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Introduction

Quantum field theory is the common denominator of nearly all theoretical physics done today;
one can even say that it justifies the very existence of theoretical physics departements. The
common QFT langage has found applications in many seemingly different areas of physics,
among which:

Elementary particle physics: Standard Model and Beyond.

Nuclear physics, in particular through effective field theory (EFT) methods.
Primordial cosmology: inflation and cosmic microwave background.

Dark matter models.

String theory, both as 2d theories on the world-sheet of the strings, and as low-energy
effective field theories.

Quantum gravity, using the AdS/CFT correspondence.
Black hole mergers in classical GR, using EFT methods.
Critical phenomena in condensed matter.

Exotic phases of matter (topological, Dirac,...).

Mathematical physics (too many topics to be listed!).

This course will be focused on the framework in which QFT methods were first developed
during the Twentieth Century, in order to obtain a consistent description of relativistic matter
and interactions at the quantum level.

Special relativity and quantum mechanics. A consistent relativistic quantum theory is build
on several assumptions, among which:

The states of the system are described as positive-norm vectors in some Hilbert space.

According to Wigner’s theorem, Poincaré symmetries should be realized as unitary/anti-
unitary operators acting on the Hilbert space, in order to preserve the probabilistic
interpretation of quantum mechanics.



Introduction

e In particular, time evolution is realized through the action of a unitary operator.

e Interactions between particles are realized locally: there is no notion of instantaneous
action at distance.

e The number of particles in a relativistic theory cannot be conserved.
e The theory should be consistent with a relativistic notion of causality.

Somewhat suprisingly, these different requirements are deeply connected to each other.
For instance, there seems to be a clash between the absence of finite-dimensional unitary
representations of the Lorentz group and Wigner’s theorem, which is solved by consider-
ing particle states, which transform into infinite dimensional unitary representations of the
Poincaré group.

The absence of particle number conservation, which can be viewed as an immediate
consequence of the relativistic dispersion relation E = ¢y/p? + m?¢?, is deeply related to
causality. Let us elaborate a bit more on this.

57

T

Figure 1: Light-like separated events.

In a relativistic theory, space-like separated events, i.e. such that c?(At)? — (AX)? < 0,
cannot be in causal relation to each other, because time-ordering is only a Lorentz invariant
concept for time-like or light-like separated events. On figure |1| event B occurs before event
A; however after the action of a boost B — B’ it is just the opposite.

In order to diagnose whether this relativistic notion of causality can be encoded into a
relativistic theory of quantum mechanics, let us consider the propagator between the point
(t =0, 6) and the point (t,X), i.e. the probability amplitude that a particle prepared at
X =0 and t = 0 is detected later at time t > 0 at position X. This probabiblity amplitude,
known as the propagator, is given by:

U(t,X) = <>z U(t)

6> , (1)
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where U/(t) is the time evolution operator, which is expected to be unitary. For a relativistic
free particle of mass m, the evolution operator expressed in terms of the momentum operator

P should be given by:
T
U(t) = exp (—%\/ P? + mzcz) : (2)

We can then express the propagator as:

3
) =] e " 3)

U(t, X) = stpjd3p' <>z ST

5) (plu ) (5
——

(2mh)—3/2¢iP %

PO=/p2+m2c2

To simplify the expression, we choose spherical coordinates, such that p - X = ||p||||X]| cos ©
and perform the angular integrals:

U(t,X) 1 1 J kdk e+ (°P°IIFIK) )

T 2mh) R

—0oQ

pO=vkZ+mZc?
We rewrite the integral in a suggestive form:

‘I 1 o0 _i@((XO]Z hﬁ%iﬂnzcz_%)
utx)= ————= kdke * h 5
( )X) (ZTth)z 1’H)—(»HJ' € ) ( )

—00

in order to give an estimate in the “deep” space-like limit [|X||/x° — oo, using the steepest
descent method. Let define first

(x°)2Vk2 +m2c?2 kx°
g(k) - — - Ty
k| h

The stationnary point of g in the k-complex plane occurs for

Xk imel||
! S
(ks) =0 = — =1 = ks — — .
9 1K1K T mec? R — ()2

The leading behavior of the integral, which is what interests us, is then

iks (92|72 %112 —(ct)2

U(t, X) ~ e WRIokIA® L o5 T~ e e (6)

where A, = h/mc the reduced Compton wavelength of the particle, the scale below which
special relativity effects become significant. Thus the wave-function of a particle prepared at
Xx=0 spreads outside of the light-cone with characteristic scale A..

This could be a real problem if we prepare the system in a highly localized state. Fortu-
nately, the uncertainty principle comes to the rescue. If we want to confine the wave-function
in a region of size Ax = A./2 or smaller, we would have

h
Ap)m/mc, (7)

\Y
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Introduction

leading to particle production as AE > mc?. The more we try to localize the wavefunction, the
more particles get produced. As we will see later, this is precisely how quantum field theory
ensures that causality holds, beyond this handwaving argument: production of particle/anti-
particle pairs leads to destructive interference ensuring that space-like separated observables
are not causally connected. This could not happen with a fixed number of particles.

Approaches to QFT. A quantum field theory is usually defined from a classical field theory
with an action principle, i.e. a local functional in a set of local fields ®'(x*), and their
space-time derivatives. From here, two approaches are possible:

1. Canonical quantization: fields are promoted to operator-valued functions (more ac-
curately distributions), and Poisson brackets are promoted to commutation or anti-
commutation relations.

2. Path integral: amplitudes are defined formally as functional integrals over all field
configurations in space-time, with a functional measure D® exp ( —1iS(®)/ h).

In these notes, we will use mostly the first approach, which is simpler and usually more con-
venient to perform computations. The functional methods associated with the path integral
formalism will be used mostly to discuss general features of QFTs, for instance the Ward—
Takahashi identities.

It is a fortunate fact of life, but an unfortunate fact for theoretical physics students, that
interesting quantum field theories are interacting.

1. In certain cases exact computations can be made in interacting QFTs, involving typ-
ically enlarged space-time symmetries (conformal symmetry, supersymmetry), lower
dimensionality or a combination of both. This is a fascinating area of research on its
own leading to deeper insights about what a quantum field theory is.

2. In all other cases, including the Standard Model of Particle physics, it is impossible
to solve analytically the theory, thus approximation methods need to be used. As we
shall see, this has far more reaching consequences than perturbation theory in quantum
mechanics.

3. An alternative approach is to use numerical methods to perform the full non-perturbative
computation of the path integral. Even space-time grids with a modest number of nodes
require enormous computational power, and certain aspects are difficult to handle (like
fermions), but this approach becomes more and more useful as computers become more
and more powerful.

The goal of this course is to provide a flavor of what a quantum field theory is, particularly
in the second, perturbative approach. The main working example that we will use is quantum
electrodynamics (a.k.a. QED), the theory of electrons interacting with photons, which was
historically the very reason to develop the QFT framework.

7



Part 1

Free spin zero and one-half fields

In this first part, quantization of free fields of spin zero and one-half fields is presented; spin
one and gauge invariance will be covered in chapter [3] In most of these lectures, the space-
time will be considered as four-dimensional, with signature (+, —, —, —). In other words, The
space-time metric and line element will be taken to be

10 0 O
n= (§_g] % 8> , ds? =mndxtdxY = dt? — d¥?, (1.1)

with X = (x,y,z). We will use the indices 1, j, k or a, b, ¢ for space directions. Note that with
this metric, we have x'y; = —X -y or equivalently x -y = x°y® —x-y. This signature is known
as the West Coast signature, and makes the transition from quantum mechanics smoother.
The FEast Coast signature (—,+,+,+) is preferred in the context of general relativity, as the
space-like coordinates have the “correct” signature. As a consequence it makes easier the
Wick rotation to Euclidian space.

To streamline calculations we use everywhere Planck units, chosen such that c =1 and A =
1 and, whenever needed, k; =1 and G = 1. As the end of the computations dimensionally
correct expressions can be recovered by dimensional analysis, as you will see during the
tutorials.

1.1 Particles and the Poincaré group

Elementary particles are expected to transform in irreducible representations of the symmetry
group of space-time, the Poincaré group, i.e. endowed with a linear action of the Poincaré
group leaving no vector sub-space invariant; otherwise, these particles could be considered
as made of more fondamental constituents, each carrying its own representation. Composite
particles, like a proton, a nucleus or an atom, can be also considered as transforming into an
irreducible representation, provided that the experiments under consideration do not involve
energy scales high enough to probe their inner structure.



Free spin zero and one-half fields

1.1.1 The Poincaré group

The Poincaré group P(1,3) is the isometry group of Minkowski space-time. Each element G
can be uniquely written as an affine transformation parameterized by a 4 x 4 real matrix A
and a 4-vector a:

xM '—)g(/\’a) Xt =ANXY +a" MNuv /\pp AV =TNpo - (1.2)

The set of linear transformations G(A, 0) is naturally a subgroup of the Poincaré group, the
Lorentz group, which consists in GL(4,R) elements leaving the Minkowski metric invariant:

AT n-A=n. (1.3)

The Lorentz group is often denoted by O(1,3), in analogy with the O(d) orthogonal groups
of Euclidean spaces. The composition law of the Poincaré group is as follows:

G(Aya) - G(A,d) =G(AAAd+a). (1.

=~

)

Let G (e, a), where e is the identity, be a translation by a vector a. For any element G (/~\, a)
of the Poincaré group, we have

G(A,a)G(e,a)G(A, @) " =G(A,a)G(e,a)G(A,—A"a) = G(e,Aa), (1.5)

which is itself a translation. Hence the translation group {G (e, a), a € R} ~ R'3 is stable
by conjugation by any element of the Poincaré group, which is the definition of a normal
subgroup. Therefore P(1,3) has the structure of a semi-direct product:

P(1,3) ~ O(1,3) x R, (1.6)

Lorentz group. Equation (1.3) implies that
(detA)? =1 = det A==l (1.7)

Proper Lorentz transformations have det A = 1 and form a subgroup of O(1,3), denoted by
SO(1,3), consisting of transformations preserving orientation; those with det A = —1 are
called smproper. Given that the (0,0) component of eqn. (1.2) reads:

1= (A%) =3 (AL, (1.8)

i=1

a given Lorentz transformation has either /\Oo > 1 or /\00 < —1. In the former case the
transformation is called orthochronous, as it preserves the direction of time. Orthochronous
Lorentz transformations form a subgroup of O(1,3), denoted by O(1,3)+E]

1Consider two orthochronous Lorentz transformations A and A. One has (/\/~\)OO = /\00/”\00 "‘Zf:] /\Oi/N\iO.
By eqn. ‘) the 3-vector of components Al has norm (;\00)2 — 1, while, from the relation P A%, AV, =

n*Y, the 3-vector of components /N\Oi has norm (/\OO)2 — 1. It follows that ‘ Zf:1 /\Oi/N\iol < /N\OO/\OO hence
(/\/~\)00 > 0 hence, given that AA is itself a Lorentz transformation, (/\;\)Oo >1.

9



PART 1. FREE SPIN ZERO AND ONE-HALF FIELDS

From this analysis it follows that the Lorentz group O(1,3) has four connected compo-
nents; among those one is a subgroup, the restricted Lorentz group SO(1,3)*, i.e. the group
of proper and orthochronous Lorentz transformations.

All elements of the Lorentz group are obtained by combining SO(1,3)" transformations
with the following involutions:

e Space parity X — —X, which is associated with the O(1,3) matrix
10 00
P=(3954). 19
00

Any improper Lorentz transformation can be written as PA, where A € SO(1,3).

e Time reversal t — —t, which is associated with the O(1,3) matrix

-1
T:<8
0

Any non-orthochronous transformation can be written as TA, where A € O(1,3)*.

0
0
1
0

— oo O

) . (1.10)

oo —=O

For these reasons, we will focus below on the properties of SO(1,3)*.

Lie algebra. Let us now construct the Lie algebra of SO(1,3)", i.e. the algebra of its
infinitesimal generators. For a transformation close to the identity (which belongs to the
restricted Lorentz group), one can write

AR =8 4ot (1.11)

with
T]""/\”p Ny=n" = o +ao™ :0+(9(oc2). (1.12)

Therefore ¥ (with either two indices up or down) is a 4 x 4 antisymmetric real matrix.
These matrices define a 6-dimensional real vector space.

A convenient basis is provided by the set of matrices £°°, which are labelled by an
antisymmetric pair of indices, and whose components, dictated by antisymmetry both in
(K,v) and in (p, o), are given byﬂ

(Z9°) = ("™ — ™) | (1.13)
so that a generic infinitesimal transformation can be decomposed as:

Ky = —1 Qpc (ch)

i (1.14)

pv )

2The factor of i has been added to stick to physicists’ conventions — Hermitian generators for compact Lie
(sub)groups. Mathematicians rather use anti-Hermitian generators.

10



Free spin zero and one-half fields

in terms of an antisymmetric matrix (O containing the parameters of the transformationﬁ
One can check easily that the £ matrices obey the following commutation relations:

[, 2977 = i (WOZH DY - I - D). (1.15)

Among the six generators, the components £V with i,j = 1,2, 3 are Hermitian matrices
and correspond to spatial rotations. Explicitely,

Ji = %eijkzjk y []i) ]j] = i€ijk]k> (1-16)
thereby giving the su, algebra. The three other generators,
ZOi:Ki y 121,2,3 (117)

are anti-Hermitian and correspond naturally to boosts. Using these one gets the two other
commutators of the Lorentz Lie algebra:

[Ki, K] =—tlewdr, [, K] =1ieyKy, (1.18)

the last one expressing the fact that K transforms as a vector under spatial rotations. It is
enlightening to realize that one can combine these six generators into the generators of a pair
of commuting su, algebrasﬁ Let us define

Li=3(+iK), Ri=3(Ji—1iKy), (1.19)
both Hermitian, satisfying

[Li, ] =1ieyle, [Ri, R =1eyRe, [Li, Rj]=0. (1.20)
While these two sets of generators are commuting with each other, they are not independent.

It is immediate, using eq. (L.15)), that
(L))" = —R;. (1.21)
Irreductible representations of SO(1,3)" are labelled by (ji1,j2) € Z,/2 x Z, /2, the spins
associated with these two su, algebras. From the relation (1.21)) it follows that the complex
conjugate of a representation (ji,j;) transforms as the representation (jz,j1). The represen-

tation of interest in this chapter are:
e The trivial representation (0,0);

e The two-dimensional spinorial representations (1/2,0) and (0,1/2), of complex dimen-
sion two, which are mapped to each other by complex conjugation;

e The vector representation (1/2,1/2) which is mapped to itself by complex conjugation
(real representation), of real dimension four.

3The one-half factor is there to avoid overcounting as we contract two antisymmmetric matrices.

4To be more precise, what we are doing here is to show that the complexified Lie algebra of the Lorentz
group 501 3|c is isomorphic to suz|c @ suslc, i.e. the the direct sum of two complexified su, algebras, see the
Lie groups course for more details.

11



PART 1. FREE SPIN ZERO AND ONE-HALF FIELDS

Lorentz transformations and SL(2,C). Inorder to get an explicit construction of the (1/2,0)
and (0,1/2) representations, let us define the following set of 2 x 2 matrices, arranged as a
4-vector:

ot = (I, oY) (1.22) ]

written using the Pauli matrices:

ol = (? (1)) , of= ((1) _Oi> , 0= (2) _O]>. (1.23)

Omne can associate to the 4-vector of space-time coordinates (t,X) (or to any 4-vector) the
2 x 2 Hermitian matrix

S o t—z —x+1y
_ Wt Z.5—
X=x0t=t—%x-0 (—x—iy itz ) (1.24)

The length square of the 4-vector (t, X) is then given by det X =t —x2. Let S be a 2 x 2
matrix of determinant one, i.e. an element of the matrix group SL(2,C). The determinant
of X (hence the length of 4-vectors in Minkowski space) is invariant under the action:

X — SXST, (1.25)

which preserves the hermiticity of X.
Given that, for any S € SL(2,C), the matrix —S € SL(2,C) has the same action on X,
SL(2,C) is actually a double cover of the restricted Lorentz group :

SL(2,C)/Z; ~ SO(1,3)", (1.26)

i.e. SO(1,3)" is isomorphic to the quotient of SL(2,C) by the order two group generated by
the inversion.The relation between SO(1,3)" and SL(2,C) is similar to the relation between
SO(3) and SU(2). While the former admits only representations with integer spins the
latter admits also representations with half-integers spins; for this reason the double cover of
SO(1,3)" it is also denoted by Spin(1,3), the spin group of Minkowski space-time.

The Lie algebra of the Lorentz group constructed above is, by construction, isomorphic
to the Lie algebra sl of the group SL(2,C). Let us consider an infinitesimal SL(2,C) trans-
formation, parameterized by a 2x2 matrix w € Mc¢(2,2):

S=I+w. (1.27)
At first order in w, the condition det M = 1 translates into:
detM =1 = Trw =0. (1.28)

Thus the sl, algebra, which has real dimension six, is given by Spang(c'), i.e. the set of
linear combinations of Pauli matrices with complex coefficients.

12



Free spin zero and one-half fields

1.1.2 Representations of the Lorentz group

We will now discuss the properties of the representations of the Lorentz group of smallest
dimension: spinor, conjugate spinor and vector.

Two-component spinors. As we have seen before, the smallest non-trivial representations
of the restricted Lorentz group (more precisely, of the double cover thereof) are a pair of
conjugate two-dimensional spinorial representations, (1/2,0) and (0,1/2).

Using the isomorphism between the spin group Spin(1,3) and SL(2,C) described above,
one can identify one of them, say the representation (1/2,0), with the set of SL(2, C) matrices
{§ € Mc(2,2), det S = 1} which act on a complex vector space of two-component spinors x:

X — SX, (1.29)

or in components (take care of the positions of the indices!)

Xa — S xp x,pB=12 (1.30)

For reasons that will become clear soon, those Weyl spinors are called left-handed.
Exactly as the matrix group O(1,3) preserves the Minkowski metric 1, the matrix group
SL(2,C) preserves the following ”spinor metric”:

e =—io? = ((1) _01) (1.31)

VS € SL(2,C), STeS=ce. (1.32)

in the sense that

We check immediately that:

el—e——e—i2= (% 1), (1.33)
-1 0
As for the Minkowski metric, the components of € are denoted by e,p, while those of
its inverse €*P. Using this invariant tensor and its inverse, one can lower and raise spinor
indices:

Xo = €oc[5XB ) X(x - e(XBX[S (1'34>
Using eq. ([1.32)) one sees that:
X — €S esx” = (e7Se)%x* = ((ST)") %, x°- (1.35)

13



PART 1. FREE SPIN ZERO AND ONE-HALF FIELDS

Since €Se” = (ST, using eqn. ([1.32), x« and x* transform in equivalent representations.
On can then easily construct spinor bilinears invariant under the action of the restricted
Lorentz group{|

def.

Xb = —exabp — — eSS by = —€"x s = xb. (1.36)
—_——

(STeS)vd

The minus sign in the definition has been chosen for consistency with Hermitian conjugation,
see below. It can also be written as

N
X = P bp =xPp, (1.37)

with the upper index first. Anticipating a bit, the spinor components should be considered
as anti-commuting variables. For this reason,

XX = —€PxaXp = —X1X2 +X2X1 = 2X2X1 - (1.38)

In order to get an explicit expression of the Lorentz generators in this representation, let
us first introduce the following 4-vector of matrices:

ot = (I, —o) (1.39)

i.e. with a minus sign for the space components compared to o", see eqn. (1.22)). In terms
of those let us define the following set of six linearly independent 2 x 2 matrices, labelled by
an antisymmetrized pair of space-time indices:

(o) P Long — gom) P (1.40)

Explicitly,
0 =1e® 0¢, 0" =-0%=16" ab,c=1,23. (1.41)
The former are Hermitian, and the latter anti-Hermitian. It is easy to check that they obey

the same algebra as the generators X"V of the Lorentz transformations, see eqns. (1.13|{1.15)):
[o", 0°7] =1 (anG”T +n"o"? — Vot — n“‘%r”) . (1.42)

In terms of those, the action of an arbitrary Lorentz transformation on a left-handed spinor

X reads:
B

Xo SaBXB = (e*%QpVG‘”>(X X6 » (1.43)

5In terms of group theory, the trivial representation occurs in the decomposition into irreducible repre-
sentations (1/2,0) ® (1/2,0) = (0,0) & (1,0). The exotic (1,0) representation (an anti-self-dual two form)
will not be discussed further.

14



Free spin zero and one-half fields

where the anti-symmetric matrix (), contains the parameters of the transformation; while
Q) p correspond to rotation angles, )y, correspond to boost parameters. Regarding rotations,
one can define the unit 3-vector 1 giving the axis of rotation through:

1
EQabe“bc =0n., nr=1, (1.44)
such that a rotation acts as .
X — e 290y, (1.45)
Boosts are parameterized by the 3-vector w such that w, = Qoq = —Qo:
X — e2™ 0y, (1.46)

Conjugate spinor representation. The other spinorial representation (0,1/2) should trans-
form in the complex-conjugate of the (1/2,0) representation; it corresponds to right-handed
Weyl spinors.

It is useful to consider first the matrix X” associated with the image of the 4-vector of
coordinates (t, X) under a parity transformation X — —X:

_ - t+z x—1y
T e _ TT
XV =xo0t=t+x.-0= (x ot Z) =e X' €. (1.47)

According to ([1.25), X” transforms then under the action of SL(2,C) as:
XP — e'S*XTSTe = ¢7S*e X" ¢'STe (1.48)
S~~~ S~~~
) e

i.e. parity maps each S € SL(2,C) to (S_l)Jr € SL(2,C). In other words, the (1/2,0) and
(0,1/2) representations are mapped to each other under parity.

It is customary to use dotted indices for the conjugate spinors, as well as for the matrix
indices contracted with them. We then introduce a spinor of components (%, o« = 1,2,
transforming as follows:

0 — ((s—‘)T) BIPB , (1.49)
from which we deduce that

ey (1.50)

o4

(o= eglP — (e(STDFeN)

Since the relation ((1.32)) is equivalent to S* = €(S™")Te” we can rewrite this as

o= (8¢, (1.51)

15



PART 1. FREE SPIN ZERO AND ONE-HALF FIELDS

transforming indeed in the complex-conjugate representationﬁ In particular, the Hermitian
conjugate of a left-handed spinor transforms as a right-handed spinor and vice-versa:

Go=r— (5050, = St (1.52)

As with left-handed spinors, one can construct bilinear expressions transforming as scalars
under the action of the restricted Lorentz group:

CT] déf G“ﬁcanﬁ — G(XBSZVSE 5 CYné = eYécyné = CT] . (153)
—_—

(S* Tes*)yé

It can also be written as /
i = e eeny =Can®, (1.54)

with the lower index first. This is compatible with hermitian conjugation, as one can check
explicitly, taking into account that spinor variables are anti-commuting:

(x®)" = (=12 + x2b1)" = —ix] + wixh = xjwh —xio] = ePxfwl = x"w. (1.55)

Finally, let us give the expression of the generators of the restricted Lorentz group in the
(0,1/2) representation:

(6”)‘5‘6 = %(c—y“crv — 6“’0”)6‘6, (1.56)

which are constructed such that, if a spinor in the (1/2,0) representation transforms with
S(A), a conjugate spinor ((0,1/2) representation) transforms with S(A)"~!. Explicitly,

6_ab — %eabco_(l , 6-0(1 — _%0-‘1 a)b,c = 1,2, 3. (157)

The index structure of ((1.56]) indicates that it acts on a right-handed spinor {* (with index
up); as one can check explicitly, this is compatible with the fact that (% transforms with
(ST, see eqn. (1.49), 4.e. in the same way under rotations but with opposite signs under
boosts. The action of an arbitrary Lorentz transformation reads:

o (72 B (1.58)

Comparing the Lorentz generators to those of the (1/2,0) representation, see eqn. ,
one can see that while the left- and right- spinors transform in the same way under space
rotations, following eqn. , they transform with opposite signs under boosts — compare
with eqn. (|1.46)):

1

{ — e 270, (1.59)

5The (1/2,0) and (0, 1/2) representations are not equivalent since one cannot find an invertible matrix M
such that S = M~'S*M for all S € SL(2,C).
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Free spin zero and one-half fields

To summarize, there are two kinds of spinors with respect to the Lorentz group, associ-
ated with the representations (1/2,0) and (0,1/2). They are exchanged mathematically by
complex conjugation, and physically by parity. The associated property of a spinor (being of
one kind or the other) is called the chirality[

Vectors. So far we have constructed the two-dimensional spinorial representations (1/2,0)
and (0,1/2), which are complex conjugate to each other. By tensoring those, we get the
self-conjugate representation (1/2,0) ® (0,1/2) = (1/2,1/2) which corresponds, as we shall
see below, to the vector representation of the restricted Lorentz group.

To understand how to build such representation, let us remind that we started the con-
struction of the (1/2,0) representations by considering the following transformation law:

X =x,0" — SXS'=x,So"S". (1.60)

Since x" is a 4-vector, the action of the Lorentz group on the spinors should induce the map
Xu = A%y, with as usual A = (AT )"~ This requirement is satisfied if:

Sotst = (A" ov (1.61)

v

We have indeed:
SXST =x,SotST =x, (A1) oV = A Fx 0. (1.62)
Thus the SL(2,C) action on o* induces the Lorentz transformation of a 4-vector (naturally
the transformation can be explicitly checked).
This property implies that the following fermion bilinear built out of a left-handed and a
right-handed fermion transforms as a 4-vector:

xot( = x“GiBCB — xS 'o*STe = A¥,x0VC. (1.63)

The Hermitian conjugate of this expression is given by ()((T“C)T = xoh X
A second fermion bilinear giving a 4-vector is obtained by noticing that o*, defined
in (1.39), can be obtained from o* by raising indices with the inverse spinor "metric” e ':

ot e et — (gt) PP (1.64)

FExercise: prove this property.
Notice that, on the right-hand side, the un-dotted and dotted indices have been inverted, i.e.
o* = eo*Te’. We can then construct the fermion bilinear:

Lo*x = Ca (6% xp - (1.65)

"Since these spinors are only distinguished by their behavior under boosts, this distinction does not exist
in non-relativistic physics.
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PART 1. FREE SPIN ZERO AND ONE-HALF FIELDS

which transforms as a vector since, from a similar reasoning as above, using the transformation
of X” one gets:

STo"S = A* 6" (1.66)

We don’t expect ((1.63)) and ([1.65]) to be independent vectors, since (1/2,1/2) defines a single

four-dimensional representation of the Lorentz group. We have indeed
Cot'x = (g (c‘r”)ﬁ'ﬁ Xp = Cﬁxﬁcide“ﬁeé‘g = ("ot = —xo"C. (1.67)

Clifford algebra and Dirac spinors. The (1/2,0) and (0, 1/2) spinorial representations are
mapped to each other under parity. In order to build physical theories invariant under parity
(like quantum electrodynamics, as we shall see), it is useful to combine these two-components
spinors into a single four-dimensional spinor, corresponding to a reducible representation of
the restricted Lorentz group.

Historically, this representation was built by Dirac by defining a set of complex matrices
Y" obeying what is known as the Clifford algebra:

def.

YY) = vy vyt =M (1.68)

In particular, we have
2 i\ 2 .
()" =1 , (y) ' =-I, i=1,2,3. (1.69)

Let us consider the commutator of two of these matrices, and construct

S 2y Y] = S (Y ), (1.70)

which is antisymmetric in its space-times indices (u,v). On can check easily that:

i

W o 4,pP
[S*Y, vP] >

(VY ¥P I =17y —nyY) (1.71)
From which we get, after a straightforward but slightly tedious calculation,
[SKY, §P9] = '(nvpsw L HOSYP _ qpvogHe —nupsvc) . (1.72)

In other words, every representation of the Clifford algebra furnishes a representation of the
5073 algebra, which is not necessarily irreducible.

The non-trivial representation of the Clifford algebra of the smallest dimension has
dimension four in space-time dimension d = 4. The Weyl spinor tools developed previously
give a natural basis for this representation, known as the Weyl basis or chiral representation:
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Free spin zero and one-half fields

Vi = <_° 3“) (1.73)

ot

0 I - 0 ot
0 __ 1
YW - (]I O) ) ‘YW - (_Gi O) . (174)

The first one is Hermitian, while the other ones are anti-Hermitian. One can notice that:

More explicitely,

Yoyry = (' (1.75)

In terms of the gamma matrices, it is immediate that:

w_ Yoouo v, _ 1 /oY —oYo!" 0 [0 0
SW - 4 [Yw) YW] - 4 ( O (_)'HO'V—(S'VO'H — O (_)-llV y (176)

see eqns. (1.40)) and (|1.56]). It indicates that the complex vector space on which these matrices
act is a space of bispinors transforming in the reducible (1/2,0) @ (0, 1/2) representation:

def. [ Xa
g, (Cé‘) (1.77)

Take care of the index structure, which is chosen to be consistent with the transforma-
tions ([1.43)) and (1.58). One has then, for an arbitrary Lorentz transformation:

Y exp (—%QWSW) Y (1.78)

We have dropped the subscript W here, since this is evidently true in any basis. The action
of parity P : X — —X exchanges left- and right- handed Weyl spinors so its action on a Dirac
spinor in the Weyl basis can be represented as the matrix multiplication:
P, .0
Yy — v Yy, (1.79)
using the explicit form of v° in the Weyl basis, see eqn. (1.74]).

It is useful to define projectors on the irreducible (1/2,0) and (0,1/2) representations;

let us define first the matrix:
I 0
vy = ( 0 H) (1.80)
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PART 1. FREE SPIN ZERO AND ONE-HALF FIELDS

The defining properties of the y°> matrix, independently of the basis of the Clifford algebra
chosen, is that it anti-commutes with all the Dirac matrices and squares to the unit matrix:

{(v ¥} =0,n=0,...,3, (y5)2:]I. (1.81)

A basis-independent definition is provided by:

Y =Yy (1.82)

One can check indeed that by anticommutation,

VY =0y = 00 VY = vy = Y, (1.83)

and similarly for the other ones. One has then by moving the second v° to the left,

2
(V)" = VY'YV = Y'Y Y'Y =YYV = =1 (184)

In terms of v°, the projectors on left-handed (resp. right-handed) Weyl spinors are:

(1.85)

In order to construct scalar and vectors from bilinears of Dirac spinors, let us write
first the transformation of such spinor in terms of the action of SL(2,C). According to

eqns. ((1.3041.49) the associated 4 x 4 matrix D(A) is given, in the Weyl basis, by:

Y, = (’é) s D(A) Wy = (5((;\) 51?(A)> (>C<) (1.86)

Therefore for the Hermitian conjugate one has
vl = (x ) — (x ) SfA) 0 (1.87)
w 0 371 (/\) ) .

and Wi, W, does not transform as a scalar quantity, which is not suprising since, for instance,
x' transforms as a right-handed spinor. Let us define the Dirac conjugate of a Dirac spinor:

Y = yiy0 (1.88)

Using for example the Weyl basis, one has

o= ) (§ g) =@ ). (1.89)
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Free spin zero and one-half fields

So a scalar quantity is obtained by left-multiplying a Dirac spinor by its Dirac conjugate, or
the Dirac conjugate of another spinor:

- 0 I\ /0 I\ /St o0\/0o I\/S o —
Uy, — Wi (11 0) (]1 o) (0 3_1) (]1 0) (o S_H)wzz\y]wz. (1.90)

s 0
0 st

\_{’1\1]2 I—P—) qq YOYO ’YOWZ = @]\yz . (191)
I

Likewise under parity,

One checks that WV is self-conjugate under Hermitian conjugation, since v° is a Hermitian
matrix: (YY) = WiyoTW = WY, We can also consider

= — (ST 0 —I 0\ /S O =
5 5
Wﬂ/ lyz — \P] ( 0 ST) ( 0 I[) <O 871 T) \yz = W]’y \yz . (192)
However under parity one gets
Yy Y, -y Yoy yow? = Yy, (1.93)

using {yo, v’ } = 0. Therefore W1y°V, is a pseudo-scalar rather than a scalar quantity w.r.t.
O(3). Under Hermitian conjugation,

(‘?y5‘P)T = Yy Ty 0Ty — Wiy S0y — iy 0S5y — Sy (1.94)
showing that this quantity is also anti-Hermitian rather than Hermitian.

Slashed notation. In the same way as space-time four-vectors have been constructed from
bilinears of Weyl fermions, it is possible to built 4-vectors from bilinears of Dirac fermions.
As the notation suggests, one has:

— 0 I 0 o*
o (3 (2 5

(o0 T\ (St 0\ (0 I\ [0 o*\ (S 0
— WW(H o)(o s)\1 o) \ow o) lo s1) %

_ /0 STlgust _
=Y, (ST(_)‘“S 0 )Wz = /\p'v‘yﬂ/ Y, (195)

using the transformations (|1.61}|1.66). Under parity,

+¥voY,

I 1.96
Yy, (1.96)

UyhW, o WryPyhy 0y, = {
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PART 1. FREE SPIN ZERO AND ONE-HALF FIELDS

as expected for a four-vector. Similarly, ¥;y>y*W, transforms as a pseudo-quadrivector:

lT’]’YS’Yulyz — /\uVWfYS’]/V\Pz , \Tﬁ’}/S’Yulyz li){ (197)

where we have used {yS, % } =0.
Let v be some arbitrary four-vector. One can obtain a Lorentz scalar (resp. a pseudo-

scalar) by contracting with Yy*W¥ (resp. with ‘?}/5}/“‘1’). It is convenient to use a short-hand
notation known as the Feynman slash:

Y= vyt YWY = v, Yy"y. (1.98)

1.2 Free classical field theories

After all this preparation we are ready to consider classical field theories associated with spin
zero and spin one-half Lorentz representations. We will start with some reminders about
classical field theories in general.

In the Lagrangian formalism, a field theory is defined by its action, a local and real
functional of the fields {®'} and their derivatives {0,®@'}, that can be expressed as a four-
dimensional integral of a Lagrangian density:

S[@T] = J d'x £(0', 2,0"). (1.99)

The Lagrangian L = fd3xL has the dimension of an energy, or equivalently of an inverse
length, therefore (i) the Lagrangian density £ has dimension of (energy)* and the action S
is dimension-less in natural units.

Classical solutions of the field theory defined by the action functional correspond to
stationnary points of this action. Under an infinitesimal variation of the fields ®! — ®!4+5®!,
we have:

5S[@'] = Jd“x (L (D'(x) + 8D (x), 0, D' (x) + 0,80 (x)) — £ (®'(x), 3,D'(x)))

_ Jd4" ( OL s oi(x) + LaquCDI(x)) + 0 (50?)

0dI(x) 0 (0,D(x))
e [ 4 oL B oL 4 oL
gl Jd X (ad)l(x)&pl(x) 3.0l (aud)l(x))) SO (x) + Jd x 0y (—6 (aud)l(x))éq)l(x))
+ 0 (50%)
(1.100)

80f course if a* is a pseudo-vector the former contraction gives a pseudo-scalar and the latter a scalar.
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Free spin zero and one-half fields

Assuming that the fields and all their derivatives vanish fast enough at infinity, one obtains
from the vanishing of the first-order variation of the action the Euler-Lagrange equations:

0L 0 0L

() ===

o 530,01 (x)=0. (1.101)

Without entering into much detail, the Euler-Lagrange equations can be also phrased in
terms of the functional derivative. For a local functional F[}p] = fd“x f[d(x)], one defines

SFI] wr . Flb + €8] — Fld)]

=1 1.102
Sd(x) Sy € ’ ( )
in terms of the Dirac distribution 8y, such that the the stationnary point condition is simply
5S[DY]
—— =0. 1.103
dDI(x) ( )
*
* %

A fundamental role is played by symmetries in quantum field theories, both space-time
symmetries and internal symmetries acting on field space. Given the general principles of
QFT, they essentially determine fully the content of a given particle physics model.

Noether theorem. A continuous transformation is a symmetry of a classical field theory
defined by an action principle if, under an infinitesimal transformation of the fields §,®?, the
Lagrangian density £ shifts by a total derivative:

L+ L+0,AY, (1.104)

in such a way that the equations of motion are unchanged [’
The variation of the action under ®'(x) — ®(x) + §,P'(x), where ®!(x) solves the
equations of motion, is given by

(a9 @ A IJ4 oL ILJ4 .
6S_de<a®1 axua(au@))é“@ +]d'% 0, | gt | = | dx oA (1.105)

=0

We have then the conserved current:

0L
2(2,0Y)

def.
Jh =

5, @' — A 9t =0, (1.106)

9There can be actually more general transformations that do not leave the action invariant but preserve
the equations of motion.
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PART 1. FREE SPIN ZERO AND ONE-HALF FIELDS

and the associated conserved Noether charge by integrating over space:

d

Q. = Jd3x e, aQ(,(:o. (1.107)

Stress-energy tensor. A fundamental object in any field theory is the stress-energy tensor,
that can be approached from several ways, one of them, which will not be developped here,
being through the coupling to an arbitrary space-time metric. Let us consider first invariance
under space-time translations:

O'(x) — O (x —«) = D(x) — o9, @' (x) + O(o?), (1.108)
under which the Lagrangian density, which is by itself a scalar, transforms in the same way:

L(D'(x),0,0'(x)) v L(O'(x—«),0,D'(x—a)) = L(D'(x),0,D'(x)) — "0, L +O(?).
(1.109)
We obtain then the conserved current:

. 0L
Ii = —, T y ™ =
2(0,01)

YO ML . (1.110)

Note that this definition of the stress-energy tensor is not unique; in particular, this one is
not necessarily symmetric. The (0,0) component of the stress-energy tensor gives naturally
the energy density of the field:

oL .
e=T"=—"T0'— ¢, (1.111)
0!
while the (0,1) components give the components of the space momentum density:
: . oL .
Lo T0% = 2= 8il, 1.112
P ve (1.112)

Hamiltonian formulation. The Hamiltonian formalism in field theory is formulated in a
very similar way as in classical mechanics.

