while b′ = 0, 1 the columns within the blocks.
The reduced density matrix ρred

A is obtained by tracing out the qubit B from ρ:

ρ̂red
A = TrB ρ̂ = 〈a0|ρ̂|a′0〉+ 〈a1|ρ̂|a′1〉 = ρa0,a′0 + ρa1,a′1

with a and a′ the states of A not fixed. This yields a 2× 2 matrix, with elements ρaa′

ρred
A =

[
ρ00 ρ01

ρ10 ρ11

]
=

[
ρ00,00 + ρ01,01 ρ00,10 + ρ01,11

ρ10,00 + ρ11,01 ρ10,10 + ρ11,11

]
=

1

2

[
1 + 0 0 + 0
0 + 0 0 + 1

]
=

1

2

[
1 0
0 1

]
.

Thus, ρred
A = 1

2 I, representing a maximally mixed state.

We now perform a measurement in the computational basis {|0〉, |1〉} on qubit A. The
measurement operators are

P̂0 = |0〉〈0| =⇒
[
1 0
0 0

]
, P̂1 = |1〉〈1| =⇒

[
0 0
0 1

]
.

The post-measurement state for outcome 0 is:

ρ
(0)
A =

P0ρ
red
A P0

TrA(P0ρred
A )

.

Calculate the numerator

P0ρ
red
A P0 =

[
1 0
0 0

]
1

2

[
1 0
0 1

] [
1 0
0 0

]
=

1

2

[
1 0
0 0

]
.

and the denominator
TrA(P0ρ

red
A ) =

1

2
.

Thus,

ρ
(0)
A =

1
2

[
1 0
0 0

]
1
2

=

[
1 0
0 0

]
and the probability of the outcome 0 is

p0 = Tr(P0ρ
red
A ) =

1

2
.

Similarly, for P1:

P1ρAP1 =

[
0 0
0 1

]
1

2

[
1 0
0 1

] [
0 0
0 1

]
=

1

2

[
0 0
0 1

]
.

The trace in the denominator is
Tr(P1ρA) =

1

2
.

Then

ρ
(1)
A =

1
2

[
0 0
0 1

]
1
2

=

[
0 0
0 1

]
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and the probability of the outcome 1 is

p1 = TrA(P1ρ
red
A ) =

1

2
.

The probabilities for outcomes 0 and 1 are both 1/2 and can be read from ρred
A . The post-

measurement states for qubit A are |0〉〈0| and |1〉〈1|, and they can be read from ρ
(0)
A and

ρ
(1)
A , depending on which is the measurement outcome.

Exercise 2.22
Take a two qubit system in a generic state written as a linear superposition of the basis states of the
operator σ̂z. Write the reduced density matrix of qubit A. Make a measurement of σ̂z on it and express
the density matrix of the final state and probabilities of outcomes.

The generic state is
|ψ〉 = c00|00〉+ c01|01〉+ c10|10〉+ c11|11〉

with |c00|2 + |c01|2 + |c10|2 + |c11|2 = 1. The density operator of the full system is ρ̂ = |Ψ〉〈Ψ|
and the density matrix obtained by sandwiching between the 4 basis states

ρAB =


c00

c01

c10

c11

 [c∗00 c∗01 c∗10 c∗11

]
=


|c00|2 c00c

∗
01 c00c

∗
10 c00c

∗
11

c01c
∗
00 |c01|2 c01c

∗
10 c01c

∗
11

c10c
∗
00 c10c

∗
01 |c10|2 c10c

∗
11

c11c
∗
00 c11c

∗
01 c11c

∗
10 |c11|2

 (2.87)

We now trace over B to get the reduced density matrix of A:

ρred
A = B〈0|ρ̂|0〉B︸ ︷︷ ︸

elements (a0,a′0)

+ B〈1|ρ̂|1〉B︸ ︷︷ ︸
elements (a1,a′1)

=

[
|c00|2 + |c01|2 c00c

∗
10 + c01c

∗
11

c10c
∗
00 + c11c

∗
01 |c10|2 + |c11|2

]
(2.88)

In order to perform a measurement with σ̂z on qu-bit A we act with the projectors, P̂0 =
|0〉〈0| and P̂1 = |1〉〈1|, on it. The probabilities of measuring 0 and 1 are, respectively,

p0 = 〈ψ|P̂0|ψ〉 = 〈ψ|(c00|00〉+ c01|01〉) = |c00|2 + |c01|2 (2.89)
p1 = 〈ψ|P̂1|ψ〉 = 〈ψ|(c10|10〉+ c11|11〉) = |c10|2 + |c11|2 (2.90)

the diagonal elements of the reduced density matrix. The final states and density operators
are

|ψ0〉 =
P̂0|ψ〉√
p0

=
c00|00〉+ c01|01〉

√
p0

ρ̂0 = |ψ0〉〈ψ0| (2.91)

|ψ1〉 =
P̂1|ψ〉√
p1

=
c10|10〉+ c11|11〉

√
p1

ρ̂1 = |ψ1〉〈ψ1| (2.92)

We note that 〈ψ0|ψ0〉 = 〈ψ1|ψ1〉 = 1 and 〈ψ0|ψ1〉 = 〈ψ1|ψ0〉 = 0, and they are orthonormal.
Thus, the reduced density matrix is also

ρred
A =

(
p0 α
α∗ p1

)
.

with α = c00c
∗
10 + c01c

∗
11.

55



2.3 Many-body systems

If the outcome of the measurement is unknown, the post-measurement density operator
is

ρ̂post
AB = p0ρ̂0 + p1ρ̂1.

Explicitly:

ρ0 =
1

p0


|c00|2 c00c

∗
01 0 0

c01c
∗
00 |c01|2 0 0

0 0 0 0
0 0 0 0

 , ρ1 =
1

p1


0 0 0 0
0 0 0 0
0 0 |c10|2 c10c

∗
11

0 0 c11c
∗
10 |c11|2

 .

So:

ρpost
AB =


|c00|2 c00c

∗
01 0 0

c01c
∗
00 |c01|2 0 0

0 0 |c10|2 c10c
∗
11

0 0 c11c
∗
10 |c11|2

 .

The reduced density matrix after the measurement is

ρpost
A = TrB ρ

post
AB .

From ρpost
AB :

〈0B |ρpost
AB |0B〉 =

(
|c00|2 0

0 |c10|2
)
,

〈1B |ρpost
AB |1B〉 =

(
|c01|2 0

0 |c11|2
)
.

Summing:

ρpost
A =

(
|c00|2 + |c01|2 0

0 |c10|2 + |c11|2
)

=

(
p0 0
0 p1

)
.

This is ρred
A with off-diagonals zeroed – measurement destroys coherence in σz basis.

Exercise 2.23
A partially entangled state. For |ψ〉 = (|00〉 + |01〉 + |10〉)/

√
3, compute the reduced density matrix ρ̂A,

its purity, its eigenvalues and the entanglement entropy SA = −Tr ρ̂A ln ρ̂A.

Solution. ρ̂A = TrB |ψ〉〈ψ| = 1
3

[
2 1
1 1

]
(the |0〉A component is (|0〉B + |1〉B)/

√
3, the |1〉A

component is |0〉B/
√

3). Tr ρ̂2
A = (4 + 1 + 1 + 1)/9 = 7/9 < 1: the state is entangled. The

eigenvalues are (3 ±
√

5)/6 ' 0.873 and 0.127, and SA ' 0.381, smaller than the maximal
value ln 2 ' 0.693 reached by the Bell states.

2.3.3 Entanglement

Entanglement is a fundamental quantum property that characterizes non-classical cor-
relations between subsystems. A crucial property is that entanglement is basis-independent
- it depends only on the quantum state itself, not on how we choose to represent it.
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Two particles (or systems) form a bound system and are entangled if their quantum
states are dependent on each other, regardless of the distance between them. Schrödinger
coined the term entanglement (Verschränkung) in 1935 [58].

Entangled systems can be perfectly correlated. For example, a subatomic particle
decays into an entangled pair of other particles. The decay events obey the various
conservation laws, and as a result, the measurement outcomes of one daughter particle
must be highly correlated with the measurement outcomes of the other daughter particle.
A concrete such case is the one of a pair of entangled particles generated such that their
total spin is zero. If one particle is found to have clockwise spin on a first axis, then the
spin of the other particle, measured on the same axis, should be anticlockwise.

Historical remarks

Einstein did not believe that quantum mechanics, which makes probabilistic predic-
tions, could be an ultimate and complete theory. He thought that it had to be completed
with hidden variables so far unknown that would yield a more precise description and
render the description deterministic. His claims along these lines, when applied to single
particle problems, were refuted by Bohr, especially during the 1927 Solvay conference.

Next, he focused on the consequence of the laws of quantum mechanics for a two
particle system, like the one we described with words in the opening paragraph in this
subsection, and that we will explain technically in the rest of it. Einstein, Podolsky and
Rosen then published a paper, in which they exposed the celebrated EPR paradox [59].
This EPR paper was commented even by the New York Times.

Figure 2.4: Snapshot from the New York Times, 1935.

The EPR claim was contradicted by Bohr [60] (in a paper that curiously has the same
title as the EPR one, see Fig. 2.5) and Schrödinger [58]. Bohm found a simpler way of
stating the EPR paradox which is the one that we will study [61, 62]. For many decades
the discussion could not be given a sharp answer.

In 1964 John S. Bell proposed a measurable way of distinguishing between the pre-
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dictions of quantum mechanics and the one of the hidden variable theory of EPR [63],
an experiment that could rule out the existence of a local reality. Clauser was the first
to perform the test, which was later improved and perfected by Aspect and Zeilinger.
Finally, in the 80s a series of experiments conducted by Aspect and collaborators showed
that the hidden variable theory was incorrect [64–67]. These experiments showed that
there can be correlation without communication. Entangled systems should be thought
of as being a single object. Details on how this works can be found in
https://scienceexchange.caltech.edu/topics/quantum-science-explained/entanglement
and will be discuss below, after introducing the Bell states. In Fig. 2.6 we display a cartoon
that illustrates the problem.

It is important to recognize that the peculiarity of quantum entanglement, its perfect
correlations independent of distance, motivated Feynman to propose to use it and launched
the field of quantum computation [42].

Figure 2.5: The EPR and Bohr papers.

Definition

Consider the bases |ψa〉A of HA and |φb〉B of HB. (In this section we use a notation in
which the subsystem label is written outside the 〈 or 〉 symbols in the bras and kets.)

Let us first reason in terms of states. A generic pure state of the full system is

|ψ〉AB =
∑
ab

cab|ψa〉A ⊗ |φb〉B (2.93)

A state |ψ〉AB is entangled if it cannot be written as a separable or product state of the
form

|ψ〉AB =
(∑

a

ca|ψa〉A
)
⊗
(∑

b

c′b|φb〉B
)

= |ψ〉A ⊗ |φ〉B , (2.94)
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that is cab 6= cac
′
b. An entangled system can thus be defined to be one whose quantum

state cannot be factored as a product of states of its constituents.
A measurement made on either of the sub-systems collapses the state of the entire

entangled system - and does so instantaneously, before any information about the mea-
surement result could have been communicated to the other subsystem. Indeed, the
“independent of the distance at which the two subsystems are”, made Einstein-Podolsky-
Rosen doubt about the correctness of quantum mechanics, since they thought that this
conclusion could imply propagation of information faster than the speed of light, and
“spooky action at a distance”. They proposed a hidden variable theory to solve the po-
tential inconsistency and maintain the idea of local reality. In a hidden variable theory,
measurement is actually fundamentally deterministic, but appears to be probabilistic be-
cause some degrees of freedom are not precisely known.

Above we reasoned in terms of states. Thinking now in terms of density operators:

• The density operator of a product state of two subsystems reads

ρ̂prod
AB = ρ̂A ⊗ ρ̂B . (2.95)

A measurement on B tells us nothing about what is the state of A, so there is nothing
to worry here. In particular, ρ̂red

A = ρ̂A in these cases. An example is |0〉〈0| ⊗ |1〉〈1|,
in which ρ̂A = |0〉〈0| and ρ̂B = |1〉〈1|. The two subsystems are independent and
fully uncorrelated.

The reduced density operator of A is

ρ̂prod−red
A = TrBρ̂

prod
AB = TrBρ̂A ⊗ ρ̂B = ρ̂A ⊗ TrBρ̂B = ρ̂A (2.96)

All information about B has gone. Similarly for the reduced density operator of B.

• A density operator for a composite system is separable if and only if it can be written
in the form

ρ̂sep
AB =

∑
α

pα ρ̂
α
A ⊗ ρ̂αB . (2.97)

This is a probability mixture of product states.

The reduced density operator of A is

ρ̂sep−red
A = TrBρ̂

sep
AB = TrB

∑
α

pαρ̂
α
A ⊗ ρ̂αB =

∑
α

pαρ̂
α
A ⊗ TrBρ̂

α
B =

∑
α

pαρ̂
α
A (2.98)

The reduced state is a mixture of the ones of the remaining system.

• Entangled states cannot be written as mixtures of product states:

ρ̂ent
AB 6=

∑
α

pα ρ̂
α
A ⊗ ρ̂αB .
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The density operator of a mixed entangled state is a probabilistic mixture of entan-
gled pure states:

ρ̂AB =
∑
α

pα|ψα〉AB AB〈ψα| (2.99)

|ψα〉AB are entangled states of the form in Eq. (2.93). 0 ≤ pα ≤ 1 and
∑

α pα = 1.

Unfortunately, given an arbitrary mixed density operator, it is difficult to tell if it
corresponds to an entangled state (this turns out to be an NP-hard problem).

For a pure entangled state, the reduced density matrices ρ̂red
A and ρ̂red

B are the ones
of mixed states, indicating entanglement.

Two entangled systems do not have local states that can be treated independently.

Symbol Name or property
(SA, SB) Composite system made of two parts
H = HA ⊗HB Hilbert space of composite system
{|ψAn 〉 ⊗ |ψBm〉} Orthonormal basis of H
|ψ〉 =

∑
nm

cnm|ψAn 〉 ⊗ |ψBm〉 Generic state in H

6= |ψA〉 ⊗ |ψB〉 not separable
ρ̂pure = |ψ〉〈ψ| 6= ρ̂A ⊗ ρ̂B Pure state of non separable system

Q̂A ⊗ IB Operator in A
IB ⊗ Q̂B Operator in B

In the following we will define the Bell states, typical examples of the entangled states
of a two spin system. Let us mention here some of the properties. The result of a mea-
surement of a single qubit in a Bell state is probabilistic, as in any quantum measurement.
But upon measuring the first qubit in the z-basis, the result of measuring the second qubit
is guaranteed to yield the same value (for the Φ Bell states) or the opposite value (for the
Ψ Bell states). This implies that the measurement outcomes are completely correlated.

The Bell states are pure states, but the reduced density operator of any of the two
qubits is the one of a mixed state. For mixed state, not all the information on this first
qubit is known.

Entanglement is broken when the entangled particles decohere through interaction with
the environment; for example, when a measurement is made.

Independence of the basis

Entanglement is a basis-independent result of superposition.
Let ÛA and ÛB be unitary operators acting on HA and HB respectively. The combined

unitary Û = ÛA ⊗ ÛB acts on the bipartite system.
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Figure 2.6: Image credit NASA/JPL-Caltech

A state |ψ〉 is entangled if and only if (ÛA ⊗ ÛB)|ψ〉 is entangled for any unitary
operators ÛA and ÛB. The proof goes as follows:

– Suppose |ψ〉 is separable: |ψ〉 = |φ〉A ⊗ |χ〉B. Then,

(ÛA ⊗ ÛB)|ψ〉 = (ÛA|φ〉A)⊗ (ÛB|χ〉B)

which is also separable.

– If (ÛA ⊗ ÛB)|ψ〉 is separable for some ÛA, ÛB, then applying the inverse unitaries
(Û †A ⊗ Û

†
B) gives back |ψ〉, which must therefore be separable.

Thus, the property of being separable or entangled is preserved under local unitary
transformations, which correspond to changes of basis in each subsystem.

The Bell states

The Bell’s states or EPR pairs are entangled quantum states of two qubits. Use the
basis {|0〉, |1〉} of eigenvectors with eigenvalues 1 and −1 of the σ̂z operator for each of
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the two qubits. The four Bell states of a system composed of two qubits are

|Φ+〉 =
1√
2

(|0〉 ⊗ |0〉+ |1〉 ⊗ |1〉) (2.100)

|Φ−〉 =
1√
2

(|0〉 ⊗ |0〉 − |1〉 ⊗ |1〉) (2.101)

|Ψ+〉 =
1√
2

(|0〉 ⊗ |1〉+ |1〉 ⊗ |0〉) (2.102)

|Ψ−〉 =
1√
2

(|0〉 ⊗ |1〉 − |1〉 ⊗ |0〉) (2.103)

They are normalized basis vectors, 〈Φ|Φ〉 = 〈Ψ|Ψ〉 = 1 for all of them.

Exercise 2.24
Prove that the Bell states are normalized.

Take, for example, |Φ+〉 and calculate its inner product with itself. It reads 〈Φ+|Φ+〉 =
1
2 (〈0|0〉〈0|0〉+�����〈0|1〉〈0|1〉+�����〈1|0〉〈1|0〉+ 〈1|1〉〈1|1〉) = 1. Similarly, one proves the normal-
ization of the other three Bell states.

Exercise 2.25
Prove that the Bell states are entangled.

To prove that they are entangled one has to show that they cannot be written as |ψA〉⊗|ψB〉.
Let us work with |Φ+〉 and assume that it can be written in this separable way:

|Φ+〉 =
1√
2

(
|0〉 ⊗ |0〉+ |1〉 ⊗ |1〉

)
=
(
a |0〉A + b |1〉A

)
⊗
(
c |0〉B + d |1〉B

)
= ac |0〉A ⊗ |0〉B + ad |0〉A ⊗ |1〉B + bc |1〉A ⊗ |0〉B + bd |1〉A ⊗ |1〉B (2.104)

From here we need to set ad = bc = 0, ac 6= 0 and bd 6= 0. There is no solution to these
conditions. The proofs for the other three Bell states follow the same lines of reasoning.

Exercise 2.26
Show that the Bell states are pure states satisfying (|Φ±〉〈Φ±|)2 = |Φ±〉〈Φ±|.

(|Φ±〉〈Φ±|)2 = |Φ±〉〈Φ±|Φ±〉〈Φ±| = |Φ±〉〈Φ±|
since they are normalized to one.

Bell states are either symmetric or antisymmetric with respect to the exchange of
the two subsystems. The exchange of the two subsystems corresponds to swapping the
positions of the first and second qubits in each Bell state. Mathematically, this can be
viewed as applying the swap operator, which interchanges the states of the two qubits.
The |Φ+〉 and |Ψ+〉 states are symmetric. |Φ−〉 is also symmetric with respect to the
exchange of the two qubits while |Ψ−〉 is antisymmetric.

Exercise 2.27
Write the Bell states |Φ±〉 and|Ψ±〉 in terms of the states |±〉.

62



2.3 Many-body systems

We use |0〉 = (|+〉+ |−〉)/
√

2 and |1〉 = (|+〉 − |−〉)/
√

2.
The Bell state |Φ+〉 is written is terms of |+〉 and |−〉 as

2
√

2|Φ+〉 = (|+〉+ |−〉)⊗ (|+〉+ |−〉) + (|+〉 − |−〉)⊗ (|+〉 − |−〉)
= (|+〉 ⊗ |+〉+ |+〉 ⊗ |−〉+ |−〉 ⊗ |+〉+ |−〉 ⊗ |−〉)

+ (|+〉 ⊗ |+〉 − |+〉 ⊗ |−〉 − |−〉 ⊗ |+〉+ |−〉 ⊗ |−〉)
= 2|+〉 ⊗ |+〉+ 2|−〉 ⊗ |−〉 (2.105)

The Bell state |Φ−〉 is written is terms of |+〉 and |−〉 as

2
√

2|Φ−〉 = (|+〉+ |−〉)⊗ (|+〉+ |−〉)− (|+〉 − |−〉)⊗ (|+〉 − |−〉)
= (|+〉 ⊗ |+〉+ |+〉 ⊗ |−〉+ |−〉 ⊗ |+〉+ |−〉 ⊗ |−〉)
− (|+〉 ⊗ |+〉 − |+〉 ⊗ |−〉 − |−〉 ⊗ |+〉+ |−〉 ⊗ |−〉)

= 2|+〉 ⊗ |−〉+ 2|−〉 ⊗ |+〉 (2.106)

The Bell state |Ψ+〉 is written is terms of |+〉 and |−〉 as

2
√

2|Ψ+〉 = (|+〉+ |−〉)⊗ (|+〉 − |−〉) + (|+〉 − |−〉)⊗ (|+〉+ |−〉)
= (|+〉 ⊗ |+〉 − |+〉 ⊗ |−〉+ |−〉 ⊗ |+〉 − |−〉 ⊗ |−〉)

+ (|+〉 ⊗ |+〉+ |+〉 ⊗ |−〉 − |−〉 ⊗ |+〉 − |−〉 ⊗ |−〉)
= 2|+〉 ⊗ |+〉 − 2|−〉 ⊗ |−〉 (2.107)

The Bell state |Ψ−〉 is written is terms of |+〉 and |−〉 as

2
√

2|Ψ−〉 = (|+〉+ |−〉)⊗ (|+〉 − |−〉)− (|+〉 − |−〉)⊗ (|+〉+ |−〉)
= (|+〉 ⊗ |+〉 − |+〉 ⊗ |−〉+ |−〉 ⊗ |+〉 − |−〉 ⊗ |−〉)
− (|+〉 ⊗ |+〉+ |+〉 ⊗ |−〉 − |−〉 ⊗ |+〉 − |−〉 ⊗ |−〉)

= −2|+〉 ⊗ |−〉+ 2|−〉 ⊗ |+〉 (2.108)

Exercise 2.28
Confirm the symmetry of the states |Φ±〉 and |Ψ+〉 with respect to the exchange of the two qubits, and
the antisymmetry of the state |Ψ−〉 with respect to the exchange of the two qubits.

The states |Φ±〉 = (|0〉 ⊗ |0〉 ± |1〉 ⊗ |1〉)/
√

2 are clearly symmetry with respect to exchange
first and second qu-bit. When writing them in terms of |±〉 the symmetry is also clear.
The state |Ψ+〉 = (|0〉 ⊗ |1〉+ |1〉 ⊗ |0〉)/

√
2 is also symmetric with respect to this change.

Instead, the state |Ψ−〉 = (|0〉⊗|1〉−|1〉⊗|0〉)/
√

2 is anti-symmetry with respect to exchange
first and second qu-bit, a minus sign appears.

The symmetry of the states is directly related to the total spin of the system:
– The three symmetric states |Φ±〉 and |Ψ+〉 form the triplet state (total spin S = 1).
– The antisymmetric state |Ψ−〉 is the singlet state (total spin S = 0).

Exercise 2.29
Prove this statement. Hint, first, write the operator Ŝ2 in terms of the swap operator.

The total spin operator is ~̂S = ~̂SA + ~̂SB . Calculate the square of the total spin Ŝ2 =

( ~̂SA + ~̂SB) · ( ~̂SA + ~̂SB) = ( ~̂SA)2 + ( ~̂SB)2 + 2( ~̂SA · ~̂SB). For spin 1/2, ( ~̂SA)2 = ( ~̂SB)2 = 3~2/4.
A relation between this product and the swap operator is

( ~̂SA · ~̂SB) =
~2

2

(
P̂swap −

1

2
I
)

(2.109)
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where P̂swap|ab〉 = |ba〉. Then,

Ŝ2 = 2
3

4
~2 I + 2

~2

2

(
P̂swap −

1

2
I
)

= ~2
(
I + P̂swap

)
(2.110)

Now, we can apply Ŝ2 to the symmetric Bell states:

Ŝ2|Φ±〉 = ~2
(
I + P̂swap

)
|Φ±〉 = 2~2|Φ±〉

Ŝ2|Ψ+〉 = ~2
(
I + P̂swap

)
|Ψ+〉 = 2~2|Ψ+〉 (2.111)

while for the antisymmetric one

Ŝ2|Ψ−〉 = ~2
(
I + P̂swap

)
|Ψ−〉 = 0 (2.112)

The general eigenvalue of Ŝ2 is S(S + 1)~2, so for the symmetric states S = 1 while for the
antisymmetric one S = 0.

In the states of the triplet (S = 1) the spins are correlated. In the z-basis, |Φ±〉 have
both spins up or both down. |Ψ+〉 is a superposition of up-down and down-up, but it is
symmetric, meaning the spins are still correlated. The system has a total nonzero total
spin. In terms of quantum statistics, these states are valid for systems of identical bosons.

In the singlet (S = 0) the spins are perfectly “anti-aligned”. It is the unique state
where the total spin angular momentum is zero. This is the ultimate entangled state
for two qubits, and its antisymmetry under exchange is a fundamental property, making
it the only Bell state suitable for a system of two identical fermions. It obeys the Pauli
exclusion principle for identical fermions. If two particles are in this state, swapping them
gives a minus sign, as required for fermions. The unique antisymmetry of the |Ψ−〉 state
makes it useful for certain quantum protocols where the exchange phase is critical, such
as quantum swapping and in the analysis of decoherence.

The |Ψ±〉 are superpositions of the first spin being up and the second down, and vice-
versa. In both cases, the total z-spin is always zero because one spin is always up and the
other is always down. If one measure the z-spin of both particles, one always find them
pointing in opposite directions.

This highlights a key feature of entanglement: the Bell states are eigenstates of the
total spin squared, Ŝ2 (they have a well-defined total spin S = 1 or S = 0), but only
some of them are also eigenstates of a specific component like Ŝz = ŜzA + ŜzB. The |Φ±〉
states have a well-defined total spin magnitude but are maximally uncertain about its
orientation along the z-axis.

These properties are important for the use of Bell states to disprove the EPR arguments.

Exercise 2.30
Prove that in |Φ±〉 the two particles should have parallel spins in the z direction, while in |Ψ±〉 they must
have antiparallel spins in the z direction.
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A way to prove this statement is to calculate the probabilities of the various events. Take
|Φ±〉, we have

p00 = |
(
〈0| ⊗ 〈0|

)
|Φ±〉|2 = p11 = |

(
〈1| ⊗ 〈1|

)
|Φ±〉|2 =

1

2
(2.113)

while

p01 = |
(
〈0| ⊗ 〈1|

)
|Φ±〉|2 = p10 = |

(
〈1| ⊗ 〈0|

)
|Φ±〉|2 = 0 (2.114)

So, the combined system has probability 1/2 of having the two spins aligned up (eigenstates
of σ̂zA,B with eigenvalue 1) and probability 1/2 of having the two spins aligned down (eigen-
states of σ̂zA,B with eigenvalue −1).

Instead, the states |Ψ±〉 have opposite spins:

p00 = |
(
〈0| ⊗ 〈0|

)
|Ψ±〉|2 = p11 = |

(
〈1| ⊗ 〈1|

)
|Ψ±〉|2 = 0 (2.115)

while

p01 = |
(
〈0| ⊗ 〈1|

)
|Ψ±〉|2 = p10 = |

(
〈1| ⊗ 〈0|

)
|Ψ±〉|2 =

1

2
(2.116)

Exercise 2.31
Prove that the four Bell states are eigenstates of the operators σ̂z ⊗ σ̂a with a = x, y, z.

Take |Φ+〉 and apply σ̂z ⊗ σ̂z:

σ̂z ⊗ σ̂z|Φ+〉 = σ̂z ⊗ σ̂z 1√
2

(|0〉 ⊗ |0〉+ |1〉 ⊗ |1〉) =
1√
2

(|0〉 ⊗ |0〉+ (−1)|1〉 ⊗ (−1)|1〉)

=
1√
2

(|0〉 ⊗ |0〉+ |1〉 ⊗ |1〉) = |Φ+〉 (2.117)

Take now |Φ−〉 and also apply σ̂z ⊗ σ̂z:

σ̂z ⊗ σ̂z|Φ−〉 = σ̂z ⊗ σ̂z 1√
2

(|0〉 ⊗ |0〉 − |1〉 ⊗ |1〉) =
1√
2

(|0〉 ⊗ |0〉 − (−1)|1〉 ⊗ (−1)|1〉)

=
1√
2

(|0〉 ⊗ |0〉 − |1〉 ⊗ |1〉) = |Φ−〉 (2.118)

Consider now |Ψ±〉 and σ̂z ⊗ σ̂z:

σ̂z ⊗ σ̂z|Ψ±〉 = σ̂z ⊗ σ̂z 1√
2

(|0〉 ⊗ |1〉 ± |1〉 ⊗ |0〉) =
1√
2

((−1)|0〉 ⊗ |1〉 ± (−1)|1〉 ⊗ |0〉)

= − 1√
2

(|0〉 ⊗ |1〉 ± |1〉 ⊗ |0〉) = −|Ψ±〉 (2.119)

The other cases can be treated similarly.

Exercise 2.32
What is the result of the measurement of σ̂x and σ̂y on the Bell state |Ψ+〉?
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|Ψ+〉 =
1√
2

(|0〉 ⊗ |1〉+ |1〉 ⊗ |0〉) (2.120)

To get the total spin we need to act with (σ̂xAσ̂
x
B + σ̂yAσ̂

y
B + σ̂zAσ̂

z
B)|Ψ+〉 = (1 + 1− 1)|Ψ+〉 =

|Ψ+〉. This added to the other term will end up giving S = 1.

Exercise 2.33
Calculate the expected value of σ̂z ⊗ I and σ̂z ⊗ σ̂z in the four Bell states.

Let us first consider

〈Φ±|σ̂z ⊗ I|Φ±〉 =
1

2
(〈0| ⊗ 〈0| ± 〈1| ⊗ 〈1|) σ̂z ⊗ I (|0〉 ⊗ |0〉 ± |1〉 ⊗ |1〉)

=
1

2
(〈0| ⊗ 〈0| ± 〈1| ⊗ 〈1|) (|0〉 ⊗ |0〉 ± (−1)|1〉 ⊗ |1〉)

=
1

2
(1− 1) = 0 (2.121)

Next,

〈Ψ±|σ̂z ⊗ I|Ψ±〉 =
1

2
(〈0| ⊗ 〈1| ± 〈1| ⊗ 〈0|) σ̂z ⊗ I (|0〉 ⊗ |1〉 ± |1〉 ⊗ |0〉)

=
1

2
(〈0| ⊗ 〈1| ± 〈1| ⊗ 〈0|) (|0〉 ⊗ |1〉 ± (−1)|1〉 ⊗ |0〉)

=
1

2
(1− 1) = 0 (2.122)

Now, let us calculate

〈Φ±|σ̂z ⊗ σ̂z|Φ±〉 =
1

2
(〈0| ⊗ 〈0| ± 〈1| ⊗ 〈1|) σ̂z ⊗ σ̂z (|0〉 ⊗ |0〉 ± |1〉 ⊗ |1〉)

=
1

2
(〈0| ⊗ 〈0| ± 〈1| ⊗ 〈1|) (|0〉 ⊗ |0〉 ± |1〉 ⊗ |1〉)

=
1

2
(1 + 1) = 1 (2.123)

Similarly,

〈Ψ±|σ̂z ⊗ σ̂z|Ψ±〉 =
1

2
(〈0| ⊗ 〈1| ± 〈1| ⊗ 〈0|) σ̂z ⊗ σ̂z (|0〉 ⊗ |1〉 ± |1〉 ⊗ |0〉)

=
1

2
(〈0| ⊗ 〈1| ± 〈1| ⊗ 〈0|) ((−1)|0〉 ⊗ |1〉 ± (−1)|1〉 ⊗ |0〉)

= (−1)
1

2
(1 + 1) = −1 (2.124)

The other cases are 〈Φ±|σ̂x⊗σ̂x|Φ±〉 = ±1, 〈Ψ±|σ̂x⊗σ̂x|Ψ±〉 = ±1, 〈Φ±|σ̂y⊗σ̂y|Φ±〉 = ∓1,
〈Ψ±|σ̂y ⊗ σ̂y|Ψ±〉 = ±1. Individually the particles appear to behave like classical mixtures,
but collectively they exhibit quantum correlations.

Exercise 2.34
Calculate the density operators |Φ±〉〈Φ±| and |Ψ±〉〈Ψ±|. The existence of off-diagonal elements in these
matrix operators suggests entangled superposition.
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We note that while |Ψ−〉 is the only Bell state annihilated by (σ̂c ⊗ I + I⊗ σ̂c), that is
(σ̂c ⊗ I + I⊗ σ̂c) |Ψ−〉 = 0 for c = x, y, z; one has that for all Bell states

〈Φ±| (σ̂c ⊗ I + I⊗ σ̂c) |Φ±〉 = 〈Ψ±| (σ̂c ⊗ I + I⊗ σ̂c) |Ψ±〉 = 0 (2.125)

Exercise 2.35
Prove that 〈Φ±|σ̂c ⊗ I|Φ±〉 = 0 for all c.

2〈Φ±|σ̂z ⊗ I|Φ±〉 = (〈0| ⊗ 〈0| ± 〈1| ⊗ 〈1|) σ̂z ⊗ I (|0〉 ⊗ |0〉 ± |1〉 ⊗ |1〉)
= (〈0| ⊗ 〈0| ± 〈1| ⊗ 〈1|) (|0〉 ⊗ |0〉 ± (−1)|1〉 ⊗ |1〉)
= 1− 1 = 0 (2.126)

2〈Φ±|σ̂x ⊗ I|Φ±〉 = (〈0| ⊗ 〈0| ± 〈1| ⊗ 〈1|) σ̂x ⊗ I (|0〉 ⊗ |0〉 ± |1〉 ⊗ |1〉)
= (〈0| ⊗ 〈0| ± 〈1| ⊗ 〈1|) (|1〉 ⊗ |0〉 ± |0〉 ⊗ |1〉)
= 0 (2.127)

2〈Φ±|σ̂y ⊗ I|Φ±〉 = (〈0| ⊗ 〈0| ± 〈1| ⊗ 〈1|) σ̂y ⊗ I (|0〉 ⊗ |0〉 ± |1〉 ⊗ |1〉)
= (〈0| ⊗ 〈0| ± 〈1| ⊗ 〈1|) (i|1〉 ⊗ |0〉 ± (−i)|0〉 ⊗ |1〉)
= 0 (2.128)

Exercise 2.36
Show Eqs. (2.125)

Having proved the result of the previous exercise, this proof is immediate. We can however
do it in an slightly different way.

(σ̂z ⊗ I + I⊗ σ̂z) |Φ±〉 = 1√
2

(σ̂z ⊗ I + I⊗ σ̂z) (|0〉 ⊗ |0〉 ± |1〉 ⊗ |1〉)

= 1√
2

(|0〉 ⊗ |0〉 ∓ |1〉 ⊗ |1〉+ |0〉 ⊗ |0〉 ∓ |1〉 ⊗ |1〉) = 2 |Φ∓〉

(σ̂z ⊗ I + I⊗ σ̂z) |Ψ±〉 = 1√
2

(σ̂z ⊗ I + I⊗ σ̂z) (|0〉 ⊗ |1〉 ± |1〉 ⊗ |0〉)

= 1√
2

(|0〉 ⊗ |1〉 ∓ |1〉 ⊗ |0〉 − |0〉 ⊗ |1〉 ± |1〉 ⊗ |0〉) = 0

(σ̂x ⊗ I + I⊗ σ̂x) |Ψ±〉 = 1√
2

(σ̂x ⊗ I + I⊗ σ̂x) (|0〉 ⊗ |1〉 ± |1〉 ⊗ |0〉)

= 1√
2

(|1〉 ⊗ |1〉 ± |0〉 ⊗ |0〉) + (|0〉 ⊗ |0〉 ± |1〉 ⊗ |1〉)

=

{
2 |Φ+〉
0

(σ̂y ⊗ I + I⊗ σ̂y) |Ψ±〉 = 1√
2

(σ̂y ⊗ I + I⊗ σ̂y) (|0〉 ⊗ |1〉 ± |1〉 ⊗ |0〉)

= i√
2

(|1〉 ⊗ |1〉 ∓ |0〉 ⊗ |0〉) + i√
2

(−|0〉 ⊗ |0〉 ± |1〉 ⊗ |1〉)

=

{
−2 i |Φ−〉
0

(2.129)

where we used σ̂x|0〉 = |1〉, σ̂x|1〉 = |0〉, σ̂y|0〉 = i|1〉, and σ̂y|1〉 = −i|0〉. Then 〈Φ±|σ̂c ⊗ I+
I⊗ σ̂c|Φ±〉 = 0 = 〈Ψ±|σ̂c ⊗ I + I⊗ σ̂c|Ψ±〉.

The special feature of Bell states is that when one of the two qubits is measured, it
takes on a specific value, and the second qubit is forced to also take on instantaneously
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a specific value, as the state collapses. Because of the entanglement, measurement of one
qubit will “collapse” the other qubit to a state whose measurement will yield one of two
possible values. Because of this, Bell states are maximally entangled or fully correlated.
This means that when one traces over one subsystem, the reduced density matrix is
proportional to the identity.

Exercise 2.37
Calculate the reduced density matrices of the four Bell states and show that they are maximally entangled.

Proof. Take the Bell state |Φ+〉 = 1√
2
(|0〉A⊗ |0〉B + |1〉A⊗ |1〉B) as an example. Its density

operator is ρ̂ = ρ̂AB = |Φ+〉〈Φ+|. The reduced density operator of the first qubit (A) is
ρred

1st = Tr2ndρ̂ = TrB ρ̂AB which reads

TrB ρ̂AB = B〈0|
[

1√
2
(|0〉A ⊗ |0〉B + |1〉A ⊗ |1〉B) 1√

2
(A〈0| ⊗ B〈0|+ A〈1| ⊗ B〈1|)

]
|0〉B

+B〈1|
[

1√
2
(|0〉A ⊗ |0〉B + |1〉A ⊗ |1〉B) 1√

2
(A〈0| ⊗ B〈0|+ A〈1| ⊗ B〈1|)

]
|1〉B

= 1
2 (|0〉A ⊗ B〈0|0〉B)(A〈0| ⊗ B〈0|0〉B) + 1

2 (|1〉A ⊗ B〈1|1〉B)(A〈1| ⊗ B〈1|1〉B)

= 1
2 |0〉AA〈0|+

1
2 |1〉AA〈1| (2.130)

If we now calculate the elements of the operator matrix in the basis |0〉 and |1〉:

ρ =

[
1/2 0
0 1/2

]
=

1

2
I (2.131)

which is proportional to the identity indicating maximal entanglement.

Example
Take the first Bell state |Φ+〉 = 1√

2
(|0〉 ⊗ |0〉+ |1〉 ⊗ |1〉). Measure the first qu-bit and say that the result

of the measurement is 0. The state Φ+ is then collapsed on the first term, |Φ+〉 7→ |0〉 ⊗ |0〉 and the
second qu-bit is therefore forced to be in the state |0〉, it has no more freedom to be in the other state.
The same argument applies to the other three Bell states.

But for an uncorrelated (unentangled) pair, measuring the spin of second particle tells us nothing
about the first one and just leaves it in its original superposition.

Note that in the examples above |0〉 and |1〉 are orthogonal. Let us consider a case in
which the quantum states of the two particles are each a superposition of different basis
states |ψi〉 and |φi〉, for the first and second particle, respectively, that do not necessarily
form orthonormal sets like spin states. For example, consider the general entangled Bell
state defined as

|Ψ〉 =
1√
2

(|ψ1〉 ⊗ |φ1〉+ |ψ2〉 ⊗ |φ2〉) (2.132)

Measure now an observable B̂ on the second particle. If |φ1〉 and |φ2〉 are orthogonal
eigenstates of B̂, then the measurement will collapse the state on |φ1〉 or |φ2〉, and the
state of the first particle will be fully determined after the measurement. This is the case
discussed above using the spin example.
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However, if |φ1〉 and |φ2〉 are not orthogonal, that is they have non-zero overlap, then
we will only get partial information on the first particle after a measurement on the second
one. Take as an extreme case the one in which |φ1〉 and |φ2〉 are the same state, then

|Ψ〉 =
1√
2

(|ψ1〉+ |ψ2〉)⊗ |φ1〉 (2.133)

and by measuring on the second particle we do not learn anything about the first one. Thus
the more the elements of the superposition of particle 2 overlap, the less distinguishable
they are and the less information we get about particle 1 by measuring particle 2.

Exercise 2.38
A simple test of separability. Write a two-qubit pure state as |ψ〉 =

∑
a,b=0,1 cab|ab〉. (a) Show that |ψ〉

is a product state if and only if det c = c00c11 − c01c10 = 0. (b) Apply the test to |ψ1〉 = (|00〉 + |01〉 +
|10〉+ |11〉)/2 and |ψ2〉 = (|00〉+ |01〉+ |10〉 − |11〉)/2. (c) Show that 2|det c| is related to the purity of
ρ̂A.

Solution. (a) For a product state cab = αaβb, a matrix of rank one, so det c = 0. Conversely,
a 2 × 2 matrix with vanishing determinant has rank one (or zero) and can be written as
αaβb. (b) det c1 = (1 − 1)/4 = 0: |ψ1〉 = |+〉 ⊗ |+〉. det c2 = (−1 − 1)/4 = −1/2 6= 0:
entangled. (c) ρ̂A = c c†, whose eigenvalues p1,2 satisfy p1 + p2 = 1 and p1p2 = |det c|2.
Then Tr ρ̂2

A = 1− 2|det c|2. The quantity 2|det c| ∈ [0, 1], called the concurrence, vanishes
for product states and equals one for maximally entangled ones. |ψ2〉 has 2|det c| = 1: it is
maximally entangled.

2.3.4 The EPR paradox & Bell’s inqualities

The EPR paradox

Consider Bohm’s formulation of the EPR paradox in which the systems A and B are
two spin-half particles in two different regions of space, with their spin degrees of freedom
initially in a spin singlet state, like Bell’s |Ψ−〉 with S = 0.
− Let an atom (the two spin system) with zero total spin (S = 0, the singlet) decay

in two photons. Conservation of spin (polarisation of the photons) implies that the
spins of the two photons have to be opposite.

− Let these photons separate very very very far away.
− Recall that to measure a spin one has to first choose a direction in three dimensional

space and then measure the orientation of the spin along it. Say, if one chooses the
z direction, then the measurement of the spin can yield up or down along this
direction. If one chooses the x direction, the result of the measurement of the spin
can be left or right along this direction. Similarly for the y direction.

− Let Alice measure the spin of the first photon along the z direction. The result will
be up with probability 1/2 or down with probability 1/2. If, instead, she measures
the spin in the x direction, she will get right or left also with probability a half. The
same for the y component of the spin.
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− Imagine that Alice does not measure but it is Bob who measures. Then he will get
similar results as Alice’s, that is, up or down in z with p = 1/2, right or left in x
with p = 1/2, and similarly for y.

− Now, if Alice and Bob make their measurements simultaneously, forcefully, Bob has
to measure the opposite value of the spin of his photon than the one that Alice gets.
Thus, if they measure in the z direction, if Alice measures up (with p = 1/2), then
Bob measures down with p = 1! Instead, if Alice measures down (with p = 1/2),
Bob measures up with p = 1.

− Note that the notion of probabilities makes full sense within an experiment, where
these measurements are performed a very large number of times.

− Whatever the direction in which they measure, their results are perfectly correlated.
− Consider that the measurements of Alice and Bob and made so close in time so that

not even light can travel between one photon and the other during the time lag.
Then, the fact that the two measurements necessarily yield the opposite result could
be interpreted as transfer of information faster than light, and this would violate a
principle of special relativity. See the sketch in Fig. 2.6.

− EPR claimed that this could not be correct. They argued that the states of the two
spins must have been imprinted in the photons when they were created, and that
they were attached to them in the form of hidden variables. This is contrary to
the Copenhagen interpretation of quantum mechanics which claims that the state
of the spin “is not determined” before it is measured.

You can look at the video https://www.youtube.com/watch?v=6p2jjLB4GNA where
this is explained in an online lecture by J. Preskill (Caltech).

Bell’s inequalities

In 1964 J. Bell figured out a way to distinguish between the hidden variables idea put
forward by EPR and the consequences of Bohr’s interpretation of quantum mechanics.
The idea is to take the point of view of the hidden variables proposal, argue in terms of
standard probabilities, as would apply classically, and find an inequality that, if violated
by the experiments, would disprove this approach.

The spins can be measured in three directions, say x, y and z. If Alice could measure
along the three directions simultaneously, although quantum mechanically she cannot
since σ̂aA and σ̂bA do not commute for a 6= b, she would obtain the eight combinations
reported in Table 1 each with probability 1/8.

Imagine that Alice measures along x and Bob measures along y. This is allowed
quantum mechanically since the measurements are performed on different photons and
σ̂aA and σ̂bB do commute for a 6= b. Since we know that the result for Alice should be the
opposite from the result for Bob (since the two photons decayed from a spin-less atom),
the outcome of Alice for the y measurement, if she were doing it, should be the opposite
of the result obtained by Bob.
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E x y z

E1 + + +
E2 + + −
E3 + − +
E4 + − −
E5 − + +
E6 − + −
E7 − − +
E8 − − −

Table 1: The eight possible outcomes of Alice’s measurements labeled events 1 to 8, if one could
perform them simultaneously. Classically, each has probability 1/8. The outcomes of Bob’s
simultaneous measurements would be the opposite of these, if the condition of having opposite
spin in each direction is enforced.

Thus, one can ask, what is the probability that, for Alice, the two measurements (along
x and y) would be the same. This can occur because the two Alice’s measurements are
+ (Alice + and Bob −) or the two are − (Alice − and Bob +). z remains free and both
possibilities have to be taken into account.

Reasoning classically, with standard probability arguments, one has

P xy
same = P (+,+,+) + P (+,+,−) + P (−,−,+) + P (−,−,−) . (2.134)

One can repeat this procedure for the directions y and z and get

P yz
same = P (+,+,+) + P (−,+,+) + P (+,−,−) + P (−,−,−) . (2.135)

Finally, for x and z

P xz
same = P (+,+,+) + P (+,−,+) + P (−,+,−) + P (−,−,−) . (2.136)

These probabilities concern Alice. Then, the sum of these probabilities yields:

P xy
same + P yz

same + P xz
same = 1 + 2P (+,+,+) + 2P (−,−,−) ≥ 1 (2.137)

because a sum over all eight cases, E1, . . . , E8 in Table 1, appears and it equals one. This
is one of Bell’s inequalities. It confirms that if there are three classical objects (coins)
with two possibilities (head or tail), and you throw them, at least two of them have to be
equal: the left-hand-side is larger than 1 since it is a sure classical event.

Note that the three directions, x, y and z, need not be orthogonal, and the plus and
minus can mean "up" and "down" along these directions with respect to some origin of
coordinates (see the sketch in Fig. 2.7).

Quantum mechanical violation of Bell’s inequality
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Let us now see how these probabilities take different values and Bell’s inequality (2.137)
is violated in quantum mechanics. (There are other inequalities of the kind that have been
derived and used to disprove the local reality theory.)

We have seen in an exercise above that the Bell states |Ψ±〉 are such that the spins of
the two particles should be opposite. We proved it for the z direction but the proof can
be extended to any other direction.

We will work with the singlet state |Ψ−〉, which has S = 0 opposite spins for the two
subsystems in all directions, and is maximally entangled.

This state is also rotational invariant, Û ⊗ Û |Ψ−〉 = |Ψ−〉.
The violations of Bell inequalities due to quantum mechanics are maximal on this state.

Other states can also be used but this one is the best one.
We will need to calculate probabilities of spin measurements, that is, sandwiches of

functions of the spin, within those states. Taken two directions ~m and ~n, the probability
that the measurement yields up (down) spin along the m̂ direction for Alice and up (down)
along the n̂ direction for Bob is obtained by sandwiching the projectors

1
2

(
I± ~m · ~̂σ

)
⊗ 1

2

(
I± ~n · ~̂σ

)
(2.138)

with the first factor acting on A and the second on B. We make some intermediate steps
to get to the expectation of this operator in the the state |Ψ−〉.

A first result that we will use later is the following. For any two directions ~m and ~n
one has

〈Ψ−|~̂σ · ~m⊗ ~̂σ · ~n|Ψ−〉 = −〈Ψ−|~̂σ · ~m ~̂σ · ~n⊗ I|Ψ−〉 opp spins inA&B Ex. 2.28

= −〈Ψ−|σ̂ama σ̂bnb ⊗ I|Ψ−〉
= −manb 〈Ψ−|(δabI + iεabcσ̂c)⊗ I|Ψ−〉 Ex. 2.26

= −mana 〈Ψ−|Ψ−〉 Ex. 2.27

= −~m · ~n
= − cos θ (2.139)

where we used σ̂aσ̂b = i
∑

c εabcσ̂
c for a 6= b and (σ̂a)2 = I for each a and the fact that

〈Ψ−|σ̂c⊗ I|Ψ−〉 = 0 for all c. Summation over repeated indices is assumed in the equation
above. The angle between the unit vectors ~m and ~n was called θ in the last equality.
Thus, the measurement outcomes are always perfectly anti-correlated when we measure
both spins along the same axis (since ~m · ~n = 1 and cos θ = 1 in this case). We have also
obtained a more general result that applies when the two axes are different.

Exercise 2.39
Prove σ̂aσ̂b = iεabcσ̂

c for a 6= b with εabc the Levi Civita tensor (that is εabc = 1 if abc are all different
and (cyclically) ordered (with x < y < z), εabc = −1 if abc are all different and not (cyclically) ordered,
and εabc = 0 if two indices are equal.

Exercise 2.40
Prove 〈Ψ−|σ̂c ⊗ I|Ψ−〉 = 0 for all c.
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2〈Ψ−|σ̂z ⊗ I|Ψ−〉 =
(
〈0| ⊗ 〈1| − 〈1| ⊗ 〈0|

)
σ̂z ⊗ I

(
|0〉 ⊗ |1〉 − |1〉 ⊗ |0〉

)
=

(
〈0| ⊗ 〈1| − 〈1| ⊗ 〈0|

)(
|0〉 ⊗ |1〉+ |1〉 ⊗ |0〉

)
= 0

2〈Ψ−|σ̂x ⊗ I|Ψ−〉 =
(
〈0| ⊗ 〈1| − 〈1| ⊗ 〈0|

)
σ̂x ⊗ I

(
|0〉 ⊗ |1〉 − |1〉 ⊗ |0〉

)
=

(
〈0| ⊗ 〈1| − 〈1| ⊗ 〈0|

)(
|1〉 ⊗ |1〉 − |0〉 ⊗ |0〉

)
= 0

2〈Ψ−|σ̂y ⊗ I|Ψ−〉 =
(
〈0| ⊗ 〈1| − 〈1| ⊗ 〈0|

)
σ̂y ⊗ I

(
|0〉 ⊗ |1〉 − |1〉 ⊗ |0〉

)
=

(
〈0| ⊗ 〈1| − 〈1| ⊗ 〈0|

)(
i|1〉 ⊗ |1〉+ i|0〉 ⊗ |0〉

)
= 0 (2.140)

Exercise 2.41
Prove 〈Ψ−|~̂σ · ~m⊗ ~̂σ · ~n|Ψ−〉 = −〈Ψ−|~̂σ · ~m ~̂σ · ~n⊗ I|Ψ−〉 for all ~m and ~n.

The Bell states we focus on are |Ψ±〉 = 1√
2
(|0〉 ⊗ |1〉 ± |1〉 ⊗ |0〉). The operators applied are

~̂σ · ~m = mxσ̂x +myσ̂y +mzσ̂z, where σ̂x, σ̂y, σ̂z are Pauli matrices, and ~m = (mx,my,mz)

is a unit vector, and similarly for ~̂σ ·~n. The tensor product ~̂σ · ~m⊗ ~̂σ ·~n means that the first
qubit is measured along ~m, and the second qubit along ~n, while the other tensor product
~̂σ · ~m ~̂σ · ~n ⊗ I involves both operators acting on the same qubit (via multiplication), with
the identity I acting on the second qubit.
For the Bell states |Ψ±〉 = 1√

2
(|0〉 ⊗ |1〉 ± |1〉 ⊗ |0〉), the left-hand-side reads

〈Ψ±|~̂σ · ~m⊗ ~̂σ · ~n|Ψ±〉

Let us do this calculation in detail (the other ones are similar). Using a compact notation
for the two quibit states, and expanding, the left-hand-side is

1

2

(
〈01|~̂σ · ~m⊗ ~̂σ · ~n|01〉+ 〈10|~̂σ · ~m⊗ ~̂σ · ~n|10〉 ± 〈01|~̂σ · ~m⊗ ~̂σ · ~n|10〉 ± 〈10|~̂σ · ~m⊗ ~̂σ · ~n|01〉

)
The first term reads

〈01|~̂σ · ~m⊗ ~̂σ · ~n|01〉 = 〈01|(mxσ̂x +myσ̂y +mzσ̂z)⊗ (nxσ̂x + nyσ̂y + nzσ̂z)|01〉

=
(
〈0| ⊗ 〈1|

)[(
mx|1〉+ imy|1〉+mz|0〉

)
⊗
(
nx|0〉 − iny|0〉 − nz|1〉

)]
= mz(−nz) = −mznz. (2.141)

Similarly, the second term reads

〈10|~̂σ · ~m⊗ ~̂σ · ~n|10〉 = (−mz)nz = −mznz.

The cross terms are

〈01|~̂σ · ~m⊗ ~̂σ · ~n|10〉 = 〈01|(mxσ̂x +myσ̂y +mzσ̂z)⊗ (nxσ̂x + nyσ̂y + nzσ̂z)|10〉
= 〈01|(mx|0〉 − imy|0〉 −mz|1〉)⊗ (nx|1〉+ iny|1〉+ nz|0〉)
= mxnx +mxiny − nximy +myny (2.142)
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since the left-hand-side selects the terms |01〉. The other cross term is

〈10|~̂σ · ~m⊗ ~̂σ · ~n|01〉 = 〈10|(mxσ̂x +myσ̂y +mzσ̂z)⊗ (nxσ̂x + nyσ̂y + nzσ̂z)|01〉
= 〈10|(mx|1〉+ imy|1〉+mz|0〉)⊗ (nx|0〉 − iny|0〉 − nz|1〉)
= mxnx −mxiny + nximy +myny (2.143)

since the left-hand-side selects the terms |10〉. Now, putting the four contributions together

1

2

[
−mznz −mznz ±

(
mxnx +mxiny − nximy +myny

)
±
(
mxnx −mxiny + nximy +myny

)]
=

1

2

[
−2mznz ±

(
mxnx +myny

)
±
(
mxnx +myny

)]
=
[
−mznz ±

(
mxnx +myny

)]
=

{
−mznz +mxnx +myny for |Ψ+〉
−~m · ~n for |Ψ−〉 (2.144)

Concerning the right-hand-side, when the operator ~̂σ · ~m ~̂σ · ~n ⊗ I acts on the same qubit,
the calculation in the main text yields

〈Ψ±|~̂σ · ~m ~̂σ · ~n⊗ I|Ψ±〉 = ~m · ~n.

Combining the two results:

〈Ψ−|~̂σ · ~m⊗ ~̂σ · ~n|Ψ−〉 = −〈Ψ−|~̂σ · ~m ~̂σ · ~n⊗ I|Ψ−〉.

As already said, the probability that the measurement yields up (down) spin along
the m̂ direction for Alice and up (down) along the n̂ direction for Bob is obtained by
sandwiching the projectors

1
2

(
I± ~m · ~̂σ

)
⊗ 1

2

(
I± ~n · ~̂σ

)
(2.145)

between the state |Ψ−〉, with the first factor acting on A and the second on B.

Exercise 2.42
Prove that 1

2 (I± σ̂z) is the projection operator for the eigenstates of σ̂z with eigenvalue ±1.

Proof. The operators 1
2 (I ± σ̂z) are

1
2

(
I± σ̂z

)
= 1

2

[
(|0〉〈0|+ |1〉〈1|)± (|0〉〈0| − |1〉〈1|)

]
=

{
|0〉〈0|
|1〉〈1| = P̂± (2.146)

which, as expected, are Hermitian, idempotent, and normalized.

We have

〈Ψ−|1
2

(
I± ~m · ~̂σA

)
⊗ 1

2

(
I± ~n · ~̂σB

)
|Ψ−〉

=
1

4
(〈0| ⊗ 〈1| − 〈1| ⊗ 〈0|)

[(
I± ~m · ~̂σ

)
⊗
(
I± ~n · ~̂σ

)]
(|0〉 ⊗ |1〉 − |1〉 ⊗ |0〉)

=
1

4
(〈0| ⊗ 〈1| − 〈1| ⊗ 〈0|)[
I⊗ I± I⊗ ~n · ~̂σ ± ~m · ~̂σ ⊗ I + ~m · ~̂σ ⊗ ~n · ~̂σ

]
(|0〉 ⊗ |1〉 − |1〉 ⊗ |0〉)

=
1

4
(1− cos θ) = Psame A,B measurement (2.147)
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We have used

1

2

(
I± ~m · ~̂σ

)
⊗ 1

2

(
I± ~n · ~̂σ

)
=

1

4

(
I⊗ I ± ~m · ~̂σ ⊗ I± I⊗ ~n · ~̂σ + ~m · ~̂σ ⊗ ~n · ~̂σ

)
(2.148)

There are therefore four terms, but the “cross” ones vanish as shown in Ex. 2.27. The
double identity operator yields one, and the result of the product of the two non-trivial
operators has been calculated in Eq. (2.139) and yields the − cos θ (we noted ~m and ~n
unit vectors to avoid using a hat which could be confused with an operator). Here “same”
means the same orientation (plus, right) for A and B, in their measurements along ~m and
~n, respectively.

Similarly, the probability of getting opposite results in A and B is

1

4
〈Ψ−|

(
I± ~m · ~̂σA

)
⊗
(
I∓ ~n · ~̂σB

)
|Ψ−〉

=
1

4
(1 + cos θ) = Popposite A,B measurement (2.149)

Now, we will choose three directions in the xz plane, with 120o angles between them.
The three dimensional vectors, then projected on the xz plane are:

n̂1 = (1, 0, 0) n̂2 =

(
−1

2
, 0,

√
3

2

)
n̂3 =

(
−1

2
, 0,−

√
3

2

)
⇒

n̂1 = (1, 0) n̂2 =

(
−1

2
,

√
3

2

)
n̂3 =

(
−1

2
,−
√

3

2

)
(2.150)

see Fig. 2.7. One checks that cos θ12 = n̂1 · n̂2 = −1/2, cos θ13 = n̂1 · n̂3 = −1/2,
cos θ23 = n̂2 · n̂3 = −1/2. Of course other choices are possible but this is convenient.

n̂1

n̂2

n̂3

Figure 2.7: Sketch of three vectors on a plane with 120o = 2π/3 angles between them.
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2.3 Many-body systems

We then have that the probability of Alice having the same result (up-up or down-
down) on two directions, say ~n1 and ~n2, is equal to the probability of A and B getting
opposite results:

PA same(n̂1, n̂2) = Popposite A,B measurement(n̂1, n̂2) =
1

4
(1 + cos θ) =

1

4

(
1− 1

2

)
=

1

8
(2.151)

One can then calculate the various quantum probabilities appearing in Bell’s inequality
(2.137) and obtain

PA same(n̂1, n̂2) + PA same(n̂2, n̂3) + PA same(n̂1, n̂3) = 3
1

8
=

3

8
< 1 (2.152)

Experimental verification

This violation was measured experimentally by A. Aspect (affiliation at the time of
the award: Institut d’Optique Graduate School - Université Paris-Saclay, Paris, France
and École Polytechnique, Palaiseau, France), who shared the 2022 Nobel Prize, testing a
slightly different version of Bell’s inequality and finding that it is violated by the polar-
ization of two entangled photons, see Fig. 2.8.

