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Definitions and realisations
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Active Matter
Definition - Biological inspiration

Active matter is composed of large numbers of active "agents", which

consume energy and thus move or exert mechanical forces

Due to the energy consumption, these systems are intrinsically

out of thermal equilibrium

Homogeneous energy injection (not from the borders, cfr. shear)

Coupling to the environment (bath) allows for dissipation and the access

of some asymptotic state
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Active Matter
Natural & artificial systems

Experiments & observations Bartolo et al. Lyon, Bocquet et al. Paris, Cavagna et al.

Roma, di Leonardo et al. Roma, Dauchot et al. Paris, just to mention some Europeans
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Active matter
Realisations & modelling

•Wide range of scales: macroscopic to microscopic

Natural examples are birds, fish, cells, bacteria.

Artificial realisations are Janus particles, asymmetric grains, toys, etc.

• Embedding spaces in 3d, 2d and 1d.

• Particle shapes • Self-propulsion mechanism

Microscopic - details often ignored

• Energy injection mechanism

Details ignored - models proposed

Non-conservative forces
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Active Matter
Global goal - from our "community"

To understand the collective behaviour of active matter

from the statistical physics viewpoint

with the help of extensive numerical simulations

and theoretical arguments/analytic calculations

Statistical Physics approach

One has to start from the single particle/hydro/field theory modelling
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Single Particle Models

7



Brownian Motion
Langevin description

A spherical particle immersed in a liquid

Force on the particle due to the coupling to the environment

No external force

Newton︷ ︸︸ ︷
mr̈ = Fenv = − γṙ︸ ︷︷ ︸

friction

+ ξ︸︷︷︸
noise

ξ Gaussian white noise with 〈ξa(t)〉 = 0 and 〈ξa(t)ξb(t
′)〉 = 2γkBTδabδ(t− t′)

a, b = 1, . . . , d

Averaged position 〈r(t)〉 = r0 the initial position

Balance between noise and dissipation ensures lim
t�m/γ

〈v2a(t)〉 = kBT/m
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Brownian Motion
Langevin description

A spherical particle immersed in a liquid

Force on the particle due to the coupling to the environment

No external force

Newton︷ ︸︸ ︷
mr̈ = Fenv = − γṙ︸ ︷︷ ︸

friction

+ ξ︸︷︷︸
noise

Mean-square displacement ∆2(t, 0) = 〈(r(t)− r0)
2〉

At t < m/γ ballistic ∆2 ∝ t2 At t > m/γ diffusive ∆2 ∝ DT t

Diffusion coefficient DT = kBT/γ
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Active Brownian Particle
Langevin equations

Active force fact along n̂ = (cos θ, sin θ) a direction following a random walk

mr̈ = factn̂− γṙ + ξ

θ̇ = η

fact

−γṙ

θ

ξ and η Gaussian white noises

〈ξa(t)〉= 〈η(t)〉= 0, 〈ξa(t) ξb(t′)〉 = 2γkBTδabδ(t− t′) and 〈η(t) η(t′)〉 = 2Dθδ(t− t′)

Persistence time τp = 1/Dθ and length `p = v0 τp = (fact/γ) τp

Péclet number Pe = factσ/(kBT ) measures the activity
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Active Brownian Particle
Langevin equations – trajectories

Active force fact along n̂ = (cos θ, sin θ) a direction following a random walk

mr̈ = factn̂− γṙ + ξ

θ̇ = η

ξ and η Gaussian white noises

〈ξa(t)〉= 〈η(t)〉= 0, 〈ξa(t) ξb(t′)〉 = 2γkBTδabδ(t− t′) and 〈η(t) η(t′)〉 = 2Dθδ(t− t′)

Persistence time τp = 1/Dθ and length `p = v0 τp = (fact/γ) τp

Péclet number Pe = factσ/(kBT ) measures the activity
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Active Ornstein Uhlenbeck
Over-damped Langevin equations

Long times, beyond the inertia time-scale t� m/γ

ṙ = v τ v̇ = −v + η

Gaussian white noise with 〈ηa(t)〉 = 0 and 〈ηa(t)ηb(t′)〉 = 2D δab δ(t−t′)

The random velocity v is correlated as

〈va(t)vb(t′)〉 = δab
D
τ e
−|t−t′|/τ

Unbalanced correlated noise and memoryless friction =⇒

out-of-equilibrium environment

Similar phenomenology as the one of the ABPs but simpler to deal with,

no additional degree of freedom Martin et al 2021
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ABP & AOUP
Mean-square displacement