We first define the momentum field TT;(x) conjugate to the field ®! through the usual
relation:

o oL 0L
Mix) £ — = —(x). (1.113)

dDI(x) 0od!
and define the Hamiltonian density H (which is just the energy density expressed in canonical
variables) through a Legendre transform, then the Hamiltonian H by integrating over the

whole space:

H(OL ) =Td' — £ | H:sz’x K. (1.114)
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Free spin zero and one-half fields

The field theory in Hamiltonian form naturally satisfies the Hamilton equations of motion:

6H  oH . OH oOH

= Steg — e ) o )= =~ (x). (1.115)

'(x) TADI(x) | 0,

Poisson brackets. Let us consider two functionals in the conjugate variables (¢!, TT;), written
as integrals of local densities over space:

A:Jd3xa((])1,ﬂ1) , B :Jd3xb(¢1,ﬂ1). (1.116)

We define the equal time Poisson bracket between these functionnals as:

OA OB OA OB
A B} < | g3 — ) 1.11
LA, B J X(é@l(t,z)am(t,z) mltt,z)w(t,z)) (L117)

Let us consider the canonical variables in field space expressed as functionals: ®!(t,%) =
[Py @(t,7)8% (X — §) and TTj(t,x) = [d3yTT(t,§)8® (X — §). We find evidently the
canonical Poisson brackets:

=868 (x—7). (1.118)

1.2.1 Scalar fields

We consider a set of real scalar fields ®!, transforming in the trivial representation of the
Lorentz group. A Lorentz-invariant functional can be built using any function of the fields
themselves and of the quantities 9,®'0*®J. At low energies/large scales we expect the
terms with the lowest number of derivatives to dominate the dynamicsm A rather general
Lagrangian density would therefore be of the form:

L = Gy(0")9,0""0) — V(0Y). (1.119)

The set of functions Gpj(®*) can be thought as a (positive-definite) metric on field space,
where @K are understood as coordinates. If we assume that the potential V has a local
minimum, that we set at ®! = 0, one can expand the Lagrangian around it and keep only
terms at most quadratic in the fields. Upon diagonalizing the (constant) metric Gy and
rescaling the fields, one gets:

L =18y0, 0" — Vo — @' — Imj;0'D/ (1.120)

10For instance, in 4 dimensions a term with 4 space-time derivatives would be written like A~*(0®0®)?
by dimensional analysis, where A is is an energy scale, a priori close to the Planck scale.
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in terms of a symmetric, positive semi-definite square-mass matrix m%l. The constant term V,
does not affect the equations of motion and merely shifts the energy density by a constant,
therefore will be ignored, at least for now. Likewise, the linear terms will just move the
position of the minimum, as can be seen by the field redefinition ®' = ®'—b’ with a; = mgb/
and will be also ignored.

In a space-time of dimension d, the Lagrangian density £ should have dimension L—¢,
therefore, looking at the kinetic term, a scalar field has dimension L'"%2. While it is
dimension-less in dimension two, which has applications for 2d conformal field theories, it has
dimension L' in our four-dimensional spacetime (or equivalently the dimension of a mass).

Klein—Gordon field. In the case of a single free scalar field, the Lagrangian reduces to the
well-known massive Klein—-Gordon model:

£ =10,00"0 — Jm?®? (1.121)

This theory does not have any internal continuous symmetry whenever m # 0, but is
invariant under @ — —(DE The equation of motion is evidently given by the Klein—-Gordon
equation:

O+m)D(t,%) =0 , O=203 -V, (1.122)

The general solution can be expressed as a superposition of plane waves, with the dispersion
relation p> — m? = 0, where p* = (p°, p). Let us define

E, = /P2 + m2. (1.123)

We have then, given that the field @ takes values in RH

$p 1 | | .
D(x) = J_p_ <aﬁeflp~x + a;gelpoc) , Pt = (Ep)p) . (1'124>

(2m)* | /2E,

In the Hamiltonian formalism, the corresponding field momentum can also be developed
in terms of its Fourier modes:
&*p [E,

—ip-x T _ipx
P 2 (ape ™ —afe™) . (1.125)

n:é:—ﬁ

Under a Lorentz transformation A, the field @, being a scalar, should transform according
to:
D(x) D A X), (1.126)

"Tn the massless case, the Lagrangian is invariant under constant shifts of the field, ® — ® + «, corre-
sponding to the Noether current J* = o+ ®.

12\We have used Hermitian rather than complex conjugation in this expression, in view of the study of the
quantum theory later on.
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1.e. the value of @ at the space-time point of coordinates x" is given by its value at its
pre-image under the transformation A. In the infinitesimal form,

SO = O(A'X) — O(x) = D (x* + 1Qu0 (ZP)*, X" + 0(Q?)) — O(x*)
= =300 (M**N® =1™1) x,0,®(x) + O(Q?)
=—-0°x°9,D(x) + O(Q%). (1.127)
The Lagrangian density ((1.121]), being a local scalar quantity as well, should transform in a

similar way:

0L =—0P x°0,L =—0, (Q°.x°L) , (1.128)
using that Tr Q) = 0 in the last step. We obtain then from the Noether theorem:
JY = a“(D( — ngx"ap(D) + Q¥ XL = —Q,ex° (MDD —nPHL) = —Qoex° T . (1.129)

So one has overall six conserved Noether currents associated with the six generators of the
Lorentz group (3 rotations, 3 boosts):

(TP = xPTOH — XxOTPH (1.130)

Free O(n) vector model and complex scalars. Another interesting case is a model with n
real scalar fields of equal mass m. We consider the Lagrangian:

n n

£=1Y 2,00 ! —Im?y (@), (1.131)

I=1 1=1

The equations of motion are just given by n copies of the Klein—Gordon equation with equal
masses: ((0+ m?)®! = 0.

The fields @™ can be seen as the components of an R™ vector @ in field space, thereby
transforming in the vector representation of O(n):

O—MDO, MM=I,, (1.132)

leaving the Lagrangian density (1.131f) invariant. Infinitesimal transformations of the fields
are expressed in terms of an anti-symmetric n X n real matrix @:

o' — o + @I]q)] y = SIKG)KI = —wj1 . (1133)

Like for the Lorentz algebra one can choose a basis of imaginary antisymmetric matrices
as generators of the o, algebra,

(HNKE =1 (8™t — 858" | (1.134)
and expand CDI] = —%(OLKLHKL)I]. The associated Noether currents are given by
T = (HY) 0o, @y, JKt =gtk (1.135)

27



PART 1. FREE SPIN ZERO AND ONE-HALF FIELDS

In the case of a two-field model, it is useful to assemble the fields ®' and ®? into a complex-
valued field:

. (D] '@2
o 2 (1.136)
V2

in terms of which the Lagrangian (|1.131)) becomes:

L =0,0""D —m*O*D (1.137)

It is convenient to view @ and ®@* as independent fields, for instance while deriving the
equations of motion or computing Noether currents. The appropriate viewpoint is to first
analytically continue @' and ®? to independent complex-valued fields. Then the independent
fields @ and ®* are obtained by a unitary change of basis in field space:

<qq>)*> - Gfﬁ _1{/\/52) (gi) : (1.138)

We get for instance the equation of motion for @*:

e ) e
= —mi® =3 =IO, 1.139
oo~ “3(0,,0") (1.139)

The canonical momenta associated with @ and @* are:

L oL

My = — = O Mee = —— = . 1.140
?T a0 Y o (1.140)

The theory of a complex scalar field defined by the Lagrangian (1.137)) is invariant under
the U(T) transformation @ — exp(i0)®, @* — exp(—i0)D*. The associated Noether current
is given by:

T =1i(0"D* — O*H D), (1.141)

which can naturally be deduced from ([1.135]). As mentioned earlier, this theory is invariant
under O(2), rather than under SO(2) ~ U(1). The extra Z, symmetry acts on the complex
field @ as:

D — O*. (1.142)

This transformation, which maps a field of U(1) charge q = +1 to a field of opposite charge,
is actually a manifestation of a fundamental discrete symmetry of Nature, charge conjugation,
that maps every particle to the corresponding anti-particle, as we will see later.
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The mode expansion of the complex scalar field is given in terms of two independent sets
of modes {az} and {bz}:

EBp 1 : .
O(x) = se PN 4 pletpx 1.14
(x) J(zﬂ)3 T (ape +ble ) : (1.143a)
dp 1 . .
1 — Lp—ipx JL ip-x
D' (x) J(ZﬁP 7T (bpe +age ) . (1.143b)

1.2.2 Free Spinor fields

As for the scalar fields, Lagrangian densities for spinor fields are written in terms of Lorentz
scalars built out of the fields and their derivatives. Let us first consider a single Weyl spinor,
for instance a left-handed spinor ¥, i.e. an anti-commuting field transforming in the (1/2,0)
representation of Spin(1,3). A general bilinear Lagrangian density is provided by:

ePxaxp + €Pxbx)) . (1144)

.o m . a4 m
£ =ix0"0ux — 5 o+ XX = i % ke — 5 (

By construction this expression is Hermitian, up to a total derivative, provided that m € RH
We have indeed:

. i . . .
(ix‘; Gl auxoc) = 10X X 0" = ix D, 0" — 10, (xlxac—f” ““) . (1.145)

The equations of motion following from this Lagrangian read:

oL

0= ﬁ = i(—).uécoc aHX“ — mx“‘, (1146&)
0L 0L -
0=-9 _ighea g ot eb
ua(auch) + axa 10 uXg — METXp

GEB€ﬁ“€Sd
= io}0ux'P —mxp =0. (1.146b)
As one can see, those equations mix the spinor x with its Hermitian conjugate x'; in the

quantized theory, it will mean mixing of the particle with its own anti-particle, in a sense
that will be made more precise below.

Weyl spinor field. In the massless case, the coupling between the spinor field and its con-
jugate disappears and x obeys what is known as the Weyl equation:

0" dux = 0" Oy Xa = 0 (1.147)

130therwise a phase can be absorbed in a redefinition of the spinor field x.
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Multiplying both terms on the left by ¢V0,, one gets [lx = 0, i.e. x satisfies the massless
Klein—Gordon equation.

The Lagrangian density from which the Weyl equation of motion follows, is given for a
left-handed spinor by:

Ly, =ix'e"d,x. (1.148)

It is invariant under chiral U(1) rotations of the spinor field:
x — €%, 0e[0,2n], (1.149)
with a corresponding Hermitian Noether current:
Ty =x'ax. (1.150)

This symmetry is explicitly broken in the presence of a mass term as in eqn. . More
generally, a set of n Weyl spinors of the same chirality is invariant under the action of U(n)
rotations.

Let us consider plane-wave solutions of the Weyl equation ((1.147)), with four-momentum

pr = (p0> ﬁ)

X(x) =v(ple ™™ = &*pv(p) = (p°+7 - 5)v(p) =0. (1.151)
= p° 1l with i = 1 using the dispersion

For p® > 0 (positive energy solutions), writting p
relation p? = 0, one has
— -0 — — — —
v(p) :_%v(p) = -G v(p). (1.152)

Hence v(p) is an eigenvector of

h = d.6/2, (1.153)

the projection of the spin along the direction of the momentum p, called the helicity of the
particle, with eigenvalue —1/2.

Likewise, a right-handed spinor C in the (0, 1/2) representation of Spin(1,3) is described
by the Lagrangian density

Lr =110"0,C (1.154)
and satisfies the equation of motion:
0" 0, =0%,0,%=0. (1.155)
With a similar reasoning as before, for a plane-wave solution of the form {(x) = @(p)e P,
one gets
-6 o) = op), (1.156)

i.e. @(p) is a helicity eigenvector with eigenvalue +1/2. We have thus realized that massless
fermions of definite chirality have definite helicity:
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e Massless Weyl fermions of helicity h = —1/2, called left-handed, transform in the
(1/2,0) representation of Spin(1,3)

e Massless Weyl fermions of helicity h = +1/2, called right-handed, transform in the
(0,1/2) representation of Spin(1,3)

For this reason, one can use interchangeably the concepts of helicity and chirality for a
massless Weyl fermion. For a massive particle the concept of helicity is not Lorentz-invariant:
it is always possible with an appropriate boost to reverse the direction of the momentum with
respect to the observer.

An arbitrary field theory based of Weyl fermions is not invariant under space parity. While
this may not be an issue — after all, the standard model of particle physics is not invariant
under parity, more later — it is desirable to build a parity-invariant theory for spinor fields, in
view of describing quantum electrodynamics, which is expected to be parity-invariant, since
the corresponding classical theory is.

Dirac spinor field. As explained in section a parity-invariant theory can be built in
terms of bi-spinors Wy, = (). First, the kinetic terms of left-handed and right-handed Weyl

spinors, see eqns. ((1.148|]1.155]), can be assembled into a Dirac kinetic term,
i . . 0 I 0 o* X e
Ly + Ly =ixlo*dx +icfe*0, =1 (x" ) (1[ 0) (ou o> G <C> =i¥YgV. (1.157)
This could have been obtained directly from symmetry considerations. Since the Dirac bilin-

ear WV is Lorentz- and parity-invariant, one can add a corresponding mass term, known as
a Dirac mass term, and obtain the standard Dirac Lagrangian density:

L, =Y(id — m)¥ (1.158)

Unlike the Klein—Gordon Lagrangian, see eqn. (1.121]), it contains only a single deriva-
tive. In a space-time of dimension d a spinor field has dimension L0~9/ 2 The Dirac field
naturally obeys the famous Dirac equation:

oL,
oY

=0 = ({@—-my¥Y=0 (1.159)

It implies that ¥ satisfies as well the massive Klein—Gordon equation:
0=(—id—m)(id —m)¥=—( y*y" 9,0y + M*)¥ = —(O+ m?)V. (1.160)
~——
{ve,vvy/2

Using eqn. ([1.75)), one finds that the conjugate of the Dirac equation is given by:

R
Y(igd +m)=0, (1.161)

14Spinors in arbitrary dimension will be considered in the tutorials.
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where we have used the convenient shorthand notation:
_H def. b n
Yy = 0,Yyt. (1.162)

It is instructive to split the Dirac Lagrangian density in terms of the two-component Weyl
spinors that constitute the bi-spinor ¥:

Ly =ix'e"0.x +ic'0*d, 0 — mx' ¢+ 'x). (1.163)

One notices first that the Dirac mass term mixes the left- and right-handed spinors x and (,
in a way ensuring parity invariance. Second, the U(1)p x U(1)g chiral symmetry is broken to
a diagonal subgroup by the mass term:

Y o eV = (x,0) — (e, € ). (1.164)

The corresponding Noether current is easily found to be:

T =Yy Y, (1.165)

FExercise: prove that this current is Hermitian. Show that the equation of motion
ensures that 0,5 = 0, i.e. that the current is conserved as expected.

In the massless theory, the full U(1)p x U(1)g symmetry is manifest, at least classically,
which is obvious in the Weyl form of the Lagrangian density. The "diagonal” or vector com-
bination of these two U(1) actions corresponds to the current . The "anti-diagonal”,
or axial U(T) acts as

YooY = (X, Q) = (e7%, €). (1.166)

The corresponding Noether current, known as the axial current, is a pseudo-quadrivector
given by: B
TE =Wyy v, (1.167)

Exercise: prove that this current is Hermitian. Show that the equation of motion
ensures that the current is conserved if m = 0.
The conservation of this current may not hold in the quantum theory.

Finally let us derive the Noether current associated with Lorentz transformations. The
field ¥ should transform according to:

Y(x) & DAYAX), (1.168)
where D(A) is the 4 x4 matrix associated with the Lorentz transformation A, see eqn. (1.86]).
Y =D(A)D(ATX) — O(x) = (1 —10Q,6S%) ¥ (x* + 106 (), X" + O(Q?)) — W(x*)

= Qo (x°0° + 187 W(x) + O(Q?). (1.169)
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The Lagrangian density (1.121]), being a local scalar quantity, should transform as:
0L =—0P x°0,L = —0, (Q°,x°L) . (1.170)

However for the Dirac field £ = 0 whenever ¥ satisfies its equation of motion. We obtain
then from the Noether theorem the set of conserved currents:

(TP = WM (x7( —i0°) 4 187) v, (1.171)

and the corresponding set of conserved charges:

Q™ = Jd%c\w (x7(—10°) + 3S*) W. (1.172)

Compared to the case of a scalar field, see eqn. (1.130)), there is an extra term taking into
account the mixing of the spinor components.

Charge conjugation and Majorana spinor field. So far we have constructed two free theories
of massive spinors. First the Lagrangian density describing a complex two-component
spinor in the (1/2,0) representation with a mass term known as Majorana mass, that couples
the spinor to its Hermitian conjugate and breaks the U(1). symmetry of the Weyl kinetic
term ((1.148]). Second, the Lagrangian density for a massive Dirac spinor, i.e. a 4-
component bi-spinor in the (1/2,0) & (0,1/2), with a Dirac mass that couples the left- and
right-handed spinors and preserves a diagonal U(1) symmetry.

To understand better the former theory, and how it can be related naturally to the latter,
let us describe how charge conjugation, that maps every particle to the corresponding anti-
particle as mentioned earlier, acts on the bi-spinor fields. Anticipating a bit, electrons will
be described by quantized Dirac fields and the U(1) symmetry will be used to couple
them to electromagnetism; so a positron should transform under this U(1) symmetry with
an opposite charge. Let us define the charge-conjugation matrix, in the Weyl basis:

ar (€ap O .5 o (e 0 _
C—<O em)—wv, C —<0 e,s) =€ (1.173)

We define then the charge-conjugate of a Dirac spinor ¥, expressed as (1.77) in the Weyl
basis, as follows:

X'

_ f
Yo eyl = (Cfx) . (1.174)

It is easy to see that W¢ transforms in the same way as ¥ under Lorentz transformations, i.e.
in the (1/2,0) @ (0, 1/2) representation, see the tutorials.
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Under the U(1) symmetry , as expected W¢ — e WYC 4 e. with an opposite phase
compared to V. Since ¥ and ¥Y° transform in the same way under the action of the Lorentz-
group, one can impose a Lorentz-invariant condition giving what is known as a Majorana
spinor [1], a concept introduced by the Italian physicist Ettore Majorana:

Y, =Y e Y, = (;‘T“Q . (1.175)

Majorana spinors have half the number of degrees of freedom of Dirac spinors and cannot

carry a charge; they transform in a real four-dimensional representation of Spin(1,3), as can

be seen by choosing an appropriate basis of gamma matrices, the Majorana basis.

Ezercise: show that the Dirac-conjugate of a Majorana spinor is given by ¥, = —WI C1.
The Lagrangian density for a free Majorana massive spinor can be obtained rather directly

from the Dirac Lagrangian, by adding a factor 1/2 to take into account that the bi-spinor is

morally speaking a real rather than complex spinor field:

1
Ly = —ZKPLC’] (i — m)¥,y, (1.176)

where W), satisfies the constraint (1.175). Using the identity ((1.64), one gets the same as
eqn. (|1.144), up to a total derivative:

. m
Ly =ix'0"0,x — 5 o+ x'x). (1.177)

Plane wave solutions. Let us construct classical solutions of the Dirac equation (1.159)) in
the massive case (m # 0). Positive energy solutions with momentum p are of the form:

Yix) =uple™ ,  p=(E,P), (1.178)

with E, = /p? + m? as before. The spinor u(p) satisfies:

[ (p—m)u(p) =0, (1.179) ]
Its Dirac conjugate is obtained using eqn. (|1.75])

0 =u'(P) (py"T — m) = ul(P) (py°y*y’ — m) = u(p) (p — m)Y°, (1.180)
hence
[ W(p)(p —m) =0 (1.181) ]

In the Weyl representation, see eqn. ([1.74)), the identity (1.179) can be written in matrix
form as:
— 1 i —
(um o Pp) (LH) _ (0) { Erupuuz mu, , (1.182)
o*p, —m u 0 o'pu = mu,
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where w;, are two-component constant spinors. These two equations are compatible with
each other thanks to the obvious identity:

Puapyo” = (po)? — (5 - 8) = p? = m?. (1.183)

This identity also suggests that a solution of the system ([1.182)) is given by:
1 B
u(p) = (mpza C) , (1.184)
where ( is arbitrary.

To make this solution more symmetric, let us choose a Weyl spinor 1 such that

puotn =, (1.185)

that we can also choose to be normalized as n'n = 1. We have then:

nllpuouc = nll\/puo—upva—v\/puo—un =/ Puotm, (1.186)

therefore the general solution, expressed in terms of an arbitrary spinor n, reads:

u(p) = VP om
(p) = <\/ﬁn> (1.187)

Associating such field configuration to a particle of mass m — as will be made explicit
later — one can go to its rest frame by a Lorentz transform, in which case eqn. (|1.187)) becomes:

u(@) = vm <”) . (1.188)

n
A basis of the two-dimensional vector space of solutions to eqn. (|1.179)) is provided by:

m = (;) o om= (?) . (1.189)

According to eqn. , the two-component spinor n transforms under rotations around the
particle position as 1 +— exp(—%eﬁ - 0)n, d.e. 1 is an SU(2) spinor as in non-relativistic
quantum mechanics and 1y, correspond to the eigenstates |+) of 8,.

From this solution in the rest frame one can naturally reach a solution with arbitrary 4-
momentum p* = (E, p) with an appropriate Lorentz transform. Let us consider for instance

a 3-momentum along z, i.e. p* = (E,0,0,p?) with E = mcoshw and p> = —msinhw. One
checks explicitly that the bi-spinor associated with the boosted 4-momentum reads:
VEPE 0 /2 g
uE) = (VPO Z ( 0 VEW)“ _Jm ( 0 e_w”>n (1.190)
P\ vpen VP 0 ez ' |
0 /E—p3 n 0 eW/Z n
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From the spinor transformation rules under boosts, see eqns. (|1.46] , one gets the same:

+wo3/2 <eW/2 0/2) n
- e 0 ew
w@) =vm () =vm ¢ . (1.191)
e wo n <e_w/2 0 )
0 ew/Z T]
Naturally the same holds for an arbitrary 3-momentum p, reached by a suitable Lorentz
transformation. We obtain then a basis in an arbitrary frame:

w(F) < (ans> L s=1,2 (1.192)
p-oms

The Dirac equation (|1.159)) also admits negative energy plane-wave solutions which are of

the form{™| _
Y(x) = V(ﬁ)em'x ’ P = (Ep) ﬁ)» (1'193)

The spinor v(p) satisfies in this case:

s )

(p + m)v(p) =0. (1.194)

With a similar reasoning as before, the general solution is of the form:

v(p) = ( VP om ) . (1.195)

—/p-om

The general solution of the Dirac equation can be expanded as a sum over of positive-
and negative-energy modes in terms of two sets of Fourier coefficients {b%, (S C} as follows:

2
d3 1 . )
Y(x) = Z J Sl (b%us (ple ™ + C%Tvs(ﬁ)em"‘> , (1.196)

s=1 (271)3 \Y% ZEP

where, as for scalar fields, it is understood that p* = (E,, p).

In the massless case there is naturally no notion of rest frame. For positive energy plane-
waves one can choose a frame in which p* = (E,0,0,E), with, E > 0, in which case the
solution of the Dirac equation ¥ = 0 can be obtained from as

B (59)m

u(p) = v2E , (1.197)
(o0)m

so a basis is provided by

u1(ﬁ)=\/2_E($> , uz(ﬁ):ﬂ_lz(i)- (1.198)

0 0
As noticed before, below eqn. ([1.151]), solutions with definite helicity have definite chirality.

5Indeed their time dependence is of the form P ~ e 1(=Fp)t with Ep > 0 according to our conventions.
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Bilinear spinorial identities. Before ending the presentation of the classical theory we will
derive some useful identities involving bilinear expressions in the Dirac spinors u(p) and v(p).

We consider first the Lorentz-invariant inner product s (p)us (p) between to basis spinors.
Using (|1.183)) one finds that:

W (pu (p) = (nlyp-o nlvp-0)y (%2) =ni(VP-op-G+p-0op o)

= U (ﬁ)us/(ﬁ) = 2mdg (1.199)
Similarly one has
Vs(P)Vvs/ (P) = —2mss - (1.200)
while
V(B () = 1, (B)ver (B) = 0. (1.201)

Next we consider the non-Lorentz-invariant inner product u!(p)us (p) that will appear
in the expression of the Hamiltonian. One gets:

=(p-o+p-5)ning
| —
2po
—  u(P)ug(P) = 2podss  (1.202)

VP O0Ms
VP 5115/

ul(Plu (p) = (VP -oni \/p_Gn)<

Similarly one has
VI(P)ver (P) = 2podss - (1.203)

We consider now the inner products between u and v type spinors. Let us define p =
(p°% —p); the useful identities are then given by:

Wl (F)ver(—F) =ni( VP 0P 0P 0p 5 e =0, ViFlu(—F) =0 (1.204)

(PO —p7=m m

Finally, two matrix identities involving spin sums will be very useful for later use. We
notice first that:

;us(ﬁ)ﬁs(ﬁ) Z(%E)(HZ\/P'U nivp-0)Yy°

(m(ani)m m(mﬂ)m)

VP o (XZnml)vp-o vp-o(Xnmi)yp-o
(m p-o )
&  Jpopo)’

(1.205)

P
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therefore, as p - op - 0 = m?, one finds finally:

2
) W) =p+m (1.206)
s=1

In the same way, starting from ({1.195)) one finds that:

2
s=1

1.3 Canonical quantization

In the Hamiltonian formalism, a classical field theory, like Klein—Gordon or Dirac, is promoted
to a quantum theory using canonical quantization. An alternative approach based on the
Lagrangian formalism, the path integral method, will be discussed later in these lectures.
One of its advantages is to be manifestly Lorentz-invariant (rather than indirectly).

1.3.1 Quantization in the Schrédinger picture

As in ordinary non-relativistic quantum mechanics, fields and their conjugates are promoted
to time-independent and local operators acting on some state space, and equal time Poisson
brackets between phase-space functionals are replaced by commutators between the
corresponding operators.

Real scalar field. Consider a free real-valued scalar field. The field operator ®(X) and the
conjugate momentum operator T1(X) are time-independent self-ajoint operators which satisfy
the commutation relations:

[0(x), T(Y)] = ¥R -7), [OK), @H)] = [@KX), ®(y)] = 0. (1.208)

<y

As in the classical theory, the field operator ® and the conjugate operator TT can be
decomposed in terms of plane-waves, the Fourier coefficients being promoted to (non-local)
operators {ag, a%}:

3
D (X) :J dp ] (a eP X 4 age—iﬁ'*) , (1.209)

16Be careful of the signs in the exponentials, due to the replacement p - x — —P - X as we drop time-
dependence here.
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and
B [ &*p [E, FE_ f —ipE
M(x) = —IJ oV 2 (aﬁep —age > . (1.210)
Using
Jd3x elP- % = 21)368)(p — q), (1.211)
these can be inverted into:
1 - i
= | EPxe T /E,D(X) + ——=TT(X 1.212
a; ZJ xe ( P (X)+\/E_p (x)), ( a)
1 - i
f = — | d®xel* EcD*——rr*). 1.212b
ol = 75 [ e (VE @ - (o (1.212b)
Since
[aﬁ, aL] = —ijd&Jdme“ﬁ'”ﬂ) [D(X), TI(T)] (1.213)
we get immediately the commutator:
[aﬁ, ag] — 2% (5 — §) (1.214)
while
[ag, agl =0 , [ag, ag.] =0. (1.215)

The next step is to construct the state space of theory by expanding the Hamiltonian operator
in terms of the modes. Denoting by Vj the value of the potential V(®) around which we
expand the theory, one starts with:

1 >
H=5 Jdgx (P + (VO)? + m* @ + V)

d3pd3 1 S o imx —iFR id-% —i§-%
:Jdg"(f 2 3 {_(VE"E‘**p’q) (8507~ e ) (0™ - afe™)

E,E,

This can be simplified using

dp 1 . .
J Ld ( (—Eé +p2+ mz)(aﬁa,ﬁ + aj_),aT )+ (B2 +p% + mz)(aﬁai + aim))

(271)34E -5 Pt B 5735
—p24+m2=0 ZE%
d*p E, t ot
= J 2np 2 <(1]5a]5 + aﬁaﬁ> . (1.217)
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Since the commutation relations ((1.214]) are similar to those of a set of decoupled harmonic
oscillators, one is tempted to normal-order the operators, 7.e. to move the annihilation
operators to the right, in order to reach:

d*p E,

P 2 + Jd3x V. (1.218)

I 35095
HZ J SsEpabay + (2n)'s (O)J

The vacuum. In analogy with the harmonic oscillator, one can define the vacuum state |0)
of the quantum theory as the normalized state annihilated by all annihilation operators:

az[0) =0, VpeR’. (1.219)

Since, for any (positive-norm) state [\), the first term of eqn. ((1.218]) satisfies:

Ep g o [ Lr g 250 1.220
(1| GrsEralag ) = | 5 5sEn las )l >0, (1220
|0) is by definition is the state of lowest energy, in other words the ground state of the system.

The last two terms in could be interpreted as the energy of this ground state;
however this expression is highly divergent, if not meaningless. There are actually two rather
different sources of divergence. The first one is rather mundane: for any physical system

with a non-vanishing constant energy density, the total energy in an infinite volume diverges.
Putting the system in a box of size L, the identity (1.211)) becomes, for each dimension:

L/2 . L L—oo
J » dx el = Zosin Ut ——— 2m8 (p—q). (1.221)

This type of divergence is called an infrared divergence, as it affects only the long-distance, or
low-energy, behavior of the system; it does not usually signal a problem with the theory but
rather an innacurate consideration of the physical system. A more physical quantity would
be given by the energy density of the vacuum per unit volume pg:

d3.p /-pZ + mZ
ac — . 1.222
Prac = Vo J 2nF 2 (1222)

We are not done yet as the second integral over momenta diverges quartically (i.e. as fp3dp)
for large values of the momentum. This type of divergence is called a UV divergence.

A first attitude towards this divergence would be to consider that the reference energy is
arbitrary and can be modified ad lzbitum; it might however be doubtful to do so by an infinite
amount. Besides this, the vacuum energy density, acts as a source term for gravity; to be
more precise, its contribution to the stress-energy tensor is similar to that of a cosmological
constant term[”] thus eventually determines the fate of our Universe! It is known for a few

I"This might be a bit too naive however, as we consider classical gravity coupled to the quantum fields of
the Standard model.
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decades that the dominant contributing factor to the expansion of the universe behaves
exactly like a vacuum energy density of about (1073eV)* (the so-called dark energy). This
prompts us to look at this problem more closely.

After a second thought, the divergence of the momentum integral is not very surprising.
It occurs for very large p, i.e. very large energies. We had secretely assumed that the
quantum field theory we aim to define is valid up to arbitrarily high energies, up to the
Planck scale (10?2 eV) and beyond, even though we expect that our current understanding
of particle physics, in terms of a quantum field theory for Standard Model fields, falls apart
there; quantum gravity effect should play a role, and the elementary degrees of freedom may
be different, for instance microscopic strings in the context of string theory.

Nonetheless, to make the theory handleable in the intermediate steps of the calculation,
let us choose an energy scale A, higher than the energies considered in the physical process
under consideration. Since we expect the integral in eqn. to be an extrapolation to
arbitrarily high energies of a physical description of the theory valid at energies below the
scale A, one can regularize this expression by modifying its high-energy behavior, without
(hopefully) affecting the physics at lower energies. The more drastic way is to truncate the
integral at A, which is called in this context a UV cutoff:

3 2 2 3 2 2
J(dp Vp;m HJ' dp vprrm 4 (1.223)

2m)? il (210 2

The key observation is that the parameter Vj in eqn. is not by itself physical: it
represents the minimal value of the potential in the classical theory so does not correspond
to a measurable quantity in the quantum theory. If we can measure the true energy density of
the vacuum ¢ in some experiment, for instance through its interaction with a gravitationnal
field, in the limit where the latter can be considered as classical, one can tune the arbitrary
parameter V, of the Lagrangian such that, for each value of the regulator A:

£ =Vo(\) +J Ep_yp?+m’ (1.224)

i< (270)3 2

From the effective theory point of view, Vo(A) can be thought as incorporating the effects of
physics at energy scales above A, which have been "integrated out”.

At the end of the computation, one can remove the cutoff by taking the limit A — oo,
while keeping the "true” energy density of the vacuum &€ fixed, by adjusting V,(A) accordingly,
such that the physics is eventually independent of the cutoff scale A. The price to pay is that
we lose some predictive power of the theory: the vacuum energy density &£, rather than being
a prediction, becomes an input parameter from some experiment

18 As we will see later, this is a general property of the renormalization process in quantum field theories.
In favorable situtations like quantum electrodynamics, the number of input parameters that should be taken
from experiments is finite and the theory maintains a predictive power, while in less favorable situations, like
a putative quantum field theory for gravity this is not the case, calling for an alternative framework.
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From now on, since we will not be interested in gravitational dynamics, we will set £ = 0,
thus consider that the Hamiltonian of the system is given by:

d3p t
H= J (Zﬂ)SEpaﬁaﬁ . (1.225)
Likewise, for the space momentum, from eqn. ([1.112)) one starts with the classical expression:
Pt = stx LN (1.226)
to get the momentum operator:
i &p t
P' = J (27_[)3]9 aﬁaﬁ_ (1.227)

In this case, the formally divergent ordering term is proportionnal to [pd*p hence vanishes
thanks to isotropy of space. Naturally, the vacuum state does not carry any momentum:
P'[0) = 0.

Altogether, one can define a 4-momentum operator of components P* = (H, P'), generat-
ing space-time translations:

d*p
n T
PH = J (27_[)31) aza;. (1.228)

This operator should be a vector operator under the action of the Lorentz group. Specif-
ically, according to Wigner’s theorem, to each Lorentz transformation A € SO(1,3)" is
associated a unitary operator U(A) such that

U(A)TPHU(A) = AXPY. (1.229)

This means that one should satisfy the operator relation

3

éﬂ‘;p“(um)*agum)) (u(/\)Taﬁu(A))

.

4
:J ((217_335(]92 — mz)@(PO)P“<U.(/\)T ZEpa%U(/\)> <U(/\)T /ZEpaﬁU(/\)) , (1.230)

where we have introduced in the second line the following measure invariant under the action
of the restricted Lorentz group:

d*p [ EPp T
J G2 (1 =m0ty = [

where © is the step function. Then, using the change of variables p = Aq in the integral,
the equation ((1.230]) is solved by:

VEAUA) agU(A) = E, ag, (1.232)
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where we use the shorthand notation Aq = (Exq, ).
We also expect the vacuum state to be invariant under Lorentz transformation, since it
should not admit a preferred frame:

U(A) [0) =10} . (1.233)

This, together with translation invariance, motivates the name of Poincaré-invariant vacuum.

Single particle states. The first excited states are obtained by acting with a single creation

operator a;. on the vacuum. In general one has a linear superposition of the form:
d3p Syt
o) = J Ssa()alo) (1.234)

with norm squared:

[ (1.235)

_ d3p d3q * (=2 = T _
() = [ (g | s (0) O aq0 1) = | 555 s

so this state is normalizable provided the complex-valued function « belongs to £*(R?). It
is not generically an eigenstate of the 4-momentum operator P* = (H, Pt),

43 43 .
PH ) = J (2733 ptala; o) = J ( 2733 o(p)p*al|0) (1.236)
but of the quadratic operator P,P*:
d3q &p
PuPH o) = J 2 quala P*lo) = J ) o(F)puptal0) = m? o) . (1.237)

The unbounded operator P* is obviously Hermitian, and self-adjoint on an appropriate do-
main of definition, therefore it has a real spectrum. As the momentum operator in quantum
mechanics, it has no eigenvectors. Nonetheless, as nearly every physicist we consider through
misuse of language the "momentum eigenvectors”:

— ef. = dgq D
P VIR P = VI [ atele 0 =R, (129

which have thus an energy E, = /p?+ m?. Importantly, the "vectors” [p) are not part of
the Hilbert space of the quantum theory as they are not normalizable:

(qIp) = 2, (2m)*6% (p — ) (1.239)
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PART 1. FREE SPIN ZERO AND ONE-HALF FIELDS

The states [p) have been normalized with respect to the Lorentz-invariant measure (|1.231)),

in the sense that fﬁgﬁ (qlp) = 1.

The actual physical states are given by the wave-packets ((1.234) with « € £?(R3). The
resolution of the identity in the one-particle sector can be written similarly in a manifestly
Lorentz-invariant way:

[ &Pp Pt [ B
2 _J(zn)3“ﬁ|°> (a510)) —JWEIW (pl . (1.240)

These excitations of the quantum field are interpreted as scalar particles of mass m and
3-momentum P. Since, as in ordinary quantum mechanics, the (time-independent) Hamilto-
nian ((1.225|) is the time translation generator, they evolve according to Schrédinger equation:

P, t) = e M p) = e Bt p) . (1.241)
The action of Lorentz transformations on these states follows directly from eqn. (1.232) and
from invariance of the vacuum, eqn. ((1.233)). One has

U(A) [B) = (u(/\) 7€, agu(/\)T)u(A) 0) = \/2Enpal, 10) = ‘Xp> , (1.242)

thus these particles transform indeed scalars under the Lorentz group.
Let us consider the action of the field operator @(X) on the vacuum [0). Using the

expansion ([1.209)) one has:
dBp 1

(2m)3 | /2E,

=) = &’ Ep _igx —ip-R
<p|x>=J(2£3,/E—ﬁe (0l azal0) = e P¥. (1.244)
q

Thus, as the notation |X) suggests, one can say that @(X) creates a particle at X out of the
vacuum (as we get the Fourier transform of the Dirac distribution centered at X). Using
translation invariance of the vacuum, this result could be deduced directly, up to a (possibly
momentum-dependent) normalization:

X) < D(x)[0) :J e "¥al|0) (1.243)

One has then:

(pIR) = (Bl ©(X) [0) = (Bl e X @(0) e [0) = e 7% (5| ©(0) |0) . (1.245)
X (B [0)
e—ipX P

In the case of the free theory, one has (p|®(0)[0) = 1.
Let us stress that [X), like [p), does not belong to the Hilbert space of the theory. One
has
d’q dp d’p
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Free spin zero and one-half fields

More correctly, one can choose a complex wave-function \p € L£*(R3) and define the corre-
sponding normalizable state:

) Jdﬂxw(%) 5, [ |f = de’x j Py 0 ([0 (F) (G = joﬁx WP < oo.
(1.247)

One should consider @ as an operator-valued distribution |2]; loosely speaking it means that,
acting on a test function 1, it gives a well-defined operator acting on the Hilbert space:

O:Pp — Jd3x1j)(>‘<’)d>(>€). (1.248)

This statement is one of the Wightman axioms, due to Arthur Wightman, one of the founders
of axiomatic quantum field theory.