A. Aspect’s Nobel Lecture can be watched here
https://www.nobelprize.org/prizes/physics/2022/aspect/lecture/

Non-locality

The conclusion is that the two photons are characterized by a single wave function
all along the preparation and evolution. The state created quantum mechanically is non
local.

Construction of a Bell state

The idea is to use the (simple) quantum circuit in Fig. 2.9 to create a Bell state from
a simple initial state.

The first qubit is passed through a Hadamard gate and then both qubits are entangled
by a CNOT gate. If the input to the circuit is |ψ〉 = |0〉⊗ |0〉 then the circuit changes the
state to

CNOT H1|0〉 ⊗ |0〉 = CNOT

(
1√
2

(|0〉+ |1〉)⊗ |0〉
)

=
1√
2

(|0〉 ⊗ |0〉+ |1〉 ⊗ |1〉)

= |Φ+〉 (2.153)

Exercise 2.43
Prove that the operations CNOT H1 on the inputs |0〉 ⊗ |1〉, |1〉 ⊗ |0〉 and |1〉 ⊗ |1〉 yield |Ψ+〉, |Φ−〉, and
|Ψ−〉, respectively.

76



2.3 Many-body systems

Figure 2.8: Aspect’s experimental set-up. Source: Wikipedia.

Figure 2.9: The quantum circuit that builds a Bell state.

Exercise 2.44
Product states satisfy the CHSH inequality. Two qubits are in the product state |0〉⊗ |0〉. Alice measures
σ̂~a or σ̂~a′ and Bob σ̂~b or σ̂~b′ , all directions in the x-z plane forming angles θa, θa′ , θb, θb′ with the z axis.
Compute E(~a,~b) = 〈σ̂~a ⊗ σ̂~b〉 and show that |S| ≤ 2, with S = E(~a,~b) + E(~a,~b′) + E(~a′,~b)− E(~a′,~b′).

Solution. For a product state the correlation factorises, E(~a,~b) = 〈0|σ̂~a|0〉〈0|σ̂~b|0〉 =
cos θa cos θb. Then S = cos θa(cos θb + cos θb′) + cos θa′(cos θb − cos θb′) and |S| ≤ | cos θb +
cos θb′ |+ | cos θb− cos θb′ | = 2 max(| cos θb|, | cos θb′ |) ≤ 2. The same argument works for any
product state, and for mixtures of product states. A violation of |S| ≤ 2 is therefore a proof
of entanglement.

2.3.5 Entanglement entropy
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2.3 Many-body systems

In classical physics, the entropy is kB ln of the number of microstates which are com-
patible with the macrostate of the system. It is a measure of uncertainty, or the lack of
information needed to identify the microstate of a system.

In quantum mechanics positive entropies may arise even without lack of information,
as we show below.

von Neumann and Rényi entropies

The most common definitions of entropy are the following. The Von Neumann entropy
associated to the density operator ρ̂, is

SvN = −kBTr ρ̂ ln ρ̂ . (2.154)

The Rényi entropies are defined as

Sq = kB
1

1− q
ln Tr ρ̂q . (2.155)

If ρ̂ has eigenvalues λi, which are necessarily real and semi-definite positive, the two
entropies can be written as

SvN = −kB
D∑
i

λi lnλi SR = kB
1

1− q
ln

D∑
i

λqi (2.156)

with D the dimension of the Hilbert space. Note that the spectrum {λi} forms a proba-
bility distribution, since they are all 0 ≤ λi ≤ 1 and

∑
i λi = 1.

The limit q → 1+ of the Rényi entropy is the von Neumann one. The proof goes as
follows. First one notices that the numerator and denominator in the definition of the
Rényi entropy vanish for q → 1+. Then, one Taylor expands the numerator to first order
in q − 1:

lim
q→1

SR = kB lim
q→1

1

1− q
ln Tr ρ̂q = kB lim

q→1

1

1− q
ln

D∑
i=1

λqi

' kB
1

1− q
d

dq

(
ln

D∑
i=1

λqi

)
(q − 1)

∣∣∣∣∣
q→1+

= −kB

d

dq

D∑
j=1

λqj

∣∣∣∣∣
q→1+

D∑
i=1

λi

(2.157)
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and going on

lim
q→1

SR = −kB
D∑
j=1

λqj lnλj

∣∣∣∣∣
q→1+

= −kB
D∑
j=1

λj lnλj

= SvN (2.158)

For q = 2, the Rényi entropy is also called purity and it is relatively easier to measure.
For q →∞ it is call min-entropy and for q → 0 max-entropy.

For a pure state ρ̂ = |Ψ〉〈Ψ|, the eigenvalues are (1, 0, . . . ) and

SvN = 0 . (2.159)

The reason why the eigenvalues are one 1 and all zeroes is because for a pure state ρ̂2 = ρ̂.
So ρ̂ is a projector. The eigenvalue equation than reads

ρ̂|vj〉 = λj|vj〉

if we act again with ρ̂,
ρ̂ρ̂|vj〉 = λj ρ̂|vj〉 = λ2

j |vj〉

but the left-hand-side is also equal to ρ̂|vj〉 = λj|vj〉, so

λ2
j = λj ⇒ λj(λj − 1) = 0 ⇒ λj = 1 or λj = 0

Since the trace of ρ̂ must equal one, then there should be only one λj = 1 and the rest
vanish. The eigenvalue 1 corresponds to the state itself and all the 0s to all orthogonal
directions in Hilbert space.

For a maximally mixed state, ρ̂ = I/D and λj = 1/D for all j = 1, . . . , D. Then,

SvN = −kB
D∑
i=1

1

D
ln

1

D
= kB lnD . (2.160)

The von Neumann entropy can be calculated using the replica trick. The method goes
as follows:

– Write the von Neumann entropy as

SvN = −kB lim
q→1+

d

dq
ln Trρ̂q

where we have already eliminated the annoying denominator 1− q.
– Calculate the power ρ̂q for q integer and q ≥ 2.
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– Analytically continue to real q.
– Take the limit q → 1+ to recover the von Neumann entropy.

Entanglement entropies

The entanglement entropy is a measure of the degree of quantum entanglement between
two subsystems constituting a composite quantum system. The entropy of entanglement
is the Von Neumann (or Renyi) entropy of the reduced density matrix:

Sent
vN (A) = −kBTrA ρ̂

red
A ln ρ̂red

A (2.161)

and similarly for B.
The entropy of entanglement depends on the subsystem and on the partition. Entan-

glement entropies depend on:

– The size of A (number of degrees of freedom).
– The geometry of the cut (area vs volume).
– Which degrees of freedom are chosen for A.

Concretely, for a large many-body system:

– If A is tiny the entanglement entropy is small
– If A is half the system size, the entanglement entropy is maximal.

The entanglement entropy scales with system size but the way it does can be non-trivial.
The von Neumann entropy is often preferred to other Rényi entropies as a measure of

entanglement since it satisfies additional properties, such as sub-additivity, strong sub-
additivity, and concavity which are natural if we wish to give to S(A) an information-
theoretic interpretation.

For a pure state, the entanglement entropy of A and B are equal. This can be proven
as follows. Using the Schmidt decomposition of a pure state,

|Ψ〉AB =
∑
i

√
λi |iA〉 ⊗ |iB〉

with |iA〉 and |iB〉 orthonormal basis of the Hilbert spaces HA and HB, λi ≥ 0 and∑
i λi = 1. Then,

ρ̂red
A = TrB|Ψ〉AB AB〈Ψ| =

∑
i

λi |iA〉⊗〈iA| (2.162)

ρ̂red
B = TrA|Ψ〉AB AB〈Ψ| =

∑
i

λi |iB〉⊗〈iB| (2.163)

The eigenvalues of ρ̂red
A and ρ̂red

B are the same, and therefore the entanglement entropies
as well, as they can be written in terms of these eigenvalues.
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The λi are called entanglement eigenvalues. The entanglement spectrum is

εi = − lnλi

The entanglement spectrum can be defined from the eigenvalues of an entanglement
Hamiltonian ĤE defined from

ρ̂red
A = Z−1 e−ĤE . (2.164)

One has to note that ĤE is not a proper Hamiltonian. It does not generate time evolution.
Its eigenvalues are not physical energies but they encode the structure of entanglement
only. They are dimensionless objects, and writing the exponential in this way (with no
β factor) is correct. The reason to care about the entanglement spectrum is that two
states can have the same entanglement entropy, but their entanglement spectra can be
completely different.

The entanglement spectrum can also be defined for mixed states, using Eq. (2.164) to
define the entanglement Hamiltonian. But in these cases it will also include information
about the classical uncertainty (the probabilities pα of each state contributing to the
density operator) and not only quantum entanglement.

For a pure separable state, the entanglement entropy vanishes. If it is non-zero, it
indicates the two subsystems are entangled. If the system is in a mixed separable state,
the entanglement entropy does not vanish but one cannot assert that this is of quantum
origin.

Let us show that for a separable pure state the entanglement entropy vanishes while
for a mixed separable state it contains classical correlations.

A pure separable state has

ρ̂AB = ρ̂A ⊗ ρ̂B ⇒ ρ̂red
A = ρ̂A

and this has zero von Neumann entropy since only one λk = 1 and all others vanish (ρ̂A
is a projector).

A state ρ̂AB is mixed and separable if it can be written as a convex combination of
product states:

ρ̂AB =
∑
α

pα ρ̂
α
A ⊗ ρ̂αB,

where 0 ≤ pα ≤ 1 and
∑

α pα = 1 are probabilities and ρ̂αA and ρ̂αB are the density matrices
for the subsystems A and B, respectively. The reduced density matrix for a separable
state:

ρ̂red
A = TrB ρ̂AB =

∑
α

pα TrB(ρ̂αB) ρ̂αA =
∑
α

pα ρ̂
α
A

since TrB ρ̂
α
B = 1 (each ρ̂αB is a normalized density matrix). Thus, for a separable state,

ρ̂red
A represents a classical probabilistic mixture of the ρ̂αA states. In this case, the entropy of
A that one calculates as the von Neumann entropy of ρ̂red

A , reflects the classical probability
distribution pα, rather than quantum entanglement.
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Exercise 2.45
Calculate the entanglement entropy of a spin A in a two-spin system AB in a generic state |ψ〉AB .

The entanglement entropy of spin A is the von Neumann entropy of its reduced density matrix, ρA. It
quantifies how much information (or “uncertainty”) exists in A due to its entanglement with B. If A and
B are perfectly correlated (entangled), the entropy is high. If they are uncorrelated (a product state),
the entropy is zero.

We assume a generic pure state for the two-spin system:

|ψ〉AB = a|00〉+ b|01〉+ c|10〉+ d|11〉 =
∑
ab

cab |a〉 ⊗ |b〉

where |a|2 + |b|2 + |c|2 + |d|2 =
∑
ab |cab|2 = 1. In the first expression, the first number in the ket refers

to spin A, the second to spin B (e.g., |0〉A ⊗ |1〉B ≡ |01〉).
The density matrix for the state |ψ〉AB is the outer product:

ρAB = |ψ〉AB AB〈ψ| =


a
b
c
d

(a∗ b∗ c∗ d∗
)

=


|a|2 ab∗ ac∗ ad∗

ba∗ |b|2 bc∗ bd∗

ca∗ cb∗ |c|2 cd∗

da∗ db∗ dc∗ |d|2


Let us now calculate the reduced density operator ρ̂red

A . It is defined as

ρ̂red
A = TrB ρ̂AB =

∑
i=0,1

(IA ⊗ 〈i|B) ρ̂AB (IA ⊗ |i〉B)

=
∑
i=0,1

(IA ⊗ B〈i|) |ψ〉AB AB〈ψ| (IA ⊗ |i〉B)

=
∑
i=0,1

(IA ⊗ B〈i|)
(∑

ab

cab|a〉 ⊗ |b〉|
)(∑

a′b′

c∗a′b′〈a′| ⊗ 〈b′|
)

(IA ⊗ |i〉B)

=
∑
ab

∑
a′b′

cabc
∗
a′b′

∑
i=0,1

(
|a〉 B〈i|b〉

)(
〈a′| 〈b′|i〉B

)
=
∑
ab

∑
a′b′

cabc
∗
a′b′

∑
i=0,1

|a〉 δib 〈a′| δib′

=
∑
a

∑
a′

∑
i=0,1

caic
∗
a′i|a〉〈a′|

=
∑
a

∑
a′

(ca0c
∗
a′0 + ca1c

∗
a′1) |a〉〈a′|

= (c00c
∗
00 + c01c

∗
01) |0〉〈0|+ (c00c

∗
10 + c01c

∗
11) |0〉〈1|+ (c10c

∗
00 + c11c

∗
01) |1〉〈0|+ (c10c

∗
10 + c11c

∗
11) |1〉〈1|

= (|c00|2 + |c01|2) |0〉〈0|+ (c00c
∗
10 + c01c

∗
11) |0〉〈1|+ (c10c

∗
00 + c11c

∗
01) |1〉〈0|+ (|c10|2 + |c11|2) |1〉〈1|

= (|a|2 + |b|2) |0〉〈0|+ (ac∗ + bd∗) |0〉〈1|+ (ca∗ + db∗) |1〉〈0|+ (|c|2 + |d|2) |1〉〈1|

Therefore, the reduced density matrix for spin A, in this computational basis, is

ρred
A =

(
|a|2 + |b|2 ac∗ + bd∗

ca∗ + db∗ |c|2 + |d|2
)

The von Neumann entropy is given by

SvN(A) = −kBTr(ρred
A ln ρred

A )
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Since ρred
A is a 2x2 matrix, we can compute this by first finding its eigenvalues, λ1 and λ2 and

SvN(A) = −kBλA+ lnλA+ − kBλA− lnλA−

(Convention: 0 ln 0 ≡ 0.)

The eigenvalues of a 2× 2 matrix
(
p q
q∗ 1− p

)
are

λA± =
1

2

(
1±

√
1− 4(det(ρred

A ))

)
where det(ρred

A ) = (|a|2 + |b|2)(|c|2 + |d|2)− |ac∗ + bd∗|2. This completes the calculation.

Exercise 2.46
Repeat the calculation for sub-system B. Is it equal or different from the one of A?

The reduced density operator for spin B is

ρ̂red
B = TrAρ̂AB =

∑
i=0,1

(〈i|A ⊗ IB) ρ̂AB (|i〉A ⊗ IB)

=
∑
bb′

∑
i

cibc
∗
ib′ |b〉〈b′|

=
∑
bb′

c0bc
∗
0b′ |b〉〈b′|+ c1bc

∗
1b′ |b〉〈b′|

= (|c00|2 + |c10|2)|0〉〈0|+ (c00c
∗
01 + c10c

∗
11)|0〉〈1|+ (c01c

∗
00 + c11c

∗
10)|1〉〈0|+ (|c01|2 + |c11|2)|1〉〈1|

In the computational basis, the reduced density matrix is

ρred
B =

(
|a|2 + |c|2 ab∗ + cd∗

ba∗ + dc∗ |b|2 + |d|2
)

Note that
ρ̂red
A 6= ρ̂red

B

The von Neumann entropy of B is

SvN(B) = −kBTrρ̂red
B ln ρ̂red

B = −kBλB+ lnλB+ − kBλB− lnλB−

The matrix is still a 2×2 one of the form
(
p q
q∗ 1− p

)
with eigenvalues

λB± =
1

2

(
1±

√
1− 4(det(ρred

B ))

)
where det(ρred

B ) = (|a|2 + |c|2)(|b|2 + |d|2)− |ab∗ + cd∗|2.
The entanglement entropy of B looks different from the one of A. Both depend on the determinants

of the matrices. So, are they equal or different? Expanding:

det(ρred
B ) = (|a|2 + |c|2)(|b|2 + |d|2)− |ab∗ + cd∗|2

=
[
����|a|2|b|2 + |b|2|c|2 + |a|2|d|2 +����|c|2|d|2

]
−
[
����|a|2|b|2 + ab∗c∗d+ a∗bcd∗ +����|c|2|d|2

]
= |b|2|c|2 + |a|2|d|2 − ab∗c∗d− a∗bcd∗ (2.165)
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and

det(ρred
A ) = (|a|2 + |b|2)(|c|2 + |d|2)− |ac∗ + bd∗|2

=
[
|a|2|c|2 + |b|2|c|2 + |a|2|d|2 + |b|2|d|2

]
−
[
|a|2|c|2 + ab∗c∗d+ a∗bcd∗ + |b|2|d|2

]
= ����|a|2|c|2 + |b|2|c|2 + |a|2|d|2 +����|b|2|d|2 −����|a|2|c|2 −����|b|2|d|2 − ab∗c∗d− a∗bcd∗ (2.166)

and this is the same as the other one. So the two entanglement entropies are the same. This holds for
all pure states.

Exercise 2.47
What happens if the state were separable?

In a separable state cab = cac
′
b. With the notation above, a = c0c

′
0, b = c0c

′
1, c = c1c

′
0 and d = c1c

′
1.

Then,

detρred
A = detρred

B = |b|2|c|2 + |a|2|d|2 − ab∗c∗d− a∗bcd∗ = 2|c0c′1c1c′0|2 − 2|c0c′1c1c′0|2 = 0

Exercise 2.48
Specialise the result of the previous exercise to the Bell state |Φ+〉.

For the state |Φ+〉, a = 1/
√

2, b = 0, c = 0, and d = 1/
√

2. Then,

ρred
A =

(
1
2 0
0 1

2

)
This is the maximally mixed state. The eigenvalues of ρred

A are both 1
2 .

SvN(A) = −kB
2

ln

(
1

2

)
− kB

2
ln

(
1

2

)
= −kB ln

(
1

2

)
= kB ln 2

(In base 2, which is more common for qubits, SvN(A) = −kB2 log2
1
2 −

kB
2 log2

1
2 = kB). This result of 1

“bit” of entropy confirms that the spins are maximally entangled.

Exercise 2.49
Consider now a product state.

Let’s take a product state: |ψ〉AB = |0〉A⊗ |0〉+|1〉√
2

= |00〉+|01〉√
2

. Here, a = 1/
√

2, b = 1/
√

2, c = 0, d = 0.
The reduced density matrix is

ρred
A =

(
1
2 + 1

2 0 + 0
0 + 0 0 + 0

)
=

(
1 0
0 0

)
the one of the pure state |0〉〈0|.

The eigenvalues of this matrix are 1 and 0.

S(A) = −kB ln(1)− 0kB ln(0) = 0

The zero entropy confirms the spins are not entangled.
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Exercise 2.50
Note that Bell states are maximally entangled but not all entangled states are Bell ones. For example,
show that

|ψ〉 = cos θ|00〉+ sin θ|11〉 with θ ∈ (0, π/4) (2.167)

are all entangled but are not Bell-states.

Properties

Some properties of von Neumann and Rényi entropies are:

− S
(n)
A is insensitive to unitary transformations which act separately within A or the

complement of A which we call A, such as local changes of basis in the quantum
many-body system, since these leave the eigenvalues of the reduced density matrix
unchanged.

− 0 ≤ S
(n)
A ≤ lnD where D = min(DA, DA), with D the dimension of the correspond-

ing Hilbert space.
− S

(n)
A is zero if subsystem A is pure and may be described with ρ̂A = |ψ〉〈ψ| and

is maximized if the reduced density matrix for the smaller of the two subsystems
is ID/D where ID is the D × D identity matrix (in this case we say that this
subsystem is in a maximally-mixed state). In the former case, we will say that the
two subsystems are disentangled.

− Writing ρ̂A =
∑

α pα|ψα〉〈ψα| as a probabilistic mixture of orthonormal pure states,
with probabilities pα, the von Neumann entropy SA = −

∑
α pα ln pα is the classical

Shannon entropy of this distribution.

Heuristically, the entanglement entropy between complementary sets quantifies (the
logarithm of) the number of terms required to write a pure state as a superposition of
product states between A and A. Formally, |ψ〉 may be written in the Schmidt form
|ψ〉 =

∑
α

√
λα|φα〉⊗|ψα〉 where |φα〉 and |ψα〉 are orthonormal sets of states in the two

subsystems, and α runs over at most min(DA, DA) values. The distinct Rényi entropies
correspond to distinct “counts” of the Schmidt values that discount smaller values of λα
to a greater or lesser extent.

A key point is that low-entanglement states can be expressed (or approximated) by
keeping a number of Schmidt states that is much smaller than D. A generalization of this
idea to Matrix Product States for chains means that there is a direct relation between the
entanglement of a 1D quantum state and the cost of storing it as a Matrix Product State.

Area Law, Volume Law and criticality

A typical quantum state will asymptotically satisfy a volume law, in which the en-
tanglement entropy scales with the volume of the selected subsystem. A quantum state
satisfies an area law if the leading term of the entanglement entropy grows at most pro-
portionally with the boundary between the two partitions (and not with the volume of
the selected part).
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Area laws are remarkably common for ground states of local gapped quantum many-
body systems. These states are therefore non-generic. They emerge in the context of black
hole physics, quantum information science, and quantum many-body physics and have
been proven rigorously for lattice models in one and higher spatial dimensions. They
have important implications, especially on the numerical simulation of lattice models,
since they reduce the complexity of quantum many-body systems. The density matrix
renormalization group and matrix product states rely on such area laws.

The holographic principle is the conjecture that the information contained in a volume
of space can be represented by a theory which lives in the boundary of that region. It
could be related to the area law of the entanglement entropy in microscopic theories.

The emergence of an area law [68] then provides support for the intuition that short
ranged interactions require that quantum correlations between a distinguished region and
its exterior are established via its boundary surface.

That a strict area law emerges is by no means obvious from the decay of two-point
correlators.

In contrast to thermal states this entanglement entropy does not originate from a lack
of knowledge about the microstate of the system. Even at zero temperature we will
encounter a non-zero entropy. This quite intriguing trait of quantum mechanics gives rise
to correlations even in situations where the randomness cannot be traced back to a mere
lack of knowledge.

In one dimensional systems the entanglement entropy can often be calculated exactly.
Whether an area law holds or not, will largely depend on whether the system is at a
quantum critical point or not.

In one dimensional systems near criticality, the entanglement entropy often scales
logarithmically:

S ∼ c

3
lnL

where c is the central charge of the underlying Conformal Field Theory. In higher dimen-
sions, still at criticality,

S ∼ Ld−1 lnL or S ∼ Ld−1

Mutual information

The entanglement entropy can also be used to define a basis-independent measure of
correlations between subsystems A and B whose union is not necessarily the entire system.
This mutual information is defined as

IAB = SA + SB − SAUB (2.168)

Practical uses

The entanglement entropy is currently being used to
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– Characterise and distinguish quantum topological phases [69] with no order param-
eter [70], because it encodes information about both local and non-local quantum
correlations in a system and therefore the entanglement entropy that set them apart
from conventional phases. In systems with topological order (e.g., fractional quan-
tum Hall states or spin liquids), the entanglement entropy reads

S ∼ αL− γ

with α a non-universal coefficient related to boundary contributions, L the size of
the subsystem boundary (obeys the area law), and γ the topological entanglement
entropy, which is a constant and reflects the total quantum dimension of the system’s
topological excitations. The term γ is directly tied to the underlying topological
phase and does not depend on microscopic details. Its value can distinguish between
different topological phases.

– Characterise Anderson localised states in electronic systems with local disorder (like
random fields) and no interactions [71]. In these systems there is a transition be-
tween delocalized and localized phases at a critical disorder strength. The exact
value depends on the dimensionality of the system and the nature of the disorder. In
one-dimensional systems, even infinitesimal disorder can induce localization, while
in higher dimensions, a finite critical disorder strength is required.
The entanglement entropy of such systems depends on the disorder strength.

– For weak disorder, the system is in the delocalized phase, where entanglement
entropy grows according to the volume law, similar to extended states in non-
disordered systems. The entanglement entropy scales with the volume of the
subsystem.

– As disorder increases toward the localization transition, the system enters a
critical regime. Here, the entanglement entropy growth deviates from the vol-
ume law and transitions toward the area law. This intermediate phase often
shows logarithmic or sublinear scaling with subsystem size.

– For strong disorder, the system becomes Anderson localized, and the entan-
glement entropy adheres to the area law. This means it is proportional to the
boundary of the subsystem rather than its volume. The localized nature of the
states limits quantum correlations to distances shorter than a characteristic
one ξ, reducing entanglement. This behavior reflects the exponential decay of
wavefunctions, preventing long-range entanglement. For finite size subsystem
with linear size L, there is a crossover. For L < ξ the entanglement entropy
scales as in a clean system. Instead, for L � ξ, disorder dominates and the
area law is recovered.

Summarizing, the entanglement entropy S typically behaves as:

– S ∼ Ld−1 (area law) in the localized phase,

– S ∼ Ld (volume law) in the delocalized phase,
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– S ∼ lnL or sublinear scaling near criticality in d = 1,

with L the linear size of the subsystem. Numerical studies of Anderson localization
often show a clear crossover from high entanglement in weak disorder to significantly
reduced entanglement in the strong disorder regime. Experimental realizations, such
as cold atomic gases in disordered potentials, have provided further evidence of these
trends.

Summary

The entanglement entropy is the fundamental quantitative measure of quantum corre-
lations. It provides:

– A diagnostic of phases of matter and quantum criticality.
– A computational complexity indicator.
– A bridge between quantum information, condensed matter, and gravity.

Exercise 2.51
The GHZ state. For three qubits in |GHZ〉 = (|000〉 + |111〉)/

√
2, compute the entanglement entropy of

qubit A and of the pair AB. Compare SAB with SC . Measure σ̂z on qubit C: what is the state of AB
after the measurement?

Solution. ρ̂A = (|0〉〈0| + |1〉〈1|)/2, so SA = ln 2. ρ̂AB = (|00〉〈00| + |11〉〈11|)/2, so SAB =
ln 2 = SC , as it must be for a pure state of ABC (the two complementary subsystems have
the same entropy). After measuring σ̂z on C, AB is in |00〉 or |11〉 with probability 1/2:
a product state. Note that ρ̂AB is a classical mixture with no off-diagonal elements, unlike
|Φ+〉〈Φ+|: the entanglement is genuinely tripartite.

2.3.6 Modern applications

Quantum computation

A quantum computation acts on an assemble of N qubits, the many-body system.
One prepares them in an initial state such as |1〉 ⊗ · · · ⊗ |1〉. One then applies a unitary
transformation Û to the N qubits. (The transformation Û is constructed as a product
of standard quantum gates, unitary transformations that act on just a few qubits at a
time). One next measures all of the qubits by projecting onto the {|0〉, |1〉} basis. The
measurement outcome is the output of the computation.

The algorithm performed by the quantum computer is a probabilistic algorithm: one
could run exactly the same program twice and obtain different results, because of the
randomness of the quantum measurement process. The quantum algorithm actually gen-
erates a probability distribution of possible outputs. (This poses no problem since in
many cases it is easy to verify whether the solutions are correct.)

A classical computer can accomplish any task that a quantum computer does. The gain
can be in the time (in terms of number of operations) and storage needed to achieve the
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goal. A state of N = 100 qubits would need 2100 ∼ 1030 complex numbers to characterize
it. It is huge.

Quantum circuits

Quantum circuits are collections of local quantum gates, which perform some unitary
operators on one qubit (or n qubits arranged in a lattice), interconnected by quantum
wires. The evolution occurs on discrete-time. In general, each local operation is not close
to the identity and energy is not conserved. These operations are followed by a local
quantum measurement element.

Quantum circuits are a fashionable playground for quantum many-body physics. They
allow one to explore universal collective phenomena far-from-equilibrium, and they shed
light on longstanding questions about thermalization and chaos, and on the underlying
universal dynamics of quantum information and entanglement. They also exhibit new
dynamical phases in quantum systems that are monitored by an external observer. They
allow for experimental progress in building digital quantum simulators.

Randomness in the circuit elements allows a high level of theoretical control, with a
key theme being mappings between real-time quantum dynamics and effective classical
lattice models or dynamical processes. Many of the universal phenomena that can be
identified in this tractable setting apply to much wider classes of more structured many-
body dynamics. A recent review is [36] and an example of a very simple quantum circuit
is shown in Fig. 2.10.

Figure 2.10: An example of a quantum circuit, with the gates drawn according to the convention
in the figure where all the gates are listed, Fig. 2.2.

A minimally-structured unitary quantum circuit which lacks any symmetries or other
special properties will rapidly bring the system into a steady-state that is locally com-
pletely disordered, in the sense that local observables reproduce an infinite-temperature
statistical ensemble. The search for universal phenomena in this setting thus requires
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going beyond traditional probes of quantum condensed matter involving correlations
between specially-chosen local operators. Instead, interesting universal features of the
evolving state can be usefully quantified with information-theoretic quantities such as the
entanglement entropy and the quantum mutual information, measures of correlations that
are non-linear in the reduced density matrix for a subsystem.

Example
What happens to the quantum state of two qubits when we apply a single qubit gate to one of them?
Suppose we apply a Hadamard gate (2.26) to the first qubit in the superposition:

|ψ〉 =
1

2
|00〉 − i√

2
|01〉+

1√
2
|11〉 (2.169)

We have

H|ψ〉 =
1

2

(
1√
2
|00〉+

1√
2
|10〉

)
− i√

2

(
1√
2
|01〉+

1√
2
|11〉

)
+

1√
2

(
1√
2
|01〉 − 1√

2
|11〉

)
=

1√
2

[
1

2
|00〉+

1

2
|10〉+

1− i√
2
|01〉 − 1 + i√

2
|11〉

]
(2.170)

Specific to a two qubit system is the CNOT gate. The first bit of a CNOT gate is the
“control bit”, the second one is the “target bit”. The control bit never changes, while the
target bit flips if and only if the control bit is in state |1〉.

Though the CNOT gate looks very simple, any unitary transformation on two qubits
can be closely approximated by a sequence of CNOT gates and single qubit gates.

Quantum information and technology

Quantum information is not local. Classical bits store information locally, and each
classical bit is independent of every other bit. Quantum information is typically stored
in the relationships between individual qubits, and a qubit is typically not independent
of the others.

For instance, engineers can prepare a pair of qubits in a state such that if we measured
one qubit as a 0, the other would have to be a 1, and vice versa. In theory, engineers can
build up systems with as many qubits as they want, where each qubit’s state depends on
many other qubits’ states, and all are part of a complex entangled system.

Two sources of difficulties are inherent to quantum information. First, there are more
ways for errors to creep into the system. Second, coupling to an environment can corrupt
information stored, since entanglement with the surrounding can let the stored informa-
tion be lost. Moreover, quantum error correction is more challenging than the classical
one, since a problem that affects one qubit can end up corrupting the entire system.

The weird property of entanglement is at the basis of quantum technologies. For
example, in cryptography, the idea that safe key distributionmay profit from entanglement
is clear. If one produces a series of N entangled pairs atoms and sends each of the members
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of the pairs to Alice and Bob, at their measurements they will get the same results, that
is, the same series of 1 and 0. Before their measurement, the series does not really exist
and that is why the transmission is safe [72].

2.4 Time evolution
We here discuss the description of the evolution of a quantum system using the two well-

known pictures: the one named Schrödinger, in which operators are time independent,
while states depend on time and the one called Heisenberg in which operators depend on
time, while states do not. The interaction picture, which is mixed and both states and
operators depend on time, is also useful to know.

2.4.1 Schrödinger picture

In the Schrödinger picture of quantum mechanics, the Schrödinger equation giving the
time evolution of states, is postulated:

i~
∂

∂t
|ψ, t〉 = Ĥ|ψ, t〉,

where Ĥ is the Hamiltonian operator, which encodes the energy of the system.
The time evolution operator, Û(t, t0), which describes the evolution of the quantum

state over time, is defined from

|ψ, t〉 = Û(t, t0)|ψ, t0〉.

The linearity of the Schrödinger equation implies that the time evolution operator Û(t, t0)
must also be linear.

Reversibility

Quantum mechanics is time-reversible for closed systems, that if the evolution fromt0
to t is governed by Û(t, t0), the reverse evolution from t to t0 must also be possible.
Therefore Û(t, t0) must have an inverse

Û−1(t, t0)Û(t, t0) = Û(t, t0)Û−1(t, t0) = I

Unitarity & conservation of probability

If the system is represented by a state, the conservation of its normalization implies

|〈ψ, t|ψ, t〉|2 = |〈ψ, t0|Û †(t, t0)Û(t, t0)|ψ, t0〉|2 = |〈ψ, t0|ψ, t0〉|2 , (2.171)

which is ensured by
Û †(t, t0)Û(t, t0) = Û(t, t0)Û †(t, t0) = I
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Let us represent a state with an expansion on the eigenstates |aα〉 of an operator Â. At
times t0 and t:

|ψ, t0〉 =
∑
α

cα(t0)|aα〉 |ψ, t〉 =
∑
α

cα(t)|aα〉 (2.172)

Conservation of probability, ensured by the unitary evolution, implies∑
α

|cα(t0)|2 =
∑
α

|cα(t)|2 . (2.173)

In the more general case in which the state of the system is represented by a density
operator, in order to ensure probability conservation, its trace must equal 1. The evolution
of the density operator follows from the one of the states (see below):

ρ̂(t) = Û(t, t0)ρ̂(t0)Û †(t, t0)

Therefore

1 = Tr ρ̂(t) = Tr [Û(t, t0)ρ̂(t0)Û †(t, t0)]

= Tr [Û †(t, t0)Û(t, t0)ρ̂(t0)] = Tr [ρ̂(t0)Û(t, t0)Û †(t, t0)] = Trρ̂(t0) (2.174)

and this implies that the evolution operator must be unitary

Û †(t, t0)Û(t, t0) = Û(t, t0)Û †(t, t0) = I

Composition

Another requirement is the composition property

Û(t, t1)Û(t1, t0) = Û(t, t0) t ≥ t1 ≥ t0 (2.175)

Continuity

The continuity condition is
lim
dt→0

Û(t+ dt, t) = I (2.176)

Evolution equation

These properties are satisfied by

Û(t+ dt, t) = I− i

~
Ĥ(t)dt Ĥ(t) = Ĥ†(t) (2.177)
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One can now use this expression to derive the equation ruling the time evolution of the
evolution operator:

Û(t+ dt, t0) = Û(t+ dt, t)Û(t, t0)︸ ︷︷ ︸
composition

=

(
I− i

~
Ĥ(t)dt

)
︸ ︷︷ ︸

continuity, unitarity & Schrod

Û(t, t0)

= Û(t, t0)− i

~
Ĥ(t)Û(t, t0)dt

that implies

Û(t+ dt, t0)− Û(t, t0)

dt
= − i

~
Ĥ(t)Û(t, t0) ⇒ i~

dÛ(t, t0)

dt
= Ĥ(t)Û(t, t0) (2.178)

This is the Schrödinger equation for the time-evolution operator.

Explicit expression

The solution to Eq. (2.178) is, in complete generality,

Û(t, t0) = I +
∞∑
n=1

(
−i

~

)n ∫ t

t0

dt1

∫ t1

t0

dt2· · ·
∫ tn−1

t0

dtn Ĥ(t1)Ĥ(t2) . . . Ĥ(tn) (2.179)

where the Ĥ(t) could be time dependent and the factors evaluated at different times not
commute. In particular cases it simplifies considerably:

Û(t, t0) = e−
i
~ Ĥ(t−t0) Ĥ time independent (2.180)

Û(t, t0) = e
− i

~
∫ t
t0
dt′Ĥ(t′)

Ĥ time dependent but [Ĥ(t1), Ĥ(t2)] = 0 (2.181)

In the first case one can also express the evolution operator as

e−
i
~ Ĥt =

∑
α

e−
i
~Eαt|ψα〉〈ψα| Ĥ|ψα〉 = Eα|ψα〉 (2.182)

and this implies that the evolution of a generic ket reads

e−
i
~ Ĥ(t−t0)|ψ, t0〉 =

∑
α

e−
i
~Eα(t−t0)|ψα〉〈ψα|

∑
β

cβ(t0)|ψβ〉

=
∑
α,β

e−
i
~Eα(t−t0)cβ(t0)|ψα〉δα,β

=
∑
α

e−
i
~Eα(t−t0)cα(t0)|ψα〉

=
∑
α

cα(t)|ψα〉 with cα(t) = e−
i
~Eα(t−t0)cα(t0) (2.183)
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While the modulus of these coefficients do not change in time, their relative phases do.
For time-dependent Hamiltonians which do not commute at different times, the ex-

pression of the evolution operator is more complex and typically involves a time-ordered
exponential,

Û(t, t0) = T exp

(
− i

~

∫ t

t0

Ĥ(t′) dt′
)
,

where T is the time-ordering operator.
The fact that the evolution operator is unitary one can see now that it follows from

the fact that the Hamiltonian is Hermitian. For example, for the special case in which Ĥ
is time independent but commuting at different times, Û †(t, t0) = e

i
~ Ĥ
†(t−t0) = e

i
~ Ĥ(t−t0),

and then
Û(t, t0)Û †(t, t0) = Û †(t, t0)Û(t, t0) = I . (2.184)

For the more general case, the proof is similar.
Naturally, we can recover the Schrödinger equation for the states evolution from the

equation for the evolution operator. Indeed, multiplying Eq. (2.178) by |ψ, t0〉:

i~
dÛ(t, t0)|ψ, t0〉

dt
= ĤÛ(t, t0)|ψ, t0〉 ⇒ i~

d|ψ, t〉
dt

= Ĥ|ψ, t〉 (2.185)

Exercise 2.52
Take Ĥ(t) a Hamiltonian which can depend explicitly on time. Prove that the evolution is linear,
that is the superposition principle holds: if |ψ1,2, t〉 are two solutions of the Schrödinger equation
with initial conditions |ψ1,2, 0〉 then one can construct the state |ψ, t〉 = c1|ψ1, t〉+c2|ψ2, t〉 which
is again solution of the Schrödinger equation with initial condition |ψ, t〉 = c1|ψ1, 0〉+ c2|ψ2, 0〉.

Exercise 2.53
Obtain an expression for the time-derivative of the expectation of the Hamiltonian, d〈Ĥ〉/dt. Does it
vanish? Under which condition does it vanish?

Exercise 2.54
Larmor precession. A qubit with Ĥ = (~ω/2)σ̂z is prepared in |+〉. Compute |ψ(t)〉 and 〈~̂σ〉(t). Describe
the motion of the Bloch vector.

Solution. |ψ(t)〉 = (e−iωt/2|0〉 + eiωt/2|1〉)/
√

2 = e−iωt/2(|0〉 + eiωt|1〉)/
√

2. Then 〈σ̂x〉 =
cosωt, 〈σ̂y〉 = sinωt, 〈σ̂z〉 = 0: the Bloch vector rotates in the equatorial plane with
angular frequency ω. The populations of |0〉 and |1〉 do not change; only the relative phase
does.

2.4.2 Heisenberg picture

Here observables, rather than states, vary with time:

ÂH(t, t0) ≡ Û †(t, t0)ÂSÛ(t, t0) (2.186)

where ÂS = ÂH(t0, t0) is the Schrödinger picture operator Â. The states, instead, remain
unchanged. (This will also apply to the density operator.)
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The expectation value is the same in the two pictures

〈Â〉(t) = 〈ψ, t|ÂS|ψ, t〉 = 〈ψ, t0|Û †(t, t0)ÂSÛ(t, t0)|ψ, t0〉 = 〈ψ, t0|ÂH(t, t0)|ψ, t0〉 .(2.187)

Heisenberg’s equation

The fundamental equation of motion in the Heisenberg picture is the following. Assume
that ÂS does not depend explicitly on time. Then,

dÂH(t, t0)

dt
=
dÛ †(t, t0)

dt
ÂSÛ(t, t0) + Û †(t, t0)ÂS

dÛ(t, t0)

dt

=− 1

i~
Û †(t, t0)ĤSÂSÛ(t, t0) + Û †(t, t0)ÂS

1

i~
ĤSÛ(t, t0)

=− 1

i~

(
Û †(t, t0)ĤSÛ(t, t0)Û †(t, t0)ÂSÛ(t, t0)

−Û †(t, t0)ÂSÛ(t, t0)Û †(t, t0)ĤSÛ(t, t0)
)

=
1

i~

(
− ĤH(t, t0)ÂH(t, t0) + ÂH(t, t0)ĤH(t, t0)

)
. (2.188)

We note that if Û(t, t0) = e−
i
~ Ĥ(t−t0), then ĤH = ĤS = Ĥ, and the equation becomes

dÂH(t, t0)

dt
=

1

i~

[
ÂH(t, t0), Ĥ

]
(2.189)

Exercise 2.55
Larmor precession in the Heisenberg picture. Solve the Heisenberg equations of motion for σ̂x(t) and
σ̂y(t) with Ĥ = (~ω/2)σ̂z and check that the result of the previous exercise is recovered.

Solution. dσ̂x/dt = (i/~)[Ĥ, σ̂x] = (iω/2) 2iσ̂y = −ωσ̂y and dσ̂y/dt = (iω/2)(−2iσ̂x) = ωσ̂x.
Hence σ̂x(t) = σ̂x cosωt− σ̂y sinωt and σ̂y(t) = σ̂y cosωt+ σ̂x sinωt. In |+〉, 〈σ̂x〉 = 1 and
〈σ̂y〉 = 0, so 〈σ̂x(t)〉 = cosωt and 〈σ̂y(t)〉 = sinωt, as before.

Exercise 2.56
Spreading of a free wave packet. For a free particle, Ĥ = p̂2/(2m), solve the Heisenberg equations for
x̂(t) and p̂(t). Deduce (∆x)2(t) for an initial Gaussian wave packet with 〈x̂〉 = 〈p̂〉 = 0, width ∆x0 and
real wave function. Estimate the time needed for the width to double for an electron with ∆x0 = 1 Å
and for a dust grain of mass 1µg with ∆x0 = 1µm.

Solution. p̂(t) = p̂, x̂(t) = x̂+p̂t/m. Then (∆x)2(t) = (∆x0)2+(t/m)〈x̂p̂+p̂x̂〉+(∆p)2t2/m2.
For a real wave function the middle term vanishes, and for a minimal Gaussian ∆p =
~/(2∆x0):

(∆x)2(t) = (∆x0)2 +
~2t2

4m2(∆x0)2
.

The width doubles at t = 2
√

3m(∆x0)2/~: 3× 10−16 s for the electron, 3× 1013 s, about a
million years, for the dust grain.
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2.4.3 Interaction picture

The interaction orDirac picture is an intermediate representation between the Schrödin-
ger picture and the Heisenberg picture in which both states and operators carry part of
the time dependence of observables. Take a total time-independent Hamiltonian made of
the sum of two terms

Ĥ = Ĥ0 + Ĥint (2.190)

Set t0 = 0 the initial time at which all pictures coinnide. Then

|ψI, t〉 = e
i
~ Ĥ0t|ψS, t〉 ÔI(t) = e

i
~ Ĥ0t ÔS e

− i
~ Ĥ0t (2.191)

where |ψS, t〉 and ÔS are a state and an operator in the Schrödinger picture. We set t0 = 0
for simplicity here. Typically Ĥ0 is a simple (e.g. quadratic) Hamiltonian and Ĥint carries
the non-trivial interactions.

The advantage of the interaction picture is that it separates the dynamics due to the
"free" Hamiltonian Ĥ0 (which is solved exactly) from the dynamics due to the interaction
Hamiltonian ĤI(t) (which is treated perturbatively).
Exercise 2.57
Prove that the evolution of states in the interaction picture is given by

i~
d|ΨI , t〉
dt

= ĤI
int(t)|ΨI , t〉

In the literature, HI
int(t) is often written ĤI(t).

Exercise 2.58
Show that the evolution of an operator ÂI(t) in the interaction picture, constructed from a time-
independent ÂS , is

dÂI(t)

dt
=

i

~
[Ĥ0, ÂI(t)]

Exercise 2.59
Rotating wave approximation. A qubit with Ĥ0 = (~ω0/2)σ̂z is driven by V̂ (t) = ~Ω cos(ωt) σ̂x, with
Ω � ω0. Let σ̂± = (σ̂x ± iσ̂y)/2, so that σ̂+ = |0〉〈1|. (a) Show that σ̂±I (t) = e±iω0tσ̂±. (b) Write V̂I(t)
and drop the terms oscillating at frequency ω0 + ω. (c) At resonance, ω = ω0, solve the evolution of a
qubit prepared in the ground state |1〉.

Solution. (a) |0〉 and |1〉 have energies ±~ω0/2, so eiĤ0t/~|0〉〈1|e−iĤ0t/~ = eiω0t|0〉〈1|. (b)
V̂I(t) = (~Ω/2)(eiωt + e−iωt)(eiω0tσ̂+ + e−iω0tσ̂−) ' (~Ω/2)(eiδtσ̂+ + e−iδtσ̂−), with δ =
ω0 − ω. The neglected terms average out on times ∼ 1/(ω0 + ω), much shorter than the
time 1/Ω over which the state changes. (c) For δ = 0, V̂I = (~Ω/2)σ̂x is time-independent
and |ψI(t)〉 = cos(Ωt/2)|1〉− i sin(Ωt/2)|0〉: the excited state population is sin2(Ωt/2), Rabi
oscillations at frequency Ω, much slower than ω0. A “π pulse” of duration π/Ω inverts the
qubit; a “π/2 pulse” creates an equal-weight superposition.
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2.4.4 The density operator

The time evolution of a generic density operator ρ̂(t) =
∑

α pα|ψα, t〉〈ψα, t| of a system
with Ĥ = Ĥ† is

i~
dρ̂

dt
= [ĤS, ρ̂] ≡ L̂ρ̂ (2.192)

in the Schrödinger picture. This is called the Liouville-von Neumann or master equation.
L̂ is the Liouvillian superoperator called this way since it describes a linear transformation
on an operator: it operates on both sides of ρ̂. The proof is straightforward, it only uses
the Schrödinger equation for each of the states |ψα〉,

i~
d|ψα, t〉
dt

= ĤS|ψα, t〉 .

In the Schrödinger picture that we used above, although ρ̂ is an operator, it evolves in
time because it represents the state of the system, and not an observable. Instead, if we
worked in the Heisenberg picture it would be time-independent.

Exercise 2.60
Prove that the density operator transforms to the interaction picture as any other operator, Eq. (2.191),
ρ̂I(t) = Û†0 (t, 0)ρ̂S(t)Û0(t, 0) with the evolution operator involving Ĥ0.

Exercise 2.61
Prove that the evolution of the density operator in the interaction picture is given by

dρ̂I(t)

dt
= − i

~
[ĤI

int(t), ρ̂I(t)] . (2.193)

Exercise 2.62
Prove that the Hamiltonian dynamics does not change the purity of a system. This result illustrates that
the mixing rate of a state does not change due to the quantum evolution.

In the Schrödinger picture,

dTrρ̂2(t)

dt
= Tr

dρ̂2(t)

dt
= Tr 2 ρ̂(t)

dρ̂(t)

dt
= 2 Tr ρ̂(t)

(−i

~
[ĤS , ρ̂(t)]

)
= −2i

~
Tr ρ̂(t)

(
ĤS ρ̂(t)− ρ̂(t)ĤS

)
= 0 (2.194)

using the cyclic property of the trace.

Exercise 2.63
Show that the entropy remains constant for unitary evolution with Ĥ(t). In particular, show that for
a pure state the entropy vanishes and remains zero under unitary evolution. The result of the previous
exercise and this one suggest that for closed systems the quantum information is never really lost.

Taking the time derivative of the von Neumann entropy:

dSvN

dt
= −kBTr

(
dρ̂

dt
ln ρ̂+ ρ̂ρ̂−1 dρ̂

dt

)
= −kBTr

(
1

i~
[ĤS , ρ̂] ln ρ̂+

1

i~
[ĤS , ρ̂]

)
(2.195)
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and these two terms vanish thanks to the cyclic property of the trace.

Exercise 2.64
Consider a two-level system with Hamiltonian Ĥ = e0|0〉〈0| + ~Ω(|0〉〈1| + |1〉〈0|) + e1|1〉〈1|, where Ω is
the frequency of driving that coherently switches between both states. Calculate the populations ρ00 and
ρ11 as a function of time. Show that system is driven between the states, and the populations present
Rabi oscillations.

The time evolution of a quantum state |ψ(t)〉 is governed by the SchrÃ¶dinger equation:

i~
d

dt
|ψ(t)〉 = Ĥ|ψ(t)〉

We expand the state in the basis {|0〉, |1〉}:

|ψ(t)〉 = c0(t)|0〉+ c1(t)|1〉

The coefficients satisfy:
i~ċ0 = e0c0 + ~Ωc1, i~ċ1 = ~Ωc0 + e1c1

For simplicity, set ~ = 1. Define the detuning ∆ = e1 − e0 and the average energy Eavg = (e0 + e1)/2.
The Hamiltonian matrix in the {|0〉, |1〉} basis is:

H =

(
e0 Ω
Ω e1

)
We can remove the average energy by transforming to a rotating frame. Alternatively, we solve directly.

The eigenvalues of H are:

E± =
e0 + e1

2
± 1

2

√
(e1 − e0)2 + 4Ω2 = Eavg ±

1

2

√
∆2 + 4Ω2

Define the Rabi frequency Ω̃ =
√

∆2 + 4Ω2. The eigenvectors are:

|+〉 = cos
θ

2
|0〉+ sin

θ

2
|1〉, |−〉 = − sin

θ

2
|0〉+ cos

θ

2
|1〉

where tan θ = 2Ω
∆ (0 ≤ θ ≤ π).

Assume initial conditions: c0(0) = 1, c1(0) = 0 (system starts in |0〉). Then,

|ψ(0)〉 = |0〉 = cos
θ

2
|+〉 − sin

θ

2
|−〉

and
|ψ(t)〉 = cos

θ

2
e−iE+t|+〉 − sin

θ

2
e−iE−t|−〉

Expressing back in {|0〉, |1〉} basis:

c0(t) = 〈0|ψ(t)〉 = cos2 θ

2
e−iE+t + sin2 θ

2
e−iE−t

c1(t) = 〈1|ψ(t)〉 = cos
θ

2
sin

θ

2

(
e−iE+t − e−iE−t

)
The populations are ρ00(t) = |c0(t)|2 and ρ11(t) = |c1(t)|2 with

c0(t) = e−iEavgt

[
cos2 θ

2
e−iΩ̃t/2 + sin2 θ

2
eiΩ̃t/2

]
= e−iEavgt

[
cos

(
Ω̃t

2

)
− i cos θ sin

(
Ω̃t

2

)]
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|c0(t)|2 = cos2

(
Ω̃t

2

)
+ cos2 θ sin2

(
Ω̃t

2

)
= 1− sin2 θ sin2

(
Ω̃t

2

)
Similarly,

c1(t) = e−iEavgt
sin θ

2

(
e−iΩ̃t/2 − eiΩ̃t/2

)
= −ie−iEavgt sin θ sin

(
Ω̃t

2

)

|c1(t)|2 = sin2 θ sin2

(
Ω̃t

2

)
Thus,

ρ00(t) = 1− sin2 θ sin2

(
Ω̃t

2

)

ρ11(t) = sin2 θ sin2

(
Ω̃t

2

)

where sin2 θ = 4Ω2

∆2+4Ω2 and Ω̃ =
√

∆2 + 4Ω2.
The populations oscillate sinusoidally with frequency Ω̃/2 (or Ω̃ in the squared sine). For resonant

driving (∆ = 0), θ = π/2, sin2 θ = 1, Ω̃ = 2Ω, and:

ρ00(t) = cos2(Ωt), ρ11(t) = sin2(Ωt)

Thus the system is driven coherently between |0〉 and |1〉 with Rabi frequency Ω. The oscillations are
called Rabi oscillations, demonstrating periodic population transfer due to the coherent driving term Ω.
Note that ρ00(t) + ρ11(t) = 1, as required.

The populations exhibit sinusoidal oscillations (Rabi oscillations) at frequency Ω̃/2, showing coherent
driving between the two states.

2.4.5 Gibbs-Boltzmann

The time-derivative the density operator of a pure state representing a closed system
vanishes and remains zero henceforth under unitary evolution.

Consider a small subsystem of a large, interacting quantum system, in a pure state.
The subsystem can exhibit an apparent loss of information due to the spreading of entan-
glement between the subsystem and the rest. The reduced density operator can display

lim
t→∞

lim
NB→∞

ρ̂A(t) = ρ̂ stationary (2.196)

In this stationary limit, ρ̂ must be independent of time and ρ̂ must commute with Ĥ,
because of the Liouville equation. This is true iff we can simultaneously diagonalize ρ̂ and
Ĥ. Hence, the eigenstates of ρ̂ can be assumed to be energy eigenstates.

Any function of Ĥ commutes with Ĥ. Furthermore, if the system has continuous
symmetries then there exist other operators that also commute with Ĥ. For example,
if the system is invariant under translations then the momentum operator will commute
with Ĥ. If it is invariant under rotations then the angular momentum operator will
commute with Ĥ. So, in equilibrium, the density operator can be a function of these
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various operators. In practice, we are usually interested in systems for which boundary
conditions break translational and rotational symmetry e.g. a gas in a cubic box. In such
a situation, one can argue that any operator which commutes with Ĥ must be a function
of Ĥ only. So, in equilibrium, the density operator must be a function of the Hamiltonian
operator Ĥ.

Arguing in this way one justifies the equilibrium density operator in the canonical
ensemble

lim
t→∞

lim
NB→∞

ρ̂A(t) =
e−βĤA

Z
Gibbs− Boltzmann (2.197)

(with the addition in the exponential of other terms like µN̂ , etc if there are other finite
number of constants to consider).

Exercise 2.65
Stationary density operators. (a) Show that any density operator of the form ρ̂ = f(Ĥ), in particular
the Gibbs-Boltzmann one, is stationary under the von Neumann equation. (b) Conversely, show that
if the spectrum of Ĥ is non-degenerate, a stationary ρ̂ is diagonal in the energy eigenbasis. (c) Give a
stationary state of a qubit with Ĥ = (~ω/2)σ̂z that is not of the Gibbs form.

Solution. (a) [Ĥ, f(Ĥ)] = 0, so dρ̂/dt = 0. (b) 〈En|[Ĥ, ρ̂]|Em〉 = (En−Em)ρnm = 0 implies
ρnm = 0 for n 6= m. (c) Any diagonal ρ̂ = p|0〉〈0| + (1 − p)|1〉〈1| is stationary. It is of the
Gibbs form for some β, possibly negative, if 0 < p < 1, while p = 1 (the excited state, a
pure state) can only be reached as β → −∞. For more than two levels, a generic diagonal
ρ̂ is not of the Gibbs form at all: stationarity does not imply thermal equilibrium.

2.4.6 No cloning theorem

The no-cloning theorem states that it is impossible to create an independent and iden-
tical copy of an arbitrary unknown quantum state. It turns out to be a consequence of
unitary evolution [73,74]. A dual of this theorem is called the no deleting theorem. They
both have deep consequences in the field of quantum computation. The no-cloning theo-
rem (as generally understood) concerns only pure states whereas the generalised statement
regarding mixed states is known as the no-broadcasting theorem.

Let us prove this statement. Take a system A which can be in two possible states, say
|0〉 and |1〉 and ask whether one can copy its state on another two-state system B, that,
without loss of generality we initialise in |0〉. Note that the two systems share the Hilbert
space and HA ⊗HB = H⊗H.

We can manipulate the composite system with two permissible quantum operations:
- Perform an observation, which irreversibly collapses the system into some eigenstate
of an observable, corrupting the information contained in the system.

- Evolve with a judicious choice of evolution operator constructed with the Hamilto-
nian of the combined system.

The first option is not what we want. Let us see how would the second one work.
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First, consider that the system to be copied is in an eigenstate of σ̂z, that is |0〉A or
|1〉A, that we combine with another qubit in the state |0〉B. We evolve with a Û the full
system, and we assume that there is a Û such that

Û(|0〉A ⊗ |0〉B) = |0〉A ⊗ |0〉B Û(|1〉A ⊗ |0〉B) = |1〉A ⊗ |1〉B (2.198)

that is, the state of B becomes identical to the one of A, and the state of A does not
change. We simplify the notation and we do not write the t0 and t for the initial and final
times.

Imagine now that the particle A is in a superposition state

|ψ〉A =
1√
2

(|1〉A + |0〉A) (2.199)

and ask whether the same Û operator above clones the state of A. Acting with Û

Û

[
1√
2

(|1〉A + |0〉A)⊗ |0〉B
]

=
1√
2

(|1〉A ⊗ |1〉B + |0〉A ⊗ |0〉B) (2.200)

which is the entangled Schrödinger-cat state, one of the Bell states, while the expected
cloning would have been

1√
2

(|1〉A + |0〉A)⊗ 1√
2

(|1〉B + |0〉B)

1

2
(|1〉A ⊗ |1〉B + |1〉A ⊗ |0〉B + |0〉A ⊗ |1〉B + |0〉A ⊗ |0〉B) (2.201)

Û acts non-locally, and thus induces entanglement between the two systems. Note that
there is no problem with the cloning of the basis states, the problem is in also cloning
more general states. In conclusion, there is no unitary operator to clone all states.

Another proof of the theorem can be found in the web site
https://en.wikipedia.org/wiki/No-cloning_theorem

Exercise 2.66
The CNOT gate copies basis states but not superpositions. The CNOT gate acts as |a〉⊗|b〉 7→ |a〉⊗|a⊕b〉.
(a) Check that it copies |0〉 and |1〉 onto a blank qubit |0〉. (b) Apply it to |+〉 ⊗ |0〉 and compare with
|+〉 ⊗ |+〉.

Solution. (a) |0〉|0〉 7→ |0〉|0〉 and |1〉|0〉 7→ |1〉|1〉. (b) By linearity, |+〉|0〉 7→ (|00〉 +
|11〉)/

√
2 = |Φ+〉, an entangled Bell state, while a copy would be |+〉|+〉 = (|00〉 + |01〉 +

|10〉+ |11〉)/2. Their overlap is 1/
√

2. Linearity of quantum mechanics forbids a device that
copies all states: this is the content of the no-cloning theorem.
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2.4.7 Development of entaglement

Imagine that one starts with ρ̂(0) = ρ̂A(0) ⊗ ρ̂B(0) at t = 0, with ρ̂A(0) and ρ̂B(0)
the ones of two pure states. The subsystems A and B are initially uncorrelated (not
entangled).

As systems A and B become entangled with each other they will individually become
mixed states in the sense that we can no longer define either of them by a state vector.
However, the overall combined system described by ρ̂AB will remain in a pure state.

Example
Let us consider a simple system of two qubits interacting via a time-dependent Hamiltonian. This example
demonstrates how the entanglement between two initially separable qubits develops over time. We start
with two qubits in an unentangled, separable state:

|ψ, 0〉 = |0〉 ⊗ |1〉 = |01〉

where |0〉 and |1〉 are the standard computational basis states. Assume the qubits interact through an
exchange interaction, described by the Hamiltonian:

Ĥ =
~ω
2

(
σ̂(A)
x σ̂(B)

x + σ̂(A)
y σ̂(B)

y

)
,

where σ̂(A,B)
x and σ̂

(A,B)
y are the Pauli operators for qubits A and B and ω is the interaction strength

(frequency). This Hamiltonian generates entanglement between the two qubits over time. The time
evolution of the system is governed by the Schrödinger equation:

|ψ, t〉 = e−
i
~ Ĥt|ψ, 0〉.