∆2(t) ≡ 〈(r(t)− r(0))2〉 = 〈(r(t)− r0)2〉 = 〈(r(t)− 〈r(t)〉)2〉 ≡ Var(r(t))

Passive Brownian Motion τ∗ Active Driven Motion
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Active Brownian Particle
Mean-square displacement

Active force fact along n̂ = (cos θ, sin θ) a direction following a random walk

mr̈ = factn̂− γṙ + ξ θ̇ = η

Mean-square displacement ∆2(t) = 〈(r(t)− r(0))2〉

Time Regime ∆2 ∝ Physical Interpretation

t < m/γ ballistic kBT/m t2 Inertial thermal velocity dominates

m/γ < t < τ∗ diffusive DT t Damping 7→ thermal Brownian motion

τ∗ < t < tR ballistic f2
act/γ2 t2 Self-prop speed v0 = fact/γ dominates

tR < t diffusive DA t Rotational diff randomizes v0

Diffusion coefficients DT = kBT/γ︸ ︷︷ ︸
thermal

DA = DT + cPe2︸ ︷︷ ︸
active
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Active Brownian Particle
Aggregation close to walls

Active force fact along n̂ = (cos θ, sin θ) a direction following a random walk

mr̈ = factn̂− γṙ + ξ θ̇ = η

Motion of Janus colloids & ABPs

close to a wall in a pore

C. Bechinger, R. Di Leonardo, H. Löwen, C. Reichhardt, G. Volpe & G. Volpe 16
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Many Particle Models
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Vicsek model
Minimal (cellular automata) model for flocking

Flocking due to any kind of self-propulsion and alignment with neighbours

The individual’s direction is updated according to the

mean . . . over its neighbours

v̂i(t+ δt) = v̂j(t)|ri−rj |<r0 + ηi(t)

plus noise & normalization

moves at constant speed v0 in the new direction

ri(t+ δt) = ri(t) + v0v̂i(t+ δt) δt

Control parameters :

noise temperature & density

v̂i similar to si in the Heisenberg (or XY) ferro models – though moving in real space

Spontaneous symmetry breaking of polar order p(t)= 1
N

N∑
i=1

v̂i(t) 6= 0 even in 2d

Vicsek, Czirók, Ben-Jacob, Cohen & Shochet 95
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Toner-Tu Model
Continuum model for dry active matter

Order parameter

center-of-mass 〈vc.o.m.〉 6= 0

continuous rotational symmetry spont broken

Possible in low d out of equilibrium

Breakdown of linearized theory

=⇒ large fluctuations

Argument

Improved transport suppresses the very fluctua-

tions that give rise to it, leading to long-range

order in d = 2

Giant density fluctuations

Toner & Tu 95 & 98
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Toner-Tu Model
Continuum model for the flock velocity field v(x, t)

∂tv + λ1(∇ · v)v + λ2(v ·∇)v + λ3∇v2︸ ︷︷ ︸
Navier-Stokes w/no Galilean invariance

=

α1v − α2v
2v︸ ︷︷ ︸

“Potential force” imposing v2 = α1/α2

−∇P︸ ︷︷ ︸
“Pressure variation”

+DB∇(∇ · v) +DT∇2v +D2(v ·∇)2v︸ ︷︷ ︸
Dissipative terms

+η︸︷︷︸
Noise

P =
∞∑
n=1

σn(ρ− ρ0)n Pressure imposing∼ uniform density, ρ− ρ0 small

∂tρ+ ∇ · (vρ) = 0 Toner & Tu, PRE 98

α1 < 0 (α1 > 0) in the homogenous (flocking) phase

Dry active matter e.g. herd of wildebeest, flock of birds, bacteria on agar plate

Momentum is dissipated into the substrate
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Flocking in dry active matter
Vicsek & Toner-Tu Models, self-alignment

Image generated by Gemini

Flocking also in a Hamiltonian fluid with velocity-spin coupling

Casiulis, Tarzia, LFC & Dauchot 20
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Fluctuating Hydrodynamics
Wet nematic active matter

Molecule density field c, diffusion tensor D
Traceless & symm tensor field Q (head-tail symm) for orient order, γ rot friction
Fluid: velocity field u, density field ρ, passive shear viscosity η, pressure P
Stress tensor S = Spassive + Sactive

with Sactive = αQ, and α > 0 for pushers and α < 0 for pullers

(∂t + u ·∇) c = ∇ · (Dc) mass conservation

ρ (∂t + u ·∇)u = η∇2u−∇P + ∇S momentum conservation

∇ · u = 0 incompressible fluid

(∂t + u ·∇)Q = − 1

γQ

δF

δQ
+ F(∇u,Q) + ηQ fluid-molecule coupling

e.g., suspension of cytoskeletal filaments or elongated swimming bacteria, and

active turbulence

Marchetti, Joanny, Ramaswamy, Liverpool, Prost, Rao & Simha 13
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Wet Polar/Nematic Active Matter
Fluctuating Hydrodynamics