Multi-particle states. Other states can be obtained from the action of an arbitrary number
of creation operators on the ground state. Let us define:

[B1, P2y oy Pn) = V/2E12E; -+ 2Enal al - al 10) (1.249)
[ i —_——
m? 4m? p?

Figure 1.1: Single- vs. two-particle states.

T
5

Importantly, the creation operators a’. commute among themselves, see eqn. (|1.215]), so

for any permutation o € Sy,

[Pot1) Po)s - -+ Potn)) = [B1, P2y -, Pn) - (1.250)

In other words, the particles corresponding to excitations of a free scalar field follow Bose-
Finstein statistics. Let us consider for example a two-particle state is given by:

[P1,P2) = /2E;, 2Ey,al al 10) . (1.251)

It is naturally an eigenstate of P* with the total 4-momentum as an eigenvalue:

PEIp1, P2) = V28, 2E,, J ﬁpu a} aqa;.] agz 0) = (p1 +p2)" [P1,P2) (1.252)
W—/

T 353)(g—o
al, ag+(2m380) (351
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PART 1. FREE SPIN ZERO AND ONE-HALF FIELDS

thus satisfies
PEPL [P, P2) = (p1 4+ p2)* IP1, P2) = s 191, B2) (1.253)

where we have introduced s, one of the Mandelstam kinematic invariants. Unlike single-
particle states, that have a definite value of p?, multi-particle states like this two-particle
states belong to a continuum with s > 4m?, as can be obtained by going to the center of
momentum frame, see fig. 2.1}

The number of particles of a given multi-particle state is an eigenstate of the particule
number operator defined as:

d*p
- J PISE a]ga]5 , (1.254)

Lo . d*p
NP1, P2y -+, Pn) = V2E, ---2Ena:71 J 2 ag a];at1 agz . a;n 10)

.
(2m)3803) (51 —p)+ay, ap

d3
= |P1,P2y---,Pn) + V2E; - -ZEna]; J P alal aﬁat e atn |0)
T ~——

:n!ﬁ1,ﬁ2,...,ﬁn> . (1.255)

Since [N, H] = 0, the number of particles is a constant of motion in the free theory; generi-
cally, one expects that this is no longer the case in the presence of interactions, as particles
can be created or annihilated. In the n-particle sector, the resolution of the identity, which

generalises ((1.240)), is given by:

T (v Ppx 1 . L B
L, =— veoyPnl - 1.2
TL!JE(ZTEPZE]---ZEH [P1y- s P1) (P1ye ey Pl (1.256)

the n! factor avoids overcounting as states related by permutations of the momenta are
identical.

Let 3 be the one-particle Hilbert space of the theory and, for a given permutation o € S,,,
Q(0) the corresponding unitary operator acting on H®". We define the symmetrized product:

So(H) ={la) e H®---®@H, Vo €Sy, Q0)]ax) =0} . (1.257)

Creation operators are maps from &y (9—() to Sni (fH), while annihilation operators from
Sn (J—f) to Snq (fH) The space of states of the theory has the structure of a Fock space,
which is defined, for bosonic particles, as the formal sum:

Fs(H) = Co é Sn (FH®), (1.258)

n=1
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Free spin zero and one-half fields

the first factor being associated to the vacuum state [0). The resolution of the identity on
F; (ﬂ{) reads:

dpk 1 R . . .
O|+Z J 27-[)321:_1 ZEn |p1>---»P1><P1>--->Pn| . (1-259>

Each term of the sum can be understood as the orthogonal projector on the corresponding
sub-space with n particles.

Complex scalar field. For a complex scalar field, the story is mostly similar technically,
but with new interesting physical aspects. From the expression of the conjugate momenta,
eqn. ([1.140)), one gets the canonical commutation relations:

)] =18 (X — 1) (1.260a)
)] =0. (1.260D)

Starting from ([1.143)) we have an expansion into creation and annihilation operators:

EBp 1 e L
v T Il _plpX t —ipX
D(X) = J 2 o (ape +ble ) , (1.261)
and
o[ e JE iR ip
Mo () =1J% = (age — be ) , (1.262)

as well as their Hermitian conjugates. It implies the following commutation relations between
the modes operators:

[y, al| = [b, 0}] = 20895 - ), (1.263)
[aﬁ’ bH = [bﬁ’ QH =0, (1.263b)

showing that the two type of mode operators, as and bs, are independent from each other.
FExercise: show it!

One can therefore construct one-particle states from the vacuum of two types, either as
V2E, a;% |0) as \/Zpr% |0). To understand better what it means, let us recall that the field
theory of the complex scalar admits a U(1) symmetry, and the conserved charge from the
Noether current can be promoted to a self-adjoint operator generating the transfor-
mation.

Q= in3x (OTTgp — DMyt . (1.264)
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PART 1. FREE SPIN ZERO AND ONE-HALF FIELDS

By plugging in the mode expansions (|1.261]) and integrating over space one gets:

1( @
Q=—3 J P (azal —blb — agb_s+ blal  + afa; — b bl —albl  +byap)

(2m)3 PP PP PP PP
dp o i
= J 2P (bibs —alay). (1.265)

One finds that the one-particle states satisfy:

d*p
Q\/2E,al|0) = —/2E, J (zm3agaﬁag 0) = —/2E,al10) (1.266a)
d*p
Q+/2E,bl10) = \/zEpJ ( 2ﬂ)3bgbﬁbg|o> = +/2E,bL0) . (1.266b)

These one-particle states are both interpreted as scalar particles of the same mass m, but with
opposite U(1) Noether charge. If we couple this complex scalar field to the electromagnetic
field, as we will do later, these particles will have opposite electric charge. One can then think
of the "a-type” particle as the anti-particle of the "b-type” particle. While the field operator
®(X) creates a particle at X, ®f(X) creates an anti-particle.

CPT invariance. The field theory of a free complex scalar field possesses two types of con-
tinuous symmetries: invariance under the action of the restricted Lorentz group SO(1,3)™,
through the unitary operators U(A), and invariance under the global U (1) symmetry gener-
ated by the Hermitian operator . On top of this, the theory admits three discrete Z,
symmetries:

e Space parity X — —X, associated with a unitary operator P such that

PePip =X Pl (1.267)

e Charge conjugation that maps particles to anti-particles. It is associated with a unitary
operator C that acts on the field operator ®(X) aﬁ

COX)IC=0T(X), CO'(X)IC=0(X), C*=1. (1.268)

e Time reversal symmetry t — —t, that is associated to an anti-unitary operator T such
that:
Te ™MT =™ T2=1, (1.269)

see the tutorials for details ]

91n full generality, one can add a phase factor without spoiling invariance: C®(X)C =n®f(x), | =1.

20Basically the argument goes as follows. Equation ([1.269)) implies that iH7 = T (—iH). If T was unitary
it would mean {7, H} = 0, implying that to every energy eigenstate |E) one would associate 7 |[E) which is
an energy eigenstate of energy —E, so the spectrum would be unbounded from below.
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Free spin zero and one-half fields

The Standard Model of particle physics is not invariant under space parity, as only left-handed
neutrinos participate into weak interactions. For less simple reasons, it turns out that the
combination CP, which combines space-parity with charge conjugation, is also violated by
the Standard Model.

Theorem 1 (CPT theorem). Any Lorentz-invariant local quantum field theory with a spec-
trum unbounded from below is invariant under the action of the discrete symmetry CPT .

This had beend argued for in various ways, starting from Schwinger in the fifties, including
the axiomatic approach to QFT where it was shown to be a consequence of the Wightman
axiom that will be discussed in the next part [4].

Dirac spinor field. We now shift to Dirac fields and first notice that the conjugate momen-
tum to the spinor field ¥ that follows from ([1.158)) is:

My = — =iV, (1.270)

Notice that the conjugate momentum does not involve any time derivative; this is consistent
with having a time evolution governed by a first-order equation. The Hamiltonian of the
system reads thenf]

H :Jd3x (My¥ — £) :Jd3xW(—wiaj +m)V¥. (1.271)

One considers then the mode expansions:

d3p 1 . o
Y(x) = S, (B)eP X + ¢Sy, (p)e P 1.272
(x) ;J 2y /% ( sus(P)e®* +c'vs(Pe ) , (1.272a)
T . 2 d3.p ] T _i_ - T R
My(x) =¥ =1;J 2np J2E (bﬁ ul(ple " + cvi(pe’ ) . (1.272b)

In terms of those modes, one can express the Hamiltonian of the system as:

2
d? 1 d? 1 T (2 amiPR | AT (2 SiFR
H:ZJ( P J a de’x (b;ur(p)e Y+ cvi(ple )

o) (@2md /2R, ) (21 /2,

X (( —v¥/qj + m)bius(§)e' T + (Y g; + m) C%Tvs(ﬁ)e‘ﬁ"z) (1.273)

2lWhile the result is correct, the procedure is a bit suspicious as Ty = 0 and the Legendre transform is sin-
gular; this is because we are dealing with a constrained system (the phase space variables are not independent)
and for canonical quantization one should start with Dirac brackets rather than Poisson brackets [3].
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After performing the integral over X the various terms can be simplified using the bilinear
spinorial identities derived previously. One has first:
2
> bEbii(p) (—v'ps + m)u E, Z b biul(p — 2F2 Z by, (1.274)

T,s=1 T,5=1
Y pous(p)

where we have used eqn. ((1.179) then eqn. ((1.202]). We get in a similar way using eqn. ([1.194))
then eqn. ((1.203)):

Z c’”csTvr (Y'p; + m)vs(p) = —F, Z cLc ST = —2E] Z c; csj, (1.275)

T,s=1 ~ T,s=1
—Y%povs ()

Finally, the cross-terms are proportional to u!(p)vs(—p) or vi(p)us(—p) hence vanish thanks
to eqn. (1.204]). We obtain then when the dust settles:

2 d3p
H:;J(z

To quantize the Dirac field, we could attempt to replace the Poisson bracket by a com-
mutator between the field operator and its conjugate momentum:

(YRS, Me(@)P°] = 1[WE)°, ViG] =i (E —1). (1.277)
As we will see, this leads to severe inconsistencies of the resulting theory. First, let us

check that this commutation relation means that the non-vanishing commutators between
the modes are:

or, b3t = renstp - d), [ e, ot | = —2r s - @), (1.278)

<b”b5 ¢ ”) . (1.276)

with a minus sign in the second commutator. We have indeed

2

) B} dp 1 (dg 1
a whb] _
(Y, VI(§)°] = WZ_]J (2m)3 \/EJ (2m)* /2,

(e rul(@® [og 03]+ TIIvp@ [ ] )
—_—— ——
(2m)3575(3) (5—3) (20367553 (5—3)

<[ (G o) (L) o

We can now use the spin sums ([1.206|[1.207):

(Zus ) (Zu (B (P )ab - ((p +m)y°> , (1.2804)
(5w = (3 wm)” = (ip— )" (1.250)
s=1 s=1
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Free spin zero and one-half fields

After the change of variables p +— —p in the second term of the integral (1.279)) we reach:

() Ty(§)°] =
d3p eiﬁ'(’?*g)
J (2m)3  2E

(P8 + (Pt V)™ + 8 + ((=pert =)™

=588 (X — ). (1.281)

he]

The minus sign of the second commutator in ((1.278]) was crucial to get this result. We
seem to face an insoluble dilemna:

e As for the quantization of a complex scalar field, we may define the vacuum of the
theory by the conditions by|0) = 0 and c3[0) = 0. We notice then that there exist
states of negative norm squared

(ol ckerl 10y = —(2n)*8® (5 — ),
——

Ti.or 35(3)(m_a
c5 Cg—(2m)280) (p—q)

thus spoiling the unitarity of the theory.

e We could decide instead to define the vacuum state by the conditions by |0) = 0 and

ol |0) = 0. However, the spectrum of the Hamiltonian (|1.276) is then unbounded from
below! Setting aside the ordering constant, for instance for any n € Z-., the state
(C%)" |0) would have an energy E = —nmE,.

To cut the Gordian knot one needs to change drastically the rules of canonical quan-
tization: trade the commutators (1.278|) for anti-commutators (with positive signs on the
right-hand side for both):

{v, 031 } = @miens¥p—a), {c eyl | = QuiestiE-q),  (1.282)

where we have defined
{A,B} = AB+BA. (1.283)

Likewise eqn. (|1.277)) is replaced by:

(v, ¥iG)P} = 6% (x—1). (1.284)

Using these anti-commutation relations the Hamiltonian can be normal-ordered to:

H= ZJ &p Pk, (bsTbs +csfe ) —2(2n)35(3J(6)J57p)3Ep. (1.285)

220f course a more correct statement would be to construct a normalizable wave-packet from those one-
particle states, leading to the same conclusion.
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PART 1. FREE SPIN ZERO AND ONE-HALF FIELDS

The zero-point energy is infinite for the same reasons as before. Notice though that it is
negative in the present caseﬁ We will consider from now on the Hamiltonian:

2
d3p sf1.8 st s
H=Y J e (b]5 bE + ¢ cﬁ> (1.286)
s=1

Likewise we have a momentum operator defined by

P _in3x‘1’T(>?W‘i’(ﬁ = ij

s=1

d*p
(2m)3

5 (b;Tb; + chcg> . (1.287)

Exercise: show it.
The vacuum state of the theory is defined in the usual way:
bzl0) =0 , cz10) =0. (1.288)

We define then the one-particle states:

[p,s) = V2EbSTI0) , HIB,s)=FE, If,s) , PIp,s)=PIF,s).  (1.289)

They are interpreted as spin one-half particles of mass m and momentum p, in a spin
state s. The same can be said for the states C%T |0). Using (|1.282)) one checks that both states
have positive norm squared.

To confirm that these particles have spin one-half, let us move to the rest frame of the
particle, such that p* = (m, 6), and consider a rotation around the z axis. The operators
generating the action of Lorentz transformations on the Hilbert space are obtained from the
corresponding Noether charge, see eqn. , up to possible ordering ambiguities:

on _ JCPXWT (XU( —10°) + %SPG) vy, (1.290)

A rotation of an angle 0 around an axis specified by the unit vector M is parametrized by
Q5 = Geijknk hence, for a rotation around the z axis, we consider the transformation:

b3"10) — exp (—iejd%\m”\y) bs'0) . (1.291)

230ne may wonder whether cancellation between the divergences due to bosons and fermions could occur.
This is indeed the case in supersymmetric theories, a pattern that persists at the level of loop corrections to
some extent.
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We have, ignoring a term that annihilates the vacuum:

2

sowteizy st | - v 1 [ 3 d’p d’q
Hd x WISy, b } —szd XJ(zms ZEPJ(ZWP T

T,t=1
3
T =y PR rotranaipx) (00 O
{(bﬁur(p)e P4 cvl(ple )(O

1 d*p d3q -
= — d3 J J' —ipX, T2
2 th ) ey | ey P
_mzur( ) 0 o us( ) 3 _ZZ( T nr)

T

3 0 i .
3> w(@)e [ briv, vyl | -

0—3 0 MNs Tt 1 t T
0 0.3) (T]s b(‘)‘ - EZT]T(TsTlsbG
(1.292)
where we have used
Tt ST | TRt ST STt 17T t st - 3gts<(3) (=TT
[bﬁ b, b } = blbibsT — bifbLT bl = b {bq, b }_ (27551 ()b, (1.293)
~——
—bripst
P 0

As before one can choose in the rest frame an orthonormal basis of spinors that diagonalize
rotation around the z axis: o031y = 17 and 031, = —1);, in which case, taking advantage of
the Lorentz invariance of the vacuum, one finds the transformations:

by T10) — e 2b;T10) ,  bIT|0) = e 23T 10) (1.294)

one-particle state CST |0) the story is similar except that the commutator ( is replaced
by:

hence transforming indeed as a spinor with ], eigenvalues +1/2 and -1/2 respectively. For a
*1.293

[C%C%T, C%T] = — [ taTc%, C%T} = —(27()36“6(3)((j)cy. (1.295)

One notices that the J, eigenvalues of the one-particle states CST |0) are opposite to those of
the one-particle states bf)T !O}

As for the complex scalar field, b%T |0) and C%T |0) are distinguished by their charge under
the action of the U(1) symmetry W — e®W. The associated Noether charge is obtained from
eqn. ([(1.167)), by similar steps as in the previous computations:

2
&p
_ 3 0 __ 3 W sT1.8 st.s
Qo —Jd x Ty —Jd x WYY = E J(ZT{F (bﬁ by —c; cﬁ) 4 censt., (1.296)
s=1

24For massless fermions, as there is no notion of rest frame, the one-particle states are not characterized
by their spin (in the sense of their SU(2) irreducible representation) but rather by their helicity, as discussed
below ([1.151)), associated with rotations in the plane orthogonal to their momentum p.
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where we choose to drop the normal-ordering constant. We have:
Quby [0) =+b5110) ,  Quei[0) = —c3'10) . (1.297)

Therefore one can think of b%T |0) as a particle and of C%T |0) as the corresponding anti-particle
whenever the Qp eigen-value is interpreted as the electric charge.

A state made of two particles can be obtained as:

[1, 81, P2y 52) = V/2E,2E,, b3 T632T(0) . (1.298)

Crucially, the anticommutation relations ([1.282)) imply that this state is antisymmetric under
the exchange of the momenta and spin state of the two particles:

h_jZ)SZ) ﬁ],51> = _|ﬁ])51) ﬁZ’ SZ) . (1299)

More generally, one can define n-particle states:

[B1y 815 -y Py Sn) = 2E,, b3 "3 T0) (1.300)
which are totally antisymmetric:
Vo e Sy, {ﬁoﬂ)»so(])) T ﬁu(n)»sc(n)> = €5 h_jhsh RS ﬁmsn> ) (1'301>

where €, is the signature of the permutation o; therefore these particle follow Fermi—Dirac
statistics.

Let us summarize what we have found here. Due to the structure of the Lagrangian for
a Dirac spinor, which is essentially fixed by Lorentz invariance, using Fermi—Dirac statistics
(rather than Bose—Einstein) was forced upon us by general principles of quantum mechanics:
unitarity and energy spectrum bounded from below. This observation illustrates a very
general and deep statement relating the spin of a particle (being elementary or composite)
to its bosonic or fermionic nature.

Theorem 2 (Spin-statistics). Fields corresponding to particles of integer spin are quantized
according to Bose—Finstein statistics, while fields corresponding to particles of half-integer
spin are quantized according to Fermi—Dirac statistics.

A general proof can be found for instance in Weinberg [5]. Among the known elementary
particles, electrons and quark are fermions, while photons, gluons, W* and Z and the Higgs
are bosons. A bound state of particles, at energies low enough, behaves like a particle whose
spin, thereby whose statistics, is given by the angular momentum of its ground state. For
instance a meson, which is composed of an equal number of quarks and anti-quarks, is a
boson.
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1.3.2 Quantization in the Heisenberg picture

As in ordinary non-relativistic quantum-mechanics, it is possible to use, rather than the
Schrodinger picture, the Heisenberg picture for which time dependence lies in the operators
rather than the states. In the context of a relativistic theory, this framework is essential
to examine the question of causality, among other things. In a theory characterized by a
Hamiltonian H, assumed to be time-independent, one associates to any operator Oy in the
Schrodinger picture, the corresponding operator in the Heisenberg picture following;:

Oy = eMtoet, (1.302)

The two representations agree at t = O (which is of course an arbitrary reference); the
subscript H will be remove whenever there will be no ambiguity.

Let us illustrate first the formalism with the theory of a real scalar field. Under the
map , the commutation relations become equal-time commutators:

[q)(t> X ) ﬂ(t,g)] = i1 7_('—13) (1303>
[@(t,%), @(t,7)] = [@(t,%), D(t,y)] =0 (1.304)

Indeed we have for instance:

eth [(D()—(»)) ﬂ(g)] e—th — ethq)(z) e—thethﬂ(g) . ethq)()—é) e—thethﬂ(g) e—th
= [q)(ty )?), ﬂ(t>g)] y (1305)
and the right-hand-sides of (|1.208)) are naturally invariant. One easily checks that the oper-

ators @(t,x) and TI(t,X) satisfy the Hamilton equation of motion of a Klein—Gordon field.
One has first:

D(t,X) =i[H, O(t,%)] =1 [%Jcﬁy (M, ) + (VO(t,§))* + m*®*(t, 7)), (D(t,fc')}
_ %Jcﬁy [TR(4, §), ®(4,7)] = TI(t, %) (1.306)

% sty (| (Vore, g2 M,z | +m? [0, 9), T, 9)])

— —JdSy (Vort,g)- V6 (X —§) + m*o(t, §)5¥ (X — 7))

= AD(t,X) — m*D(t,X). (1.307)
Let us consider next how the mode expansion of the field operator @ looks like in the
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Heisenberg picture. We need first to compute, in the Schrédinger picture:

d3q
|:H, aﬁ} :J'WE(] [agaq, Clﬁ:| = —Epaﬁ (1308&)
. d’q i i f
[H, aﬁ} = | Gt [aaaq, aﬁ] = +Epa} (1.308D)

From which we deduce that (given that the Heisenberg and Schriédinger pictures coincide by
definition at t = 0):

Oy =1 [H> aﬁ,n} =ik, = a5, = e_iE‘DtClﬁ (1.309a)
Q=1 [H» C‘LH} = +iEpal,, = af, =e"rla; (1.309b)

We obtain then the mode expansion of the field operator ®(x) = ®(t,X) in the Heisenberg
picture. Dropping the H index on @, one has:

d3 1 : .
D(x) = J P (aﬁe’“"X + a%e”"x) (1.310)

(2m)* \/2E,

Exercise: show that the Lorentz transformation U(A)TO(x)U(A) = ®(A~'X) follows from
eqn. .

In the Heisenberg picture, the inversion formuleae (|1.212)) giving the modes in terms of the
field operator and its conjugate can be expressed in a convenient way. For a pair of solutions
(f,g) : R — C? of the Klein-Gordon equation, we introduce an indefinite hermitian inner
product:

(flg) = ijdgxf“ag = iJch (ffd0g — aof*g)(ﬁ L (1.311)
xed t
It is independent of the time t chosen for the computation, provided that f and g satisfy the

Klein-Gordon equation (with identical masses):

d f — — —
% = in3x (fi(A—m?)g— (A—m?)flg) = in3xV - (flvg—Vfig) =0, (1.312)
assuming that f and g decay fast enough at infinity. More generally, it is independent of time
slicing. Next, we observe that relativistically normalized plane-waves are orthonormal w.r.t.
this inner product:

Cipex | aeiq 1 . )
e—iPX [ e 1qx> _ dSX E el(p—q]-x+E e—t(p—q)-x — (27 36(3] = 1.313
<\/2Ep V2Eq 7€, 2E, J ( q P ) (27) P—d), )
for on-shell positive frequency 4-momenta, i.e. p°® = E, = y/p2+ m?2. With one mode of
positive frequency and one of negative frequency one gets:
—ip-x +iq-x
<¢2Tp ¢2E7> ~0. (1.314)
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Free spin zero and one-half fields

This allows to extract easily az and a from @(x):

ay = <&2% q)(x)> (1.3152)
af = — <3§?p d)(x)> (1.315b)

The story is essentially the same for the other field theories considered in these notes. For
the Dirac field operator, we have the non-trivial equal-time anti-commutation relation:

{¥(t,%)°, ¥i(t,§)° } = 88 (Xx—1). (1.316)

We have then the following expression for the Heisenberg picture Dirac field operator

Y(x) = etty(x)e Mt

d3p 1 =\ ,—1ipx s =\ ,1p-X
W(x) :ZJ 2y 2% ( Sug(ple P +cﬁTvs(p)ep ) (1.317)

The spinorial counterparts of the scalar inversion formulae (1.315)) are a bit more difficult
to get since we have to deal with the polarization spinors. Using the bilinear identities ({1.199),

1.200|) one finds that:

Udﬁ)<ewx
2m \ V2

Y(x > - 2m Zus — b, (1.318a)

Vdﬁ)<am
2m AV

> sz et =3l (1.318h)

These identities can be written in a more useful way taking advantage of the first-order
nature of the Dirac equation. One has for instance

Us(p) (e P|¥(x)) = ul(p) J d*x e (Y00 + v°E, ) ¥(x)
1
= T D
ug(p) Ve
i (p) Jd3x &P (—y'py + m+v°E,) ¥(x)

YO (yHpu+m)y©

= J d*x e U (P) (p + m)Y'Y(x) = 2m J d>x e'P

J Pxe?*(—iy'0; + m+v°E, ) ¥(x)

WYO¥(x), (1.319)

el

using the identity (1.181]) in the last step.
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PART 1. FREE SPIN ZERO AND ONE-HALF FIELDS

Overall, and going through the same steps for the other creation and annihilation modes,
one obtains the useful relations:

s [ 3 eip-x —S(=2\~,0 v
by = | d°x \/szu Py Y(t,x), (1.320a)
r —ip-x
bt = | d¥x S W(t, )y (F 1.320b
P J \/E ( ) )‘Y (p)? ( )
r ipx
s = | dPx S —W(t,R)yv(F), (1.320¢)
J /2K,
r ip-x
¢ = | dx v (FYY(1,%). (1.320d)
) 7€,

Causality. Any sensible relativistic physical theory should respect causality; since we did
not impose this as a constraint at this stage, this property should be somehow "built-in” in
the construction of quantum field theories.

Let us recall some basic facts. Since time-ordering is not a Lorentz-invariant concept
for space-like separated space-time points (with (At)? — (AX)? < 0), there exists a notion
of causality only for time-like separated events (with (At)? — (AX)? > 0). Therefore there
could not be any causality relation between space-like separated events. In the context of a
quantum theory, it means that observables associated with space-like separated measurements
should commute, otherwise one measurement could influence the other one.ﬁ

In the context of the Klein—-Gordon theory let us consider the commutator of field op-
erators @(x) at two separated space-time points, not necessarily at egal time. An explicit
computation gives:

[@(x), D(y)] = [ ,[ - : [Che’ip"‘ + aletP* q_e Y 4 ateiq'y]
) 2n)3 ) (2m)3 \/2E,2E, L P P q
[ dp [ d3q 1 [
= Uqy—px) T —iqy=px) | qf 4.
) (zmaj(zms 2E, 2K, C Lo af] +e E)
r d3p ‘l i (e i
= @npaE, P ). (1.321)

Let us assume that x and y are space-like separated, i.e. that (x —y)? < 0. By a Lorentz
transformation, it is possible to reach a frame with x° —y® = 0. The integration measure

25This should not be confused with quantum entanglement; quantum states are not local objects (in a QFT,
a state is defined on a whole space-like slice of the ambient space-time). In the classic gedankenexperiment
with two entangled spin states, the space-separated spin operators associated with each of the two spins
commute with each other so the order of the measurements do not matter. This experiment preserves
causality, as the result of the measurement realized by the one observer cannot be transmitted to the other
observer faster than light.
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Free spin zero and one-half fields

in the last step of eqn. ([1.321]) being Lorentz invariant, one obtains, using the change of
variables p — —p in the second term :

(PR i) — g, (1.322)

As a consequence, the same holds for the commutator of any local expressions in the field
and its derivatives and the theory preserves causality. Beyond the case of a free theory, where
this property can be obtained from a direct computation, in a general interacting QFT this
property, known as micro-causality, becomes one of the postulates of axiomatic QFT [6].

It is instructive to consider the how the same property is realized for a complex scalar
field. While [®, @] = [(DT, (DT} = 0 regardless of the space-like or time-like nature of the
separation (technically, because there are two sets of modes, one of particles and the other
for anti-particles), one has:

3 3
[D(x), ©(y)'] :J d'p J d°q ! [aae_ip"‘—i-bteip"‘ ateiay _,_b#eiqy]
’ (2m)? ) (2m)® \/2E,2E, L7 EA q

3 3 1 i '
J d P J d q (el(q,y,p.x) [aﬁ) (l:%} + e tay—px) [b;, ba}>

(2m)* ) (2m0)3 |\ /2E,2E,

(1.323)

Hence as before [q)(x), (D(y)T] = 0 for (x —y)? < 0. Remarkably, one sees that causality
holds thanks to the cancelation between the particle and anti-particle contributions. If one
considers the expectation value (0 [@(x), d)(y)f] |0), as we will do below, the first term
of the commutator corresponds to the amplitude of the process where a particle is created
at y and destroyed at x, while the second term corresponds to an anti-particle created at
x and destroyed at y; both amplitudes should be equal whenever x and y are space-like
separated@ It demonstrates that a QFT approach, as opposed to relativistic quantum
mechanics, is essential to ensure causality.

Let us consider now the case of a Dirac field. The relevant quantity to define micro-
causality is an anti-commutator between the field operator and its Dirac conjugate, rather

26The same can be said of course for a real scalar field, except that in this case the particle is its own
anti-particle.
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PART 1. FREE SPIN ZERO AND ONE-HALF FIELDS

than a commutator:

{Y(x), ¥(y) } =

d3 d3 1 T — —1ip-x T — ip-x st 5 iq- s _ . _ig-
ZJ( P J q {bﬁur(P)e P +cﬁTvT(p)eP ,quus(q)eqy +c5vs(d)e qy}
d

2n)3 | (2m)3 2E,2E,

)

b aege ({oh v @ @e v
{cﬁ,c } vs(p)ei"'x’iq”)

(e T

. dsP 1 —ip-(x—y) ip-(x—y)
— (1a+m)J(2n)3f(e —e ) (1.324)

Hence, as for scalar fields,

{¥(x), ¥(y) } =0, (1.325)

|(x—y)2<0
thanks to the cancelation between the particle and the anti-particle contributions. Causality

follows from this result as local observables in the QFT are local expressions of integer spin,
for instance made from the spinor bilinear YW and its derivatives.

Propagators. Another way to look at causality in a quantum field theory is to consider
propagators. Let us consider, for a real scalar field, the amplitude:

Alx —y) = {0l @(x)@(y) |0) = {xly) , (1.326)

which is the probability amplitude to detect at a point of space-time coordinates x a particle
created at y.@ As the notation on the left-hand side suggests, it only depends on the
difference (x —vy), thanks to translation invariance of the vacuum:
(0| D (x)@(y)[0) = (0] P *D(0)e P VD (0)e Y |0) = (0] ™ VD (0)e ¥ D(0)0)
= (0| O (x —y)D(0)10) . (1.327)

Second, its dependence is also constrained by Lorentz invariance. One has

AN T (x—1)) = (0l O(A T (x —y)) @
= (0D (x —y) U(A)D

(0]

0)10) = (Ol U(A)'D(x —y)U(A)D(0)[0)  (1.328)
O)U(A)T[0) = A(x —y). (1.329)
)

—_— —

4

—
o

27This quantity should be thought as a distribution rather than a function, and should be, as such, convo-
luted with appropriate test-functions which correspond physically to normalizable wave-functions.
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Free spin zero and one-half fields

These properties are completely general. For a free scalar field obeying the Klein—Gordon
equation, an explicit computation, very similar to the previous ones, gives:

d3p dsq 1 T i(p-x—qy) d3p 1 ip-(x—y)
_ab —i(px—qy) _ L ipx— 1.
2n) (2n 2E e, O % e | e (1:330)

@+ (2250 (5-)

with the 4-momentum on-shell, i.e. p = (Ep,p). It can be naturally written in a Lorentz-
invariant way:

A(x—y)=J

d*p .
Alx—y) = | —=56(p?> — m? O)e~tp(x—y) 1.331
(x=y) = | 58— me(pte (1.331)
Written in this form, it is obvious that D satisfies the Klein—Gordon equation:
2 _ d'p 2 .2 0V (a2 a2\ p—ipx
(O0+m*A(x) = —(Zﬂ)36(p m?)O(p°) (p* —m?)e =0. (1.332)

One notices also that the commutator (1.321]) can be written in terms of D:
[@(x), P(y)] =Alx —y) —Aly —x). (1.333)

The expression ([1.330)) of the propagator allows to probe its behaviour for spacelike-
separated points, exactly as was done in the introduction. Let us repeat the argument here.
We work in spherical coordinates taking X as a z-axis, i.e. such that p - X = p||X|| cos 0. We
have then:

] 0o pzdp » 5 5.0 1 oL
A — iy/pe+max ip||X|| cos 6
(x) 32 L —u ~¢e J1 d(cosB)e

__ 1 J T PRI T (il _ gl (1.334)

82Xl o V/p?+ m?

872(|X| J oo vVUZ 41
The phase of the integrand has a stationnary point at
u X x|
— =1 = W=—— 1.336
TR P - 7 (1350

For space-like separations, one can get an estimate of the integral for large values of m||X|| us-
ing the steepest descent method. Importantly, the leading behavior of the two-point function
is given by:
Ashe o
Alx) T o= IRI/Ae (1.337)

where A, = h/mc, which is equal to 1/m in natural units, is the reduced Compton wavelength
of the particle. It means that, somehow, if we could locate particles within regions of size
Ax < A, we would be able to detect particle positions as space-like separated but correlated
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PART 1. FREE SPIN ZERO AND ONE-HALF FIELDS

events. Fortunately, the uncertainty principle saves the day. If Ax < A., Ap > mc hence
AE, > mc?, leading to particle production. This crude reasoning is made more precise by the
discussion below eqn. ((1.323)): particle/anti-particle pair production is essential for causality
to hold, thanks to the totally destructive interference bewteen their respective contributions
to the commutator.

A physically more important quantity, of which we will have ample use later, is the
Feynman propagator, named after the American physicist Richard Feynman. Let us define
the time-ordered product of two bosonic local operators:

iO/O
TOPy) = { IB) Y (1339

We define then

D(x—y) = (0] TO(x)®(y) [0) = O(xo — Yo)A(x —y) + O(yo — x0)Aly —x) (1.339)

We expect that D(x—y) is Lorentz-invariant for time-like separations, since time-ordering
is a Lorentz-invariant concept only there. For space-like separations, ®@(x) and @ (y) commute
so time ordering has no effect and Lorentz invariance is maintained. Using eqn. ((1.330)),

d3 1 —ip-x ip-x
D(x) =J(2£3E(®(x0)e PX 4 e(—x0)e?) . (1.340)
\
Pt D

Figure 1.2: Feynman contour.

Property 1 The scalar Feynman propagator can be represented by the integral:

[ dp® [ dPp ietP
o0 =] 5 | g (1:341)

where the contour of integration C in the complex p°-plane is represented on figure. .

We notice that the integrand in ([1.341)) has two simple poles on the real axis:

1 1 1 1 1
= = — . 1.342
pP—m2  (p°2—p2—m? 2E, (po —E, p°+ Ep> (1.342)
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Free spin zero and one-half fields

Cr

Figure 1.3: Contour for x° > 0.

The contour C turns below the pole at p° = —E, and above the pole at p° = E,,.

Let us consider that x° > 0. Then |e P¥| = exp (XO Im (po)) falls exponentially for large
negative values of p° and one can evaluate the integral using Cauchy’s residue theorem
by considering the contour Cg closed below the real axis and running clockwise, see fig. [1.3]
In the limit R — oo, the contribution of the big half-circle vanishes and one obtains:

de ie—ipoxo e—ipoxo e—ipro
= R = . 1.343
| e = R g ) = (1.33)

‘po =+E, +R

Figure 1.4: Contour for x° < 0.

Second, let us consider that x° < 0. In this case, |e ¥ = exp (xo Im (po)) falls off
exponentially for large positive values of p°. Therefore, one can evaluate the integral
using Cauchy’s residue theorem by considering the contour Cr closed above the real axis and
running counter-clockwise, see fig. [[.4 In the limit R — oo, one obtains:

dpo ie—ipoxo e—ip°x° eipro
__ R - 1.344
L (P02 P mE g, \(pO2—pr-m2) T 2E, (1344
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PART 1. FREE SPIN ZERO AND ONE-HALF FIELDS

Adding these two pieces together, we find indeed eqn. (|1.340|) after doing the change of vari-
ables p — —p in the second term there. U

Another equivalent way to write this integral representation of the Feynman propagator
is to keep the p° integral running along the real axis, but displacing the poles infinitesimally
above and below the real axis in order to pick the same residues as before for x° > 0 and
x® < 0. This is known as the ie prescription, see fig.

P’ = —F, +ié
A

¥
°

P’ =+E, —ie

Figure 1.5: i€ prescription.

This prescription is implemented using the following representation of the Feynman prop-
agator:

d4p iefipx
(2m)* p2 — m? + ie

D(x) :J (1.345)

where the integral is done before taking the limit € — 0". One benefit of this prescription is
to make Lorentz invariance manifest@ Its Fourier transform is simply:

1
p2—m?+1ie

A~

D(p) = Jd“x eP* (0| TO (x) D (y) |0) = (1.346)

Finally, notice that the Feynman propagator is a Green function for the Klein—Gordon
equation. One has indeed, regardless of the specific choice of contour in the p®-plane:

4 s 5—ipx 4
O+ m)D(x) = (O+m?) J STPV]% = —iJ ((21734 e Y= —i5W(x).  (L347)

Other choices of contour (more specifically, of ways of bypassing the singularities) give the
retarded or advanced Green function, as you will see during the tutorials.

The same computation of the Feynman propagator can be repeated for a complex scalar
field. We first notice that, with or without time-ordering, we have:

(Ole(x)@(y)10) = (0| d'(x)'@(y)[0) =0, (1.348)

28The parameter € on the figure is identified with €/2E,,, since

p?—m?+ie= (po—Ep + ;%P)(Po-i-Ep —%) +0(e?/E3) .

64



Free spin zero and one-half fields

because the mode expansion of @, see eqn. , contains particle creation operators
and anti-particle annihilation operators. A more fundamental reason, which extends to an
interacting theory, is the existence of the U(1) symmetry @ ~— e®®. Let Q be the operator
associated to its Noether charge, see eqn. ({1.265). The vacuum is expected to be invariant
under the U(1) action (this is trivially true in the free theory):

e'??(0) = |0) (1.349)
For an arbitrary n-point correlation function, we have

0] D (x)D(xz) - - - D(xn) [0) = (0] LD (x7)D(x7) - - - D (%) |0)
= <O| e*iQGq)(X] )eiin e*iQGCD(xz) . efiQe(D(Xn)eiQe |O>

et (xq)

= e (0| D (x1)D(xz) - - - D(xn) |0) (1.350)

hence necessarily (0| @ (x1)®(x;) - ®(x,)]0) = 0. This extends trivially to theories with
multiple field carrying different charges: all non-neutral correlation functions vam’sh.@ Com-
ing back to the two-point function or propagator, we are left with:

d4p ie— - (x-y)

1.351
2m)* p?2 —m? +ie’ (1.351)

OTO(x)0(y)!0) = Dlx—y) = |
i.e. the same result as for a real scalar field, as well as its Hermitian conjugate.