To compute the evolution, note that the Hamiltonian acts in the basis of two qubits: |00〉, |01〉, |10〉,
|11〉. The interaction effectively couples these states. Applying the Hamiltonian, the time-evolved state
becomes

|ψ, t〉 = cos(ωt)|01〉 − i sin(ωt)|10〉.

and it is a superposition of |01〉 and |10〉. The degree of entanglement between the two qubits can be
quantified using the concurrence or the von Neumann entropy of the reduced density matrix. Tracing
out one qubit gives the reduced density matrix for the other qubit:

ρ̂A(t) = TrB
(
|ψ(t)〉〈ψ(t)|

)
.

After tracing over the second qubit:

ρA(t) =

[
cos2(ωt) 0

0 sin2(ωt)

]
.

This reduced density matrix correctly satisfies ρ00 + ρ11 = 1, and it is mixed for t 6= nπ/(2ω) with n ∈ Z,
indicating entanglement, since taking ρ2

A(t) and its trace

Trρ2
A(t) = Tr

[
sin4(ωt) 0

0 cos4(ωt)

]
= sin4(ωt) + cos4(ωt) < 1 if t 6= nπ/(2ω) (2.202)

The entanglement oscillates periodically due to the coherent interaction described by the Hamiltonian.
At t = π/(4ω), the state becomes |ψ(t)〉 = 1√

2

(
|01〉 − i|10〉

)
, a maximally entangled (Bell) state while at

t = π/(2ω) the state returns to a separable form.

102



2.4 Time evolution

Exercise 2.67
Entanglement generated by an interaction. Two qubits interact with Ĥ = J σ̂z⊗ σ̂z and start in |+〉⊗|+〉.
Compute ρ̂A(t) and the entanglement entropy SA(t). When is the state maximally entangled?

Solution. The basis states |ab〉 acquire phases e−iθsasb , with θ = Jt/~ and sa = ±1 the
eigenvalues of σ̂z. Then ψab(t) = e−iθsasb/2 and

ρ̂A(t) =
1

2

[
1 cos 2θ

cos 2θ 1

]
,

with eigenvalues cos2 θ and sin2 θ, and SA(t) = − cos2 θ ln cos2 θ − sin2 θ ln sin2 θ. The
entropy oscillates between 0 and ln 2, reached at Jt/~ = π/4 (mod π/2), where the state is
maximally entangled. Without interaction (J = 0) no entanglement is created. With only
two degrees of freedom the entanglement comes back to zero periodically; in a many-body
system it would not.

2.4.8 Quantum quenches

Quantum quenches is the name given to the protocol such that a parameter in the
Hamiltonian, say λ(t), is changed from an initial value λ0 at times, say t < 0, to another
value λ1 at a later time t1 following some functional form, λ(t) such that λ(0) = λ0 and
λ(t1) = λ1. For example,

λ(t) = λ0θ(−t) + λ1θ(t) instantaneous quench . (2.203)

Two common choices for the system at time t = 0 are (i) the ground state of the Hamil-
tonian Ĥ(λ0) at time t = 0

|ψ, 0〉 = |ψ, λ0〉GS (2.204)

or (ii) canonical equilibrium with the Hamiltonian Ĥ(λ0):

ρ̂(0) =
e−βĤ(λ0)

Z0

, (2.205)

with Z0 the partition function of the unperturbed system. The system is then evolved in
isolation with the Hamiltonian Ĥ(λ(t)) at times t > 0,

|ψ, t〉 = e−
i
~
∫ t
0 dt
′Ĥ(λ(t′))|ψ, λ0〉GS (2.206)

If λ(t) = λ0 there is no quench, the initial state is an eigenstate of the Hamiltonian and
the dynamics is trivial. The interesting cases are the ones that deviate from this case, for
which |ψ, λ0〉GS is not an eigenstate of Ĥ(λ(t)) and the dynamics is non-trivial.

A typical choice of Ĥ(λ(t)) is

Ĥ(λ(t)) = Ĥ0 + λ(t)Q̂(t) λ(t) = λ(t)θ(t) . (2.207)
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The time-dependent parameter λ(t) couples to an observable Q̂ of the system.

Example
Let us examine a quantum quench in a single qubit. Before the quench (t < 0), the Hamiltonian is

Ĥi = −~ω
2
σ̂z,

where σ̂z is the Pauli z-operator and ω > 0 is a constant frequency. The qubit is initially in the ground
state of Ĥi:

|ψ, 0〉 = |0〉,

where |0〉 is the eigenstate of σ̂z with eigenvalue +1. At t = 0, the Hamiltonian is suddenly quenched to

Ĥf = −~ω
2
σ̂x,

where σ̂x is the Pauli x-operator. This represents an abrupt change in the direction of the external field.
The time evolution is governed by the Schrödinger equation:

i~
∂

∂t
|ψ, t〉 = Ĥf |ψ, t〉.

The eigenstates of Ĥf are the eigenstates of σ̂x, given by

|±〉x =
1√
2

(
|0〉 ± |1〉

)
,

with eigenvalues ∓~ω
2 , respectively. The initial state |0〉 can be written as a superposition of the eigen-

states of Ĥf :

|0〉 =
1√
2

(
|+〉x + |−〉x

)
.

After the quench (t ≥ 0), the time-evolved state is

|ψ, t〉 =
1√
2

(
eiωt2 |+〉x + e−iωt2 |−〉x

)
.

Substituting back the eigenstates |±〉x into the computational basis

|ψ, t〉 =
1√
2

[
eiωt2
|0〉+ |1〉√

2
+ e−iωt2

|0〉 − |1〉√
2

]
= cos

(
ωt

2

)
|0〉+i sin

(
ωt

2

)
|1〉.

The Probability of Measuring |0〉 and |1〉 are

P0(t) = |〈0|ψ(t)〉|2 = cos2

(
ωt

2

)
P1(t) = |〈1|ψ(t)〉|2 = sin2

(
ωt

2

)
At t = 0, P0 = 1, and the qubit is in state |0〉, as expected. Over time, the qubit oscillates between states
|0〉 and |1〉 due to the sudden change in the Hamiltonian. The frequency of oscillation is ω/2.

This example demonstrates a fully solvable case of a quantum quench applied to a single qubit,
highlighting the interplay between the initial and final Hamiltonians.
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Exercise 2.68
A quench of a single qubit. A qubit is prepared in |0〉, the ground state of Ĥ0 = −(~Ω0/2)σ̂z. At t = 0
the Hamiltonian is suddenly changed to Ĥ1 = −(~Ω/2)σ̂x. (a) Compute 〈σ̂z(t)〉 and its time average.
(b) Construct the diagonal ensemble ρ̂DE =

∑
n |cn|2|En〉〈En|, with cn the overlaps of the initial state

with the eigenstates of Ĥ1, and compare. (c) Is there a Gibbs state of Ĥ1 with the same energy? Does
the qubit thermalize?

Solution. (a) In the Heisenberg picture with Ĥ1, σ̂z precesses around x: 〈σ̂z(t)〉 = cos Ωt,
with vanishing time average. (b) The eigenstates of Ĥ1 are |±〉 and |c±|2 = 1/2, so ρ̂DE = I/2
and Tr(ρ̂DEσ̂

z) = 0, the time average. (c) The energy, 〈0|Ĥ1|0〉 = 0, is conserved; the Gibbs
state with zero energy is the infinite temperature state I/2, which coincides with ρ̂DE.
However 〈σ̂z(t)〉 oscillates forever and the state remains pure: time averages are “thermal”,
but there is no relaxation. Relaxation of 〈σ̂z(t)〉 needs many incommensurate frequencies,
that is, many degrees of freedom or a bath.

2.4.9 Quantum chaos

Since the discovery of deterministic classical chaos, it is known that reserving the ve-
locities of a system after a time t, and letting it evolve ‘backwards’ in time towards 2t, will
not recover the same initial state. Typical systems of many particles possess exponen-
tial sensitivity on the variation of initial condition. Arbitrarily small but non-vanishing
perturbations of the initial condition, or of the equations of motion (e.g. introducing a
small external force field like gravity), drive the returning orbit away and the trajectory
will not return back to the initial phase space point. The classical Lyapunov exponent, λ,
quantifies the rate of exponential divergence of nearby trajectories in phase space. It is a
key feature of chaotic systems, reflecting the sensitivity to initial conditions.

This, however, is not the case in quantum mechanics. First of all, the notion of a
trajectory in phase space does not strictly exist in quantum mechanics due to the uncer-
tainty principle. Moreover, due to the linearity and unitarity of the quantum dynamics,
the latter is always stable against small variations of the initial state. Yet, small variation
in the Hamiltonian can produce non-trivial effects.

Quantum chaos is characterized by properties such as:
- The first characterizations of chaos emerged from the analysis of the quantization
of classical chaotic systems such as billiards. It was observed that the statistical
distribution of energy levels differs being the Wigner-Dyson statistics of random
matrices for chaotic systems, and Poisson for integrable ones. This is the Bohigas-
Giannoni-Schmit conjecture [75,76] which was found to apply to all known problems
so far.

- The behavior of quantum observables, such as the fidelity, the Loschmidt echo or the
out-of-time-ordered correlators (OTOCs), which are used to study quantum analogs
of classical chaos.

We give the definitions and properties of these diagnostics below. Before doing it, let us
discuss some points.

The relationship between the Lyapunov exponent of a quantum chaotic system and
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that of its classical counterpart is complex and depends on the context in which the
Lyapunov exponent is being considered.

In the semiclassical limit (~ → 0), the quantum system is expected to reflect the
behavior of its classical counterpart. Here, certain quantum quantities, like the decay
rate of the Loschmidt echo or the growth rate of OTOCs, can be linked to the classical
Lyapunov exponent. For example:

F (t) ∝ e−2λt,

for the Lodschmidt echo where λ is the classical Lyapunov exponent.
In the fully quantum regime (away from the semiclassical limit), the classical concept

of Lyapunov exponents becomes less meaningful. Quantum coherence, interference, and
the finite size of the Hilbert space alter the behavior. For instance, exponential divergence
is replaced by saturation or other forms of growth due to quantum effects.

The quantum Lyapunov exponent λQ approaches, in the semiclassical limit, λQ ≈ λ, the
classical Lyapunov exponent, but in strongly quantum regimes, λQ can differ significantly.
Maldacena, Shenker, and Stanford derived a universal bound for quantum Lyapunov
exponents in systems satisfying certain conditions (e.g., holographic systems): λQ ≤
2πkBT/~, where T is the temperature. This bound suggests that in certain cases, λQ is
constrained in ways unrelated to the classical Lyapunov exponent.

Instead, classical integrable systems, when quantized, exhibit a more stable behaviour
under perturbations due to the regularity of their dynamics. The decay of the Loschmidt
echo or growth of the OTOC should be qualitatively slower. For small perturbations,
power-law behaviour are expected

F (t) ∝ t−α,

where α depends on the perturbation strength and system specifics. The absence of
exponential divergence in the classical phase space is reflected in this slower decay. For
long times, saturation of the OTOC similarly to chaotic systems but at a higher value
due to the reduced sensitivity of the integrable dynamics to perturbations is expected.
In some cases, integrable systems may exhibit quasiperiodic revivals of fidelity due to the
coherent evolution of the quantum states.

The absence of exponential decay/growth in the Loschmidt echo/OTOCs indicates
that integrable systems do not "scramble" information efficiently, preserving local struc-
tures and correlations over time. This behavior contrasts with chaotic systems, where
information spreads rapidly and irreversibly.

Let us now present the definitions of the fidelity, Lodschmidt echo and OTOCs.

Fidelity

The fidelity is a measure of the closeness or overlap of two quantum states whether they
are pure or mixed. For two generic states with density operators ρ̂ and %̂, respectively,
the fidelity is defined as

F (ρ̂, %̂) =

(
Tr

√√
ρ̂%̂
√
ρ̂

)2

. (2.208)
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If one of the states is pure, say ρ̂ = |ψ〉〈ψ|, and the other one is not, the fidelity simplifies,

F (|ψ〉, %̂) = 〈ψ|%̂|ψ〉.

For two pure states it boils down to the overlap between the two states

F (| ψ〉, |φ〉) = |〈ψ|φ〉|2 . (2.209)

Some properties of the fidelity are the following.

- It is constant under unitary transformation,

F (Û ρ̂Û †, Û %̂Û †) = F (ρ̂, %̂),

where Û is a unitary operator. This property holds because unitary transformations
preserve the eigenvalues of the density matrices and the structure of the overlap
between quantum states. This invariance is a static property and is not directly
related to time evolution. It simply states that fidelity does not change if both
states are transformed in the same way.

- It is symmetric in its arguments, i.e. F (ρ̂, %̂) = F (%̂, ρ̂). The proof relies on the
following properties:

- The cyclic property of the trace Tr(ÂB̂Ĉ) = Tr(ĈÂB̂) = Tr(B̂ĈÂ), for any
set of operators Â, B̂, Ĉ (as long as the products are well-defined).

- The square root of a positive semi-definite Hermitian operator Â (denoted
√
Â)

and multiplied by another Hermitian operator as below satisfies: (
√
ÂB̂
√
Â)† =√

Â
†
B̂†
√
Â
†

=
√
ÂB̂
√
Â Thus,

√
ρ̂%̂
√
ρ̂ and

√
%̂ρ̂
√
%̂ are Hermitian.

- Equivalent Inner Products. Consider the expression
√
ρ̂%̂
√
ρ̂. Since ρ̂ and %̂

are density operators (positive semi-definite and Hermitian), there exists a
mathematical equivalence such that:√√

ρ̂%̂
√
ρ̂ and

√√
%̂ρ̂
√
%̂

have the same spectrum of eigenvalues. This equivalence arises because the
square roots of ρ̂ and %̂ commute under the trace and spectral decomposition
ensures symmetry between the two arguments.

Finally, since the fidelity depends only on the trace of the square root, we find that
the fidelity is symmetric with respect to its arguments. F (ρ̂, %̂) = F (%̂, ρ̂).

- F (ρ̂, %̂) lies in [0, 1] by the Cauchy-Schwarz inequality. F = 1 indicates that the
states are identical, and F = 0 means they are orthogonal (completely distinguish-
able).

- The fidelity does not increase under any quantum operation E :

F (E(ρ̂1), E(ρ̂2)) ≤ F (ρ̂1, ρ̂2).

This property is called monotonicity under Completely positive trace-preserving
maps.
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2.4 Time evolution

- It is related to the trace distance D(ρ̂1, ρ̂2) = 1
2
‖ρ̂1 − ρ̂2‖1 by

1−
√
F (ρ̂1, ρ̂2) ≤ D(ρ̂1, ρ̂2) ≤

√
1− F (ρ̂1, ρ̂2).

The definition of ||Â||1 is ||Â||1 = Tr
√
Â†Â.

- For product states ρ̂1 = ρ̂A ⊗ ρ̂B and ρ̂2 = %̂A ⊗ %̂B:

F (ρ̂1, ρ̂2) = F (ρ̂A, %̂A) F (ρ̂B, %̂B).

The fidelity measures how well a prepared quantum state matches the desired target state.
It can evaluate the quality of a quantum process, such as quantum gates in quantum
computing, it helps quantifying the impact of noise or decoherence on a quantum system,
it plays a role in determining the minimum time required to evolve between two quantum
states. It can reveal critical points in quantum phase transitions by measuring the change
in ground-state overlap.

The fidelity between two states, be them pure or mixed, evolves over time due to the
quantum evolution of the states. The fidelity remains constant in some special cases:
for evolution with identical Hamiltonians, or when the evolution is done with different
Hamiltonians Ĥ and Ĥ + δĤ, and δĤ commutes with Ĥ. Then, the dynamics do not
mix states in a way that reduces the fidelity, and F (t) can remain constant.

The fidelity decay provides insight into the stability of quantum dynamics against
perturbations. The key quantity is F (ψ, ψδ; t) = |〈ψ, t|ψδ, t〉|2 where |ψδ, t〉 is the state
evolved with the Hamiltonian used to evolve |ψ〉 but perturbed in some way that has
strength δ.

Example
If the system is a single qubit, ρ̂ and %̂ have 2× 2 matrix representations. The fidelity is then

F (ρ̂, %̂) = Tr(ρ%) + 2
√

det(ρ) det(%) (2.210)

This formula takes advantage of the small dimensionality of the Hilbert space, allowing for explicit
computation. The proof goes as follows. Any qubit density matrix ρ can be written in the Bloch
representation:

ρ =
1

2
(I + ~r · ~σ) ,

where ~r is the Bloch vector (|~r| ≤ 1), I is the 2 × 2 identity matrix, and ~σ = (σx, σy, σz) are the Pauli
matrices. For any density matrix ρ: Trρ = 1, and for the qubit det ρ = 1

4 (1 − |~r|2). Using the Bloch
representation, the fidelity simplifies to:

F (ρ, %) =
1

2

(
1 + ~rρ · ~r% +

√
(1− |~rρ|2)(1− |~r%|2)

)
,

where ~rρ and ~r% are the Bloch vectors of ρ and %, respectively. This compact form is particularly useful
when working with two-level systems, as it directly relates the fidelity to the geometric properties of the
Bloch vectors.

108



2.4 Time evolution

Exercise 2.69
Calculate the fidelity between two pure states |ψ1〉 = cos θ2 |0〉+ sin θ

2 |1〉 and |ψ2〉 = cos φ2 |0〉+ sin φ
2 |1〉.

Solution. F (|ψ1〉, |ψ2〉) = |〈ψ1|ψ2〉|2 =
(

cos θ2 cos φ2 + sin θ
2 sin φ

2

)2

. Using the trigonometric
identity cos a cos b+ sin a sin b = cos(a− b), the fidelity is

F (|ψ1〉, |ψ2〉) = cos2

(
θ − φ

2

)
.

Exercise 2.70
Calculate the fidelity between the pure state |ψ〉 = α|0〉 + β|1〉, and the mixed state ρ̂ = p|0〉〈0| + (1 −
p)|1〉〈1|.

The fidelity is F (|ψ〉, ρ̂) = 〈ψ|ρ̂|ψ〉 = p|〈0|ψ〉|2 + (1 − p)|〈1|ψ〉|2. For |ψ〉 = α|0〉 + β|1〉, we
have |〈0|ψ〉|2 = |α|2 and |〈1|ψ〉|2 = |β|2. Thus,

F (|ψ〉, ρ̂) = p|α|2 + (1− p)|β|2.

If |ψ〉 = |0〉 (α = 1, β = 0), then F = p, showing fidelity depends directly on the mixed
state’s weighting of |0〉.

Exercise 2.71
Let us calculate the fidelity between two mixed states

ρ̂1 = p|0〉〈0|+ (1− p)|1〉〈1|, ρ̂2 = q|0〉〈0|+ (1− q)|1〉〈1|.

Diagonal matrices simplify the computation. For ρ̂1 and ρ̂2, the fidelity simplifies to

F (ρ̂1, ρ̂2) =
(√

pq +
√

(1− p)(1− q)
)2

.

Exercise 2.72
Fidelity after a quantum gate. Suppose a qubit starts in the state

|ψ〉 = |0〉,

and undergoes a Hadamard gate

Ĥ|0〉 =
1√
2

(|0〉+ |1〉)

Calculate the fidelity between the final and initial state.

The fidelity between the initial state |0〉 and the final state |+〉 = 1√
2
(|0〉+ |1〉) is:

F (|0〉, |+〉) = |〈0|+〉|2 = | 1√
2

(〈0|0〉+ 〈0|1〉)|2 =
1

2

Exercise 2.73
Fidelity after decoherence. Suppose a qubit starts in a pure state

|ψ〉 = α|0〉+ β|1〉,

and undergoes dephasing, resulting in the mixed state

ρ̂ = |α|2|0〉〈0|+ |β|2|1〉〈1|.

Calculate the fidelity between the final and the initial state.
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2.4 Time evolution

The fidelity between the initial state |ψ〉 and the dephased state ρ̂ is

F (|ψ〉, ρ̂) = 〈ψ|ρ̂|ψ〉 = |α|4 + |β|4,

since the cross-terms decay under dephasing. This reflects the loss of coherence.

Loschmidt echo

Let us focus on cases in which the Hamiltonian does not depend on time explicitly.
The Loschmidt echo is a measure of the revival occurring when an imperfect time-

reversal procedure is applied to a complex quantum system. It allows to quantify the
sensitivity of quantum evolution to perturbations. An initial quantum state |ψ, 0〉 evolves
during a time t under a Hamiltonian Ĥ1 reaching the state |ψ, t〉. Aiming to recover the
initial state |ψ, 0〉 a new Hamiltonian −Ĥ2 is applied between t and 2t. Perfect recovery of
|ψ, 0〉 would be achieved by choosing Ĥ2 = Ĥ1. This is not possible in realistic setups, and
there always appears a difference between Ĥ2 and Ĥ1, leading to a non-perfect recovery
of the initial state. The forward evolution between t and 2t under the Hamiltonian −Ĥ2

is equivalent to a backward evolution from t to 0 under Ĥ2, which embodies the notion of
time-reversal. The Loschmidt echo studies are focused on the cases where the dynamics
induced by the Hamiltonians Ĥ1 and Ĥ2 are non-trivial, or sufficiently complex (like that
of a classically chaotic one-particle system or a many-body system which is quantized).

0 t 2t time
Ĥ1 −Ĥ2

Figure 2.11: Sketch of the Loschmidt echo procedure. Evolves to t with Ĥ1 and then from t to
2t with −Ĥ2. Another interpretation is that it evolves with Ĥ1 to t and then from t to 2t with
−Ĥ2 (or backwards from t to 0 with Ĥ2).

The Loschmidt echo is defined as

M(t) = |〈ψ, 0|e
i
~ Ĥ2te−

i
~ Ĥ1t|ψ, 0〉|2 (2.211)

It is the (square of the absolute value of) the overlap between the initial state and the
one recovered after the forward and backward evolution with the Hamiltonians Ĥ1 and
Ĥ2, respectively. It is a particular case of fidelity.

The Loschmidt echo is used to quantify quantum chaos but also the effects of decoher-
ence induced by a coupling to an environment.

Out of time order correlations

The Out of Time Order Correlators (OTOC) were first introduced in the analysis
of superconductors [77] and were recently considered as a measure of the magnitude
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2.4 Time evolution

of quantum chaos [78]. They measure the sensitivity of a quantum system to small
perturbations and is a key quantity in studying quantum chaos and scrambling.

The generic definition is

C(t) = 〈[Ŵ (t), V̂ (0)]†[Ŵ (t), V̂ (0)]〉 = Tr
(

[Ŵ (t), V̂ (0)]†[Ŵ (t), V̂ (0)]ρ̂
)

(2.212)

where Ŵ (t) and V̂ (0) are two operators in the Heisenberg representation and ρ̂ is the
density operator. They depend on time and temperature and can be used in systems with
or without classical analogue.

The definition above holds for an arbitrary pair of operators and density operator.
However, one typically restricts to Hermitian operators and works with

C(t) = −〈[Ŵ (t), V̂ (0)]2〉 (2.213)

(note that the † was outside the commutator, this is the origin of the minus sign). More-
over, one uses a thermal density operator ρ̂ = Z−1e−βĤ and then C(t) depends on time
and tempeature.

Sometimes regularizations, that change slightly the definition above and are supposed
to not modify the long-time limit (though this is not obvious and sometimes not even
true) are used

Creg(t) = Tr
(
ρ̂1/2[Ŵ (t), V̂ (0)]†ρ̂1/2[Ŵ (t), V̂ (0)]

)
(2.214)

Creg(t) = Tr
(

[ρ̂1/4Ŵ (t), ρ̂1/4V̂ (0)]†ρ̂1/2[Ŵ (t), V̂ (0)]
)

(2.215)

The relation to chaos can be justified from the semiclassical limit. Consider position
and momentum operators, x̂(t) and p̂(t), in a quantum system. Their OTOC is C(t) =
−〈[x̂(t), p̂(0)]2〉. In the semiclassical limit one can replace the commutator by the Poisson
bracket

[x̂(t), p̂(0)] 7→ i~{x(t), p(0)} = i~
δx(t)

δx(0)
, (2.216)

which measures the sensitivity of x(t) to changes in the initial condition. For a classically
chaotic system with a Lyapunov exponent λ, one has δx(t)/δx(0) ∼ eλt. The reason to
include the square in the definition is that, assuming that one can replace the commutator
by the Poisson bracket in the semiclassical limit, the growth would be eλt but with no
definite sign. The thermal average would then yield a vanishing result as positive and
negative contributions would cancel. Thus, the analogy states that the OTOC should
grow as ~2e2λt and the Lyapunov exponent λ of the quantum system could be read from
it.

The growth of the OTOC is associated with the spread of quantum information. This
is shown by choosing Ŵ and V̂ to be operators that act locally in space-like separated
regions (so that [Ŵ , V̂ ] = 0). A visual example is the one of a chain with nearest-
neighbour interactions, Ŵ located at the middle of the chain, and V̂ ` sites away to the
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2.4 Time evolution

left. The Baker-Campbell-Hausdorff formula for the expansion of Ŵ (t) yields the nested
commutator expression

Ŵ (t) =
∞∑
k=0

(it)k

k!
[Ĥ, . . . [Ĥ︸ ︷︷ ︸

k

, Ŵ ] . . . ] (2.217)

The operator Ŵ spreads over the chain as time elapses. with an increasing number of sites
around the initial one being involved. There is a symmetric propagation cone. Eventually
the site of the operator V̂ is reached by the propagation. The OTOC is expected to
depend on x− vt with velocity v limited by the Lieb-Robinson bound [79] for the speed
of correlations spreading in non-relativistic quantum systems.

The OTOC of quantum systems does not grow unbounded but saturates at the Ehren-
fest time tE. The Ehrenfest time is defined by the time scale beyond which the wave
function spreads over the whole system. It is roughly characterized as a boundary be-
tween a particle-like behavior and a wave-like behavior of the wave function.

Maldacena, et al. conjectured in 2016 the existence of an upper bound to the growth-
rate of the OTOC, essentially given by the temperature of the system [80]. This bound
can be viewed as a consequence of the fluctuation-dissipation theorem [81]. Systems
saturating the bound, as black holes do, are called fast scramblers. In the Sachdev-Ye-
Kitaev model [82,83] (which is a kind of spin-glass model) for strongly correlated fermions
the bound is also saturated [83].

In summary, the behavior is the following and one identifies a Lyapunov exponent λL:

- Integrable systems: The OTOC remains near its initial value or oscillates, indicating
little scrambling. λL ∼ 0. There are persistent oscillations and revivals.

- Chaotic Systems: The OTOC grows exponentially at early times, indicating rapid
scrambling of quantum information, and a rapid saturation, thermalization. The
inverse time scale is related to the system’s Lyapunov exponent in the classical
analog, a hallmark of chaos. λL > 0 but bounded by 2π/β.

- Thermal Systems: The OTOC can saturate at long times, reflecting thermal equi-
librium and loss of detailed quantum information.

A relation to the statistics of energy level, and random matrix theory, will be discussed
in the last lecture.

Example
Consider a single qubit, Ŵ = σ̂x and V̂ = σ̂z, with the qubit governed by the Hamiltonian

Ĥ =
~ω
2
σ̂z.

Using the Heisenberg equation of motion

dŴ (t)

dt
=

i

~
[Ĥ, Ŵ (t)],
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we find that the Pauli operators evolve under Ĥ as:

σ̂x(t) = eiĤt/~σ̂xe−iĤt/~.

For Ĥ = ~ω
2 σ̂z, the commutator [Ĥ, σ̂x] gives:

[Ĥ, σ̂x] = i~ωσ̂y.

Iterating the Heisenberg equation, we find

σ̂x(t) = σ̂x cos(ωt)− σ̂y sin(ωt).

We now compute OTOC(t) for Ŵ = σ̂x and V̂ = σ̂z. Substituting the time-evolved Ŵ (t) = σ̂x(t):

OTOC(t) = 〈σ̂x(t)σ̂zσ̂x(t)σ̂z〉.

Substitute σ̂x(t) = σ̂x cos(ωt)− σ̂y sin(ωt):

σ̂x(t)σ̂z = (σ̂x cos(ωt)− σ̂y sin(ωt)) σ̂z.

Using the Pauli matrix commutation relations:

σ̂xσ̂z = −σ̂zσ̂x, σ̂yσ̂z = −σ̂zσ̂y

we find
σ̂x(t)σ̂z = −σ̂zσ̂x cos(ωt) + σ̂zσ̂y sin(ωt).

Squaring this:
σ̂x(t)σ̂zσ̂x(t)σ̂z = −[cos2(ωt) + sin2(ωt)] = −1.

For this specific case, the OTOC is:
OTOC(t) = −1.

This indicates no scrambling of quantum information, as expected for a single qubit governed by a simple
integrable Hamiltonian. In more complex systems (e.g., multi-qubit systems with chaotic interactions),
the OTOC typically decays over time, indicating scrambling.

Example
A simple solvable example where the OTOC decays over time involves two interacting qubits with a
coupling term that can generate entanglement and quantum scrambling.
Consider a system of two qubits with the Hamiltonian:

Ĥ =
~ω
2

(σ̂(A)
z + σ̂(B)

z ) + Jσ̂(A)
z σ̂(B)

z ,

with the same notation as in the previous example, and J the interaction strength (Ising-type coupling).
This Hamiltonian is diagonal in the computational basis, making it solvable while still capable of exhibit-
ing non-trivial OTOC decay. Choose the operators: Ŵ = σ̂

(A)
x (acting on qubit A) and V̂ = σ̂

(B)
z (acting

on qubit B). The OTOC is
OTOC(t) = 〈σ̂(A)

x (t)σ̂(B)
z σ̂(A)

x (t)σ̂(B)
z 〉,

where σ̂(A)
x (t) = σ̂

(A)
x (t) = eiĤt/~σ̂

(A)
x e−iĤt/~ is the time-evolved σ̂(A)

x in the Heisenberg picture. Using
the commutator [Ĥ, σ̂

(A)
x ], we find

σ̂(A)
x (t) = σ̂(A)

x cos(2Jt) + σ̂(A)
y σ̂(B)

z sin(2Jt).
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This shows that σ̂(A)
x (t) depends explicitly on the coupling J and introduces correlations with σ̂

(B)
z , a

necessary ingredient for OTOC decay. Substituting σ̂(A)
x (t) in the product of first two factors within the

OTOC:
σ̂(A)
x (t)σ̂(B)

z =
(
σ̂(A)
x cos(2Jt) + σ̂(A)

y σ̂(B)
z sin(2Jt)

)
σ̂(B)
z

and using the Pauli matrix commutation rules,

σ̂(B)
z σ̂(B)

z = I, σ̂(A)
y σ̂(B)

z = −σ̂(B)
z σ̂(A)

y ,

we find
σ̂(A)
x (t)σ̂(B)

z = σ̂(A)
x cos(2Jt)− σ̂(A)

y sin(2Jt).

Squaring this expression to compute the full OTOC:

σ̂(A)
x (t)σ̂(B)

z σ̂(A)
x (t)σ̂(B)

z = cos2(2Jt) + sin2(2Jt)− [cross terms decay under expectation values].

For initial product states like |00〉, the cross terms vanish, and the OTOC simplifies to:

OTOC(t) = cos2(2Jt).

This demonstrates oscillatory decay of the OTOC, reflecting how the interaction strength J generates
scrambling of information between the two qubits. While not exponential (as in chaotic systems), the
decay shows sensitivity to the coupling and time evolution, making it a simple example of entanglement
and scrambling dynamics.

Exercise 2.74
Loschmidt echo of a qubit. Compute the Loschmidt echo M(t) = |〈ψ|eiĤ′t/~e−iĤt/~|ψ〉|2 for |ψ〉 = |+〉,
Ĥ = (~ω/2)σ̂z and Ĥ ′ = (~(ω + ε)/2)σ̂z. Comment on the long-time behaviour.

Solution. eiĤ′t/~e−iĤt/~ = eiεtσ̂z/2, soM(t) = | cos(εt/2)|2 = cos2(εt/2). The echo oscillates
and comes back to one periodically: there is no decay, as expected for a system with a single
frequency. In chaotic many-body systemsM(t) decays and does not come back on accessible
time scales.
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3 Correlation functions
In this Section we introduce some generic points: the no-cloning theorem, correlation

and linear response functions and we discuss several of their properties.
Linear response functions are especially important since they are measured experimen-

tally. For example, the electrical conductivity is the response to a weak applied field, the
thermal conductivity the response to a thermal gradient, etc.

Some correlation functions have analytic properties that do not depend on the micro-
scopic model considered. It is very important to keep them in mind to check whether
approximation schemes satisfy these exact properties and, when formulating phenomeno-
logical models, be sure that they are consistent. Approximate calculations do not always
satisfy all known exact relations, and one then has to choose violating the less harmful
ones.

A detailed discussion of linear response theory and the symmetry properties of corre-
lations and Green functions can be found in [84].

Under equilibrium conditions linear response function are related to some correlation
functions. These relations are called fluctuation-dissipation theorems, and they also have
to be preserved in any treatment of model systems in equilibrium.

3.1 Expectation values and correlation functions
We focus on systems with time-independent Hamiltonians. Go to the Heisenberg pic-

ture in which the operators depend on time while states do not. A generic operator Â in
the Schödinger picture transforms into the Heisenberg one

Â(t) = eiĤt/~Âe−iĤt/~ = Û †(t)ÂÛ(t) . (3.218)

The expected value of Â is
〈Â(t)〉 = Tr[Â(t)ρ̂0] (3.219)

where ρ̂0 is the (already normalised) initial density operator. In Boltzmann equilibrium
at inverse temperature β,

ρ̂0 =
e−βĤ

Tre−βĤ
. (3.220)

In these cases, the evolution operators e±iĤt/~ in Â(t) commute with ρ̂0 and using the
cyclic property of the trace they cancel each other. Then,

〈Â(t)〉 = Tr[Âρ̂0] . (3.221)

A bit more generally, one-time observables are time-independent in any system with ρ̂0(Ĥ).
The term Green function refers specifically to correlators of field operators or creation

and annihilation operators. In this respect, correlation functions are more general as they
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correlate any kind of observables. Still, the two terms are sometimes used interchangeably.
The zero-temperature time-ordered self-correlation function of an operator Â is defined as

CAA(t, t′) ≡ 〈0|T [Â(t)Â(t′)]|0〉 (3.222)

where Â(t) and Â(t′) are time-dependent and |0〉 is the ground state of Ĥ which does not
depend on time. T is the time-ordering operator

T [Â(t)Â(t′)] = Â(t)Â(t′)θ(t− t′) + Â(t′)Â(t)θ(t′ − t) (3.223)

(θ(y) = 1 for y > 0, θ(y) = 0 for y < 0, and there is some freedom in the choice of θ(0)
which we take to be θ(0) = 1/2.)

The finite-temperature time-ordered self-correlation function of the operator Â is de-
fined as

CAA(t, t′) =
Tr {T [Â(t)Â(t′)]e−βĤ}

Tr e−βĤ
=

∑
n〈n|T [Â(t)Â(t′)]e−βEn|n〉∑

n e
−βEn

, (3.224)

where |n〉 is a complete set of eigenstates of Ĥ and each matrix element is weighted with
the corresponding Boltzmann factor.

Note that one could define time-ordered correlation functions in out of equilibrium
systems by using a ρ̂0 which is not the Boltzmann one.

These definitions can be straightforwardly extended to cases with two (or more) dif-
ferent operators Â and B̂.

The (equilibrium) two-time correlation is stationary, that is, depends only on t− t′, as
can be checked from its very definition. Take the generic case of two different operators Â
and B̂, and choose t > t′. Then, replacing the Heisenberg operators by their expressions
in terms of time-independent ones:

CAB(t, t′) =
Tr[eiĤt/~Âe−iĤt/~eiĤt′/~B̂e−iĤt′/~e−βĤ ]

Tre−βĤ

=
Tr[eiĤ(t−t′)/~Âe−iĤ(t−t′)/~B̂e−βĤ ]

Tre−βĤ

= CAB(t− t′, 0) = CAB(t− t′) . (3.225)

(The overline is just to indicate that the functional form is different from the starting
one, which was a function of two variables. This distinction is often ignored.) The cyclic
property of the trace, and the commutation of the evolution operator with the Boltzmann
factor (same Ĥ involved) allowed one to rewrite all evolution operators as functions of
t − t′. A similar procedure can be used in the case t′ > t. One usually uses the same
notation (CAB) for the function of two times in the left-hand-side and the one of only
one time-difference in the right-hand-side though these are two different functions. The
stationarity property is also called time translation invariance since

CAB(t, t′) = CAB(t+ δt, t′ + δt) for any δt (3.226)
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if CAB depends only on the time difference.
We note that the very much studied quantum quenches - both theoretically and exper-

imentally - consist in preparing an initial state with one Hamiltonian, Ĥ1, and evolving
it with another Hamiltonian, Ĥ2. in these cases, the correlation functions need not be
stationary.

The term Green function, is usually reserved to the correlation of fields, or creation
and annihilation operators. e.g. ĉ(t) and ĉ†(t′), with the latter creating an excitation at
t′ and the former destroying it at t. At zero temperature the two-point Green function or
propagator is

G(t, t′) = i〈0|T c(t)c†(t′)|0〉 (3.227)

and the finite temperature generalisation is obvious. A good summary of the properties
of Green functions is here
https://en.wikipedia.org/wiki/Green%27s_function_(many-body_theory)

Exercise 3.1
Correlation function of the harmonic oscillator. In this and the following exercises of this Section we
use two examples: the harmonic oscillator, Ĥ = ~ω0(â†â + 1/2) with x̂ =

√
~/2mω0 (â + â†), and the

qubit Ĥ = (~ω/2)σ̂z, both in canonical equilibrium at inverse temperature β, with n̄ = (eβ~ω0 − 1)−1.
(a) Show that â(t) = â e−iω0t. (b) Compute Cxx(t) = 〈x̂(t)x̂(0)〉. (c) Show that Cxx(t) is complex, that
Cxx(−t) = C∗xx(t), and compute Cxx(0).

Solution. (a) dâ/dt = (i/~)[Ĥ, â] = −iω0â. (b) Only 〈ââ†〉 = n̄ + 1 and 〈â†â〉 = n̄ are
non-zero, so

Cxx(t) =
~

2mω0

[
(n̄+ 1)e−iω0t + n̄ eiω0t

]
.

(c) ImCxx(t) = −(~/2mω0) sinω0t 6= 0: since x̂(t) and x̂(0) do not commute, the order
matters. By stationarity Cxx(−t) = 〈x̂(0)x̂(t)〉 = 〈x̂(t)x̂(0)〉∗. Cxx(0) = (~/2mω0)(2n̄+1) =
〈x̂2〉, as in the exercise of Sec. 2.1.7.

3.2 Linear response and the Kubo formula
We start by giving the definition of the instantaneous linear response of an Hermitian

observable Â to a perturbation linearly coupled to another Hermitian observable B̂, in
such a way that Ĥ 7→ Ĥ − hB̂ between the instants t′ and t′ + ε with ε infinitesimal.
We then calculate it by treating the strength of the change, h, as a perturbation, taking
the full interacting Hamiltonian of the system Ĥ as the unperturbed Hamiltonian. The
protocol is sketched in Fig. 3.1.

First, we write 〈Â(t)〉B with the evolution generated by Ĥ from time 0 to t′, Ĥ − hB̂
from t′ to t′ + ε, and Ĥ from t′ + ε to t. Note that we are assuming t ≥ t′. The full
evolution operator is then

Ûh(t, 0) = e−iĤ(t−t′−ε)/~e−i(Ĥ−hB̂)ε/~e−iĤt′/~ ,

Û †h(t, 0) = eiĤt′/~ei(Ĥ−hB̂)ε/~eiĤ(t−t′−ε)/~ .
(3.228)
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3.2 Linear response & Kubo formula

s

h(s)

t′ t
′ + ε t0

Ĥ

Ĥ − hB̂

Ĥ

measure Â

t

δ〈Â(t)〉

t′

εhRAB(t, t′)

zero for t < t′

Figure 3.1: The protocol used to define the instantaneous linear response function. Top: the
Hamiltonian is Ĥ at all times except during the infinitesimal interval [t′, t′ + ε], where it is
perturbed by −hB̂. Bottom: the change in the expectation value of Â measured at time t,
δ〈Â(t)〉 ' εhRAB(t, t′), vanishes for t < t′ (causality) and generically decays (here with oscilla-
tions) for t > t′.

Note that we used B̂† = B̂. We do not worry about the possible non-commutativity of Ĥ
and B̂ since both h → 0 and ε → 0 let us factorise the exponentials. Moreover, we can
Taylor expand the exponential of B̂ in the middle factor and get

Ûh(t, 0) ∼ e−iĤ(t−t′−ε)/~e−iĤε/~[1 + i(hε/~)B̂ +O((εh)2)]e−iĤt′/~

∼ e−iĤ(t−t′)/~[1 + i(hε/~)B̂ +O((εh)2)]e−iĤt′/~ (3.229)

and similarly for Û †h. Then,

δ

δεh
Ûh(t, 0)

∣∣∣∣
h=0

= e−iĤ(t−t′)/~ i

~
B̂e−iĤt′/~ ,

δ

δεh
Û †h(t, 0)

∣∣∣∣
h=0

= −eiĤt′/~ i

~
B̂eiĤ(t−t′)/~ ,

(3.230)

where we already dropped higher order contributions in h which vanish for h → 0. The
instantaneous linear response function is defined as

RAB(t, t′) ≡ δ〈Â(t)〉B
δεh

∣∣∣∣∣
h=0

=
δ

δεh
Tr[Û †h(t, 0)ÂÛh(t, 0)ρ̂0]

∣∣∣∣
h=0

, (3.231)

and the information about the coupling to B̂ is in the Ûh and Û †h. The first contribution
comes from the variation of the Û †h:

Tr

[
δ

δεh

(
Û †h(t, 0)

)
ÂÛ0(t, 0)ρ̂0

]∣∣∣∣
h=0

= − i

~
Tr
[
eiĤt′/~B̂eiĤ(t−t′)/~ÂÛ0(t, 0)ρ̂0

]
= − i

~
Tr
[
eiĤt′/~B̂eiĤ(t−t′)/~Âe−iĤt/~ρ̂0

]
= − i

~
〈B̂(t′)Â(t)〉 (3.232)
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3.2 Linear response & Kubo formula

and the second one from the variation of Ûh

Tr

[
Û †0(t, 0)Â

δ

δεh

(
Ûh(t, 0)

)
ρ̂0

]∣∣∣∣
h=0

=
i

~
Tr
[
Û †0(t, 0)Âe−iĤ(t−t′)/~B̂e−iĤt′/~ρ̂0

]
=

i

~
Tr
[
eiĤt/~Âe−iĤ(t−t′)/~B̂e−iĤt′/~ρ̂0

]
=

i

~
〈Â(t)B̂(t′)〉 . (3.233)

In the end we have

RAB(t, t′) =
i

~
〈[Â(t), B̂(t′)]〉θ(t− t′) (3.234)

where we introduced the θ function that ensures causality, since the system cannot re-
spond to a perturbation which has not been applied yet. The square brackets denote
the commutator of Â and B̂ and we stress the fact that the right-hand-side is calculated
without the external perturbation. In cases in which the observables Â and B̂ are simply
replaced by say creation and annihilation operators, the right-hand-side is related to the
retarded Green function.

We note that this is a model independent Kubo formula. Nowhere in this derivation
we used a particular form of ρ̂0. This relation is actually valid beyond any equilibrium
hypothesis. The proof above can be applied to field theories, in which the perturbation
can be localised in space.

Linear response theory implies that the influence of two subsequent kicks of time-length
ε is equal to the one of a single kick of time-length 2ε, that is, the effect of the perturbations
is additive. In this way, one derives the time-delayed susceptibility

χAB(t, t′) =

∫ t

t′
dt′′ RAB(t, t′′) (3.235)

as the result of a perturbation applied during a finite (and not infinitesimal) time-interval
going from t′ to t.

Another way of writing the linear response relation is

〈Â(t)〉B =

∫ ∞
−∞

dt′′ RAB(t, t′′)h(t′′) (3.236)

which is just the integral version of the instantaneous (3.231). If we focus on stationary
situations, the right-hand-side is a time convolution. In Fourier

R̃AB(ω) =

∫
dt eiωtRAB(t) , RAB(t) =

∫
dω

2π
e−iωtR̃AB(ω) , (3.237)

the relation above then reads

〈Ã(ω)〉B = R̃AB(ω)h̃(ω) (3.238)
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3.3 Linear response & Onsager relations

and is local in ω: the response is at the same frequency as the external field. This feature
does not survive if higher order terms in the perturbation are kept to calculate non-linear
responses.

Under equilibrium conditions, ρ̂0 ∝ e−βĤ , one finds that the linear response is station-
ary, as any other correlation function.

Exercise 3.2
Linear response of the oscillator. Use the Kubo formula to compute Rxx(t, 0), the response of 〈x̂〉 to a
perturbation −hx̂. Check that it coincides with the classical response of an oscillator to an impulsive
force. Does it depend on temperature?

Solution. x̂(t) = x̂ cosω0t+ (p̂/mω0) sinω0t, so [x̂(t), x̂] = −i~ sin(ω0t)/(mω0), a c-number,
and

Rxx(t, 0) =
1

mω0
sin(ω0t) θ(t) .

Classically, mẍ = −mω2
0x+hε δ(t) gives x(t) = (hε/mω0) sinω0t for t > 0: the same result.

Since the commutator is a c-number, the response is independent of the state, hence of
temperature. This is special to linear systems.

Exercise 3.3
Linear response of a qubit. For the qubit, compute Rσxσx(t, 0). How does it depend on temperature?
Interpret.

Solution. With σ̂x(t) = σ̂x cosωt− σ̂y sinωt (exercise of Sec. 2.4.2),

[σ̂x(t), σ̂x] = − sinωt [σ̂y, σ̂x] = 2i sinωt σ̂z .

In equilibrium 〈σ̂z〉 = − tanh(β~ω/2), so

Rσxσx(t, 0) =
2

~
tanh

(
β~ω

2

)
sin(ωt) θ(t) .

Here the commutator is an operator and the response depends on the state: it is maximal
at T = 0 and vanishes as T →∞, where both levels are equally populated and absorption
and stimulated emission compensate each other (saturation).

3.3 Linear response and Onsager relations
The response function is expressed in terms of a commutator of Hermitian operators

times a theta function that imposes causality. Let us focus on the first factor and define

~R′′AB(t, t′) ≡ 〈[Â(t), B̂(t′)]〉 . (3.239)

The response′′ of the operator B̂ to an external perturbation that couples to Â is simply
related to the response′′ of Â to a perturbation that couples to B̂; in other words, the
operators have reversed roles:

~R′′AB(t, t′) = 〈[Â(t), B̂(t′)]〉

~R′′BA(t′, t) = 〈[B̂(t′), Â(t)]〉

}
=⇒ R′′AB(t, t′) = −R′′BA(t′, t) . (3.240)
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3.4 Causality & Kramers-Kronig

These are Onsager’s reciprocity relations.

Exercise 3.4
Reciprocity for position and momentum. For the harmonic oscillator compute ~R′′xp(t, 0) = 〈[x̂(t), p̂(0)]〉
and ~R′′px(0, t) = 〈[p̂(0), x̂(t)]〉 and check Onsager’s relation. Which physical situations do Rxp and Rpx
describe?

Solution. [x̂(t), p̂] = [x̂, p̂] cosω0t = i~ cosω0t, and [p̂, x̂(t)] = −i~ cosω0t, so R′′xp(t, 0) =
−R′′px(0, t) = i cosω0t. Rxp is the response of the position to a perturbation −hp̂, which
generates a sudden displacement of the particle, while Rpx is the response of the momentum
to a perturbation −hx̂, an impulsive force. Onsager’s relation links these two different
experiments.

3.4 Causality and the Kramers-Kronig relations

The causality of the real-time linear response is ensured by the analyticity of R̃AB(ω)
in the upper half complex plane. This is proved as follows. Write

RAB(t, t′) =

∫
dω

2π
e−iω(t−t′)R̃AB(ω) (3.241)

where we assumed that the linear response is stationary.1 Focus on t − t′ < 0, extend
ω → z ∈ C and close the contour in the upper half plane. The exponential e−iω(t−t′) ∝
e−iizI(t−t′) = ezI(t−t′) falls off exponentially and, if we take R̃AB(z) to be analytic in this
half plane, the resulting integral vanishes. This argument shows that analyticity is a
sufficient condition to get RAB(t, t′) ∝ θ(t− t′). One can also argue for necessity (we will
not show it here). The contour is shown in Fig. 3.2.

Assuming now that R̃AB(ω) is analytic in the upper half plane, and hence RAB(t, t′)
is causal, one can derive the Kramers-Kronig relations which relate real and imaginary
parts of the response functions and read

ReR̃AB(ω) = −P
∫
dω′

π

ImRAB(ω′)

ω − ω′
,

ImR̃AB(ω) = P

∫
dω′

π

ReRAB(ω′)

ω − ω′
.

(3.242)

The proof goes as follows. First,∫
dω′

π

1

ω′ − ω − iη
R̃AB(ω′) = 2i

∮
dz

2πi

1

z − ω − iη
R̃AB(z)

= 2iR̃AB(ω + iη) (3.243)
1In non-stationary cases one can rewrite the two time dependence as a dependence on t′ and t − t′

and Fourier transform with respect to the time difference. The results below also apply in these cases at
fixed t′.
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3.4 Causality & Kramers-Kronig

R̃AB(z) analytic

Re z

Im z

|z| → ∞

ω + iη

ω

singularities of R̃AB(z)

Figure 3.2: Integration contour in the complex frequency plane, z = zR + izI . Causality is
equivalent to the analyticity of R̃AB(z) in the upper half plane (shaded), its singularities lying in
the lower half plane. For t− t′ < 0 the factor e−iz(t−t′) decays on the large semicircle, the integral
along the real axis can be closed in the upper half plane, and it vanishes since no singularity
is enclosed. For t − t′ > 0 one has to close the contour in the lower half plane instead, and
the singularities of R̃AB contribute. In Eq. (3.243) the only singularity enclosed is the pole of
1/(z − ω − iη) at z = ω + iη.

where we assumed that R̃AB(z) falls to zero sufficiently fast at infinity.
Next, the identity

lim
η→0

1

ω ∓ iη
= lim

η→0

ω ± iη

ω2 + η2
= lim

η→0

[
ω

ω2 + η2
± iη

ω2 + η2

]
= P

1

ω
± iπδ(ω) (3.244)

P is the principal part. (Take this as a definition of the principal part.)
Now, applying (3.244) to (3.243) in the limit η → 0, and taking the real part of the

result of the lhs:

lhs = Re lim
η→0

∫
dω′

π

1

ω′ − ω − iη
R̃AB(ω′)

= −P
∫
dω′

π

1

ω − ω′
ReR̃AB(ω′)− ImR̃AB(ω) (3.245)

and of the rhs
rhs = −2Im lim

η→0
R̃AB(ω + iη) = −2ImR̃AB(ω) . (3.246)

Thus, the equality between the two yields the second Kramers-Kronig relation in (3.242).
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3.5 The KMS relations

The imaginary part of the same operation yields

lhs = Im lim
η→0

∫
dω′

π

1

ω′ − ω − iη
R̃AB(ω′)

= −P
∫
dω′

π

1

ω − ω′
ImR̃AB(ω′) + ReR̃AB(ω) (3.247)

and of the rhs
rhs = 2Re lim

η→0
R̃AB(ω + iη) = 2ReR̃AB(ω) (3.248)

and hence the first Kramers-Kronig relation in (3.242).
For the spectral representation of the linear response see [84].

Exercise 3.5
Debye relaxation. Take the causal response R(t) = (χ0/τ) e−t/τ θ(t). (a) Compute R̃(ω), its real and
imaginary parts, and locate its pole in the complex ω plane. (b) Check the first Kramers-Kronig relation
at ω = 0. (c) Do the same for the damped oscillator, R̃(ω) = 1/[m(ω2

0 − ω2 − iγω)], with γ > 0.

Solution. (a) R̃(ω) = (χ0/τ)
∫∞

0
dt e(iω−1/τ)t = χ0/(1 − iωτ), Re R̃ = χ0/(1 + ω2τ2),

Im R̃ = χ0ωτ/(1 + ω2τ2). The only pole is at ω = −i/τ , in the lower half plane, so R̃ is
analytic in the upper half plane, as required by causality. (b) The right-hand side of the
first relation at ω = 0 is

∫
dω′

π
ImR̃(ω′)

ω′ = χ0

π

∫
dω′ τ

1+ω′2τ2 = χ0 = Re R̃(0). (c) The poles
are at ω = −iγ/2 ±

√
ω2

0 − γ2/4, both in the lower half plane for γ > 0. For γ < 0 (an
amplifying medium) they move to the upper half plane and the corresponding R(t) grows
exponentially. Note that Im R̃(ω) = γω/{m[(ω2

0 − ω2)2 + γ2ω2]} has the sign of ω: the
power absorbed from an oscillating field is positive.

3.5 The KMS relations
The cyclic properties of the trace and a Boltzmann density operator yield the so-called

KMS (Kadanoff-Martin-Schwinger) relations. Take a canonical equilibrium correlation
between two operators measured at different times,

CAB(t, t′) = 〈Â(t)B̂(t′)〉 =
Tr[eiĤt/~Âe−iĤt/~eiĤt′/~B̂e−iĤt′/~e−βĤ ]

Tre−βĤ
. (3.249)

Inserting identities and moving the factors around one can show

〈Â(t)B̂(t′)〉 = 〈B̂(t′)Â(t+ iβ~)〉 = 〈B̂(−t− iβ~)Â(−t′)〉 (3.250)

which can also be written as

CAB(t, t′) = CBA(t′, t+ iβ~) = CBA(−t− iβ~,−t′) . (3.251)
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3.6 The fluctuation-dissipation theorem

As way of example, let us prove the first of these expressions.

CAB(t, t′) =
Tr[eiĤt/~Âe−iĤt/~eiĤt′/~B̂e−iĤt′/~e−βĤ ]

Tre−βĤ

=
Tr[eiĤt/~e−βĤeβĤÂeβĤe−βĤe−iĤt/~eiĤt′/~B̂e−iĤt′/~e−βĤ ]

Tre−βĤ

=
Tr[eiĤ(t+iβ~)/~

�
��eβĤÂe−iĤ(t+iβ~)/~e−βĤeiĤt′/~B̂e−iĤt′/~

���e−βĤ ]

Tre−βĤ

=
Tr[eiĤt′/~B̂e−iĤt′/~eiĤ(t+iβ~)/~Âe−iĤ(t+iβ~)/~e−βĤ ]

Tre−βĤ

= 〈B̂(t′)Â(t+ iβ~)〉 . (3.252)

The other relations follow from similar steps.
Having assumed equilibrium conditions the correlation functions are stationary, and

depend only on the difference between the two times involved, e.g. CAB(t, t′) = CAB(t−t′).
They can then be Fourier transformed,

CAB(t− t′) =

∫
dω

2π
e−iω(t−t′)C̃AB(ω) (3.253)

as well as the full KMS relations (3.251), which in Fourier space read

C̃AB(ω) = eβ~ωC̃BA(−ω) . (3.254)

Exercise 3.6
KMS for the oscillator. Fourier transform Cxx(t) of the exercise of Sec. 3.1 and check the KMS relation
C̃xx(ω) = eβ~ωC̃xx(−ω). Interpret the two peaks.

Solution.
C̃xx(ω) =

π~
mω0

[(n̄+ 1) δ(ω − ω0) + n̄ δ(ω + ω0)] .

At ω = ω0, C̃xx(ω0)/C̃xx(−ω0) = (n̄ + 1)/n̄ = eβ~ω0 , as required. With these conventions
the peak at ω = +ω0 corresponds to processes in which the system absorbs energy ~ω0,
with weight n̄+1, and the peak at −ω0 to processes in which it gives energy, with weight n̄.
Their ratio is a Boltzmann factor: detailed balance. At T = 0 only the first one survives.

3.6 The fluctuation-dissipation theorem
Let us define symmetrized and anti-symmetrized correlation functions

C[A,B](t, t
′) =

1

2
〈[Â(t), B̂(t′)]〉 ,

C{A,B}(t, t
′) =

1

2
〈{Â(t), B̂(t′)}〉 ,

(3.255)
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3.6 The fluctuation-dissipation theorem

which we assume are also time-translational invariant. Fourier transforming

2C̃[A,B](ω) = [1− e−β~ω]C̃AB(ω) ,

2C̃{A,B}(ω) = [1 + e−β~ω]C̃AB(ω) .
(3.256)

Taking the ratio between these two,

C̃[A,B](ω) = tanh

(
β~ω

2

)
C̃{A,B}(ω) . (3.257)

We go back to the Kubo relation to replace the commutator by the linear response.
However, one has to be careful, because these two, though proportional to each other in
the time domain, have in front the theta function which ensures causality. Therefore, the
Fourier transform has to be taken with care. One can replace in the right-hand-side of
Eq. (3.234) the Fourier representation of the commutator, taken to be stationary since in
equilibrium,

RAB(t, t′) =
i

~
θ(t− t′)

∫
dω

2π
e−iω(t−t′) 2C̃[A,B](ω)

=
i

~
θ(t− t′)

∫
dω

2π
e−iω(t−t′) tanh

(
β~ω

2

)
2C̃{A,B}(ω) . (3.258)

This is the quantum fluctuation-dissipation theorem in a mixed time-frequency domain.
Applying now ∫ ∞

0

dt eiωt = lim
ε→0+

i

ω + iε
= πδ(ω) + i

P

ω
(3.259)

with P the principal part, we deduce

R̃AB(ω) = −1

~
lim
ε→0+

∫
dω′

π

1

ω − ω′ + iε
tanh

(
β~ω′

2

)
C̃{A,B}(ω

′) (3.260)

from which we derive the imaginary and real parts

ImR̃AB(ω) =
1

~
tanh

(
β~ω

2

)
C̃{A,B}(ω) ,

ReR̃AB(ω) = −1

~
P

∫
dω′

π

1

ω − ω′
tanh

(
β~ω′

2

)
C̃{A,B}(ω

′) . (3.261)

This is the statement of the fluctuation-dissipation theorem, linking a linear response to
its associated correlation function, in this case written in Fourier space. This relation is
valid under equilibrium conditions only.

One can now take the limit β~ → 0 to recover the classical limit. Let us focus on
Eq. (3.258)

RAB(t− t′) → i

~
θ(t− t′)

∫
dω

π
e−iω(t−t′)β~ω

2
C̃AB(ω)

= −βdCAB(t− t′)
d(t− t′)

θ(t− t′) . (3.262)
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3.6 The fluctuation-dissipation theorem

Another way of writing the fluctuation dissipation theorem, in the complex time do-
main, is

C{A,B}(tc) + C[A,B](tc) = C{A,B}(t
∗
c)− C[A,B](t

∗
c) (3.263)

where tc = t+ iβ~/2.
The fluctuation dissipation theorem is a model independent relation between two-time

correlation and linar response, written in the form of the expectation of the commutator
of two operators, which extend to the quantum realm the fluctuation dissipation relations
of classical statistical physics. It does not depend on the particular Hamiltonian of the
system but it does on the equilibrium assumption.