Image generated by Gemini
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Active Brownian Particles
(Overdamped) Langevin equations for, e.g. Janus particles

Active force fact along ni = (cos θi, sin θi)

mr̈i + γṙi = factni −5i

∑
j( 6=i)

UMie(rij) + ξi θ̇i = ηi

ri position of the ith particle & rij = |ri − rj | inter-part distance,

UMie short-range strongly repulsive Mie potential

No alignment mechanism Péclet number Pe = factσ/(kBT )

Over-damped dynamics m/γ = 0.1 ξ and η Gaussian white noises

〈ξa(t)〉= 〈η(t)〉= 0, 〈ξa(t) ξb(t′)〉 = 2γkBTδabδ(t− t′) and 〈η(t) η(t′)〉 = 2Dθδ(t− t′)

Persistence time τp = 1/Dθ and length `p = v0 τp = (fact/γ) τp

φ = πσ2N/(4S) the packing friction

Romanczuk, Bär, Ebeling, Lindner & Schimansky-Geier 12
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Active Models B & H
à la Ginzburg-Landau, also for, e.g., Janus particles

Scalar order parameter locally conserved

Cahn-Hilliard – Model B for phase separation

Continuity equation ∂tφ(x, t) = ∇ · J(x, t) with current

Active Model B

J(x, t) = −∇ δF [φ]

δφ(x, t)︸ ︷︷ ︸
equilibrium forcing

−∇λ[∇φ(x, t)]2︸ ︷︷ ︸
non-eq 6= −∇δF/δφ

+ η(x, t)︸ ︷︷ ︸
noise

Active Model B+

J 7→ J + ζ(∇2φ)∇φ− 1

2
∇(∇φ)2︸ ︷︷ ︸

high-order terms order ∇3 and φ2

Active Model H with hydrodynamics as well Cates & collaborators 14-17
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Active Brownian Particles
Motility Induced Phase Separation – Collective behaviour

Gray zone at high Pe

Motility induced

phase separation (MIPS)

gas & dense

Cates & Tailleur 15

Farage, Krinninger & Brader 15

Pressure P (φ, Pe)(EOS), correlations GT (r), G6(r), and distributions of φi, |ψ6i|
Digregorio, Levis, Suma, LFC, Gonnella & Pagonabarraga 18
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MIPS
Active Brownian Particles & Model B+

Sketch generated by Gemini

Particles collide heads on and aggregate
even under repulsive interactions

Digregorio et al 18
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Plenty of Interesting Features

Full phase diagram of ABPs

solid, hexatic, liquid & MIPS

Point-like dislocations & disclinations

and clustered defects in

passive & active 2d models.

In MIPS

Micro vs. macro: hexatic patches & bubbles
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Plenty of Interesting Features

Difference between

Passive

Active

growth

ABPs

ABDs

Ostwald ripening & cluster-cluster diffusive aggregation in active case
cluster-cluster aggregation almost not present in passive

Co-existence of regular and fractal clusters

Heterogeneous orientational order in large active clusters
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Quantum Active Particles
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Quantum Active Particles
Sketches of three models - playing with the environments
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<latexit sha1_base64="EGHtTSG6Lf6ia47BjL+63Wm6CFE=">AAAB+HicbVDLSsNAFJ3UV62PRl26CRbBVUlE1GXRhS4r2Ac0IdxMJ+3QmSTMQ6mhX+LGhSJu/RR3/o3TNgttPXDhcM693HtPlDEqlet+W6WV1bX1jfJmZWt7Z7dq7+23ZaoFJi2cslR0I5CE0YS0FFWMdDNBgEeMdKLR9dTvPBAhaZrcq3FGAg6DhMYUgzJSaFf9G+AcQl9nIET6GNo1t+7O4CwTryA1VKAZ2l9+P8Wak0RhBlL2PDdTQQ5CUczIpOJrSTLAIxiQnqEJcCKDfHb4xDk2St+JU2EqUc5M/T2RA5dyzCPTyUEN5aI3Ff/zelrFl0FOk0wrkuD5olgzR6XONAWnTwXBio0NASyoudXBQxCAlcmqYkLwFl9eJu3Tunde9+7Oao2rIo4yOkRH6AR56AI10C1qohbCSKNn9IrerCfrxXq3PuatJauYOUB/YH3+AP8hk1E=</latexit>