To close this first part of these lecture notes, let us consider the Feynman propagator for a
Dirac field. First, because fermionic fields satisfy anti-commutation rather than commutation
relations, the definition (|1.338]) of the time-ordering needs to be modified to:

: 0 0
T O, (x)P:(y) z{ ?g&fﬁﬁ&’%x) i zoigo (1.352)

As in the previous case, the U(1) symmetry ¥ — eV forbids non-zero values for the

correlators (YY) and (WW). We consider then the propagator:

D (x —y) = (0] TY(x)¥*(y) [0) . (1.353)

The computation is very similar to previous ones, with an extra minus sign from time ordering.
One starts with:
- d*p d3q 1 S
olWe(x qu 0) = J J 0 btbiT o) u (s ﬁb g)etdy—ipx
(O1¥¢(x)¥° (y) [0) Z 2 | Gy ez, Oord 0w (@

_d3p ] “(B)ul(p dp 1 —ip-(x—y) (4ab ab
= |z, > wPul(p) = P IE, (P +mos®®)  (1.354)

29For non-abelian symmetry groups, the correlator should transform in the trivial representation.
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as well as
3 3
<0’\Pb(y)\ya(x) |O> _ ZJ d°p J d q ZE ZE O| cr CST |O> (—')v?(q»)eiq.yfip.x
d3 ) d3 1
S VS

Such that (notice the relative minus sign):
dBp 1 s .
ab ip-x (,4ab ab ip-x (,4ab ab
D (x) = J(ZHPZE (O(x)e P (P® + md®) — O(—x)eP* (p* — ms®)) (1.356)

Looking at the expression (|1.340)) of the scalar Feynman propagator D(x), we realize that:

((zijss % (O()e ™+ O(—x")e™) = (i3 + m5™)D(x).
. (1.357)

Therefore, using the representation ([1.345)) of the latter, one can represent the Feynman
propagator for the Dirac field as a 4-dimensional integral with a ie prescription:

DE(x) = (18" + moe) J

[ d'p P+ m)e P
Drlx) = J (2m)* p2 —m? +ie

(1.358)

In passing, eqn. (({1.357)) indicates that Dy is also a Green function for the Dirac equation:
(i —m)Dy(x) = (id —m)(id + m)D(x) = —(O+ m?)D(x) = 6 (x). (1.359)
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Part 2

Interacting quantum field theories

Elementary particles interact with each other, otherwise our world would be quite boring
and lifeless. Handling interactions in the quantum field theory framework is difficult in many
ways.

The first question is identifying the right degrees of freedom, in other words the particles
associated with excitations of a quantum field. The answer may depend of the energies probed
by the experiments under consideration: for instance, in the context of strong interactions,
the relevant degrees of freedom at very high energies (far above 200 MeV) are quarks and
gluons, while at low energies the relevant degrees of freedom are hadrons, i.e. bound states
like protons or neutrons.

The second question is whether the QFT describing the interacting particles can be for-
mulated, to start with, in terms of a least action principle based on some classical Lagrangian.
Physicists have found in the last decades compelling evidence that interacting supersymme-
tryc QFTs that do not admit any Lagrangian description make perfect sense. Even if a
Lagrangian description exists, it should include in principle all possible interaction terms
that are not forbidden by the symmetries of the theory, space-time and internal, which are in
infinite number. Here the ideas of renormalization come to rescue: in most cases the strength
of their couplings depend on the energy scale and if one is, say, interested in the low-energy
behavior of the theory, only a handful of interaction terms — if not a single one — matter.

Third, assuming that the QFT under consideration admits a Lagrangian with few inter-
action terms as a starting point, we do not know how to solve the theory, except in particular
cases where lower dimensionality and/or extra symmetries like supersymmetry help. The
key is to identify a region — if any — where these interactions become weak: for instance,
low-energies for quantum electrodynamics (QED) and high energies for quantum chromody-
namics (QCD). Whenever this is the case one can treat the interactions as perturbations of
a free-theory, using methods close to those that you are familiar with in the context of quan-
tum mechanics. This program is not without difficulties, as the presence of ultraviolet and
infrared divergences, the convergence of the perturbation series, the extremely hard technical
issues involved in the actual computation of perturbative corrections, etc. but is incredibly
successful, providing high-precision predictions for experiments in particle accelerators.

67
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2.1 Some general aspects of quantum field theories

It is a longstanding dream of theoretical physicists to exactly solve quantum theories using as
an input some set of sensible assumptions, as well as the symmetries of the theory (Poincaré
symmetry, its possible conformal and supersymmetric extensions, and internal symmetries)
together with the representations carried by the fields. At a rather modest level, we will
derive here some general properties of the propagator.

Let us start with some simple general properties that any sensible quantum field theory
is expected to satisfy (these are the Wightman axioms in a simplified presentation):

1.

The state space of the theory is a (separable) Hilbert space H admitting the action of a
unitary representation of the (double-cover of) the Poincaré group: G(A, a) — U(A, a).
We denote by P* and J*¥ the corresponding Hermitian generators.

There exists a unique vacuum state |Q). As this vacuum should be identical in all
inertial frames, it should be invariant under the action of the Poincaré group:

PHQ) =0 J*1Q) =0. (2.1)

This vacuum is denoted by |Q), whereas [0) is used for free theories.
The spectrum of the 4-momentum operator P* should belong to the future light-cone:
p°>0, pup*>0. (2.2)

In any sensible quantum system, the spectrum of the Hamiltonian should be bounded
from below; one can always shift the ground-state energy to zero. The operator P ,P*
can be thought as the mass squared operator, whose eigenvalues are the mass squared
of the excitations of the fields; particles with negative mass squared are unphysical.

There exists a set of local field operators ®@,(x), which are more accurately operator-
valued distributions, carrying a finite-dimensional representation Ry, of the double-cover
of the Lorentz group:E]

U(A, a) @, (x)U(A, a) = Ry (A, a)Dp (A 'x —A7a). (2.3)
The set of states:

J A - dha fi(xa) - fu(xn) @, (1) -+ - @y, (x0) 1Q) (2.4)

constructed with an appropriate choice of test functions {fy}, is dense in H.

L All non-trivial finite-dimensional representations of the double-cover of the Lorentz group, as the spinor
representations (1/2,0) and (0,1/2), are not unitary. This is not a problem as those representations are
carried by field operators, while particle states carry representations of the Poincaré group, that are infinite-
dimensional and unitary.
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Interacting quantum field theories

6. Finally, in order to impose causality wr impose the micro-causality condition on all pair
of local operators. For respectively pairs of bosonic and fermionic field operators,

=0, , {wx), %}

=0, (2.5)

(x—x)2<0

(x—%)2<0

Note that the spin-statistics theorem mentioned earlier can be deduced from these axioms.

2.1.1 Kaillén—Lehmann spectral representation

Let us consider a generic field theory for some field @y, i.e. transforming in some irreducible
representation Dy, of the Lorentz group. We want to characterize the states @, (x)|Q) and
@} (x) |Q)), obtained by the action of the field operator and of its Hermitian conjugate on the
vacuum of the interacting theory.

Let us start with their overlap with the vacuum, or vacuum expectation value (VEV
thereafter). Using translation invariance of the vacuum, the VEvV of ®@(x) satisfies:

(Q@,(x) Q) = (Q]eP*D,(0)e Q) = (Q] D,(0) Q) =V, (2.6)
which is a constant. Using eqns. (2.1)2.3)), one finds that, for any A € SO(1,3):

= (O] @, (0) Q) = (O] L(AU(A)TD,(0)U(AUT(A) Q) = (QIUT(A) D, (0)U(A) |Q)
- RD(/\) . (2.7)

Whenever @, transforms in a non-trivial irreducible representation, either v = 0 (since by
definition the representation space does not admit any invariant subspace), or the assump-
tion about Poincaré invariance of the vacuum is violated. When @ is a scalar field (i.e.
transforming in the trivial representation), v is just a constant, which can be removed by
redefining the field: ® — ® — v, which is such that its vacuum expectation value vanishes.

From now, for simplicity of the presentation, we consider a quantum field theory of a single
complex scalar field @. Recall that, in the free theory, ®f(x)|0), the action of ®f on the
vacuum, creates a single-particle state at x, which can be expanded in terms of one-particle
states of definite (on-shell) 4-momentum p:

dx e

W \/E p) , Ip)= \/ZTPGI?|O> : (2.8)

In the interacting theory, things get of course more complicated. Since the 4-momentum
operator P" is self-adjoint, one can consider a set of “eigenvectors” (in the generalized sense):

P*[p;w) = p*lp;u) (2.9)

where the extra label u takes care of a possible degeneracy of the spectrum of P*. Depending
on the situation, it could be discrete or continuous. By eqn. (2.2)), i.e. positivity of the
spectrum, p,p"* > 0, nonetheless the states [p;u) are not necessarily one-particle states.
Typically the spectrum of p? looks like this:

®/(x)10) = |
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bound state

i
0 m? 4m? p?

Figure 2.1: Spectrum of p*

The eigenvalue at p?> = m? is interpreted as a one-particle state; note that m may no
longuer be the same than the mass parameter that appears in the Lagrangian of the theory.
Starting at p? = 4m?, there is a continuum of two-particle states. Unlike in the case of free
theories, there may be bound states made of two particles, just below the two-particle states
threshold. In the general case, there may be several one-particle states with different masses
as well as several bound states below the continuum threshold at p? = 4m?.

We consider then the pair of Wave—functionsﬂ

Q
(p;ul @ (x) 1Q) = (p;uleP*DT(0) e P> [Q) = P (p;u| DT(0 Zu(]o)e””X (2.10a)
(i @ (x)1Q) = {pil €750 (0} Q) = & (piul @ | Z.p)e™ (2.100)

In the free theory, following eqn. (2.8) one has Z(p) = Z(p) = 1.
Whenever the U(1) symmetry ® — e®® is preserved by the interactions, there exists a
corresponding Hermitian generator Q such that

e P (x)e ™ = ®D(x), e QDT (x)e ™ = e D (x), (2.11)

or equivalently
[Q, d(X)] =—-D(x) [Q, @T(x) ] = @(x). (2.12)

The operator Q commutes with the 4-momentum generator P*, so one can label their common
eigenvectors as [p; q;Vv), q being the U(1) charge and v other possible quantum numbers. One
has:

(p; ;v e DT (x)eQ Q) = e (p; ;v DT (x) [Q) = e (p; ;v DT (x) Q) ,  (2.13)

either using or the fact that [p;q;v) is an eigenstate of Q, together with invariance of
the vacuum. Therefore one has Zg, = 0 unless ¢ = —1. Likewise, Zg, = 0 unless q = 1.
In other words, the states created by ®f or @ on the vacuum, associated respectively to
particles and anti-particles, has only non-trivial overlaps with momentum states carying the
same charges.

Next, following Kéllén and Lehmann [112], we consider the two-point correlation function.
As explained earlier, due to the global U(1) symmetry of the complex scalar QFT the only

2The strange notation used for the momentum-dependent constants on the RHS will become clearer later
on.
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non-zero correlators are (®®T) and (OT®). Let us consider the resolution of the identity
using the basis of 4-momentum eigenstates:

=Y | ZZJ p)2m5(p” — ) Ips ) (p

u

-3 Jdﬁng P ) (p;

where we have used the spectrum positivity hypothetis (2.2)) to restrict the integral over m?
to positive values only. We stress again that the m? here is just the value of p?, and the
states [p; u) are not necessarily single-particle states. We have then:

(2.14)

PO=E,=\/FZrm2 ’

(QD(x) DT (y) [Q) ™= (Q D(x — y)DT(0) Q)

y)O
—ZJ ZJ p ] (QID(x —y) Ip; w) (p; ul ©7(0) Q) (2.15)

32E,
00 5 3 |
[T gm J ple Py 2.16
JO % pO=Ep ( )
This expression involves the non-negative function of m? known as the spectral density:

p(m?) = 3 1Zu(p)]

u

>0. (2.17)

pO=Ep

Let us show, as the definition suggests, that it depends only on p?, or equivalently on m?2.
Since @ is a scalar field, we have, for any Lorentz transformation A:

Qo) (y) Q) = (QUA) @ IUA) U(A) @ ( u ( )HQ)

(A
= (Q] D (AX)DT(AyY) Q) J J Zﬂng Z|z e P ACY)

:J dm?
0

where we have used the Lorentz-invariance of the measure. We conclude that the spectral
density, being invariant under Lorentz transformations, must depend on p? = m? only. We
obtain then the Kdllén—Lehmann spectral representation of the propagator in the interacting
scalar theory:

d3 1
J s e, Z BA@le ) 219

QDD (y) 1) =j dm? p(m?) Apa(x — ), (2.19)
0
where ;
ef. d p 1 1 —
App(x —y) & | —5=—e PV 2.2
mz (X =) J(ZT[)“Q‘ Zpoe po=+/pZ+m? (2.20)
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is the free Klein-Gordon propagator for a scalar field of mass m?. With a similar reasoning,
one gets:
QIO x)O(y) 1) = |~ dm? pim?) A (x ), (2.21)
0
written in terms of

~ 2 def. d
m?) 2 Y|z ) . 2.22
p(m?) ;I Ll (2.22)
Importantly, in the presence of a global U(1) symmetry the spectral densities p(m?) and
p(m?) are related to particles and anti-particles states respectively, see the discussion above.
Let us show that they must be related through the micro-causality condition (2.5). Evaluating
the commutator at space-like separation in the vacuum, one has:

0=(Q|[®(x), DI (Y)]1Q)

_ Joo dm?(p(m?) — p(mD)Apely —x).  (2.23)

(x—y)2<0 0

Since this quantity is Lorentz-invariant and x —y is space-like, one can go to a frame where
x° = y°. One finds then, that for any value of X — 1,

Bp 1 e
0= |dm? ———e'P () ) —p(m?)) ; 2.24
J m J 207 2E, © (p(m*) —p(m?)) ; (2.24)
This condition is solved for p(m?) = p(m?); with the help of the CPT theorem one can show
that it is the only solution. A similar Kdllén—Lehmann spectral representation can be derived
for an interacting Dirac spinor field, as you will see during the tutorials.

Feynman propagator. The same arguments lead to a spectral representation for the Feyn-
man propagators. Using the ie prescription, one has

e d4p ie—ip~(x—y)
D(x—y) = (Q|TO(x) D' (y) Q) = 2 ZJ 2.2
(x—y) = (QITO() D! (y) Q) L amtom?) | Sh—Ee 229)
or in momentum space:
0o . 2
Bp?) = [ damz ) 2.26
7 Jo mpz—m2+ie (2.26)

The momentum space Feynman propagator ﬁ(p) has an interesting analytic structure
in the p? complex plane. Since we do not integrate over p? here, one can ignore the ie
prescription, i.e. send € to zero. As mentioned earlier, on general grounds the spectral
density p(m?) is expected to have isolated contributions, at m? = m?, corresponding to
one-particle states, as well as continuum of multiple-particle states starting at the threshold

m2 = 4m?, where we have chosen m; to be the mass of the lightest state. Explicitely,

p(m?) = > 8(m* —m})Z; +O(m> —m})p:(m?), (2:27)
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where both the coefficients Z; and the density of the continuum p. are positiveﬂ We have

then: ~ . - oo (m?)
D(p?) = Z ]r‘mz + Jm% dm? ]m (2.28)
Thus, in the p-plane, the function ﬁ(pz) has two types of singularities:
1. Simple poles at p?> = m?, with residues iZ; where Z; > 0.
2. A branch cut on the positive real axis starting at p?> = m2 with discontinuity

disclmpz:O[A)(pz) = lim llzﬂof)(pz +ip?) — [A)(p2 —1ip?) =270 (p? — mi)p.(p?) (2.29)

The propagator ﬁ(pz) is essentially fixed by its analytic properties. Let us assume that
D(p?) decays at infinity. For p? in the upper-half plane, one can start with the integral
representation:

D(p?)

1 jg D(z)dz (2.30)
c

~ i 2
2int e, z—p

where the contour Cp. circles around z = p? counterclockwise, see the left panel on fig. .
Then, by the contour manipulation displayed on the figure, one has

=
=
=

m m;, m; m m, m,

Figure 2.2: Analytic structure of the propagator.

[A)(pz) _ Z D(m?) LJ‘X’ disclmpzZOD(pZ) (2.31)

2 2 ;i 2 2
pr—mi  2im pF—m

i

3From eqn. , Z=[Zy(p)l |pz:mz'

4We have used here a standard result of complex analysis. For any function f analytic in the upper
half-plane and decaying fast enough at infinity, one has (P being the Riemann principal value):

+oo +oo
J’ f(x)dx' _ PJ f(x)dx ~inflxo).
oo X — X0 +ix oo X— X0

lim
x—0+

Here f(x) = —ipe(m?), & = —pu? and xo = p2.
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If iD(p?) is real for p? € R, one identifies 13(miz) = iZ; and disc D(m?) = 2mp.(m?) > 0,

recovering eqn. (2.26]). These are known as Kdllén—Lehmann dispersion relations in analogy
with the Kramers-Kronig dispersion relations.

2.1.2 The S-matrix

The principal object of interest in quantum field theories is the S-matriz, which constitutes
the main bridge between theory and experiments. We will discuss here some of its general
properties before developping tools to compute it explicitely in some approximation scheme.
It is so pivotal that there is a longstanding research program from the seventies whose main
ideas is to solve quantum field theories directly from the properties of the S-matrix (as unitar-
ity, analyticity, crossing symmetries, etc.), without using directly any underlying Lagrangian
description, see the lectures notes of Alexander Zhiboedov (https://courses.ipht.fr/?q=en/n-
ode/248) for a recent overview.

A typical scattering process is displayed on fig. [3.2l Imagine that two well-separated
electrons, represented by wave-packets centered at momenta py et p, (on the left) are prepared
in the infinite past, sent towards each other and interact in the dashed region at the center
around t = 0. We would like to compute the probablity amplitude, in the appropriate sense,
of measuring, far away in the future (on the right) two outgoing wave-packets associated with
electrons of momenta 121 and 122. As we shall see, these amplitudes are directly related to
measurable quantities like cross-sections.

Figure 2.3: Scattering process.

This calls for a few comments:
e In the infinite past/future, while the two wave-packets do not interact with each other,
it does not mean that the theory is free: the electrons still interact with the quantum
field. There is no way to "turn off” the interactions in the theory.

e In theories like QCD that are strongly coupled at low energies, excitations of the el-
ementary fields (quark and gluons) do not appear as asymptotic states in scattering
processes but rather bound states (for instance protons in the LHC).
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e Even in weakly coupled theories like QED, bound states can appear in the outgoing
states, for instance a hydrogen atom by scattering of an electron and a proton.

For simplicity of the presentation, in the following we will idealize the incoming and
outgoing wave-packets as plane-waves of definite momentum.

Definition 1 (in an out states). Let H be the Hilbert space of an interacting quantum field
theory, and let |«),, € H (resp. |&),,r € H) be a set of states, in the Heisenberg picture. The
states |ot), (Tesp. |o),p) are said to be incoming or in states (resp. outgoing or out states) if,
for any operator O(t), the matriz elements (| O(t) [B),y (Tesp. our (x| Ot) [B),yy) cotincide
fort = —oo (resp. t — 400) with those of the free theory.

In particular conserved quantitites, which are, by definition, associated with time-inde-
pendent operators in the Heisenberg picture, can be used to label in or out states like in the
free theory. For instance, for an in state made of n particles with momenta py,...,pn one
has

Pt |p1a s ’pn>1N/0UT = (p1 +oe pn)u ’Ph see )pn>IN/OUT . (232>

Likewise, if the theory contains also a U(1) symmetry, one can label in or out states by the
charges of the particles ej,...,en:

QIp1y--vsPrni €1y €n)iour = (€1 F -+ €)1y o oy Pni €15+ oy €)1y jour s (2.33)

and, in the case of Dirac or Weyl fields, by their spin states.

In the following we will consider the asymptotic completeness hypothesis. Let H,y (resp.
Hour) the span of the in vectors |or)  (resp. of the out vectors |&), ). We will assume that
H ~ Hi ~ Hour, t.€. we can label states in the Hilbert space of the interacting theory using
those of the free theory that it is related to in the infinite past or future. Said differently,
either an orthonormal basis of H;y or of Hour gives a resolution of the identity:E]

I= Z |CX>OUT 0UT<O('| = Z |O(’>IN 1N<(x| ) IN<B|O(>IN = OUT<B|“>OUT = 6043 (2'34)

Definition 2 (S-matrix). Let assume that we have prepared, in the far past, a set of of
incoming particles in the in state |oc) . The probability amplitude to detect outgoing particles
in the far future in the out state |B) . is given by the overlap . ..(Blx), . By the completeness
hypothesis, one can expand the in state on the basis of out states:

) =Y W)ourSya- (2.35)

The unitary matriz realizing the change of basis between an orthonormal basis of incoming
states and an orthonormal basis of outgoing states is called the S-matrix.

5The sum over « is a symbolic shorthand for the sum of the projectors onto the identity, one-particle
subspace, two-particles subspaces, etc. each expanded into a basis of particle momenta.
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OUT<B|(X>1N = S[Soc- (2.36)

Unitarity of the S-matrix ensures that probability is conserved by time evolution, as it should
be in a quantum mechanical system.

A formal definition of the corresponding S-matrix operator can be achieved as follows.

One can define formally maps between vectors of the free Hilbert space |) ... € Ho and
vectors of the in/out Hilbert spaces (which are both isomorphic to H:
_ H — H
ol { 0 z IN/OUT B (237)
|O('>FREE = oo |(X>FREE - |(X>IN/OUT

These are called Moller operators. By definition[I] the in and out states have identical matrix
elements as the free states asymptotically in the far past/future:

s t .
e ith |“>IN/OUT o € 1tHFREE |a>FREE ) <238>
sdf]
= tlim ettHeitHrmme (2.39)
—Foo

We can then define the S-matrix operator as:
S=Z[Z- = Spa = 0BV = ren(BIZIE 10y = (Bl S [0 (2.40)
Scattering amplitudes. It is useful to split the S-matrix operator as:
S=1+1iT, (2.41)

to isolate the operator 17 that corresponds to situations where the particles actually scatter,
rather than just flying by. Then, the matrix elements Mg «, called scattering amplitudes, are
defined by factorizing out the momentum conservation factor:

FREE(BlT,O(>FREE = (Zﬂ)46(4)(ZB Pp — Z(x q“)Mﬁtx (2'42>

We may also denote them by My_p.

Optical theorem. As noticed earlier, one of the most important properties of the S-matrix
operator is unitarity. Using the decomposition (2.41)), one finds that:

[=8'S = —(T-TH)=T'T. (2.43)

6This is the late /early time limit of the interaction picture evolution operator defined in subsectionm
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An immediate corollary of this statement is known as the optical theorem. Let us consider a
2—2 scattering. From the left-hand side of eqn. (2.43)) one gets:

F<ﬁ]) ﬁ2| - i(T_ 7,J[) |qu a2>p = _i(2ﬂ)46(4) (P] TP2—q1— qz) (Mq1q2—>P1Pz - mmpz—(ﬂﬂ!z))
2.44
To put the right-hand side in a useful form, one inserts a multi-particle resolution of the
identity in the free theory Hilbert space:
d3 d3T1 d3T2 SN N .
= |0) (OI+J P f}FF<?|+J 272K, 272k, I 72), o (F1 Tal+ (n > 3 particle states)
(2.45)

One gets then:

d3re . N B oL
<P]>P2|T¢T|q1,q2 ZHJ k p]’p2|7"f|r])“_ T>FF<T1)-~-)rn|T|q1>q2>F

n k=1

2 o
—ZHJ T (2705 (p + P2 — 3 1ie) (270)*8) (61 + G2 — 3 10) Moy pasry s Mz omn

. (2.46)

One can then simplify one momentum conservation constraint between the LHS and the RHS.
Setting the final momenta to be equal to the initial ones, one gets:

= Ay -
2Im MPIPZ — p1p2 — ZJ JE (271)46(4) (P] +P2— Zrk) Mmpz — TyTn Mp] p2 — TiTh
k=1 =Tk

n

(2.47)

This theorem teaches us something important about the analytic structure of the scatter-
ing amplitudes. The imaginary part of a given amplitude is given by a product of amplitudes
involving all possible numbers of on-shell intermediate states, see fig. (2.4)).

P1 Pi P1

2Im = %JUZE

P2 P2 P2

Pi

P2

Figure 2.4: Optical theorem.

At the perturbative level, it can be connected to the Cutkosky’s cutting rules which allow
to compute the imaginary part, or discontinuity, of a given Feynman diagram by a set of
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graphical rules. A more physical and common translation of the optical theorem in terms of
scattering amplitudes will be given later.

In/out creation and annihilation operators. We expect the vacuum of the H;y and Hour to
be the same Poincaré-invariant vacuum |Q) that we have defined previously. It has necessarily
to be mapped to itself by the evolution of the system, hence S |Q) = |Q). As in the free scalar
theory, in or out one-particle states can be created out of the vacuum by suitable creation
operators:

P). = V2E,al 1Q) , B, = 2Eyal Q). (2.48)

P, IN P, OUT

Likewise, anti-particles states are created by acting with b% Dirac one-particle states of

,IN/OoUuT?
spin polarization s by acting with b%TIN Jours €tc. Using these modes we construct the in/out

field operators as usual. For a complex interacting scalar field for instance, one gets:
EBp 1
(2m)® | /2E,

We now claim that the matrixz elements of the field operator @ (x) of the interacting theory
are related to those of @y/our(X) asymptotically as:

(DIN/OUT (x) = J (aﬁ, IN/OUTe_ip.X + b;[,') IN/OUTe—ip-x) . (2'49)

(D(X) t—i)oo \/ZCDIN/OUT(X) y (250)

where, as in the beginning of this chapter, (Q|®(0)|p) = \/Z We stress that this is only
true in the weak sense, 7.e. for matrix elements, but not as an operator equation; for instance

®? is not related to @2 Jour I such simple way. Combining eqns. 1 , we obtain

1 e X 1 ;e
ag, v/our = ﬁ tggloo <\/TTP ®(X)> = ﬁ tngﬂde X \/E idy O(x), (2.51a)

1 e X 1 elPx
bﬁ,IN/OUT = ﬁtggloo <\/TTP @T(X)> = — lim Jdgx lao @T(X) . (251b)

\. J

For a real scalar field, we just get eqn. ([2.51al).

Let us make a few checks to convince ourselves that these relations make sense, as before
at the level of matrix elements.

e The average of ag v/our in the vacuum is given by

E .
(Ql ag, nvjour 1Q) =4/ ﬁ Jd3x e?*(Q0(0) Q) . (2.52)

"Here, the 4-momentum being on-shell, Z is is a constant. For any A € SO(1,3)*, (Q|®(0)|p) =
(QIUF(A)D(0)U(A) [p) = (Q] ®(0) |Ap) so one can go to the rest frame Ap = (m,0).
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By shifting the field ® by a constant value, one can ensure that (Q ®(0) [Q)=0, thereby
that (Qf ag w/our Q) = 0 as it should. The same holds for by i /our-

e The action on in/out one-particle states satisfies

2E

ePx s
. 71q'X
ﬁtginooj > i0pe ﬁ
= 21’8 (5 — q)

which is the expected result. We have used the wave-function ([2.10]) using the following
facts:

. T P .
<—O-| aﬁ,IN/OUT |q>1N/OUT - ﬁ tggloo J dgx 180 <Q| (D(X) |q>IN/0UT

.ﬁm

ﬁ

(2.53)

1. If we consider stable particles, we expect that, as far as single particle states are
concerned, [P),/our = IP)-

2. Compared to eqn. (2.10]), which was written for arbitrary 4-momentum p, the
states |[p) are on-shell, i.e. satisfy p? = m?, thus Z is a constant.

These points understood, we check that the outcome of (2.53)) is the expected result;
here also the limit t — 400 does not play any role.

The action on in/out two-particle states satisfies:

<Q|(D( )IG1,82) joupe HA1TA2)x
AN

o o S —
(O o, @y = 7 Jim_ [ @' a0 (IR0 @l

Qo qdi, q i
- ((Z))lef_h’ i (21)*6(d1 + G2 — P) (Ep + (a1 + 42)°) Jm e Atz 1 (2.54)
P

where the matrix element (Q|®(0)|q4, g2) has no a priori reason to vanish.

Crucially a two-particle state of 4-momentum q = ¢y + g2 with 3-momentum p (as
imposed by the delta-function constraint) has energy q° = \/p? + q? with g? > 4m?,
while p°® = /P2 + m2, hence q° > p° (strict inequality). Then, following the Riemann-
Lebesgue lemmalf] the matrix elements of a wave-packet constructed from those two-
particle states tend to zero while t — Foo, because the oscillations become wilder in
the far past/future. The same holds for other multi-particle states.

Another way to phrase the result is that, in the fully interacting quantum field theory, the
candidate creation operators aq = (e'?*/,/2E pl®(x)), which are time-dependent (because the
field ® no longer satisfies the Klem Gordon equatlon), do not create only one-particle states

8For an integrable function f: R™ — C, lim¢_,0 | Jd™x f(x)e*t| = 0. Here we mean that the two-particle

momentum states are normalizable wave-packets built on |G1, 42)y /oy
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out of the vacuum |Q)), but also two-particle states, etc. However all these extra contributions
go away in the far past/future limits t — Foo, as these operators tend to the corresponding
in/out creation operators up to the wave-function normalization factor v/Z (in the weak sense
of matrix elements):

(2.55)

P, IN/OUT )

al(t) = £®x> F VZdl
L) < oW
which is how eqn. for the field operator @ should be understood. The same type of
relation holds for the other creation and annihilation operators of the interacting complex
scalar field QFT.

If we consider a Dirac field in an interacting quantum field theory, one has similarly,
starting from eqns. the weak relations:

s )

s o 1 . 3 eip"‘ s 0
b5 v/our = VZ tLlijoon X\/EU- (P ¥(x), (2.56a)

] ) eip-x B .
C%, IN/OUT ﬁ tllg':noo J d*x ZEPW(X)YOVS (P) ) (2.56b)

as well as their Hermitian conjugates.
Using these insights we will now develop a pratical way to handle S-matrix elements in
an interacting quantum field theory.

LSZ reduction. The LSZ reduction, named after Harry Lehmann, Kurt Symanzik and
Wolthart Zimmermann , is a very general relation between scattering amplitudes and
correlation functions in quantum field theories.

In general, S-matrix elements can be decomposed into its connected and non-connected
parts. The case of a 3 — 3 scattering is depicted on fig. 2.5

S(3—3) =

1 4

2 5 4 perm. | + |2 > 4 perm. | +
3 6 3 6

Figure 2.5: Connected S-matriz.

The first type of terms are are of no interest as the three particles miss each other and
do not interact at all. The second type of terms are partially connected; they correspond to
situations where some particles interact, but not all of them.
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The last term is the connected S-matriz in which all particles participate into the inter-
actions. We will focus on the connected S-matrix, which is more fundamental as a partial
scattering event, where some particles do not participate, can be reduced to a scattering of
less particles. In practice, the connected S-matrix will contain a single overall momentum
conservation constraint 8 (> pi — Y q;).

For simplicity of the presentation, we will consider S-matrix elements of a real scalar
interacting QFT, such that incoming and outgoing states are solely labeled by their momenta;
generalizations to complex scalars and spinors will follow thereafter. The starting point is
the S-matrix element:

SPq :OUT<ﬁ1>-°')ﬁ€|q1)--'»aﬂ>1N' (257>

The idea is to use the relation (2.51al) and its Hermitian conjugate to "pull out” particles
from the incoming and outgoing states, step by step. As a first step, let us write:

OUT<ﬁ1)°-->ﬁ€|_’ LIS q > — V ZEP] OUT<ﬁ2)'°°)ﬁE| af)‘1,OUT|C_l)])"')q’Tl>IN

\/ <0Ul Pz, ﬁf| (aﬁ1,0UT_aﬁ1,1N) |€|1,...,qn)m
+ OUT<]52, oo )ﬁd ag,,x |q1> ey (Tn>IN) . (258)

In the second term, the action of as, w on |qi,..., dn), will annihilate one of the incoming
particles, thus giving contributions in 8@ (p; — ;). These terms will not contribute to the
connected S-matrix, since the j-th incoming particle does not participate in the scattering.
Focusing on the connected part one has then, using eqn. (2.55]):

&Xémzmpb P (35 + (P @) [y - -+ Gu)y) + disc.

ZE — N — — .
Spq = Th_}m our P2y« - ‘pelJ dt 0cap, () I, ..., Gn), + disc.
—T
1 1 X — — — .
ZJd P ao our P2y« Pel P(x) |q1,...,qn>m> + disc.
-]

N

(2.59)
Next we can integrate by parts twice, using the fact that the momentum p; is on-shell:
Pﬁﬂ%%+wﬂ«nmw»=P%W”%+ﬁ+wx~mmm>
Jd‘*x P52 — V24 md) (- Dx) ) (2.60)

In conclusion we have obtained:
i

Spq:ﬁ

Jd4X1 eip""‘ (DX] + mz) 0UT<]32, .. ,ﬁd @(X]) |CT1, ey qn>IN + disc. (2.61)
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PART 2. INTERACTING QUANTUM FIELD THEORIES

The idea is to keep on reducing S in order to obtain an (n+ m)-point correlation function in
the vacuum, up to the disconnected components. In order to see how it works, we perform
one more step:

oor P2y Pl @x1) G0, -, Gn)iy = V/2Eqy o (P2 - Bl @ (1)@l 182,y Gy
\/ q1OUT ?pel < ( )a21,1N_a21,0UT(D(X1)) |q2)"‘?qﬂ>IN
2Eq, 000 (P2y - » Pl @l 0 @(x0) G2y ooy )y (2:62)

As before, the third term with . (p2,..., Pl aj?h our Will contribute to the disconnected part
of the S-matrix. The first term can be rewritten, using the Hermitian conjugate of eqn (2.51aj),
as:

Vv ZEq1OUT<ﬁ2? ey Pl (D(Xl)at] N Id2y-- - (T]'n>

i ; » _ _
:ﬁyolin_loojd%e ary ay 0 oup(P2y ey Pl O (x1)D(Y) [G2y -+ oy Gn)py,  (2.63)

remembering that ®(x) is Hermitian. In the same way, regarding the second term one can
write:

V 2E‘11 OUT<ﬁ2) )p@| aq1 OUT(D(X1) |al» ceey qn>IN

—i T S . . B
= ﬁyolgrjoojd% e "V 040 e P2y, Pl @ (Y)P(x1) [q2y - - oy Gn)yy (2.64)

We realize that, thanks to the limit y° — Foo, both terms are time-ordered correctly and
can be combined together as:

i i - ~ _
ﬁjd4y ayo( a aU 0 our P2y« + s Pel TO(x1) D (y) |q2)""qn>m>

1 —iqq- - = - -
7 Jd‘*w e Y (Oy, +m?) o (B2 -y Pl TOX)@ (Y1) (G2, - -y Gy s (2.65)
using the same integration by parts as in the first step of the LSZ reduction.

We can of course iterate the process in order to reach both the in and out vacuum. One
obtains then the LSZ reduction formula for a real scalar field:

. {+n 4 n
OUT(ph-'->p€|q1»°°-)qn>m = disc. + (ﬁ) Jl |d4xiep1 ' | |dyje By
i=1 j=1

{ n

< T +m) [T (O +m2) (QITBx1) - D(x)D (1) - - D () 1)

con.

(2.66)

i=1 j=1
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Importantly, all the momenta p; and g; are on-shell in this expression, i.e. satisfy p? = ¢* =
m?,where m is the physical mass of the particle.

It is easy to adapt this construction to other quantum field theories, by following similar
steps.

Let us first consider the case of a complex scalar field, using both equations @’
and as well as their hermitian conjugates. One gets an expression similar to eqn. @
where we have to use the following the replacement rules that distinguishes particles in/out
states from anti-particles in/out states:

e N

LSZ reduction for a complex scalar field

e Incoming particle of momentum p: \%Ze_ip"‘ (DX + mz) (T @ (x)--+)

e Incoming anti-particle of momentum p: %e*m"‘ (Ox+m2)(T--- @ (x)---)

e Outgoing particle of momentum p: \%Ze“p"‘ (DX + mz) (T @ (x)--)
(B +m?)

Outgoing anti-particle of momentum p: %e“""‘ Ly

\. J

The LSZ reduction, as promized, has reduced the problem of computing scattering am-
plitudes, to the problem of computing N-point time-ordered correlation functions.

LSZ reduction for Dirac spinors. In the case of a Dirac field, both incoming and outgoing
states are also characterized by their spin polarization.

To understand how it works, let us first consider pulling out from the out state the operator
bs our associated with an outgoing Dirac particle of 3-momentum p and spin polarization s.

Usmg eqn. ([2.56a)), one has:

our(Py8i- ol = dise. + /2B (o (105 our — S ) [+ i

= disc. + % Jd4X ao (eip~xﬂs (ﬁ)OUT<' : | 'YOW(X) | : '>1N>

: 1 s (= (s
= disc. + ﬁjd4xep u (p)(lpoyo +YOaO)0UT< |\{/(x) | : '>1N (267)

This can be simplified using eqn. ((1.181}):

Jd3x eP* W (P)p’y°- - = Jd3x e?u(p) (m+y-p) - = Jd3x W (p) (me®*—iy- Ve ).

IE‘[dgxe W) (M+iy- V). (2.68)
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Such that

OUT<p) Sy | o '>1N = disc. + \;_% JdSX eip-x.as(ﬁ) (1a - TTL) OUT<' : |W(X) | ) '>1N (269>

The same can be repeated for an outgoing anti-particle, using (2.56b)):

. 1 i o . S\ s
OUT<p) S5 | e .>1N = disc. + ﬁ Jd4X€ P OUT<' : |W(X) | : '>IN (IPO'YO + YO 0 O)V (P) (270)

Then using ((1.194)):

1 _ — .
(s |-+ ),, = disc. + —Jd3xOUT<...|xy(x) ) (18 MV (ElePr,  (2.72)

where for convenience we have made the space-time derivative acting on the left rather than
on the right.