Exercise 3.7
FDT for the oscillator. (a) Compute the symmetrized correlation C{x,x}(t) and its Fourier transform. (b)
Compute Im R̃xx(ω) from the response of the exercise of Sec. 3.2. (c) Check the fluctuation-dissipation
theorem Im R̃xx(ω) = ~−1 tanh(β~ω/2) C̃{x,x}(ω). (d) Check its classical limit, Rxx(t) = −β θ(t) dCxx/dt.

Solution. (a) Using 2n̄+ 1 = coth(β~ω0/2),

C{x,x}(t) = ReCxx(t) =
~

2mω0
coth

(
β~ω0

2

)
cosω0t ,

C̃{x,x}(ω) =
π~

2mω0
coth

(
β~ω0

2

)
[δ(ω − ω0) + δ(ω + ω0)] .

(b)

R̃xx(ω) =
1

mω0

∫ ∞
0

dt eiωt sinω0t =
1

2mω0

[
1

ω + ω0 + i0+
− 1

ω − ω0 + i0+

]
,

and, with Im (x + i0+)−1 = −πδ(x), Im R̃xx(ω) = (π/2mω0)[δ(ω − ω0) − δ(ω + ω0)]. (c)
Since tanh is odd,

1

~
tanh

(
β~ω

2

)
C̃{x,x}(ω) =

π

2mω0
tanh

(
β~ω0

2

)
coth

(
β~ω0

2

)
[δ(ω − ω0)− δ(ω + ω0)] ,

which is Im R̃xx(ω). (d) For β~ω0 � 1, Cxx(t) → (kBT/mω
2
0) cosω0t and −β dCxx/dt =

sin(ω0t)/(mω0): the classical FDT holds. At low temperature, instead, the correlation
tends to the temperature-independent zero-point value (~/2mω0) cosω0t while the response
is unchanged: the quantum fluctuations are not related to the response by the classical
FDT.
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4. Open systems

4 Open systems
Closed systems are just an idealisation of real systems, as in Nature nothing can be

isolated (apart from the full Universe itself!). The interaction of the system of interest
with the environment cannot be avoided. The goal is to infer the equations of motions of
a reduced system, that is a selected part of the full isolated system, from the equations
of motion of the total system. For practical purposes, the reduced equations of motion
should be easier to solve than the full dynamics of the system. Several approximations
are usually made in the derivation of the reduced dynamics.

In this section we first revisit a few aspects of equilibrium classical statistical physics
that are not commonly discussed and that become important for our purposes. We also
present a derivation of the classical Langevin equation for the evolution of a system
in contact with an equilibrium environment. Properties of Langevin processes are also
discussed in the text but will not be presented in detail in the lectures since they are
taught in the Stochastic Processes lectures.

Next we move on to discuss the description of quantum open systems. In this context we
first discuss the dynamics of a system connected to several baths modelled by a Markovian
interaction (a strong assumption), the Lindblad master equation acting on the density
operator of the system of interest (also called Gorini-Kossakowski-Sudarshan-Lindblad
equation). This equation is used in quantum optics, condensed matter, atomic physics,
quantum information, and quantum biology. Then we introduce more general formalisms
that go beyond the Markovian assumption.

4.1 Coherence and decoherence
The first paper on decoherence written by Zeh dates from 1970 [85] and there is a nice

review by the same author published as Seminaire Poincaré proceedings in 2005 [86].
Quantum coherence describes the ability of a quantum mechanical system to stably

maintain its quantum mechanical states. This allows accurate measurement and control
of the quantum mechanical properties of the system. As long as there exists a definite
phase relation between between components in a superposition, the system is said to be
coherent.

However, interactions with the environment always cause incoherence. Such interac-
tions lead to phase shifts and uncertainty in the quantum mechanical states, causing the
coherence to fade and the system to become decoherent. Quantum coherence can only be
maintained for limited times in many quantum mechanical systems.

If a quantum system were perfectly isolated, it would maintain coherence indefinitely,
but it would be impossible to manipulate or investigate it. If it is not perfectly isolated,
for example during a measurement, coherence is shared with the environment and the
one of the system appears to be lost with time; a process called quantum decoherence or
environmental decoherence. As a result of this process, quantum behavior is apparently
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lost, just as energy appears to be lost by friction in classical mechanics.

Example
Consider a single qubit in the superposition state |ψ〉 = c0|0〉+ c1|1〉. The density matrix is[

|c0|2 c0c
∗
1

c∗0c1 |c1|2
]

(4.1)

The diagonal elements represent the probabilities of the qubit being in |0〉, |1〉, respectively. The off-
diagonal elements encode the coherence. These terms capture the relative phase and amplitude of the
superposition.

Decoherence can be viewed as the loss of quantum information from a system into the
environment (often modelled as a heat bath), since every system is loosely coupled with
the energetic state of its surroundings. Therefore, the system’s dynamics are always non-
unitary (although the combined system plus environment evolves in a unitary fashion).
Thus the dynamics of the system are irreversible. As with any coupling, entanglements
are generated between the system and the environment. These have the effect of sharing
quantum information with – or transferring it to – the surroundings.

Take a system described by a pure state |ψ〉 =
∑

n cn|ψn〉, where {|ψn〉} is a basis of
the Hilbert space. Its density operator is

ρ̂ = |ψ〉〈ψ| =
∑
nm

cnc
∗
m|ψn〉〈ψm| =

∑
n

|cn|2|ψn〉〈ψn|︸ ︷︷ ︸
diagonal

+
∑
n6=m

cnc
∗
m|ψn〉〈ψm|︸ ︷︷ ︸

off diagonal

(4.2)

The first term (corresponding to just the diagonal terms in the density matrix) looks
like a mixed state, whereas the second term is the interference and gives the off-diagonal
elements. The second term tends to disappear during decoherence, turning a pure state
(quantum) with off-diagonal elements present to a mixed state (classical) with diagonal
elements only.

Preserving quantum coherence is critical for applications in quantum technology, in-
cluding quantum computing, quantum communications, and precision measurements. Re-
searchers are working on strategies to minimize decoherence, such as improved quantum
sensor isolation, error correction techniques, and quantum error tolerance protocols. Un-
derstanding and controlling quantum coherence are therefore key challenges in quantum
physics and for the development of powerful quantum-based technologies.

Under decoherence quantum systems convert to systems which can be explained by
classical mechanics. However, the way in which this transition occurs is complex and not
fully understood. The theory of decoherence treats how quantum superposition states
disappear at the macroscopic scale.

To experiment with the forms of quantum decoherence, scientists use “Schrödinger’s
kittens”. These are a collection of about ten photons that can be observed transitioning
from a quantum form with multiple states to a form with a single state, which is thought
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4.1 Coherence and decoherence

to result from decoherence. Such kittens are created in several ways, for example, with
a box inside which mirrors force photons to bounce billions of times. Serge Haroche,
received the Nobel Prize in Physics in 2012 for realizing such experiments. It is possible
to observe a photon in superposed states lose this characteristic more or less quickly; with
10 photons introduced into the box, decoherence is almost instantaneous.

The decoherence time depends on the size of the system, the size of the bath and the
coupling between the two. For example, nuclear spin relaxation can be from one-tenth of
a second to a year, whereas the decoherence time is more like 10−3 s in the case of electron
spin. It is approximately 10−6 s for a quantum dot, and around 10−9 s for an electron in
certain solid state implementations. The biggest quantum computing challenge, arguably,
is qubit decoherence. Qubits are extremely sensitive to their environment, and even small
disturbances can cause them to lose their quantum properties. Therefore, to overcome the
problem of quantum decoherence, it is necessary to be capable of performing error cor-
rection. This means analyzing the system to determine which disturbances have occurred
and then reversing them.

When the decoherence theory was proposed, there was no need to observe quantum
properties on a macroscopic scale, and this theory was not given much value. The need to
build a quantum computer and maintain quantum coherence for a certain period of time
to perform quantum calculations drove interest in investigating the factors that cause
decoherence on quantum systems and how to reduce it.

Quantum decoherence explains why we tend to see definite states rather than superpo-
sitions at the macroscopic level. Interactions quickly destroy coherence between superim-
posed states. The process can be seen as a transfer of information about the state of the
system to the environment. This information becomes inaccessible and coherence is lost.
The rate of non-uniformity depends on the strength of the interaction between the system
and the environment. Stronger coupling to the medium leads to faster misalignment.

Environment

System

Interaction

Figure 4.1: Sketch of the system and bath coupling.

Exercise 4.1
Decoherence by many environment qubits. A system qubit in α|0〉 + β|1〉 interacts with N environment
qubits, all initially in |0〉E , in such a way that each environment qubit is left in |0〉E if the system is in |0〉
and rotated to |ε〉E = cos θ|0〉E + sin θ|1〉E if the system is in |1〉 (the system itself is not modified). (a)
Write the final state and the reduced density matrix of the system. (b) How do the coherences depend
on N? Evaluate for θ = 0.1 and N = 103.
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Solution. (a) α|0〉 ⊗ |0〉⊗NE + β|1〉 ⊗ |ε〉⊗NE , and

ρ̂S =

[
|α|2 αβ∗ cosN θ

α∗β cosN θ |β|2
]
.

The populations are unchanged; the coherences are multiplied by the overlap of the two
environment states. (b) cosN θ = eN ln cos θ ' e−Nθ

2/2: exponential in N . For θ = 0.1
and N = 103, the factor is e−5 ' 7 × 10−3. Each environment qubit acquires very little
information, but together they record which state the system is in: a large environment
destroys coherence very efficiently, even if each coupling is weak.

4.2 The reduced partition function
In this Section we study the reduced partition function of a classical or quantum system

coupled to a bath made of harmonic oscillators.

4.2.1 The classical reduced partition function

Consider a system of interest coupled to an environment with which it can exchange
energy. The total energy of the full system is conserved but the contributions from the
system, bath and interaction are not.

Classical and quantum environments are usually modelled as large ensembles of non-
interacting variables (e.g., oscillators [16], spins [87]) with chosen distributions of coupling
constants and energies.

We analyze here the statistical static properties of a classical canonical system in equi-
librium at inverse temperature β and itself formed by two sub-parts, one that will be
treated as an environment (not necessarily of infinite size) and another one that will be
the (sub-)system of interest. We study the partition function or Gibbs functional, ZT :

ZT [η] =
∑

conf env
conf syst

exp(−βHT − βηx) (4.3)

where the sum represents an integration over the phase space of the full system, i.e. the
system’s and the environmental ones. η is a source. We take

HT = Hsyst +Henv +Hint +Hcounter = Hsyst + H̃env . (4.4)

For simplicity we use a single particle moving in d = 1: Hsyst is the Hamiltonian of the
isolated particle,

Hsyst =
p2

2M
+ V (x) , (4.5)

with p and x its momentum and position. Henv is the Hamiltonian of a ‘thermal bath’ that,
for simplicity, we take to be an ensemble of N independent harmonic oscillators [16, 88]
with masses ma and frequencies ωa, a = 1, . . . , N

Henv =
N∑
a=1

π2
a

2ma

+
maω

2
a

2
q2
a (4.6)
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with πa and qa their momenta and positions. This is indeed a very usual choice since it may
represent phonons. (These oscillators could be the normal modes of a generic Hamiltonian
expanded to quadratic order around its absolute minimum, written in terms of other pairs
of conjugate variables; the bath could be, for instance, a chain of harmonic oscillators with
nearest-neighbor couplings.) Hint is the coupling between system and environment. We
will restrict the following discussion to a linear interaction in the oscillator coordinates,
qa, and in the particle coordinate,

Hint = x

N∑
a=1

caqa , (4.7)

with ca the coupling constants. The counter-term Hcounter is added to avoid the generation
of a negative harmonic potential on the particle due to the coupling to the oscillators (that
may render the dynamics unstable). We choose it to be

Hcounter =
1

2

N∑
a=1

c2
a

maω2
a

x2 . (4.8)

V (x)

system: x, p, M
...

q1

qN

ma, ωa

ca

bath of N
oscillators,
Henv

Hint = x
∑

a caqa

Figure 4.2: Sketch of the model of a particle (system) with coordinate x, momentum p and
mass M , moving in a potential V (x) and coupled linearly, with coupling constants ca (dashed
lines), to the coordinates qa of an ensemble of N independent harmonic oscillators with masses
ma and frequencies ωa (the bath). The counter-term Hcounter is not represented.

The model is sketched in Fig. 4.2. The generalization to more complex systems and/or
to more complicated baths and higher dimensions is straightforward. The calculations
can also be easily generalized to an interaction of the oscillator coordinate with a more
complicated dependence on the system’s coordinate, V(x), that may be dictated by the
symmetries of the system at the expense of modifying the counter-term. Non-linear
functions of the oscillator coordinates cannot be used since they render the problem
unsolvable analytically.

Having chosen a quadratic bath and a linear coupling, the integration over the oscil-
lators’ coordinates and momenta can be easily performed. This yields the reduced Gibbs
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functional

Zred[η] ∝
∑

conf syst

exp

[
−β

(
Hsyst +Hcount + ηx− 1

2

N∑
a=1

c2
a

maω2
a

x2

)]
. (4.9)

The ‘counter-term’ Hcount is chosen to cancel the last term in the exponential and it avoids
the renormalization of the coefficient of the quadratic term in the potential due to the
coupling to the environment that could have even destabilized the potential by taking
negative values. An alternative way of curing this problem would be to take a vanishingly
small coupling to the bath in such a way that the last term must vanish by itself (say, all
ca → 0). However, this might be problematic when dealing with the stochastic dynamics
since a very weak coupling to the bath implies also a very slow relaxation. It is then
conventional to include the counter-term to cancel the mass renormalization. One then
finds

Zred[η] ∝
∑

conf syst

exp [−β (Hsyst + ηx)] = Zsyst[η] . (4.10)

For a non-linear couplingHint =
N∑
a=1

caqaV(x) the counter-term isHcount = 1
2

N∑
a=1

c2a
maω2

a
[V(x)]2.

The interaction with the reservoir does not modify the statistical properties of the
particle since Zred ∝ Zsyst, independently of the choices of ca, ma, ωa and N .

If one is interested in the dynamics of a coupled problem, the characteristics of the sub-
system that will be considered to be the bath have an influence on the reduced dynamic
equations found for the system, that are of generic Langevin kind, as explained in Sect. 4.3.

Exercise 4.2
One bath oscillator and the counter-term. A particle, HS = p2/(2M) + V (x), is coupled to a single
oscillator through HE + Hint = P 2/(2m) + mω2

2

(
q − c x

mω2

)2. (a) Expand the square and identify the
coupling and the counter-term. (b) Integrate over q and P in the canonical partition function of the
whole system. (c) What would be the effective potential of the particle without the counter-term?

Solution. (a) mω2

2 q2 − c q x+ c2

2mω2x
2: a bilinear coupling and a counter-term quadratic in

x. (b) Shifting q → q + cx/(mω2), the Gaussian integrals give
∫
dP dq e−β(... ) = 2π/(βω),

independent of x, and Z = (2π/βω)
∫
dp dx e−βHS . The equilibrium statistics of the particle

are those of HS alone. (c) Without the counter-term the same integration leaves Veff(x) =
V (x)−c2x2/(2mω2): the bath renormalizes the potential and, for a bath of many oscillators,
could even make it unbounded from below. The counter-term is chosen to cancel this effect.

4.2.2 The quantum reduced partition function

Imagine that you take a system of interest, say a quantum particle, in contact with an
ensemble of independent quantum harmonic oscillators, which could represent phonons.
One can be interested in, for example, calculating the partition function in sequential
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way, in the sense of first integrating the degrees of freedom of the “bath”, that is to say,
the phonons, and only later the ones of the particle.

We follow the same route as in the previous subsection, modelling the bath as an
ensemble of quantum harmonic oscillators:

[π̂a, q̂b] = −i~δab . (4.11)

The equilibrium density matrix reads

ρtot(x, qa;x
′, q′a) =

1

Ztot

〈x, qa| e−βĤtot |x′, q′a〉 , (4.12)

with the partition function given by Ztot = Tre−βĤtot and the trace taken over all the
states of the full system. (Note that here and it what follows qa represents the ensemble
of oscillators.) The density matrix can be represented by a functional integral in imaginary
time,

ρtot(x, qa;x
′, q′a) =

1

Ztot

∫ x(~β)=x

x(0)=x′
Dx
∫ qa(~β)=qa

qa(0)=q′a

Dqa e−
1
~S

tot
E . (4.13)

The Euclidean action Stot
E has contributions from the system, the reservoir, the interaction

and the counter-term: Stot
E = Ssyst

E + Senv
E + Sint

E + Scounter
E . The environment action is

Senv
E =

N∑
a=1

∫ β~

0

dτ

{
ma

2
[q̇a(τ)]2 +

maω
2
a

2
[qa(τ)]2

}
, (4.14)

that is to say, we choose an ensemble of independent oscillators. For simplicity we take a
linear coupling

Sint
E =

∫ β~

0

dτ x(τ)
1

N1/2

N∑
a=1

caqa(τ) (4.15)

but others, are also possible. The path integral over the oscillators’ coordinates and
positions is quadratic. The calculation of expectation values involves a trace over states
of the full system. For operators that depend only on the particle, as A(x̂), the trace over
the oscillators can be done explicitly. Hence, if one constructs the reduced equilibrium
density operator ρ̂red = Trenv ρ̂tot that acts on the system’s Hilbert space, the expectation
value of the observables of the system is given by

〈A(x̂)〉 =
Trsyst A(x̂)ρ̂red

Trρ̂tot

. (4.16)

In the path-integral formalism this amounts to performing the functional integral over
periodic functions qa(τ). From the point of view of the oscillators the system’s coordinate
is an external τ -dependent force. Using a Fourier representation,

qa(τ) =
∞∑

n=−∞

q(n)
a eiνnτ (4.17)
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with
νn =

2πn

β~
(4.18)

the Matsubara frequencies, the integration over the qa(τ) can be readily done. A long
series of steps, very carefully explained in [30] allow one to obtain the reduced density
matrix:

ρred(x, x′) = 〈x|Trenv ρ̂tot |x′〉

=
1

Zred

∫ x(~β)=x

x(0)=x′
Dx e−

1
~S

syst
E − 1

~
∫ ~β
0 dτ

∫ τ
0 dτ ′ x(τ)K(τ−τ ′)x(τ ′) (4.19)

where Zred is the partition function of the reduced system, Zred = Ztot/Zenv and Zenv

the partition function of the isolated ensemble of oscillators. The interaction with the
reservoir generated a renormalization of the parameter in the quadratic in x2 term of
Ssyst

E – cancelled by the counter-term – but also a retarded interaction in the effective
action controlled by the kernel

K(τ) =
2

π~β

∞∑
n=−∞

∫ ∞
0

dω
S(ω)

ω

ν2
n

ν2
n + ω2

eiνnτ , (4.20)

with S(ω) the spectral density of the bath,

S(ω) ≡ 1

N

N∑
a=1

c2
a

maωa
δ(ω − ωa) (4.21)

Different choices of the environment are possible by selecting different ensembles of har-
monic oscillators. A common choice is

S(ω)

ω
= 2γ0

(
|ω|
ω̃

)α−1

fc

(
|ω|
Λ

)
. (4.22)

The function fc(x) is a high-frequency cut-off of typical width Λ and is usually chosen to
be an exponential. The frequency ω̃ � Λ is a reference frequency that allows one to have
a coupling strength γ0 with the dimensions of viscosity. If α = 1, the friction is said to be
Ohmic, S(ω)/ω is constant when |ω| � Λ as for a white noise. When α > 1 (α < 1) the
bath is superOhmic (subOhmic). The exponent α is taken to vary in the interval (0, 2) to
avoid divergencies.

The last retarded interaction in (5.165) remains. The imaginary time dependence of
K varies according to S(ω). Power laws in S lead to power-law decays in K and thus to
a long-range interaction in the imaginary-time direction.

The effect of the quantum bath is more cumbersome than in the classical case and it can
lead to rather spectacular effects. A well-known example is the localization transition, as
function of the coupling strength to an Ohmic bath in the behaviour of a quantum particle
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in a double well potential. This means that quantum tunneling from the well in which
the particle is initially located to the other one is completely suppressed by sufficiently
strong couplings to the bath. In the context of interacting macroscopic systems, e.g.
ferromagnets or spin-glasses, the locus of the transition between the ordered and the
disordered phase depends strongly on the coupling to the bath and on the type of bath
considered. Quantum mechanically the reduced partition function depends explicitly on
the properties of the bath. The interaction with quantum harmonic oscillators introduces
non-local interactions (along the Matsubara time direction) and there is no physical way
to introduce a counter-term to correct for this feature.

4.3 Classical dissipative processes
Examples of experimental and theoretical interest in condensed matter and biophysics

in which quantum fluctuation can be totally neglected are manifold. In this context one
usually concentrates on systems in contact with an environment: one selects some relevant
degrees of freedom and treats the rest as a bath. It is a canonical view. Among these
instances are colloidal suspensions which are particles suspended in a liquid, typically
salted water, a ‘soft condensed matter’ example; spins in ferromagnets coupled to lattice
phonons, a ‘hard condensed matter’ case; and proteins in the cell a ‘biophysics’ instance.
These problems are modelled as stochastic processes with Langevin equations [3–8, 17],
the Kramers-Fokker-Planck formalism or master equations depending on the continuous
or discrete character of the relevant variables and analytic convenience.

The Langevin equation was originally proposed to model the motion of a colloidal
particle in a liquid but it was soon realised that generalisations of it can be used in a
much wider context to describe, e.g. the motion of ions in water of the reorientation of
dipolar molecules, or some collective variable of a macroscopic system. It is a stochastic
differential equation that describes phenomenologically a large variety of problems. It
models the time evolution of a set of slow variables coupled to a much larger set of fast
variables that are usually (but not necessarily) assumed to be in thermal equilibrium at a
given temperature. We first introduce it in the context of Brownian motion in Sect. 4.3.1
and we derive it in more generality in Sect. 4.3.2. A detailed description of Langevin
processes can be consulted in [8].

4.3.1 Langevin’s Langevin equation

The Langevin equation2 for a particle moving in one dimension in contact with a
white-noise bath reads

mv̇ + γ0v = F + ξ , v = ẋ , (4.23)

with x and v the particle’s position and velocity.
2P. Langevin, Sur la théorie du mouvement brownien, Comptes-Rendus de l’Académie des Sciences

146, 530-532 (1908).

135



4.3 Classical dissipative processes

The fluctuating force ξ is supposed to come from occasional impacts of the Brownian
particle with molecules of the surrounding medium. The force during an impact is sup-
posed to vary with extreme rapidity over the time of any observation. Then the effects
of the fluctuating force can be summarised by giving its first and second moments, as
time averages over an infinitesimal time interval. ξ is then a Gaussian white noise with
zero mean 〈ξ(t)〉 and correlation 〈ξ(t)ξ(t′)〉 = 2γ0kBTδ(t − t′). The delta function in
time indicates that there is no correlation between impacts in any distinct time intervals
around t and t′. γ0v is a friction force that opposes the motion of the particle. The force
F designates all external deterministic forces and depends, in the most common cases, on
the position of the particle x only. In cases in which the force derives from a potential,
F = −dV/dx. The generalization to higher dimensions is straightforward. Note that γ0 is
the parameter that controls the strength of the coupling to the bath (it appears in the fric-
tion term as well as in the noise term). In the case γ0 = 0 one recovers Newton equation
of motion. The relation between the friction term and thermal correlation is non-trivial.
Langevin fixed it by requiring 〈v2(t)〉 → 〈v2〉eq. We will give a different argument for it
in the next section.

Exercise 4.3
Equipartition, Einstein relation and ballistic-to-diffusive crossover. Consider mv̇ = −γv + ξ, ẋ = v,
with 〈ξ(t)ξ(t′)〉 = 2Γδ(t − t′). (a) Compute 〈v2(t)〉 for v(0) = v0 and fix Γ by requiring equipartition
at long times. (b) Compute the stationary velocity correlation 〈v(t)v(0)〉. (c) Deduce the mean-square
displacement 〈[x(t)− x(0)]2〉 and its short and long time limits.

Solution. (a) With τv = m/γ, v(t) = v0e
−t/τv + m−1

∫ t
0
ds e−(t−s)/τvξ(s) and 〈v2(t)〉 =

v2
0e
−2t/τv+(Γ/mγ)(1−e−2t/τv ). Equipartition, m〈v2〉 = kBT , requires Γ = γkBT : the noise

strength is fixed by the friction and the temperature. (b) 〈v(t)v(0)〉 = (kBT/m) e−|t|/τv .
(c) 〈[x(t) − x(0)]2〉 = 2

∫ t
0
ds (t − s)〈v(s)v(0)〉 = 2kBTγ

[
t− τv(1− e−t/τv )

]
. For t � τv it is

(kBT/m)t2 (ballistic); for t� τv it is 2Dt with D = kBT/γ (diffusive, Einstein relation).

4.3.2 Derivation of the Langevin equation

Let us take a system in contact with an environment. The interacting system+environ-
ment ensemble is ‘closed’ while the system is ‘open’. The nature of the environment, e.g.
whether it can be modeled by a classical or a quantum formalism, depends on the problem
under study. We focus here on the classical problem defined by HT . A derivation of a
generalized Langevin equation with memory is very simple starting from Newton dynamics
of the full system [17,18,88].

The generalization to more complex systems and/or to more complicated baths and
higher dimensions is straightforward. The calculations can also be easily generalized to
an interaction of the oscillator coordinate with a more complicated dependence on the
system’s coordinate, V(x), that may be dictated by the symmetries of the system, see
Ex. 2.1.
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Hamilton’s equations for the particle are

ẋ(t) =
p(t)

m
, ṗ(t) = −V ′[x(t)]−

N∑
a=1

caqa(t)−
N∑
a=1

c2
a

maω2
a

x(t) (4.24)

(the counter-term yields the last term) while the dynamic equations for each member of
the environment read

q̇a(t) =
πa(t)

ma

, π̇a(t) = −maω
2
aqa(t)− cax(t) , (4.25)

showing that they are all stable harmonic oscillators forced by the chosen particle. These
equations are readily solved by

qa(t) = qa(0) cos(ωat) +
πa(0)

maωa
sin(ωat)−

ca
maωa

∫ t

0

dt′ sin[ωa(t− t′)]x(t′) (4.26)

with qa(0) and πa(0) the initial coordinate and momentum at time t = 0 when the particle
is set in contact with the bath. It is convenient to integrate by parts the last term. The
replacement of the resulting expression in the last term in the rhs of eq. (4.24) yields

ṗ(t) = −V ′[x(t)] + ξ(t)−
∫

t

0
dt′ Γ(t− t′)ẋ(t′) , (4.27)

with the symmetric and stationary kernel Γ given by

Γ(t− t′) =
N∑
a=1

c2a
maω2

a
cos[ωa(t− t′)] , (4.28)

Γ(t− t′) = Γ(t′ − t), and the time-dependent force ξ given by

ξ(t) = −
N∑
a=1

ca

[
πa(0)
maωa

sin(ωat) +
(
qa(0) + cax(0)

maω2
a

)
cos(ωat)

]
. (4.29)

This is the equation of motion of the reduced system. It is still deterministic.
ξ(t) is a sum of oscillating functions of time. The third term on the rhs of eq. (4.27)

represents a rather complicated friction force. Its value at time t depends explicitly on
the history of the particle at times 0 ≤ t′ ≤ t and makes the equation non-Markovian.
One can rewrite it as an integral running up to a total time T > max(t, t′) introducing
the retarded friction:

γ(t− t′) = Γ(t− t′)θ(t− t′) . (4.30)

Until this point the dynamics of the system remain deterministic and are completely
determined by its initial conditions as well as those of the reservoir variables. Two im-
portant points can be make here. On the one hand, one can check, by simple numerical
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generation, that the function ξ at, say, fixed t resembles more and more a random variable
as the number of oscillators increases (for incommensurate frequencies ωa). The initial
conditions for the oscillators are the seeds of the random number generator. This is similar
to what happens with random number generators in the sense that these are, ultimately,
periodic functions with a finite recurrence time that, however, can be made sufficiently
long for computational purposes. Therefore, ξ is a pseudo random number. On the other
hand, one can directly introduce the statistical element into play when one realizes that
it is impossible to know the initial configuration of the large number of oscillators with
great precision and one proposes that the initial coordinates and momenta of the oscilla-
tors have a canonical distribution at an inverse temperature β. (Note that one needs to
assume that the oscillators interacted in the past to establish ergodicity and reach this
pdf, though they do not do any longer.) Then, one chooses {πa(0), qa(0)} to be initially
distributed according to a canonical phase space distribution:

P ({πa(0), qa(0)}, x(0)) = 1/Z̃env[x(0)] e−βH̃env[{πa(0),qa(0)},x(0)] (4.31)

with H̃env = Henv +Hint +Hcount, that can be rewritten as

H̃env =
N∑
a=1

[
maω

2
a

2

(
qa(0) +

ca
maω2

a

x(0)

)2

+
π2
a(0)

2ma

]
. (4.32)

Again, the presence of Hcount here is for convenience. The randomness in the initial
conditions gives rise to a random force acting on the reduced system. Indeed, ξ is now a
Gaussian random variable, that is to say a noise, with

〈ξ(t)〉 = 0 , 〈ξ(t)ξ(t′)〉 = kBT Γ(t− t′) . (4.33)

One can easily check that higher-order correlations vanish for an odd number of ξ factors
and factorize as products of two time correlations for an even number of ξ factors. In
consequence ξ has Gaussian statistics. Defining the inverse of Γ over the interval [0, t],∫ t

0
dt′′ Γ(t− t′′)Γ−1(t′′ − t′) = δ(t− t′), one has the Gaussian pdf:

P [ξ] = Z−1e
− 1

2kBT

∫ t
0 dt

∫ t
0 dt
′ ξ(t)Γ−1(t−t′)ξ(t′)

. (4.34)

Z is the normalization. A random force with non-vanishing correlations on a finite support
is usually called a coloured noise. Equation (4.27) is now a genuine Langevin equation.
A multiplicative retarded noise arises from a model in which one couples the coordinates
of the oscillators to a generic function of the coordinates of the system, see Ex. 2.1.

The use of an equilibrium measure for the oscillators implies the relation between the
friction kernel and the noise-noise correlation, which are proportional, with a constant
of proportionality of value kBT . This is a generalized form of the fluctuation-dissipation
relation, and it applies to the environment.

About the bath
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4.3 Classical dissipative processes

One last comment is in order here. A closed ensemble of harmonic oscillators is an
integrable system that does not equilibrate in strict sense. Still, we are using it as a
model for a thermal bath. One can argue that the oscillators were in interaction in the
past, before being connected to the system, and that this allowed them to reach the
Boltzmann probability distribution that is used for their initial states in this calculation.
Or else, one can follow the calculations by Mazur & Montroll and see that in the limit
of a large number of degrees of freedom the Poincaré recurrence time for the system of
non-interacting harmonic oscillators becomes so large that it lies beyond any relevant time
for the relaxation of the system that is coupled to the oscillator bath3.

About the counterterm.

Had we not added the counter term the equation would read

ṗ(t) = −V ′[x(t)] +
N∑
a=1

c2
a

maω2
a

x(t) + ξ(t)−
∫ t

0

dt′ Γ(t− t′)ẋ(t′) , (4.35)

that is like eq. (4.27) for V 7→ V − 1
2

∑N
a=1

c2a
maω2

a
x2, as we found with the analysis of

the partition sum. Note that, as we will take ca = c̃a/
√
N , with c̃a of O(1), the constant

resulting from the sum over a is O(1). For the distribution of the initial values we can still
use H̃env or we can choose a Maxwell-Boltzmann distribution with Henv +Hint alone. The
result will be the same, as the supplementary term goes into the normalisation constant
for Penv(0).

The bath kernel Γ.

Different choices of the environment are possible by selecting different ensembles of
harmonic oscillators 4. The simplest one, that leads to an approximate Markovian equa-
tion, is to consider that the oscillators are coupled to the particle via coupling constants
ca = c̃a/

√
N with c̃a of order one. One defines

S(ω) ≡ 1
N

N∑
a=1

c̃2a
maωa

δ(ω − ωa) (4.36)

a function of ω, of order one with respect to N , and rewrites the kernel Γ as

Γ(t− t′) =
∫ ∞

0
dω

S(ω)

ω
cos[ω(t− t′)] . (4.37)

The spectral density S(ω) is a weighted sum over the frequencies of the oscillators in
the bath. For all finite N it is then just a discrete sum of delta functions. In the limit

3P. Mazur and E. Montroll, Poincaré cycles, ergodicity, and irreversibility in assemblies of coupled
harmonic oscillators, J. Math. Phys. 1, 70 (1960).

4See, G. W. Ford, M. Kac, and P. Mazur, Statistical mechanics of assemblies of coupled oscillators, J.
Math. Phys. 6, 504 (1965), for a detailed analysis.
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4.3 Classical dissipative processes

N → ∞ it can become, instead, a regular function of ω. Assuming this limit is taken,
several proposals for the resulting function S(ω) are made. A common choice is

S(ω)

ω
=

2γ0

π

(
|ω|
ω̃

)α−1

fc

(
|ω|
Λ

)
. (4.38)

The function fc(x) is a high-frequency cut-off of typical width Λ and is usually chosen
to be an exponential. The frequency ω̃ � Λ is a reference frequency that allows one to
have a coupling strength γ0 with the dimensions of viscosity. If α = 1, the friction is
said to be Ohmic, S(ω)/ω is constant when |ω| � Λ as for a white noise. This name is
motivated by the electric circuit analog exposed in Sec. ??. When α > 1 (α < 1) the bath
is superOhmic (subOhmic). The exponent α is taken to be > 0 to avoid divergencies at
low frequency. These spectral densities are plotted in Fig. 4.3.

ω/Λ

π

2γ0

S(ω)

ω

1 2 3 4

0.5

1

1.5

α = 1/2, sub-Ohmic

α = 1, Ohmic
α = 2, super-Ohmic

Ohmic, Λ→∞: white noise

Figure 4.3: The bath spectral density, Eq. (4.38), with an exponential cut-off, fc(x) = e−x,
and the reference frequency set to ω̃ = Λ, for a sub-Ohmic (α < 1), an Ohmic (α = 1) and a
super-Ohmic (α > 1) bath. In the Ohmic case S(ω)/ω is constant for ω � Λ and, in the limit
Λ→∞ (dashed line), the kernel Γ becomes a delta function (white noise).

For the exponential cut-off the integral over ω can be computed for α = 1 and α 6= 1.
In the former Ohmic case one finds

Γ(t) =
2γ0

π

Λ

[1 + (Λt)2]
. (4.39)

In the Λ → ∞ limit one approaches the Stratonovich limit and Γ(t) becomes a delta-
function, Γ(t) → 2γ0δ(t) such that

∫ t
0
dt′ Γ(t − t′) = 2γ0

π
arctan(Λt) → γ0 for Λ → ∞. In

the latter non-Ohmic case the integral over ω yields

Γ(t) =
2γ0

π
ω̃−α+1 ΓE(α) Λα cos[α arctan(Λt)]

[1 + (Λt)2]α/2
(4.40)
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4.4 Quantum dissipative processes

with ΓE(α) the Euler Gamma-function. At long times, for any α > 0 and α 6= 1, one has

lim
Λt→∞

Γ(t) =
2γ0

π
ω̃ cos(απ/2)ΓE(α) (ω̃t)−α , (4.41)

a power law decay.

Exercise 4.4
From an Ohmic bath to white noise. For an Ohmic bath with exponential cut-off, the memory kernel is
proportional to ΓΛ(t) =

∫∞
0
dω cos(ωt) e−ω/Λ. Compute it, plot it for a few values of Λ, and show that

ΓΛ(t)→ πδ(t) when Λ→∞. What is the memory time of the bath? What happens for a super-Ohmic
bath, with an extra factor ω2 in the integrand?

Solution. ΓΛ(t) = Re
∫∞

0
dω e−ω(1/Λ−it) = Re 1

1/Λ−it = Λ
1+Λ2t2 , a Lorentzian of height Λ

and width 1/Λ with
∫∞
−∞ dtΓΛ(t) = π for all Λ: it tends to πδ(t). The memory time is 1/Λ;

the Markov approximation requires it to be much shorter than all time scales of the system.
In the super-Ohmic case Γ(t) = −∂2

t ΓΛ(t), whose integral over all t vanishes: there is no
friction proportional to the velocity and the bath has long-lived, non-Markovian effects.

4.4 Quantum dissipative processes

4.4.1 The Ramsey interferometer

The Ramsey interferometer is a fundamental tool in quantum mechanics to measure
quantum coherence and is often used in experiments involving atomic or qubit systems.
When coupled to an environment, it serves as a prime example of how decoherence emerges

Take a single qubit and consider its evolution in isolation or coupled to another qubit
which acts as the bath. We will see how the latter may drastically modify the evolution
of the former, a very simple quantum system [89].

The unitary evolution of the isolated system is

|0〉 Û0−→ 1√
2

(
|0〉+ |1〉

)
Ûφ−→ 1√

2

(
|0〉+ eiφ|1〉

)
Û0−→ 1

2

[(
|0〉+ |1〉

)
+ eiφ

(
− |0〉+ |1〉

)]
= eiφ/2

(
−i sin

φ

2
|0〉+ cos

φ

2
|1〉
)

(4.42)

with

Û0 =
1√
2

[
1 −1
1 1

]
Ûφ =

[
1 0
0 eiφ

]
(4.43)

This sequence of unitary operations, Û |ψ〉, realizes a Ramsey interferometer. Û0 corre-
sponds to a π/2 pulse and Ûφ to free evolution. The probability to obtain the spin-up
(spin-down) outcome is a sine (cosine) function of φ: Ramsey fringes are obtained when
measuring spin-up (spin-down).
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4.4 Quantum dissipative processes

Let us add now a coupling to the environment in between the first π/2 pulse (Û0) and
the free evolution (Ûφ) period. We suppose that the spin and the environment, which
is initially in |0〉E, evolve unitarily such that |1〉 ⊗ |0〉E → |1〉 ⊗ |e1〉E and |0〉 ⊗ |0〉E →
|0〉 ⊗ |e0〉E (the “system” does not change and the environment changes to two states for
the moment not fixed). The full sequence becomes

|0〉 ⊗ |0〉E
Û0−→ 1√

2

(
|0〉 ⊗ |e0〉E + |1〉 ⊗ |e1〉E

)
Ûφ−→ 1√

2

(
|0〉 ⊗ |e0〉E + eiφ|1〉 ⊗ |e1〉E

)
Û0−→ 1

2

[
(|0〉+ |1〉)⊗ |e0〉E + eiφ (−|0〉+ |1〉)⊗ |e1〉E

]
=

1√
2

[
|↑x 〉 ⊗ |e0〉E − eiφ|↓x 〉 ⊗ |e1〉E

]
(In the last two steps only the system was modified.)

The final measurement can be decomposed as a projective measurement of the envi-
ronment followed by a projective measurement of the spin. There are two extreme cases
depending on the angle between the two environment states |e0〉E and |e1〉E. If the states
are identical, then the environment state can be factored out and the projective measure-
ment of the environment does not modify the state of the spin: Ramsey oscillations with
full contrast are still observed.

Instead, if the environment states are orthogonal and therefore perfectly distinguish-
able, the first measurement (|e0〉E) prepares the spin in

| ↑x 〉 ≡
1√
2

(|0〉+ |1〉),

an eigenvector with eigenvalue 1 of σ̂x. If, instead, the environment is projected on |e1〉E,
then

| ↓x 〉 ≡
1√
2

(|0〉 − |1〉)

the eigenvector with eigenvalue −1 of σ̂x. Both outcomes happen with probability 1/2.
The final measurement then leads to spin up and down outcomes with probability 1/2,
independently of the value of φ, and the Ramsey oscillations are washed out. This exem-
plifies some important features of an open quantum system:
• Once the environment is measured, the state of the system is, in general, in a mixture

of states. It cannot be represented as a ket of the Hilbert space but by a density
matrix.
• The evolution of a quantum system in the presence of an environment is, in general,

not unitary and is called a quantum map. Here, we have obtained a map where the
coherence is completely lost: the initial pure state |0〉 is mapped onto a fully mixed
state. This happens because the qubit and the environment have become maximally
entangled. This loss of coherence of the qubit is irreversible. There is no quantum
operation acting on the qubit alone that can restore the coherence and the fringe
contrast.

142



4.4 Quantum dissipative processes

Exercise 4.5
Dephasing by classical noise. In the Ramsey sequence of the notes, the probability to measure |1〉 at the
end is sin2(φ/2) = (1 − cosφ)/2. Suppose that the accumulated phase fluctuates from one run of the
experiment to the next, φ = φ0 + δφ, with δφ Gaussian with zero mean and variance σ2. (a) Compute
the averaged probability and the contrast of the fringes. (b) If δφ = δω T , with T the free evolution time
and δω a random frequency shift with variance σ2

ω, how does the contrast decay with T? (c) Compare
with the effect of the environment described in the notes.

Solution. (a) 〈cos(φ0 + δφ)〉 = cosφ0 e
−σ2/2, so 〈P1〉 = [1− e−σ2/2 cosφ0]/2: the fringes are

reduced by a factor e−σ
2/2. (b) e−σ

2
ωT

2/2: a Gaussian decay, characterized by a dephasing
time T ∗2 =

√
2/σω. (c) The averaged density matrix after the free evolution has coherences

multiplied by 〈eiδφ〉 = e−σ
2/2, which plays the same role as the overlap 〈e0|e1〉 of the

environment states in the notes. The final result is the same, but the mechanisms differ:
here each run is a pure state and the loss of contrast comes from averaging over runs, which
in principle can be undone (spin echo); in the notes it comes from entanglement with the
environment.

4.4.2 The Lindblad master equation

The Lindblad master equation is a Markovian linear master equation which describes
the evolution of the density operator of an open quantum system. It should be noted that
there is no unique way of implementing a Markov approximation. Instead, there exists
a continuous family of distinct approximations that result in a Markovian dynamics, all
with error bounds of the same order in a control parameter.

The resulting dynamics is no longer unitary, but for some approximation is still trace-
preserving and completely positive for any initial condition (not for others in the lit-
erature). It results in dissipation of energy into the surroundings, causing decay and
randomization of phase.

The Lindblad equation takes the diagonal form

dρ̂red
S

dt
= − i

~
[Ĥ, ρ̂red

S ] +
N2−1∑
i=1

γi

(
L̂iρ̂

red
S L̂†i −

1

2

{
L̂†i L̂i, ρ̂

red
S

})
(4.44)

Here, Ĥ is a Hamiltonian describing the unitary aspects of the dynamics. It can be shifted
by the coupling to the bath, in the same way as it was when dealing with oscillator baths
in the previous subsections. Indeed, it is not necessarily equal to the bare system’s
Hamiltonian since it may also incorporate effective unitary dynamics arising from the
system-environment interaction,

Ĥ = ĤS + Λ̂({γi}) (4.45)

The extra term Λ̂({γi}) is Hermitian. It has the same origin as the potential renormaliza-
tion that we saw arising in the derivation of the Langevin equation, after the integration of
the harmonic oscillators. The N2−1 operators {L̂i} (in a Hilbert space of N dimensions)
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4.4 Quantum dissipative processes

are a set of jump operators, which describe how the environment acts on the system and
induce dissipation. (There need be no limitation on the number of terms in the sum, but
this can always be reduced to a sum of N2 − 1 terms.) They must either be determined
from microscopic models of the system-environment coupling or be phenomenologically
proposed. The damping rates γi ≥ 0 are real and non-negative.

If all γi = 0 and Ĥ = ĤS the von Neumann equation ˙̂ρS = −(i/~)[ĤS, ρ̂S] describing
unitary dynamics with the systems’s Hamiltonian ĤS is recovered. Otherwise, tracing
over the environment introduces non-unitary effects on the system’s dynamics.

The effect of the environment is fully encapsulated into the jump operators L̂i and in
the rates γi, as well as in a correction to the system’s Hamiltonian.

Sometimes the more general GKSL (for Gorini-Kossakowski-Sudarshan-Lindblad) equa-
tion is used

dρ̂red
S

dt
= − i

~
[Ĥ, ρ̂red

S ] +
∑
n,m

hnm

(
Ânρ̂

red
S Â†m −

1

2

{
Â†mÂn, ρ̂

red
S

})
(4.46)

where {Âm} are arbitrary operators and {hmn} are the elements of a positive semidefinite
matrix. The latter is a strict requirement to have trace-preserving and positive dynamics.
The number of {Âm} operators is arbitrary (but can be reduced as above), and they do
not have to satisfy any special properties. This equation can be reduced to Eq. (4.44)
after a diagonalization of the matrix h with elements hnm and a change of variables.

Exercise 4.6 Establish the conditions under which Eq. (4.46) can be taken to the form in Eq. (4.44).

Properties

Important properties of the Lindblad equation are:
(a) The equation should conserve the Hermiticity of the density operator. This imposes

constraints on the coefficients γi or hnm in the more generic equation.
(b) Trace preservation: The total probability is conserved (Trρ̂red

S = 1).
(c) Positivity preservation: ρ̂red

S remains a positive semidefinite operator, meaning that
for all vectors |ψ〉, 〈ψ|ρ̂red

S |ψ〉 ≥ 0. The dissipative terms in the equation (L̂kρ̂red
S L̂†k−

1
2
{L̂†kL̂k, ρ̂red

S }) are constructed in a way that ensures positivity. The positivity of
the density operator is a key requirement for it to represent a quantum state, and
the Lindblad equation is explicitly designed to meet this requirement.

Exercise 4.7 Prove the properties listed above.

(a) Hermiticity. Take the Hermitian transform of the Lindblad equation:

dρ̂†

dt
= +

i

~
(ρ̂†Ĥ† − Ĥ†ρ̂†) +

N2−1∑
i=1

γ∗i

[
L̂iρ̂
†L̂†i −

1

2

(
ρ̂†L̂†i L̂i + L̂†i L̂iρ̂

†
)]

where we did not write the upper-script red and lower-script S in ρ̂† to make the notation
lighter. Since the Hamiltonian Ĥ is Hermitian, for γ∗i = γi, the right-hand side is trans-
formed in the same operator as in the original equation acting now on ρ̂†. So ρ̂ and ρ̂†
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satisfy the same equation and we can consider them equal at all times if they are initially.
(b) Trace. We know that the trace of the first term in the right-hand-side vanishes. What
about the trace of the second one? It vanishes for any {L̂i, L̂†i} as a consequence of the
cyclic property of the trace.
(c) Positivity. It can be seen that no negative eigenvalues can be generate in time, just from
the structure of each term in the right-hand-side. The proof is a bit lengthy.

The operators {L̂i} are in general arbitrary. Their explicit form depends on the concrete
bath and interaction with the system that one wants to model.

Mathematical proofs of the Lindblad equation only use the properties listed above as
conditions and leave the form of the operators L̂i totally free.

Other proofs are start from a specific form of bath-system coupling and bath model and
derive it through a number of approximations. This is a “physical” in the sense that the
assumptions made, and hence the range of validity of the Lindblad equation, are clearer.

These two proofs are described in detail in [45]. We present the second derivation here,
since it is indeed very close in spirit to the derivation of the classical Langevin equation
that we have already discussed. A very nice review discusses the approximations made
and their consequences [90].

First we present some examples.

Example. Unitary jump
Take a system characterized by a state |ψ, t〉 at time t and suppose that in the infinitesimal interval dt it
has probability λdt of changing to e−iĜ|ψ, t〉 and probability 1−λdt of being unchanged. Ĝ is a Hermitian
operator and e−iĜ 6= Î.

The density operator at time t+ dt is

ρ̂(t+ dt) = (1− λdt)ρ̂(t) + λdt e−iĜρ̂(t)eiĜ,

so its evolution equation is
d

dt
ρ̂(t) = −λ[ρ̂(t)− e−iĜρ̂(t)eiĜ].

This is of the Lindblad form, with one Lindblad operator L̂ ≡
√
λe−iĜ and γ = 1. Here and in the next

examples we denote the density operator of the system simply ρ̂ (and not ρ̂red
S as in the main text).

For the density matrix components, if the operator Ĝ is diagonal with elements g1 and g2, the last
term reads [

e−ig1 0
0 e−ig2

] [
ρ11 ρ12

ρ21 ρ22

] [
eig1 0
0 eig2

]
=

[
e−ig1 0

0 e−ig2

] [
ρ11e

ig1 ρ12e
ig2

ρ21e
ig1 ρ22e

ig2

]
=

[
ρ11 ρ12e

i(g2−g1)

ρ21e
i(g1−g2) ρ22

]
(4.47)

Plugging this result in the master equation

dρii
dt

= 0
d

dt
ρ12(t) = −λρ12(t)

[
1− ei(g2−g1)

]
.

The diagonal elements remain constant but the off-diagonal elements decay at the fixed rate λ[1−cos(g2−
g1)] and their phases change.
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Example. State exchange
Suppose that in time dt, with probability λdt, a state vector |ψ, t〉 in a two dimensional Hilbert space
becomes σ̂y|ψ, t〉 while it remains unchanged with probability 1 − λdt. Here, σ̂y is the second Pauli
operator, with matrix representation [

0 −i
i 0

]
(4.48)

In an infinitesimal interval
ρ̂(t+ dt) = (1− λdt) ρ̂(t) + λdt σ̂y ρ̂(t) σ̂y

which in the continuous time limit yields the differential equation which governs the evolution of the
density operator

d

dt
ρ̂(t) = −λ

[
ρ̂(t)− σ̂y ρ̂(t) σ̂y

]
This equation is of the Lindblad form,

dρ̂

dt
= − i

~
[Ĥ, ρ̂] +

N2−1∑
i=1

γi

(
L̂iρ̂L̂

†
i −

1

2

{
L̂†i L̂i, ρ̂

})
(4.49)

with one Hermitian Lindblad operator L̂ ≡
√
λσ̂y. Indeed,

– Ĥ = 0,

– L̂ρ̂L̂† = λσ̂yρ̂σ̂y,

– {L̂†L̂, ρ̂} = λ[(σ̂y)2ρ̂+ ρ̂(σ̂y)2] = λ[Iρ̂+ ρ̂I] = 2λρ̂

and with γ = 1 we obtain the expression above.
The density matrix elements therefore satisfy

d

dt
ρ11(t) = − d

dt
ρ22(t) = −λ[ρ11(t)− ρ22(t)] ,

d

dt
ρ12(t) =

d

dt
ρ21(t) = −λ[ρ12(t)+ρ21(t)] ,

obtained just by performing explicitly the matrix products in the last term.
The equations can be easily solved working with ρ11 and ρ22 on the one side and ρ12 and ρ21 on the

other. Adding the equations for ρ11 and ρ22:

ρ̇11(t) + ρ̇22(t) = 0 =⇒ ρ11(t) + ρ22(t) = const = 1 (4.50)

using the fact that the trace of the density matrix should equal one. Subtracting the equations for ρ11

and ρ22:

ρ̇11(t)− ρ̇22(t) = −2λ[ρ11(t)− ρ22(t)] =⇒ ρ11(t)− ρ22(t) = [ρ11(0)− ρ22(0)] e−2λt . (4.51)

Using the relation between ρ11 and ρ22:

2ρ11(t)− 1 = [2ρ11(0)− 1] e−2λt =⇒ ρ11(t) =
1

2
+
[
ρ11(0)− 1

2

]
e−2λt (4.52)

and

ρ22(t) = 1− ρ11(t) =
1

2
−
[
ρ11(0)− 1

2

]
e−2λt (4.53)
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The diagonal density matrix elements change in this example, decaying to 1/2.

Example. OTOCs
Achieving exponential decay of the OTOC typically requires introducing decoherence, dissipation, or
chaotic dynamics. A simple solvable model that incorporates decoherence, leading to exponential decay
of the OTOC is the following.

Consider a single qubit subject to a pure dephasing channel. The qubit evolves under a Hamiltonian

Ĥ =
~ω
2
σ̂z,

with dephasing described by the Lindblad operator L̂ =
√
γσ̂z, where ω is the frequency of the qubit

and γ is the dephasing rate and sets the timescale for decoherence. The system evolves according to the
Lindblad master equation

dρ̂(t)

dt
= − i

~
[Ĥ, ρ̂(t)] + γ (σ̂z ρ̂(t)σ̂z − ρ̂(t)) .

This dephasing channel causes the off-diagonal elements of the density matrix to decay exponentially at
a rate 2γ:

ρ11 = const ρ22 = 1− const (4.54)
ρ12(t) = ρ12(0) [cos(ωt)− i sin(ωt)] e−2γt (4.55)
ρ21(t) = ρ21(0) [cos(ωt) + i sin(ωt)] e−2γt (4.56)

We choose the operators Ŵ = σ̂x and V̂ = σ̂z. The OTOC is

OTOC(t) = 〈σ̂x(t)σ̂zσ̂x(t)σ̂z〉,

where σ̂x(t) is the time-evolved σ̂x in the presence of dephasing. The dynamics of σ̂x under the Lindblad
equation can be solved directly. Using the commutator [Ĥ, σ̂x] = i~ωσ̂y and the effect of the dephasing
term, we find

σ̂x(t) = σ̂xe
−γt cos(ωt)− σ̂ye−γt sin(ωt).

This result shows that the dephasing channel causes the decay of both σ̂x and σ̂y with a rate γ. Substitute
σ̂x(t) into the OTOC:

OTOC(t) = 〈σ̂x(t)σ̂zσ̂x(t)σ̂z〉.

Using σ̂zσ̂x = −σ̂xσ̂z and expanding

σ̂x(t)σ̂z =
(
σ̂xe
−γt cos(ωt)− σ̂ye−γt sin(ωt)

)
σ̂z.

Squaring this
σ̂x(t)σ̂zσ̂x(t)σ̂z = e−2γt

(
cos2(ωt) + sin2(ωt)

)
.

Since cos2(ωt) + sin2(ωt) = 1, the OTOC decays exponentially with a rate 2γ

OTOC(t) = e−2γt.

This example demonstrates that dephasing (or other forms of noise) can lead to exponential decay of the
OTOC. In this case, the decay reflects the loss of coherence due to the environment, rather than chaotic
dynamics. It provides a clear and simple case for teaching OTOC behavior in the presence of dissipation.
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4.4 Quantum dissipative processes

In these three examples the relaxation is exponential. This occurs only if the Lindbla-
dian is diagonalizable and has a simple spectrum. In general, the dynamics may more
complex.

The system-environment model

The Hamiltonian has three terms, one concerns the system, another one the environ-
ment, and finally an interaction term:

ĤT = ĤS ⊗ IE + IS ⊗ ĤE + αĤint , (4.57)

with ĤS acting on HS, ĤE acting on HE, and Ĥint acting on HT . We assume, for simplic-
ity, that none of them is explicitly time dependent. The coefficient α is a measure of the
strength of the system-environment coupling. Without loss of generality, the interaction
term can be decomposed as

Ĥint =
∑
i

γiŜi ⊗ Êi =
∑
i

γiŜ
†
i ⊗ Ê

†
i , (4.58)

with Ŝi and Êi Hermitian operators acting on HS and HE, respectively, and γi real
coefficients. Of course, one can absorb the parameter α in the individual γi, but we keep
it in explicit form since it is easier to follow in this way the order of the effect of the
bath-system interaction. Each term above is referred to as a (quantum) noise channel.
From now on we will not write the identity operators explicitly when they can be inferred
from the context.

Derivation

We derive the Lindblad equation for a system coupled to its environment or a mea-
surement apparatus. One first derives the Born-Markov master equation and then traces
out the degrees of freedom of the “surroundings”. The Lindbladian emerges naturally as
a consequence of the Markov approximation.

It is important to note that a decay of the environmental correlations, an assumption
that we will repeatedly use in the derivation, can only be strictly valid for an environment
which is infinitely large and involves a continuum of frequencies. In the typical situation,
like the one we discussed when we derived the Langevin equation, the reservoir is provided
by a collection of harmonic oscillator modes with frequencies ωn and the Êi are given by
linear combinations of the modes q̂n. Other cases are possible.

In the weak-coupling limit derivation that we discuss below, one typically assumes:

(a) The correlations of the system with the environment develop slowly.
(b) The excitations of the environment caused by the system decay very quickly.
(c) The terms which are fast-oscillating when compared to the system’s timescale of

interest can be neglected.

The names Born, Markov, and rotating wave are associated to these approximations as
indicated below.
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4.4 Quantum dissipative processes

Take a total isolated system T and its Hilbert space HT . The evolution of its density
operator is given by the von Neumann equation:

dρ̂T (t)

dt
= − i

~

[
ĤT , ρ̂T (t)

]
. (4.59)

Consider now that the total system is made of our system of interest S with its Hilbert
space HS, and the environment E with its Hilbert space HE. As we are interested in
the dynamics of the system, without the environment, we will trace over the environment
degrees of freedom to obtain the reduced density matrix of the system ρ̂red

S = TrE ρ̂T and
search for the equation that rules its time evolution.

The goal is to write an equation for ρ̂red
S . There exists several approximation schemes

for obtaining it [5,45,88,91–94]. While useful in their respective regimes of applicability,
each of these methods has its limitations which can be due to physical limitations on
the regime of applicability, or because of practical issues associated with the numerical
implementation.

It is useful to work in the interaction picture, in which any operator Ô evolves with
time with the system and environment Hamiltonian.

ÔI(t) = e
i
~ (ĤS+ĤE)t Ô e−

i
~ (ĤS+ĤE)t (4.60)

Here we signal with a subindex I the interaction picture. Some simple calculations, see
Eq. (2.193) and the proof below, lead to the evolution equation of the total density matrix
in the interaction picture

dρ̂IT (t)

dt
= − i

~
α
[
ĤI

int(t), ρ̂
I
T (t)

]
(4.61)

with

ĤI
int(t) = e

i
~ (ĤS+ĤE)t Ĥint e

− i
~ (ĤS+ĤE)t (4.62)

ρ̂IT (t)︸ ︷︷ ︸
Interaction

= e
i
~ (ĤS+ĤE)t ρ̂T (t)︸ ︷︷ ︸

Schrodinger

e−
i
~ (ĤS+ĤE)t (4.63)

Ĥint at time t = 0 in the first line is also equal to Hint in the Schrodinger representation,
while in the second one one needs to recall that ρ̂S evolves with time since it represents
the state of the system.

Exercise 4.8 Derive the von Neumann equation (4.61) in the interaction picture.

The interaction picture density operator ρ̂I(t) is defined as

ρ̂I(t) = Û†0 (t)ρ̂(t)Û0(t),

where ρ̂ is the Schrödinger picture density operator (we do not write a sub-index S to lighten
the notation), Û0(t) is the unitary evolution operator for the “free” Hamiltonian

Û0(t) = e−
i
~ Ĥ0t
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4.4 Quantum dissipative processes

and Ĥ0 = ĤS + ĤE . We start with the Schrödinger picture equation for the total density
operator,

dρ̂(t)

dt
= − i

~
[ĤT , ρ̂(t)] ,

where we substitute the total Hamiltonian ĤT = Ĥ0 + αĤI(t), and we obtain

dρ̂(t)

dt
= − i

~
[Ĥ0, ρ̂(t)]− i

~
α[ĤI(t), ρ̂(t)] . (4.64)

We now transform to the interaction picture using ρ̂I(t) = Û†0 (t)ρ̂(t)Û0(t). The time deriva-
tive of ρ̂I(t) is:

dρ̂I(t)

dt
=

d

dt

(
Û†0 (t)ρ̂(t)Û0(t)

)
.

that using the product rule becomes

dρ̂I(t)

dt
=
dÛ†0 (t)

dt
ρ̂(t)Û0(t) + Û†0 (t)

dρ̂(t)

dt
Û0(t) + U†0 (t)ρS(t)

dU0(t)

dt
.