�"
<latexit sha1_base64="7dPmp5l75yh/ta+u8Pe4LHSwrzc=">AAAB+nicbVDLSsNAFJ34rPWV6tJNsAiuSiKiLosudFnBPqAN4WY6bYfOI8xMLCX2U9y4UMStX+LOv3HaZqGtBwYO59zDvXPihFFtfP/bWVldW9/YLGwVt3d29/bd0kFDy1RhUseSSdWKQRNGBakbahhpJYoAjxlpxsObqd98JEpTKR7MOCEhh76gPYrBWClyS51b4ByiTleOBCglR5Fb9iv+DN4yCXJSRjlqkftlwzjlRBjMQOt24CcmzEAZihmZFDupJgngIfRJ21IBnOgwm50+8U6s0vV6UtknjDdTfycy4FqPeWwnOZiBXvSm4n9eOzW9qzCjIkkNEXi+qJcyz0hv2oPXpYpgw8aWAFbU3urhASjAxrZVtCUEi19eJo2zSnBRCe7Py9XrvI4COkLH6BQF6BJV0R2qoTrCaISe0St6c56cF+fd+ZiPrjh55hD9gfP5A5VqlDg=</latexit>

�#

<latexit sha1_base64="7Bkk8x6m4VH6E3jcsbbyVs5f/1k=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmIzHBhtxRqCXRxhKjIAlcyN4yBxv29i67eybkwk+wsdAYW3+Rnf/GBa5Q8CWTvLw3k5l5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRW8epYthisYhVJ6AaBZfYMtwI7CQKaRQIfAzGNzP/8QmV5rF8MJME/YgOJQ85o8ZK99XgvF+uuDV3DrJKvJxUIEezX/7qDWKWRigNE1Trrucmxs+oMpwJnJZ6qcaEsjEdYtdSSSPUfjY/dUrOrDIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCa/8jMskNSjZYlGYCmJiMvubDLhCZsTEEsoUt7cSNqKKMmPTKdkQvOWXV0m7XvMuat5dvdK4zuMowgmcQhU8uIQG3EITWsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8weLiI1P</latexit>

(b)

<latexit sha1_base64="8yaoKCskarkczxuKjVJDmOoaVJQ=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeix68diC/YA2lM120q7dbMLuRiyhv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtR1Sax/LejBP0IzqQPOSMGivVn3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWrX5SrN3kcBTiGEzgDD66gCndQgwYwQHiGV3hzHpwX5935mLeuOPnMEfyB8/kD6DGNAg==</latexit>x

<latexit sha1_base64="kG3glCSsZ+DRj8W1jmtOtH6YBRA=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6rHoxWMF+wFtKJvNpl262Q27E6GU/ggvHhTx6u/x5r9x0+agrQ8GHu/NMDMvTAU36HnfTmltfWNzq7xd2dnd2z+oHh61jco0ZS2qhNLdkBgmuGQt5ChYN9WMJKFgnXB8l/udJ6YNV/IRJykLEjKUPOaUoJU6fRopNJVBtebVvTncVeIXpAYFmoPqVz9SNEuYRCqIMT3fSzGYEo2cCjar9DPDUkLHZMh6lkqSMBNM5+fO3DOrRG6stC2J7lz9PTEliTGTJLSdCcGRWfZy8T+vl2F8E0y5TDNkki4WxZlwUbn5727ENaMoJpYQqrm91aUjoglFm1Aegr/88ippX9T9q7r/cFlr3BZxlOEETuEcfLiGBtxDE1pAYQzP8ApvTuq8OO/Ox6K15BQzx/AHzucP5t6PSQ==</latexit>· · ·

<latexit sha1_base64="3ZC99pVldnItX0N+dvE8kHSunxY=">AAAB7nicbVA9SwNBEJ3zM8avqKXNYhCswl0KtQzaWEYwH5AcYW+zSZbs7Z27s0I48iNsLBSx9ffY+W/cJFdo4oOBx3szzMyLUikM+v63t7a+sbm1Xdgp7u7tHxyWjo6bJrGa8QZLZKLbETVcCsUbKFDydqo5jSPJW9H4dua3nrg2IlEPOEl5GNOhEgPBKDqp9WipQhv3SmW/4s9BVkmQkzLkqPdKX91+wmzMFTJJjekEfophRjUKJvm02LWGp5SN6ZB3HFU05ibM5udOyblT+mSQaFcKyVz9PZHR2JhJHLnOmOLILHsz8T+vY3FwHWZCpRa5YotFAysJJmT2O+kLzRnKiSOUaeFuJWxENWXoEiq6EILll1dJs1oJLivBfbVcu8njKMApnMEFBHAFNbiDOjSAwRie4RXevNR78d69j0XrmpfPnMAfeJ8/tTiPzw==</latexit>