Naturally, the same can be done for incoming particles and anti-particles. We summarize
the result below.

LSZ reduction for a Dirac field
. _ — .
e Incoming particle |p, s): (T W(x) - Y8 +m)ug(ple P
e Incoming anti-particle |p, s): \;—ize_ip"‘ Vs(P) (la — m) (T W(x)--)
e Outgoing particle |p,s): ’Tize“p"‘ U(P)(id —m) (T W(x)---)
. _ — .
e Outgoing anti-particle [p, s): (T W) ) (id +m)v(p)etr™

As for a scalar field, all the momenta are on-shell, and the resulting N-point correlation
function is time-ordered.

LSZ in momentum space. The LSZ formulae are expressed as Fourier transforms of differ-
ential operators acting on time-ordered correlation functions, so it is worthwile expressing
them in momentum space.
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Interacting quantum field theories

Let us consider first the case of a real scalar field. The time-ordered correlators of interest
are of the form:

gc(xh-naxn) déf‘ <Q|T®(X1) "'(D(Xn) |Q> (273>

.
connected

Due to translation invariance of the vacuum, this depends only on n — 1 variables. Using the
same trick as before,

<Q‘ T efiP-xn(Db“ )eiP-xn e*iP-Xn . e+iP-xn(D(0)efiP-xn |Q>
=G(X1 —XnyveyXn1 —Xn, 0) . (2.74)

The Fourier transform of G, is then:
Ge(P1ye-yPn) = Jd4x1 coed¥xg @PTT PG (X — X, ey X1 — X, O) (2.75)

Using the change of variables X; = x; — x,, for 1 < n, one gets:

gc (ph oo »pn) = (271)46(4) ( Z Pl) Jd47~(1 e d47~(n—1 ei(m At Pt Xn )gc (721) s »7271—1 ) O) .
(2.76)

The first term on the RHS expresses momentum conservation. We define then the quantity
G through:

Ge(Pry--yPn) = (208" (3 p1)G(p1y- -y Pa) - (2.77)

We can then express the LSZ formula lb in terms of QA , taking care of the opposite
signs for the momenta of incoming vs. outgoing states:

OUT<p1) v >P€|CI1> ey qn>IN = disc. +

¢ 2 2 2
pr—m q —m 45(4)
(2m)76 i j
g — H i (ZP Z ql)
X é(p]?""pb—qh.”)_qn) on-shell
(2.78)

The way to understand this expression is as follows. One first multiplies the momentum
space N-point function by the product of inverse propagators for all ingoing and outgoing
states, before evaluating the resulting expression on shell, i.e. for external momenta satisying

2 2 2
py=-=q,=m".
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In order to get a non-zero answer G should have corresponding poles in its analytic
structure. This will be clarified shortly when we will develop tools to actually compute it
(perturbation theory).

Before that, let us give the recipe to get the other LSZ formulse in momentum space.
First, for a complex scalar field, one needs first to distinguish ® and @7 in the position space
N-point correlation functions, and perform the reduction using the formulae (2.51)). Let us
define then:

Ge(Xy+ ey XUty - oy Ye) = (QITD(x7) -+ @ (x) | DT (y1) - - DT (ye) |Q)

In terms of their Fourier transform, one gets the following rules:

(2.79)

con.

* LSZ reduction for a complex scalar field in momentum space |
e Incoming particle of momentum p: %QA( sl =Py i)
e Incoming anti-particle of momentum p: }% (o y=pyee o)
e Outgoing particle of momentum p: }%QA( Py
e Outgoing anti-particle of momentum p: % A(- sl Sy )

For a Dirac field, one starts with correlators in position space with both the field ¥ and
its Dirac conjugate V.

Go(X1,« ooy Xt Yty ooy Yn) = (QITY(x1) - W(xe) (Y1) - Ylyn) Q) . (2.80)

Considering first an outgoing particle, the relevant piece of computation, for the Fourier
transform appearing in the LSZ reduction process, is:

[ ghem w307 — m) W) - () — PN W(x) -
¢2deepudpﬂﬁ m)(---W(x)- ) VA nﬂjdxep< ‘Wh)ﬂéﬁ
For an ingoing anti-particle, the computation is very similar: '
[ txe 5, (B) A W) - ) Y (B ) | dixe W) -
= | ke B W ) 2 B [ e W(x)m;).

Next for an ingoing particle, one considers:
i _
——— | d* (- Y(x)-- (15 +m)ug(ple”

5)e
( e ..@(@...)) (—p + m)us(p) (2.83)
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and finally for an outgoing anti-particle:

- | A ) (T 4w e
\/z s

el

1BP _L (J d*x eip-x<. . qj(x) ... >) (_‘Vj + m)\)s (ﬁ) (284)

To summarize, the rules of LSZ reduction for Dirac fields in momentum space are:

LSZ reduction for a Dirac field in momentum space
e Incoming particle of momentum p: Gol-- |- , =D, )iwzmus (p)
e Incoming anti-particle of momentum p: vs(p) _i]%m AD( s =Py )
e Outgoing particle of momentum p: U (P) % G-+ 4Py -]+ -+)
e Outgoing anti-particle of momentum p: Gol--]--- y TP, )?EVS (P)

2.2 Perturbation theory

Thanks to the LSZ reduction, we have converted the problem of computing scattering am-
plitudes in QFT to the problem of computing time-ordered correlation functions of field
operators in the (interacting) vacuum, which are given for instance in the case of the real
scalar QFT by:

G(X1y. ey Xn) = (Q|TO(xq) - - D(x4) [Q) . (2.85)

Being able to compute such correlation functions exactly means solving the quantum field
theory at hand.

As mentioned in the beginning of this section, no interacting QFT can be solved analyti-
cally without having extra space-time symmetries like supersymmetry or conformal symme-
try. In most cases, in particular in quantum electrodynamics (QED) or more generally in
Standard Model physics, we have essentially two approaches at our disposal:

1. putting the quantum field theory on the lattice and solving it numerically. This de-
mands considerable computational power, even with moderate size grids, and is not
without difficulties, for instance when fermions are involved.

2. using a perturbative approach whenever the coupling constants are small, which may
be true only low or high energies. This approach is powerful but difficult to handle
beyond the first few orders, and does not capture non-perturbative phenomena like
instanton contributions, confinement, etc. unlike the former.
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PART 2. INTERACTING QUANTUM FIELD THEORIES

In these lectures we will focus on the latter.

The starting point of the perturbative approach is a field theory described by a Lagrangian
density £ that can be separated into two parts:

L=Lo+ Lor, (2.86)

where Ly is a Lagrangian density for a solvable theory (a free gaussian field theory) and a
term Ly containing interactions, beyond quadratic order.
A typical example is the famous ¢*, theory, a massive real scalar field with quadratic

self-interactions:
1 1 Ao

L= 50,00"0 — zmgcb2 2 o . (2.87)
~ S ——
Lo Linr

In this theory, the parameter mgy has the dimension of a mass, but, unlike in the free theory,
it is not necessarily the same as the physical mass of the 1-particle states, as we will discuss
later. The parameter A, that controls the strength of the interactions, has dimension L4
in d-dimensions. Therefore, in a 4-dimensional space-time it is dimension-less and it makes
sense to consider that A is small, at least naively.

From this Lagrangian density, one can obtain the Hamiltonian of the system, that can be
also split into free part and interactions:

H= Jd3x (ﬂIdDI - L) — Ho + Hyr (2.88)

Whenever the interactions do not involve derivatives of the fields, — and only in this case! —
the interaction Hamiltonian is just given by minus the interaction Lagrangian:

H = H, —Jd3xLINT. (2.89)

——
HINT

As in quantum mechanics, the idea behind pertubation theory is to expand in power series
the quantities of interest, here scattering amplitudes, in terms the parameter that controls
the strength of the interactions. In quantum mechanics it is well-known to raise a number of
issues:

1. Given a self-adjoint Hamiltonian Hy and a Hermitian operator Hy, is the operator
H = Hy + Hyr self-adjoint on a certain domain?

2. Is the spectrum of H = Hy 4+ Hyr bounded from below?ﬂ
3. What is the radius of convergence of the perturbative power series?

4. Whenever the parameter that controls the perturbative expansion is not dimensionless,
how to make sense of perturbation theory?

New issues that are not present in quantum mechanics arise, like the presence of divergences
in the perturbative corrections, and will be an important focus of this course.

9A simple counter-example is an x> perturbation of the harmonic oscillator.
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2.2.1 Interaction picture

To prepare the ground for perturbation theory, we need to introduce the interaction pic-
ture which is a kind of "middle-ground” between the Schrédinger and Heisenberg pictures,
also used in ordinary quantum mechanics. The idea is roughly to "factor out” the trivial
time-dependence due to the free evolution of the system, while keeping the time-dependence
triggered by the interactions.

Definition 3 (interaction picture). Let H be the Hamiltonian of a quantum system. As-
sume that H can be split as Hy + Hyr, where Hy is solvable in the sense that its spectrum is
computable. Let |x(t)), € H be some state of the system defined in the Schrodinger picture
and Oy some operator acting on the Hilbert space H, also in the Schrodinger representa-
tion. The corresponding interaction picture state and operator are defined by the unitary
transformation:

(), 2 et (w)), (2:502)
o, def. eiHOtOSe—iHot ) (2.90b)

These two transformations are compatible in the sense that they do not change the value of
matrix elements of observables. The interaction picture can also be conveniently related to
the Heisenberg picture:

O, = et e Mt — giftto—iHot () piHote—iHt (2.91)
Notice that ette=itot £ gttr gince Hyyp and Hy do not necessarily commute.

Property 1 (time evolution in interaction picture). Let |x(t)), € H describing the state of
the system at instant t in the interaction picture. The time evolution of this state is governed
by the interaction Hamiltonian expressed in the interaction picture:

i), = R, H(1) = Hy

uP = eMotH e ot (2.92)

I

Indeed,

L), (0) = —Hoe™t (), (1) + ™ot (H + Ho) [oe(), (1)

dt
= —Hg (1)), (t) + e (H+ Hg)e Mo ae(t)), (t) = Hi(t) [(t)), . (2.93)

Property 2 (evolution operator in interaction picture). Let prepare the state of the system
at t = 0. The solution of the time evolution equation is given in terms of a unitary
operator U(t) such that

lx(t)) = U(t) [x(0)) i =H,(t)u(t). (2.94)
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The proof is completely trivial. Coming back to the original definition (2.90a)), U(t) can be
written as:
U(t) = ettote tHt (2.95)

which already appeared in eqn. (2.91)).

The unitary evolution operator U(t) naturally satisfies a the composition law of the group
(R,+). Given that, for t; < t;:

loe(t2)), = U(tz) [x(0)) = U(t2)U(t1) " ex(ts)), (2.96)
The evolution from t; to t; is implemented by the operator:ﬂ
Uty t1) = U(t)U(ty) " = eft2Mogmilta—tHe—itiHo (2.97)

such that, for t; < t; < t3,
U(ts, t2)U(ty, t) = U(ts, ty) . (2.98)

Solving ([2.94)) is elementary whenever the interaction Hamiltonian evaluated at t = T
commutes with the interaction Hamiltonian evaluated at t =1’ # T. We have in this case:

U(t) = exp <—ir dt HI(T)> if V1,7 € R, [Hi(T), Hi(t)] =0. (2.99)
0

Whenever this is not the case, the solution is given in terms of the Dyson series involving
the time-ordering operator already introduced. One has:

U(t) = T exp (—iJ: dTHI(T)>, (2.100)

where the time-ordered exponential can be usefully formulated in terms of its series expansion:

t t
T exp(—iJ dTHI(T)> et 1—1{ dtH,(1)
0 0

L J dTJt at' (Ot — T H, (DH, (") + O(t' — TJH, (T )H, (1)) + -+ (2.101)
PINS S I

Naturally, both terms at quadratic order are identical when swapping integration variables
in one of them; the same pattern persists at higher orders. We can rewrite the whole series
as:

T exp<—ideHI(T)> = 1—thdTHI(T)+(—i)2JthJTdT/ H, (T)H(T) +--- (2.102)
0 0 0 0

10Take care of the convention: the “arrival time” is on the left and the ”departure time” on the right.
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Differentiating this expression w.r.t. time, we get indeed what we expect:
d t
—T ex <— i| dTtH(T > =
dt P JO (T)

CAH() + (—1)2H, (1) E dTH, (7)) + - - = —iH, ()T exp ( ] E dt Hd’t)) . (2.103)

i.e. with the un-integrated H,(t) factor appearing on the left of each term of the series,
thereby allowing to factorize the result without worrying about ordering issues. For the
evolution between t; and t;, from (2.97)) we get as expected

1%

U(ty,t1) =T exp(—iJ

t

dt HI(t)> . (2.104)

Interaction picture in QFT. Let us see how these general concepts of quantum mechanics
apply to quantum field theories, taking as an example a real scalar field for the time being.

Consider @(0,X), the field operator Heisenberg picture evaluated at t = O chosen as the
arbitrary reference time, when it is identical to the Schrédinger picture operator. We define
then the field operator in the interaction picture as:

O, (t,X) = eotd (0, x)e ot (2.105)

and similarly for TT,(t,X). One can relate at any time the Heisenberg picture and interaction
picture operators through:

D, (t,%) = eote P (1, X)etHte Mot = U(H)D(t, X)U(L) . (2.106)
From the definition ([2.105)), one has:

0. D,(t,X) = i[Hy, Oy(t,X)] = e [Hy, ®(0,%)] e Hot. (2.107)
Assuming that the interaction Lagrangian L ; does not contain derivatives for simplicity

of the demonstration, one obtains from the canonical quantization rules that 9;®,(t,x) =
IT,(t,X). Differentiating once again w.r.t. to time, one gets:

02D, (t,X) = 0,e™MtT(0, X) e tHot = etHoti [H,, TT(0,%)] e ot (2.108)

Since

1 . - S -
Ho =5 stx <ﬂ(0,x)2 + (V@(0,7))* + m2@(0, x)2> : (2.109)
One gets from the canonical commutation relations:
0Dy (t,X) = (A —md) D (t,X). (2.110)
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In other words, the interaction picture field operator @,(t,x) obeys the same Klein—Gordon
equation of motion as the free field of mass mgy. As such it admits a free-field expansion in
terms of creation an annihilation operators:

Bp 1 . .
D, (t, %) :J P (aﬁ,le*“f"’wr a%’lelp"‘> , (2.111)

(2m)* \/2E,

where E, = \/p? + m}. Naturally the modes satisfy the standard commutation relations:

a0 0}, ] = 20895 q). (2.112)

Importantly the state satisfying ag ,|0) = O for all p is identified with the vacuum state of
the free quantum field theory governed by the free Hamiltonian Hy as @, satisfies the free
Klein-Gordon equation (note that Hy = Ho ; by construction).

We have learned from this analysis, which can be generalized to other QFTs, that the
field operators in the interaction picture behave like free fields. To come back to our original
motivation, a practical method to compute correlators like (2.85]) will be obtained by map-
ping these quantities to correlators in the interaction picture.

Let us consider the example of the time-ordered two-point function, which is nothing but
the Feynman propagator already considered in subsection. from another viewpoint.
For definiteness we consider the case t, > t;:

G(x1,%2) = (Q TO(t1, %) D(t2,%2) [Q) = (Q D(t2,X2) D (t1,%7) Q)
= (QU(t) '@, (t2, %) U(t2) U (ts) Dy (ty, X1 U(t1) [Q)
= (Q|U(ty) '@, (t2, %2 )U(t2, t1) Dy (11, X U(t1) |Q)  (2.113)

Then we introduce an arbitrary time scale T such that —t < t; < t;, < t. We have:

G(x1,%2) = (QIU(T) T TU(TU(t2) 7 D, (2, X2) U (ta, 1) D (tr, X1 ) Ut ) U(—T) ' U(—T) |Q)
= ({QIUm U, )i (1, R2) Uk, 1) @1 (11, ) Uk, =) (U0 1Q) ) (2:114)

Next, we would like to find a way to map the interacting vacuum |[Q) to the free vacuum
|0). For this purpose, let us consider the resolution of the identity associated with the free
hamiltonian Hy. One has symbolically:

=10)(0/+ ) m)(n|, HR)=E.n), (2.115)
n#0

where E, > Eq for n # 0 by unicity of the vacuum. In the free theory, one can choose
to adjust the parameter V; (the classical value of the potential at the minimum) such that
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Eo = 0; we will make this choice from now for convenience. We have then:

U(—1) Q) = e Tttt |Q) = e o7 () ettt (2.116)
e—iHoT |O> <O|Q> eiEQT + Z e—iHoT |Tl> <TL|Q> eiEQT
n#0
— ifor <|o> 0l0Q) + 3 et jn) (nIQ>)
n+#0
(2.117)

We realize, starting from these manipulations, that one can project the interacting vacuum
|QQ) onto the free vacuum |0) by taking the parameter T to infinity, slightly below the real
axis:
U(—7)1Q) =T 0y (0jQ) effor (2.118)
In this limit, the contributions from the states different from the vacuum are all exponentially
suppressed. As we will see below, this prescription boils down eventually to a choice of contour
in the complex plane.

One assumes that the overlap (0]Q) between the free and interacting vacuum does not
vanish, which is a sensible assumption at least when the theory is not strongly coupled (in
which case much is not under control). In exactly the same way, one finds

_1 T—+oo(1—ie)
(1) ~ (

(QU(t Q0) e*FaT (Q| (2.119)

Coming back to eqn. (2.114])), the full propagator for t, > t; is given by:

T—+o00(1—ie)
G(x1,%2) ~

<O|U(TatZ)(DI(tZ))_{Z)u(tZ)t])q)l(th)a)u(th_T) |O ‘ O|Q |2 Akor (2120>

To have an explicit expression of the normalization factor appearing on the right, we use the
fact that the interacting vacuum is normalized:

1= (QIQ) = (QIU(1) Ul U(—1) " U(=T) [Q

T—>+oo (1—ie)
) {

01Q) [*ea (0] U(T; —7) |0)
(2.121)
Therefore we have obtained that (with the —ie shift understood):

(0l U (o0, t2) D, (tz, X2 ) U(t2, t1)D;(ty, X7 )U(ty, —00) |0)
(0] U(oc0, —00) [0)

the term with t; > t, is treated exactly in the same way, with the role of t; and t, inter-

changed. Let us use the expression of the interaction picture evolution operator U in terms
of Dyson series, see eqn. (2.100) . One has:

(QD(t2, %) D (t1,%1) Q) =

. (2.122)

U(o0, t2) Dy (t2, X2 ) U(ts, t1) D, (t1, X)) U(ty, —00) =
(Te Gt )dt> D(t2,X2) (T et HI(t)dt) O, (t1,%) (Te gEs dt) (2.123)
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The —ie prescription introduced above for the limit of large T can be thought as a choice of
contour in the complex t-plane, which is fine as long as no poles or cuts are crossed during
the process, a property that we will be able to check in the explicit computation.

Crucially, as —oo < t; < t; < o0, everything is time-ordered correctly inside the expec-
tation value . Therefore one can consider that the time-ordering symbol acts on the
whole expression and reorder everything at will inside. Using this logic, one finds that

<O| T (DI(X1 )(DI(Xz)efl S Hi(t)dt |0>
<O| T e*i JZ dtHi(t)dt |O>
This reasoning can be easily extended to an arbitrary number of fields. Finally, to write this

expression in a more covariant way, one can use the fact that, by locality, the interaction
Hamiltonian is necessarily a space integral of a Hamiltonian density:

(QITO(x1)D(x2) Q) =

(2.124)

H,(t) = Jd%c H,(t,X). (2.125)

We reach then the very important result:

<O| T (DI(X1) s q)l(xn)eiifd%%(x] |O>

- 2.126
<0| T e*lJ‘d“X T (x) ‘O) ( )

(QITO(x1) -+ D(xn) Q) =

This is the starting point of perturbation theory. Everything on the right-hand side is ex-
pressed in terms of the interacting field @, which behaves as a free field, and of the free
vacuum [0). A similar formula is obtained in other QFTs, since we did not use any specifici-
ties of the Klein—Gordon theory.

Whenever H,; does not contain derivative interactions, and only in this case, it is just the
opposite of the interaction Lagrangian density expressed in terms of the interaction picture
fields, i.e. H, = —L(D,).

Perturbative expansion. At this stage we did not make any assumption about the interac-
tions, except that the overlap (0]Q) between the free and interaction vacua does not vanish.
Even if the correlator involves only free fields, it is impossible to evaluate exactly in
general due to the presence of the exponentiated interaction Hamiltonian. To make progress,
we will assume that the interaction are weak in a meaningful way — as we will see, it is not
a simple question! — and develop in terms of an expansion parameter.

Let us consider as an example the ®* theory, whose Lagrangian is given by eqn. (2.87)).
In this case,

A
Jdt H,(t) = — J d*x £(D,,0,D,) = Jd“x 4—"’ 4 (x), (2.127)
such that we can expand inside the time-ordered correlator (2.126]):
A . A
et AT _ oA g Ol _ g _ i4_? Jd4x @t (x) + O(A]) . (2.128)
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Thus computing the order A§ contribution to the n-point function (2.126]) boils down to a
computing a free-field n 4+ 4k-point function and integrating the result over 4k space-time
variables.

2.2.2 Wick theorem and Feynman diagrams

To evaluate efficiently the correlators between the interaction picture fields, let us first split
their expansion (2.111)) into the sum of a positive-frequency and negative-frequency contri-
butions:

d3p 1 : d3p 1 .

O, (t,X) = L et [P 2.12

(,%) J(ZHP T ap,.e +J 2n) JoE al e (2.129)
o (4,9) o (47)

Importantly, as @, contains only free annihilation operators, it annihilates the free vacuum.
Similarly @, annihlates (0|:

OF(x)0) =0 , (0@ (0)=0. (2.130)

As you have probably done in your QM course in order to study pertubations of the harmonic
oscillators, it is convenient for the computations to move all the annihilation operators to the
right.

Definition 4 (normal order). Let us consider an operator O expressed as a string of free
annihilation and creation operators. The corresponding normal-ordered operator, denoted by
1 O4q, has all the annihilation operators moved to the right and all the creation operators
moved to the left.

From now on we drop the index 1 of the interacting fields, since they behave like free fields.
Let us consider a product of two field operators evaluated at different points and decompose
them according to eqn. (2.129). One has

Q(x)D(y) = (PT(x) + @ (x)) (DF(y) + @ (y))

=<D*(X)<D Y+ 0" (x)0F (Yy)+ O (x)D (y)+ O~ (x) D (y)
O (x), D (Y ]+ O (X)OF(y) + D (YO (x) + P (x) D" (y) + O (x) D" (y)
D (x), D

X), )]
Y+ 0x)P(y)7, (2.131)

)
x),
where we have normal-ordered the first term in the expansion using the commutator. Going
through the similar steps for @ (y)®(x) one can decompose the time-ordered product as:

TO(X)D(y) = ; @(x)@(y) s +O(xo —yo) [T (x), D (y)] +O(yo —x0) [T (y), D (x)]
(2.132)
The last two terms are just proportionnal to the identity, as the commutators [ as, at} =

g
(27)36(3) (]3 — a), and their sum gives the Feynman propagator D(x —y).

95



PART 2. INTERACTING QUANTUM FIELD THEORIES

Let us introduce the convenient notation known as Wick contraction:

TOX)O(y) = :O(x)Q(y)s +D(x)0y) , DOx)D(y) = D(x—y)I

Evaluating this expression on the vacuum,
=0
O T ()@ (y) [0) = (0] : 2(x)@(y) [0)
+ (01 (©x0 = yo) [ (x), © ()] +Olyo — x0) [®* (1), @ (x)] ) 0)
=D(x—y) (2.134)

i.e. the Feynman propagator ([1.339).

One can do the same for longer chains of operators. For instance, for a chain of 3 scalars
operators, using the shorthand notation ®@; = ®(x;), one finds by direct computation the
following identityﬂ

1 [ 1
TO 0,05 =0,0,03; + 010,03+ O10;0;, + ©,0;0,. (2.135)

Evaluating this expression on the vacuum gives:

[
(O] TD0,D3(0) = ©1P3 (0] D2 [0) + perm. =0, (2.136)

shifting the field @ by a constant, if needed, in order to have a non-zero VEvV. We will assume
in the following that it is always the case; this choice makes all the computations simpler.

To study the general general case of a chain of n operators, we will use the following useful
theorem.

Theorem 1 (Wick theorem for real scalars). Let ®@; be the free real scalar field ®(x) eval-
uated at the space-time coordinates x = xq. The time-ordered product of a chain of field
operators statisfies:

TO;.-- -0, = ;D;---D,, + all possible Wick contractions §

(2.137)

Uif say t; > t» > t3, for reaching normal order of ®;®,®3 we will have to consider the commutator
(O], ©,03] = D3 [ O], ©; | + D, [OF, @3 ].
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For instance, the theorem states that

— — — —
TO10,0:0, = ; 010,030, + 010,030, + O, 030, + O1D, 03D, 4 O D, 03Dy

o B —t | —
+ O0,0;04 + O D,0;D4 + (D1CD2®3®4:

[ 1 1
= s 010,030, ; + D10, D3Py + O D3 02Dy, + O1Dy; O D3
— — —
+ O0,0;04 + O D;0,D4 + O D,0;Dy

(2.138)

Thus according to this theorem we obtain in this case:

e the fully normal-ordered term @ 0,®;d,;, with zero expectation value in the vac-
uum.
—
e terms of the form @;®;; O, @, , with zero expectation value in the vacuum.
—
e remaining terms in @;®;® D, proportionnal to the identity, thus contributing to the
vacuum expectation value.

Let us give a sketch of a proof by induction. Assume that the theorem is true of to n
fields.

Let us consider then the (n+1) fields @y, ..., ®,,7 and consider without loss of generality
that t; > t, > --- > t,..1. We have then:

TO; - Oy =D Oy =010 Dy --- Dy + their Wick contractions |

If we split @7 = @ + @7, the second term is already ordered correctly:

Oy s D;--- Oy + Wick contractions ; = § @y (<Dz - Opy + Wick Contractions) .
(2.139)
For the first term we want to reach a normal-ordered expression by commuting @] with the
rest. The first of these contributions is

DFeDy 0y =Dy DD 4 [DF, $Dy D2 ] (2.140)

The first term of (2.140)), combined with the second term of (2.139)), gives ; ®1®,--- Dy g7,
while the commutator in the second term gives the sum of commutators with the individual
fields:

[OF, 1@y D] =2 [0, O] D3+ D2 + 2D, (D], D3] Dy Dy +--- 0 (2.141)

The other contributions are treated in the same way.
The fully explicit proof of the Wick theorem is rather tedious and not really interesting,
but hopefully you got the idea of how it works.
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Corollary 1 (Correlation functions of free real scalars). Let @; be the free real scalar field
®(x) evaluated at the space-time coordinates x = X;.

e for N=2n+1 odd,

OTO;---D©,10) =0 (2.142)
e For N = 2n ewven,
I —
O TD;--- D, 10) = O1D; - - - Dy 1Dy, + inequivalent pairings. (2.143)

Equivalent pairings are identified with the equivalence relations:

— —
(i) by permutting the two fields inside a pair, as ©1®; ~ ©, D,

1 1 1 1
(Z) by permutting pairs, as @]@2@3@4 ~ @3@4@2@]

Equivalently, the result can be written as a sum over permutations, divided by the ap-
propriate combinatorial factor in order to avoid overcounting:

1 — —
O TD;--- D [0) = ] Z D1\ Do2) - - Po2n—1)Po(2n) - (2.144)
' 0€SIn

The generalization to the free complex scalar field QFT is rather straightforward. First,
as explained in the comments around (|1.348)), only "neutral” correlators, ¢.e. with as much
®’s as @’s, of the type given in eqn. (2.73) can give a non-zero answer. This is because the
only non-vanishing Wick contraction is between ® and ®7. It leads to the following version
Wick theorem.

Corollary 2 (Correlation functions of free complex scalars). Let @; the free complex scalar
field operator ®(x) evaluated at the space-time coordinates x = x; and CD;r its Hermatian
conjugate evaluated at the space-time coordinates y = y;. The only non-zero time-ordered
correlators in the vacuum are the 2n-point functions given by:

— — —
OT®, -, @ - 0) = ®, ... O + inequivalent @O pairings. (2.145)

In this case, it can be more easily written in terms of permutations as

[ 1
OTD, -, ®f-- @} |0y =Y D] - DD (2.146)

0ESH

with no overcounting to be compensated for.
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Feynman diagrams through examples. A Feynman diagram is a very convenient graphical
representation of a given pairing of field operators contributing to a given correlation function.

It also relates the field point of view with the more intuitive particle intuition. As Julian
Schwinger said, the Feynman diagrams "like the silicon chip, would bring computation to the
masses’.

It is easier to present the method by looking at a few examples. Let us start with the
quantum field theory of a free real scalar. The free 4-point correlation function is given by
the sum of three terms:

<0‘ @(X] )@(Xz)@(Xg)(D(X4) ’O> (D @2@3@4 + (D (Dg(Dch4 + (D (D4(D2(D3 (2147)
X-1 X-z X1 X2 X1 X2
+ +
X-S X-4 X3 X4 X3 X4

Figure 2.6: Feynman diagram expansion of (O1®,D;Dy).

This sum is represented by the diagrams on fig [2.6l Obviously, each line correspond to a
Feynman propagator between the corresponding space-time points represented by dots.

For computing scattering amplitudes, we will be more interested in the expression of the
correlators momentum space. The starting point is

G(pry... pa) = J dx] -+ dxg @1 P (O] @ (%) D (x2) @ (x3) D (x4) 0)

We recall that the Feynman propagator reads:

d4p ie_ip'(x_y)

2n)*p2 —md +ie’

D(x —y) :J'( (2.148)

Therefore, the first contribution to (2.147)) is Fourier-transformed to:

1 1 .
CD1®2®3(D4 e de‘; . 'dX4 el(Pl-X1+---+p4-X4) J

d4p ie~tp-(x1—x2) d4q ie—ta-(x3—xa)

(2m)* p2 —mf + ie J (2m)* g2 — md + e

— (2m)"8 Y (2mte™ (2149
(2m) (p1+pz)p%_mé+i€ x (2m) (p3+p4)p§_mé+ie (2.149)

We get a product of two terms, that are easily intepreted by looking at the left panel of
fig. 2.7 The first one corresponds to o a,, i.e. interpreted as the propagation of a particle
of momentum p;. The delta-function 8 (p; + p,) just expresses momentum conservation:
as this particle does not interact with other ones, its momentum does not change, so the
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g . P4

£ NG
+ 1ps Pal +
/
L — o P2
Pa

Figure 2.7: Feynman diagram expansion of (O1@,D3D4) in momentum space.

momentum —p; that goes in is the same as the momentum p, that goes out. The other
sub-diagram is associated with oo, an is interpeted in the same way. As far as the Feynman
diagrams are concerned, we will label the lines not by the position of the endpoints but by
the momentum flowing from one end to the other one. Each line of the diagram is weighted
by a free scalar Feynman propagator in momentum space,

D(p) -

Next, let us compute a more interesting object, that will be — at last! — our first compu-
tation in an interacting QFT: the first correction to the propagator due to a ¢* interaction.
According to the general formula (2.126) we have to start from the expression:

iA
(0] T®, @, expat Jd™x 2% |0)

Gxa,x2) = : (2.151)
(0] excp 3t [0 o)

and expand up to order Ay.

We have to clarify how to use the Wick theorem for operators at the same space-time
points, here in the ®* interaction term. The prescription is to separate first the four operators
from each other and contract:

[
? q)x+e1 (I)X+€2(I)x+e3 (DX+€4+(2 — 3)+(2 & 4) .
(2.152)

Wick contractions

4
(DX — (Dx+€1 (I)x+€zq)x+e3 (Dx+e4

Next, we take the limit when the point are coincident, to get

[ 1 [ ‘61‘4)0

] 1 [
Drie, Pii, Py e; Dy, + 2 3) + (22 4) — 30,0,0,0, =3D(0):.  (2.153)

As you may have noticed, this expression is severely divergent!
Expanding first the numerator of the expression (2.151) up to order Ay, we find the
following contributions:

— 20 gty _
O TD(x1)D(x2)e 0) = 0,0,
T Xx3x OO0, | d"x DD, D, D,

_ %0 x4 x 3 Jd“x D10, 0,0, 0, D, + O(A2)  (2.154)
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The combinatorial factor 4 x 3 in the last term can be understood very simply as follows:
we have 4 choices to connect ®; to one of the ®,’s, then 3 choices to connect @, to the
remaining @,’s.
From the denominator of (2.151f), we will get at this order:
1 =1+ o x3x |d* cpﬁcp @ﬁop + O(A}) (2.155)
O Te e faatg @ 4 X Q0P Dy + Olo), -

We see in passing that, since the integrand does not depend on x at all, the infinite volume
of space-time Vol(R"?) factorizes formally; we will come back to this later. Overall, the
contribution from the numerator and denominator combine into:

— iAo ,
g(XhXZ) = (D1(D2 1+ ? X X x(Dx(Dx
ir, M I

__(D1® 1 X x(Dx(Dx

U\OJ —1 1

d'x ©10,0,0, 0,0, + O(A]) (2.156)

—
We see that the order Ay term proportional to the propagator @;®; from the numerator

cancels against the only contribution from the denominator of the same order; we will provide
below a systematic understanding of this feature. More explictly, the full result reads:
iA
G(x1,%2) = D(x7 —x2) — 70 D(0) Jd“xD(m —x)D(x2 —x) + O(A}). (2.157)

One can compute also the Fourier transform easily. One gets:

. d4p ie*ip' (x1—x2)
— | dx4dx? etlprxi+pax2) J
g(phpZ) J Xpdx,; € (27[)4p2_m(2)+1€

: 4 : 4 s 5—ip-(x1—X) 4 s —ip-(x2—x)
_mTOJ(dk i Jd4xj(dp ie J(dq ie ) (2158)

2m) k2 —mj + ie 2m)Ap2 —mj +ie ) (2m)* g2 —md +ie

Doing the integrals over positions, one obtains first as expected — see eqn. (2.77) — the overall
momentum conservation constraint, multiplied by the corrected momentum space Feynman
propagator:

G(p1,p2) = (270)*8" (p1 +p2) G(p1,p2) = (271)*6“) (p1 + pa)
. .A d4 .
S e e mrao 12.—1—0212.6 p4212.>212. (2.159)
pi—mi+ie 2 pi—mg+ie \J 2m)*p?—m§+ie/) p; —my+ie

In the first term, we recognize of course the Feynman propagator for a free scalar field of
mass My; the second term is the lowest order correction due to the interactions.
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As was noticed before, the integral between parentheses in the second term diverges; for
Ipl — oo it exhibits a quadratic divergence, i.e. as [pdp. It may look like a catastrophe
(and in early days of QFT people thought it was) but we set this issue aside for the moment,
and will come back to it in due time.

The external legs are associated with worldlines of particles satisfying the dispersion
relation p? = m?; they are said to be "on-shell”. On the contrary, the loops are associated
with worldlines of wirtual particles, since generically p? # 0; they are said to be off-shell. This
is allowed in quantum mechanics on sufficiently short time scales, thanks to the uncertainty
on the energy.

The position space Feynman diagrams corresponding to the expression are as

follows:
XI X/
Xq X2 et J Xq X X2
[ — S ——eeee
Xy’ X2 Xy’ X2

’ ’

The second diagram (coming from the denominator) and the third diagram (coming from
the numerator), that cancel each other are disconnected diagrams: they contain an ordinary
propagator as well as one (divergent) piece that involves neither ®(x;) nor ®(x;). Sub-
diagrams of this type, connected to none of the external fields are said to be fully disconnected.
They are also known also as "vacuum bubbles”, and can be interpreted as quantum fluctua-
tions of the vacuum in the interacting theory. As we will develop below, the cancellation of
vacuum bubbles between the numerator and the denominator of is systematic.

In momentum space, the Feynman diagrams look like:

Q)
o o + o . o

—> — —

P2 P1 P2

Let us make few observations about these calculations that will be useful for generalizing
the rules of the game later:

e The points where the fields @ (x;), @(x;) are attached are called external points.
e The "internal” points whose are integrated over coming from the expansion of the
interaction Hamtilonian at called vertices.
— the vertex comes with a factor —iA,.

— In the momentum space, the integral [d*x enforces momentum conservation at
the vertex: [d*e!Pr-Pax = (2m)*8W (py 4 - - + pa).

102



Interacting quantum field theories

e Overall, one sees that the momentum space Feynman diagram exhibits manifestly mo-
mentum conservation: the momentum that "flows in” momentum that "flows out” (here

—p1 ="P2).

e For each of the term at order Ay we obtain a certain combinatorial factor since several
Wick pairings give the same contribution. A convenient shortcut to get this coefficient
correctly without counting all inequivalent contractions is to consider the following
ruleH the combinatorial factor is given by the symmetry factor, which is the inverse
of the order of the discrete group of symmetry G of the Feynman diagram, leaving the
external points fixed. In the present case:

— For the diagram ’JL' the loop has one axis of symmetry so G = Z, and
the symmetry factor is 1/|G| =1/2.

— For the diagram 8 the symmetry group is G = Z, X Z; X Z;: one axis of
symmetry for each loop (red and orange) and a third axial symmetry between the
two loops (blue). The symmetry factor is then 1/|G| = 1/8.

As a next example, we consider the similar one-loop correction to the propagator, this
time in the ¢* complex scalar theory. The Lagrangian density is given by:

A
£ = 2,00"0" —mjod! — 7 (007)". (2.160)

As you can see, the interaction term has been normalized differently compared to the case
of the real scalar — see eqn. for comparison — in order to get "natural” Feynman rules
below. Regarding the computation of the correction, the main difference with the real scalar
is that the only non-vanishing Wick contraction is oo, see corollary . For the correction to
the propagator at order Ay one gets:

Ao 2
(01T (xy) 0 (xp)e F T (204)" o)

T efi%o Jatx (o)) 0)
Ao 4 '_|T 'T_| '_lT 2
- 2x2x Jd X ®,0IDIO. D O + O(A) (2.161)
The combinatorial factor 2 x 2 is simple to understand: there are two choices to connect @,
to one of the two ®I’s at the vertex, and two choices to connect CD; to one of the two @,’s
at the vertex. Vacuum bubbles cancel as before.