Using now dÛ0(t)/dt = − i
~Ĥ0Û0(t) and dÛ†0 (t)/dt = i

~ Û
†
0 (t)Ĥ0:

dρ̂I(t)

dt
=

i

~
Û†0 (t)Ĥ0ρ̂(t)Û0(t) + Û†0 (t)

dρ̂(t)

dt
Û0(t)− i

~
Û†0 (t)ρ̂(t)Ĥ0Û0(t).

In the first and third terms in the right-hand-side we see the commutator [Ĥ0, ρ̂(t)] appear
between Û†0 (left) and Û0 (right). In the term in the middle there is dρ̂(t)

dt which we can
substitute using (4.64). The terms involving the commutator cancel and we are left with

dρ̂I(t)

dt
= − i

~
αÛ†0 (t)[ĤI(t), ρ̂(t)]Û0(t)

The operator ĤI and ρ̂ in the right hand side are still in the Schrödinger picture. But
opening the commutator and inserting identities Û0Û

†
0 one transforms them both into the

interaction picture. Then,
dρ̂I(t)

dt
= − i

~
α[ĤI(t), ρ̂I(t)]

where ĤI(t) is also in the interaction picture here (but we do not write the I to make the
notation less heavy. This equation shows that the dynamics in the interaction picture are
driven solely by the interaction Hamiltonian ĤI(t) in the interaction picture.

This equation can be formally time-integrated to yield

ρ̂IT (t) = ρ̂IT (0)− i

~
α

∫ t

0

ds
[
ĤI

int(s), ρ̂
I
T (s)

]
. (4.65)

In principle one could trace over the environment here and obtain an exact expression for
ρ̂red
S (t) but this is in general unfeasible. It is also inconvenient (though unavoidable at the

exact level) that the resulting ρ̂red
S (t) will depend on the integration of the density matrix

over all previous times.
Equation (4.65) is the starting point of an iterative approach. Let us introduce it in

the right-hand-side of Eq. (4.61),

dρ̂IT (t)

dt
= − i

~
α
[
ĤI

int(t), ρ̂
I
T (0)

]
− α2

~2

∫ t

0

ds
[
ĤI

int(t),
[
ĤI

int(s), ρ̂
I
T (s)

]]
. (4.66)
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4.4 Quantum dissipative processes

By applying this method once more we obtain

dρ̂IT (t)

dt
= − i

~
α
[
ĤI

int(t), ρ̂
I
T (0)

]
− α2

~2

∫ t

0

ds
[
ĤI

int(t),
[
ĤI

int(s), ρ̂
I
T (0)

]]
+O(α3/~3). (4.67)

After this substitution, the integration of the previous states of the system, ρ̂T (s) appears
only in the terms that are O(α3/~3) or higher.

Let us go back to the integro-differential equation (4.66), which is exact, and trace over
the environment degrees of freedom:

dρ̂red,I
S (t)

dt
≡TrE

[
dρ̂IT (t)

dt

]
=− i

~
αTrE

[
ĤI

int(t), ρ̂
I
T (0)

]
− α2

~2

∫ t

0

ds TrE

[
ĤI

int(t),
[
ĤI

int(s), ρ̂
I
T (s)

]]
(4.68)

This is not a closed time-evolution equation for ρ̂red
S (t), because the full density matrix

ρ̂IT (s) still appears in the right-hand-side. To proceed, we need to make some assumptions.
Assume now that at t = 0 the system and the environment are in a separable state of

the form
ρ̂T (0) = ρ̂S(0)⊗ ρ̂E(0) . (4.69)

This may be the case if the system and the environment have not interacted before t = 0
or if the correlations between them are very short-lived. Moreover, at the initial time
ρ̂S(0) = ρ̂red

S (0).
By using the assumption (4.69) and the factorized ĤI

int in (4.58), we can now focus on
the environment only. The first element of the r.h.s of Eq. (4.68) reads

TrE

[
ĤI

int(t), ρ̂
I
T (0)

]
=
∑
i

{
ŜIi (t)ρ̂S(0)TrE

[
ÊI
i (t)ρ̂E(0)

]
− ρ̂S(0)ŜIi (t)TrE

[
ρ̂E(0)ÊI

i (t)
]}

.

We can now use that 〈ÊI
i (t)〉 = Tr[ÊI

i (t)ρ̂E(0)] = 0 for all i. This looks like a strong
assumption, but it is not. If the total Hamiltonian does not fulfil it, we can always
rewrite it as ĤT =

(
ĤS + α

∑
i〈Êi〉Ŝi

)
+ ĤE + αĤ ′i, with Ĥ ′i =

∑
i Si ⊗ (Êi − 〈Êi〉). It

is clear that now 〈Ê ′i〉 = 0, with Ê ′i = Êi − 〈Êi〉, and the system Hamiltonian is changed
just by the addition of an energy shift that does no affect the system’s dynamics. Using
now the cyclic property of the trace, it is easy to prove that this first term vanishes:

TrE

[
ĤI

int(t), ρ̂
I
T (0)

]
= 0 (4.70)

The equation of motion (4.68) reduces to

dρ̂red,I
S (t)

dt
= −α

2

~2

∫ t

0

ds TrE

[
ĤI

int(t),
[
ĤI

int(s), ρ̂
I
T (s)

]]
. (4.71)
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In order to unravel the system from the environment in the r.h.s. we need a further
assumption. As we are working in the weak coupling regime, α� 1, we may assume that
the timescales of correlation of the environment with the system (τSE) and relaxation of
the environment (τE) are much shorter than the typical system’s timescale (τS). This
Born approximation rests on the largeness of the bath and the relative weakness of the
coupling, and states that the environment state is always decoupled from the system’s
state,

ρ̂T (t) = ρ̂red
S (t)⊗ ρ̂E(0) (4.72)

and remains unaltered. The systems’ state does not and this is why we write here ρ̂red
S (t)

instead of ρ̂S(t) which would be the evolved density operator in the absence of coupling
to the environment. Equation (4.71) then transforms to

dρ̂red,I
S (t)

dt
= −α

2

~2

∫ t

0

ds TrE

[
ĤI

int(t),
[
ĤI

int(s), ρ̂
red,I
S (s)⊗ ρ̂E(0)

]]
(4.73)

This is a closed linear integro-differential for ρ̂red,I
S which is still very hard to solve. This

equation is still non-Markovian, as it displays an integration over time running from the
initial s = 0 to the measuring s = t in the r.h.s.

A further approximation, now going in the direction of Markovianity, is that one makes
the time derivative of the system’s reduced density matrix depend only on its current
state, and not on its past. This assumption is valid under fast bath dynamics, wherein
correlations within the bath are lost extremely quickly, and amounts to replacing

ρ̂red,I
S (s)→ ρ̂red,I

S (t)

under the integral

dρ̂red,I
S (t)

dt
= −α

2

~2

∫ t

0

ds TrE

[
ĤI

int(t),
[
ĤI

int(s), ρ̂
red,I
S (t)⊗ ρ̂E(0)

]]
. (4.74)

Another way of justifying this replacement is to invoke the weak coupling limit, recognizing
that that the time-derivative of ρ̂red,I

S is already O(α2/~2), hence ρ̂red,I
S (s) cannot change

much in the interval, and replace it by ρ̂red,I
S (t). This is sometimes called the Redfield or

Born-Markov master equation. It is now local in time, concerning ρ̂red,I
S (t). One should

notice, however, that it no longer guarantees the conservation of positivity of the density
matrix due to the approximations we have made, and it may therefore yield un-physical
solutions, with negative or diverging probabilities. This problem is corrected after making
an explicit choice for ĤI

int and working out its consequences.
We now change the integration variable from s to t−s, with no change of the integration

bounds,

dρ̂red
S (t)

dt
= −α

2

~2

∫ t

0

ds TrE

[
ĤI

int(t),
[
ĤI

int(t− s), ρ̂
red,I
S (t)⊗ ρ̂E(0)

]]
. (4.75)
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We can now understand that the time s indicates how far we go backwards in time to
account for memory effects, which can be the characteristic timescale over which correla-
tions in the bath decay, τE. Claiming that the bath correlation will decay sufficiently fast
we can extend the upper limit of the integral to infinity. We will not do it for now.

The issue now is to perform the trace over the environmental states. We will do it in
two ways.

“White bath” approximation

We open the commutators.

−~2

α2

dρ̂red,I
S (t)

dt
=

∫ t

0

ds TrE

[
ĤI

int(t),
[
ĤI

int(s), ρ̂
red,I
S (t)⊗ ρ̂E(0)

]]
=

∫ t

0

dsTrE

{
ĤI

int(t)
[
ĤI

int(s), ρ̂
red,I
S (t)⊗ ρ̂E(0)

]
−
[
ĤI

int(s), ρ̂
red,I
S (t)⊗ ρ̂E(0)

]
ĤI

int(t)
}

=

∫ t

0

dsTrE

{
ĤI

int(t)Ĥ
I
int(s) ρ̂

red,I
S (t)⊗ ρ̂E(0)− ĤI

int(t) ρ̂
red,I
S (t)⊗ ρ̂E(0) ĤI

int(s)

−ĤI
int(s) ρ̂

red,I
S (t)⊗ ρ̂E(0) ĤI

int(t) + ρ̂red,I
S (t)⊗ ρ̂E(0) ĤI

int(s)Ĥ
I
int(t)

}
and we replace the explicit form of ĤI

int, using one form in one factor and the other
(daggered) form in the other factor. For example,

ĤI
int(t)Ĥ

I
int(s) =

∑
i

γiŜ
†
i (t)⊗ Ê

†
i (t)

∑
j

γjŜj(s)⊗ Êj(s)

=
∑
ij

γiγjŜ
†
i (t)Ŝj(s)⊗ Ê

†
i (t)Êj(s)

Here we did not write the I for the interaction picture of the operators Ŝ and Ê to lighten
the notation. One finds

−~2

α2

dρ̂red,I
S (t)

dt
=
∑
i,j

γiγj

∫ t

0

ds
{
Ŝ†i (t)Ŝj(s)ρ̂

red,I
S (t) TrEÊ

†
i (t)Êj(s)ρ̂E(0)

−Ŝi(t)ρ̂red,I
S (t)Ŝ†j (s) TrEÊi(t)ρ̂E(0)Ê†j (s)

−Ŝj(s)ρ̂red,I
S (t)Ŝ†i (t) TrEÊj(s)ρ̂E(0)Ê†i (t)

+ρ̂red,I
S (t)Ŝ†j (s)Ŝi(t) TrE ρ̂E(0)Ê†j (s)Êi(t)

}
(4.76)

Since we assumed from the start that Ŝi and Êi are Hermitian it may seem superfluous to
carry the daggers. We do it to find a more general expression for the Lindblad equation.
We now use the cyclic property of traces and propose

TrEÊj(s)ρ̂E(0)Ê†i (t) = TrE ρ̂E(0)Ê†i (t)Êj(s) = TrEÊ
†
i (t)Êj(s)ρ̂E(0) ≡ Γij(t, s)

TrEÊi(t)ρ̂E(0)Ê†j (s) = TrE ρ̂E(0)Ê†j (s)Êi(t) = TrEÊ
†
j (s)Êi(t)ρ̂E(0) ≡ Γji(s, t)
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These correlations are not equal. Indeed,

Γji(s, t) = TrEÊ
†
j (s)Êi(t)ρ̂E(0) = TrEÊj(s)Ê

†
i (t)ρ̂E(0) = TrEÊ

†
i (t)ρ̂E(0)Êj(s) 6= Γij(t, s)

Instead, (
Γji(s, t)

)†
= TrE ρ̂E(0)

(
Ê†j (s)Êi(t)

)†
= TrE ρ̂E(0)Ê†i (t)Êj(s)

= TrEÊ
†
i (t)Êj(s)ρ̂E(0) = Γij(t, s)

Assuming stationarity for the bath, a rather reasonable assumption in many relevant
cases, the correlations Γij(t, s) and Γji(s, t) depend on time-differences only:

Γij(t, s) = Γij(t− s) Γji(s, t) = Γji(s− t)

One can also suppose that they depend on the absolute value of the time difference,
Γji(|t− s|). Changing i↔ j in the second group of terms,

−~2

α2

dρ̂red,I
S (t)

dt
=
∑
i,j

γiγj

∫ t

0

ds
{[
Ŝ†i (t)Ŝj(s)ρ̂

red,I
S (t)− Ŝj(s)ρ̂red,I

S (t)Ŝ†i (t)
]

Γij(t− s)

+
[
−Ŝi(t)ρ̂red,I

S (t)Ŝ†j (s) + ρ̂red,I
S (t)Ŝ†j (s)Ŝi(t)

]
Γji(s− t)

}
=
∑
i,j

γiγj

∫ t

0

ds Γij(|t− s|)
{[
Ŝ†i (t)Ŝj(s)ρ̂

red,I
S (t)− Ŝj(s)ρ̂red,I

S (t)Ŝ†i (t)
]

+
[
−Ŝj(t)ρ̂red,I

S (t)Ŝ†i (s) + ρ̂red,I
S (t)Ŝ†i (s)Ŝj(t)

] }
(4.77)

At this stage one can redefine the bath correlations γiγjΓij 7→ Γij. In some cases, a
further assumption is made

Γij(t, s) = hij δ(t− s) Γji(s, t) = hji δ(t− s) (4.78)

that is, that correlations within the bath die out so quickly compared to the system’s
evolution that one ignores them completely. The hij factors are general numerical factors
which result from performing the trace over the bath. This is another consequence of the
weak system-bath interaction and the Markov approximation. The first and third terms
combine together and the second and fourth as well. The master equation simplifies to

−~2

α2

dρ̂red,I
S (t)

dt
=

∑
i,j

hij
2

[
Ŝ†i (t)Ŝj(t)ρ̂

red,I
S (t)− Ŝj(t)ρ̂red,I

S (t)Ŝ†i (t)

+ρ̂red,I
S (t)Ŝ†i (t)Ŝj(t)− Ŝj(t)ρ̂

red,I
S (t)Ŝ†i (t)

]
=

∑
i,j

hij

[
−Ŝj(t)ρ̂red,I

S (t)Ŝ†i (t) +
1

2
{Ŝ†i (t)Ŝj(t), ρ̂

red,I
S (t)}

]
(4.79)
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The factor 1/2 in the first line comes from the fact that the integral goes until t the same
time at which the delta function is evaluated.

After diagonalization of the matrix hij with an orthogonal transformation, we define
new coefficients γiδij = Γij =

∑
kl dikhkld

∗
lj,

γiδij =
∑
kl

dikhkld
∗
lj L̂Ii (t) =

∑
k

dikŜ
I
k(t) (4.80)

where we added the super-script I to recall that these operators are still in the interaction
picture.

Moving back to the Schrödinger picture,

ρ̂red,S
S (t)︸ ︷︷ ︸

Schrodinger

= Û(t) ρ̂red,I
S (t)︸ ︷︷ ︸

Interaction

Û †(t) (4.81)

with Û(t) = e−
i
~ ĤSt, the Lindblad equation takes its usual form:

dρ̂red
S (t)

dt
= − i

~
[ĤS, ρ̂

red
S (t)] +

α2

~2

∑
i

γi

[
L̂iρ̂

red
S L̂†i −

1

2
{L̂†i L̂i, ρ̂red

S (t)}
]

(4.82)

ĤS is here the Hamiltonian of the system alone. The factor α/~ is absorbed in the
definition of the operators L̂i.

The delta functions in (4.78) for the environmental operator correlations is quite a
brutal approximation. Better ones are often used. We discuss them below.

Rotating wave approximation

One can be a bit more careful with the treatment of the bath correlation function and
not just assume they are delta-correlated in time.

Let us now look at the operators Ŝ acting on the system. Let us denote by |ε〉 the
eigenstates of ĤS and expand any of the Ŝ in the Schrödinger picture as

Ŝ =
∑
ε,ε′

Sεε′ |ε〉〈ε′| .

In the interaction frame, ŜI(t) = ei(ĤS+ĤE)t/~Ŝe−i(ĤS+ĤE)t/~. The environmental part does
not act on these states and cancels out. We obtain

ŜI(t) =
∑
εε′

Sεε′ |ε〉〈ε′| ei(ε−ε′)t/~ =
∑
ω

Ŝ(ω) e−iωt

where the sum over ω is over all the possible transition frequencies −(ε−ε′)/~ that appear
in the spectrum of ĤS and Ŝ(ω) = Sεε′ |ε〉〈ε′| with ω thus defined. The operators Ŝ(ω)
are in general non-Hermitian, they satisfy Ŝ†(ω) = Ŝ(−ω).
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Putting these two ingredients together, the interaction Hamiltonian in the interaction
picture can be rewritten as

ĤI
int(t) =

∑
i

γi
∑
ω

e−iωtŜi(ω)⊗ Êi(t) =
∑
i

γi
∑
ω

eiωtŜ†i (ω)⊗ Ê†i (t) (4.83)

with
Êi(t) = eiĤEt/~Êie

−iĤEt/~ (4.84)

since the system’s Hamiltonian in the evolution operator does not act on Êi and cancels
out. We did not write the superscript I to indicate that the time dependent operator is in
the interaction picture to lighten the notation. These can be interpreted as the operators
acting on the environment in their own interaction picture.

Replacing in the master equation in the form (4.75) with the upper limit of integration
extended to ∞, and absorbing the parameters γiγj in the definition of Γij,

−~2

α2

dρ̂red,I
S (t)

dt
=

∑
ij

∑
ωω′

Γij(ω)ei(ω−ω′)t
(
Ŝ†i (ω)Ŝj(ω

′)ρ̂red,I
S (t)− Ŝi(ω)ρ̂red,I

S (t)Ŝ†j (ω
′)

+ρ̂red,I
S (t)Ŝ†i (ω)Ŝj(ω

′)− Ŝi(ω′)ρ̂red,I
S (t)Ŝ†j (ω)

)
(4.85)

The correlations Γij(ω) are defined as

Γtij(ω) ≡ γiγj

∫ ∞
0

ds e−iωsTrE
[
Ê†i (t)Êj(s) ρ̂E(0)

]
and similarly for the others. We note that the integration over s has been extended here
to ∞. These are, in general, time-dependent functions. However, one assumes that they
are not and drops the superindex t. In the typical situation in which the reservoir is
a collection of harmonic oscillator modes, if the frequency spectrum ωn of the reservoir
modes is discrete (as in the classical case) these correlation functions are quasi-periodic
functions of t. A rapid decay of the reservoir correlations therefore requires a continuum
of frequencies.

The secular approximation consists in neglecting all the terms that rapidly oscillate in
the sum over ω and ω′, that is the omission of all terms with ω 6= ω′. One keeps only the
contributions from ω = ω′, which leads to

−~2

α2

dρred,I
S (t)

dt
=
∑
ij

∑
ω

Γij(ω)

(
Ŝj(ω)ρ̂red,I

S Ŝ†i (ω)− 1

2
{Ŝi(ω)†Ŝj(ω), ρ̂red,I

S (t)}
)
.

We now split the real and imaginary parts of the bath correlations as

Γij(ω) =
1

2
γij(ω) + iπij(ω) (4.86)
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4.4 Quantum dissipative processes

with

πij(ω) = − i

2
(Γij(ω)− Γ∗ij(ω)) (4.87)

γij(ω) = Γij(ω) + Γ∗ij(ω) (4.88)

The real and imaginary parts γij(ω) and πij(ω) of the complex function Γij verify the
Kramers-Kronig relations.

Inserting the expression (4.86) of Γij in the last equation, we arrive at a master equation
in the Lindblad form

dρ̂red,I
S (t)

dt
=− i

~
∑
ω

∑
ij

πij(ω) [Ŝ†i (ω)Ŝj(ω), ρred,I
S (t)]

+
∑
ω

∑
ij

γij(ω)

(
Ŝj(ω)ρ̂red,I

S (t)Ŝ†i (ω)− 1

2
{Ŝ†i (ω)Ŝj(ω), ρ̂red,I

S (t)}
)
(4.89)

where we have absorbed a factor α/~ in each Ŝi. This master equation is still expressed in
the interaction picture, it can be transformed back to the Schrödinger picture by adding
the system Hamiltonian HS to the coherent part of the dynamics in the first line.

The coupling to the bath has two effects:

- The Hamiltonian of the system is shifted by a quantity
∑

ω πij(ω)Ŝ†i (ω)Ŝj(ω). This
term is often called the Lamb shift term by analogy to the shift of the atomic levels
that arises from the coupling of the atom to its electromagnetic environment. Note
the similarity with what happened when we derived the classical Langevin equation
and we found a renormlization of the quadratic potential due to the coupling to the
bath. It represents the small corrections to the energy levels of the system that arise
due to the coupling to the bath.

- Jump operators appear, which induce transitions between the eigenstates of ĤS. In
the secular approximation, the energy exchanged between the system and the bath
during a jump is perfectly defined. The rate associated with the jump where a
quantum of energy ~ω is exchanged between the system and the bath is given by
the functions γij(ω).

Exercise 4.9
A qubit in a thermal bath. Use the basis {|e〉, |g〉}, Ĥ = (~ω/2)(|e〉〈e| − |g〉〈g|) and two jump operators,
L̂1 = σ̂− = |g〉〈e| with rate γ1 = γ(n̄+1) (emission) and L̂2 = σ̂+ = |e〉〈g| with rate γ2 = γn̄ (absorption),
with n̄ = (eβ~ω− 1)−1. (a) Write the equations for ρee and ρeg and check that the trace is conserved. (b)
Find the stationary state. (c) Identify the relaxation times T1 of the populations and T2 of the coherences.
(d) Add pure dephasing, L̂3 = σ̂z with rate γφ. How is T2 modified?

Solution. (a) For L̂1: L̂1ρ̂L̂
†
1 = ρee|g〉〈g| and L̂†1L̂1 = |e〉〈e|; similarly for L̂2. Then

ρ̇ee = −γ1ρee + γ2ρgg = −ρ̇gg , ρ̇eg = −iωρeg −
γ1 + γ2

2
ρeg ,
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4.4 Quantum dissipative processes

and ρ̇ee + ρ̇gg = 0. (b) ρeg = 0 and ρee/ρgg = γ2/γ1 = n̄/(n̄ + 1) = e−β~ω: the Gibbs
state at the temperature of the bath. The ratio of the rates of the two jump operators
encodes detailed balance. (c) 1/T1 = γ1 + γ2 = γ(2n̄ + 1) and 1/T2 = (γ1 + γ2)/2, that is
T2 = 2T1. (d) σ̂z ρ̂σ̂z − ρ̂ leaves the populations unchanged and multiplies the coherences
by −2, so 1/T2 = 1/(2T1) + 2γφ (compare with the dephasing example of the notes): in
general T2 ≤ 2T1.

Exercise 4.10
The Lindblad equation preserves positivity, Hamiltonian “damping” does not. A student proposes to
describe the decay of a qubit by the non-Hermitian Hamiltonian Ĥeff = Ĥ − i~γ2 |e〉〈e|, with ˙̂ρ =

−(i/~)(Ĥeff ρ̂ − ρ̂Ĥ†eff). Compute Tr ρ̂(t) starting from |e〉. Which term of the Lindblad equation with
L̂ = σ̂− is missing?

Solution. ρ̇ee = −γρee and ρ̇gg = 0, so Tr ρ̂(t) = e−γt: probability is lost. The anticommu-
tator term of the Lindblad equation, −γ2 {L̂

†L̂, ρ̂}, is exactly the non-Hermitian part of Ĥeff .
The missing term is the “jump” term γL̂ρ̂L̂† = γρee|g〉〈g|, which puts the lost probability
back into the ground state. The non-Hermitian evolution describes the system conditioned
on no jump having occurred.

4.4.3 Interaction with the radiation field

In the case of an atom interacting with the quantized radiation field, the Hamiltonian
for the latter is given by a sum of harmonic oscillators,

ĤE =
∑
~kλ

ω~k â
†
~kλ
â~kλ, (59)

where λ is the polarization index. If the wavelength of the radiation field is much larger
than the spatial extent of the atomic wavefunction, the dominant interaction term is given
by the electric dipole term,

ĤI = −~d · ~E = −~d · i
√

~ωk
V
~ελ(â

†
~kλ
− â~kλ)

where ~d is the dipole operator of the atom and ~E is the quantized electric field.
If the reference state of the bath, ρ̂E, is the vacuum without any photons, the reservoir

correlations are

〈a~kλa~k′λ′〉 = 〈a†~kλa
†
~k′λ′
〉 = 〈a†~kλa~k′λ′〉 = 0 〈a~kλa

†
~k′λ′
〉 = δ~k~k′δλλ′∑

λ

eikλe
j
kλ = δij −

kikj
k2

. (4.90)

The spectral correlation tensor becomes

Γij(ω) =
∑
~k

~ωk
V

(
δij −

kikj
k2

)∫
ds e−i(ωk−ω)s
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Going to the continuum limit, we can use:∑
~k

→ V

(2π)3

∫
d3k =

V

(2π)3c3

∫
dωkω

2
k

∫
dΩ (4.91)

∫
dΩ

(
δij −

kikj
k2

)
=

8π

3
δij (4.92)

The spectral correlation tensor is in diagonal form. For the s-integration,∫ ∞
0

ds e−i(ωk−ω)s = πδ(ωk − ω)−iPV
1

ωk − ω
,

where PV denotes the Cauchy principal value. We can thus split the spectral correlation
tensor into its real and imaginary parts to obtain the decay rate and the Lamb shift,
respectively. The Lamb shift is divergent as we have neglected relativistic effects that
become relevant for large values of ωk. Since this only gives a slight renormalization of
the energy levels of the atom, we neglect it in the following (this is similar to what was
done at the classical level when adding a counter-term in the derivation of the Langevin
equation).

We focus on the transition between two atomic levels differing by the frequency ω. The
Lindblad equation reads

d

dt
ρ̂S = γ

(
σ̂−ρ̂Sσ̂+ −

1

2
{σ̂+σ̂−, ρ̂S}

)
,

where we have used the spontaneous emission rate

γ =
4ω3d2

3~c3
,

and the spin flip operators:

σ̂± =
1

2
(σ̂x ± iσ̂y) .

The master equation can be solved by expanding it into Pauli matrices. The vector 〈~σ〉
is known as the Bloch vector, and the equations of motion for its components decouple

d

dt
〈σ̂x〉 = −γ

2
〈σ̂x〉 ,

d

dt
〈σ̂y〉 = −γ

2
〈σ̂y〉 , d

dt
〈σ̂z〉 = −γ(〈σ̂z〉+ 1) .

From this, we see that the off-diagonal elements of the density matrix decay exponen-
tially with the rate γ/2, a phenomenon called decoherence. The z-component of the Bloch
vector decays exponentially with the rate γ to a steady state of 〈σ̂z〉 = −1, i.e., the atom
ends up in the state with lower energy.

Exercise 4.11
Bloch vector under spontaneous emission. Solve the equations for the Bloch vector given in the notes,
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4.4 Quantum dissipative processes

˙〈ˆx,y〉σ = −γ2 〈σ̂
x,y〉 and ˙〈ˆz〉σ = −γ(〈σ̂z〉 + 1), for an atom prepared in the superposition (|e〉 + |g〉)/

√
2

(with σ̂z|e〉 = |e〉). Compute the purity Tr ρ̂2(t). Is the evolution monotonic? Where does the Bloch
vector end?

Solution. Initially ~r = (1, 0, 0). Then rx(t) = e−γt/2, ry = 0, rz(t) = −1 + e−γt. With
|~r|2 = e−γt + (1− e−γt)2, Tr ρ̂2 = (1 + |~r|2)/2 = 1− (e−γt − e−2γt)/2. The purity decreases
from 1 to a minimum 7/8 at t = ln 2/γ and then increases back to 1: the final state is the
ground state |g〉 (~r = −êz), a pure state. Dissipation at zero temperature can purify a state;
the loss of purity at intermediate times reflects the entanglement with the emitted photon.
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5. Generating functionals

5 Generating functionals
Concise presentations of the path integral formalism can be found in the lecture notes

by B. Simons [11] and D. J. Amit’s book [95]. The method was suggested by Dirac in the
30s and then developed by Feynman in the 40s.

The path integral method provides a way to write the matrix element of the evolution
operator, or amplitude to find the particle at x at time t knowing that it was at x′ at
time t′,

〈x, t|x′, t′〉 = 〈x|Û(t, t′)|x′〉 = U(x, t;x′, t′) , (5.93)

as an integral over classical paths. (Extensions to spins, fields or other kinds of variables
also exist.) Before presenting its construction we take a few paragraphs to explain how
functional integration methods were introduced in the context of stochastic processes

5.1 The Wiener construction for Langevin equations
We open a parenthesis and comment on a classical analogy of what Feynman did

quantum mechanically. It concerns the description of stochastic processes developed by
Wiener in the 20s. Consider a time-dependent random process as described, for example,
by the over-damped Langevin equation

dx(t)

dt
= ξ(t) . (5.94)

The right-hand-side is a random function, and its statistical properties have to be spec-
ified. A usual choice is Gaussian, as a zero mean white noise, that is, 〈ξ(t′′)〉 = 0 and
〈ξ(t′′)ξ(t′′′)〉 = 2kBTδ(t

′′ − t′′′) for all t′′ and t′′′. The angular brackets represent here
the average over the Gaussian probability distribution of the noise. This noise has no
memory or, in other terms, the process is Markovian. We will come back to what this
means below. The friction coefficient has been absorbed in a time redefinition and T is the
temperature of the bath. The particle has fixed initial condition x(t′) = x′ and it evolves
according to (5.94). Observables are noise averages of the particle’s position and can be
readily calculated from the solution of the above equation, x(t) = x(t′) +

∫ t
t′
dt′′ ξ(t′′). For

example, 〈x(t)〉 = x′ and 〈(x(t)−x(t′))2〉 = 2D(t− t′) with diffusion coefficient D = kBT .
Time is now discretized in infinitesimal steps of length δt = (t−t′)/N with tk = t′+k δt

and k = 0, . . . , N ; then t0 = t′ and tN = t. The evaluation of the position at the discrete
time will be denoted xk = x(tk). Equation (5.94) then reads

δxk ≡ xk+1 − xk = δt ξk . (5.95)

(We adopt here what is called Ito’s discretization scheme in which the noise is evaluated
in the pre-point.) The Gaussian white noise has joint probability distribution

P (ξ) ≡ P ({ξk}) =
∏
k

1

(2π 2kBT/δt)1/2
e
− 1

2
δt

2kBT
ξ2k . (5.96)
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5.1 The Wiener construction for Langevin equations

This ensures that
〈ξk〉 = 0 , 〈ξkξk′〉 = 2kBT

1

δt
δkk′ (5.97)

giving the scalings ξk = O(δt−1/2) and xk+1 − xk = O(δt1/2) typical of over-damped (no
second time derivative) white noise processes. The weird normalization of the Kronecker
delta in the second relation ensures that it approaches the Dirac delta in the continuous
time limit. The noise average of a generic function O of the variable x is then,

〈O〉 =

∫
Dξ O(x(ξ))P (ξ) (5.98)

where O(x(ξ)) indicates that x has to be expressed as a solution of the Langevin equation,
in terms of the noise, the measure Dξ is just

∏
k dξk and all integrals over the noise run

from −∞ to ∞.
Thanks to the Markov property of the process, the probability to find the particle at

a position x = xN at time t = tN knowing that it departed from x′ = x0 at time t′ = t0 is

p(x, t|x′, t′)

=

∫ ∞
−∞
dxN−1 · · ·

∫ ∞
−∞
dx1 p(xN = x, tN = t|xN−1, tN−1) . . . p(x1, t1|x′ = x0, t0 = t′) . (5.99)

The evolution over an infinitesimal time step is ruled by Eq. (5.95). Take the first
time-step x1 = x0 + δt ξ0. x0 is fixed to x′, and x1 is just a linear function of ξ0. One has

p(x1, t1|x0, t0) =

∫
dξ0 δ(x1 − (x0 + δt ξ0))

1

(2π 2kBT/δt)1/2
e
− 1

2
δt

2kBT
ξ20

=
1

(2π 2kBT/δt)1/2

∫
dξ0 δ(x1 − x0 − δt ξ0) e

− 1
2

δt
2kBT

ξ20

=
1

(2π 2kBT/δt)1/2

1

δt

∫
dξ0 δ(ξ0 − (x1 − x0)) e

− 1
2

δt
2kBT

(
ξ0
δt

)2

=
1

(2π 2kBTδt)1/2
e
− 1

2
δt

2kBT
(x1−x0δt )

2

. (5.100)

Replacing now in (5.99)

p(x, t|x′, t′) =
1

(2π 2kBT δt)N/2

∫ ∞
−∞

dxN−1· · ·
∫ ∞
−∞

dx1 e
− 1

2
1

2kBT
δt
∑
k

(
xk+1−xk

δt

)2

=

∫
Dx e

− 1
2

1
2kBT

∫ t

t′
dt′′
(
dx(t′′)

dt′′

)2

. (5.101)

The compact notation
∫
Dx represents∫

Dx . . . =
1

(2π 2kBT δt)N/2

∫ ∞
−∞

dxN−1 · · ·
∫ ∞
−∞

dx1 . . . (5.102)
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We have expressed the transition probability as a sum over all paths (in the x variable)
linking the initial value x0 = x′ to the final one xN = x.

For the generalization of this construction to stochastic Langevin equations with de-
terministic forces and also multiplicative noise, see [96,97].

Exercise 5.1
The diffusion propagator. For ẋ = ξ with 〈ξ(t)ξ(t′)〉 = 2kBTδ(t − t′) and x(t′) = x′, (a) show that
P (x, t|x′, t′) = [4πkBT (t− t′)]−1/2 exp{−(x−x′)2/[4kBT (t− t′)]} by computing the mean and variance of
x(t); (b) check that it solves ∂tP = kBT ∂

2
xP ; (c) check the composition (Chapman-Kolmogorov) property∫

dx′′ P (x, t|x′′, t′′)P (x′′, t′′|x′, t′) = P (x, t|x′, t′) for t > t′′ > t′, which is the property used to build the
path integral by slicing time.

Solution. (a) x(t) = x′+
∫ t
t′
ds ξ(s) is Gaussian, as a linear combination of Gaussian variables,

with mean x′ and variance
∫∫

ds ds′ 2kBTδ(s−s′) = 2kBT (t−t′). (b) Direct differentiation.
(c) The convolution of two Gaussians with variances 2kBT (t − t′′) and 2kBT (t′′ − t′) is a
Gaussian whose variance is the sum, 2kBT (t− t′): the independent increments over the two
time intervals add up.

5.2 The Feynman construction for quantum systems
Take an orthonormal complete basis of eigenstates, |x〉, of the position operator, x̂, that

is x̂|x〉 = x|x〉, with 〈x′|x〉 = δ(x− x′).
Going back to the quantum problem, the (forward) propagator is

〈x|Û(t, t′)|x′〉 = U(x, t;x′, t′) Û(t, t′) = e−iĤ(t−t′)/~ . (5.103)

The idea is to write it as a sum over all paths leading from, in the Lagrangian repre-
sentation, x′ = x(t′) to x = x(t) with t > t′ weighted with the exponential of the action
(times i/~). The formalism is well-suited to compute any type of time-ordered correlation
since the evolution is done towards the future.

The idea is to discretise the real time interval [t′, t], with the definitions

tk = t′ + k δt k = 0, . . . , N and δt = (t− t′)/N (5.104)

in such a way that t′ = t0 and t = tN . Eventually one takes δt → 0 and N → ∞ with
t− t′ fixed.

We first factorize the evolution operator

e−iĤ(t−t′)/~ = e−iĤδt/~ . . . e−iĤδt/~ (5.105)

in N factors such that Nδt = t− t′. The Hamiltonian Ĥ commutes with itself so this is
a licit expansion. Then we introduce resolutions of the identity in position space

I =

∫
dxk |xk〉〈xk| (5.106)
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5.2 The Feynman construction for quantum systems

Figure 5.1: Two paths out of many contributing to the path integral that represents the bracket
of the evolution operator between an initial and a final state at times ti and tf respectively.

and we derive

e−iĤ(t−t′)/~ =

∫
dxN−1|xN−1〉〈xN−1|e−iĤδt/~

∫
dxN−2|xN−2〉〈xN−2|e−iĤδt/~ . . .

. . .

∫
dx1|x1〉〈x1|e−iĤδt/~ (5.107)

Sandwiched between 〈x| and |x′〉, this expression can also be written as

〈x, t|x′, t′〉 =

∫
dxN−1 . . .

∫
dx2

∫
dx1 U(x, t;xN−1, tN−1)

U(xN−1, tN−1;xN−2, tN−2) . . . U(x2, t2;x1, t1)U(x1, t1;x′, t′) . (5.108)

Each factor in the product is

〈xk|Û(tk, tk−1)|xk−1〉 = U(xk, tk;xk−1, tk−1) . (5.109)

Inserting now identities in momentum space I =

∫
dpk
2π~
|pk〉〈pk|

U(xk, tk;xk−1, tk−1) = 〈xk|e−iĤδt/~|xk−1〉 =

∫
dpk
2π~
〈xk|pk〉 〈pk|e−iĤδt/~|xk−1〉

=

∫
dpk
2π~

exp

[
i

~
(pkẋk −H(pk, xk)) δt

]
(5.110)

where we have dropped any O(δt2) contribution. The matrix element is calcutaed in
detail in App. B. Inserting this expression in the product of evolution functions and using
a continuous time notation

U(x, t;x′, t′) =

∫
Dp
∫ x(t)=x

x(t′)=x′
Dx exp

{
i

~

∫ t

t′
dt′′ [p(t′′)ẋ(t′′)−H(p(t′′), x(t′′))]

}
(5.111)
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If the kinetic energy is quadratic in p, the two p-dependent terms in the exponential can
be combined to form a Gaussian weight:

pẋ− p2

2m
= − 1

2m
(p−mẋ)2 +

m

2
ẋ2 . (5.112)

After translation p−mẋ 7→ p, the momentum can be integrated out and yields a simple
factor [m/(2πi~δt)]N/2 which can be absorbed in the measure Dx (similarly to what we
have done in the stochastic case). Then,

U(x, t;x′, t′) =

∫ x(t)=x

x(t′)=x′
Dx exp

{
i

~

∫ t

t′
dt′′
[m

2
ẋ2(t′′)− V (x(t′′))

]}
. (5.113)

In the exponential we recognise the classical action,

S =

∫ t

t′
dt′′ L(ẋ, x) , (5.114)

with L(ẋ, x) the Lagrangian.

Exercise 5.2
Composition of free propagators. The free propagator is U(x, t;x′, 0) = (m/2πi~t)1/2 exp[im(x−x′)2/(2~t)]
(Appendix B). Show that∫

dx′′ U(x, t1 + t2;x′′, t2)U(x′′, t2;x′, 0) = U(x, t1 + t2;x′, 0) .

Which property of the evolution operator does this express?

Solution. The exponent is im
2~

[
(x−x′′)2

t1
+ (x′′−x′)2

t2

]
. Completing the square in x′′, it equals

im
2~

t1+t2
t1t2

(x′′ − x̄)2 + im
2~

(x−x′)2
t1+t2

, with x̄ = (t2x + t1x
′)/(t1 + t2). The Gaussian (Fresnel)

integral over x′′ gives [2πi~t1t2/m(t1 + t2)]1/2, which combined with the two prefactors
yields [m/2πi~(t1 + t2)]1/2. This is Û(t1 + t2, 0) = Û(t1 + t2, t2)Û(t2, 0) written in the
position basis, with a resolution of the identity inserted at the intermediate time: it is the
building block of the time-slicing construction.

5.2.1 Wick’s rotation

Make now an analytic continuation from real to imaginary time

t 7→ −iτ (5.115)

This is also called a Wick rotation. The expression above becomes

U(x,−iτ ;x′,−iτ ′) =

∫ x(−iτ)=x

x(−iτ ′)=x′
Dx exp

{
i

~

∫ −iτ

−iτ ′
d(−iτ ′′)

[
m

2

(
dx(−iτ ′′)

d(−iτ ′′)

)2

− V (x(−iτ ′′))

]}
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Renaming x(−iτ) 7→ x(−τ) and U(x,−iτ ;x′,−iτ ′) 7→ U(x,−τ ;x′,−τ ′), and noticing that∫ −iτ

−iτ ′
d(−iτ ′′) f(−τ ′′) = i

∫ τ

τ ′
dτ ′′ f(τ ′′) (5.116)

dx(−iτ ′′)

d(−iτ ′′)
=

1

(−i)

dx(−iτ ′′)

dτ ′′
7→ i

dx(τ ′′)

dτ ′′
= i ẋ(τ ′′) (5.117)

one derives

U(x, τ ;x′, τ ′) =

∫ x(τ)=x

x(τ ′)=x′
Dx exp

{
−1

~

∫ τ

τ ′
dτ ′′

[m
2

(ẋ(τ ′′))
2

+ V (x(τ ′′))
]}

and the expression in the exponential is just the classical energy integrated over time
(times −1/~). This form is also called the Euclidean action

SE =

∫ τ

τ ′
dτ ′′

[m
2

(ẋ(τ ′′))
2

+ V (x(τ ′′))
]

(5.118)

(in contrast with a Minkowskian one in which temporal and spatial contributions come
with different signs). Tracing over the “initial=final” states∫

dx

∫ x(τ)=x

x(τ ′)=x

Dx exp

{
−1

~

∫ τ

τ ′
dτ ′′

[m
2

(ẋ(τ ′′))
2

+ V (x(τ ′′))
]}

. (5.119)

That is, we must use boundary conditions such that the initial and final states are the
same state, and we need to sum over all such states. This is the reason why we integrate
over dx after setting x(τ ′) = x(τ) = x. We are getting closer to finding a representation
of the partition sum. But what about the times τ and τ ′?

• The choice of the “initial” time τ ′ is arbitrary. We can simply set it to zero, τ ′ = 0.

• What about the “final” time τ? We started by representing elements of the evolution
operator e−iĤt/~. If we want to obtain the partition function e−βĤ we need the
imaginary time τ = it to be related to the inverse temperature β as τ = β~.

The partition function is therefore

Z =

∫
dx

∫ x(β~)=x

x(0)=x

Dx exp

{
−1

~

∫ β~

0

dτ ′′
[m

2
(ẋ(τ ′′))

2
+ V (x(τ ′′))

]}
. (5.120)

This problem is equivalent to the classical mechanics of an elastic string with x(τ) the
transverse displacement with respect to the internal coordinate along the string repre-
sented by τ . The length of the string is τ − τ ′ and its ends are forced to be at x(τ ′) = x
and x(τ) = x, but otherwise the string can fluctuate. Its elastic energy is

Eelast = m

∫ τ

τ ′
dτ ′′


[

1 +

(
dx(τ ′′)

dτ ′′

)2
]1/2

− 1

 ≈ m

2

∫ τ

τ ′
dτ ′′

(
dx(τ ′′)

dτ ′′

)2

, (5.121)
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5.2 The Feynman construction for quantum systems

Figure 5.2: Figure copied from [20], representing the elastic string (think of a polymer made of
individual beads labelled by τ). The translation is such that the coordinate along the string is
τ . The displacement of each “bead” is x(τ).

and it is added to the external potential V to get the full potential energy. Thus, the
analytic continuation to imaginary time has transformed the quantum mechanical problem
of a single particle moving in a one dimensional space into the statistical physics one of
a one dimensional object with transverse displacements. The generalisation to higher
dimensions is straightforward. This is another way of deriving the

d-dimensional quantum mechanics – d+ 1 dimensional statistical physics
correspondence with the association t 7→ −iτ and β ↔ 1/~

One can always interpret the imaginary time generating functional of the quantum
problem in d dimensions as the equilibrium Gibbs-Boltzmann partition function of the
classical model at finite inverse temperature in d + 1 dimensions. The classical model,
though, is anisotropic, since the direction associated to the imaginary time has different
interactions from the truly spatial ones.

Mathematically, the imaginary time path integral is a better behaved object than its
real time counterpart, since it is a sum of positive quantities, the statistical weights.

In practice, the sum over trajectories which are periodic in imaginary time, can only be
done exactly for simple systems. In general, one has to resort to some form of perturbation
theory or other approximation scheme.

The Euclidean action is usually non-negative, which implies that if the action corre-
sponding to some x(τ) is large, its contribution is very small. This fact dramatically
improves the convergence of the path integral. The classical path is the one with the
maximal contribution since it yields the minimal value to the action.

Example. The ground state
Take a quantum system with Hamiltonian Ĥ in canonical equilibrium at inverse temperature β (to keep
the notation we were using so far). The elements of the (un-normalized) density matrix are

〈x|e−βĤ |x′〉 . (5.122)

167



5.3 Semi-classical calculation

Inserting a complete set of energy eigenstates |n〉,

〈x|e−βĤ |x′〉 =

∞∑
n=0

〈x|e−βĤ |n〉〈n|x′〉 =

∞∑
n=0

e−βEn〈x|n〉〈n|x′〉

=

∞∑
n=0

e−βEnψn(x)ψn
∗(x′) (5.123)

with En the energy of the nth state and ψn(x) its wave function. Taking the limit β → ∞ the sum is
dominated by the ground state contribution. One can then use

lim
β→∞

Z =

∫
dx lim

β→∞
〈x|e−βĤ |x〉 = e−βE0

∫
dx |ψ0(x)|2 = e−βE0 (5.124)

which implies

E0 = − lim
β→∞

1

β
ln Tr e−βĤ . (5.125)

We can now use the path integral expression for the trace of the density operator or partition function,
Eq. (5.120), and therefore get the ground state energy in this way.

Exercise 5.3
From Feynman to Wiener. Set t = −iτ in the free propagator. Show that the result is the diffusion
propagator of the exercise of Sec. 5.1, and identify the “temperature” kBT in terms of ~ and m.

Solution. U = (m/2π~τ)1/2 exp[−m(x − x′)2/(2~τ)], which is P (x, τ |x′, 0) with 4kBTτ =
2~τ/m, that is, kBT = ~/(2m): the imaginary-time quantum particle is a Brownian particle
with diffusion constant ~/(2m). The rotation turns the oscillating weight eiS/~ into a
positive one, e−SE/~, which can be interpreted as a probability.

5.3 Semi-classical calculation
In the correspondence limit, ~ → 0, the only history (or possibly histories) that con-

tribute significantly to the path integral must be those that leave the action S stationary.
Otherwise, the rapidly oscillating contributions would add up to zero. Thus, in the classi-
cal limit there is only one history xcl(t) linking xcl(t

′) = x′ and xcl(t) = x which contributes
and it is the one that makes δS = 0, the least action principle. The classical trajectory
satisfies the Euler-Lagrange equation

δS

δx(t′′)

∣∣∣∣
xcl(t′′)

=
∂L

∂x(t′′)
− d

dt′′
∂L

∂ẋ(t′′)
= 0 (5.126)

with the condition
δ2S

δx(t′′)δx(t′′′)

∣∣∣∣
xcl(t)

positive definite . (5.127)
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5.4 The harmonic oscillator

Since the classical action satisfies δS/δx = 0 by construction, the action of an arbitrary
trajectory satisfies

S[x(t)] = S[xcl(t) + δx(t)]

= S[xcl(t)] +

∫
dt′′

δS

δx(t′′)

∣∣∣∣
xcl

δx(t′′) +
1

2

∫
dt′′
∫
dt′′′

δ2S

δx(t′′)δx(t′′′)

∣∣∣∣
xcl

δx(t′′)δx(t′′′) + . . .

' S[xcl(t)] +
1

2

∫
dt′′
∫
dt′′′

δ2S

δx(t′′)δx(t′′′)

∣∣∣∣
xcl

δx(t′′)δx(t′′′) . (5.128)

In the last line we cut the expansion at the second order. The Gaussian integral char-
acterises the quantum quadratic fluctuations and it can be calculated interpreting the
Hessian as a differential operator acting in the space of functions y(t) with boundary
conditions δx(0) = δx(τ) = 0, since the boundary conditions are imposed on the classical
solution. The quadratic term can then be integrated over and the final calculation is put
in the form of the evaluation of a functional determinant:[

det
δ2S

δx(t′′)δx(t′′′)

∣∣∣∣
xcl

]−1/2

(5.129)

We will not carry out this calculation here since it goes beyond the scope of these lectures.

Exercise 5.4
Classical action of the free particle. (a) Compute the action Scl(x, x

′; t) of the classical path from x′ at
time 0 to x at time t for a free particle. (b) Show that ∂Scl/∂x = p and ∂Scl/∂t = −E. (c) Show that
the semi-classical (Van Vleck) formula U ' [(2πi~)−1|∂2Scl/∂x∂x

′|]1/2eiScl/~ gives the exact propagator.

Solution. (a) The classical path is xcl(s) = x′ + (x − x′)s/t, with constant velocity, and
Scl = m(x − x′)2/(2t). (b) ∂xScl = m(x − x′)/t = p, the final momentum, and ∂tScl =
−m(x− x′)2/(2t2) = −p2/(2m) = −E: the Hamilton-Jacobi relations. (c) |∂2Scl/∂x∂x

′| =
m/t, and the formula gives the exact result. The semi-classical approximation is exact for
quadratic actions, since the fluctuations around the classical path are then exactly Gaussian.

5.4 The harmonic oscillator
We now derive the quantum partition function of the harmonic oscillator using the

path integral formalism.
Take the quantum harmonic oscillator

Ĥ =
1

2m
p̂2 +

1

2
mω2x̂2 (5.130)

with Lagrangian

L(ẋ, x) = K(ẋ)− V (x) =
1

2
mẋ2 − 1

2
mω2x2 . (5.131)
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5.4 The harmonic oscillator

The classical equation of motion is

ẍcl + ω2xcl = 0 . (5.132)

A generic trajectory is x(t) = xcl(t) + δx(t). We impose the boundary conditions on the
classical trajectory xcl(t

′) = x′ and xcl(t) = x. Therefore δx(t′) = δx(t) = 0.
For the harmonic oscillator, terms of higher than quadratic order vanish and

S[x(t)] = S[xcl(t)] + S[δx(t)] (5.133)

with the second term being identical to the original action, but evaluated on the pertur-
bation of the classical trajectory. Then,

U(x, t;x′, 0) = e
i
~S[xcl]

∫ δx(t)=0

δx(t′)=0

Dδx exp

{
i

~

∫ t

t′
dt′′

[
m

2

(
dδx(t′′)

dt′′

)2

− mω2

2
(δx(t′′))2

]}
.

The calculation of the remaining functional integral can be found in the Feynman-Hibbs
book, for example, or other traditional references on path integrals. The real time prop-
agator reads

U(x, t|x′, t′) =

√
mω

2πi~ sin(ωt)
exp

{
imω

2~ sin(ωt)

[
(x2 + x′

2
) cos(ωt)− 2xx′

]}
(5.134)

where we already set t′ = 0. We now set x′ = x, t′ = 0 and t = −iτ , and we use
sin(−iz) = 1

2i
(e−iiz − eiiz) = − i

2
(ez − e−z) = −i sinh z and cos(−iz) = 1

2
(e−iiz + eiiz) =

1
2
(ez + e−z) = cosh z to obtain

U(x,−iτ |x, 0) =

√
mω

2π~ sinh(ωτ)
exp

{
− mω

~ sinh(ωτ)
[cosh(ωτ)− 1]x2

}
. (5.135)

Finally, at τ = β~,

U(x,−iβ~|x, 0) =

√
mω

2π~ sinh(ωβ~)
exp

{
− mω

~ sinh(ωβ~)
[cosh(ωβ~)− 1]x2

}
. (5.136)

The integral over x needed to calculate the partition sum Zq is just a Gaussian integral

Zq =

∫
dx U(x,−iβ~|x, 0)

=
1√

2[cosh(β~ω)− 1]

=
e−β~ω/2

1− e−β~ω

=
∑
n=0

e−β(n+1/2)~ω (5.137)
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5.5 Tunneling and instantons

and we recover the well-known result.

Exercise 5.5
Classical action of the harmonic oscillator. (a) Find the classical path from x′ at time 0 to x at time
T . (b) Show that its action is Scl = mω

2 sinωT

[
(x2 + x′2) cosωT − 2xx′

]
. (c) Check the free particle limit

ω → 0. What happens when ωT = π?

Solution. (a) xcl(s) = [x′ sinω(T − s) +x sinωs]/ sinωT . (b) Integrating by parts and using
the equation of motion, Scl = m

2 [x ẋcl(T )−x′ ẋcl(0)], with ẋcl(T ) = ω(x cosωT −x′)/ sinωT
and ẋcl(0) = ω(x− x′ cosωT )/ sinωT , which gives the result. (c) For ω → 0, sinωT ' ωT ,
cosωT ' 1 and Scl → m(x − x′)2/(2T ). At ωT = π all classical paths starting at x′ meet
at −x′ (a focal point): the classical path between generic x and x′ does not exist and the
prefactor of the propagator diverges.

Exercise 5.6
First quantum correction to the free energy. Using Z = 1/[2 sinh(β~ω/2)], expand the free energy F =
−kBT lnZ for β~ω � 1 to the first non-trivial order in ~. Which is the expansion parameter?

Solution. With u = β~ω, 2 sinh(u/2) = u(1 + u2/24 + . . . ), so F ' kBT ln(~ω/kBT ) +
~2ω2/(24kBT ). The first term is the classical free energy (including the factor h from
the phase-space measure); the correction is of order ~2 and the expansion parameter is
(~ω/kBT )2, the ratio of the thermal time β~ to the period of the oscillator, squared. In the
path integral, this is the regime in which the imaginary-time paths are short and fluctuate
little around constant configurations.

5.5 Tunneling and instantons
Consider a quantum particle in a double well potential V (x) as the one sketched in

Fig. 5.3. A particular formula with this form is the familiar λφ4,

V (x) =
r2

4u
+
r

2
x2 +

u

4
x4 , (5.138)

with r < 0. The minima and the maximum are at

xmin = ±(−r/u)1/2 ≡ ±x0 xmax = 0 . (5.139)

For convenience, we added the constant r2/(4u) so that V (±x0) = 0. Consequently,
V (xmax) = r2/(4u). We note that r2/u controls the height of the barrier and (−r/u)1/2

the distance between the two minima, that is, the thickness of the barrier. If one compares
the two, one sees that the larger r the “steeper” the barrier.

Some quantum mechanics

Classically, if the total energy of the particle is lower than the height of the barrier, the
particle’s motion is oscillatory within the well where it is placed initially. The minimal
energy configuration is doubly degenerate, and static at the bottom of each well, with
vanishing kinetic and potential energies.
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5.5 Tunneling and instantons

Quantum mechanically, if there were no coupling across the barrier, the Hamiltonian
would have two independent, oscillator-like sets of low-lying eigenstates sitting in the two
local minima, see the parabola approximating the left well and the equidistant levels in
the sketch in Fig. 5.3, with energies En = (n + 1/2)~ω, as in (5.137). Allowing for a
weak inter-barrier coupling, the oscillator ground states (like all higher states) split into
a doublet of a symmetric and an antisymmetric eigenstate, |S〉 and |A〉 with energies ES
and EA, respectively. In this case, there is a small tunnelling probability and the particle
can be found with non-vanishing probability in the well where it was not initially. The
transition amplitudes between the left and the right well, and the one to remain in the
right well, from time 0 to an imaginary time −iτ are

U(x0,−iτ,±x0, 0) = 〈x0|e−Ĥτ/~| ± x0〉
∼ 〈x0|

(
|S〉e−ESτ/~〈S|+ |A〉e−EAτ/~〈A|

)
| ± x0〉 (5.140)

Setting

EA/S =
ω~
2
± ∆

2
, (5.141)

with ∆ the energy splitting between the symmetric and anti-symmetric states, and us-
ing the symmetry properties |〈x0|S〉|2 = |〈−x0|S〉|2 = C/2 and 〈x0|A〉〈A| − x0〉 =
−|〈x0|A〉|2 = −C/2,

U(x0,−iτ,±x0, 0) ∼ C

2

(
e−(~ω−∆)τ/(2~) ± e−(~ω+∆)τ/(2~)

)
= Ce−ωτ/2

{
cosh(∆τ/(2~))
sinh(∆τ/(2~))

(5.142)

The splitting between the ground and first excited states ∆ determines the tunnelling
rate.

The path integral calculation

In the path integral calculation, we go to imaginary time in part because the evaluation
of the path integral by saddle point is better controled.

The transition amplitude between a point x′ at (imaginary) time τ ′ and another point
x at (imaginary) time τ is given by

U(x, τ ;x′, τ ′) =

∫ x(τ)=x

x(τ ′)=x′
Dx exp

{
−1

~

∫ τ

τ ′
dτ ′′

[m
2

(ẋ(τ ′′))
2

+ V (x(τ ′′))
]}

(5.143)

and one has to sum over all possible paths in imaginary time. In the literature one does
not write the (−i) in front of the time τ so we will henceforth not do it and follow the usual
notation, as already done above. For “thick” enough barriers, the leading contributions can
be obtained by a semi-classical ~ → 0 approximation, which corresponds to a quadratic
expansion around the trajectories with minimal action:

δS[x(τ ′′)]

δx(τ)

∣∣∣∣
xcl(τ)

= 0 and
δ2S[x(τ ′′)]

δx(τ)δx(τ ′)

∣∣∣∣
xcl(τ)

positive definite . (5.144)
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5.5 Tunneling and instantons

Figure 5.3: Figures copied from [20]. The left panel represents the double well potential V (x)
and its reversed −V (x). The minima/maxima have V = 0. The right panel plots a typical
instanton, with width |r|−1/2 taking the particle from the left well (top of the left hill) to the
right one (top of the right hill).

Note that here there is no ambiguity about the need to look for a minimum of the action.
Writing x(τ) = xcl(τ) + y(τ), the result is

U ≈ e−
1
~S[xcl(τ)]︸ ︷︷ ︸ ∫ Dy exp

{
− 1

2~

∫ τ

τ ′
dτ ′′

∫ τ

τ ′
dτ ′′′ y(τ ′′)

δ2S[x(τ)]

δx(τ ′′)δx(τ ′′′)

∣∣∣∣
xcl

y(τ ′′′)

}
︸ ︷︷ ︸

= Ucl × Uq (5.145)

and it is written as the product of a classical contribution Ucl and a quantum one Uq. The
Gaussian integral yields the one over the square root of the determinant of the Hessian
operator:

Uq ∝

[
det

δ2S[x(τ)]

δx(τ ′′)δx(τ ′′′)

∣∣∣∣
xcl

]−1/2

. (5.146)

The first equation in (5.144) imposes the extreme condition on the trajectory and yields

−md2xcl(τ
′′)

dτ ′′2
+ V ′(xcl(τ

′′)) = 0 τ ′′ ∈ [τ ′, τ ] . (5.147)

with the boundary conditions xcl(τ
′) = x′ and xcl(τ) = x.