quantum
<latexit sha1_base64="IEvR7+l0d5oXIZJ6jV/JZkpwA54=">AAAB63icbVDLSgMxFL2pr1pfVZdugkVwVWa6UJdFNy4r2Ae0Q8mkmTY0yQxJRihDf8GNC0Xc+kPu/Bsz7Sy09UDgcM695NwTJoIb63nfqLSxubW9U96t7O0fHB5Vj086Jk41ZW0ai1j3QmKY4Iq1LbeC9RLNiAwF64bTu9zvPjFteKwe7SxhgSRjxSNOic2lkNjJsFrz6t4CeJ34BalBgdaw+jUYxTSVTFkqiDF930tskBFtORVsXhmkhiWETsmY9R1VRDITZIusc3zhlBGOYu2esnih/t7IiDRmJkM3KV04s+rl4n9eP7XRTZBxlaSWKbr8KEoFtjHOD8cjrhm1YuYIoZq7rJhOiCbUunoqrgR/9eR10mnU/au6/9CoNW+LOspwBudwCT5cQxPuoQVtoDCBZ3iFNyTRC3pHH8vREip2TuEP0OcPF+iORQ==</latexit>

bath

<latexit sha1_base64="bl8Rm6C8dgAlgNTBbibQDCI692Y=">AAAB8HicbVC7TsMwFL3mWcqrwMhiUSExVUkHYKxgYSwSfaA2qhzXaa3aTmQ7SFXUr2BhACFWPoeNv8FNM0DLkSwdn3Ovfe8JE8GN9bxvtLa+sbm1Xdop7+7tHxxWjo7bJk41ZS0ai1h3Q2KY4Iq1LLeCdRPNiAwF64ST27nfeWLa8Fg92GnCAklGikecEuukRyqIMe4iBpWqV/Ny4FXiF6QKBZqDyld/GNNUMmXzR3q+l9ggI9pyKtis3E8NSwidkBHrOaqIZCbI8oFn+NwpQxzF2h1lca7+7siINGYqQ1cpiR2bZW8u/uf1UhtdBxlXSWqZoouPolRgG+P59njINaNWTB0hVHM3K6Zjogm1LqOyC8FfXnmVtOs1/7Lm39erjZsijhKcwhlcgA9X0IA7aEILKEh4hld4Qxq9oHf0sShdQ0XPCfwB+vwB/V6Qhw==</latexit>

classical
<latexit sha1_base64="CZspO51YoPfph7ylYkcAn5E6y3M=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQ9qMeiF48VTFtoQ9lsJ+3SzW7Y3Qgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5UcqZNp737ZQ2Nre2d8q7lb39g8Oj6vFJW8tMUQyo5FJ1I6KRM4GBYYZjN1VIkohjJ5rczf3OEyrNpHg00xTDhIwEixklxkqBkEzjoFrz6t4C7jrxC1KDAq1B9as/lDRLUBjKidY930tNmBNlGOU4q/QzjSmhEzLCnqWCJKjDfHHszL2wytCNpbIljLtQf0/kJNF6mkS2MyFmrFe9ufif18tMfBPmTKSZQUGXi+KMu0a688/dIVNIDZ9aQqhi9laXjoki1Nh8KjYEf/XlddJu1P2ruv/QqDVvizjKcAbncAk+XEMT7qEFAVBg8Ayv8OYI58V5dz6WrSWnmDmFP3A+fwD/PI7O</latexit>

noise
<latexit sha1_base64="igzTDEEQrMTJYjq8YCFlXj87IpA=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBahXkoioh6LXjxWsB/QhrLZbtqlm03YnQgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38389hPXRsTqEScJ9yM6VCIUjKKV2j2OtIrn/XLFrblzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+bnTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPEzoZIUuWKLRWEqCcZk9jsZCM0ZyokllGlhbyVsRDVlaBMq2RC85ZdXSeui5l3VvIfLSv02j6MIJ3AKVfDgGupwDw1oAoMxPMMrvDmJ8+K8Ox+L1oKTzxzDHzifP6nHjyE=</latexit>

⌘(t)
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