1
G(xilxz) = — @, 0}

In order to represent graphically the possible connections between the charged field op-
erators, the convention is to represent the propagators by oriented lines from @ to <DT.

12Tt assumes implicitly that the interaction term had been normalized accordingly, here as Ao /4!.
13Tt can be represented as representing the flow of the U(1) charge associated with the U(1) global symmetry.
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Likewise, we draw arrows on the legs connected to a vertex to express charge conservation at
the vertex:

D, 0! — X1 X2 Jd“x@x@i)z — —

Figure 2.8: Propagator and vertices for (O®1)? theory.

The position space and momentum space Feynman diagrams corresponding to the one-
loop correction to the propagator are:

P
[ > > L ] [ > > L ]
X X X - -
1 2 P> P>

One understands from these diagrams that there is no symmetry group acting on the
diagram (since the loop is oriented) hence the symmetry factor is equal to one.

As a last example, that will illustrate a point that we did not yet cover, let’s consider the
3 theory, i.e. a real scalar field with Lagrangian density:

1 1 Ao

L= 50,00"0 — zmé(bz T o° . (2.162)
Zg LINT

with again a coefficient in front of the interaction term taylored to give simple calculation
rules. As a side note, since the potential of the @3 theory is not bounded from below, one
may question the consistency of this quantum field theory beyond perturbation theory (which
is, by definition, blind to these non-perturbative issues).

We will consider the connected four-point function, whose lowest-order contribution is at
order A} and is given by:

<0| T(D] @2(1)3(1)4 expfig—!{) J'd4x(Di |0>
(0] exp*%f’fd“xcbi 10)

QC(X],Xz,Xg,X4) -

con.

1 iAo\ 2 ey S ey B s IR ey B
= <_?) x 21 x (3 x 2)2Jd4x Jd4y (®1q>xq>2cpxcbx®yq>yq>3cpyq>4
1 1 1 1 1 1 1 [ 1 1
+ 010, 0;0,0,0,0,0,D, D, + ®1®X®4®X®X®y®y@3qpy@z>
+ O(Ay) -
(2.163)
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The combinatorial factor is understood as follows:
e The 2! corresponds to the permutation of the two vertices, compensating the 1/2! from
the expansion of the exponential; it is easy to see that this patterns persists at any
order in Ag.

e In the first term for instance, in order to connect ®; and @, to the x-vertex we have
3 x 2 choices; same for connecting @3 and @4 to the y-vertex.

We will consider below that this type of 4-point correlation function is associated with a
scattering process (1,2) — (3,4), in the context of the LSZ reduction. It is natural then to
consider that the momenta of the particles 1 and 2 are incoming rather than outgoing, and
consider the Fourier transform with reversed signs, see eqn. (2.78):

Go(—P1,—P2, P3,P4) = (20)*8Y (p1 + P2 — P3 — pa) G(—p1, —P2, P3, Pa)

= Jd4X1 - d4X4 ell=P1x1 —P2~X2+P3'X3+P4-X4)g(xl)XZ)XS)XM (2.164)

con.

With this convention for the momenta in mind, the momentum space Feynman diagrams
corresponding to these three contributions to the connected 4-point function, see eqn. (2.163)),
are represented on fig. 2.9

P1 P3
S 7,
+ l P1—Ps3 +
~ N
P2 Pa
s-channel t-channel u-channel

Figure 2.9: s-,t- and u-channels contributions to 2 — 2 scattering at tree level.

These three diagrams have a nice physical interpretation in terms of two-particle scattering
processes:

e the left panel is known as an s-channel diagram. The corresponding physical process is
the annihilation of particle (1) with momentum p; and particle (2) with momentum ps,
creating an intermediate unstable particle of momentum p;+p;, known as a resonance,
that will eventually desintegrate into particle (3) of momentum p; and particle (4) of
momentum py.

e the middle panel is known as a t-channel diagram. The corresponding physical process
is the scattering between particle (1) with ingoing momentum p; and particle (2) with
ingoing momentum p, through the exchange of a virtual particle of momentum p; —ps3,
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where the outgoing momenta of particles (1) and (2) after scattering are respectively
p3 and p4 (indeed t < O for elastic scattering processes).

e the right panel is known as a u-channel diagram. It is almost the same as the t-channel
diagram, except that the outgoing momenta of particles (1) and (2) after scattering are
respectively p4 and pj3.

The names are associated with the three Lorentz-invariant kinematic quantities known as the
Mandelstam invariants:

s=(p1+p2)’ = (ps+ps)° (2.165a)
t=(p1—p3)* = (p2—ps)’ (2.165D)
u=(p1—ps)’ = (p2—p3)° (2.165¢)

They are not independent since, calling m; the masses of the particles,

4 4
s+t+u=3pi+pi+pi+pi+t2p- (pa—Ps—pi) =) pi=) mi,  (2166)
—p i=1 i=1

where we have used momentum conservation. One can then express the momentum space
connected 4-point function in terms of those. From eqn. (2.163|) we get after Fourier trans-
form:

~

i 1 i
D — — _\?
G(=P1, =P2,P3,P4) 0p$—mé+iep§—m§+ie<(p1+Pz)2—m§+ie

i i i i
— + : . -
(p1—p3)2—mi+ie (p —p4)2—m§+1e>p§—mé+1epﬁ—m§+1e

4

i i i i
==X} : — + — + —) (2.167
OHp? m§ + ie (s—mé+1e t—mi+ie u-—mi+ie ( )

1_

Besides the connected diagrams of fig. the 4-point correlation function at order A3
contains several non-connected contributions, like:

Perturbation theory for fermions. All the methods exposed so far can be extended to
cover interacting QFTs with fermions. The main difference occurs with the Wick theorem,
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because we have to deal with the fact that fermionic creation and annihilation operators are
anti-commuting, rather than commuting, variables.

As for a scalar field, one can separate the free Dirac field ¥ and its conjugate ¥ in terms
of positive- and negative-frequency parts:

dBp 1
(270)3 \/ 2E,

W =90+ 00 = [P L e [ L _ameer o)

2n)3 | J2E, 4 (2m)* /2K,

The free vacuum is annihilated by the positive frequency parts of the fields, as in the scalar
theory:

VX)) =¥"(x)+¥ (x) = J us(ﬁ)b;eip'wj vo(Plcy e (2.168a)

YH(x)[0) =0, W*(x)|0)=0. (2.169)

When normal-ordering fermionic operators, signs may arise because they are anticommuting
variables, as in this very basic example:

sbicrl s = —cilby. (2.170)

As we had done for the scalar fields, let us decompose the time-ordered product of two field
operators in terms of positive- and negative-frequency contributions. First for xy > yo we
get, according to eqn. ((1.352)),

TWO(x)¥(y) = (WHe(x) + X))( Py) +
:‘P*“(X)‘Iﬁb() ‘XY °(y

¥ w))
RS ()*If (W) + ¥ )Y y)
= WH)T (y) + W (y)w G

(y) =¥ (Y)Y (x +{‘l’“(x “*y) }
Y)W (y) s + {WT(x), ¥ (y) } (2.171)

Then, for xo < Yo,

T‘P“(X)‘Pb(y)i— — (V" (y) + ¥ (y)) (W) + ¥ (x)

)
—WFP (YW (x) = TP (Y)Y (%) = PP (Y)W (x) — YT (Y)Y (x)
= WYY —{YT(y), YT = sV (y) s — { YY), YT} (2:172)

So overall we have:

TY ()PP (y) = W ()WP(y) s + V(¥ (y), (2.173)

the Wick contraction giving as expected the Dirac propagator ([1.358)):

— {+{W+a(x)>@_b(9)} y X0 > Yo

= D®(x—vy), 2.174
(v} <y Y i
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as can be seem explictely from eqn. (|1.354}|1.355)).

The most important difference between the computations of Wick contractions involv-
ing fermions and those involving bosons is a possible minus sign coming from the anti-
commutation of fermionic operators, as was already mentionned. More specifically, while
contracting a fermionic operator ¥ with a non-adjacent operator ¥ one has to count how
many other operators the first one has to "step over” in order to reach the second one of the
pair. Le us define the Z,-valued symbol € as:

(!

..\y\y1...\yn\p...: = (=)™ Yy Y (2.175)

With this prescription in mind, the Wick theorem is essentially demonstrated similarly
as in the bosonic case. It leads to the following result for vacuum expectation values.

Corollary 3 (Correlation functions of free Dirac fermions). Let V; the free Dirac spinor
field operator W(x) evaluated at the space-time coordinates x = x; and ‘I’j its Dirac conjugate
evaluated at the space-time coordinates y = y;. The only non-zero time-ordered correlators
in the vacuum are the 2n-point functions given by:

_ _ n 1 1 !
O TW - W Wy W, [0) = ([ ]er ) Wi¥s---WaWs + inequivalent WY pairings.
i=1

(2.176)

Let us consider an example using the Yukawa theory. This model was initially proposed
by Hideki Yukawa to describe strong interactions between hadrons since, as we shall see later,
the associated interaction potential is exponentially decreasing, thus the force is felt only at
short distances. In the Standard Model, interactions between the Higgs field and fermions
are of the Yukawa type. More modestly, we will consider here a single real scalar field ¢ of
mass My, coupled to a Dirac fermion of mass My coupled through the interaction Lagrangian
density:

Livr = —go@(x)¥(x)¥(x) . (2.177)

This interaction is manifestly Lorentz- and parity-invariant, and the corresponding interaction
Hamiltonian is Hermitian. In terms of dimensional analysis, since @ has dimension L'~%/2
and ¥ dimension LU=%/2  the Yukawa coupling go has dimension L%?7? and is therefore
dimension-less in four space-time dimensions.

In order to distinguish fermionic propagators from scalar propagators in the Feynman
diagrams, we will use (oriented) solid lines for the former and dashed lines for the latter. The
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vertex corresponding to the Yukawa interaction is then of the form:

Let us consider the one-loop correction to the propagator of the scalar field in Yukawa
theory, which contains a fermionic loop. The corresponding momentum space Feynman

diagram is represented on fig. [2.10]

Figure 2.10: One-loop correction to the scalar propagator in Yukawa theory.

As one can check, both momentum conversation and charge conservation at each of the
two vertices are satisfied. The scalar propagator at one loop is given by:

2

— . 11 T
G(x1,%x) = O, + x 2! x @, Jd“x (DX‘PX‘PXJd“y oV, ¥, @, + O(gh). (2.178)

(—igo)
7|

There a very important point regarding the fermionic loops that needs to be clarified.
Stripping out all the other details but restoring the spinor indices, we have to compute:

_ '_lb b ,_lb ,b_l b b
WaWsyiys — Wty — D (x —y)DX%(y —x)
= —Tr (Delx ~y)Ds(y —)). (2.179)

Thus we have learn two important rules:

1. there is an overall minus sign in front of the loop.

2. in terms of fermionic indices, one gets the trace of the product of Dirac propagators.

This understood, one can come back to Yukawa theory and write directly the expression
for the one-loop correction to the scalar propagator in momentum space. One reads from the
Feynman diagram that:

G(—p1,p2) =+ i Jd“P Tr (i(p + m)i(p +p, + m)) i
—P1yP2) = 0 . .
pimmytie] Q) (pro Mg rie) ((p+p)?—Mi+ie) Pimmotie
(2.180)
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The numerator can be simplified a bit using Try* = 0 and the identity:
Tr (Y*yY) = 3T (YH*yY +y*yH) = 0™, (2.181)

such that
Tr ((p+m)(p +p, +m) =4 (m>+p- (p+p1)) - (2.182)

As in the case of a bosonic loop encountered previously, the fermion loop gives a quadratically
divergent result, however with an overall relative minus sign. One may wonder whether this
minus sign could give rise to some cancellations between bosonic and fermion loops; this is
indeed the case in supersymmetric QFT's.

Hopefully, these examples have illustrated most important aspects of perturbation the-
ory: position space and momentum space diagrams and correlation functions, bosonic and
fermionic loops, symmetry factors. In the next subsection we will provide a broader overview
of perturbation theory, building upon the intuition that we have gained.

2.2.3 General rules of perturbation theory

Evaluating a given perturbative correction to a correlation function can be done in a system-
atic way following few simple rules. We will give a summary of what we have understood so
far through examples, and provide some generalization of those principles to arbirary inter-
acting QFTs with spin 0 and 1/2 fields. The glaring omission in this discussion is the case
of vector fields, which will be discussed in the next part of this course.

Perturbation theory in position space. In the computation of scattering amplitude through
one of the LSZ formulae, the starting point is a position space ordered n-point function is
some quantum field theory expressed in the interaction picture.

For simplicity of the presentation, we will consider a real scalar field QFT but all important
points in the discussion apply to other examples as well:

(01 @(x1) - - - @ (xn)e 4 |0)

g(X],Xz’ e )XN) = <O’ e*ifdtHI |O> ; (2183)
We will consider for illustrative purposes an interaction of the form:
A
H = 2o, (2.184)
n!

The correlation function (2.183)) is then expressed as a power series expansion in the coupling
constant Ap.
At a given order in Ay, every term in the expansion can be represented as a position space
Feynman diagram made of two ingredients:
| —

e Propagators @ (x)®(y) = D(x —y) represented as
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e Vertices from insertions of powers of the interaction term —iAg/n! [ d*x ®™(x) in the
expectation value represented as

Let us give some terminology:

e Points associated with the fixed coordinates xi,x;,... are called external points.

e Points corresponding to the positions of the vertices, that are integrated over, are called
internal points.

e Propagators attached to an external point are called external legs of the diagram.
e Propagators between vertices are called internal lines.

The evaluation of perturbative corrections to a correlation function comes with some combi-
natorics considerations:

1. There are n! equivalent ways to attach n distinct points to the @™ vertex (12.184])
through propagators. This cancels exactly the 1/n! in the normalization of the inter-
action.

2. At order { in perturbation theory one gets contributions with k vertices from the ex-
pansion of the integral:

) {
R [ ayr oty [y oty

All the vertices being identical, permuting them will give exactly the same contribution
to the correlation function. This redundancy by an £! factor exactly cancels the 1/¢!
from the exponential.

3. The counting of equivalent contributions is not correct whenever a diagram presents
symmetry group G, i.e. symmetries of the Feynman diagram that keep the external

points invariant. In those cases the correction should by multiplied by the symmetry
factor 1/|G|

From these considerations, the pre-factor of a given diagram with £ vertices is (—iAo)*/|G|.
Finally, Feynman diagrams diagrams can be classified in two categories:
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e Disconnected diagrams made of separate pieces. The corresponding contributions to
the correlator factorizes into a product.

Some pieces of the diagram can be fully disconnected if they are not connected to any
external point.

e Fully-connected diagrams are made of one piece and connected to all external points.
The corresponding contributions to the correlator do not factorize.

~ ,
& === =@
4 AN
1 1
LY 1
-~ L4

The fully connected diagrams are more fundamental, and furthermore these are the only ones
that appear in the LSZ reduction formula derived in subsection [2.1.2] They will be our main
focus from now.

Perturbation theory in momentum space. Formulating perturbation theory in momentum
space is simpler, since the propagators are obtained as a Fourier transform, and is more useful
since the LSZ formule for scattering amplitudes are formulated in position space.

We recall that one can factorize out of the Fourier transform of an n-point correlation
function the factor enforcing momentum conservation:

[t |t man G,k = 5+ P Gl P

(2.185)
The integral over each of those external momentum variables will act on a propagator asso-
ciated to an external leg:

. d4 ie—ip(x1—x) s 5iprex
Jd4X1 elP1x1 J( p__1€ L (2.186)

2 p? —m2 +ie pi—mj+ie

thereby assigning to it the external momentum p;, which is on-shell. Graphically external legs
are then labelled by external momenta rather than labelling external points with positions:
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Notice that the sign convention for the Fourier transform, [ dx exp(+ipx)f(x), is such that
the momentum direction is that of an outgoing particle.

After the integration over all the external position variables Xxi,X;,... is done as in
eqn. , the remaining position variables are those corresponding to the position of
the vertices of the theory. Their integration enforce momentum conservation at each vertex:

. 'Jd4x eii(k1+m+kn)'x e — e (27-046(4) (k1 + .. 4 kn) e ~ ~'~_::

(2.187)
Let us consider the contribution of a given connected diagram, with E external legs, V
vertices and I internal lines. The Fourier transform of the amplitude looks like:

Jd4x1 . 'Jd4XE ei(p1-x1+...pg-xE)g(X1, . )XE) - (27.[)45(4) (p1 4. ‘PE)

E . I . \%
N 1 4<(4) 1 )
_ - - 2
x (—iAo) (gpe mo+u—:>JH 2ﬂ4k2 m§+ieg( m)*6@W(k’s and p’s at v)
(2.188)

At each vertex v momentum conservation will kill one the integral over internal momenta;
the number of leftover momentum integrals is called the number of loops L of the diagram.
It is easy to convince ourselves that the number of loops is given byﬂ

L=I1-V+1, (2.189)

After all the delta-functions have been integrated over, the only remaining momentum inte-
grals are then the loop integrals. Schematically we have:

E i L %%, < i
G(pi,... ~ (—iAg)Y IS DS SN e
G(p1y---Pe) ~ (—iAo) <H pz_m§+ie> JH (2m)* 21 qj(Pey k)2 —mG + ie’

e=1 (=1
(2.190)
where the momenta ¢; in the loop propagators are in general combinations of external mo-
menta p; and loop momenta ki, as in the case of the one-loop correction to the scalar prop-
agator in Yukawa theory represented on fig. [2.10]
We notice in eqn. that the first factor, the product of propagator for the external
legs, is common to all perturbative contributions to a given momentum-space correlation

14The +1 can be understood as follows: for a diagram with no loops (L = 0), you should have one more
vertex than internal lines in order to get the expected momentum conservation constraint for the external
momenta: y_ pi = 0.
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function. This motivates the definition of the amputated diagram, where this factor is re-

moved: .
= def. S i'
D tef D SRS 2.191
g(ph yP )AMP' g(pl) yP )/ <H pz_m(z)+l€> ( 9 )

e=1

Graphically, we just remove the end dots from the external legs:

Loop expansion In perturbation theory, all the N-point correlation functions are expressed
as power series in the coupling constant. More precisely, a diagram with V vertices has a
weight proportionnal to Ay, where Aq is the coupling constant of the interaction. On the
one hand, the number of vertices in the diagram is related to the number of loops, i.e. of
integrated internal momenta, through eqn. (2.189). With @™ interaction, it is also obvious

that for any connected diagram:
nVv=2I+E, (2.192)

the left of side being the number of internal legs available. Combined together it allows to
reorganize the perturbative expansion schematically as a loop expansion:

~ 2 2/ 2\
Gp1yee s pn) ~ D N ~ AT Y (Ao“) (#). (2.193)
% =0
Presented in this form, it natural to use as a coupling constant, rather than A,
1
Jo = AJ 2, (2.194)
E-2

such that the expansion organises itself in (g)". The leading contribution, at order Aj~? =
g¥2, does not contain loops and is called a tree-level diagram. For instance, the leading order
contribution to the 4-point amplitude in ¢* already considered, of order A = g3, is made of
three diagrams like:

e M ps
s~}: /"',
]

RO P IR
¢ P2 p4\‘ Y

P p P3
-~ 4
“\ ¢:—.~ /:'
-~ 4
N . . Y’
Y ° P «
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Restoring momentarily A, one has first to modify the propagators as D(x—y) — hD(x—y),
according to the canonical commutation relations, and the vertices as Ay — Ag/h, as we are
now expanding exp(—% | Hixr) to get the perturbative expansion. Then, from formula ,
an L-loop scales like (hg?)".

Thus, the loop expansion of correlation functions in perturbation theory should be thought
as an expansion in quantum corrections as, so to speak, it is an expansion in positive powers

of h.

Charged fields. An extra rule applies whenever there exists some global symmetry in the
theory, for instance a U(1) symmetry acting on complex valued fields as @ — exp(i0)®, or
more generally if the fields transform in some non-trivial representation of a group G which
is a symmetry of the action.

In those cases, as we have explained before, due to G-invariance of the vacuum any
correlator should transform in the trivial representation of the symmetry group; for a U(T)
symmetry, it means that the sum of the charges of the fields should add up to zero, see
eqn (1.350). The propagators of charged fields are oriented to express the flow of the charge:

I
OO0 — XX
In order for the symmetry to be preserved by the interactions, Ly should transform
naturally in the trivial representation. For the case of a complex scalar field, it means that
L is a function of @@ only.
A representative example is the (@ ®T)"™ theory, whose (properly normalized) interaction
term in the Lagrangian density is given by:

A n
Loer = — (n!")z (Do) (2.195)

As for the propagator, all the legs attached to the vertex are oriented, in order to distin-
guish "®-legs,” against which a ®T can be contracted, from "®1-legs,” against which a @ can
be contracted:

Jd“x(@xd)i)“ — xez > -

The same principles apply to theories with charged fermions, i.e. Dirac or Weyl spinor
fields; Majorana fields, being neutral, are not concerned by these rules.
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Fermion loops. Another important point, that we have already touched upon in the context
of Yukawa theory, is how to deal with loops of Dirac fields. The building blocs of Lorenz-
invariant fermionic interactions is the Lorentz scalar bilinear WY [7]

Consider a given diagram with a fermion loop involving a chain of n vertices, each of
them constructed with the bilinear WW:

- o
~

Leaving all the other details of the correlation function aside, the starting point is a chain
of fermionic fields whose basic building block is WW. Restoring the fermionic indices for
clarity, it reads:

l f 1 I I 1 |
L= (Ww) (WVows) - (v (2.196)
Each VW is contracted with the W immediatly to its right, except that, in order to close

the loop, one needs to transport the first fermionic field W' to the end of the chain. For this
it has to step over (2n — 1) fermions, giving:

— — 1
L= —Wawe. . . pin-tyinyyinyl — —Tr (Dp(m —x2) - Dp(xn—1 — X ) Dy (X, — x1)> .

(2.197)

The two general lessons to take away from this little exercise are that, whenever there is
a loop of fermions in a Feynman diagram:

1. There is an overall minus sign in front of the amplitude, compared to a similar loop
made of bosonic fields.

2. The evaluation of the loop gives the trace of the product of Dirac propagators, viewed
as 4 x 4 matrices.

In a momentum space correlation function, a fermion loop will therefore give expressions of

the form: ) ] )
Ty ilgh +Mo)  ilgr + My) i(gh + M)
qi—M§+ie g3 —Mi+ie  qi—Mi+ie)’

151t is also possible to use the Lorentz pseudo-scalar Wy>V, like in the so-called "pseudo- Yukawa” interaction
in QYyoVY.
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The evaluation of such traces will be possible using a machinery of gamma-matrices identities
that we will present latter when needed.

Feynman rules. The general principles of perturbative QFT discussed above apply to any
theory. The extra information needed in the context of a specific QFT is the expression of
its propagators and vertices. This can be summarized in the form of the Feynman rules of
the theory, which assign a certain "weight” to a given element of the diagram, propagator or
vertex. They are, for examples covered so far:

— ‘
Real scalar propagator [oJo) p<_ """ m
O™ vertex —% f on al —1Ag
— :
Complex scalar propagator ofoll p<_" m
n Ao T\ :4}:' .
(ODT)™ vertex — | ((Dd) ) Al —i)g
Dirac fermi ¢ gy —— SEET)
irac fermion propagator = Mt
Yukawa interaction —g [ OWY \ —ig

Figure 2.11: Feynman rules for scalar and spinor fields.

Evaluating a perturbative correction to a correlation function in momentum space amounts
to:

1. Draw the corresponding Feynman diagram, respecting the general rules (momentum
and charge conservation at every vertex, etc.).

2. Assign accordingly their momenta to all propagators.

3. Multiply the various factors (propagators and vertices) as given by the Feynman rules.
4. Integrate over the loop momenta.

5. Multiply by the symmetry factor of the diagram.

6. Add an overall minus sign for every fermion loop.
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7. With fermions, relative signs between diagrams associated with the same process may
occur because of the Wick contraction; we will see example of those in QED.

Vacuum bubbles As we have noticed previously, see the discussion below eqn. , the
perturbative expansion generates diagrams containing a fully disconnected piece, without
any connection to any external point through propagators. These sub-diagrams, or vacuum
bubbles, are due to quantum fluctuations of the vacuum and, thanks to the normalization of
correlators by the vacuum amplitude in the formula , their contribution cancels out
from the final result.

Let us see in more detail how it works from a diagramatic point of view, to all orders
in perturbation theory. We will still use the ®* theory for definiteness, but the argument
is completely general. Let us start with the denominator of eqn. , 1.e. the vacuum
amplitude,

2 (Ofexp 3T o) (2.198)

Schematically, the perturbative expansion in Ag contains the following type of vacuum bubbles
order by order:

........................

Ao A A

We discover some pattern: at a given order we get both new diagrams, with various
topologies, and mutiple copies of diagrams that appeared first at a lower order.

Using this observation, the infinite perturbative expansion can be organized at follows.
One first recognizes a sub-series made of terms with an increasing number of copies of "infinity

diagrams” <.¥:. This sub-series can independently resummed as follows:
gl Doy V0 o (O 5199
R TeIo NI Io o () ' (2.199)

The combinatorial factors correspond to the permutation symmetries between the identical
sub-diagrams. The same occurs for the other types of sub-diagrams with more vertices,
starting at higher order:

(2.200)
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Putting all these factors together, the vacuum amplitude readsm

Z =exp ( + + + > (2.201)

Now, if we consider the expansion of the numerator in eqn. (2.126), for any partially
connected diagram, higher orders in the power expansion will contain disconnected diagrams
made of the same piece plus fully disconnected pieces, in an arbitrary number. For instance,
for the 4-point correlation function in ¢*, we have, among others, the diagrams:

2 3 4
7\0 }\O )\O

The contribution from all this class of diagrams can be resummed, leading to

. .
A k4

ol exp <~ + +

. -

The same applies to every connected or partially connected diagram appearing in the pertur-
bative expansion of the 4-point function. For instance, we have an identical vacuum bubble
series "attached” to the one-loop correction to the vertex:

)

In all cases, the contribution from the vacuum bubbles completely factorizes and cancels
against the similar term from the denominator.

The vacuum amplitude Z, known also as partition function, has an interesting physical
interpretation. From eqn. (2.121)) we deduce that

.
. .
See L, L
R LR exp |~ + 7 +
[ A L ~—
. ~ae -~ I
. .

Z= lim [(0lQ)| e T = exp ( + o+ ) (2.202)

T—o0(1—ie)

From which we deduce, by taking the logarithm on both sides of the equation, that the
energy density of the interacting vacuum is given formally by the sum of all vacuum bubble
diagrams:

1< \;LOI(R:)> -

Eq 1 i
= li — | = - e ) =
Vol(R3) ~ VoI(RR3) roeo(i-ie) 2T ( tot )

16Cross-terms in the expansion of the exponential of the sum take care of the product of distinct vacuum
bubbles, see the term at order ?\8, at lower right position.
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This expression is of course rather formal. The infinite volume of space-time in the
denominator is canceled against a similar term in the numerator coming from invariance of
the vacuum bubbles diagrams under translations, not being attached to any point, see the
comment below (2.155)).

These large distance or infrared effects having been taken into account, the large momenta
or ultra-wviolet divergences of the vacuum bubbles remain. As we will see when we will dig
deeper into the renormalization program, this can be corrected order by order in the coupling
constant A by adding suitable terms to the Lagrangian.

2.2.4 A first look at renormalization

In this subsection, we will provide a first example of the renormalization program at work,
by looking more closely at the properties of perturbative corrections to the propagator.

Definition 5 (one-particle irreducible diagram). A Feynman diagram is said to be one-
particle irreducible (1PI) if it cannot be separated into two disconnected diagrams by cutting
a single internal line.

Among the diagrams considered so far, we had examples of both:

»-- -- --0 ) :,0 ------ « [ Y T .
R .
Non-1PI diagram 1PI diagram

This notion is useful in order to understand better the typology of Feynman diagrams, by
dividing them in simpler pieces. It will allow in particular to resum partially the perturbative
corrections associated with irreducible parts of more complicated diagrams.

Self-energy. On the one hand, propagators in interacting QFTs receive an infinite number
of perturbative corrections, whenever such a perturbative expansion exists. On the other
hand, the Kallén—Lehmann representation, see eqn. , predicts a very precise analytic
structure for the non-perturbative propagator, in particular with simple poles in p? at one-
particle states.

To understand how to organize the perturbative corrections in order to connect these
two approaches, we will consider our all-time favorite ®* theory for simplicity, but the ideas
developed here are very general. The first few corrections to the propagator are given by the
connected diagrams:

4 ~
. .
1 1
. ]
L4
- Par - -
’ -~ 4 -~ 4 -~
. . ’ . . L4 .
[] 1 L] 1 [] (I ] 1 -
' ! 2 \ " 2 * " ' ’ 2 ’ N
- L4 A A
@------- .+}\0.__,..,__.+}\0....r..r...-|-}\0.__‘._—____ __.-|-)\0.........’.-..
~ ,
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The first order correction to the propagator contains just a one-loop diagram known as the

"tadpole” .i.i.. We have already computed the corresponding correction to the propagator,
see (|2.159)):
~ i iAo [ d'q i i
D;_ = ——= 2.204
-(p) pz—m§+ie< 2 J(Zﬂ)4q2—m%—|—i€ p?—mi+ie ( )

D(0)

Looking at the corrections at order A}, one finds two new types of diagrams, as well as [k,
a 1PI-reducible diagram with two tadpoles. Likewise, at order A§ one would find, among
many diagrams, a diagram with k tadpoles. All these contributions can be resummed as:

i = iA i * i 1
0
p2—m3+ie kZ_O ( 2 D! )pz—méJrie) S opr—mi+ie . _p—Az(LDn(l%)ﬁe
B i
~ pr— (mi+AD(0)/2) +ie
Next is the crucial point. When we had, rather artificially, separated the Lagrangian of the
theory into a free part and interactions, we had assumed that the parameter my was the
mass of the particle. However, thanks to the Kéllén—Lehmann analysis, the actual mass of
the particle, which is a measurable quantity, is rather the value of p? giving a single pole of
the momentum space propagator. We would define then the physical mass to be:

m? = mj +AD(0)/2 (2.206)

The quantity D(0) is divergent (as we have seen, the integral diverges quadratically) but the
only quantity which needs to be finite is m?, not m§ which has not direct physical signifiance,
being just an artifact of perturbation theory.

This analysis gives an idea of how to treat the problem, however is incomplete because we
have considered only corrections built out of the the tadpole diagram. However there is an
infinite number of other diagram typologies, starting at order Aj with the "cactus diagram”
-, as well as the "sunset diagram” -

(2.205)

~ To take all of these diagrams into account, we define the self-energy —iZ(p?), as the
amputated sum of all 1-particle irreducible contributions to the propagator:

’ ~
4 A Y
1 1
- "'
PAainiS '¢*s‘
|' ‘I L] ' -
oS 2 NS 2 S 3
-- et = AQ mmmtnerdaae 7\0----"-0-‘---- + 7\0-----0‘----9 ----- + 0(7\0)
‘~_¢'

In term of the self-energy, the whole propagator looks like:

-0 + ®-
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PART 2. INTERACTING QUANTUM FIELD THEORIES

With exactly the same calculation as before, the whole series can be resummed in what is
known — surprisingly! — as the resummed propagator containing all perturbative corrections
to the propagator:

i

Dlp) = p?— (mi+Z(p?)) +ie’

(2.207)

According to our previous analyis, the expansion of self-energy in powers of the coupling
constant Ay starts with:
£(p?) = AD(0)/2 + O(N), (2.208)

which does not depend on p2. The dependence on p? appears at next order, through the
"sunset diagram” <

Mass renormalization. We expect that the resummed propagator ([2.207)), viewed as a func-
tion of p?, has a first order pole at p?> = m?, where m? is the physical mass of the particle.
From eqn. (2.207), it means first that we should impose the following renormalization condi-
tion:

Z(p?)] = m?—mi. (2.209)

p2=m2
Physically, the difference between the bare mass my and the physical mass m is due to self-
interactions of the field through the ¢* coupling. In the context of quantum electrodynamics,
this is related to the question of the self-energy of the electron, hence the name chosen for
Z(p?).

At first order in A9, to make sense of the relation , one starts by regularizing the

one-loop correction,
d* i
D)= | i

2n)*p2 —mi+ie’

It is convenient first to take advantage of the position of the poles in the py complex plane,
see fig. [I.5] to perform a change of contour. B

Let us consider the closed contour C = C; UCgr UC, U Cy on fig 2.12] where R is the radius
of the arcs. Since this contour does not contain any pole,

dp® i
=0. 2.210
i 27 (p°)? —p2 —mi +ie ( )

In the limit R — oo, the contribution from the arcs goes to zero, because the integrand goes
like 1/R?. It allows to relate the integral over the real axis to an integral over the imaginary

axis: . ] o ]
J dp ! : :J upy L . (2.211)
2P o mi e ) 27 (D

"More precisely, this is the lowest-lying pole on the real axis, which main contain other poles associated
with resonances.
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Impy

Cr

° Re Po
G

Figure 2.12: Change of contour in po-plane for Wick rotation.

Thus the integrand can be written in terms of the Euclidean four-vector p, = (p®,p) and
the propagator expressed as an integral over R*:

d*p, 1

We have dropped the i€ here, since there are no singularities along the imaginary axis. We
can then express the propagator in 4D hyper-spherical coordinates. Recall first that

= & u=r o -1 _— 2
T[d/Z — Jddx e—xz — JdQJ Td_]dT' e—TZ :2 leJ 1Ld/2 16 Ydu = M . (2213)
0 2 Jo 2
We have then: \
T % pidp
D(0) = . 2.214
0= g Jo p? +mg (221

In summary, we have mapped an integral in Minkowski (momentum) space R"3 to an integral
in Euclidian (momentum) space R*. This procedure is known as Wick rotation.

It is actually much more than a trick used to compute integrals; there are deep relations
between QFTs on Lorentzian manifolds and QFTs on Euclidian manifolds used to describe
critical phenomena, that you will appreciate later in your theoretical physics curriculum.

In the Euclidian form of eqn. (2.214)), the divergence of the propagator at coincident
points is more manifest. This form also suggests a simple way to regularize this integral, as

an intermediate step in the computations, by introducing some high energy scale A, that we
call a UV cutoff scale:

A
D(0) — DA(0) & ! J pdp (2.215)
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At first order in the coupling A, we can interpret the renormalization condition (2.209)
as an equation my, the unphysical bare mass parameter that appears in the free part of the
Lagrangian:

Ao [N pidp
2A) =m?— 22 J A2). 2.21
my(A) =m Tor? |, p? + m2 +OA) (2.216)

In this way, the parameter my is tuned such that the resummed propagator has a pole
corresponding to the physical mass m. This relation is corrected order by order in perturba-
tion theory. By definition, the physical quantities should depend only on the physical mass
m and not on the bare mass my (which is part of the internal machinery of perturbative
QFT). In particular, they do not depend on the cut-off A which can be removed at the end
of the computation; it should also not depend on the way the divergence was regularized.

It is important though that the regularization procedure used in the computation is
compatible with the fundamental symmetries of the theory. Anticipating a bit, one notices
that:

e the cutoff regularization preserves Euclidian Lorentz invariance but neither gauge in-

variance (see next section) nor scale invariance (by definition);

e the Pauli-Vilars regularization (that we may discuss later) preserves Euclidian Lorentz
invariance and gauge invariance of abelian theories, but neither non-abelian gauge
invariance nor scale invariance.

e the dimensional regularization (see below) preserves Euclidian Lorentz invariance and
gauge invariance, but not scale invariance.

As a matter of fact, no regularization preserves scale invariance, so one may wonder whether
it can be a "good” symmetry in quantum field theory.

A popular and efficient way to regularize the divergent integrals — albeit less intuitive —
is to use dimensional reqularization. The starting point is the Euclidian propagator ([2.212)).
In generic dimensions d, we would have:

d'ps 1 s [ 4P !
- - 2.21
| — 4 e (2217)

where we have introduced an arbitrary mass scale u to preserve the dimension-less nature of
the coupling Ag in eqn. (2.208]). This can be first simplified using eqn. (2.213)):

4dJ ddpE 1 u4_d 2 Joo pd_]dp B (H/mo)4_d 2 2Joo u‘Hdu
0

b emipr e m2 T @ma2T(a/2) )y premd | (4md2 T(d/2) ), ul+ 1
(2.218)
One can do the change of variables x = 1/(u? + 1) giving:
o0 11\ /21 1
J ud? ] udu :J 1—x x% = 1J dx (1 —x)¥* Tx92, (2.219)
0 u? 41 o L x x2 2],
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One recognizes the beta-function:

(e 4 T(a)l(b)
B(a,b) = Jo dxx (1 —x)"" = T(a+b)’ (2.220)
" dip, 1 (1/mo)4
u4—dJ o m2 A r(1—dy/2). (2.221)

Let us set d =4 — €. The singularity at € = 0 occurs from the expansion:
Nz)=z"'—v+0(z), (2.222)
where y ~ 0.577216 is the Euler—-Mascheroni constant. One has then, using I'(x) = I'(x+1) /x,
N—=14¢€/2)=-2/e+v—1+0(e), (2.223)

From which one obtains the dimensionally-regularized contribution to the self-energy:

}\ TTLZ €
2y _ Mo My [ M /2 B ,
)= 56w (mo) (4m)? (= 2/e+y—1+0(e)) + O(N})
e—0T 2 )
~ Ao my 2 v X
5 Ted ( ~+y—T—lndn—In (mo +0(e) | +OMN). (2.224)

A major advantage of this regularization method is that, unlike the UV cutoff, it is compatible
with the gauge invariance of electrodynamics (and more generally, of gauge theories).

Bare vs. renormalized perturbation theory. Perturbation theory for the ®* theory was
developped by splitting the Lagrangian into a free part and interactions,
L£=100)—Imjo’ - 2!, (2.225)

written in terms of a mass parameter my that does not correspond to the actual physical
mass of one-particle states, due to the self-interactions of the field.