Equation (5.147) is identical to:

– The equation for a domain wall in the Ginzburg-Landau field theoretical approach to
the one dimensional Ising model (with τ representing the spatial direction). We see,
once again, a connection between a quantum problem in d = 0 spatial dimensions in
this case with a classical one in d = 0+1 dimension. The domain wall corresponds to
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5.5 Tunneling and instantons

a trajectory describing the tunnelling of the particle from one to the other potential
well.

– The saddle-point equation (5.147) describes the classical trajectory of a particle
moving in the inverted potential −V (x), see Fig. 5.3. At the initial instant the
particle is, say, at the top of the left hill. At the final time τ it should arrive at,
and stay there ever after, the top of the right hill. This classical trajectory should
let the particle roll down the hill to the right and climb up the second hill with just
enough kinetic energy to reach the top and stay there.

Note that this equation represents energy conservation in a system with potential
energy −V :

E =
m

2

(
dxcl(τ

′′)

dτ ′′

)2

− V (xcl(τ
′′)) = const τ ′′ ∈ [τ ′, τ ] . (5.148)

The procedure to obtain this condition is the following. Multiply the saddle-point equa-
tion d2xcl(τ

′′)/dτ ′′2 = V ′(xcl(τ
′′)) by dxcl(τ

′′)/dτ ′′. Then, (1/2) d(dxcl(τ
′′)/dτ ′′)2/dτ ′′ =

dV (xcl(τ
′′))/dτ ′′. Integrate now over τ ′′ to find Eq. (5.148). Now, we set the additive

integration constant to zero since ẋcl = V (xcl) = 0 at the extremes of integration, where
xcl = −x0 and xcl = x0, for the problem we want to study. Thus

m

2

(
dxcl(τ

′′)

dτ ′′

)2

= V (xcl(τ
′′)) . (5.149)

This is equivalent to stating that we are interested in classical trajectories with E = 0
in the mechanical problem with inverted potential. Note that Eq. (5.149) is a first order
differential equation while the Euler-Lagrange, or Newton equations, are second order
ones.

Another way to obtain Eq. (5.149) - and in general first order differential equations -
for topological configurations in field theories, is the so-called Bogomol’nyi trick [98]. The
idea is to re-write the action as (possibly a sum of) square(s) plus a constant and then
minimize it by requiring that what is squared vanishes. In this problem, this method
amounts to rewriting the imaginary time action as

S =

∫ τ

τ ′
dτ ′′

m
2

(
ẋ∓

√
2V (x)

m

)2

±mẋ
√

2V (x)

m


=

∫ τ

τ ′
dτ ′′

m

2

(
ẋ∓

√
2V (x)

m

)2

±
√
m

∫ x0

−x0
dx
√

2V (x) . (5.150)

The last term yields a constant which depends on the potential energy form but not on
the trajectory. The first one is set to zero by the condition (5.149) when the upper sign
is selected which corresponds to the boundary conditions chosen.
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5.5 Tunneling and instantons

A trivial solution to Eq. (5.149) would be the constant xcl(τ) = ±x0, but it does not
respect the boundary conditions xcl(τ

′) = −x0 and xcl(τ) = x0.
Another solution is one in which xcl(τ) smoothly connects xcl(τ

′) = −x0 and xcl(τ) = x0

with dxcl(τ)/dτ = 0 at τ ′ and τ . This so-called instanton is a topological trajectory, in
the sense that it interpolates between two inequivalent ground states −x0 and x0 and it
cannot be smoothly deformed to the trivial constant situations x0 or −x0.

From Eq. (5.149) the non-trivial trajectories are explicitly given by∫ x

x′

dxcl

[2V (xcl)/m]1/2
= τ − τ ′ . (5.151)

They have action

Scl = S[xcl] =

∫ τ

τ ′
dτ ′′

[
m

2

(
dxcl(τ

′′)

dτ ′′

)2

+ V (xcl(τ
′′))

]
(5.152)

with xcl solving the classical equation of motion. We have already shown that the first
and second terms are identical, thanks to Eq. (5.149). We then uncover that the classical
instanton action is

Scl = m

∫
dτ ′′

(
dxcl(τ

′′)

dτ ′′

)(
dxcl(τ

′′)

dτ ′′

)
= m

∫
dτ ′′

(
dxcl(τ

′′)

dτ ′′

)(
2V (xcl(τ

′′))

m

)1/2

= m1/2

∫ x0

−x0
dxcl [2V (xcl)]

1/2 = m1/2

∫ x0

−x0
du [2V (u)]1/2 , (5.153)

which is the same as the last term in Eq. (5.150) and is fully determined by the form
of the potential. Surprisingly enough, it does not depend on the particular form of the
trajectory xcl, and it is finite.

For a generic double well potential V (x) one cannot find an explicit solution xcl. Still,
one can derive some generic features of it. Taylor expanding V (x) close to its minima,
V (x) ∼ (1/2)V ′′(±x0)(x− x0)2 ≡ mω2(x− x0)2/2, with ω the oscillator frequency of the
(symmetric) minima. When the particle is close to any of these minima the equation of
motion becomes dxcl/dτ ∼ −ω(xcl−x0) and the solution is xcl(τ) ∼ x0− e−ωτ . Thus, the
duration of the instanton is determined by ω2 = V ′′(±x0)/m. The instanton is therefore
confined to a narrow interval of time, τW ∼ 1/ω = [m/V ′′(±x0)]1/2. (We have already
seen some similar when studying the domain wall width in the Landau theory.)

For a quartic potential, Eq. (5.151) is solved exactly by

xcl(τ) = ±x0 tanh[(τ − τ0)/τW ] τW ∝ (m/r)1/2 , (5.154)

with x0 > 0, taking sign opposed values at the two limits τ → ±∞. One such solution,
with positive sign is shown in the right panel in Fig. 5.3. τW is the width of the instanton
which decreases with the thickness of the barrier, and is proportional to |r|−1/2. We note
that V ′′(±x0) = r + 3ux2

0 = r + 3u(−r/u) = −2r, in agreement with the argument for
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5.5 Tunneling and instantons

the generic potential, τW ∼ 1/[V ′′(±x0)]1/2. The instanton can occur at any imaginary
time τ0. Such parameters are called zero modes, as they do not change the zero energy
character of the trajectory.

The density in the classical action for a quartic potential can be evaluated explicitly.
It is (

dxcl(τ
′′)

dτ ′′

)2

=
x2

0

τ 2
W

sech4[(τ ′′ − τ0)/τW ] . (5.155)

It is located around the center of the instanton and rapidly vanishes away from it. The
total action, in the limit τ ′ → −∞ and τ →∞, reads

Scl =
mx2

0

τ 2
W

∫ ∞
−∞

dτ ′′ sech4[(τ ′′ − τ0)/τW ] =
mx2

0

τW

∫ ∞
−∞

du′′ sech4u′′ =
4mx2

0

3τW
. (5.156)

Note that a naïve perturbation theory around one of the two minima of the double
well potential would never show the non-perturbative tunnelling effect.

If one has to impose periodic boundary conditions, one has to combine this configura-
tion with the anti-instanton in which the particle transits back from x0 to −x0. This, of
course, can occur an even number of times in the considered time interval. Having noticed
the possibility of getting (approximate) solutions of the saddle-point equations, one can
build a gas of instantons and sum all possible combinations of them to evaluate the full
instanton contribution to the partition sum. The detailed evaluation will be carried out
in TD6, see also [20, 21].

The Arrhenius law

Going back to classical stochastic dynamics as described by, for example, a Langevin
process, a similar question can be asked: what is the probability of a particle, initialized
in a well of a double well potential, to jump over the barrier and move to the other well?
If temperature is non-zero, the thermal noise will kick the particle and increase its energy
until an eventual sufficiently strong one takes it to the other well. The time needed to do
is the so-called Arrhenius time which scales exponentially with the height of the barrier,
tA ∼ t0e

B/T . This time-scale can be estimated with an analysis of the path-integral for
the stochastic process similar to the one described above for the quantum one [99].

Exercise 5.7
The instanton of the double well. Take V (x) = u

4 (x2 − x2
0)2, the potential of the notes, and let ω be

the frequency of the small oscillations at the bottom of the wells, mω2 = V ′′(x0). (a) Show that in
imaginary time the classical motion conserves m

2 ẋ
2 − V (x), and that the trajectory going from −x0

at τ → −∞ to x0 at τ → ∞ is x(τ) = x0 tanh[ω(τ − τ0)/2]. (b) Show that its Euclidean action is
S0 =

∫
dx
√

2mV (x) = 2
3mωx

2
0. (c) In the two-state approximation, Ĥ = −∆

2 σ̂
x in the basis {|L〉, |R〉}

with ∆ ∝ e−S0/~. Compute the probability to find the particle in the right well if it starts in the left one.

Solution. (a) The Euclidean equation of motion is mẍ = V ′(x), motion in the inverted
potential −V , so m

2 ẋ
2−V is conserved, and it vanishes for a trajectory that starts at rest at a

maximum of −V . Then ẋ =
√

2V/m =
√
u/2m (x2

0−x2). The function x0 tanh(κτ) satisfies
ẋ = (κ/x0)(x2

0 − x2), so κ = x0

√
u/2m. Since V ′′(x0) = 2ux2

0, ω = x0

√
2u/m = 2κ. (b)
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On the instanton the kinetic and potential terms are equal, so S0 =
∫
dτ mẋ2 =

∫
dxmẋ =∫

dx
√

2mV =
√
mu/2

∫ x0

−x0
dx (x2

0 − x2) = 4
3x

3
0

√
mu/2 = 2

3mωx
2
0. The instanton has a

width ∼ 1/ω in imaginary time: it is a sharp “jump”. (c) |L〉 = (|+〉x + |−〉x)/
√

2 evolves
into cos(∆t/2~)|L〉+i sin(∆t/2~)|R〉, so PR(t) = sin2(∆t/2~): coherent oscillations between
the wells with period 2π~/∆, exponentially long in S0/~. For instance S0/~ = 20 gives a
suppression factor e−20 ' 2× 10−9.

5.6 The reduced system
Imagine that you take a system of interest, say a quantum particle, in contact with an

ensemble of independent quantum harmonic oscillators, which could represent phonons.
One can be interested in, for example, calculating the partition function in sequential
way, in the sense of first integrating the degrees of freedom of the “bath”, that is to say,
the phonons, and only later the ones of the particle [16].

We follow the same route as in the derivation of the classical Langevin equation by
coupling the system to an ensemble of quantum harmonic oscillators,

[π̂a, q̂b] = −i~δab . (5.157)

The equilibrium density matrix reads

ρT (x, qa;x
′, q′a) =

1

ZT
〈x, qa| e−βĤT |x′, q′a〉 , (5.158)

with the partition function given by ZT = Tre−βĤT and the trace taken over all the states
of the full system. (Note that here and it what follows qa represents the ensemble of
oscillators.) The density matrix can be represented by a functional integral in imaginary
time,

ρT (x, qa;x
′, q′a) =

1

ZT

∫ x(~β)=x

x(0)=x′
Dx
∫ qa(~β)=qa

qa(0)=q′a

Dqa e−
1
~ST . (5.159)

The Euclidean action ST has contributions from the system, the reservoir, the interaction
and the counter-term: ST = SS + SE + SI + SC . The environment action is

SE =
N∑
a=1

∫ β~

0

dτ

{
ma

2
[q̇a(τ)]2 +

maω
2
a

2
[qa(τ)]2

}
, (5.160)

that is to say, we choose an ensemble of independent oscillators. For simplicity we take a
linear coupling with the couplings constants ca = O(1),

SI =

∫ β~

0

dτ x(τ)
1

N1/2

N∑
a=1

caqa(τ) (5.161)

but others, are also possible. The path integral over the oscillators’ coordinates and
positions is quadratic. The calculation of expectation values involves a trace over states
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of the full system. For operators that depend only on the particle, as A(x̂), the trace over
the oscillators can be done explicitly. Hence, if one constructs the reduced equilibrium
density operator ρ̂red

S = TrE ρ̂T that acts on the system’s Hilbert space, the expectation
value of the observables of the system is given by

〈A(x̂)〉 =
TrS A(x̂)ρ̂red

S

Trρ̂T
. (5.162)

In the path-integral formalism this amounts to performing the functional integral over
periodic functions qa(τ). From the point of view of the oscillators the system’s coordinate
is an external τ -dependent force. Using a Fourier representation,

qa(τ) =
∞∑

n=−∞

q(n)
a eiνnτ (5.163)

with
νn =

2πn

β~
(5.164)

the Matsubara frequencies, the integration over the qa(τ) can be readily done. A long
series of steps, very carefully explained in [30] allow one to obtain the reduced density
matrix:

ρred
S (x, x′) = 〈x|TrE ρ̂T |x′〉

=
1

Zred
S

∫ x(~β)=x

x(0)=x′
Dx e−

1
~SS−

1
~
∫ ~β
0 dτ

∫ τ
0 dτ ′ x(τ)K(τ−τ ′)x(τ ′) (5.165)

where Zred
S is the partition function of the reduced system, Zred

S = ZT/ZE and ZE the
partition function of the isolated ensemble of oscillators. The interaction with the reservoir
generated a renormalization of the parameter in the quadratic in x2 term of SS – cancelled
by the counter-term – but also a retarded interaction in the effective action controlled by
the kernel

K(τ) =
2

π~β

∞∑
n=−∞

∫ ∞
0

dω
S(ω)

ω

ν2
n

ν2
n + ω2

eiνnτ , (5.166)

with S(ω) the spectral density of the bath,

S(ω) ≡ 1

N

N∑
a=1

c2
a

maωa
δ(ω − ωa) (5.167)

Just as in the derivation of the classical Langevin equation, different choices of the envi-
ronment are possible by selecting different ensembles of harmonic oscillators. A common
choice is

S(ω)

ω
= 2γ0

(
|ω|
ω̃

)α−1

fc

(
|ω|
Λ

)
. (5.168)
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The function fc(x) is a high-frequency cut-off of typical width Λ and is usually chosen to
be an exponential. The frequency ω̃ � Λ is a reference frequency that allows one to have
a coupling strength γ0 with the dimensions of viscosity. If α = 1, the friction is said to be
Ohmic, S(ω)/ω is constant when |ω| � Λ as for a white noise. When α > 1 (α < 1) the
bath is superOhmic (subOhmic). The exponent α is taken to vary in the interval (0, 2) to
avoid divergencies.

The last retarded interaction in (5.165) remains. The imaginary time dependence of
K varies according to S(ω). Power laws in S lead to power-law decays in K and thus to
a long-range interaction in the imaginary-time direction.

The effect of the quantum bath is more cumbersome than in the classical case and it
can lead to rather spectacular effects. A well-known example is the localization transition,
as function of the coupling strength to an Ohmic bath in the behaviour of a quantum
particle in a double well potential [100–102]. This means that quantum tunneling from
the well in which the particle is initially located to the other one is completely suppressed
by sufficiently strong couplings to the bath. In the context of interacting macroscopic
systems, e.g. ferromagnets or spin-glasses, the locus of the transition between the ordered
and the disordered phase depends strongly on the coupling to the bath and on the type
of bath considered [103,104].

Exercise 5.8
Integrating out one bath oscillator in imaginary time. Consider the Euclidean action of one bath oscillator
coupled to the system coordinate, SE =

∫ β~
0

dτ
[
m
2 q̇

2 + mω2

2 q2 − c q x(τ)
]
, with periodic q and x. Use

f(τ) = (β~)−1
∑
n fne

−iνnτ with νn = 2πn/(β~). (a) Write SE in terms of the Fourier components. (b)
Show that the minimum over q is reached at qn = c xn/[m(ν2

n+ω2)] and that Smin
E = − 1

β~
∑
n

c2|xn|2
2m(ν2

n+ω2) .

Since the action is quadratic, the Gaussian integral over q gives e−S
min
E /~ times a constant. (c) Using

1
ν2+ω2 = 1

ω2 − ν2

ω2(ν2+ω2) , separate a local term, cancelled by the counter-term
∫
dτ c2x2/(2mω2), from a

retarded interaction. Compare with the kernel K(τ) of the notes.

Solution. (a) Using
∫ β~

0
dτ f(τ)g(τ) = (β~)−1

∑
n fng−n and q̇ → −iνnqn,

SE =
1

β~
∑
n

[m
2

(ν2
n + ω2)|qn|2 − c qnx−n

]
,

with q−n = q∗n. (b) The derivative with respect to q−n gives m(ν2
n+ω2)qn = c xn. Inserting

it back, the quadratic term is minus one half of the linear one, and the result follows. (c)
The 1/ω2 part gives −

∫
dτ c2x2/(2mω2), a local renormalization of the potential exactly

cancelled by the counter-term. What remains is

1

β~
∑
n

c2

2mω2

ν2
n

ν2
n + ω2

|xn|2 ,

non-local in τ and vanishing for the static mode ν0 = 0 (so that the classical, static, statistics
of the exercise of Sec. 4.2.1 is not affected). For a bath of many oscillators, c2/(mω) is
replaced by the spectral density, and one recovers the structure

∫
dω S(ω)

ω
ν2
n

ν2
n+ω2 of K(τ).
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5.7 Closed time path

5.7 Closed time path
We shall see that the distinction between the effect of a reservoir on the statistical

properties of a classical and quantum system is absent from a fully dynamic treatment. In
both classical and quantum problems, the coupling to an environment leads to a retarded
interaction. In classical problems one generally argues that the retarded interaction can
be simply replaced by a local one due to the very short correlation times involved in cases
of interest, i.e one uses white baths, but in the quantum problems one cannot do the
same.

5.7.1 Schwinger-Keldysh path integral

The Schwinger-Keldysh formalism [46,105] allows one to analyse the real-time dynamics
of a quantum system. The starting point is the time dependent density operator

ρ̂(t) = T e−
i
~ Ĥt ρ̂(0) T e

i
~ Ĥt . (5.169)

We have set the initial time to be to = 0. Introducing identities, an element of the
time-dependent density matrix reads

ρ(x′′, x′; t) =∫ ∞
−∞

dXdX ′ 〈x′′| T e−
i
~ Ĥt |X〉 〈X| ρ̂(0) |X ′〉

×〈X ′| T e
i
~ Ĥt |x′〉 . (5.170)

The first and third factors are the coordinate representation of the evolution operators
e−iĤt/~ and eiĤt/~, respectively, and they can be represented as functional integrals:

〈x′′|T e−
i
~ Ĥt |X〉 =

∫ x′′

X

Dx+ e
i
~S

+

(5.171)

〈X ′|Te
i
~ Ĥt |x′〉 =

∫ X′

x′
Dx− e−

i
~S
−
. (5.172)

Interestingly enough, the evolution operator in eq. (5.172) gives rise to a path integral
going backwards in time, from x−(t) = x′ to x−(0) = X ′. The full time-integration can
then be interpreted as being closed, going forwards from t0 = 0 to t and then backwards
from t to t0 = 0. This motivates the name closed time-path formalism. A doubling of
degrees of freedom (x+, x−) appeared and it is intimately linked to the introduction of
Lagrange multipliers in the functional representation of the Langevin dynamics in the
classical limit. The action of the system has two terms, one evaluated in x+ and the other
in x−.

S±S [η±] = ±
∫ t

0

dt′
[ m

2

(
ẋ±(t′)

)2 − V (x±(t′)) + η±(t′)x±(t′)
]

(5.173)
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Re t

+ : x+, e
i
~S

+
, T

− : x−, e−
i
~S
−
, T

X

X ′

x′′

x′
0 t

〈X|ρ̂(0)|X ′〉

x+(t1)

x−(t2)

Im t: 0→ −iβ~, for ρ̂(0) ∝ e−βĤ

Figure 5.4: The closed time path of the Schwinger-Keldysh formalism. The evolution operator
e−iĤt/~ is represented by a path integral over x+ running forwards in time, from X to x′′ (upper
branch), and eiĤt/~ by one over x− running backwards, from x′ to X ′ (lower branch). The two
are connected at time 0 by the initial density matrix and, for averages, the trace sets x′′ = x′ and
closes the contour at t. Along the contour, any point of the lower branch is later than all points
of the upper one: in this sense x−(t2) comes after x+(t1) for all t1, t2, and TC orders operators
accordingly. For a canonical initial condition, ρ̂(0) can itself be represented by a path integral
along an imaginary-time branch of length β~ (dashed).

where we have introduced two time-dependent sources η±(t), that appear in the exponen-
tial with the sign indeicated. The contour is sketched in Fig. 5.4.

Exercise 5.9
Normalization of the Keldysh generating functional. Let ÛJ(t, 0) be the evolution operator generated by
Ĥ − J(s)x̂, and define Z[J+, J−] = Tr

[
Û†J−(t, 0) ÛJ+(t, 0) ρ̂0

]
. (a) Show that Z[J, J ] = 1 for any J . (b)

Show that δZ/δJ+(s) = (i/~)〈x̂(s)〉 and δZ/δJ−(s) = −(i/~)〈x̂(s)〉 at J± = 0, for 0 < s < t. (c) With
J± = Jc ± Jq/2, what are the derivatives with respect to Jc and Jq? Why must all derivatives with
respect to Jc alone vanish?

Solution. (a) If J+ = J−, Û
†
J ÛJ = I and Z = Tr ρ̂0 = 1: the forward and back-

ward evolutions cancel. (b) δÛJ+(t, 0)/δJ+(s) = (i/~)Û(t, s) x̂ Û(s, 0), so δZ/δJ+(s) =

(i/~)Tr[Û†(t, 0)Û(t, s)x̂Û(s, 0)ρ̂0] = (i/~)Tr[x̂(s)ρ̂0]; the backward branch gives the oppo-
site sign. (c) δZ/δJc = δZ/δJ+ + δZ/δJ− = 0 and δZ/δJq = (δZ/δJ+ − δZ/δJ−)/2 =
(i/~)〈x̂(s)〉. Since Z = 1 whenever Jq = 0, whatever Jc, all derivatives with respect to Jc

only vanish. This normalization is what makes the closed time path formalism free of the
vacuum diagrams that need to be divided out in other approaches.

5.7.2 Green functions

We define the position and fermionic Green functions

GB
ab(t, t

′) ≡ −i〈TC xa(t)xb(t
′)〉 (5.174)

GF
ab(t, t

′) ≡ −i〈TC ψa(t)ψ
†
b(t
′)〉 (5.175)

where a, b = ± and TC is time ordering on the close contour.
The definitions (5.174) and (5.175) and the fact that the insertion evaluated at the

later time can be put on the upper (+) or lower (−) branch Indistinctly yield the following
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relations between different Green functions

G++(t, t′) = G−+(t, t′)θ(t− t′) +G+−(t, t′)θ(t′ − t) , (5.176)
G−−(t, t′) = G+−(t, t′)θ(t− t′) +G−+(t, t′)θ(t′ − t) , (5.177)

that hold for the bosonic and fermionic cases as well. We thus erase the superscripts B,F
that become superflous. Adding the last two identities one finds

G++ +G−− −G+− −G−+ = 0 for all t and t′ . (5.178)

In both cases one defines MSRDJ-like fields. For bosons these are
√

2 x(t) = x+(t) + x−(t) ,
√

2~ x̂(t) = x+(t)− x−(t) , (5.179)

while for fermions they are
√

2 ψ(t) ≡ ψ+(t) + ψ−(t)
√

2~ ψ̂(t) ≡ ψ+(t)− ψ−(t)√
2 ψ†(t) ≡ ψ+†(t) + ψ−†(t)

√
2~ ψ̂†(t) ≡ ψ+†(t)− ψ−†(t) .

One then constructs the Green functions

GB
xx(t, t

′) ≡ −i〈TC x(t)x(t′)〉 =
1

2

(
GB

++ +GB
−− +GB

−+ +GB
+−
)

≡ −2i GB
K(t, t′)

GB
xx̂(t, t

′) ≡ −i〈TC x(t)x̂(t′)〉 =
1

2~
(
GB

++ −GB
−− +GB

−+ −GB
+−
)

≡ −GB
R(t, t′)

GB
x̂x(t, t

′) ≡ −i〈TC x̂(t)x(t′)〉 =
1

2~
(
GB

++ −GB
−− −GB

−+ +GB
+−
)

≡ − GB
A(t, t′)

GB
x̂x̂(t, t

′) ≡ −i〈TC x̂(t)x̂(t′)〉 =
1

2~2

(
GB

++ +GB
−− −GB

−+ −GB
+−
)

≡ − GB
4 (t, t′) = 0 , (5.180)

and the fermionic ones

GF
ψψ(t, t′) ≡ −i〈TC ψ(t)ψ†(t′)〉 =

1

2

(
GF

++ +GF
−− +GF

−+ +GF
+−
)

≡ −2iGF
K(t, t′) ,

GF
ψψ̂

(t, t′) ≡ −i〈TC ψ(t)ψ̂†(t′)〉 =
1

2~
(
GF

++ −GF
−− +GF

−+ −GF
+−
)

≡ −GF
R(t, t′) ,

Gψ̂ψ(t, t′) ≡ −i〈TC ψ̂(t)ψ†(t′)〉 =
1

2~
(
GF

++ −GF
−− −GF

−+ +GF
+−
)

≡ −GF
A(t, t′) ,

GF
ψ̂ψ̂

(t, t′) ≡ −i〈TC ψ̂(t)ψ̂†(t′)〉 =
1

2~2

(
GF

++ +GF
−− −GF

−+ −GF
+−
)

≡ −GF
4 (t, t′) = 0 , (5.181)

182



5.7 Closed time path

From the definition of GB
K it is obvious that

GB
K(t, t′) = GB

K(t′, t) ∈ Re . (5.182)

Using eq. (5.178) the ‘rotated’ Green functions are rewritten as

GK =
i

2
(G++ +G−−) =

i

2
(G+− +G−+) , (5.183)

GR = −1

~
(G++ −G+−) =

1

~
(G−− −G−+) , (5.184)

GA = −1

~
(G++ −G−+) =

1

~
(G−− −G+−) . (5.185)

Using eqs. (5.176)-(5.177) one also finds

GR(t, t′) = −1

~
[G+−(t, t′)−G−+(t, t′)] θ(t− t′) , (5.186)

GA(t, t′) =
1

~
[G+−(t, t′)−G−+(t, t′)] θ(t′ − t) . (5.187)

which show explicitly the retarded and advanced character of GR and GA, respectively.
Moreover,

GB
R(t, t′) = GB

A(t′,t) ∈ Re , (5.188)
GF
R(t, t′) = [GF

A(t′, t)]∗ , (5.189)
GF
K(t, t′) = [GF

K(t′, t)]∗ . (5.190)

Inverting the above relations one has

iG++ = GK − i~(GR +GA)/2 , iG+− = GK + i~(GR −GA)/2 ,
iG−+ = GK − i~(GR −GA)/2 , iG−− = GK + i~(GR +GA)/2 .

(5.191)

Going back to an operational formalism

GB
R(t, t′) ≡ 2i

~
θ(t− t′) 〈[x̂(t), x̂(t′)]〉 , (5.192)

GB
K(t, t′) ≡ 〈{x̂(t), x̂(t′)}〉 , (5.193)

for bosons, where one recognizes the Kubo formulæ in the first two lines, and

GF
R(t, t′) ≡ 2i

~
θ(t− t′) 〈{ψ̂(t), ψ̂†(t′)}〉 , (5.194)

GF
K(t, t′) ≡ 〈[ψ̂(t), ψ̂†(t′)]〉 , (5.195)

for fermions.
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5.7.3 Generic correlations

A generic two time correlation that depends only on the system is given by

〈Â(t)B̂(t′)〉 =
1

Zred
S (0)

TrÂ(t)B̂(t′)ρ̂red
S (0) . (5.196)

Clearly 〈Â(t)B̂(t′)〉 6= 〈B̂(t′)Â(t)〉 and one can define symmetrized and anti-symmetrized
correlations:

C{A,B}(t, t
′) = 〈Â(t)B̂(t′) + B̂(t′)Â(t)〉/2 , (5.197)

C[A,B](t, t
′) = 〈Â(t)B̂(t′)− B̂(t′)Â(t)〉/2 , (5.198)

respectively.
Within the Keldysh path-integral representation these correlations can be written as

C{A,B}(t, t
′) = 〈A[x+](t){B[x+](t′) +B[x−](t′)}〉/2 ,

C[A,B](t, t
′) = 〈A[x+](t){B[x+](t′)−B[x−](t′)}〉/2 , (5.199)

5.7.4 Linear response and Kubo relation

The linear response is defined as the variation of the averaged observable A at time t
due to a change in the Hamiltonian operated at time t′ in such a way that Ĥ → Ĥ−fBB̂.
In linear-response theory, it can be expressed in terms of the averaged commutator:

RAB(t, t′) ≡ δ〈Â(t)〉
δfB(t′)

∣∣∣∣∣
fB=0

=
2i

~
θ(t− t′)〈[Â(t), B̂(t′)]〉 . (5.200)

In the case Â = x̂ and B̂ = x̂ this implies Rxx(t, t
′) = GB

R(t, t′). The path-integral
representation is in terms of the Keldysh fields x+, x−:

RAB(t, t′) = i〈A[x+](t)
{
B[x+](t′)−B[x−](t′)

}
〉/~ . (5.201)

5.7.5 Quantum FDT

Proofs and descriptions of the quantum fdt can be found in several textbooks [10,
18]. We first present a standard derivation that applies to bosonic and fermionic Green
functions in the canonical and grand-canonical ensembles. We next show it for generic
correlations and linear responses in the bosonic case. In so doing we recall its expression
in the time-domain and in a mixed time-Fourier notation that gave us insight as to how
to extend it to the case of glassy non-equilibrium dynamics [106].

Canonical ensemble
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5.7 Closed time path

Let us consider the canonical ensemble and let us write

iG+−(t, t′) = 〈TC φ+(t)φ−(t′)〉 (5.202)

where φ+ = x+ and φ− = x− (bosons) or φ+ = ψ+ and φ− = ψ−† (fermions). This is
equal to

iG+−(t, t′) = (−1)ζ 〈φ−(t′)φ+(t)〉 (5.203)

with ζ = 1 for fermions and ζ = 0 for bosons. Using the analytic properties of Green
functions, we have

iG+−(t+ iβ~, t′) = (−1)ζ 〈φ−(t′)φ+(t+ iβ~)〉 . (5.204)

In the canonical ensemble, 〈· · · 〉 ∝ Tr · · · ρ0 ∝ Tr · · · e−βH and after expanding φ+(t +
iβ~) = ρ0φ

+(t)ρ−1
0 (in the Heisenberg representation) we get

iG+−(t+ iβ~, t′) = (−1)ζ
Tr [φ−(t′)ρ0φ

+(t)]

Trρ0

. (5.205)

Using the cyclic property of the trace

iG+−(t+ iβ~, t′) = (−1)ζ〈φ+(t)φ−(t′)〉 (5.206)

and we recognize

G+−(t+ iβ~, t′) = (−1)ζ G−+(t, t′) (5.207)

If the systen has reached equilibrium, time translational invariance implies

G+−(t− t′ + iβ~) = (−1)ζ G−+(t− t′) . (5.208)

After Fourier transforming with respect to t− t′ we get the KMS relation

G+−(ω)eβ~ω = (−1)ζ G−+(ω) . (5.209)

Using eqs. (5.191), we have on the one hand

~[GR(ω)−GA(ω)] = G+−(ω)−G−+(ω) . (5.210)

Inserting the KMS relation (5.209) we get

~[GR(ω)−GA(ω)] = G+−(ω)[1− (−1)ζeβ~ω] (5.211)

On the other hand,

GK(ω) =
i

2
[G+−(ω) +G−+(ω)] =

i

2
G+−(ω)[1 + (−1)ζeβ~ω] . (5.212)
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5.7 Closed time path

Combining this relation with eq. (5.209) we obtain the quantum FDTs

GK(ω) =
i~
2

[GR(ω)−GA(ω)]

[
1 + (−1)ζeβ~ω

1− (−1)ζeβ~ω

]
(5.213)

Using GR(ω)−GA(ω) = R(ω)−R∗(ω) = 2iImGR(ω) for bosons and fermions:

GF
K(ω) = − i~

2
[GF

R(ω)−GF
A(ω)] tanh

β~ω
2

(5.214)

GF
K(ω) = ~ ImGF

R(ω) tanh β~ω
2
, (5.215)

GB
K(ω) = − i~

2
[GB

R(ω)−GB
A(ω)] cotanh

β~ω
2

(5.216)

GB
K(ω) = ~ ImGB

R(ω) cotanhβ~ω
2
. (5.217)

In the case of bosons the FDT can be easily extended to

C{A,B}(ω) = ~ ImRB
AB(ω) cotanh

β~ω
2

. (5.218)

Grand canonical ensemble

In the grand-canonical ensemble, the proof remains essentially the same. The initial
density operator reads ρ̂0 ∝ e−βĤ+βµN̂ , where N̂ is the number operator which commutes
with Ĥ (the number of particules is conserved in non-relativistic quantum mechanics).
For concreteness, let us focus on fermions The three first steps in the proof presented
above imply

GF
+−(t+ iβ~, t′) = −Tr

[
ψ̂−†(t′)e−βĤψ̂+(t)eβµN̂

]
/trρ̂0 (5.219)

Since Ĥ and N̂ commute and since for any operator f(N̂), one has the property that
ψ̂f(N̂) = f(N̂ + 1)ψ̂, we have

ψ̂+(t)eβµN̂ = eβµ(N̂+1)ψ̂+(t) (5.220)

and so

GF
+−(t+ iβ~, t′) = −eβµ Tr

[
ψ−†(t′)ρ0ψ

+(t)
]
/Trρ0 . (5.221)
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5.7 Closed time path

At this point, we can follow the same steps as in the proof for the canonical ensemble,
namely use the cyclic property of the trace, time-translational invariance and a Fourier
transform, to obtain the fermionic KMS relation in the grand-canonical ensemble

GF
+−(ω)eβ~ω = −eβµGF

−+(ω) . (5.222)

and the grand-canonical fermionic quantum FDT relation

GF
K(ω) = − i~

2
[GF

R(ω)−GF
A(ω)] tanh

(
β
~ω − µ

2

)
(5.223)

or, equivalently
GF
K(ω) = ~ ImR(ω) tanh

(
β ~ω−µ

2

)
(5.224)

FDT for generic observables in the time-domain

If at time t′ the system is characterized by a density functional ρ(t′), the two-time
correlation functions are given by eq. (5.196), (5.197) and (5.198). In linear response
theory RAB(t, t′) and the correlation C[A,B](t, t

′) are related by the Kubo formula (5.200).
If the system has reached equilibrium with a heat-bath at temperature T at time t′, the
density functional ρS(t′) is just the Boltzmann factor exp(−βHS)/ZS. It is then immediate
to show that, in equilibrium, time-translation invariance, CAB(t, t′) = CAB(t − t′), and
the KMS properties

CAB(t, t′) = CBA(t′, t+ iβ~) = CBA(−t− iβ~,−t′) (5.225)

hold. Using now these identities and assuming, for definiteness, that t > 0 it is easy to
verify the following equation

C{A,B}(T ) +
i~
2
RAB(T ) = C{A,B}(T ∗)−

i~
2
RAB(T ∗) , (5.226)

where T = t+ iβ~/2. This is a way to express FDT through an analytic continuation to
complex times.

In terms of Fourier transforms the KMS relations read CAB(ω) = exp(−β~ω)CBA(−ω)
and lead to 2C[A,B](ω) =

(
1− eβ~ω

)
CAB(ω), 2C{A,B}(ω) =

(
1 + eβ~ω

)
CAB(ω) and

C[A,B](ω) = − tanh(β~ω/2)C{A,B}(ω). Back in the Kubo relation this implies

RAB(t− t′) = − i
~ θ(t− t

′)
∫∞
−∞

dω
π
eiω(t−t′) tanh(β~ω/2)C{A,B}(ω) . (5.227)

(recall C{A,B}(ω) = C{A,B}(−ω).) Using
∫∞

0
dt exp(−iωt) = limε→0+

i
−ω+iε

= πδ(ω) − iP
ω

one has

RAB(ω) = −1

~
lim
ε→0+

∫ ∞
−∞

dω′

π

1

ω − ω′ + iε
tanh

β~ω′

2
C{A,B}(ω

′) (5.228)
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5.7 Closed time path

from which we obtain the real and imaginary relations

ImRAB(ω) =
1

~
tanh

β~ω
2

C{A,B}(ω) ,

ReRAB(ω) = −1

~
P

∫ ∞
−∞

dω′

π

1

ω − ω′
tanh

(
β~ω′

2

)
C{A,B}(ω

′) . (5.229)

If β~ω/2� 1, tanh(β~ω/2) ∼ β~ω/2 and eq. (5.227) becomes the classical FDT:

RAB(t− t′) = − 1

kBT

dCAB(t− t′)
dt

θ(t− t′) . (5.230)

5.7.6 The influence functional

As in the derivation of the Langevin equation we model the environment as an ensemble
of many non-interaction variables that couple to the relevant system’s degrees of freedom
in some convenient linear way. The choice of the environment variables depends on the
type of bath one intends to consider. Phonons are typically modeled by independent
quantum harmonic oscillators that can be dealt with exactly. We then consider a system
(x̂, p̂) coupled to an environment made of independent harmonic oscillators (q̂a, π̂a). An
element of the total density function reads

ρ(x′′, q′′a ;x′, q′a; t) =∫ ∞
−∞

dXdX ′dQadQ
′
a 〈x′′, q′′a | T e−

i
~ Ĥtott |X,Qa〉 〈X,Qa| ρ̂tot(0) |X ′, Q′a〉

×〈X ′, Q′a| T e
i
~ Ĥtott |x′, q′a〉 . (5.231)

The first and third factors are the coordinate representation of the evolution operators
e−iĤtott/~ and eiĤtott/~, respectively, and they can be represented as functional integrals:

〈x′′, q′′a |T e−
i
~ Ĥtott |X,Qa〉 =

∫ x′′

X

Dx+

∫ q′′a

Qa

Dq+
a e

i
~S

+
tot (5.232)

〈X ′, Q′a|Te
i
~ Ĥtott |x′, q′a〉 =

∫ X′

x′
Dx−

∫ Q′a

q′a

Dq−a e−
i
~S
−
tot . (5.233)

The action Stot has the usual four contributions, from the system, the reservoir, the
interaction and the counterterm.

As usual we are interested in the dynamics of the system under the effect of the reser-
voir. Hence, we compute the reduced density matrix

ρred
S (x′′, x′; t) =

∫ ∞
−∞

dqa 〈x′′, qa| ρ̂tot(t) |x′, qa〉 . (5.234)

5.7.7 Initial conditions
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5.7 Closed time path

Factorization

The initial density operator ρ̂tot(0) has the information about the initial state of the
whole system. If one assumes that the system and the bath are set in contact at the
initial time, the operator factorizes

ρ̂(0) = ρ̂S(0)⊗ ρ̂E(0) . (5.235)

(Other initial preparations, where the factorization does not hold, can also be considered
and may be more realistic in certain cases [30] and see below.) If the environment is
initially in equilibrium at an inverse temperature β,

ρ̂E(0) = Z−1
E e−βĤE , (5.236)

the dependence on the bath variables is quadratic; they can be traced away to yield the
reduced density matrix:

ρred
S (x′′, x′; t) =

∫ ∞
−∞

dX

∫ ∞
−∞

dX ′
∫ x+(t)=x′′

x+(0)=X

Dx+

∫ x−(t)=x′

x−(0)=X′
Dx−

×e
i
~Seff 〈X| ρ̂S(0) |X ′〉 (5.237)

with the effective action Seff = S+
S − S

−
S + SB. The last term has been generated by the

interaction with the environment and it reads [30]

i

~
SB = −i

∫ T
0

dt′
∫ T

0

dt′′
[x+(t′)− x−(t′)]

~
4η(t′ − t′′) [x+(t′′) + x−(t′′)]

2

−
∫ T

0

dt′
∫ T

0

dt′′
[x+(t′)− x−(t′)]

~
~ν(t′ − t′′) [x+(t′′)− x−(t′′)]

~
. (5.238)

The noise and dissipative kernels ν and η are given by

ν(t) =

∫ ∞
0

dω S(ω) coth

(
1

2
β~ω

)
cos(ωt) , (5.239)

η(t) = θ(t)
dΓ(t)

dt
= −θ(t)

∫ ∞
0

dω S(ω) sin(ωt) . (5.240)

One can easily check that ν(t) = ν(−t) and η(t) is causal; moreover they verify the bosonic
FDT, as they should since the bath was assumed to be in equilibrium. η is like a response
and ν is a correlation One can also write the bath-generated action in the form

SB ≡ −
∑
a,b=±

1

2

∫ ∫
dtdt′ xa(t)Σab(t, t

′)xb(t′) , (5.241)

with

Σ++ = 2η − iν Σ+− = 2η + iν , (5.242)
Σ−+ = −2η + iν Σ−− = −2η − iν (5.243)
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and Σ++ + Σ−−+ Σ+−+ Σ−+ = 0. Although these relation resemble the ones satisfied by
the Gabs a more careful analysis shows that the matricial Σ is more like G−1 than G (see
the discussion on the classical dynamics of the random manifold and the dependence on
k; the relation between G and Σ is the same here).

In these equations, as in the classical case, S(ω) is the spectral density of the bath:

S(ω) =
π

2

Nb∑
a=1

c2
a

maωa
δ(ω − ωa) , (5.244)

that can also be taken of the form in (5.168),

S(ω) = 2γ0ω̃
(ω
ω̃

)α
e−ω/Λ . (5.245)

As usual, a counterterm cancels the mass renormalization. The η and Γ kernels are
independent of T and ~ and are thus identical to the classical ones, see eq. (4.40).The
kernel ν does depend on T and ~. After a change of variables in the integral, in the cases
in which S(ω) ∝ ωα,

ν(t) = t−(1+α)g

(
β~
t
,Λt

)
(5.246)

and
lim

β~/t→0
β~ν(t) = 2Γ(t) . (5.247)

The classical limit is realized at high temperature and/or long times.
Figure 5.5-left shows the time-dependence of the kernels ν in the quantum Ohmic case

for different values of T . In the right panel of the same figure we show the dependence
on α of the kernel ν.

Figure 5.5: The kernel ν. (a) Ohmic α = 1 case for different values of T (Λ = 5). (b)
T = 0 for different values of α (~ = 1 = γ0 = ω̃ = 1 and Λ = 5) in linear scale. (c) Same
as (b) but in logarithmic scale.

Upper critical initial conditions for the system
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5.7 Closed time path

Next, we have to choose an initial density matrix for the system. One natural choice,
having in mind the quenching experiments usually performed in classical system, is the
diagonal density matrix

〈X| ρ̂S(0) |X ′〉 = δ(X −X ′) (5.248)

that corresponds to a random ‘high-temperature’ situation and that simplifies consider-
ably the expression in (5.237). As in the classical stochastic problem, Trρ̂red

S (0) = 1 and it
is trivially independent of disorder. Hence, there is no need to introduce replicas in such
a quantum dynamic calculation.

Equilibrium initial conditions for the system

One might also be interested in using equilibrium initial conditions for the isolated
system

〈X| ρ̂S(0) |X ′〉 = Z−1
S 〈X| e

−βĤS |X ′〉 . (5.249)

This factor introduces interesting real-time – imaginary-time correlations [107].

5.7.8 Transformation to ‘MSR-like fields’

Newton dynamics

We use x± = x± (~/2) x̂. We first study the kinetic terms:

i

~

∫
dt
m

2

(
ẋ2

+ − ẋ2
−
)

=
i

~

∫
dt
m

2

[(
ẋ+

~
2

˙̂x

)2

−
(
ẋ− ~

2
˙̂x

)2
]

(5.250)

expanding the squares the integrand equals 2~ ˙̂xẋ and integrating by parts

−
∫
dt ix̂ mẍ . (5.251)

The potential term

The potential term is treated similarly

− i

~
[V (x+)− V (x−)] = − i

~

[
V

(
x+

~
2
x̂

)
− V

(
x− ~

2
x̂

)]
(5.252)

Note that this expression is specially simple for quadratic and quartic potentials:

=

{
−2xix̂ quadratic V (y) = y2

−4xix̂
[
x2 − y2

0−
(~

2

)2
(ix̂)2

]
quartic V (y) = (y2 − y2

0)2

The noise terms

191



5.7 Closed time path

We introduce the variables x and ix̂ in the action terms generated by the coupling to
the environment and the classical limit of the kernel ν:

i

~
SE = −

∫ T
0

dt′
∫ T

0

dt′′ ix̂(t′) 2θ(t′ − t′′)dΓ(t′ − t′′)
dt′

2x(t′′)

+

∫ T
0

dt′
∫ T

0

dt′′ ix̂(t′)~ν(t′ − t′′)ix̂(t′′)

= 4

∫ T
0

dt′
∫ T

0

dt′′ ix̂(t′) γ(t′ − t′′) ẋ(t′′)

+

∫ T
0

dt′
∫ T

0

dt′′ ix̂(t′)~ν(t′ − t′′)ix̂(t′′) . (5.253)

(Apart from a border term that can be treated more carefully and check that it disap-
pears.)

5.7.9 Classical limit

In the classical limit, ~→ 0, the Schwinger-Keldysh effective action reduces to the one
in the functional representation of a Newton classical mechanics (no bath) or a Langevin
process with coloured noise (bath). The kinetic term eq. (5.251) is already in the expected
form with no nead to take ~→ 0. The potential term

− i

~
[V (x+)− V (x−)] = −V ′(x)ix̂+O(~2) ' −V ′(x)ix̂ (5.254)

upto first order in ~. In the noise terms we just have to take the classical limit of the
kernel ν:

i

~
SE ' 4

∫ T
0

dt′
∫ T

0

dt′′ ix̂(t′) γ(t′ − t′′) ẋ(t′′)

+2kBT

∫ T
0

dt′
∫ T

0

dt′′ ix̂(t′) Γ(t′ − t′′) ix̂(t′′) (5.255)

with O(~) corrections (apart from a border term that can be treated more carefully and
check that it disappears.)

Exercise 5.10
Symmetric and antisymmetric correlations of the oscillator. Using the results of Section 3, write the
symmetrized correlation 1

2 〈{x̂(t), x̂(0)}〉 and the commutator 〈[x̂(t), x̂(0)]〉 of the harmonic oscillator.
Which of the two survives when ~→ 0 at fixed temperature? Discuss the zero temperature case.

Solution. 1
2 〈{x̂(t), x̂(0)}〉 = ~

2mω0
coth

(
β~ω0

2

)
cosω0t and 〈[x̂(t), x̂(0)]〉 = −i ~

mω0
sinω0t.

When ~ → 0 the first one tends to (kBT/mω
2
0) cosω0t, the classical correlation, while the

commutator vanishes as ~, but ~−1 times it, the response, stays finite. At T = 0 the
symmetrized correlation is proportional to ~ and vanishes in the same limit: there are no
fluctuations in a classical system at zero temperature, while quantum mechanically the
zero-point fluctuations remain.
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6 Equilibration (or not) in quantum systems
In Secs. 4 and 5 the system of interest was coupled to an environment and relaxation

towards equilibrium was induced by the bath. In this last Section we take a different, more
fundamental, viewpoint. We consider an isolated quantum system with time-independent
Hamiltonian Ĥ, prepared in an initial state ρ̂(0) that is not an equilibrium one (for
instance, after a quantum quench, see Sec. 2.4.8), and evolving unitarily

ρ̂(t) = e−iĤt/~ ρ̂(0) eiĤt/~ . (6.256)

Since the evolution is unitary, the spectrum of ρ̂(t) does not change. In particular, the
purity Tr ρ̂2(t) and the von Neumann entropy SvN(t) = −Tr ρ̂(t) ln ρ̂(t) are constants
of motion: a pure state remains pure forever and ρ̂(t) can never converge to a Gibbs
density operator. Moreover, for a finite system with discrete spectrum ρ̂(t) is a quasi-
periodic function of time that comes back arbitrarily close to its initial value (quantum
recurrences). The questions have therefore to be formulated with care:

– Stationarity: do the expectation values of physically relevant observables (local, few-
body or macroscopic ones) approach stationary values and remain close to them
for most later times? Equivalently, does the reduced density operator of a small
subsystem become stationary?

– Thermalization: are these stationary values the ones predicted by a statistical en-
semble (microcanonical, canonical) which depends only on a few macroscopic quan-
tities, typically the energy E = Tr(Ĥρ̂(0)), and not on the other details of the initial
state?

As in classical mechanics, the answers depend crucially on whether the system is inte-
grable or chaotic. We therefore first recall the classical notions, Sec. 6.1. We then discuss
how they can be translated to quantum mechanics (semi-classical methods, random ma-
trices, Lyapunov exponents and OTOCs, equilibration and the Eigenstate Thermalization
Hypothesis), Sec. 6.2. We close with two mechanisms that prevent thermalization: An-
derson localization, Sec. 6.5, and many-body localization, Sec. 6.6. Reviews on these
subjects are [22, 47, 48] (equilibration and thermalization), [108] (ETH), [40] (Anderson
localization) and [37–39] (many-body localization).

6.1 Chaos and integrability in classical mechanics
Chaos and integrability in classical mechanics are usually studied in the Hamiltonian

formalism. This allows for possible extensions of some concepts to the quantum formalism.
Although there is no straightforward way to test if a given Hamiltonian is integrable

or chaotic, one can still define what one means for each of these classes.

6.1.1 Integrability in classical mechanics
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Take a mechanical system with N coordinates xi and N momenta pi. Phase space is
2N dimensional and there are N degrees of freedom. N is finite. Liouville’s definition
of classical integrability states that a system is integrable if there are as many conserved
quantities {Ii} as degrees of freedom N in the system. These conserved quantities should
be in involution with each other:

{H, Ii} = 0 ∀i {Ii, Ij} = 0 ∀i, j (6.257)

The curly brackets are Poisson brackets, {A,B} =
∑N

k=1(∂qkA∂pkB − ∂pkA∂qkB). The
first requirement means that the Ii are conserved; the second one, the vanishing of their
mutual Poisson brackets, is what is called involution. In addition, the Ii must be func-
tionally independent, that is to say, their gradients ∇Ii in phase space must be linearly
independent (almost everywhere). The Hamiltonian itself is one of them, or a function of
them, H = H(I1, . . . , IN). Under these conditions the trajectory is so restricted that the
equations of motion can be solved by quadratures, that is to say, using only a finite number
of algebraic operations, inversions of functions and integrations of known functions.

By the Liouville-Arnold theorem, the motion can be canonically transformed to action-
angle variables {Ii, θi}, where the θi evolve linearly in time θi(t) = θi(0) + ωi(I)t, with
ωi(I) = ∂H/∂Ii. If the common level sets {Ii = ci} are compact and connected, phase
space foliates into invariant tori of dimension N (macroscopically smaller than the di-
mension of phase space which is 2N). Each of the tori is characterized by N fixed values
for the constants of motion determined by the initial conditions. When the ratios of the
frequencies ωi are irrational the motion is quasi-periodic and the torus will eventually
be densely covered by the trajectory. Instead, if the ratios are rational, the motion is
periodic and the trajectory is a closed curve on the torus. The latter are called resonant
trajectories (and the corresponding tori resonant tori). In both cases the system never
explores the rest of the energy shell.

Examples.
The simplest example is a set of N uncoupled harmonic oscillators,

H =

N∑
i=1

Hi =

N∑
i=1

[ p2
i

2m
+
mω2

i

2
q2
i

]
,

for which Ii = Hi/ωi and the frequencies ωi do not depend on the actions. A non-trivial interact-
ing example with N arbitrarily large is the Toda chain of particles with nearest-neighbour exponential
interactions [109]

H =

N∑
i=1

[
p2
i

2m
+ a

(
e−(qi+1−qi) − 1

)]
,

where qi represents the displacement of the i-th particle from its equilibrium position, pi is the momentum
of the i-th particle, and a > 0 sets the scale of the interaction strength. Another one is the Calogero-Moser
model [110,111]

H =

N∑
i=1

p2
i

2m
+
g2

2

∑
1≤i<j≤N

1

(qi − qj)2
.
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6.1 Chaos and integrability in classical mechanics

In the two last models, the constants of motion are derived from the Lax representation of the equations
of motion.

Integrability is non-generic: an arbitrarily chosen Hamiltonian with N ≥ 2 is, in gen-
eral, not integrable.

~θ(0)

C1, θ1

C2, θ2

(a)

θ1

θ2

0 2π

2π

ω2/ω1 = 2/3

periodic

(b)

θ1

θ2

0 2π

2π

ω2/ω1 irrational

quasi-periodic

(c)

Figure 6.1: Motion of an integrable system with N = 2 degrees of freedom. (a) The trajectory
(blue) winds on the invariant torus fixed by the values of the two actions I1, I2, inside the three-
dimensional energy shell; the dashed blue parts run behind the torus. The angles evolve linearly
in time, θi(t) = θi(0) + ωit, here with an irrational frequency ratio. The two independent cycles
C1 and C2 (red), along which θ1 and θ2 increase by 2π, define the actions Ii = (2π)−1

∮
Ci ~p · d~q.

(b)-(c) The same torus unfolded onto the square of angles, with periodic boundary conditions:
trajectories are straight lines of slope ω2/ω1. (b) For a rational ratio the orbit closes (resonant
torus). (c) For an irrational ratio the orbit never closes and covers the torus densely; a finite
piece of it is shown.

Liouville integrability is formulated for finite dimensional systems. The notion of
Lax integrability, which we will not discuss here, can be extended to field theories (the
Korteweg-de Vries and the sine-Gordon equations are two classical examples).

6.1.2 Deterministic chaos in classical mechanics

Deterministic chaos refers to the complex, unpredictable, and apparently random be-
havior generated by a deterministic nonlinear dynamical system with no inherent noise or
randomness. A dynamical system is chaotic if its evolution is governed by deterministic
rules (e.g., non-random differential or difference equations), yet its long-term trajecto-
ries are practically impossible to predict due to extreme sensitivity to initial conditions,
the butterfly effect. Unlike integrable systems, chaotic systems lack a sufficient number
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6.1 Chaos and integrability in classical mechanics

of independent, commuting constants of motion to constrain phase space trajectories to
lower-dimensional tori.

In fully chaotic systems the trajectory spreads over the whole allowed energy surface
(the energy shell, of dimension 2N − 1 if H is the only conserved quantity). In systems
with a mixed phase space it spreads over a chaotic region of it. Chaotic systems have
an extreme sensitivity to the initial conditions. Since initial conditions can only be fixed
with a finite precision (in an experiment or in a computer), two runs of the same chaotic
system starting from nominally identical initial conditions will end up following completely
different trajectories.

While the system wanders unpredictably across its phase space, the motion is bounded
(it does not fly off to infinity). Furthermore, the trajectories never settle into a steady
state (fixed point) or a repeating loop (periodic orbit); instead, they form a complex,
intricate geometric structure known as a strange attractor.

It is useful to keep in mind the hierarchy of “randomness” properties of a dynamical
system, each one implying the previous one:

– Ergodicity Time averages equal phase-space averages over the energy shell.
– Mixing Correlations decay, 〈A(t)B(0)〉 → 〈A〉〈B〉, any initial phase-space distribu-

tion spreads over the whole shell,
– K-systems Positive Kolmogorov-Sinai entropy, see below. They possess a “time

arrow” for information and microscopic irreversibility despite being deterministic.
– Bernoulli systems. Isomorphic to a coin flip.

Ergodicity alone does not imply chaos: a single harmonic oscillator, or a flow on a two-
dimensional torus with irrational frequency ratio, is ergodic on its (tiny) energy shell or
torus but it is not mixing and has no positive Lyapunov exponent. Classic examples
of strongly chaotic systems are the Sinai billiard and the Bunimovich stadium (ergodic,
mixing and Bernoulli); the Hénon-Heiles Hamiltonian is a two-degree-of-freedom example
that becomes increasingly chaotic as the energy is increased.

Sensitivity to initial conditions and Lyapunov exponents

In classical Hamiltonian systems the degree of sensitivity to a minor change in initial
conditions, that is of chaos, is associated to the exponential divergence of the distance
between two trajectories in phase space. Define x = (x1, . . . , xN , p1, . . . , pN) a point in
phase space. Then, one studies δx(t) ≡ x′(t)−x(t), with x(t) and x′(t) the two trajecto-
ries in phase space starting from nearby initial conditions x(0) and x′(0) = x(0) + δx(0)
and δx(t) the time-dependent distance between them. (For a finite initial separation the
distance eventually saturates at the size of the accessible region of phase space; this is
why the definitions below use infinitesimal separations.)

Consider the dynamics
dx

dt
= f(x) (6.258)

with for Hamiltonian systems, f = (∂~pH,−∂~xH). Let x(t) = Φt(x0) be a reference
trajectory starting at x0. If we introduce an infinitesimal displacement vector δx(0) at
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x1

p1

x0

(a) non-integrable, c = 5/2
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dashed: δ0 eλt, λ ' 0.28

x1
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x0

(b) integrable, c = 1/2
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Figure 6.2: Two trajectories (blue and red) of the Hamiltonian H = (p2
1 + p2

2)/2 + (x4
1 +x4

2)/4 +
c x2

1x
2
2 at energy E = 1, starting from initial conditions that differ by δx1(0) = 0.02, projected

on the (x1, p1) plane up to t = 12. Dots joined by grey segments mark the positions of the two
trajectories at equal times, t = 1.2, 2.4, . . . ; the black dot is the initial condition and the arrows
indicate the direction of motion. (a) For c = 5/2 the system is chaotic: the trajectories stay
together for about one oscillation and then follow completely different paths. (b) For c = 1/2
the potential is (x2

1 +x2
2)2/4, the angular momentum x1p2−x2p1 is a second constant of motion,

and the system is integrable: the two trajectories lie on nearby tori and stay close. Bottom:
phase-space distance ||δx(t)|| on a logarithmic scale, up to t = 40. In (a) it grows exponentially,
with the rate given by the maximal Lyapunov exponent (dashed), until it saturates at the size
of the accessible region. In (b) it grows only linearly (dashed: linear fit), and λmax = 0.

t = 0, its time evolution is governed by the linearized flow:

d

dt
δx(t) = J(x(t)) δx(t)

where J(x(t)) = Df(x(t)) is the 2N × 2N Jacobian matrix evaluated along the reference
trajectory. The solution can be expressed using the fundamental matrix / tangent map
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6.1 Chaos and integrability in classical mechanics

M(t,x0):
δx(t) = M(t,x0) δx(0)

where Ṁ = J(x(t))M and M(0,x0) = I2N . Equivalently, Mab(t,x0) = ∂xa(t)/∂xb(0), with
a, b = 1, . . . , 2N . An initial infinitesimal 2N -sphere of radius ε centered at x0 is deformed
by the linear flow into an 2N -dimensional ellipsoid at time t. The principal axes of this
ellipsoid expand or contract at rates determined by the Lyapunov exponents.

The maximal Lyapunov exponent is then defined as

||δx(t)|| ∼ ||δx(0)|| eλmaxt for t� t0 (6.259)

or, more precisely,

λmax = lim
t→∞

lim
||δx(0)||→0

1

t
ln
||δx(t)||
||δx(0)||

, (6.260)

where the order of the limits is essential: the separation is first taken to be infinitesimal
(so that the linearized dynamics applies at all times) and only then t→∞.

λmax > 0 Chaotic Exponential separation (6.261)
λmax = 0 Integrable At most algebraic (6.262)

(On a torus the angles separate linearly in time, δθi(t) = δθi(0) + t
∑

j(∂ωi/∂Ij)δIj.)
This definition ignores the possibility of there being different Lyapunov exponents along

different directions in space. The definition of the full spectrum of Lyapunov exponents is

λi = lim
t�t0

1

2t
ln
(
ith eigenvalue of MT (t,x0)M(t,x0)

)
(6.263)

(the existence of these limits is guaranteed by the Oseledets multiplicative ergodic theo-
rem; the eigenvalues are ordered so that λ1 ≥ λ2 ≥ · · · ≥ λ2N). For an ergodic system,
the spectrum {λ1, λ2, . . . , λ2N} is independent of the choice of initial condition x0 almost
everywhere with respect to the invariant measure. Each exponent λi controls the asymp-
totic rate of expansion (λi > 0) or contraction (λi < 0) along specific directions in phase
space. The Lyapunov exponent λmax in Eq. (6.259) coincides with max(λ1, . . . , λ2N) = λ1.

In conservative or Hamiltonian systems, phase space volume is preserved (Liouville’s
theorem), so

2N∑
i=1

λi = 0 conservative . (6.264)

Furthermore, the spectrum possesses symplectic symmetry: exponents come in posi-
tive/negative pairs λi = −λ2N−i+1. In dissipative systems, phase space volumes shrink on
average, so

2N∑
i=1

λi < 0 dissipative . (6.265)
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6.1 Chaos and integrability in classical mechanics

For an autonomous Hamiltonian at least one pair of exponents vanishes: perturbations
along the flow neither grow nor shrink exponentially, and neither do perturbations that
change the energy. Each additional independent constant of motion adds another vanish-
ing pair, so that in an integrable system all 2N exponents vanish. The sum of the positive
exponents gives, for sufficiently regular systems, the Kolmogorov-Sinai entropy (Pesin’s
formula)

hKS =
∑
λi>0

λi , (6.266)

which is the rate at which information on the initial condition is produced (or, equivalently,
lost) by the dynamics.

The Lyapunov time is τL = 1/λmax. If the initial condition is known with precision δ0

and predictions are acceptable as long as the error remains smaller than a tolerance ∆,
the time horizon for deterministic predictability is

tp ' τL ln
∆

δ0

. (6.267)

It grows only logarithmically with the precision of the initial condition: improving the
precision by a factor 1010 only increases the predictability time by 23 τL. Beyond tp errors
have grown to macroscopic size and long-term predictability is lost. We will meet the
quantum counterpart of Eq. (6.267), the Ehrenfest time, in Sec. 6.2, with δ0 replaced
by ~.

Example: Lyapunov exponents of the cat map and of the twist map
Flows that are both chaotic and exactly solvable are rare. Maps, that can be seen as Poincaré sections
or stroboscopic observations of flows (as the standard map, Eq. (6.276)), are much simpler. For a map
~xn+1 = ~F (~xn) the definitions of the previous paragraphs apply with t replaced by the number of iterations
n, and the tangent map is the product of the Jacobians along the orbit, M(n) = D~F (~xn−1) · · ·D~F (~x0).

Arnold’s cat map. On the unit torus, (x, p) ∈ [0, 1)2, consider(
xn+1

pn+1

)
= A

(
xn
pn

)
(mod 1) , A =

(
2 1
1 1

)
. (6.268)

1. Show that the map is invertible on the torus and that it preserves area.
2. Compute the tangent map M(n) after n iterations. Does it depend on the initial condition?
3. Compute the full spectrum of Lyapunov exponents using Eq. (6.263). Check that their sum

vanishes and that they come in a ± pair.
4. Give the Kolmogorov-Sinai entropy hKS.
5. Show that the number of points of period n, solutions of An~x = ~x (mod 1), is Nn = |det(An− I)|,

and that it grows as eλn with λ the positive Lyapunov exponent.

Solution.

1. A has integer entries, so the map is well defined modulo 1, and detA = 1, so it preserves area. Its

inverse, A−1 =

(
1 −1
−1 2

)
, also has integer entries, so the map is a bijection of the torus.
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2. The map is linear (the modulo operation does not affect derivatives), so the Jacobian is A at every
point and M(n) = An, independently of ~x0. By induction one finds

An =

(
F2n+1 F2n

F2n F2n−1

)
, (6.269)

with Fk the Fibonacci numbers (F1 = F2 = 1, Fk+1 = Fk + Fk−1).
3. The eigenvalues of A are the roots of µ2 − 3µ+ 1 = 0,

µ± =
3±
√

5

2
= ϕ±2 , ϕ =

1 +
√

5

2
, (6.270)

with ϕ the golden ratio and µ+µ− = 1. Since A is symmetric, MT (n)M(n) = A2n, with eigenvalues
µ2n
± . Then

λ± = lim
n→∞

1

2n
lnµ2n

± = lnµ± = ±2 lnϕ ' ±0.9624 . (6.271)

Indeed λ+ + λ− = ln detA = 0, as required by area preservation, and the exponents form a
symplectic pair. They are the same for all initial conditions. The unstable direction, ~v+ ∝ (ϕ, 1),
has an irrational slope and wraps densely around the torus: a small region is stretched along it by
a factor ϕ2 at each step while it is squeezed along the stable direction, ~v− ∝ (−1, ϕ). This is the
mechanism of mixing; the name of the map comes from the picture of a cat’s face being stretched
and folded back onto the torus.

4. By Pesin’s formula, hKS = λ+ = 2 lnϕ.
5. Periodic points satisfy (An−I)~x = ~m with ~m an integer vector, and the number of solutions in the

unit square is the area of the image of the square under An − I, |det(An − I)|. Since detAn = 1,
det(An − I) = 2− TrAn, and

Nn = µn+ + µn− − 2 ' eλ+n for n� 1 . (6.272)

The exponential proliferation of periodic orbits, with rate equal to the Lyapunov exponent, is the
property that enters the Gutzwiller trace formula of Sec. 6.2.

Comparison: the twist map (integrable). In action-angle variables, the stroboscopic motion on a family
of tori is In+1 = In, θn+1 = θn + ω(In) (mod 2π). Compute M(n) and the Lyapunov exponents.
Solution. A perturbation evolves as δIn = δI0 and δθn = δθ0 + nω′(I0) δI0, so that, in the basis (I, θ),

M(n) =

(
1 0

nω′(I0) 1

)
. (6.273)

MT (n)M(n) has determinant 1 and trace 2 + n2ω′2, so its largest eigenvalue grows as n2ω′2 and

λmax = lim
n→∞

1

2n
ln
(
n2ω′2

)
= 0 . (6.274)

Nearby trajectories separate only linearly in time (because they lie on tori with slightly different frequen-
cies), and all Lyapunov exponents vanish, as expected for an integrable system.

Optional: a one-dimensional map with an invariant measure. For the logistic map xn+1 = f(xn) =
4xn(1 − xn) on [0, 1] the Jacobian depends on the point, and the Lyapunov exponent is the ergodic
average

λ = lim
n→∞

1

n

n−1∑
k=0

ln |f ′(xk)| =
∫ 1

0

dx ρ(x) ln |4(1− 2x)| , ρ(x) =
1

π
√
x(1− x)

. (6.275)
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Check that ρ is invariant, and show that λ = ln 2. (Hint: with x = sin2(πy/2), y is uniformly distributed
in [0, 1], 1 − 2x = cos(πy), and

∫ 1

0
dy ln | cos(πy)| = − ln 2. Equivalently, this change of variables maps

the logistic map onto the tent map, whose slope is ±2 everywhere.)

Effects of non-integrable perturbations

Consider H = H0(I) + εH1(I, θ) with H0 integrable and H1 a non-integrable perturba-
tion. The Kolmogorov-Arnold-Moser (KAM) theorem states that, if H0 is non-degenerate
(det ∂2H0/∂Ii∂Ij 6= 0) and ε is sufficiently small, most of the tori, called KAM tori, are
only slightly deformed into smooth invariant surfaces and survive. For this to hold one
needs the ratios between the frequencies to be sufficiently far from rational, as quantified
by the Diophantine condition |~k ·~ω| ≥ γ/|~k|τ for all integer vectors ~k 6= ~0 (with γ > 0 and
τ > N − 1). A new set of conserved actions Ji, close to the Ii, characterizes the surviving
tori, on which the motion remains quasi-periodic. The phase-space volume occupied by
the destroyed tori vanishes as ε→ 0.

Resonant (rational) tori are destroyed. According to the Poincaré-Birkhoff theorem,
they are replaced by chains of alternating stable (elliptic) and unstable (hyperbolic) pe-
riodic orbits; the former are surrounded by small islands of regular motion and the latter
by thin chaotic layers. The phase space is then mixed: regular islands coexist with chaotic
regions.

ForN = 2 the surviving two-dimensional KAM tori divide the three-dimensional energy
shell and act as impenetrable barriers for the chaotic trajectories. For N ≥ 3 they no
longer do, and trajectories can slowly wander along the web of resonances throughout the
shell, a phenomenon called Arnold diffusion.

Examples.
A paradigmatic example is the Chirikov standard map, which describes a rotor subject to periodic kicks,
H = p2/2 +K cos θ

∑
n δ(t− n), observed stroboscopically just after each kick:

pn+1 = pn +K sin θn , θn+1 = θn + pn+1 (mod 2π) . (6.276)

For K = 0 the momentum is conserved and the motion is integrable. As K increases resonant tori
break up and chaotic layers grow; the last KAM torus separating different momentum regions disappears
at Kc ' 0.9716, after which p performs an unbounded, diffusive-like motion, 〈(pn − p0)2〉 ' Dn with
D ' K2/2 for large K. For K � 1 the Lyapunov exponent is λ ' ln(K/2). We will come back to its
quantum version, the quantum kicked rotor, in Secs. 6.2 and 6.5.

In many-body systems (N → ∞) the size of the perturbation needed to destroy the
KAM tori typically vanishes as N grows, so one expects chaos and thermalization for
generic weak perturbations of integrable systems in the thermodynamic limit, but possi-
bly only after very long times. The first numerical experiment on this question, by Fermi,
Pasta, Ulam and Tsingou [112], considered a chain of anharmonic oscillators. Instead
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of the expected equipartition of energy among normal modes, they found almost perfect
recurrences to the initial condition. Their observation was later understood as a conse-
quence of the closeness of the model to the integrable Toda chain [109], and equipartition
is eventually reached, but on time-scales that grow fast as the anharmonicity is decreased.
This is a classical example of prethermalization: a long-lived quasi-stationary state, con-
trolled by an almost-conserved set of quantities, that precedes thermalization [113,114].

Statistical Mechanics

Statistical mechanics postulates that, for non-pathological observables, their time aver-
ages equal microcanonical (ensemble) averages, in which all configurations on the energy
shell are equally probable:

O = lim
τ→∞

1

τ

∫ t+τ

t

dt′ O(p(t′), x(t′)) = 〈O〉micro =

∫
dp

∫
dx O(p, x)ρmicro(p, x) (6.277)

with

ρmicro(p, x) =
δ(H(p, x)− E)

Ω(E)
, Ω(E) =

∫
dp

∫
dx δ(H(p, x)− E) (6.278)

(this is the ergodic hypothesis). For this to hold, all these configurations should be at-
tainable with the evolution. It is clear that classically integrable systems with N ≥ 2
violate this hypothesis, since their trajectories are confined to N -dimensional tori inside
the (2N − 1)-dimensional energy shell. In chaotic systems, trajectories not only visit all
regions, but initial ensembles spread out and homogenize across phase space, destroying
long-time memory and phase coherence. As one breaks integrability with a perturbation,
the phase space should go from foliated in tori, to mixed, to fully ergodic. Conventional
statistical physics should hold only in the latter.

Two important remarks, that will have a quantum counterpart, are in order:

– For macroscopic systems strict ergodicity is neither necessary nor sufficient for sta-
tistical mechanics to work in practice. As stressed by Khinchin [1], for physically
relevant observables, such as sums of one- or few-body functions O =

∑N
k=1 o(xk, pk),

the microcanonical measure is so concentrated that the overwhelming majority of
the energy shell has O/N equal to 〈O〉micro/N up to corrections of order N−1/2.
The equilibrium value is typical. The dynamics need only bring the system from
the (tiny) atypical region where it was prepared into the typical region, not visit
every point of the shell. This happens on physically relevant time-scales, while the
time needed to explore the whole shell, or to observe a Poincaré recurrence, grows
exponentially with N .

– The order of limits matters: the thermodynamic limit N → ∞ is taken before the
long time limit t→∞.

Generalized Statistical Mechanics
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In integrable systems, the classical microcanonical ensemble is generalized to account
for the complete set of independent, commuting constants of motion in involution, {Ik}Nk=1,
which restrict the system’s trajectory to an N -dimensional invariant torus in phase space.
Rather than sampling uniformly over a single energy shell δ(H(p, x)−E), the phase-space
distribution function conditions the measure on the full set of conserved quantities [115]
via a product of Dirac delta functions,

ρ(p, x) =
1

Ω

N∏
k=1

δ
(
Ik(p, x)− ck

)
, (6.279)

where Ω is the phase-space volume of the constrained manifold. Consequently, the micro-
canonical expectation value of any physical observable O(p, x) is evaluated as an average
over this specific invariant torus:

〈O〉GMC =
1

Ω

∫
dNp dNx O(p, x)

N∏
k=1

δ
(
Ik(p, x)− ck

)
(6.280)

By the action-angle formalism, this phase-space average reduces to an integral over the
angle variables θ ∈ [0, 2π]N at fixed actions I = c. Under the assumption of non-resonant
frequencies, time averages along individual phase-space trajectories coincide with this
generalized microcanonical ensemble average, serving as the classical precursor to the
Generalized Gibbs Ensemble (GGE) in quantum integrable systems.

From the microcanonical version one can propose the canonical one in which all con-
stants of motion appear in an exponential weight accompanied by Lagrange multipliers,
in a generalization of the canonical Gibbs-Boltzmann-Maxwell distribution:

PGGE(p, x) = Z−1
GGE e

−
∑N
k=1 γkIk(p,x) (6.281)

The analysis of the relevance of this measure in a non-trivial integrable model was per-
formed in [116,117] using the Neumann model as an example.

6.2 Chaos and integrability in quantum systems
The notions explained in the previous subsection cannot be straightforwardly extended

to quantum cases.
First of all, there is no notion of phase space. Indeed, Heisenberg’s uncertainty prin-

ciple tells us that it is not possible to know both position and momentum of a particle
simultaneously and the concept of classical trajectory cannot be applied quantum me-
chanically.

As an analog to classical exponential divergence, one could, for example, monitor the
overlap between two wave-functions ψ(x, t) and φ(x, t) that slightly differ in initial con-
ditions. However, since the time evolution is unitary in quantum mechanics, the overlap
will not change: |〈ψ(t)|φ(t)〉|2 = |〈ψ(0)|φ(0)〉|2 and so no exponential separation can ever
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be observed. Thus, the structure of the Schrödinger equation prevents an exponential
departure.

Moreover, for a bounded system with D (finite) levels, the evolution of any state,
|ψ(t)〉 =

∑
n cne

−iEnt/~|En〉, is quasi-periodic, as it involves only D frequencies. There is
no true mixing for t→∞, and genuine signatures of chaos can only appear in a limit: the
semi-classical one, ~ → 0 (more precisely, ~ small compared to typical classical actions),
or the thermodynamic one, N → ∞, taken before the long-time limit. The diagnostics
described below are of these two kinds.

A more useful notion of quantum sensitivity, introduced by Peres, compares the evo-
lution of the same initial state under two slightly different Hamiltonians, Ĥ and Ĥ ′ =
Ĥ + εV̂ . This is the Loschmidt echo (see Sec. 2.4.9)

M(t) = |〈ψ|eiĤ′t/~e−iĤt/~|ψ〉|2 . (6.282)

For semi-classical wave packets in classically chaotic systems, and in an intermediate
range of perturbation strengths, it decays asM(t) ∼ e−λt with λ the classical Lyapunov
exponent, independently of ε [118].

6.2.1 Semi-classical approaches

This approach is based on the correspondence principle, classical physics should be
recovered from quantum mechanics when taking the limit ~ → 0. This is clear in the
path integral formalism, Sec. 5. For ~ → 0, the contributions to the propagator heavily
oscillate, and neighboring trajectories cancel each other out. The only contribution that
survives is the one that does not change when moving to a neighboring trajectory, thus
δS = 0. This is exactly the only path that is allowed classically, displaying how classical
mechanics emerges within quantum mechanics (stationary phase approximation, App. C).

Early tries to define quantum integrability and chaos started from a semi-classical ap-
proach. This worked for integrable systems, for which the quantization of tori was possi-
ble, more precisely by quantizing action-angle variables on invariant tori, and it translated
in energy levels of an associated quantum system. This is the Einstein-Brillouin-Keller
(EBK) quantization:

Ii =
1

2π

∮
Ci
~p · d~x = ~

(
ni +

µi
4

)
, ni = 0, 1, 2, . . . (6.283)

where Ci are the N independent closed loops on the torus and µi are integers (Maslov
indices) that count the turning points along them. The energy levels are then E~n =
H(I1, . . . , IN). For the harmonic oscillator, I = E/ω and µ = 2, and one recovers En =
~ω(n+ 1/2) exactly. Einstein already noticed in 1917 that this construction is impossible
when the trajectories are not confined to tori, that is to say, for chaotic systems.

For chaotic quantum systems this approach was developed by Gutzwiller who managed
to relate the spectra of some chaotic models to unstable orbits of the classical model. The
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Gutzwiller Trace Formula provides a semi-classical approximation (~ → 0) for the quan-
tum density of states g(E) of a quantum system whose classical counterpart is chaotic,
expressing quantum spectra purely in terms of classical periodic orbits (through a quan-
tum path integral evaluated at the stationary phase approximation which enforces the
periodicity of the orbits). It reads

g(E) ≡
∑
n

δ(E − En)

' ḡ(E) +
1

π~
∑

p

∞∑
r=1

Tp

| det(Mr
p − I)|1/2

cos

(
rSp(E)

~
− rµpπ

2

)
. (6.284)

The first term is the smooth (Weyl) part, which simply counts phase-space volume in
units of (2π~)N ,

ḡ(E) =

∫
dNx dNp

(2π~)N
δ(E −H(~x, ~p)) . (6.285)

The oscillating part is a sum over primitive periodic orbits p of the classical dynamics at
energy E and their r repetitions; Tp is the period, Sp(E) =

∮
~p · d~x the action, µp the

Maslov index and Mp the monodromy matrix, that is to say, the linearized map transverse
to the orbit after one period (the tangent map of the classical subsection restricted to the
directions transverse to the orbit within the energy shell). For an unstable orbit in a
two-degree-of-freedom system, | det(Mr

p − I)|1/2 ' erλpTp/2, with λp the orbit’s Lyapunov
exponent. The denominator implies that very unstable orbits spread probability away so
rapidly that their individual contribution is exponentially small. However, the number of
periodic orbits with period smaller than T grows exponentially as well, ∼ ehtopT/T , and
the sum does not converge absolutely; resolving individual levels requires orbits up to the
Heisenberg time TH = 2π~ ḡ(E).

The Wigner quasi-probability distribution is a mathematical formulation that maps
quantum states onto a classical-like phase space of position (x) and momentum (p). For a
quantum state described by a density matrix ρ̂(t) (or a pure state wavefunction ψ(x, t)),
the Wigner distribution W (x, p, t) in one dimension is defined as the Fourier transform of
the off-diagonal elements of the density matrix:

W (x, p, t) =
1

π~

∫ ∞
−∞

dy 〈x+ y| ρ̂(t) |x− y〉 e−2ipy/~ (6.286)

For a pure state ρ̂(t) = |ψ〉〈ψ|, this simplifies to

W (x, p, t) =
1

π~

∫ ∞
−∞

dy ψ(x+ y, t)ψ∗(x− y, t) e−2ipy/~ (6.287)

W (x, p) is strictly real for any physical state. Integrating over momentum yields the po-
sition probability density, and integrating over position yields the momentum probability
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6.2 Chaos and integrability in quantum systems

density: ∫ ∞
−∞

dp W (x, p, t) = |ψ(x)|2,
∫ ∞
−∞

dx W (x, p, t) = |φ(p)|2

with φ(p) = (2π~)−1/2
∫
dx e−ipx/~ψ(x) the wave function in momentum representation.

Moreover, quantum expectation values of symmetrically (Weyl) ordered operators are
phase-space averages, 〈Â〉 =

∫
dx
∫
dpAW (x, p)W (x, p, t). Unlike a true classical proba-

bility distribution, W (x, p, t) can take negative values. It is used to study how quantum
coherence decays over time due to environmental coupling, visualizing the transition from
quantum superposition (characterized by oscillatory negative Wigner ripples) to classical
statistical mixtures.

Using the evolution equation for the density operator (von Neumann equation), one
derives the Moyal equation

∂W

∂t
= − p

m

∂W

∂x
+ V ′(x)

∂W

∂p︸ ︷︷ ︸
Classical Liouville Flow {Hcl,W}Poisson

+
∞∑
n=1

(−1)n~2n

22n(2n+ 1)!

∂2n+1V (x)

∂x2n+1

∂2n+1W

∂p2n+1︸ ︷︷ ︸
Quantum Corrections O(~2)

where V is the potential in the Hamiltonian, Hcl = p2/(2m) + V (x).
In a harmonic system or a free particle (V (x) at most quadratic in x), all higher

derivatives ∂kV
∂xk

for k ≥ 3 vanish and the equation becomes

∂W

∂t
= {Hcl,W}Poisson

The quantum Wigner distribution evolves identically to a classical probability density
following Hamilton’s equations. Quantum effects appear strictly through the initial state
W (x, p, 0) (e.g., zero-point energy or negative interference ripples).

In anharmonic or chaotic systems (V (x) has non-linear terms and ∂3V
∂x3
6= 0), quantum

correction terms O(~2) kick in. Their effect is controlled by how fast W develops fine
structures in the momentum direction. In a chaotic system, an initial wave packet of
size ∼

√
~ is stretched along the unstable directions and squeezed along the stable ones,

exponentially fast. The quantum terms become comparable to the classical ones when
the squeezed width reaches ~, that is to say, after the Ehrenfest time

τE '
1

λ
ln
S

~
, (6.288)

with S a typical classical action of the system and λ the Lyapunov exponent; compare
with Eq. (6.267). At early times (t � τE) W (x, p, t) follows the classical Liouville flow
and stretches along classical chaotic trajectories. At later times (t & τE) the quantum cor-
rections are important: the distribution develops rapid oscillations with negative regions
and interference between different branches of the stretched distribution sets in. Since
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τE grows only logarithmically with 1/~, quantum-classical correspondence in chaotic sys-
tems breaks down at surprisingly short times. In some cases quantum interference even
suppresses classical chaotic transport: in the quantum kicked rotor, the quantum ver-
sion of Eq. (6.276), the classical diffusive growth of 〈p2〉 stops after a break time and
the momentum distribution becomes exponentially localized. This is called dynamical
localization [119] and it was mapped onto Anderson localization in [120], see Sec. 6.5.

Husimi corrected the issue of there being negative values of W by applying a Gaussian
smoothing of the Wigner distribution:

Q(x, p, t) =
1

π~

∫ ∞
−∞

dp′
∫ ∞
−∞

dx′ W (x′, p′, t) exp

[
−(x− x′)2

2σ2
x

− (p− p′)2

2σ2
p

]
(6.289)

with σxσp = ~/2 (the smoothing is done over a minimal uncertainty cell; this choice also
ensures the normalization

∫
dx
∫
dp Q = 1). The new distribution, called the Husimi

distribution, can be seen as a coarse-grained version of the Wigner distribution. It is
non-negative, since it can be written as Q(x, p) = 〈αx,p|ρ̂|αx,p〉/(2π~), with |αx,p〉 the
Gaussian coherent state centred at (x, p) with widths σx and σp. The price to pay is that
its marginals are no longer the exact quantum probability densities.

Working in the classical limit, Berry showed that for integrable systems the Wigner
(or Husimi) distribution of an eigenstate becomes strongly peaked on the torus selected
by the EBK quantization conditions, Eq. (6.283) [121]. For chaotic systems, Berry and
Voros conjectured that the Wigner function of a typical eigenstate should become, after
local averaging, uniform over the energy hypersurface, [122]

Wn(x, p) ' δ(En −Hcl(x, p))

(2π~)N ḡ(En)
, (6.290)

and Berry proposed that chaotic eigenfunctions look locally like random superpositions of
plane waves with fixed wave-vector modulus (Berry’s random wave conjecture) [121]. A
rigorous result in this direction is the quantum ergodicity theorem [123–125]: if the clas-
sical flow is ergodic, almost all eigenstates become uniformly distributed on the energy
shell as ~ → 0. Whether all of them do (“quantum unique ergodicity”) is in general an
open problem. Exceptions exist: some eigenstates of chaotic billiards show an enhanced
intensity along unstable periodic orbits, called scars [126]. Indeed, Heller discovered that
quantum wavefunctions can retain a “memory” of classical periodic orbits: the quantum
probability density |ψ(x)|2 or the Wigner/Husimi distribution often shows strong con-
centration around these unstable classical orbits, "scarring" the eigenstate away from
complete uniformity. As we will see, Berry’s conjecture is the semi-classical precursor of
the Eigenstate Thermalization Hypothesis.

Exercise 6.1
The Ehrenfest time. In a classically chaotic system, an initial uncertainty δ0 along the unstable direction
(measured in units of the size of the accessible region of phase space) grows as δ0eλt. Quantum mechanics
imposes δ0 & ~/S, with S a typical classical action. Estimate the time τE after which the wave packet
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6.2 Chaos and integrability in quantum systems

has spread over the whole accessible region, and evaluate it, in units of the kick period, for the kicked
rotor with λ ' ln(K/2), K = 10, and S/~ = 106 and 1030.

Solution. (~/S) eλτE ' 1 gives the Ehrenfest time τE ' λ−1 ln(S/~). (For a coherent state,
with δ0 '

√
~/S, the result is half of this; the logarithmic dependence is what matters.)

With λ = ln 5 ' 1.61: τE ' 8.6 kicks for S/~ = 106 and ' 43 kicks for S/~ = 1030. Because
of the logarithm, quantum-classical correspondence in chaotic systems breaks down after
surprisingly short times, even for very large actions. After τE , quantum and classical two-
time correlation functions differ.

6.2.2 Random Matrix Theory

A different approach was proposed by Wigner and Dyson who introduced Random
Matrix Theory when they were studying the spectra of complex nuclei. Indeed, Wigner
proposed to replace the (impossible to write down) actual Hamiltonian of such complex
systems by random ones. The goal was not to derive the exact spectrum of such nuclei
but their statistical properties.

RandomMatrix Theory (RMT) distinguishes quantum integrable from quantum chaotic
systems by examining the statistical spectral fluctuations–specifically the energy level
spacing distribution P (s), where s = (Ei+1 − Ei)/〈∆E〉 is the normalized gap between
adjacent unfolded energy levels. The density of states varies along the spectrum, and one
is only interested in fluctuations on the scale of the local mean level spacing. The unfold-
ing procedure maps the levels En onto εn = N̄ (En), with N̄ (E) the smooth part of the
integrated density of states (for instance the integral of ḡ in Eq. (6.284), or a polynomial
fit). The unfolded spectrum has unit mean level spacing everywhere.

The hypothesis, well verified in a large number of systems, is that P (s) is Poisson for
integrable and satisfies the Wigner surmise for chaotic systems:

P (s) = e−s No level repulsion P (s)→ 1 for s→ 0

P (s) ≈ aβs
βe−bβs

2
Level Repulsion P (s)→ 0 for s→ 0

(6.291)

The constants are fixed by normalization and unit mean spacing: a1 = π/2, b1 = π/4;
a2 = 32/π2, b2 = 4/π; a4 = 218/(36π3), b4 = 64/(9π). The surmise is the exact result
for 2 × 2 matrices, and it is an excellent approximation (to within a few percent) for
large matrices. The Poisson law is the spacing distribution of uncorrelated levels. The
linear repulsion for β = 1 can be understood from the 2 × 2 real symmetric case: the
gap

√
(H11 −H22)2 + 4H2

12 vanishes only if two independent conditions are met, so near-
degeneracies are suppressed by the two-dimensional “phase space” factor s ds (Wigner-von
Neumann non-crossing rule). These distributions are plotted in Fig. 6.3.

The value of the exponent β in the second equation in (6.291) depends on the symmetry
of the Hamiltonian of the problem:

– In time-reversal invariant models with T̂ 2 = 1 (spinless or integer spin particles,
or half-integer spins with spin-rotation invariance), the relevant ensemble is the
Gaussian Orthogonal Ensemble (GOE) and β = 1. The Hamiltonian can be chosen
real symmetric.
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s

P (s)

1 2 3

0.5

1

Poisson
GOE, β = 1
GUE, β = 2
GSE, β = 4

(a)

εn

Poisson
(integrable)

GOE
(chaotic)

(b)

Figure 6.3: (a) Distribution of the spacings between consecutive unfolded levels: the Poisson
law of uncorrelated levels, P (s) = e−s, expected for integrable systems, and the Wigner surmise,
Eq. (6.291), for the three symmetry classes, expected for chaotic ones. Note the level repulsion,
P (s) ∼ sβ for s → 0. (b) Two sequences of unfolded levels with the same mean spacing.
Left: uncorrelated levels (Poisson), with clusters and large gaps. Right: the central part of the
spectrum of a 400× 400 GOE random matrix, unfolded with the semicircle law, which is much
more regular.

– In time-reversal broken cases (e.g. a magnetic field), the relevant ensemble is the
Gaussian Unitary Ensemble (GUE) and β = 2. The Hamiltonian is complex Her-
mitian.

– In time-reversal invariant models with T̂ 2 = −1 (half-integer spin with broken spin-
rotation symmetry, e.g. through spin-orbit coupling; all levels are then doubly
Kramers degenerate and one considers each doublet once), the relevant ensemble is
the Gaussian Symplectic Ensemble (GSE) and β = 4.

Time reversal means that if ψ1(x, t) is a solution of the Schrödinger equation, then
ψ2(x, t) = ψ∗1(x,−t) should also be a solution, for spinless particles.

If you want to see other notes on Random Matrices, check:
/TEACHING/Master2020/random-matrices.pdf
/TEACHING/Master2019/RandomMatricesAdvances.pdf

in my webpage.

Exercise 6.2
Eigenvalues and level spacings of small GOE matrices. We use the convention in which a GOE matrix
H of size N ×N is real and symmetric, with independent Gaussian entries of zero mean and variances

〈H2
ii〉 = 1 , 〈H2

ij〉 =
1

2
(i < j) .

(Such a matrix is obtained as H = (A + AT )/2 with A a matrix of independent standard Gaussian
entries.)
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1. Show that the joint probability density of the independent entries is P (H) ∝ e−TrH2/2, and that
it is invariant under orthogonal transformations H → OHOT .

Part A: 2× 2 matrices, H =

(
a b
b c

)
.

A1. Compute the eigenvalues λ± and the spacing s = λ+ − λ− in terms of a, b, c. Show that the
eigenvalues are always real and that they are degenerate only if two independent conditions are
met.

A2. Using the distributions of a−c and 2b, compute directly the probability density P (s) of the spacing,
its mean 〈s〉, and the distribution of the normalized spacing x = s/〈s〉. Compare with the Poisson
law e−x.

A3. Parametrize H = O diag(λ1, λ2)OT with O a rotation of angle θ. Compute the Jacobian of the
change of variables (a, b, c) → (λ1, λ2, θ), deduce the joint probability density of the eigenvalues,
and recover the result of A2.

A4. Repeat the counting argument of A1 for a complex Hermitian (2×2 GUE) matrix. How does P (s)
behave for s→ 0?

Part B: 3× 3 matrices.

B1. The eigenvalues are the roots of a cubic equation. Show that, for any real symmetric matrix, they
are given by

λk = q + 2p cos

(
φ+

2πk

3

)
, k = 0, 1, 2 ,

with

q =
TrH

3
, p =

√
Tr(H − qI)2

6
, φ =

1

3
arccos

[
1

2
det

(
H − qI

p

)]
.

B2. Write H = OΛOT with Λ = diag(λ1, λ2, λ3) and O orthogonal, and show that the volume element
is dH ∝

∏
i<j |λi − λj | dλ1dλ2dλ3 dµ(O), with dµ(O) a measure on the orthogonal group that

does not depend on the eigenvalues. Deduce the joint density of the eigenvalues

P (λ1, λ2, λ3) =
1

Z3

∏
i<j

|λi − λj | e−(λ2
1+λ2

2+λ2
3)/2 , Z3 = 6

√
2π .

B3. Order the eigenvalues, λ1 < λ2 < λ3, and introduce the two spacings s1 = λ2−λ1 and s2 = λ3−λ2.
Compute their joint distribution P (s1, s2) by integrating over the position of the centre of mass.
Check that it is normalized (this fixes Z3).

B4. Compute the distribution p(s) of one spacing, its behaviour for s→ 0 and its mean.
B5. Compute the distribution of the ratio r = s2/s1 and the average of r̃ = min(r, 1/r). Compare with

the values of 〈r̃〉 quoted in the main text for Poisson and GOE spectra.
B6. (Numerical, optional.) Generate 105 matrices of each size, diagonalize them, and compare the

histograms of s and r̃ with your results.

Solution.
1. TrH2 =

∑
iH

2
ii+2

∑
i<j H

2
ij , so e−TrH2/2 =

∏
i e
−H2

ii/2
∏
i<j e

−H2
ij , which is the product

of Gaussians with variances 1 and 1/2. Since Tr(OHOT )2 = TrH2 and the map H →
OHOT has unit Jacobian, P (H) dH is invariant.

A1. The characteristic polynomial is λ2 − (a+ c)λ+ ac− b2 = 0, so

λ± =
a+ c

2
±

√(
a− c

2

)2

+ b2 , s =
√

(a− c)2 + 4b2 .
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The argument of the square root is a sum of squares, so the eigenvalues are real. They are
degenerate only if a = c and b = 0: two conditions on three parameters. The degenerate
matrices form a set of codimension two (the multiples of the identity), and generic one-
parameter families of Hamiltonians avoid it: this is the Wigner-von Neumann non-crossing
rule, the origin of level repulsion.

A2. X = a−c and Y = 2b are independent Gaussian variables with zero mean and variances
〈X2〉 = 1 + 1 = 2 and 〈Y 2〉 = 4× 1/2 = 2. In polar coordinates, X = s cosα, Y = s sinα,

P (s) =

∫ 2π

0

dα
s

4π
e−s

2/4 =
s

2
e−s

2/4 , 〈s〉 =

∫ ∞
0

ds
s2

2
e−s

2/4 =
√
π .

The normalized spacing x = s/
√
π is distributed according to

P (x) =
π

2
x e−πx

2/4 ,

which is the Wigner surmise for β = 1 quoted in the main text: this is where it comes from.
P (x) vanishes linearly for x → 0 (level repulsion), and it decays as a Gaussian for large x
(the spectrum is rigid, large gaps are rare). The Poisson law e−x is maximal at x = 0 and
has an exponential tail. The factor x is the Jacobian of the polar coordinates in the (X,Y )
plane: it measures the “phase space” of the two conditions X = Y = 0 of A1.

A3. With O =

(
cos θ − sin θ
sin θ cos θ

)
,

a = λ1 cos2 θ + λ2 sin2 θ , c = λ1 sin2 θ + λ2 cos2 θ , b = (λ1 − λ2) sin θ cos θ ,

and a direct calculation of the 3 × 3 determinant gives |∂(a, b, c)/∂(λ1, λ2, θ)| = |λ1 − λ2|.
Since TrH2 = λ2

1 + λ2
2, after integrating over θ ∈ [0, π),

P (λ1, λ2) =
1

4
√
π
|λ1 − λ2| e−(λ2

1+λ2
2)/2 .

In the variables E = (λ1 + λ2)/2 and s = λ1 − λ2 (unit Jacobian), λ2
1 + λ2

2 = 2E2 + s2/2.
Integrating over E gives a factor

√
π, and s and −s correspond to the same spacing, which

gives a factor 2: P (s) = 2
√
π s e−s

2/4/(4
√
π) = (s/2)e−s

2/4, as in A2. The normalization
also follows:

∫
dE
∫
ds |s| e−E2−s2/4 =

√
π × 4.

A4. A 2 × 2 Hermitian matrix has b = bR + ibI complex, and s =
√

(a− c)2 + 4b2R + 4b2I .
Degeneracy now requires three conditions; in spherical coordinates in the three-dimensional
space (a − c, 2bR, 2bI) the Jacobian is s2, so P (s) ∝ s2e−s

2/(2σ2), with σ2 the common
variance of the three components: quadratic repulsion, β = 2. In general, β is the number
of real parameters in each off-diagonal element (1 for real, 2 for complex, 4 for quaternion
matrices).

B1. B = (H − qI)/p is real symmetric and traceless with TrB2 = 6. Its characteristic
equation is µ3−3µ−detB = 0. Setting µ = 2 cosψ and using cos 3ψ = 4 cos3 ψ−3 cosψ gives
2 cos 3ψ = detB. All the eigenvalues of B are real with

∑
k µ

2
k = 6, which implies |detB| ≤

2, so that ψ is real and the three roots are µk = 2 cos(φ+2πk/3) with φ = 1
3 arccos(detB/2).

Finally λk = q+ pµk. This formula shows how complicated the eigenvalues are as functions
of the six matrix elements: the statistical approach is much more convenient than the
explicit one.

B2. Differentiate H = OΛOT : dH = dOΛOT + O dΛOT + OΛ dOT . Multiply by OT on
the left and by O on the right, and use OT dO = −dOTO ≡ δΩ, which is antisymmetric:

OT dH O = dΛ + δΩ Λ− Λ δΩ ,
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that is to say,

(OT dH O)ii = dλi , (OT dH O)ij = δΩij (λj − λi) (i 6= j) .

The left-hand side is an orthogonal transformation of dH, which does not change the volume
element. The independent variations are the three dλi and the three δΩij with i < j, each
of the latter multiplied by (λj − λi), so dH =

∏
i<j |λi − λj |

∏
i dλi

∏
i<j δΩij . The same

argument works for any N , and for N = 2 it reproduces A3 with δΩ12 = dθ. Using
TrH2 =

∑
i λ

2
i and integrating over O gives the joint density with the “Vandermonde”

factor |∆(λ)| =
∏
i<j |λi − λj |. It is the Boltzmann weight of three charges on a line,

with logarithmic repulsion −
∑
i<j ln |λi − λj |, in a harmonic confining potential (Dyson’s

Coulomb gas) at inverse temperature β = 1.

B3. Set λ1 = y, λ2 = y + s1, λ3 = y + s1 + s2 (unit Jacobian). Completing the square,

1

2

∑
i

λ2
i =

3

2

(
y +

2s1 + s2

3

)2

+
1

3

(
s2

1 + s1s2 + s2
2

)
.

The integral over y gives
√

2π/3. The ordered eigenvalues come with a factor 3! = 6 (the
six orderings of unordered eigenvalues are equivalent), and

∏
i<j |λi − λj | = s1s2(s1 + s2).

With Z3 = 6
√

2π,

P (s1, s2) =
1√
3π

s1s2(s1 + s2) e−(s21+s1s2+s22)/3 , s1, s2 > 0 .

Its normalization can be checked in polar coordinates, or with the change of variables of
B5 below, which reduces it to

∫∞
0
dr P (r) = 1. It vanishes linearly when either spacing

vanishes, and it is symmetric under s1 ↔ s2.

B4. By symmetry both spacings have the same distribution. Integrating over s2 (the
Gaussian integrals with a linear term give error functions),

p(s) =

∫ ∞
0

ds2 P (s, s2) =

√
3

4
√
π
s2 e−s

2/3

+
s

8

(
6− s2

)
e−s

2/4 erfc

(
s

2
√

3

)
.

For s → 0, p(s) ' 3s/4: linear repulsion again. The mean spacing is 〈s〉 = 3
√

3/(2
√
π) '

1.466. The distribution of s/〈s〉 is close to, but not identical with, the 2 × 2 result of A2;
the differences between the surmise and the exact N →∞ GOE result are of a few percent.

B5. Change variables from (s1, s2) to (s1, r = s2/s1), with ds2 = s1dr:

P (r) =
r(1 + r)√

3π

∫ ∞
0

ds1 s
4
1 e
−s21(1+r+r2)/3 =

r(1 + r)√
3π

3
√
π

8

(
3

1 + r + r2

)5/2

=
27

8

r + r2

(1 + r + r2)5/2
.

This is the surmise for the gap ratio [127]. It satisfies P (1/r)/r2 = P (r), as it should since
s1 and s2 play symmetric roles, so the distribution of r̃ ∈ [0, 1] is 2P (r̃) and

〈r̃〉 = 2

∫ 1

0

dr r P (r) = 4− 2
√

3 ' 0.536 ,
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very close to the large-N GOE value 0.531, and clearly different from the Poisson value
2 ln 2 − 1 ' 0.386. No unfolding is needed, since the scale of the spacings drops out of the
ratio.

B6. For instance, in Python:

import numpy as np
A = np.random.normal(size=(100000, 3, 3)); H = (A + A.transpose(0, 2, 1))/2
ev = np.linalg.eigvalsh(H); s1, s2 = ev[:, 1]-ev[:, 0], ev[:, 2]-ev[:, 1]
print(s1.mean(), np.minimum(s1/s2, s2/s1).mean()) # ~ 1.466, ~ 0.536

In the Poisson case, there is a high probability of finding near-degenerate energy levels
(no level repulsion); there is a level clustering as the distribution has its maximum at
s = 0. In the Wigner case, energy levels “repel” each other and degeneracies are strongly
suppressed. These conjectures are called the Berry and Tabor conjecture for the integrable
cases and the Bohigas-Giannoni-Schmit (BGS) conjecture for the chaotic ones [75, 76].
(Note that there are exceptions to the Berry-Tabor one since the quantum harmonic
oscillator, which is integrable, has equally spaced levels. Similarly alternatives arise in non-
generic integrable systems, with commensurate frequencies.) Moreover, levels belonging
to different symmetry sectors (different quantum numbers of a conserved quantity such
as momentum, parity or total spin) do not interact and can cross. Superposing several
independent GOE spectra produces a distribution that looks more and more Poissonian
as the number of sectors increases. In order to properly study level spacing statistics, one
therefore has to consider only eigenvalues within the same symmetry sector.

Unfolding can be avoided by using the ratio of consecutive gaps [128]

rn =
min(sn, sn−1)

max(sn, sn−1)
∈ [0, 1] , sn = En+1 − En , (6.292)

since the local density of states cancels in the ratio. Its average is 〈r〉P = 2 ln 2−1 ' 0.386
for Poisson levels and 〈r〉GOE ' 0.531, 〈r〉GUE ' 0.600, 〈r〉GSE ' 0.674 for large random
matrices [127]. It is the standard diagnostic in numerical studies of many-body systems,
see Sec. 6.6.

The spectral form factor

The level spacing distribution and the gap ratio probe correlations between neighbour-
ing levels only. Correlations between levels that are far apart in the spectrum are best
studied in the time domain, through the spectral form factor (SFF)

K(t) =
1

D

〈∣∣∣∣∣
D∑
n=1

e−iEnt/~

∣∣∣∣∣
2〉

=
1

D

∑
n,m

〈
e−i(En−Em)t/~〉 , (6.293)

where D is the number of levels and the brackets denote an average over an ensemble of
Hamiltonians (random matrices, disorder realizations) or over a time window. Note that∑

n e
−iEnt/~ = Tr e−iĤt/~ = Z(β = it/~) is the partition function continued to imaginary
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inverse temperature, and that |Z(it/~)|2/D2 is the survival probability |〈ψ|e−iĤt/~|ψ〉|2 of
a state with equal weight on all eigenstates. K(t) is the Fourier transform of the two-point
correlation function of the density of states, 〈g(E)g(E ′)〉.

The natural time scale is the Heisenberg time

tH =
2π~
∆

= 2π~ ḡ(E) , (6.294)

with ∆ the mean level spacing, the time needed to resolve individual levels. In terms of
the unfolded levels xn (unit mean spacing) and of τ = t/tH , K(τ) = D−1〈|

∑
n e
−2πixnτ |2〉.

Three regimes can be identified, see Fig. 6.4:

– Short times, τ � 1: the disconnected part. Splitting 〈|Z|2〉 = |〈Z〉|2 + (〈|Z|2〉 −
|〈Z〉|2), the first term is the squared Fourier transform of the average density of
states. It starts at K(0) = D and decays on a time scale set by the inverse width
of the spectrum. It depends on the global shape of the spectrum and carries no
information on level correlations. In Fig. 6.4 each level is given a weight wn =
e−(xn−xc)2/(2σ2), a Gaussian window of width σ (in units of the mean spacing) centred
at xc, and D is replaced by

∑
nw

2
n. The disconnected part is then ' 2

√
π σ e−(2πστ)2 ;

a sharp window would instead produce slowly decaying oscillations.
– Long times, τ � 1: the plateau. The terms with n 6= m in Eq. (6.293) oscillate

with incommensurate frequencies and average to zero, while the D diagonal terms
give exactly one each. Hence K → 1 for a spectrum without degeneracies, the
same reasoning that gave the diagonal ensemble in Eq. (6.317). The plateau is a
consequence of the discreteness of the spectrum.

– Intermediate times: the connected part. It is controlled by the two-level cluster
function Y2(s), which measures the correlations between two levels at distance s:

Kc(τ) = 1−
∫ ∞
−∞

ds Y2(s) e2πisτ . (6.295)

Poisson levels (integrable). If the levels are independent, 〈e−2πi(xn−xm)τ 〉 = |〈e−2πixτ 〉|2 for
n 6= m: only the disconnected part survives and Y2 = 0. Once the disconnected part has
decayed, the SFF is flat,

KPoisson(τ) = 1 , (6.296)

Fig. 6.4(a). The model used in the figure is a diagonal matrix with independent Gaussian
entries, the simplest “integrable” random matrix: its eigenvectors are the basis vectors
and the levels are uncorrelated, as in the Berry-Tabor conjecture.
Wigner-Dyson levels (chaotic). For the Gaussian ensembles the connected part is known
exactly (Mehta):

KGOE(τ) =

{
2τ − τ ln(1 + 2τ) , τ ≤ 1

2− τ ln
2τ + 1

2τ − 1
, τ > 1

KGUE(τ) =

{
τ , τ ≤ 1
1 , τ > 1

(6.297)
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6.2 Chaos and integrability in quantum systems

Between the disconnected part and the plateau the SFF of a chaotic spectrum shows
a linear ramp, K ' 2τ for the GOE and K = τ for the GUE. The resulting “dip-
ramp-plateau” shape, Fig. 6.4(b), is a hallmark of quantum chaos. The suppression of
K below one for τ < 1 is the time-domain counterpart of spectral rigidity: levels repel
at all distances, and the number variance grows only logarithmically. The linear ramp is
equivalent to the slow decay of the cluster function, Y2(s) ' 1/(π2s2) at large s (on average
over its oscillations; 1/(2π2s2) for the GUE), so the SFF at time τ probes correlations
between levels separated by s ∼ 1/τ mean spacings: the shorter the time, the further
apart the levels.

Semi-classical interpretation. For a quantum system whose classical limit is chaotic,
inserting the Gutzwiller trace formula, Eq. (6.284), in Eq. (6.293) expresses K(t) as a
double sum over periodic orbits

∑
p,p′ ApA

∗
p′e

i(Sp−Sp′ )/~. Berry’s diagonal approximation
keeps only pairs of identical orbits, p = p′, or, in time-reversal invariant systems, an
orbit and its time-reversed partner, whose actions are equal. Together with the Hannay-
Ozorio de Almeida sum rule for the density of long periodic orbits, it gives exactly K = τ
without and K = 2τ with time-reversal symmetry, the leading terms of Eq. (6.297). The
corrections (−τ ln(1 + 2τ) for the GOE) come from pairs of different orbits with almost
equal actions (Sieber and Richter, 2001). This provides a link between classical chaos and
the random matrix behaviour conjectured by Bohigas, Giannoni and Schmit.

Two practical remarks. (i) The SFF is not self-averaging: for a single realization, |Z|2
fluctuates by an amount of the order of its mean at all times τ & 1/σ (grey curves in
Fig. 6.4), so an average over realizations or over time is essential. (ii) In many-body
systems with local interactions the ramp does not start right after the dip but at a later
time, the Thouless time tTh, which for diffusive systems scales as L2/Ddiff with L the
linear size. Before tTh the SFF lies above the RMT ramp; after it, it follows Eq. (6.297).
In the MBL regime of Sec. 6.6 the ramp is absent and the SFF approaches the Poisson
behaviour.

Eigenvectors

What about the eigenvectors ψin (where n is the label that identifies them one by one
and i is the component)? They all should satisfy the normalization

∑
i |ψin|2 = 1 and they

are all random unit vectors. Indeed, the probability distribution of the Gaussian ensembles
is invariant under orthogonal (GOE), unitary (GUE) or symplectic (GSE) changes of basis,
Ĥ → ÔĤÔ−1. As a consequence, the matrix of eigenvectors is uniformly distributed (Haar
measure) over the corresponding group, independently of the eigenvalues: no direction in
Hilbert space is preferred, and each eigenvector is a uniformly random point on the unit
sphere. For large D the components behave as independent Gaussian variables with
variance 1/D, and the distribution of y = D|ψin|2 is the Porter-Thomas distribution

PGOE(y) =
e−y/2√

2πy
, PGUE(y) = e−y . (6.298)

A useful measure of the spreading of an eigenvector in a given basis is its inverse partic-
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Figure 6.4: Spectral form factor, Eq. (6.293), as a function of τ = t/tH , on logarithmic scales.
(a) Poisson levels: eigenvalues of diagonal 400× 400 matrices with independent Gaussian entries
(an integrable random matrix model). (b) GOE: 400 × 400 real symmetric Gaussian random
matrices (a chaotic model). In both cases the spectra were unfolded and weighted by a Gaussian
window centred in the middle of the spectrum, of width σ = 32 mean level spacings. Grey: a
single realization. Blue: average over 3000 realizations. Red dashed: the analytic results K = 1
for Poisson and Eq. (6.297) for the GOE. After the decay of the disconnected part, the Poisson
SFF is flat, while the GOE shows the dip-ramp-plateau structure, with the linear ramp K ' 2τ
reaching the plateau at the Heisenberg time tH (dotted vertical line).

ipation ratio IPRn =
∑

i |ψin|4, which equals 3/(D + 2) ' 3/D on average for the GOE,
and is of order one for a state localized on a few basis vectors. We will use it in Secs. 6.5
and 6.6.

There is quite a lot of recent work developed to study RMT controlled by some param-
eter which makes the model change from Poisson to Wigner distributions of level spacings.
These are the so-called Rosenzweig-Porter models. In their simplest version,

Ĥ = Ĥ0 +
1

Dγ/2
ĤGOE , (6.299)

where Ĥ0 is diagonal with independent random entries of order one (a “Poissonian”, local-
ized, model), ĤGOE a GOE matrix with entries of order one, and D the matrix size. For
γ < 1 the eigenstates are ergodic and the level statistics are GOE; for γ > 2 the eigen-
states are localized on the basis of Ĥ0 and the statistics are Poissonian; for 1 < γ < 2
the eigenstates are extended but occupy a number of basis states that scales as D2−γ,
a vanishing fraction of the D available ones (a non-ergodic extended, or fractal, phase),
while the level statistics on the scale of the mean level spacing are still GOE [129,130].

Exercise 6.3
Poisson spacings. N levels are placed independently and uniformly at random in [0, N ] (unit mean
spacing). (a) Show that, for N → ∞, the distance s from a given level to the next one is distributed
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6.3 Quantum integrability

as P (s) = e−s. (b) For three consecutive independent levels, with spacings s1 and s2, compute the
distribution of r = s2/s1 and the average of r̃ = min(r, 1/r).

Solution. (a) The probability that none of the other N−1 levels falls in an interval of length
s is (1 − s/N)N−1 → e−s; this is the cumulative probability of the spacing,

∫∞
s
P (s′)ds′,

so P (s) = e−s. Small spacings are the most probable: no level repulsion. (b) P (r) =∫∞
0
ds1 s1 e

−s1e−rs1 = 1/(1 + r)2. The distribution of r̃ ∈ [0, 1] is 2/(1 + r̃)2, and 〈r̃〉 =

2
∫ 1

0
dr r/(1 + r)2 = 2 ln 2− 1 ' 0.386, compared with ' 0.53 for GOE spectra.

6.3 Quantum integrability
Two problems can be identified if one wants to use either the RMT level statistics or

the existence of constants of motion as criteria to identify quantum integrable systems.
Concerning the level spacings, Poisson statistics is a strong indication but not a defini-

tion: some integrable systems have extra weight of s close to zero or even equally spaced
levels, like the quantum harmonic oscillator.

As regards the extension of Liouville’s requirement that there should be N operators
mutually commuting as well as with the Hamiltonian, the problem is that one can always
build such operators: the projectors onto the eigenstates, P̂n = |En〉〈En|, commute with
Ĥ and among themselves, and so does any function of Ĥ. There are as many of them as
the dimension D of the Hilbert space, for any Hamiltonian. The existence of commuting
operators is therefore not restrictive by itself.

The way out, in many-body systems, is to impose a locality condition. A quantum
many-body system (typically a lattice or a continuum model with N → ∞ degrees of
freedom) is called integrable if it possesses an extensive set of conserved operators Îk,
[Ĥ, Îk] = [Îk, Îl] = 0, each of which is a sum of local (or quasi-local) densities, Îk =∑

j ı̂k(j), with ı̂k(j) supported on a finite number of sites around j (or with exponentially
decaying tails). The projectors P̂n are highly non-local and do not qualify. Two families
should be distinguished:

– Non-interacting models, quadratic in creation and annihilation operators, or mapped
onto such models. The occupation numbers n̂k of the single-particle modes are
conserved (and their local combinations form the local charges). An important
example is the quantum Ising chain in a transverse field,

Ĥ = −J
∑
j

σ̂zj σ̂
z
j+1 − hx

∑
j

σ̂xj , (6.300)

which the Jordan-Wigner transformation maps onto free fermions (see App. for
the Pauli operators).

– Interacting integrable models, solvable by the Bethe ansatz, such as the XXZ spin
chain,

Ĥ = J
∑
j

(Ŝxj Ŝ
x
j+1 + Ŝyj Ŝ

y
j+1 + ∆Ŝzj Ŝ

z
j+1) , (6.301)
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6.3 Quantum integrability

or the Lieb-Liniger gas of bosons with contact interactions in one dimension. The
conserved charges are generated by a commuting family of transfer matrices, whose
commutation is guaranteed by the Yang-Baxter equation.

Generic perturbations destroy integrability. For instance, adding a longitudinal field
−hz

∑
j σ̂

z
j to the transverse field Ising chain, or a next-nearest-neighbour coupling to

the XXZ chain, makes the level statistics (within each symmetry sector) cross over from
Poisson to GOE.

Integrable systems, quantum or classical, do equilibrate in the sense described in the
introduction to this Section, but they keep memory of the initial values of all the local
conserved charges. Their stationary state is not described by the Gibbs ensemble but by
the Generalized Gibbs Ensemble (GGE) [131].

ρ̂GGE =
1

ZGGE

e−
∑
k λk Îk , Tr

(
ρ̂GGE Îk

)
= 〈ψ(0)|Îk|ψ(0)〉 , (6.302)

which maximizes the von Neumann entropy subject to the constraints imposed by all
the conserved charges. The Lagrange multipliers λk generalize β (which is associated
to Ĥ, one of the Îk). The absence of thermalization in a nearly integrable system of
one-dimensional bosons was observed in the “quantum Newton’s cradle” experiment of
Kinoshita et al [132].

6.3.1 Lyapunov exponents

If one wanted to generalize the definition (6.259) to quantum systems, one would need
to work with operators in the Heisenberg picture rather than with states. Indeed, nothing
spectacular can happen for a state (or wave function) which follows the linear Schrödinger
equation, as we have just discussed. The key observation is that the classical sensitivity
to initial conditions can be written as a Poisson bracket. Considering xi(t) as a function
of the initial conditions (~x(0), ~p(0)),

{xi(t), pj(0)} =
∑
k

(
∂xi(t)

∂xk(0)

∂pj(0)

∂pk(0)
− ∂xi(t)

∂pk(0)

∂pj(0)

∂xk(0)

)
=
∂xi(t)

∂xj(0)
= Mxixj(t) , (6.303)

an element of the tangent map, which grows as eλt in a chaotic system. Canonical quan-
tization replaces the Poisson bracket by [·, ·]/(i~), so that, semi-classically,

[x̂i(t), p̂j(0)] ' i~
∂xi(t)

∂xj(0)
∼ i~ eλt . (6.304)

The (quantum or thermal) expectation value of the commutator is not a good measure,
since ∂xi(t)/∂xj(0) has no definite sign and positive and negative contributions cancel.
One therefore uses the square,

C(t) = −〈[x̂i(t), p̂j(0)]2〉 ' ~2

〈(
∂xi(t)

∂xj(0)

)2
〉

cl

∼ ~2e2λt , (6.305)
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as first proposed by Larkin and Ovchinnikov [77]. (Strictly, the classical average of the
square of the tangent map grows with a generalized Lyapunov exponent that can be larger
than λ, since it is the average of an exponential and not the exponential of the average
of a logarithm.) The semi-classical growth (6.305) can only last while the commutator is
small compared to the typical classical scale, ~eλt � S, that is to say, up to the Ehrenfest
time (6.288).

Historically, the comparison between the two-time correlation functions of Heisenberg
operators and the corresponding classical correlators, in the quantum kicked rotor, showed
that they depart from each other after a relatively short time (Shepelyansky 1981, 1983).
In systems with a well defined classical counterpart, this short scale is the Ehrenfest
time (6.288), which grows only as ln(1/~).

Note the parallel between the classical and quantum crossovers. Classically, as integra-
bility is broken, phase space goes from foliated in tori, to mixed (KAM islands and chaotic
layers), to fully chaotic, and Lyapunov exponents become positive. Quantum mechani-
cally, level statistics go from Poisson to Wigner-Dyson, eigenvectors go from localized on
the eigenbasis of the integrable Hamiltonian to random-matrix like, and random-matrix
models such as the Rosenzweig-Porter one interpolate between the two limits. The analogy
is only qualitative: the Rosenzweig-Porter intermediate phase is not a quantum version
of a mixed phase space.

The squared commutator (6.305) is a particular case of the general object

C(t) = 〈[Ŵ (t), V̂ ]†[Ŵ (t), V̂ ]〉 , (6.306)

where Ŵ and V̂ are two operators (typically local, or few-body) and the average is taken
with the thermal density operator ρ̂β = e−βĤ/Z or, in systems with a finite local Hilbert
space, at infinite temperature, 〈· · · 〉 = Tr(· · · )/D. If Ŵ and V̂ are unitary (e.g. Pauli
operators), expanding the commutators yields

C(t) = 2 [1− ReF (t)] , F (t) = 〈Ŵ †(t) V̂ † Ŵ (t) V̂ 〉 . (6.307)

The terms 〈V̂ †Ŵ †(t)Ŵ (t)V̂ 〉 and 〈Ŵ †(t)V̂ †V̂ Ŵ (t)〉 are ordinary correlation functions
(equal to one for unitary operators). Instead, in F (t) the times are not ordered along
a single forward-backward path: writing Ŵ (t) = eiĤt/~Ŵe−iĤt/~, one sees that F (t) re-
quires evolving forward, backward, forward and backward again. This is why it is called
an out-of-time-order correlator (OTOC); its path integral representation requires a con-
tour with four branches instead of the two of the Keldysh closed time path used in Sec. 5.
The two contours are compared in Fig. 6.5.