It is possible to present the problem in a different, but completely equivalent way, by
insisting that the physical mass, rather than the bare mass, appears in the free part of the
Lagrangian. Let us write m§ = m? + dm?, such that:

£=(300) — jm2e?) + (Jomie? — o). (2.226)

In this way the propagator computed with the free Lagrangian would have a pole at p> = m?
as it should. The price to pay is that we needed to add a new term in the interactions, known
as a counter-term. It has to be included in the Feynman rules as:

CiSmE s PR (2.227)
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The counter-term dm? admits also a perturbative expansion. By construction, the first
possibly non-zero contribution occurs at order Ay.

In terms of this reformulated perturbation theory, the expansion of the self-energy looks
like:

R bt CELEE PR o----- + O(N]). (2.228)

One has to tune the value of the counterterm dm?, order by order in perturbation theory,
such that the position of the pole is not modified. At order A it means that, in the regularized
theory:

Sm2(A) = —ADA(0)/2 + O(A}), (2.229)
where here A
1 p>dp
D = 2.2
/\(O) 87'(2 JO pz + mz ) ( 30)

i.e. expressed in terms of the physical mass m. It is of course equivalent to eqn. (2.209) at
order Ag. We remark that the mass renormalization (2.229) is not proportional to the mass
itself, hence does not vanish in the limit m — 0.

Wave-function and coupling renormalization. According to the Kéllén—Lehmann decom-
position of the exact propagator, the residue at the physical mass p? = m? is Z, the "wave-
function renormalization” factor that appears in spectral density, see eqn. ([2.27)).

Comparing the KL form of the propagator with the resummed pertubative propaga-
tor , we have the identification:

1 dZ(p?)
Z= ., 4=y
(p? — (M§ +Z(p?)’ dp?

p2=m2

= 1-1/Z. (2.231)

p2=m2

There is no wavefunction renormalization at order Ay in perturbation theory, as the first
term in the expansion of the self-energy is constant, see eqn. (2.208]). The first contribution
occurs at order A3, with the sunset diagram <. We will study this correction later in
detail.

Finally, as we have done before for the mass, it is possible to elimitate the wave-function
renormalization factor Z from the propagator by expressing the Lagrangian not in terms of
the bare field ® but in terms of the renormalized field

Oy (x) = %@(x) . (2.232)

Likewise, assuming that we can measure the coupling constant of the theory with some
physical experiment, one can introduce the physical coupling A (to be contrasted with the
bare coupling Ao). We define then

8Z=72—-1 , osm*=Zmi—m? OA=ZN\—A. (2.233)
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We split accordingly the Lagrangian (2.225)) as:

A
£= (3002 = Im2z) - £0i+ (- 1om*ol + 16200, — R}) . (2.234)
The counter-term in 8Z starts to contribute at order A%. It should be included as well in the
Feynman rules:

8Zp*  meeee- L aREEEEET (2.235)

We have then to tune the mass and wave-function counter-terms, order by order in A, such
that the propagator for the renormalized field ¢ behave near the single-particle pole like:
A ( p2—m? 1

pg) - 2.236
p?—m? +ie’ ( )

i.e. such that propagator has a simple pole at p? = m? with residue equals to one. Likewise,
the counter-term in OA is associated with the new vertex:

—{5A SEEE < EEEE

(2.237)

which starts at order A> with the diagram x:;;.:_f"j;.-::f'.
One can show that these three counter-terms (mass, wave-function and vertex) are enough

to absorb the divergences at every order in perturbation theory; the theory is then said to
be renormalizable.

2.2.5 Final form of LSZ formula

Let us summarize what we have learnt in this section. Through the LSZ formalism, see
eqn. in particular, we derived a relation between scattering amplitudes and momentum
space (truncated) n-point correlation functions.

We have developed after that perturbative methods to evaluate those correlation func-
tions, order by order in perturbation theory in the coupling constant, and scratched the
surface of the renormalization program, which allows to deal with high-energy divergences of
loop integrals.

Let us reproduce the LSZ formula (2.78) for complex scalar fields:

OUT<P1, »Pe|q1>--.,qn>m = disc. +

Hpk qu Zpl Zq] Ph >Pe|—q1»--->—%)

on-shell
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The important point is that the inverse propagators that multiply the momentum space
correlator involve the physical mass m, rather than the bare bass mo. Therefore, they extract
from G, the (lowest lying) simple poles of the Kéllén—Lehmann propagators, rather than of
the free propagators. However the residue at the poles in eqn. is different from what
we have here (ivV'Z instead of iZ), hence will need to be corrected in the final LSZ formulee.

We stress also, as noticed earlier, that only diagrams with as many propagators as external
in/out states, i.e. connected diagrams, can contribute to the last term on the RHS of ([2.238)),
since otherwise multiplying with the product of propagators and going on-shell gives zero.

Definition 6 (fully amputated correlation functions.) A correlation function is said to be
fully amputated if the full propagators associated with the external legs have been remowved,
mcluding all quantum corrections.

Figure 2.13: Fully amputated momentum space correlator

This is represented pictorially on fig.

One can write the (almost!) final form of the LSZ formula for a complex scalar as relation
between scattering amplitudes, as defined in eqn. (2.42)) an fully amputated and connected
momentum space correlation functions:

fully amput. (2 . 238)

connected.
on-shell

iM(p1,...,pe;q1,...,qn) :ZHTné(ph-“apd_qh-“»_qn)

Let us stress again that on-shell here means that, for every external momentum p (or q),
p? = m?, where m is the physical mass of the corresponding particle, i.e. giving the position of
the pole of the Killén-Lehmann propagator in the p? plane associated with this one-particle
state.

LSZ in renormalized perturbation theory In renormalized perturbation theory (as opposed
to bare perturbation theory) the fields are rescaled to absorb the v/Z wave-function renormal-
ization factor see eqn. . As a consequence, the wave-function renormalization prefactor
in the LSZ formula above disappears. We get just

iM= g|fu1. amp., connect., on-shell (2239>
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Final form of LSZ for Dirac spinors. Naturally, an analoguous LSZ formula can be obtained
for amplitude with in/out spinors. The main difference is that, according to the LSZ rules
summarized on page , the polarization spinors of the in/out states remain. In summary
we have:

e incoming particle: Q\( e =P )lfun amp.,. . Us

e incoming anti-particle: \_)S,C’;(- =P ) ful amp.,.
e outgoing particle: G- - Pl ) amp.

e outgoing anti-particle: Q\((- e )l amp.,. . Vs

To show how it works, let consider electron-positron scattering at order g in Yukawa
theory. The corresponding momentum space connected Feynman diagrams are represented
on fig. 2.14] Notice that there is no u-channel diagram, because of charge conservation. At
this order, Z =1, g = go and m = my so one has:

. L . i L .
iM(p1,p2 — P3,pa) =—9° (Vsz (P2)us, (P1)m%; (P3) Vs, (P4)

i’ — — —
TWVSZ(]DZ)VM(]Dz;)) . (2240)
Importantly, according to the LSZ rules for spinors, the spin polarizations for in/out states
attached to the same vertex are contracted with each other.

+ 1153 (ﬁ3)u51 (ﬁ1 ) t

P1 P3
~. -
P1 P3

R\ 7 \/

-------- + :l P1—Ps3
P1+ P2 :

/Pz P4\ //\\

P2 P4

s-channel t-channel

Figure 2.14: Electron/positron scattering in Yukawa theory.
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Part 3

Quantum electrodynamics

Now that we have some idea about what a quantum field theory is, and how to handle
interactions, we will use this knowledge to study quantum electrodynamics (QED), which
describes the interactions between photons and charged elementary particles. We need first
to understand how to obtain a quantum description of the electromagnetic field.

3.1 Electromagnetic field, classical and quantum

We start by recalling elementary facts about classical electrodynamics. The starting point is
evidently the Maxwell equations:

— —

V-E=p, ViB=7+E, V-B=0, VAE=-9B, (3.1)
where the charge density p and the current density j satisfy the conservation relation:
dp+V-7=0. (3.2)

The relativistic formulation of electrodynamics is achieved by packaging E and B into an
anti-symmetric two-index tensor, the field strength

Fio = , (3.3)

and the charge and current density into the 4-current j* = (p,)). The first two Maxwell
equations read:

0. F* =jv. (3.4)
The last two Maxwell equations become the Bianchi identity (the [---] notation meaning
antisymmetrization):

O Fvp =0. (3.5)
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At least locally, the Bianchi is solved by expressing F,, in terms of a 4-vector A*(x), known
as the 4-potential, as:

Fw =90, Ay = 0,A, —0,A,. (3.6)
thanks to total antisymmetrization on the left-hand side of eqn. (3.5)). In terms of the electric
and magnetic fields, writting A* = (b, A),

E=-Vd—0A, B=V.A. (3.7)

Lagrangian formulation of electrodynamics. The Lagrangian density of a Maxwell two-
form field F*¥ coupled to an external current j", associated with some charged matter, is
given by:

1
L= —FuFY — AL, (3.8)

from which we get the Euler-Lagrange equation:
0,0"AY — 0" (0,A") =37, (3.9)

which are naturally the same as the Maxwell equations (3.4)).
It is a well-known fact that, by antisymmetry, the right-hand side of eqn. (3.6) is invariant
under a gauge transformation

A, — Au+0,T. (3.10)

Since the field strength that contains the physical fields is invariant, no measurable
quantity should change under the transformation , or in other words should depend on
the choice of 4-potential in its equivalence class. On a more mathematical side, the equation
of motion ([3.9) cannot fully determine the evolution of the gauge potential A* from some
initial data on a time-like slice, since the differential operator D, = (1,,0,0° — 9,0,) has a
non-trivial kernel, containing all 4-vectors A, of the form 9,T".

Gauge transformations are often said to correspond to a symmetry, called local symmetry,
but the meaning is rather different. A symmetry maps a system to a system with equivalent
properties. For instance, invariance under rotations means that if one rotates a whole exper-
imental setup, the outcome of the experiment would be the same; it does not mean though
that that one cannot measure how the experiment is oriented in space! The relation between
gauge invariance and symmetries is as follows. The equation of motion tells us that, by
antisymmetry:

0yj¥ = 0,0, F*Y =0, (3.11)

hence the Maxwell field couples necessarily to a conserved 4-current. This process is called
the gauging of a continuous symmetry but, in some sense, it makes the symmetry disappear.

131



PART 3. QUANTUM ELECTRODYNAMICS

One may be tempted to get rid of this redundancy in the description of electrodynamics
and formulate electrodynamics only in terms of the physical fields E and B however, as you
have learnt in your quantum mechanics course last year, the Hamiltonian of charged particles
involve rather the gauge potentials ¢ and A. Besides this, while A by itself is not physical,
the Aharonov—Bohm experiment teaches us that the integral of the vector potential over
non-contractible closed loops, §/K . dqﬂ, is gauge-invariant and has measurable effects.

Formulated in terms of the gauge 4-potential A, the electro-magnetic field seems to have
too many degrees of freedom. It is a well-known fact that electromagnetic waves are described
by two transverse polarizations components; in the corresponding quantum theory, we expect
the photon to have only two physical degrees of freedom. This problem is addressed by
choosing a particular representative in the orbit of the gauge transformation (3.10). Among
the infinite number of possibilities, which should all be equivalent to each other, two are
particularly common:

e The Coulomb gauge

—

V-A=0. (3.12)

The equation of motion for the electric field E in the Coulomb gauge reads Ap =
Thus, in the absence of electric charges, one can set ¢ = 0. Electromagnetic plane—
waves are described by a 3- potentlal A = aexp(lk X — iwyt), with k- @ =0 thanks
to the Coulomb gauge condition . This gauge isolates conveniently the physical
degrees of freedom of the electromagnetic field, at the expense of manifest Lorentz
invariance [

e The Lorenz gauge
0,A" =0, (3.13)

which is Lorentz—invariantﬂ The Lorenz condition does not completely fix the gauge,
as there is still the freedom to shift

Ay — A +0,V, OV=0, (3.14)

without spoiling the condition (3.13). In the following, we will work in the Lorenz
gauge.

We will also consider for now the pure electromagnetic theory, without charged matter, thus
we will set j* = 0 everywhere.

Quantizing the electromagnetic field is a little bit delicate. First, even at classical level,
one notices that the time-like component A, of the 4-potential is not a dynamical field, since
it has no time-derivative term in the Lagrangian density ; in consequence, its conjugate
momentum vanishes:

S oL

no(t,X) = m =0. (315)

LOf course the theory is still Lorentz-invariant, since the physics is independent of the gauge choice!
2There is no misprint in the name. This gauge is due to the Danish physicist Ludvig Lorenz, not to
Hendrik Lorentz, the father of Lorentz transformations!
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In order to overcome this problem, we modify the Lagrangian density (3.158)) as follows:

1
L=~ FaP — % (0,AM) . (3.16)

Modifying the Maxwell Lagrangian seems a rather bold move! 3, rather than an extra
parameter, should be thought of as a Lagrange multiplier. A Lagrange multiplier in field
theory is a field appearing in the action without any derivatives, thus its equation of motion
just enforces some constraint. In this case, varying the action w.r.t. [3 enforces the Lorenz
gauge 0 - A = 0. In the theory defined by the Lagrangian density , the field TT,

canonically conjugated to A" reads:

oL

M (%) = —"
e dAN(t, %)

= FuO — [.))T]uoayAv . (317)

The idea is to quantize the theory based on the modified Lagrangian , imposing in
a consistent way the Lorenz-gauge constraint 9, A" enforced by the Lagrange multiplier. The
Lagrangian being linear in 3, any value can be chosen for convenience without consequences
on the physics of the system. The choices are refered to, rather confusingly, as "gauges”. We
will make the popular choice:

Feynman "gauge”: p=1. (3.18)
The equations of motion based on the Lagrangian density (3.16) are:
OAY— (1—B)¥ (0,A") =0 25 DAY =o0. (3.19)

It seems that the 4-potential A" is just a collection of four massless Klein—Gordon fields.
Indeed the Lagrangian density in the Lorenz gauge simplifies to

— 2L = 9,A,(0"AY — d¥AH) + (9,A")? = 9, A, 0"AY — DA VA + (3,AM)?
= 0,A,0"AY + A,0Y(0,A") — A,0Y(0,A") + total derivative
— 1,0, APOMAY + t.d. (3.20)

Notice though that the (0,0) component has a "wrong” sign in front of the kinetic term:

3

1 1.

L=—5 0, AHA + ) 5 QATA (3.21)
i=1

The corresponding canonical momentum is simply
M.(x) = —Au(x). (3.22)
We shall not forget to impose the constraint 0 - A = 0, in the appropriate way.
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3.1.1 Gupta—Bleuler quantization

The canonical quantization of the theory is obtained in the Heisenberg picture by imposing,
as usual, the equal time commutation relations:

[Ap’(t,%), nv(tag)] = iéuvé(s) ()_{—g) y [Ap’(t,%), Av(t)
t (3.23)

Importantly, the canonical commutation relations prevent the Lorenz gauge condition
0-A = 0 from being imposed as an operator constraint. We would have then, from eqn. (3.22)):

?

0L [A%(4,%), 9,A°(6,7) ] = | A°(,%), A°(,9) | = — [A°(,%), Tho(t, ) ] = —i8¥ (X~ §).,
(3.24)
Before dealing with this issue, one can expand the fields A* and TT* into oscillators.
It is convenient to construct, for a given 3-momentum 12, an orthonormal basis of polar-
ization states {8;‘(12), A =0,1,2,3}, in the sense that:

Mgl "(K) &% (K) = M, (3.252)
<) e}, (K

el (k) ey (k) = n™. (3.25b)

A real basis of states is obtained as follows[]
e Let n* be a normalized time-like vector in the future light-cone, 7.e. with nyn* =1
and n° > 0. First, we identify a time-like polarization vector with n,

efk)=n* n?=1. (3.26)

e We consider then two transverse polarization vectors e} (12), A = 1,2, with are orthog-
onal to the (k,n) plane:

n-ak)=k-en(k) =0, e(k) en(k)=—n, A=1,2. (3.27)

e We define finally a longitudinal polarization vector €} (K), belonging to the (k,n) plane
and orthogonal to n:

—

n-e3k) =0, e;3(k)-es3(k)=—1. (3.28)
Explicitly, because it lies in the (k,n) plane,

- k
k) =———mn. 3.29
e3(k) = —n (3.29)
Indeed, =0
27 ‘
0 k . _n-k W20 . K? 2k-n
k-n Cken 7 |lk-n

3A complex basis of circular polarization vectors is often useful as well.
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By construction, the longitudinal polarization vector is orthogonal to the pair of transverse
polarization vectors:

e3(k) - ex(k) =0, A=1,2. (3.30)

One notices also that, thanks to eqn. (3.29),
eb + e = k", (3.31)

For instance, for k* = (w, 0,0, w), one can choose:

1 0 0 0

1_ |0 2 |1 5_ |0 4_ |0
e =1, =1 &= &=, (3.32)

0 0 0 1

In terms of the basis {ex,A = 0,1, 2,3} of polarization vectors and of the creation and
annihilation operators, one can decompose the field operator A* and its conjugate IT, in the
Heisenberg picture in the usual way:

4
S 1 = : - :
At(x) = (e” k)ake ™ 4 el (k aNe”‘"‘) 3.33
=3 | Gy (ARage et Rlalet) (3.332)
4
. d*k Wy Sy A —ikex k=) AT ke
T (x) = —H;J o\ 2 (ek(p)age — el (Plai'e ) . (3.33b)
with wy = ||k||. We have allowed also the polarization basis vectors to be complex in order

to be more general.

Notice again the opposite sign in (3.33b)) compared to eqn. (|1.210). We can the express
the canonical commutation relations (3.23]) in terms of the commutators of the modes, for

mstance:

X J Pk [ Pk we
AR X), Thitg)] = 2 ZJ (2m)3 J (2m)3 L(l::;

AN

E;\l(]z) EV)\/(E/)< [a)l, al/ :| e_i(k‘X-l-k’y)

— [a’lT, aélT] eilktkiy) 4 [a%T, Cl%: ] elllkx—k'y) _ [ay, a)i/T] e_i(k"‘_k"y)>
(3.34)
FExercise: do the same for the other commutations relation appearing in .

We then deduce that:
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~1

[ai,aii]zo, [aN, al’f}zo, [a%,a)l/T}z—(Zﬂ)‘)’ M3 (12— ). (3.35)

One can easily express the Hamiltonian in terms of the modes, starting from eqns.
and (3.22)). The computation is essentially the same as in the massless Klein—-Gordon case
— except the malign minus sign — see eqn. and below. One gets, up to the normal
ordering additive constant:

H—J dgk (Z a’fal — °> . (3.36)

At first sight, the one-particle states of the theory are given as usual by:
> = V2w (o) . (3.37)

where |0) is the Poincaré-invariant vacuum annihilated by all the operators a%.

This would lead to four polarization states for the photon instead of the expected two.
Even worse, one of those states has negative norm squared:

K, A= o> = 2\/wwi (0l ag ) [0) = —2wi(27m)*8%) (k= k') . (3.38)

Crucially, one still has to implement the gauge-fixing constraint in some form. Since it
cannot be enforced as the operator equation 9 - A = 0, see eqn. (3.24]), one could try to
enforce that this operator annihilate every physical state:

VD) € Hongs , 0-Ald) =

This is unfortunately much too strong, as it will remove the vacuum |0) from the physical
Hilbert space Hpnys! In order to formulate a milder constraint, we first separate the field
operator A" into positive- and negative-frequency components:

" o dsk 1 Wi, —ik-x d3k ! B
a (")_ZJ P VA e +§J 2P Vi |

At (x) AM—(x)

<12,>\=o

(—\'l

Jar et (3.39)

We will impose that every physical state satisfies the Gupta—Bleuler condition

VIb) € Hpngs, 0-AT|D) = 0. (3.40)

This condition ensures that the Lorenz gauge condition is satisfied, not as an operator
equation — which was too much to ask — but as an equation for the matrix elements between

any pair of states satisfying :
(W10 ARp) = (19 A* ) + (13- A ) = 0. (3.41)

" NV
=0 =0
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As we shall see, the Gupta—Bleuler condition removes the negative-norm states from the
physical Hilbert space Hys and eventually gives only two physical transverse polarizations,
as expected.

To see how this works, let us consider first a generic one-particle state, with an arbitrary
polarization vector x:

3
x=> nux'e"(k),

?\’> = /2wy Xx ay 0) (3.42)

E>X> = T]M’X)\ k

We have
+ | K’ / oy, —ik’ A
. : Ll —1K" X,
0 AN k,x> = —1§J 2 / wk/k“ (ke XA [ak,, aﬁ } |0)
=i) nWkueh (K)e ™% [0) = tkyxe ™*10) . (3.43)
AN/

We conclude that the polarization vector x of any physical one-particle state should satisfy:
kex=0 = (k-n)(xX*—x*) =0, (3.44)

where we have used the decomposition (3.42)). As a consequence, a generic one-particle state
can be decomposed as:

transverse

2
K X> = /2wy ZXA ay 0) +1/2wi X° (a%T — a%T> 0) . (3.45)
A=1

The first term contains the two physical degrees of freedom associated with transverse polar-
izations:

2
K X>T — 2wy ;XA a:' 10) (3.46)
A=

Such state has a positive norm:

’X> = /2wy 2wy Z X Xa (0 [a%:, QN} 0) = 2wy (2m1)°8 Z ol

AM=1 ~——
—(2m)383) (K —Km

(o

(3.47)

The second term on the RHS of eqn. ([3.45]) contains a specific combination of longitudinal
and time-like polarizations, which is usually referred to as a spurious state:

K x>s = /2wixo (agT - af;*) 0) . (3.48)
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Such state has, by construction, vanishing inner product with the transverse polarization
states, see eqn. (3.27)). It has also zero norm:

S<12/ 12>So<<0| (a2 —al) (2" —af)10) = (0 |<[ a, '] + [ak, al'] )I0) =o.

-~

—(2m)35B3)(K'—Kk)  +(2m)3803) (K'—K)

(3.49)
Using eqn. (3.31)) one notices finally that the polarization vector of the spurious state is

parallel to k*:
w_ . 0.m 3.0 0f. 1 my — X0 g 3.50
X" =x"eh +x°el =x°(ef +€f) = X kM. (3.50)

n

Thus we have succeded in obtaining a one-particle Hilbert space endowed with a non-
negative norm.

A generic n-particle state satisfying the Gupta—Bleuler condition (3.40)) can be similarly
decomposed on Fock state basis vectors of the form (suppressing momentarily the momentum

labels for clarity):
(@) (@) (@ ) o).

All the states with ng # 0 have zero norm, since

(0] (a%, — a%,) : (a%T — aij> ] 0)

ng—1 ng—1
=0 (e e ) (o et ([ ] [ @] Yoo

and are by construction orthogonal to states with only transverse polarization modes. Cru-
cially, spurious states do not contribute to physical observables.

This decoupling means not only that those spurious states are orthogonal to physical
states (built on transverse polarizations), but have also vanishing matrix elements for all the
observables in the theory. In the free theory, one can check in particular that, as far as the
Hamiltonian is concerned,

(et et 0= 2% (£ =) e~
K’ x

/ 4,x> =0 (3.51)
S

)

S

using eqn. (3.49)). The same holds for the same reason for the momentum operator. This
decoupling means that any physical state built with ng # 0 time-like/longitudinal photon
pairs is gauge-equivalent to a state with ng = 0, i.e. with only transverse excitations. Proving
that the decoupling of spurious states holds in the interacting theory is non trivial, and will
be studied in section 3.3
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Since the spurious states do not affect the physical properties of the states of the theory,
one can endow the space of physical states Hpyys with an equivalence relation:

1) ~1b2) & Fld)s 5 [d1) = ld2) + b - (3.52)

where |¢), is a spurious stateﬁ

This equivalence relation is the quantum version of the residual gauge freedom in
the Lorenz gauge. To see this, let us a consider a generic spurious state in the Fock space of
the theory:

[b)s = 10) +J é:;f(k)\/Zwk(a%T — aij) |0) + (2-particle state) + - - - (3.53)

The one-particule contribution to the expectation value ((p| A*[d), reads, using eqn. (3.29):

dsk, dgk Wy 2y ik’ x A 0t 3¢
ZJ (27‘[)3 J (27.[)3 f(k) w_klax(k )e <0| |:(1]—<»,) a]z — Cl]z ] |O> + c.c.
A

Bk e K
(27_[)31:(]{)6 K m+C.C.

3 —ik-x
~2, <1J ((ziﬂ];f(k)i_n +c.c.) (3.54)

and similarly for multi-particle contributions. Because the 4-momentum k" in eqn. (3.54)) is
on-shell, shifting a physical state with a spurious state induces the transformation

3
— J ((217!;3 fk)e ™ (el + ) +cc = J

(AM) — (A" +0,V, OV=0. (3.55)

It is important to stress that the time-like and longitudinal polarization cannot be simply
removed from the description in the theory, since they will appear for instance as intermediate
states in scattering processes.

Propagator. In the Feynman "gauge” the propagator is easy to write as the 4-potential
reduces to a collection of four real and massless Klein—Gordon fields with an indefinite metric.
One gets for the Feynman propagator:

d4k _inuve—ik-(x—y)
(2m)* k? +ie

D" (x —y) = OITA*RIA(y) 0) = | (3.56)

Exercise: Show that this can be also obtained directly using the completeness relation .

4Some of you may notice that it starts to look like a cohomology problem. This is exactly the case,
however to show it one needs to introduce Faddeev-Popov ghosts and the BRST charge, that you will study
during the second semester (QFT II course).
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More generally, from a Lagrangian of the form (3.16)) with arbitary (3, one can show with
a bit of work that:

V A A (1/B 1) ) e
D*(x —y) = J S e . (3.57)

We stress again than any physical quantity should be independent of the particular value of
3 that was chosen. This is a non-trivial — but crucial — statement that will be proven later
on.

3.1.2 Massive vector fields

The most general Lorentz-invariant Lagrangian density for a vector field A*(x) is made of
three terms: a kinetic term, a mass term and a divergence term:

2
£= 50 @A) + AN+ SN 359

The equations of motion read:

oL oL
= — 0y = (O+m?)A* — ad*(9,A") . :
0 oA, AL (O+ m?*)A* — d*(0,AP) (3.59)

Taking the divergence of this expression gives:
(1 — x)O+ m?) (3,A*) =0. (3.60)

Then, whenever « # 1, 9,,A* should be understood as a scalar field, creating massive particles
of spin zero from the vacuum.

This is more easily understood in a rest frame of the particle. For any on-shell 4-
momentum p, i.e. such that p> = m?, one reaches a rest frame using a Lorentz tranformation

/\; ! such that:

P="Asp, p=<§)- (3.61)

Space rotation naturally maps the rest frame to another one, as it keeps p invariant: R(0)p =
p. It acts on the 4-vector A* as

A" = (A% A) — (A% R(B)A). (3.62)
In other words, A° is a spin-zero field and Aa spin-one field. One-particle states in the rest

frame can be labeled as [p,A), where A = 0 refers to the spin-zero state and A = 1,2,3 are
associated with the spin-one states. By the Wigner-Eckart theorem, one should have then:

(0l A°(0) [P, A) = \/Zsbao ,  (OIAY(0)[P,A) = /ZSryy, 1=1,2,3. (3.63)
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In a generic frame, one has:

(Ol A(0) [p, 0) = (O] A*(O)UL(A,) [p, 0) = (O U(A,) T AH(O)U(A) [, 0)

_ 33 v _p_p
= V/Z, (A,) Vo = m\/Z_S. (3.64)

py/m
Thus one finds that:
VZs
m

(0] 9, A*(x) Ip, 0) = 3, (0] A*(0) |p,0) e ™ = pho.e P = —imy/Ze P, (3.65)

exactly as the wave-function for a scalar particle introduced in the derivation of the
Kallén—Lehmann representation.

This scalar degree of freedom can be avoided by choosing o« = 1 in the Lagrangian (3.58]),
leading after two integration by parts to the Proca Lagrangian:

L= _1FWF“V + %

Z ALAY, (3.66)

The associated QFT describes a massive spin-one particle, with three physical degrees of
freedom. The divergence-free condition 0,A* = 0 is imposed by the equations of motion, see
eqn. . In the massless theory, this was imposed as a gauge-fixing condition, but in the
massive case the mass term explicitly breaks gauge invariance.

The mode expansion for the massive vector field A" can be written in a polarization basis

{eX(P), A =1,2,3} with kel =0, as:

3
At (x) = ZJW— (e;(k)age gl (k)ag*ek ) |Ep:¢m (3.67)

1 Zwk

Starting from the rest frame one can choose the real basis:

0 0
81:/\pé1:/\p ((])) y 82:/\pé2:/\p (?) y 83:/\p€3:/\p<
0 0

—OoOoC

) . (3.68)
We have then the inner product:
E)EN = E)\ . E)\/ = —5)\)\/ . (369)

Consider the following spin sum, in the rest frame:
: P p”
D elplext(p) =) 848% = (—le + W) : (3.70)

Using the Lorentz transform A, one gets:

S etpler ) = (A, (A, Y eped (p) = + Pl (3)
A
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3.1.3 Coupling of the electromagnetic field to matter

As was noticed before, the coupling between matter fields and the electromagnetic field
involves a conserved current j*(x) for consistency of the Maxwell equations, see eqn. (3.11]),
i.e. satisfying 0,j"* =0 on—shell.ﬂ

Charged Dirac fermion. Let us describe first the coupling of a Dirac fermion. As we have
already discussed this theory possesses a U(1) symmetry, acting as (choosing a convenient
normalization):

Y(x) — e WY(x), Yx) — e“V(x). (3.72)

The associated Noether current reads:
= e‘I’y“‘{’. (3.73)

We consider the following Lagrangian density for the electromagnetic field interacting with
the Dirac field:

L= PP (10— m) W — A, By
_ —%FWFW +0(i(3 + teA) —m)w (3.74)

Crucially, under a gauge transformation A, — A, +0,I", this Lagrangian density is invariant
provided that ¥ transforms as

Y(x) — e TMy(x), (3.75)

Indeed,
de ' TY = e T (—iegdl + 9)V. (3.76)

Phrased differently, one introduces the covariant derivative
D= J+iek, (3.77)

such that
DY(x) — e TOBY(x). (3.78)

In terms of this operator, the Lagrangian density of the theory of a Dirac fermion interacting
with the electormagnetic field reads:

L= TR WD~ m)Y. (3.79)

50n-shell means here that this equation needs only to hold if the matter fields are solutions to their
equations of motion.
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This construction, where the coupling of the gauge field is accomplished by replacing the
ordinary space-time derivatives with covariant derivatives, is known as minimal coupling.

In more physical terms, what we have done here is "promoting” the U (1) symmetry of the
free Dirac theory to invariance under gauge transformations in the combined gauge/matter
theory. One usually calls this process gauging a global symmetry into a local symmetry. As
we have already discussed, gauge invariance is not a symmetry in the usual sense but rather
a redundancy.

In terms of dimensional analysis, the 4-potential A* has dimension L'~%?  like scalar
fields. Since the Dirac fermion has dimension LU=%/2 the electric charge e has dimension
L4272 50 is dimensionless in 4 dimensions (in natural units).

General construction Let us consider a matter field theory coupled to the electromagnetic
field. Schematically, one writes:

S = S[A] + SINT. [A> (D] + SMAT. [@] ) (3-80)

where S[A] = —}‘Fz is the free action for the Maxwell field and S,y contains the interaction
terms between the field @ (that represents collectively the matter fields) and the eletromag-
netic field. As we will justify below, a necessary and sufficient condition to get a consistent

electromagnetic interaction at the classical level is:

63INT.
dA(x)

= —j*(x), (3.81)

where j" is a conserved current of the full theory with action S associated with a U(1)
symmetry.

Let us show that it implies that the matter field @ transforms under a gauge transforma-
tion. First, we consider an infinitesimal U(1) transformation associated with the aforemen-
tioned symmetry, but with a space-time dependent parameter:

D(x) — DO(x)+ x(x)dD(x). (3.82)

If & were a constant, the action would be invariant (up to a total derivative). Here we have:
oL oL oL

8S = |d% | == — =~ | 8D+ | d*x 0, | =5 0D :Jd“ j“0. 00+ t.d. (3.83

J X(acp “a(aucb)>°c +J * ”(a(auq))“ ) IOt td. (383)

where j* is the Noether current for the U(1) symmetry.
Thus under a combined transformation of the form (3.82) for the matter fields and a
gauge transformation A, — A, + 9,T", the action (3.80) transforms as:

8S
SorS = | d*x [0 — 9., 84
rS de(] ”“+5Ap(x) " ) (3.84)

since the action S[A] for the Maxwell field is gauge invariant. Thus, as claimed the action is
invariant provided that:
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1. matter fields are charged under gauge transformations, i.e. at the infinitesimal level
D(x) 5 O(x) + F(x)8D(x) + O(M). (3.85)

2. the interaction terms in the action satisfy 0Syr./80A(x) = —j*(x).

Conversely, if @ transforms under gauge variations as in (3.85]), gauge invariance of the full
action ([3.80]) implies the existence of a conserved current j*.

Complex scalar field. As we have discussed in the first part of these lectures, the Lagrangian
density for a free complex scalar field,

L=0,0"D — m*'O*® (3.86)
is invariant under the U(1) symmetry:
O — e D, O — e, (3.87)
with Noether current:
jhee = 1€(@ D — DOHO¥) . (3.88)

In order to minimally couple this theory to the electromagnetic field, inspired by the Dirac
fermion theory we introduce the covariant derivative:

D,® = 9,0 +ieA, D, (3.89)

in terms of which the Lagrangian density reads:

L =D,0*'D"® — m*®*D = (3, — ieA,) ®* (3" + ieA") ® — m*O*D. (3.90)

This action is invariant under the gauge transformation:
Ay A +0.0, @ — e 0. (3.91)
The interaction term Ly, is by definition the set of terms containing the gauge field A:

Liyr. = —1ie (O**D — D' D*) A, + *A AFD D, (3.92)

A
free

The first term looks like the coupling of the conserved current (3.88)) of the free theory with
the gauge field. The Noether current associated with the symmetry (3.87)) in the theory
defined by the Lagrangian density (3.90|) reads:

" =1ie (®*D"® — OD"*D*) = ie (O* (0" + ieA")D — O (0" — ieAM D) | (3.93)
such that as expected
8Snr. .
sAL = (3.94)

where j* is the conserved current in the full theory, which involves the gauge field A, itself.
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3.2 Quantum electrodynamics processes

Quantum electrodynamics, in the historical sense, is the quantum theory describing the
interactions between electrons/positrons and the electromagnetic field. As described above,
the fundamental property of this theory is gauge invariance, which consists of the combined
transformations

Vi ety (3.95a)
Ap— A,+0.T. (3.95b)

Based on the symmetries of the problem, this theory is described by the Lagrangian den-
sity (3.79), i.e. the minimal coupling between a massive Dirac spinor field and a massless
spin one field. The free parameter e, the electric charge of the electron, is the coupling con-
stant of the problem, measuring the strength of the interactions between the electrons and
the electromagnetic field. Of course the charge e is dimension-full (in non-natural units).
The correct dimension-less coupling constant of the theory is the well-known fine-structure

constant,
e’ 1

~ dmeghe 137

(3.96)

In natural units, one has o = e?/4m as the expansion parameter of perturbation theory.
Using the Noether current (3.73)) and the mode expansion (1.317)), one finds that the electric
charge operator is given by:

QzeJd3x‘P( YO (x) J 2733 3y <bSTbS s ;) . (3.97)

s=1

As expected, the charges of electron and positron one-particle states are opposite to each
other:

S d3 2 T T S S
Q/ZE5bs ! [0) = e /zEﬁJ Zﬂqg Z by { b7, bf 110} = ey/ZE5b50) (3.982)

S d T N
Qw/ZF_ﬁcﬁJr |0) = —e HJ q3 Z c T{ o cﬂ }!O> =—e ZEﬁcﬁT 0) . (3.98b)

3.2.1 Perturbation theory

The rules for computing QED scattering amplitudes in perturbation theory follow the general
logic presented in the previous section. The only important difference, gauge invariance, will
be discussed in detail, because the consistency of the whole theory, in particular unitarity,
depends on it.
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LSZ reduction for the electromagnetic field. The derivation of the LL.SZ reduction formulae
is very similar to the case to of a scalar field, except that we need to take care of the photon
polarization vectors.

The starting point are inversion formulae analoguous to eqns. obeyed by the scalar
field modes. Using the decomposition of the gauge field into creation and annihilation
modes, and using the completeness relation ([3.25b]) obeyed by any basis of photon polarization
vectors, one finds that:

S Au(x)> (3.992)

Au(X)> (3.99b)

With the same reasoning as in the previous section, we reach the following pair of rules in
position space:

LSZ reduction for the electromagnetic field

e Incoming photon of momentum k and polarization A: .
7= [d'% e O(T - Au(x) -+ )eh(k)

e Outgoing photon of momentum k and polarization A:
7= [d* e O (T Au(x) -+ ek " (k)

In this expression, as you may guess, Z3 is the wave-function renormalization of the photon,
i.e. such that the Kallén—Lehmann propagator of the photon has residue Z3 at the simple
pole p? = 0 corresponding to a one-photon state.

Feynman rules. Let us summarize how to compute a given scattering amplitude in QED.
By convention, the photon propagator is represented by a wiggled line.

In the following we will use renormalized perturbation theory, as opposed to bare per-
turbation theory, since we have convinced ourselves that this is a more convenient way to
organize the perturbative corrections. Setting aside momentarily the various counter-terms,
one obtains the rules given on fig. [3.1]

Using these rules and the general principles of perturbation theory (momentum and charge
conservation, symmetry factors) one can evaluate the contribution of a given (fully ampu-
tated) Feynman diagram by dressing the result with the following factors associated with the
external particles:

e for an incoming electron, us(p)
e for an incoming positron, vs(p)

e for an outgoing electron, i (p)
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I o

Photon propagator AHFAY H k(_'vwvw v ;2“]:6

) . rl i(p+m)
Dirac fermion propagator Yy — S
) pef—m<+ie

QED vertex —e [ ARy, Y } —iey,

Figure 3.1: Feynman rules for QED.

e for an outgoing positron, vy(p)
e for an incoming photon, € (¥)
e for an outgoing photon, €} *(K)

Notice that the wave-function renormalization factors for the electron and the photon, respec-
tively v/Z, and \/Z3, do not appear as we have chosen to work in renormalized perturbation
theory; the structure of the counter-terms will be discussed shortly.