It is instructive to compare C(t) with the linear response function of Eq. (3.234),
RWV (t) = (i/~)〈[Ŵ (t), V̂ ]〉θ(t). The response function is the average of the commutator,
which may be small because of cancellations even if the commutator, as an operator, is
large. C(t) is the average of its (positive) square, and it measures how much the operator
Ŵ (t) has spread and become sensitive to the perturbation V̂ . In a many-body system, if
Ŵ and V̂ act on different sites, C(0) = 0; under the Heisenberg evolution Ŵ (t) becomes
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V̂
Ŵ

t′0 t

(a) 〈Ŵ (t) V̂ 〉

V̂
Ŵ

V̂ †

Ŵ †

t′0 t

(b) F (t) = 〈Ŵ †(t) V̂ † Ŵ (t) V̂ 〉

Figure 6.5: Time contours needed to compute (a) an ordinary two-time correlation function
and (b) the out-of-time-order correlator F (t) of Eq. (6.307). Reading the operators from right
to left, as they act on the state: V̂ acts at time 0, the evolution goes forward to t where Ŵ acts,
and back to 0 (the factor Ŵ (t) = eiĤt/~Ŵe−iĤt/~). In F (t) this is followed by V̂ † at time 0 and
by a second forward and backward evolution around Ŵ †, hence the four branches instead of the
two of the Keldysh closed time path.

a complicated operator with support on a growing region (operator growth), and C(t)
becomes non-zero when this region reaches the site of V̂ . The process by which local
information becomes encoded in non-local, many-body operators, inaccessible to local
measurements, is called scrambling.

Two simple examples.
Consider a particle in a harmonic potential, Ĥ = p̂2/(2m) + mω2x̂2/2. Heisenberg’s equations give
x̂(t) = x̂ cosωt+ p̂ sinωt/(mω), so [x̂(t), p̂] = i~ cosωt is a c-number and

C(t) = −〈[x̂(t), p̂]2〉 = ~2 cos2 ωt , (6.308)

for any state: the OTOC oscillates and does not grow, as expected for an integrable system with no
instability.
Consider now the inverted oscillator, Ĥ = p̂2/(2m) −mΛ2x̂2/2. Now x̂(t) = x̂ cosh Λt + p̂ sinh Λt/(mΛ)
and

C(t) = ~2 cosh2 Λt ' ~2

4
e2Λt for Λt� 1 . (6.309)

The OTOC grows exponentially, with rate set by the instability Λ of the classical fixed point x = p = 0,
although a one-dimensional system is always integrable. The lesson is that exponential growth of the
OTOC signals a local dynamical instability, not necessarily chaos. Integrable many-body systems with
unstable saddle points in their classical limit (e.g. the Lipkin-Meshkov-Glick model) display exponential
OTOC growth [133, 134]. Exponential growth of C(t) alone is therefore not a sufficient criterion for
quantum chaos, and it should be complemented by the late-time behaviour (decay of F (t) to zero) and
by spectral and eigenstate diagnostics.

Generic behaviour. For chaotic systems with a semi-classical or a large-N limit (with N
the number of degrees of freedom per site, or the total number in all-to-all models such
as the Sachdev-Ye-Kitaev model [82,83]), one finds three regimes:
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6.4 Eigenstate Thermalization Hypothesis

– An early growth C(t) ∼ ε eλLt, where ε ∼ ~2 or 1/N is the small parameter and λL
defines the quantum Lyapunov exponent. (With the definition (6.305) the classical
correspondence is λL = 2λ; conventions vary in the literature.)

– A crossover at the scrambling time t∗ ' λ−1
L ln(1/ε), that is t∗ ∼ λ−1

L lnN in large-N
systems: the analogue of the Ehrenfest time.

– Saturation: for chaotic systems F (t) → 0 and C(t) → 2 in Eq. (6.307), up to
corrections that vanish with the system size. In integrable systems the late-time
value of F (t) is generally non-zero and F (t) may show revivals.

In spatially extended systems with local interactions, the commutator spreads ballistically
with the butterfly velocity vB, bounded by the Lieb-Robinson velocity [79], and, in large-
N models, C(x, t) ∼ ε eλL(t−|x|/vB). In spin chains with a small local Hilbert space there
is usually no clean exponential regime and the dynamics of C(x, t) is dominated by a
ballistically moving front that broadens in time, as found in random unitary circuits [36].

Maldacena, Shenker and Stanford [80] proved that, for a regularized thermal OTOC
(in which the factors of ρ̂β are split symmetrically between the operators, as in Sec. ), the
growth rate is bounded:

λL ≤
2πkBT

~
. (6.310)

The derivation relies on the analyticity of correlation functions in a strip of complex time
of width β~, the same property that underlies the KMS relations, Eq. (3.251). The bound
is saturated by black holes in Einstein gravity and by the SYK model at strong coupling.
Note that, as T → 0, it forbids exponential growth altogether: chaos, in this sense, is a
finite-temperature phenomenon.

Finally, OTOCs can be measured. Since F (t) involves backward evolution, experiments
use time-reversal protocols in which the sign of Ĥ is flipped, in the same spirit as the
Loschmidt echo. This was achieved with trapped ions and in NMR experiments [135–139].

6.4 Eigenstate Thermalization Hypothesis
Set a system in an energy eigenstate |En〉. Contrary to what happens in classical

evolution of an isolated system, a quantum one does not explore all of its Hilbert space.
It just stays in this one state, with the phase ticking over as e−iEnt/~|En〉. This suggests
that it is not just enough to time average to reproduce thermal behaviour.

Consider a “canonical” view in which S is some small subsystem, and the much larger
rest of the closed system will play a role similar to a reservoir and we call it the envi-
ronment. (One could work in real space but also in momentum space.) Take the initial
density operator of the whole system and calculate the quantum expectation value of Ĥ:

E = Tr(Ĥρ̂) (6.311)

The reduced density operator is
ρ̂red
S = Trenvρ̂ (6.312)
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and it evolves in time. Then, one can conjecture

lim
t→∞

ρ̂red
S (t) = Trenv ρ̂

micro(E) ' e−βĤS

ZS
(6.313)

where ρ̂micro(E) is the microcanonical density operator of the whole system, the uniform
mixture of all eigenstates with energies in a window [E − δE,E + δE]. The second,
approximate, equality holds when the coupling between S and the environment is weak
(a boundary term, for short-range interactions) and the environment is large; then the
usual argument of statistical mechanics (expanding the entropy of the environment) yields
the canonical distribution of S, with ĤS the Hamiltonian of S and the inverse temperature
fixed by the total energy through β = ∂Smicro(E)/∂E. The limit has to be understood
in a precise sense: the size of the environment is sent to infinity first, and then t → ∞;
for a finite system, the equality holds approximately for most times, and recurrences are
possible. This conjecture says that an isolated system acts as its own bath. Note that the
whole system remains in a pure state if it started in one: the reduced density operator
of S is mixed because of the entanglement between S and the environment, and its von
Neumann entropy becomes the thermodynamic entropy of S (it obeys a volume law, see
Sec. 2.3.1).

Imagine that the system is in a superposition of energy eigenstates with energies in the
interval E ± δE:

|ψ〉 =
∑
n

cn|En〉 (6.314)

with
∑

n |cn|2 = 1. The quantum average energy in this state is

E = 〈ψ|Ĥ|ψ〉 =
∑
nm

c∗mcn〈Em|Ĥ|En〉 =
∑
nm

c∗mcnEnδmn =
∑
n

|cn|2En (6.315)

The time dependence of the expectation value of an observable Ô reads

O(t) ≡ 〈ψ(t)|Ô|ψ(t)〉 =
∑
nm

c∗mcn〈Em|Ô|En〉ei(Em−En)t/~ (6.316)

with |ψ(t)〉 =
∑

n cne
−iEnt/~|En〉. Taking now a time average over a sufficiently long

period, the oscillatory terms should cancel out, and

O = lim
τ→∞

1

τ

∫ t+τ

t

dt′ O(t′) =
∑
n

|cn|2〈En|Ô|En〉 = Tr
(
ρ̂DE Ô

)
(6.317)

assuming that the energy levels are not degenerate. We introduced the diagonal ensemble
ρ̂DE =

∑
n |cn|2|En〉〈En|, which is the time average of ρ̂(t). The |cn|2 = 〈ψ|P̂n|ψ〉 are con-

served by the dynamics: they are the expectation values of the projectors P̂n discussed
in the paragraph on quantum integrability, and ρ̂DE is the maximum entropy state com-
patible with all of them. This is the expression that one would like to claim equals the
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microcanonical one, making a parallel with what is done classically. The problem is that
this expression depends in a non-trivial way on the coefficients cn and thus on the initial
state. Indeed, there could be many choices of cn giving the same E but different O which
would not correspond to equilibrium.

Equilibration. Before addressing the value of O, let us see under which conditions O(t)
remains close to O for most times. Assume that, in addition to the absence of degeneracies,
the spectrum has non-degenerate gaps: Em−En = Em′−En′ with m 6= n implies m = m′

and n = n′ (a mild condition, generically satisfied in the absence of fine tuning, but
violated by free systems). Then the temporal variance of Eq. (6.316) is

σ2
O ≡ (O(t)−O)2 =

∑
m6=n

|cm|2|cn|2|Omn|2 ≤ ||Ô||2
∑
n

|cn|4 =
||Ô||2

deff

, (6.318)

where ||Ô|| is the largest (in modulus) eigenvalue of Ô and we used the Cauchy-Schwarz
inequality in the form Tr(ρ̂DEÔρ̂DEÔ) ≤ ||Ô||2Tr ρ̂2

DE. The effective dimension deff =
1/
∑

n |cn|4 is the inverse participation ratio of the initial state in the energy eigenbasis:
roughly, the number of eigenstates that are significantly populated. For a many-body
system prepared, e.g., by a quantum quench (Sec. 2.4.8), the initial state has an extensive
energy variance and overlaps with a number of eigenstates that is exponentially large in
N , so that deff ∼ ecN . Then O(t) is extremely close to O for the overwhelming majority
of times, and the system equilibrates in this time-averaged sense [140, 141]. Remarkably,
this argument does not require chaos: it applies to integrable systems as well (provided
the non-degenerate gap condition holds), which equilibrate to the diagonal ensemble. The
bound says nothing about how long it takes to reach O (equilibration time-scales are a
much harder problem) nor about whether O is thermal.

A related result, called canonical typicality [142, 143]; the idea goes back to von Neu-
mann [144], states that for the overwhelming majority of pure states |ψ〉 drawn at ran-
dom (with the unitarily invariant measure) from the subspace of states with energy in
[E − δE,E + δE], the reduced density operator of a small subsystem is very close to
Trenvρ̂

micro(E). Thermal behaviour of subsystems is thus typical among pure states, the
quantum counterpart of Khinchin’s argument. However, the states reached by unitary
evolution from a simple initial condition are far from random, and typicality alone does
not tell whether the dynamics brings the system into the typical region. This is what the
ETH addresses.

The Eigenstate Thermalization Hypothesis (ETH) provides a way out and explains how
isolated closed quantum systems can thermalize under unitary time evolution without
violating quantum mechanics [145,146].

ETH posits that thermalization occurs at the level of individual energy eigenstates of
a chaotic quantum many-body Hamiltonian Ĥ. Instead of requiring ensemble averages
over many states, ETH claims that a single energy eigenstate |En〉 already acts as a
microcanonical ensemble for local physical observables Ô.

223



6.4 Eigenstate Thermalization Hypothesis

The hypothesis is that in the eigenbasis of the Hamiltonian Ĥ|En〉 = En|En〉, the matrix
elements of a local (or few-body) observable Onm = 〈En|Ô|Em〉 satisfy the Ansatz:

Onm = O(Ē)δnm + e−S(Ē)/2 fO(Ē, ω)Rnm (6.319)

where Ē = En+Em
2

is the average energy, and ~ω = En − Em is the energy difference.
O(Ē) is a smooth function equal to the microcanonical ensemble expectation value of
Ô at energy Ē. S(Ē) is the thermodynamic entropy at energy Ē, making the factor
e−S(Ē)/2 exponentially small in system size N . fO(Ē, ω) is a smooth spectral function
related to linear response and response functions. Rnm is a pseudo-random variable with
zero mean and unit variance (|Rnm|2 = 1); it is real and symmetric, Rnm = Rmn, for
time-reversal invariant systems (GOE class). Since Ô is Hermitian, Onm = O∗mn, which
implies |fO(Ē,−ω)| = |fO(Ē, ω)|.

The consequences of the equation above are:
– Diagonal elements (n = m): The expectation value 〈En|Ô|En〉 = O(En) +O(e−S/2)

varies smoothly with energy. Individual eigenstates with nearby energies yield ex-
pectation values that differ only by exponentially small amounts, and that are equal
to the microcanonical averages. Eigenstates themselves look thermal for local ob-
servables.

– Off-diagonal elements (n 6= m) are exponentially small in system size, and they
behave as random variables whose variance depends smoothly on Ē and ω.

The diagonal matrix elements are sketched in Fig. 6.6.
During the non-equilibrium time evolution |ψ(t)〉 =

∑
n cne

−iEnt/~|En〉, the cross terms
dephase.

Let us see how ETH solves the problem of the dependence on the cn identified above:

– Thermal time averages. Inserting Eq. (6.319) in Eq. (6.317) and expanding the
smooth function O(En) around E =

∑
n |cn|2En,

O =
∑
n

|cn|2O(En) +O(e−S/2) ' O(E) +
1

2
O′′(E) (δE)2 , (6.320)

with (δE)2 = 〈ψ|Ĥ2|ψ〉 −E2. For an intensive local observable O(E) = o(E/N), so
that O′′(E) = O(1/N2), while for initial states with short-range correlations (such
as those prepared by a global quench) (δE)2 = O(N). The correction is therefore
O(1/N) and O = 〈Ô〉micro(E) in the thermodynamic limit, independently of the
details of the cn: the infinitely many initial conditions with the same energy density
lead to the same, thermal, time average.

– Small temporal fluctuations. When the off-diagonal elements of the ETH Ansatz,
Eq. (6.319), are used in the expression of the temporal variance, Eq. (6.318), one
finds σ2

O ∼ e−S: after relaxation, O(t) stays exponentially close to its thermal value.
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En/N

〈En|Ô|En〉

O(E)

E ± δE

(a) chaotic
En/N

〈En|Ô|En〉

E ± δE

(b) integrable

Figure 6.6: Sketch of the expectation values of a local observable in the energy eigenstates, as
a function of the energy density. (a) In a chaotic system, as predicted by the ETH, Eq. (6.319),
they fall on a narrow band around the smooth microcanonical value O(E) (solid line), with
a width that decreases as e−S/2 with increasing system size: all eigenstates in a small energy
window (shaded) give the same, thermal, value and so does the diagonal ensemble, whatever the
cn. (b) In an integrable (or many-body localized) system, eigenstates with very close energies
can give very different values, the spread does not shrink exponentially with N , and the diagonal
ensemble depends on the initial state.

– Dynamics and fluctuation-dissipation theorem. The function fO controls the relax-
ation. Using Eq. (6.319) the connected autocorrelation function in an eigenstate
is

Cn(t) ≡ 〈En|Ô(t)Ô(0)|En〉 −O(En)2 =
∑
m6=n

|Onm|2e−i(Em−En)t/~

' ~
∫
dω eS(En+~ω)−S(En+~ω/2) |fO(En + ~ω/2, ω)|2 e−iωt (6.321)

where ~ω = Em−En and the sum overm was replaced by an integral with the density
of states eS(Em). Expanding the entropy, S(En +~ω)−S(En +~ω/2) ' β~ω/2 with
β = ∂S/∂E, and neglecting the ω dependence of the first argument of fO (which
gives 1/N corrections), the spectral density G̃OO(ω), defined as the coefficient of
e−iωt in the integrand, G̃OO(ω) ∝ eβ~ω/2|fO(En, ω)|2, satisfies

G̃OO(ω)

G̃OO(−ω)
= eβ~ω , (6.322)

which is the detailed balance relation, equivalent to the KMS condition (3.251) and
to the quantum fluctuation-dissipation theorem, Eq. (3.258). A single eigenstate
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6.4 Eigenstate Thermalization Hypothesis

thus satisfies the FDT, with the temperature fixed by its energy. Since fO(Ē, ω)
is smooth, |fO|2 also determines, for instance, the relaxation of O(t) after a small
quench.

– Connection with RMT. For energy differences ~|ω| smaller than a scale called the
Thouless energy (which, in diffusive systems, scales as ~Ddiff/L

2 with Ddiff the
diffusion constant), fO is approximately constant and the off-diagonal elements look
like those of a random matrix, as if the eigenvectors were random vectors (Porter-
Thomas statistics). At larger |ω| the structure of fO encodes the physical, non-
random, dynamics of the system. ETH can thus be seen as RMT supplemented by
locality and energy dependence. Srednicki’s original derivation of ETH was based
on Berry’s random wave conjecture for a gas of hard spheres.

One distinguishes the strong ETH, which requires Eq. (6.319) for all eigenstates in the
bulk of the spectrum, from the weak ETH, which requires it only for the overwhelming
majority of them. The weak version is satisfied even by some integrable systems, and it
is not sufficient to guarantee thermalization from all initial states, since a few atypical
eigenstates may dominate the dynamics of special initial states. ETH has been checked
numerically, by exact diagonalization, in many lattice models such as spin chains with
integrability breaking perturbations and hard-core bosons (Rigol, Dunjko and Olshanii,
2008). It is a hypothesis, not a theorem, and no general proof is known.

Systems that violate ETH fail to thermalize. Key examples include integrable systems
(which possess an extensive number of local or quasi-local conserved quantities, and relax
to the GGE, Eq. (6.302)) and Many-Body Localized (MBL) systems (due to strong dis-
order, see Sec. 6.6). Other, more recently discovered, examples are systems with quantum
many-body scars [147,148], a small set of non-thermal eigenstates embedded in an other-
wise thermal spectrum (strong ETH is violated, weak ETH is not). They were identified
after experiments with chains of Rydberg atoms [149] showed persistent revivals when
the system was prepared in a special Néel-like state, while other initial states thermalized
quickly. Another mechanism is Hilbert space fragmentation [150, 151], which occurs in
models with dynamical constraints in which the Hilbert space splits into exponentially
many disconnected sectors that are not labelled by conventional symmetries. Finally, in
nearly integrable systems ETH may only be reached after very long times, and the sys-
tem remains for a long period in a prethermal state, described by a GGE built with the
approximately conserved charges.

6.4.1 Systems with no classical limit

Many systems of current interest, such as chains of spins 1/2, qubit arrays or fermionic
lattice models, have no natural ~ → 0 limit: the local Hilbert space is finite and there
is no classical phase space to speak of. The semi-classical tools (EBK and Gutzwiller
quantization, Wigner functions, Ehrenfest time) cannot be applied directly. The role of
the semi-classical limit is then played by the thermodynamic limit N →∞, and the useful
diagnostics are those that do not rely on a classical counterpart:
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6.5 Anderson Localization

– spectral statistics, Poisson versus Wigner-Dyson, measured for instance through 〈r〉,
Eq. (6.292), within a symmetry sector;

– eigenstate properties: ETH, Eq. (6.319), and the entanglement entropy of eigen-
states, which follows a volume law with the thermal entropy density in the chaotic
case;

– dynamical properties: relaxation of local observables to thermal values, entangle-
ment growth after a quench, and OTOCs of Pauli operators at infinite temperature.

A standard example is the mixed-field Ising chain

Ĥ = J
∑
j

σ̂zj σ̂
z
j+1 + hx

∑
j

σ̂xj + hz
∑
j

σ̂zj , (6.323)

which is integrable (free fermions) for hz = 0 or hx = 0, and robustly chaotic, with GOE
level statistics and ETH, for generic values of both fields (a frequently used choice is
J = 1, hx = 1.05, hz = 0.5). For collective models built from N spins 1/2 with all-to-all
interactions (the Dicke and Lipkin-Meshkov-Glick models, or the kicked top), the total
spin S = N/2 is large, 1/S plays the role of an effective ~, and the semi-classical tools
can be used again.

6.5 Anderson Localization
In 1958 P. W. Anderson showed that a quantum particle moving in a sufficiently dis-

ordered lattice can remain localized forever close to its initial position, even if classically
it would diffuse [152]. This is the simplest example of a quantum system that does not
thermalize, and it is a single-particle interference effect. A thorough review is [40].

6.5.1 The Anderson model

Consider a particle hopping between nearest neighbours 〈ij〉 of a d-dimensional hyper-
cubic lattice with random on-site energies,

Ĥ = −t
∑
〈ij〉

(
ĉ†i ĉj + ĉ†j ĉi

)
+
∑
i

εi ĉ
†
i ĉi , (6.324)

with the εi independent random variables, usually uniformly distributed in [−W/2,W/2].
Without disorder (W = 0), the eigenstates are Bloch waves, extended over the whole
sample, with energies E~k = −2t

∑d
a=1 cos ka in the band [−2dt, 2dt]. With disorder, the

eigenstates ψn(~r) = 〈~r|En〉 can be
– extended, with |ψn(~r)|2 ∼ L−d spread over the whole sample of linear size L, or
– localized, with |ψn(~r)| ∼ e−|~r−~rn|/ξ around a centre ~rn, where ξ is the localization
length.

When both types coexist at different energies, they are separated by mobility edges Ec:
states are localized in the tails of the band and extended in its centre. See Fig. 6.7.
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i

W/2

−W/2

εi

(a)

i

|ψn(i)|2

(b) extended

i

ξ

|ψn(i)|2 ∝ e−2|i−in|/ξ

(c) localized

E

ρ(E)

−Ec Ec

extended

localized localized

(d)

Figure 6.7: The Anderson model. (a) A realization of the random on-site energies εi, uniformly
distributed in [−W/2,W/2], on a chain. (b) An extended eigenstate, spread over the whole
sample. (c) A localized eigenstate, exponentially decaying away from its centre in over the
localization length ξ (the dashed line is the envelope). (d) Sketch of the density of states of a
disordered system in d = 3: the states in the tails of the band are localized and those in its
centre are extended, the two being separated by the mobility edges ±Ec. In d = 1 all states are
localized.

Strong disorder: why localization

For W � t the eigenstates are, to lowest order, the site states |i〉 with energies εi. In
perturbation theory in t the state |i〉 acquires an admixture t/(εi−εj) of the neighbouring
state |j〉. The expansion is controlled unless the two sites are resonant, |εi − εj| . t,
which happens with probability ∼ t/W . At large W resonances are rare and form only
finite clusters that do not percolate through the lattice: eigenstates remain exponentially
localized. Anderson realized that one must consider the full probability distribution of
quantities like the self-energy, and not only their average: the typical value of the escape
rate of a particle from a site vanishes in the localized phase while its average is domi-
nated by rare resonances. As W/t decreases resonances proliferate and, depending on the
dimension, the eigenstates may become extended.

One dimension: transfer matrices and Lyapunov exponents

In d = 1 the eigenvalue equation −t(ψn+1 + ψn−1) + εnψn = Eψn can be written as(
ψn+1

ψn

)
= Tn

(
ψn
ψn−1

)
, Tn =

(
(εn − E)/t −1

1 0

)
. (6.325)

The wave function at site L is obtained by applying the product of random matrices
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TL · · ·T1 to the initial data. Furstenberg’s theorem implies that, for any non-trivial
disorder distribution, the norm of the product grows exponentially, ||TL · · ·T1|| ∼ eγ(E)L,
with a positive Lyapunov exponent γ(E) that is self-averaging. Since detTn = 1, the two
exponents of the product are ±γ, just like the symplectic pairs of the classical Lyapunov
spectrum. A generic solution grows exponentially in both directions, and normalizable
eigenfunctions exist only at the energies at which the solution decaying on the left matches
the one decaying on the right: they are localized, with ξ(E) = 1/γ(E). In one dimension
all states are localized for arbitrarily weak uncorrelated disorder. For weak disorder,
perturbation theory gives (Thouless)

1

ξ(E)
' 〈ε2〉

2(4t2 − E2)
=

W 2

24(4t2 − E2)
, (6.326)

that is ξ ' 96 t2/W 2 in the band centre (a careful treatment of the band centre anomaly
gives 105 t2/W 2, Kappus and Wegner, 1981). The localization length can be much larger
than the lattice spacing, and a finite sample with L� ξ behaves as if it were clean.

Scaling theory and the role of dimensionality

Abrahams, Anderson, Licciardello and Ramakrishnan (1979) argued that the dimen-
sionless conductance g(L) = G(L)/(e2/h) of a hypercube of size L is the only relevant
parameter and that it obeys a one-parameter scaling equation

β(g) =
d ln g

d lnL
. (6.327)

In a good metal Ohm’s law gives G = σLd−2, so β → d − 2 for g � 1. In an insulator
g ∼ e−L/ξ and β ' ln g → −∞ for g � 1. Assuming β(g) continuous and monotonic, one
concludes that:

– for d ≤ 2, β(g) < 0 for all g: the conductance always decreases with size and all
states are localized (in d = 2 the first correction is β(g) ' −a/g with a > 0, an
effect of quantum interference called weak localization, and ξ is exponentially large
at weak disorder). This holds in the orthogonal class (time-reversal invariant, no
spin-orbit coupling); the symmetry class matters, as in RMT.

– for d = 3, β(g) changes sign at a critical gc: there is a continuous Anderson (metal-
insulator) transition. For the model (6.324) in the band centre it occurs at Wc '
16.5 t. At the transition the eigenstates are multifractal.

Diagnostics and dynamics

The diagnostics introduced in Sec. 6.2 distinguish the two phases:

– The inverse participation ratio IPRn =
∑

~r |ψn(~r)|4 scales as L−d for extended states,
it is independent of L, of order ξ−d, for localized states, and it scales as L−D2 with
0 < D2 < d at the transition (multifractality).
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– The level statistics are Wigner-Dyson (GOE) in the metallic phase, on energy scales
smaller than the Thouless energy, and Poisson in the localized phase: localized states
far apart in space have exponentially small overlaps and their energies are uncorre-
lated. At the transition one finds a third, scale invariant, intermediate statistics.

– Dynamics: a particle released at ~r0 spreads diffusively in the metal, 〈|~r(t)− ~r0|2〉 '
2dDdifft, while in the localized phase the spreading stops at a distance of order ξ.
The time-averaged probability to be found at the initial site is, using Eq. (6.317),

P (~r0, t) =
∑
n

|ψn(~r0)|4 , (6.328)

which is of order L−d (it vanishes for L → ∞) in the metal and remains finite in
the insulator. In the language of Eq. (6.318), localization means that a local initial
state overlaps with a finite number deff of eigenstates, even in an infinite system:
memory of the initial condition persists forever, and the DC conductivity vanishes
at zero temperature.

Quasi-periodic potentials and dynamical localization

Localization does not require randomness. In the Aubry-André model the on-site en-
ergies in Eq. (6.324) in d = 1 are replaced by εn = λ cos(2παn + φ) with α irrational
(e.g. the inverse golden ratio). A Fourier transformation maps the model onto itself with
λ↔ 2t (self-duality). As a consequence, all states are extended for λ < 2t and all states
are localized for λ > 2t, with an energy-independent localization length ξ = 1/ ln(λ/2t):
a localization transition in one dimension, without mobility edge.

Localization in momentum space also explains the dynamical localization of the quan-
tum kicked rotor mentioned in Sec. 6.2: Fishman, Grempel and Prange (1982) mapped
its Floquet eigenvalue problem onto a one-dimensional Anderson model on the lattice of
angular momentum states, with pseudo-random on-site energies. The classically chaotic
diffusion in momentum is thus suppressed by the same interference mechanism.

Anderson localization of matter waves was directly observed with cold atoms released in
one-dimensional disordered (speckle) and quasi-periodic (Aubry-André) optical potentials
(Billy et al., 2008; Roati et al., 2008), and dynamical localization with cold atoms in pulsed
optical lattices (Moore et al., 1995).

Many non-interacting particles

For non-interacting fermions in the Anderson model the many-body eigenstates are
Slater determinants of the single-particle orbitals and are labelled by the occupation
numbers n̂α of the orbitals. In the localized phase, each n̂α is a conserved operator
localized around the centre of the orbital α: the system has an extensive set of local
integrals of motion, it is “integrable” in the sense of Sec. 6.2, it does not thermalize, and its
eigenstates have area-law entanglement (see Sec. 2.3.1). Real particles interact, though,
and interactions allow for the exchange of energy between localized orbitals. Whether
localization survives interactions is the subject of the next subsection.
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Exercise 6.4
The disordered dimer. A particle hops between two sites with energies ε1 and ε2, Ĥ =

[
ε1 −t
−t ε2

]
, with

∆ = ε1− ε2. (a) Compute the eigenvalues and the weight |ψ(1)|2 of the lower eigenstate on site 1, and its
inverse participation ratio IPR =

∑
i |ψ(i)|4. Discuss |∆| � t and |∆| � t. (b) If ε1,2 are independent and

uniform in [−W/2,W/2], with W � t, what is the probability that the two sites are resonant, |∆| < t?
(c) A particle starts on site 1. What is the time-averaged probability to find it on site 1?

Solution. (a) E± = (ε1 + ε2)/2± 1
2

√
∆2 + 4t2. For the lower state,

|ψ(1)|2 =
1

2

(
1− ∆√

∆2 + 4t2

)
, IPR =

1

2

(
1 +

∆2

∆2 + 4t2

)
.

For |∆| � t the state is delocalized on both sites, |ψ(1)|2 ' 1/2 and IPR ' 1/2. For |∆| � t
it is localized on the lower site, with an admixture of order (t/∆)2 of the other one, and
IPR ' 1. (b) ∆ has a triangular distribution on [−W,W ], and P (|∆| < t) = 1−(1−t/W )2 '
2t/W : resonances are rare for strong disorder. (c) P1 =

∑
± |ψ±(1)|4 = IPR, which is 1/2

(equal sharing) at resonance and close to 1 off resonance: the particle remembers where
it started. In an infinite lattice the same mechanism, with rare resonances that do not
percolate, produces Anderson localization.

6.6 Many-body localization
In a non-interacting localized system a particle cannot hop to a distant site because it

cannot find a state with the same energy nearby. In an interacting system at finite en-
ergy density, the other particles could act as a bath and provide (or absorb) the missing
energy, allowing for phonon-free, interaction-assisted hopping and eventually thermaliza-
tion. Basko, Aleiner and Altshuler [153], and Gornyi, Mirlin and Polyakov [154], showed in
perturbation theory to all orders that this does not happen for sufficiently strong disorder
and weak interactions: localization survives, even at finite temperature, a phenomenon
called many-body localization (MBL). Reviews are [37–39]. Note that this conclusion as-
sumes that the system is not coupled to an external bath (phonons): MBL is a property
of isolated systems.

The random field Heisenberg chain

The model most studied numerically is the spin 1/2 Heisenberg chain in a random field,

Ĥ = J
∑
i

(
Ŝxi Ŝ

x
i+1 + Ŝyi Ŝ

y
i+1 + ∆ Ŝzi Ŝ

z
i+1

)
+
∑
i

hiŜ
z
i , (6.329)

with hi independent and uniformly distributed in [−h, h], usually with ∆ = 1. Through
the Jordan-Wigner transformation it is equivalent to spinless fermions hopping on a chain
with a random potential and nearest-neighbour interactions of strength J∆; for ∆ = 0 it
reduces to the one-dimensional Anderson model. The total magnetization

∑
i Ŝ

z
i is con-

served and the level statistics are studied within one of its sectors. Exact diagonalization
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of chains with up to L ' 22 spins [128, 155, 156] shows, for eigenstates in the middle of
the spectrum (infinite temperature):

– for weak disorder, h < hc, GOE level statistics (〈r〉 ' 0.53), eigenstates satisfying
ETH with volume-law entanglement, and thermalization;

– for strong disorder, h > hc, Poisson statistics (〈r〉 ' 0.39), eigenstates violating
ETH, area-law entanglement and absence of thermalization,

with an apparent transition at hc ' 3.5− 4 J for these system sizes. The critical disorder
depends on the energy density, so there can be many-body mobility edges.

Phenomenology: local integrals of motion

Deep in the MBL phase the properties of the system are captured by the existence of
an extensive set of local integrals of motion (LIOMs), also called l-bits [157,158]. There is
a quasi-local unitary transformation Û that diagonalizes Ĥ and maps the physical spins
σ̂zi (p-bits) onto dressed spins τ̂ zi = Û σ̂zi Û

†, which have a finite overlap with σ̂zi and
exponentially decaying tails. They commute with Ĥ and among themselves, and

Ĥ =
∑
i

h̃i τ̂
z
i +

∑
i<j

Jij τ̂
z
i τ̂

z
j +

∑
i<j<k

Jijk τ̂
z
i τ̂

z
j τ̂

z
k + . . . , Jij ∼ J0 e

−|i−j|/κ , (6.330)

with all the couplings decaying exponentially with the distance between the sites involved.
The MBL phase is thus an example of emergent integrability: the local conserved charges
are not those of a Bethe ansatz solvable model but are generated by disorder. Several
properties follow from Eq. (6.330):

– Each eigenstate is labelled by a configuration of the l-bits, τ zi = ±1. Eigenstates
are therefore weakly entangled, quasi-local deformations of product states, and they
have area-law entanglement at all energy densities, in contrast with the volume law
of ETH eigenstates.

– The energies are sums of many nearly independent contributions and neighbour-
ing levels correspond to very different l-bit configurations: the level statistics are
Poissonian.

– Memory of the initial state: since 〈τ̂ zi 〉 is conserved and τ̂ zi overlaps with σ̂zi , local
magnetizations (or densities) never relax to their thermal values. This was observed
with interacting fermions in a quasi-periodic optical lattice by Schreiber et al. [159]:
the population imbalance between even and odd sites of an initial charge-density-
wave state, which decays to zero in the ergodic regime, saturates to a non-zero value
for strong enough disorder.

– There is no transport of energy or particles, even at infinite temperature: the DC
conductivities vanish.

Logarithmic growth of entanglement

Although particles do not move, interactions have an important dynamical consequence
that distinguishes MBL from Anderson localization. Take an initial product state in
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which the l-bits are in superpositions of τ z = ±1. Without interactions (Jij = 0) each
l-bit only precesses with its own frequency h̃i, and the entanglement entropy of half of the
chain saturates after a short time to an area-law value. With interactions, the precession
frequency of l-bit i depends on the state of l-bit j, through Jij. The two become entangled
(their relative phase becomes undetermined) after a time tij ∼ ~/Jij ∼ (~/J0)e|i−j|/κ. At
time t, all pairs of l-bits closer than

r(t) ' κ ln(J0t/~) (6.331)

have become entangled, and the entanglement entropy of a half chain grows as

Sent(t) ∼ s κ ln(J0t/~) , (6.332)

with s a constant that depends on the initial state, until it saturates to a value that scales
with the volume but is smaller than the thermal one (it is given by the diagonal ensemble).
This slow, logarithmic, spreading of entanglement without transport of particles or energy
was first observed numerically [160, 161], and it should be contrasted with the linear
growth, Sent(t) ∝ t, of ergodic systems. Similarly, OTOCs spread only logarithmically in
MBL systems: the “light cone” is replaced by |x| ∼ κ ln t.

Stability and open questions

Whether MBL is a stable phase of matter in the thermodynamic limit is still debated.
In dimension d > 1, and for systems with long-range interactions, rare regions of weak
disorder, which are locally thermal, are expected to act as small baths that progressively
thermalize their surroundings and trigger an “avalanche” that destroys localization [162].
In one dimension, the drift of the apparent hc with system size and the extremely slow
dynamics observed near the crossover led some authors to argue that the system eventually
thermalizes for any disorder strength [163], while others argue that a true MBL phase
exists but at much stronger disorder than estimated by exact diagonalization. What
is not under discussion is that, for strong disorder, there is a regime in which the l-
bit phenomenology describes the dynamics up to extremely long times, which are those
accessible in experiments with cold atoms, trapped ions and superconducting qubits.

MBL is also important for driven systems. Periodically driven (Floquet) ergodic sys-
tems absorb energy and heat up to infinite temperature, while MBL can prevent this
heating. This allows for non-equilibrium phases of matter that cannot exist in equilib-
rium, such as discrete time crystals, in which local observables oscillate with a period that
is a multiple of the drive period.

Summary

The following table summarizes the behaviour of isolated quantum many-body systems
discussed in this Section:

233



6.6 Many-body localization

Ergodic (ETH) Integrable MBL
Level statistics Wigner-Dyson Poisson Poisson
Stationary state Gibbs GGE memory of local ini-

tial state
Eigenstate entangle-
ment

volume law volume law (typi-
cally)

area law

Entanglement growth
after quench

∝ t ∝ t ∝ ln t

Local conserved quanti-
ties

Ĥ (and symme-
tries)

extensive, exact extensive, emergent
(l-bits)

Transport diffusive ballistic absent

The transport entry refers to generic cases: integrable systems may also display diffusive
or superdiffusive transport of some quantities (for instance, the spin in the isotropic
Heisenberg chain).

Exercise 6.5
Dephasing without transport. Two “l-bits” (localized pseudo-spins) have Ĥ = h1τ̂

z
1 + h2τ̂

z
2 + Jτ̂z1 τ̂

z
2 and

start in |+〉 ⊗ |+〉 (eigenstates of τ̂x). (a) Show that 〈τ̂zi (t)〉 is constant. (b) Compute 〈τ̂x1 (t)〉. (c) Relate
the time scale found in (b) to the logarithmic growth of entanglement derived in the text for a chain of
l-bits.

Solution. (a) All τ̂zi commute with Ĥ: they are local integrals of motion and there is
no transport of magnetization. (b) The l-bit 1 precesses in the effective field h1 + Jτz2 ,
which takes the values h1 ± J with probability 1/2. Then 〈τ̂x1 (t)〉 = 1

2 [cos 2(h1 + J)t/~ +
cos 2(h1−J)t/~] = cos(2h1t/~) cos(2Jt/~): the interaction modulates the precession on the
time scale ~/J , and the two l-bits become entangled, as in the exercise of Sec. 2.4.7. (c) The
modulation of the precession of l-bit 1 by l-bit 2 appears after a time ~/J . For two l-bits
at distance r in a chain, J → Jij = J0e

−r/κ and the time becomes (~/J0)er/κ: inverting it
gives the distance r(t) ' κ ln(J0t/~) over which l-bits are entangled at time t, and hence
the logarithmic growth of the entanglement entropy discussed in the text.
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A. Pauli operators

A Pauli operators
We recall here definitions and properties of the spin 1/2 operators.

A.1 The spin 1/2

The spin (angular momentum) is a quantum observable, which in three-dimensional
Euclidean space is represented by a three component operator ~̂S = (Ŝx, Ŝy, Ŝz). The
states are represented by two component spinors.

The commutation relation of spin 1/2 operators are

[Ŝai , Ŝ
b
j ] = i~εabcŜci δij , (A.1.1)

with Latin indices taking values 1, 2, 3 and corresponding to x, y, z. We stress that spin
operators acting on different sites commute.

The spin 1/2 operators have eigenvalues ±~/2. For instance,

Ŝz | ↑ 〉 =
~
2
| ↑ 〉 Ŝz | ↓ 〉 = −~

2
| ↓ 〉 , (A.1.2)

and see the Pauli subsection to identify the eigenvectors of the other two operators, Ŝx,
and Ŝy. The states | ↑ 〉 and | ↓ 〉 are also represented as |+〉 and |−〉. In the main text
we use the notation |0〉 and |1〉, respectively, for up and down.

The Hilbert space of a single spin is two-dimensional: for instance a basis is {| ↑ 〉, | ↓ 〉},
the two eigenstates of Ŝz.

Raising and lowering, or ladder operators are defined as

Ŝ+
i = Ŝxi + iŜyi Ŝ−i = Ŝxi − iŜ

y
i (A.1.3)

and act on the up and down state as

Ŝ+
i |−〉 = |+〉 Ŝ−i |+〉 = |−〉
Ŝ+
i |+〉 = 0 Ŝ−i |−〉 = 0

(A.1.4)

Exercise A.6 Show that
{Ŝ+

i , Ŝ
−
j } = δij (A.1.5)

with { , } the anti-commutator.

Equations (A.1.4) are thus similar to the action of creation and annihilation spinless
fermionic operators

ĉ†i |0〉 = |1〉 ĉi|1〉 = |0〉
ĉ†i |1〉 = 0 ĉi|0〉 = 0

(A.1.6)

235



A.2 The Pauli matrices

On different sites the spin operators commute and are then different from fermion opera-
tors.

A.2 The Pauli matrices
The spin operators are often represented by 2×2 complex Pauli matrices and the states

by two row columnar vectors. These matrices are labeled with numbers or directions,
σ1 = σx, σ2 = σy, σ3 = σz, with

σx =

[
0 1
1 0

]
σy =

[
0 −i
i 0

]
σz =

[
1 0
0 −1

]
(A.2.7)

In this representation ŝa = ~/2σa. We list below a number of important properties.

• They are Hermitian (σa)† = σa, for a = 1, 2, 3, with the † operation consisting in
the combination of a transposition and complex conjugate operation.

• Together with the identity matrix I (sometimes noted σ0) the Pauli matrices form a
basis for the real vector space of 2× 2 Hermitian matrices: any such matrix can be
written in a unique way as a linear combination of them, with all coefficients being
real numbers.

• Their inverses equal themselves, as they square to the identity, (σa)2 = I.

• They are unitary, (σa)†σa = σa(σa)† = I. This follows from (σa)2 = I for a = 1, 3
the real ones and (σ2)† = (σ2) and (σ2)2 = I for the one with imaginary entries.

• Their traces vanish, Tr σa = 0 and their determinants are all equal, detσa = −1,
for a = 1, 2, 3.

• Consequently, their eigenvalues are ±1.

• Their normalized eigenvectors are

σz : | ↑ 〉 ≡
(

1
0

)
| ↓ 〉 ≡

(
0
1

)
(A.2.8)

σy :
1√
2

(
1
i

)
1√
2

(
1
−i

)
(A.2.9)

σx :
1√
2

(
1
1

)
1√
2

(
1
−1

)
(A.2.10)

respectively.

• Their commutation relations are

[σa, σb] = 2iεabcσ
c (A.2.11)

with εabc the Levi-Civita symbol, ε123 = ε231 = ε312 = 1, ε132 = ε321 = ε213 = −1,
and zero in all cases in which two indices are equal.
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B. The matrix element

• They anti-commute: {σa, σb} = 2δabI.

• One readily checks σaσb = δab + iεabcσc.

• σx | ↑ 〉 =

(
0
1

)
= | ↓ 〉 and σx | ↓ 〉 =

(
1
0

)
= | ↑ 〉.

• σy | ↑ 〉 =

(
0
i

)
= i | ↓ 〉 and σy | ↓ 〉 =

(
−i

0

)
= −i | ↑ 〉.

B The matrix element
Let us start recalling a number of basic properties of quantum mechanics.
The combination of exponentials of non-commuting operators is given by the Baker-

Campbell-Hausdorff formula

eÂ eB̂ = eÂ+B̂+ 1
2

[Â,B̂]+... , (B.1)

where higher-order repeated commutators are shown by the dots.
The Trotter product formula applies to arbitrary n× n complex matrices or operators

and it reads
ei(Â+B̂) = lim

N→∞
(eiÂ/NeiB̂/N)N (B.2)

At least formally, the evolution operator Û(t, 0) = e−iĤt/~ can be expressed in terms of
the eigenstates |n〉 of Ĥ, Ĥ|n〉 = En|n〉,

Û(t, 0) = e−iĤt/~ =
∑
n

|n〉〈n|e−iEnt/~ . (B.3)

In the |x〉 basis,

〈x|Û(t, 0)|x′〉 =
∑
n

〈x|n〉〈n|x′〉e−iEnt/~ =
∑
n

ψn(x)ψ∗n(x′)e−iEnt/~ . (B.4)

One can check that U(x′, t;x, 0)→ δ(x− x′) for t→ 0.

Exercise B.1 Use the fact that for a free particle of massm, the states |n〉 are just plane wave momentum
states, and take the continuum limit of the sum over n (which becomes an integral over momenta) to show
U(x, t;x′, 0) = (m/2πi~t)1/2 exp[im(x− x′)2/(2~t)]. In this case it is clear that U(x′, t;x, 0)→ δ(x− x′)
for t→ 0.

– Take an orthonormal complete basis of eigenstates, |x〉, of the position operator, x̂,
that is x̂|x〉 = x|x〉, with 〈x′|x〉 = δ(x− x′).
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B. The matrix element

– Fourier transform each of these states,

|p〉 =

∫
dx√
2π~

eixp/~ |x〉 , (B.5)

and build another orthonormal complete basis of eigenstates, now of the momentum
operator, p̂|p〉 = p|p〉. Indeed,

〈p′|p〉 =
1

2π~

∫
dx

∫
dy eipx/~e−ip′y/~ 〈y|x〉

=
1

2π~

∫
dx

∫
dy eipx/~e−ip′y/~ δ(y − x)

=
1

2π~

∫
dx ei(p−p′)x/~

= δ(p− p′) . (B.6)

With these normalisations, two resolutions of the identity are

1 =

∫
dx |x〉〈x| =

∫
dp |p〉〈p| . (B.7)

Because of the orthonormality of the elements |x〉, the bra-kets

〈x|p〉 =
eixp/~
√

2π~
(B.8)

are plane waves. (As usual with Fourier transforms, there is some liberty in the placement
of the 2π~ factor. We use this convention.)

In the rewriting of the finite time evolution function we encounter factors which are
matrix elements of the kind

U(xk+1, tk+1;xk, tk) = 〈xk+1|e−i Ĥ δt
~ |xk〉 . (B.9)

This infinitesimal evolution operator can be factorised over the time-interval δt → 0,
since one can neglect the non-commutativity of the kinetic and potential energy terms
(the higher order terms are proportional to higher powers of δt, which is infinitesimal5),
and use Trotter’s formula:

e−iĤ δt
~ ≈ e−i p̂

2

2m
δt
~ e−iV (x̂) δt~ . (B.10)

Then,
U(xk+1, tk+1;xk, tk) = e−iV (xk) δt~ 〈xk+1|e−i p̂

2

2m
δt
~ |xk〉 , (B.11)

5While all this is fine for finite-dimensional matrices with finite matrix elements, it can be more
delicate for operators in Hilbert space which could have large or even singular matrix elements. Still, we
follow this route and neglect higher order terms in all the non-pathological cases we will deal with here.
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C. Stationary phase approximation

where the operator V (x̂) acting on the right ket gave rise to the function V evaluated at
the eigenvalue xk. The remaining factor is the free-particle propagator. Inserting now the
identity

I =

∫
dpk |pk〉〈pk| (B.12)

we have

U(xk+1, tk+1;xk, tk) = e−iV (xk) δt~

∫
dpk 〈xk+1|e−i p̂

2

2m
δt
~ |pk〉 〈pk|xk〉

= e−iV (xk) δt~

∫
dpk e

−i
p2k
2m

δt
~ 〈xk+1|pk〉 〈pk|xk〉 (B.13)

Using now that the free-particle wave function is

〈pk|xk〉 =
1√
2π~

e−
i
~ pkxk (B.14)

we have

U(xk+1, tk+1;xk, tk) =

∫
dpk
2π~

e−i
p2k
2m

δt
~ e

ipk

(
xk+1−xk

δt

)
δt
~ e−iV (xk) δt~ . (B.15)

(We note that one cannot evaluate this result from a Taylor series expansion in powers of
δt of the exponential of the kinetic energy operator, the result is singular in the δt → 0
limit.) The sign of the linear term in pk in the exponential can be changed to minus, after
a change of variables pk → −pk. If one now performs the integral over the momentum pk

U(xk+1, tk+1;xk, tk) =

(
−im

2πδt~

)1/2

e
i m

2

(
xk+1−xk

δt

)2
δt
~ −iV (xk) δt~ . (B.16)

The prefactor is included in the integral measure and no longer written.

C Stationary phase approximation
The stationary phase approximation extends the steepest descent of Laplace method

to integrals of rapidly varying imaginary exponentials. The idea is that sinusoids with
rapidly varying phase cancel under the sum over all of them.

Calling ~ the small parameter, when a function f of a single real variable x has only
one extreme x∗, f ′(x∗) = 0, the formula is

lim
“~�f(x)”

∫
dx eif(x)/~ = eif(x∗)/~ eiπ/4 signf ′′(x∗)

(
2π~
|f ′′(x∗)|

)1/2

(C.1)

The idea to prove this equation is the same as for the usual steepest descent of saddle-
point approximation. One expands the function in the exponential to second order in the
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D. Some subjects for final exam

distance from its extreme x∗:

f(x) = f(x∗) + f ′(x∗)(x− x∗) +
1

2
f ′′(x∗)(x− x∗)2 +O((x− x∗)3)

∼ f(x∗) +
1

2
f ′′(x∗)(x− x∗)2 (C.2)

The first term is a constant with respect to x and comes out of integral. The quadratic
corrections remain to be integrated over

lim
“~�f(x)”

∫
dx eif(x)/~ = eif(x∗)/~

∫
dx ei 1

2
f ′′(x∗)(x−x∗)2/~ . (C.3)

When ~ is small compared to f ′′(x∗), even a small difference x − x∗ will lead to rapid
oscillations within the integral and cancellations. Then one can integrate over x going
from −∞ to ∞. The result is Eq. (C.1).

If the function f has several stationary points, then one separates the integral in non-
overlapping intervals and approximates the result on each of them separately in the way
described above.

D Some subjects for final exam
• Random quantum circuits

Random quantum circuits are quantum circuits in which the sequence of gates is
chosen randomly according to certain rules or distributions. These circuits play
an important role in quantum information science and quantum computing, partic-
ularly for benchmarking quantum processors and studying properties of quantum
systems.

– Random Quantum Circuits
M. P. A. Fisher, V. Khemani, A. Nahum, and S. Vijay
Annual Review of Condensed Matter Physics 14, 335 (2023)

• Mpemba effect

The Mpemba effect is a counterintuitive phenomenon where, under certain condi-
tions, hot water can freeze faster than cold water. It has been observed in various
settings but remains a subject of scientific debate due to the complexity and vari-
ability of the underlying mechanisms.

– Multiple quantum Mpemba effect: exceptional points and oscillations,
A. K. Chatterjee, S. Takada, and H. Hayakawa,
arXiv:2311.01347

– Quantum Mpemba effect in a quantum dot with reservoirs,
A. K. Chatterjee, S. Takada, and H. Hayakawa,
arXiv:2304.02411, Phys. Rev. Lett. 131, 080402 (2023)
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D. Some subjects for final exam

• Entanglement entropy

Entanglement entropy is a measure of quantum entanglement in a system, quantify-
ing how strongly a subsystem is entangled with the rest of the system. It is widely
used in quantum information theory, condensed matter physics, and quantum grav-
ity.

– Generalised Hydrodynamics description of the Page curve-like dynamics of a
freely expanding fermionic gas,
M. Saha, M. Kulkarni, and A. Dhar,
arXiv:2402.18422

– J. Eisert, M. Cramer, and M.B. Plenio,
Area laws for the entanglement entropy - a review
arXiv:0808.3773, Rev. Mod. Phys. 82, 277 (2010)

– R. Islam, R. Ma, P. M. Preiss, M. E. Tai, A. Lukin, M. Rispoli, and M. Greiner,
Measuring entanglement entropy in a quantum many-body system
arXiv:1509.01160, Nature 528, 77 (2015)

– J. I. Latorre and A. Riera,
A short review on entanglement in quantum spin systems,
https://arxiv.org/pdf/0906.1499, J. Phys. A 42, 504002 (2009)

– N. Laflorencie,
Entanglement entropy and localization in disordered quantum chains,
arXiv:2112.09102, Chapter book in "Entanglement in Spin Chains - From The-
ory to Quantum Technology Applications", Bayat, A., Bose, S., Johannesson,
H. (eds)

• Engineering symmetries in time

Engineering symmetries in time refers to the deliberate design or manipulation of
temporal structures in physical or mathematical systems to exploit symmetry prin-
ciples, akin to spatial symmetries. This concept is often applied in physics, quantum
mechanics, and engineering to achieve desired dynamic behaviors, enhance perfor-
mance, or simplify problem-solving.

– Engineering Hierarchical Symmetries,
Z. Fu, R. Moessner, H. Zhao, and M. Bukov,
arXiv:2402.13519

• OTOCs and FDT

The Out-of-Time-Ordered Correlation (OTOC) is a quantum mechanical measure
used to characterize the growth of operator commutators and assess the scrambling
of quantum information in a system. It has become a key tool in studying quantum
chaos, thermalization, and the spreading of quantum entanglement.

– N. Tsuji, T. Shitara, and M. Ueda, Bound on the exponential growth rate of
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out-of-time-ordered correlators, Phys. Rev. E 98, 012216 (2018).
– S. Pappalardi, L. Foini, and J. Kurchan,

Quantum bounds and fluctuation-dissipation relations,
SciPost Phys. 12, 130 (2022).

• Loschmidt echo

The Loschmidt echo is a measure of the revival occurring when an imperfect time-
reversal procedure is applied to a complex quantum system.

– T. Gorin, T. Prosen, T. H. Seligman, and M. Žnidarič,
Dynamics of Loschmidt echoes and fidelity decay,
Physics Reports, 435, 33 (2006).

– A. Goussev, R. A. Jalabert, H. M. Pastawski, and D. Wisniacki,
Loschmidt Echo,
arXiv:1206.6348, Scholarpedia 7, 11687 (2012).

• Quantum Brownian motion

Quantum Brownian motion is a model describing the behaviour of a quantum sys-
tem interacting with a large environment, where the environment induces random
fluctuations and dissipation on the system, analogous to classical Brownian motion.
However, unlike classical Brownian motion, quantum Brownian motion incorporates
quantum effects such as coherence, superposition, and entanglement.

– J. Bonart and L. F. Cugliandolo,
From non equilibrium quantum Brownian motion to impurity dynamics in 1D
quantum liquids,
Phys. Rev. A 86, 023636 (2012)

• Dicke model

The Dicke model is a spin-boson model with the spin being the system and the
boson the bath. On can see effects like decoherence in simple terms here.

– D. Villaseñor, S. Pilatowsky-Cameo, J. Chávez-Carlos, M. A. Bastarrachea-
Magnani, S. Lerma-Hernández, L. F. Santos, and J. G. Hirsch,
Classical and Quantum Properties of the Spin-Boson Dicke Model: Chaos,
Localization, and Scarring
arXiv:2405.20381

• Models of baths

A quantum bath is a concept from quantum mechanics and quantum statistical
physics that refers to an environment or reservoir of quantum systems interacting
with a primary quantum system of interest. This "bath" provides a way to model
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how the primary system exchanges energy, particles, or information with its sur-
roundings, leading to effects like dissipation, decoherence, or thermalization.

– G. W. Ford, M. Kac, and P. Mazur,
Statistical mechanics of assemblies of coupled oscillators,
J. Math. Phys. 6, 504 (1965).

– N. Prokof’ev and P. Stamp,
Theory of the spin bath,
Rep. Prog. Phys. 63, 669 (2000).

• Localization by an Ohmic bath

An Ohmic bath consists of a continuum of harmonic oscillators (e.g., phonons,
photons, or other modes) with spectral density J(ω) = γω that interact with a
quantum particle under a two well potential. For γ > 1 tunnelling is inhibited and
the particle remains localized in the well it was initiated.

– A. J. Leggett, S. Chakravarty, A. T. Dorsey, M. P. A. Fisher, A. Garg, and
W. Zwerger,
Dynamics of the dissipative two-state system,
Rev. Mod. Phys. 59, 1 (1987).

– A. J. Bray and M. A. Moore,
Influence of Dissipation on Quantum Coherence,
Phys. Rev. Lett. 49, 1545 (1982).

– A. O. Caldeira and A. J. Leggett,
Quantum tunnelling in a dissipative system,
Ann. Phys. 149, 374 (1983).
A. O. Caldeira and A. J. Leggett,
Influence of dissipation on quantum tunnelling in macroscopic systems,
Phys. Rev. Lett. 46, 211 (1981).

• The Bohigas-Giannoni-Schmit hypothesis

The Bohigas-Giannoni-Schmit (BGS) hypothesis is a conjecture in quantum chaos
that connects the statistical properties of quantum energy levels with the nature of
the underlying classical dynamics. It provides a framework for understanding how
classical chaos manifests in quantum systems.

– O Bohigas, M. J. Giannoni, and C. Schmit,
Characterization of chaotic quantum spectra and universality of level fluctua-
tion laws,
Phys. Rev. Lett. 52, 1 (1984).

– O Bohigas, M. J. Giannoni, and C. Schmit,
Spectral properties of the Laplacian and random matrix theories,
J. Physique Lettres 45, 1015 (1984).
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• Lieb-Robinson bound

The Lieb-Robinson bound is a theoretical upper limit on the speed at which infor-
mation can propagate in non-relativistic quantum systems. It demonstrates that
information cannot travel instantaneously in quantum theory, even when the rela-
tivity limits of the speed of light are ignored.
– E. H. Lieb and D. W. Robinson,

The finite group velocity of quantum spin systems,
Commun. Math. Phys. 28, 251 (1972).

– D. Ruelle, Statistical mechanics. Rigorous results,
(Benjamin, New York, 1969)

– R. Trivedi and M. Rudner,
A Lieb-Robinson bound for open quantum systems with memory,
arXiv:2410.15481

• Quantum disordered systems

Quantum disordered systems are physical systems characterized by the interplay
between quantum mechanical effects and disorder. Disorder typically arises from
impurities, defects, or randomness in the system’s structure, which can significantly
influence its physical properties. These systems are crucial for understanding a
range of phenomena in condensed matter physics and quantum mechanics.
– M. C. O’Brien and E. Fradkin,

Interplay of Quantum and Thermal Fluctuations in Two-Dimensional Ran-
domly Pinned Charge Density Waves,
arXiv:2410.16375
M. C. O’Brien and E. Fradkin,
An Exactly Solvable Model of Randomly Pinned Charge Density Waves in Two
Dimensions,
J. Stat. Mech. (2024) 013104

– G. Biroli and L. F. Cugliandolo,
Quantum Thouless-Anderson-Palmer equations for glassy systems,
Phys. Rev. B 64, 014206 (2001) .

– L. F. Cugliandolo, D. R. Grempel, C. A. da Silva Santos,
Imaginary-time replica formalism study of a quantum spherical p-spin-glass
model,
Phys. Rev. B 64, 014403 (2001).
L. F. Cugliandolo, D. R. Grempel, C. A. da Silva Santos,
From second to first order transitions in a disordered quantum magnet,
Phys. Rev. Lett. 85, 2589 (2000)

– L. F. Cugliandolo and G. S. Lozano,
Quantum aging in mean-field models,
Phys. Rev. Lett. 80, 4979 (1998)
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L. F. Cugliandolo and G. S. Lozano,
Real-time non-equilibrium dynamics of quantum glassy systems,
Phys. Rev. B 59, 915 (1999).
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