Let us start by getting to grips with few examples of tree-level processes in quantum
electrodynamics, 7.e. without loop corrections. We will also relate them to the corresponding
classical quantities.

3.2.2 Tree-level scattering processes

The study of tree-level scattering amplitudes involving electrons, positrons and photons al-
lows to make contact with well-known results of classical electrodynamics. We will also make
important consistency checks, related to gauge invariance of the theory, that will be gener-
alized later on, and introduce useful technology like gamma-matrix traces and polarization
averages.

Electron-electron scattering. Scattering of two electrons of incoming momenta p; and p;
at tree-level receives, by charge conservation, contributions from a t-channel and a u-channel
diagram:
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Denoting by s and s, (resp. s3 and s4) the polarization of the incoming (resp. outgoing)
electrons, the amputated scattering amplitude corresponding to these Feynman diagrams
reads:

i
p1—Pp3)? +ie

iM(p1,p2 = P3,pa) = ( - ie)z (1153 (ﬁ3)yuu51 <ﬁ1) ( Us, (ﬁ“)YVuSz (ﬁ2>

L - —in* _ /o .
— Ug, (p4)yuus1 (p1> (p] — p4)2 T iEuSS (Pa)YvUSZ (p2)>

i (s (B3) Vs, (P1) s, (Pa) Y'u, (P2) T, (Pa) Yaetts, (B1) B (B3) s, (P2)
B t+1ie u+ie

(3.100)

Both terms are interpreted as the exchange of a virtual photon between the incoming elec-
trons. The relative minus sign is due to the crossing of fermionic lines; indeed we find a
relative minus sign if we compare the Wick contractions:

1 1 1
VA J\yxwx Jwytyy and  YsV¥, J\yx\yx J\yy\yy .

Let us take this opportunity to check that, as claimed before, the same result can be
obtained using any photon propagator of the form (3.57)), with arbitrary parameter (3. Look-
ing for instance at the effect of the extra term in k*k” to the t-channel contribution to

eqn. (3.100), one notices that:

Usg (ﬁ3) (1”1 - }Zf3)us] (P1) s, (ﬁ“) (]?51 - ]?3)1132 (ﬁz) =0,
because, using eqns. (L.I79|L.181)),

plusl (ﬁ1) = TTLLLS] (ﬁ1) ) 1153 (ﬁS)V’s — ml_l53 (ﬁg) .

The extra contribution from the u-channel vanishes as well, using a similar argument (that
external momenta are on-shell).

Recovering the Coulomb potential. The scattering amplitude for electron-electron scatter-
ing should be compatible, in the non-relativistic limit, with the repulsive Coulomb potential
between two identical electric charges.

First, let us examine the non-relativistic limit limit of Dirac spinors, i.e. the limit m >

|IPll. Starting from eqns. (1.192]1.195]), one finds that
gl s sl s
u,(p) P /m (2 ) , vs(P) P /m (—nﬂ ) . (3.101)
S S
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In this limit we have the contractions

4 yY'us =m(nf ni) (;]S) =2mnin, = 2m3s,, (3.102a)
. 0 o s
wyus; =m(nl ni) (_6 o) (2 ) =0. (3.102b)

We also have in the non-relativistic limit
0 0y2 S =2 S o2
t=(p1 —p3)" =[P — Pl = —[Ipr — 7"
In the non-relativistic computation of Coulomb scattering one considers an electron moving
in a classical Coulomb potential created by another, stationnary, charge, so it makes sense to
consider that the electrons appearing in the relativistic scattering process as distinguishable

particles, so we keep only the t-channel contribution. The scattering amplitude (3.100))
becomes then:

(B3, Pal iT P, P2) |, =~ (271)°8%) (B1 + P2 — B3 — Pa) 278 (Ep, — Ey,)
—ie?
IP1 — Psl* — e
The 2m factors are due to the choice of relativistic normalization of the on-particle states,
and will be ignored in the following. If the stationnary electron is at X, one should consider
the Fourier transform:

(2mbs,s,) (2mbs,5,) . (3.103)

.
con.

o1 255 (5, 5l T 151,53 |
(27_[)3 ) )
One can naturally choose to put the particle at the origin, i.e. Xy, thus it just amounts to
remove the momentum conservation factor.
Recall that, in non-relativistic quantum mechanics, the wave-function corresponding to
the scattering of a plane wave of momentum k by a potential V() is of the form
o eikr

Pi(F) = 7 + £(K', k) —, (3.104)

where k' = leHé}. The scattering amplitude f(E/,E) is given, as in QFT, in terms of the
components of the transition matrix 7T,

. . 21m -
<k/ iT ‘k> — 25 (Eg, — Ep) % £k, K. (3.105)
which are given in the Born approximation by:
(k| 7 [ic) = —2ms (g, — ) V(K — ). (3.106)

where V is the Fourier transform of the potential, see Sakurai [1] for more details.ﬁ

6The 7 matrix defined in Sakurai has an opposite sign convention to ours, i.e. he has chosen S =1 —1T
for the S-matrix.
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Comparing both expressions, one gets the scattering potential by an inverse Fourier trans-
form (with § = p1 — p3):
dS q eiq T
2
—_—— 3.107
J (2m)3 g% —ie (3.107)

Let us choose spherical coordinates with q - ¥ = qrcos0. One has then:
P [* g’dq [ ~ 2o gqdq
V(r) = . J . q J sin 0 elareos® — _© : J g q. (el — ¢ tam)
ar Jo q* —1e J Amfir |, q—ie
__© J > qe'dq
4rir | (g — Vie)(q +Vie)

Since r > 0 by construction, one can close the contour in the upper half-plane, picking the
residue at q = vie. It gives:

V() =

o

o2 qeiqrdq ) e2 /ieei\/iT—:r 0t e2
V(¥) = —— x 2im Res =~ 5 — (3.108
®) 4reir q=+ie ((q —ie)(q + Vie) 2t 24/ie 47ty ( )

as expected.

Electron-positron scattering. Scattering of an electron of incoming momenta p; and a
positron p, at tree-level receives, by charge conservation, contributions from an s-channel
and a t-channel diagram:

The s-channel diagram is interpreted as a process where the incoming electron and positron
annihilate into a photon, which eventually decays into an electron-positron pair of outgoing
particles. The t-channel diagram is interpreted as before as the exchange of a virtual photon
between the incoming particles. The scattering amplitude corresponding to the sum of these
two diagrams is given by:

iM(p1, P2 — P3,P4) =
. iez (‘752 (ﬁl)‘Yuum (ﬁ1 )1153 (ﬁ?a)yuvm (ﬁ“) . 1183 (ﬁ3)‘yuu51 (ﬁ1 )\_}Sz (ﬁz)‘}/u\)s4 (ﬁ4) )

s+ 1ie t+ie
(3.109)

Independence on the choice of photon propagator can be again verified, using eqn. (1.194))
and its Dirac conjugate. The relative minus sign between both terms can be obtained by
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comparing the two corresponding Wick contractions:

111 I T 11 ]
%%%%J%%J%% , %%%%J%%J%%.

Rutherford scattering. A variant of this process is given by the scattering of an electron
with a proton, which is known as Rutherford scattering. It is of major historical importance
as the corresponding experiment led to the modern views on the atom structure, with a
nucleus carrying positive electric charge. A standard result of classical electrodynamics is
the Rutherford scattering formula

OCZ

do dQ, (3.110)

T Am2visint ©
dmgvtsin” 5

which represents the differential cross section for the elastic scattering of an electron by
the Coulomb potential created by the proton, in terms of the scattering angle 0 and of the
electron speed v.

Let us recall that, for an incoming flux @ of particles (i.e. the number of incoming
particles per unit time and per unit area), the number of scattering events per unit time
is AN = ®o. The differential cross section do gives the fraction of the scattering events
producing scattered particles within the solid angle dQ.

Let us consider this problem from the point of view of QED. Compared to the previous
case of electron/positron scattering, since we have two distinct vertices, e e~y and p*p™y.
Said differently, it is obvious that an electron and a proton cannot annihilate into a photon!

electron electron

proton proton

Therefore, the corresponding scattering amplitude has only a contribution from the t-
channel diagram:

_ - SN o " 5
iM(q], qs — P],Pz) — iez Ur, (p1)Y}lUS1 (?]—Z\isé(qZ)'Y Vr, (Pz) ) (3111)

where s; (resp. 17) is the polarization of the incoming (resp. outgoing) electron, s; (resp. 17)
is the polarization of the incoming (resp. outgoing) proton.

The quantum mechanical probability for a scattering event with two incoming particles of
momenta q; and ; and F outgoing particles of momenta py,...,pr in the range d3p1 e d3pp
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is in principle given excluding the case where no scattering occurs, by:ﬁ]
iT

F

d3 ——

p(qth - {pf}) = HW?;EJ <p1>--'»pf|s —1 |q1)q2> |23 (3'112>
=1

where we have used the Lorentz-invariant measure, that we will denote by dITg, for the
outgoing particles. This expression as it stands is ill-defined as the incoming and outgoing
states are unphysical plane waves rather than physical wave-packets. A proper treatment
of the problem can be found in Peskin and Schroeder (p.102-108) and will be also studied
during the tutorials. Let us use here a slightly sloppy shortcut. We have

(P1y-- Pl Tlan, q2) = (270%™ (q1 + 42 — X pIM (q1, 42 = {p}) (3.113)

where the Dirac distribution, as discussed before, enforces momentum conservation. Squaring
this matrix element is certainly dubious; let us attempt to interpret it as:

?

[ pry-e Pl Tlan a2) | = (20%9) (g1 + g2 — X pr) (2)*69(0) [M (g1, 92 — {pe}) |-
—_—

Vol (R]v3)
(3.114)

This divergence due to the infinite "time volume” factor is the same as in the derivation of
Fermi’s golden rule in quantum mechanics. Inspired by this example we define a transition

rate per unit time and volume:

w (a1, q2 = {ped) = 2108 (q1 + @2 — X pe) |[M(a1, 42 — {ped) [T, . (3.115)

Differential cross-section. In a scattering experiment, the measurable quantity is the cross
section. Imagine an idealized classical scattering experiment as represented on figure |3.2

P2 — P1

Figure 3.2: Idealized scattering experiment

A beam of particles of type 2, with constant density p, and length £, is sent towards
a target made of particles of type 1 with constant density p; occupying a volume V;. We

"We have considered that the outgoing particles are distinguishable, otherwise the appropriate factor
should be added, for instance 1/F! if they are all undistinguishable.
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assume that the transverse area of the incoming beam overlaps completely the transverse
area of the target, and we work in the lab frame in which the target 1 is motionless and
the incoming beam moves at a constant and uniform velocity V). Let N be the number of
scattering events. The cross-section o is defined by the relation:

N = olp; x Vip;. (3.116)

Thus o can be interpreted as the effective area of the incoming beam of particles that scatters
off the target. Let n be the number of events by unit volume and unit time. It is given by:

n = opm|Vy], (3.117)

because the effective interaction time is given by £,/ H‘72LH In a quantum mechanical context,
the densities should be replaced by probability densities. With the same sloppy approach as
above we have for momentum states:

p

Sy 2 3) (A o 3
(pIp) = (2m)?2E,8%(0) — 2E, Vol(R?) (3.118)
Thus one can relate the transition rate (3.115)) to the cross section as:
w = 2E;2E, ||V} |0 (3.119)

This was established in the lab frame. A more general expression invariant under boosts
along the direction of the beam is given by:

w :2E12E2H\_)»1 —\72“0', (3120)

involving the relative velocity |[V; — V|| between the two sets of particles.

Again, a proper derivation using wave-packets is given in Peskin and Schroeder. The
final result is as follows. The contribution to the cross section of an outgoing state made of
F particles, with momenta Pi,...,Pr in the range d3p; - - - d3pr is given by:

1 : d*py
dG: V v 27-[46(4) + - M ) — Yooy 2
2Eq, 2E4, [[Vi — V| [1[ 2mE, 20 i+ 4 > pr) IM(d1,q2 = Piy..., PE)l

(3.121)

The Lorentz-invariant measure over the final state momenta dIT¢ has to be multiplied by 1/F!
if the final state particles are undistinguishable.

Whenever the final state contains two particle one can reduce the integral over final
momenta to an angular integral. In the center-of-mass frame, calling the total energy E .,
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one has

_ 1 d3p1 d3p2 3) (= . 5 ;) ™ 2
Jdﬂz -~ lem J \/ﬁ% +TTL% J \/ﬁ% —i—m%é (p1 —p2)6<\/p] +my+ \/pz +ms5 — Ecm>

1 J d3p1
= = = 5( P+ mi+ ﬁ%+m§—Ecm)
16m? | \/pF + miy/pt + m3 v v

:1617J'dQJ'\/( p*dp )6<\/p2+m%+\/p2+m§—Ecm>

p2+mi)(p? +m,

T | 10 e
- lem VP? M+ /P2 mBprrmie fp2emi=Een

Thus one finds the following result for the differential cross-section of 2 — 2 scattering;:

1 171l 2
1= 7 =% | 0. 3.122
O = 2K, 28, %1 — ]| TonlE,y, [* 14D 42 7 P p2) (3.122)

Total cross-section and the optical theorem. From the expression of the differential cross-
section ([3.121]), one can deduce the total cross-section for the scattering of two incoming
particles with any number of outgoing particles of arbitary momenta:

o:(q1,q2) = o(qi,q2 — anything) =

1 g " 2
2E,,2E ||‘71—\72||ZJH(_ZW)S_ZEf(ZT()6 (d1+ 42— X P IM(d1, 42 = Py, Pl
q1 q2 = 1

(3.123)

The right-hand side of this equation is very similar to the right-hand side of the optical
theorem, see eqn. (2.47)) in chapter . The only difference is the kinematic prefactor. In the
center-of-mass frame, it can be simplified a bit:

EQ1EQ2|W1 _\_;2” = EQ1quH\71H(] + qu/EQZ) = "q1’|Ele> (3'124)

where Eqy = Eq, + Eq, is the center-of-mass energy. We also introduce qoy = ||G1]] = ||q2||
and reach the classical form of the optical theorem:

ImM(qh q2 — qr, qz) = 2Ecuon GT(q1, qz) (3.125)

The LHS of this equation is the imaginary part of the forward 2 — 2 scattering amplitude,
the scattering amplitude for a 2 — 2 process with identical incoming and outgoing states.

*
* %
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After this long detour, let us come back to our Rutherford scattering process in QED. In
a typical experiment, the initial beams are not polarized, i.e. one should take an average of
the polarizations of the incoming spinors. Likewise, if the detector is not sensitive to the spin
polarizations, one should sum over the contributions coming all polarizations of the outgoing
spinors. One should replace then in the expression of the cross-section:

(M(dr, 42 = prypa)l — ZZ Z Z|M d1, 42 = p1,p2)l*

T T2
In the case of Rutherford scattering, one considers the following expression from eqn. (3.111)):

1 o I )
i 2 [ By (@)ve (52)v'vn (@)

T1,72,81,82
1
=5 2 W (F)viass, ()T, (@) v, (B1) Vs, (B2) ¥*Ves (92) V1, (62) 7"V, (P2) - (3.126)

T1,72,81,82

Now one can use the spinor identities:
N (@) (@) = dy e, Y v, (@2)95, () = 4, —my, (3.127)
$1 T2

so what remains to compute is:
(Z uT] p1 Yu (?h + me) Yy, P] ) <Z Vs, pz mp) YVVSZ <ﬁ2>)
T

Looking for instance at the first term in parenthesis, one realizes that it has the structure
of a trace over spinor indices a,b =1,---4:

D D W Maul =) (Z w Mab) = (p, +me)" May = Tr ((p, + me)M)
T ab a,b

with M =y, (q T me). The same applies of course to the second term. One obtains then
a simplier expression for the summed /averaged scattering probability:

i LY M= ( + Moy (d, +me) v ) T (7, = mp)v* (4, —mp) v') (3128)
In order to simplify this expression further, one needs few gamma-matrix identities.
*
% %k
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Gamma-matrix identities
Tr (y"' ---y**) =0 for any odd number p of gamma-matrices (3.129a)
Tr (vyY) =M™ (3.129D)
Tr (V'y"v*y?) =4 (M1 —n"™ +n*n™?) (3.129¢)
Yy, =4 (3.129d)
YRy = 27" (3.129¢)
Yy Yy =4 (3.129¢f)
YYo= =2y TPy (3.129g)

In order to prove property (|3.129al), one uses the cyclicity of the trace and the fact that
> anticommutes with all gamma-matrices:

Tr (YM - y*) =Tr (Y)yM - y) =Te (Vv - y*y?) = (=1)PTr (Y"1 ---ye) .
(3.130)

Property (3.129b)) was already proven, see eqn. (2.181]). Let us prove property (3.129¢)), one

uses similar arguments:

Tr (Y'y"y?y?) = Tr (20" —v"¥*)v*y") = 8" — Tr (v'y"y*v")
= 8" —Tr (v"(2n" —v*y")y?) =8 (""" —n* ") + Tr (v"v"v"y°)
=8 ("N — ") + Tr (v'v*(2n*° —vy"))
= 8 (M"' N — """ +1"N"°) — Tr (y*y v*y°) (3'131)

For property (3.129d)) we use

Yy + vy
YV = e =M™ =4, (3.132)

FEzercise: prove properties (3.129€3.129f|3.1294,).

*
* %k

After this second detour, we can finish the computation of the differential cross-section for
Rutherford scattering. Let us simplify:

Tr ((V‘] + me)yu (gh + me) YV) =Tr ((pg)'YD + me)Yll (q?yc + me)Yv)
= ﬁTI‘ (V}ﬂ/v) + p%)q?Tr (YpYchﬂ/v) =4 ((mé —P1- Ch)mw + Piudiv + P1vqr p) (3133)

In the same way, one gets that
T (9, — m)v* (4, mp) ") =4 ((m2 — - po)n™ +piay +p3a)  (3.13)
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Putting everything together, one finds that

ot
—_— 2— . 2 —_— . . .
4Z| ]33) (Z(me qi-p1)(m; —d2-p2) + dr - P21~ G2
+q1-dapr P2+ qr-pi(m —qi-p1) +p2- ga(mp — gz 'P2)> . (3.135)

A more compact formula can be obtained using the Mandelstam invariants. One has

s=(q1+q2)’ = (pr+p2) =mi+m +2qr- g2 =m; +m) +2p1 - p; (3.136)
t=(q1 —p1)* = (g2 —p2)> =2m — 2qy - p1 = 2m3 — 241 - P> (3.137)
u=(q—p2)’=(q2—p1)’ =mi+m, —2q; - pa=m} +m; —2q; - p; (3.138)

We can then replace

2(mi—qi-p)(My —q2-p2) + q1 - P2p1 - 42
+q1- Q2P P2+ qr-pi(mi—q; 'P1)+P2'Qz(m§—QZ'P2)
=12 T m2 4 m2—w) ] (m2 +m2—s)" 4 It (m2 - 1t) + 1t (m2 — 1t)
=1 (m2+md)* =1 (md+md)( shuw ) 58 )+ gt (mp 4+ mg)
2mZ4+2m3—t

=(m+m))t—3(m +m§)2 + H(s*+u?)

So we get finally:
4
%Z|M\2:2ti2< 4 (m3 +m)t—2(m§+mﬁ)2+sz+u2). (3.139)

We can now estimate the leading correction to the Rutherford formula (3.110)) as follows.
The 4-momenta of the particles in the center-of-mass frame are given, in the limit where the
proton is non-relativistic, by

qEL = (E>P5z) ) q; = (mpv_péz) ) Pﬁl = (Evpér) ) Pz (mp) pér)) (3-140)

with the scattering angle 0 determined by cos© = €, - €,. We have then

t=2m;—2q;-pr =—2p*(1 —cos0) = —4p?sin® § (3.141a)
u=m,+m —2q;-p; =m;+m; —2(Em, + p’ cose) (3.141b)
s:m§+m§+2q1-q2 m+m +2(m,E +p?) (3.141c)

Let us extract the leading terms in the expansion in the proton mass. We have
u? + s =2m) +4m? (m? + 2p’sin® § + 2E) + O(m,), (3.142)
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so that

4m]23t + 5% +u? — me, — 4m]23m§
m%ﬂ:’z

NS
=4m}(—4p’sin® § + m] + 2psin® § +2 B2 —m2) =8m;] (m2 +p’cos’§) (3.143)

we have then at leading order:

2
4Z\M| )f (m2+p?cos’9) (3.144)

9
2

What remains to be done is to evaluate the prefactor of eqn. (3.122. We have, in the limit
[Vi]l > [[V2]| and Ecp >~ my;:

1 1 N -1 .
2E,,2E,, %1 — o] 16mEen 4 myE[i[[ T6/Pm,  64m?m2 °

In terms of the fine structure constant o = e%/47t, one has then:

2
%
do = Ry (mZ+p?eos’§)dQ (3.145)
4p*sin” 5
This formula, which is a relativistic correction to the Rutherford formula (3.110)), is known
at the Mott formula. As you can see, even in this basic example, going from a scattering
amplitude to a cross section is very tedious!

Compton scattering. Compton scattering is the scattering of an electron, of momentum
p1 and polarization s, with a photon of momentum k; and polarization A. The scattering
amplitude contains contributions from the following s-channel and u-channel diagrams:

The corresponding scattering amplitude readsﬁ

V’1+}€1+m
s —m?+ie

iM(p1, ki — P2y k2) = —ie? 85*(]@) €x, (]21) (usz (P2)vu Y, (P1)

‘¢1—}€2+m

U P e

Yuls, (P1) ) (3.146)

8Pay attention that, between the two terms, the photon polarizations are contracted with different vertices.
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Let us make another consistency check. The amplitude should be invariant if we shift a
photon polarization, say the polarization of the incoming photon, by a term proportional the
its 4-momentum: . .

en, (ki) = e, (k1) + aky

as the extra term corresponds to a spurious external state. Ignoring the ie prescription, the
s-channel contribution to eqn. (3.146) is shifted by the term:

E;\lz* (]22) Us, (ﬁz)}/u (]?5] + K] + m) K, Uy, (ﬁ])
s —m?

=1, (F2) 4, (k) s, (1),

where we have used the identities

KK = vurvkHkY = %{vu, Y KK =K =0, (3.147)
as well as
(Pk+ mE) s () = (yuyy PHR+ mE)ws(p) = K (—p + m) us(P) +2k - pus(p),, (3.148)
—YvYu+2npv ;6

and finally s — m? = (p; + k1)? —m? =p? —m? + k¥ + 2py - ky = +2p; - k1.
In a similar way, the u-channel contribution to eqn. (3.146)) is shifted by the same quantity
but with an opposite sign:

E;\Lz* (EZ) Us, (ﬁz) K (¢1 — K+ m) Yuls, (ﬁ1>
u—m?

= —1t,, (F2) 15, (k2) s, (1),
where we have used that, thanks to momentum conservation,
s, (P2) ¥ (P, K +m) =1, (P2) K (P, — K +m) =2k - paiss, (P2),

and that u—m? = (p; — k1)? —m? = —2k; - p,. Of course, we would find the same behavior
under the shift €, (122) = Ex, (122) + k.

As in the previous study of Rutherford scattering, in most experimental conditions (i)
the beams of incoming particles are not polarized and (ii) the polarization of the beams of
outgoing particles are not measured. In this case, one should average over the former and
sum over the latter. The technology to do so for spinor polarization sums have been discussed
above; let us explain how to deal with photon polarization sums.

The scattering amplitude is contracted with one polarization vector for the in-
coming photon and one polarization vector for the outgoing photon, so we are schematically
considering matrix elements in polarization space of the form:

Mo, = ebr(ka)ey, (K1) My . (3.149)

As we have seen just above (and will demonstrate in full generality below), M, is necessarily
transverse, ensuring that unphysical polarizations decouple from the amplitudes:

MMy =0, KMy =0. (3.150)
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In principle, one should sum/average the modulus squared of the scattering amplitude ([3.149))
over physical polarizations, which means A, € {1,2} only:

(Mg, [ 5 Z Z | Mo, I = Ze (kz)ef (k Ze (ki)ex, (k) My M, .

A=1A=1 )\2 1 A =1
(3.151)
To simplify this expression, one notices that, thanks to eqn. (3.31]),

(sz(ﬁ) + s§(121)> My < KM,y =0, (3.152)

and similarly for the polarization of the outgoing photon. Hence one can add to the unphysical
polarizations to the photon polarization sums in (3.151)) without changing the result:

2 2
%ZZ\MMF: Z eh(ka)el, (ko) (—m*2 ™) Z e (ki)ey, (<) (- ™) My M, .
)\2:1 7\1:1 )\z,Kz—O 7\1,K1—0
(3.153)

Using the completeness relation ([3.25b)), it amounts to make the following substitution into
each photon polarization sum:

2
Y e Kef(K) — — > el (K)eb(Knet = . (3.154)
A=1

This will always be possible for scattering processes involving incoming and/or outgoing
photon states. As a result, we get in the present case that

Z Z [Mogn, P =P " M MG, (3.155)

A2=1A=1

Finishing the computation of the differential cross-section for Compton scattering from
eqn. (3.146]) involves a few more steps, including performing the spinor polarization sums,
and some tedious algebra, giving the following spin summed/averaged squared amplitude:

e A
45] $2,A1,A2 p1 .k1 p1 'kz pl .k'1 p] ’k'z p] 'k‘] p‘] 'kz
(3.156)

The resulting differential cross-section is known as the Klein—Nishina formula. This was one
of the first results of QED, published in 1928 [2].

3.3 Ward-Takahashi identity

In the previous example we have checked and used a very important property of the quantum
theory of electrodynamics: the scattering amplitude associated with any physical process is
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unchanged if we replace the polarization vector (" of any incoming or outgoing photon state
of 4-momentum k* by C* + ok*.

This looks naturally like a statement about invariance under gauge transformations
in momentum space. More precisely, since external states are definition on-shell, such a
transformation is associated with the residual gauge invariance present in the Lorenz gauge,
see eqn. as well as eqn. and the discussion above it for its quantum version.

It is crucial for the consistency of the theory that this statement holds in the fully inter-
acting theory, beyond tree-level, otherwise the decoupling of unphysical photon states would
not hold. Let us consider any contribution to the S-matrix associated with a QED scat-
tering process involving some external photon with polarization vector (" i.e. a scattering
amplitude having an external photon leg:

CM
kH

According to the rules of LSZ reduction for the electromagnetic field, this scattering amplitude
is necessarily of the form:

M(K,...) = "MK, ...) (3.157)

Stating that unphysical polarizations of all external states decouple from scattering ampli-
tudes is known as the Ward-Takahashi identity:

KM (k,...) =0. (3.158)

Related identities appear actually for any continuous global symmetry of a quantum field
theory. Several types of proofs of the Ward—Takahashi identities in QED can be given, as the
sophisticated diagrammatic proof given in Peskin—Schroeder (p. 238-242). We will give here
a simpler — but non-perturbative — proof, which will be revisited near the end of this course,
using path integral methods.

Let us consider a field theory having a global symmetry ¢(x) — &(x) + 0 (x) (here ¢
refers to any type of field). According to Noether theorem, one associates to such symmetry
a conserved current, see eqn. ({1.106]):

i*(x) = %&p —A*, 3,44 =0 (3.159)
n

Let us consider a time-ordered correlation function involving the current j* and a field ¢ and
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take its divergence. One has:

0w (QITJ*()d(y) 1Q) = 0 (Q (O(X° —y")* () d(y) +OY" — X" (y)i*(x)) 1Q)
0

= (QIT(9,3") X)d(y) 1Q) + (O [1°(x°, X), d(x°, 1) | 1Q) 5(x* —y°).
(3.160)

To simplify the discussion, we consider that neither 8¢ nor A" involve time derivatives of
the fields. One has then the equal-time commutator:

[170¢,%), (% §) ] = [7(x*, %), (% §) ] 8 (x) = —18 (X — §)8(x) - (3.161)

Assuming that current conservation 9,j* = 0 holds in the interacting QFT as an operator
equation (in the Heisenberg picture), one has:

0 (QAITJ* ()P (Y) Q) = =18 (x —y) (QI 5D (x) Q) . (3.162)

A similar statement holds for a correlation function involving more fields. For instance for
one current plus two fields, the time-ordered product looks like:

Ti*(x1)d(x2)P(x3) = O] —x3)O (X3 — x3)i*(x1)b(x2) P (x3) + permut. (3.163)

such that acting with a,ql will similarly produce Dirac distributions in the time variable
multiplied by equal-time canonical commutation relations. The final result looks like:

Ay (QI T (Y (x1) - - - b (xa) 1Q)

n

=—i) (QITdx) - Gbaldd(xe) -+ dlxn) Q) 8 (y —x) (3.164)
=1

Crucially, this statement does not hold if current conservation is not satisfied in the
interacting QFT. Typically, the computation of correlation functions in perturbation theory
will exhibit divergences that needs to be regularized. One should choose a regularization
method that preserves the symmetry, or in other words conservation of the Noether current;
if no such regularization method exists, the symmetry is said to be anomalous.

Similar relations involve the equations of motion of the fields. Let us consider for instance
an interacting QFT of a scalar field ® with arbitrary potential V(®). The classical equation
of motion, O0® + V/(®) = 0, should hold in the quantum theory as an operator equation for
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the Heisenberg field. Consider now:
Oy (QTO(Y)O(x1) - -+ D(xn) Q) = = (QAITAD(Y) D (x1) - - - D(xn) [Q)

+0y0 )8y’ —x{) (QIT [®(yo,T), D (yo, Xe) ] D (x1) -- Q) - D (xn) Q)
1 ~

+ 3,0 (QITD(Y)D(x) - - D(xa) 1Q)

= Q[T Q(Y)D(x1) - - O (xn) [Q)

+3,0 ) 8(y° =X (QIT [ D(yo, Ty Py, %) | @(x1) -+~ D] -+ D xn) 1)
=1 \ ~

—1603) (§—7¢)

So in conclusion we have proven that:

O, (QITOW)D(x1) - Dxa) Q) + (QI T V/(®) (y)D(x1) -+~ D) Q) (3.165)

n

=—1) (QITO(x) D]+ D(xn) 1Q) 5 (y —x)  (3.166)

(=1

The contributions to the right-hand side are known as contact terms as they arise whenever
the field at y collides with one of the other fields. Said differently, the equations of motion for
a quantum field inside a correlation function hold up to contact terms. Relations like
are known as Schwinger—Dyson equations. We will provide later a better derivation using
path integral methods.

As we have explained before, consistent coupling of a massless vector field to matter fields
is tied with the existence of a conserved current associated with a continuous U(1) symmetry,
see eqn. and below. The 4-potential A* obeys, for an arbitrary choice of "gauge” 3,
the equation of motion:

O,AY (an —(1- B)auav>AV = (3.167)

Let us consider a time-ordered correlation function involving a 4-potential field together with
other fields:
GH (Y, X1y -y Xn) = (O] TAR(Y)d(x1) - ) 1) . (3.168)

A scattering amplitude (*M,, with an incoming photon extracted from this correlation func-
tion by LSZ reduction involves, among other integrals,

i
VZ;

According to the reasoning before, one has:

G (Y X1y« vy X)) = (QIT (O AY) (y) d(x1) -+ - d(xn) [Q) + contact terms.  (3.170)

C“Jd“ye_ik'yﬂﬁvgv(y,x], ooy Xn) o (3.169)
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Contact terms cannot occur unless there is at least another gauge field AP in the correlation
function (since [AY, ] = 0). We assume this to be the case, otherwise the proof gets a bit
more complicated, especially if not using the Feynman ”gauge”ﬂ

Therefore, using the equation of motion for the gauge field, one can make the
following substitution within the scattering amplitude, i.e. within the fully LSZ-reduced
correlation function:

C“Jd“yeik'yDﬁvgv(y»Xn---,Xn) - C“Jd‘lye”"y (QITju(Y)d(x1) - d(xn) Q)

(3.171)
Consider now shifting the polarization vector C* by kM, where k* is the on-shell momentum
of the incoming photon. The extra term added to the scattering amplitude is of the form:

Jd“y e V(I Tu(y)---1Q) Z —in4y e %9, (Q|Ti*(y)---1Q) (3.172)

Now, using eqn. ([3.164)), this gives:

—in‘*y e ™Y [ (QIT (8,j")(y)---1Q) + contact terms.

=0

The contact terms will not contribute to the full LSZ reduction of the correlation function. To
show this, assume for simplicity that the variation under the symmetry is linear in the field:
dd(x) = cdp(x) (which is the case both in spinor and scalar QED). For an outgoing scalar
particle associated with ¢(x1), one would have a contribution to the scattering amplitude of
the form:

Jd‘*m e (0, +m?) Jd‘*y e QTP (%) ---1Q) 8W(y — x1)
= —c(pi—m) Jd“m e P QI T d(x1) -+ Q) (3.173)

This expression has formally the same structure as a step of the LSZ reduction involving
an outgoing state, but the momentum in the Fourier transform is shifted from the on-shell
value p; to the off-shell value p;—k. Therefore this term does not have the right pole structure

9Essentially it goes as follows. If we start with (T AY(y)AP(x1)---) without other gauge fields, the contact
term gives iCP [ d*ye (T d(x2) - )d(y—x1) = (Pe ™1 (T d(x2) - - - ). Next we Lsz reduce w.r.t. AP(x7):

(Td(xz)---)C°CP Jd“x] e M e R — (T p(xa)--- )P Jd“x] e 1R (12 (1= Bkek,)
~(Thx2) )8 (k+k)(1—B)C-K)(C- k)

This is a disconnected component of the S-matrix hence it will not contribute to the scattering amplitude after
we reduce w.r.t. the other particles (whose on-shell momenta were chosen in compliance with momentum
conservation in the connected diagram).

164



Quantum electrodynamics

to cancel the inverse propagator and will not contribute to the scattering amplitude through
LSZ reduction.

In conclusion, replacing the polarization ¢* of an external incoming photon by " + k",
where k* is the on-shell momentum of the photon, does not change the value of the scattering
amplitude M = (*M,, because k"M, = 0. Of course the same applies for an outgoing
photon. O

3.4 Radiative corrections

Tree-level processes like those which we considered above receive an infinite number of quan-
tum corrections, involving loops of photons and electrons. As in the ¢* theory, those correc-
tions generally suffer from UV divergences at large loop momenta, thus should be regularized,
leading ultimately to a renormalization of the fields and of the couplings as we have sketched
in section. [2.2] The loop corrections to QED are historically called radiative corrections.

Compared to the ¢* theory, there are two important novel aspects in theories with gauge
interactions like quantum electrodynamics:

1. Gauge invariance, through the Ward-Takahashi identity, will impose exact relations
between the various divergences appearing in perturbation theory, thus corresponding
relations between the values of the counter-terms in the renormalized theory.

2. Besides UV divergences, the loop corrections suffer from IR divergences at low mo-
menta, because the photon is an exactly massless particle. These divergences are of
completely different nature. IR divergences associated with a given scattering pro-
cess are ultimately cancelled by other Feynman diagrams corresponding to scattering
processes indistinguishable physically from the former one.

QED counterterms. First, let us define, in the usual way, the parameters Z; and Z3 as the
normalization of the one-particle states, respectively for the electron and for the photon, in
the interacting theory, i.e. the residue near the one-particle pole:

) _ Pzﬂm%ms iZz (V’ +m )
d*x eP* (Q TY()Y(0) Q) ™~ LI (3.174a)
2 2
P — Menys
k2—0 .
. —iZm"
Jd“x e* ™ (Q TA*(x)AY(0) Q) ~ 1k—§“ (3.174b)

The factors Z, 3 are not physical, but appear nonetheless in the computation of the scattering
amplitudes through the LSz formulae: every external leg for an electron (resp. for a photon)
multiplies the fully amputated diagrams by a factor of v/Z, (resp. by a factor of \/23) They
may (and willl) contain UV divergences.

Instead of the fields W and A¥, one can use renormalized fields Wy and Ak, defined by the
redefinitions

V=VZ,¥,, At=VZ;AY, (3.175)
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in terms of which:

. B pz_ml}%m's o Z Z + PHY
Jd“x (O] T ()T (0) Q) ~ 2/p 22)_(?“2 Mews) (3.176a)
PHYS
K2—0 . v
. —i(Z3/Z3 ™
Jd“x e* ™ (Q TAL(X)AY(0) Q) ~ ‘(3]1—23)” (3.176b)
One can choose: . .
Z)/Z, =1, Z3/Z3=1, (3.177)

in order to remove the need of the v/Z factors in the Lsz formulee. Choosing a different
normalization of the renormalized fields is perfectly fine, as long as (i) the divergences present
in /Z, and \/Z3 are absorbed in the redefinition of the fields and (7i) the LSz formulse are
modified accordingly.

Let us look at the kinetic term for the Dirac fermion first. Starting from the bare La-
grangian density, we write

L, =Y(id —mo)¥ =¥, (id — m) ¥, + 5, ¥, id¥, — SmW, Wy (3.178)

where

62 = Zz — 1 y dm = szo — m. (3179)
Hence we have two counter-terms, one for the wave-function renormalization discussed above
and one for the mass. We will impose that m is the physical mass of the electron — or at
least differs from it by a finite quantity.
Next, let us consider the bare QED vertex. We decompose the interaction Lagrangian
density of QED as follows:

where

86] =V 232260 — € = 6(21 — 1) . (3.181)

Intuitively, we would like to impose that e is equal to the actual value of the electron electric
charge, as measured in experiments. However, as we shall see, the value of the electric charge
is dependent on the energy scale, thus we will have to set its value at some given scale.

No mass counter-term should be considered for the photon, since such term would destroy
gauge invariance. Ultimately, the presence of counter-terms is dictated by the structure of
the divergences, which will have to be compatible with the absence of such counter-term.
Finally, to write the wave-function renormalization counter-term it is useful to rewrite first
the kinetic term as:

Ly=—iFuF" = —%au/\v(a”\” —"AY) = —%aHAV (n¥Pa" —1*3%) A,
8P _%Av(avap _HVpauau)Ap + au( . ) ’
1 1
= —3A(0v0p —Mpdud*) AL — 583 AL (9,9p —vp0ud¥) AL, (3.182)
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with )
60 =275—1. (3.183)

The four new vertices associated with the QED counter-terms and the associated Feynman
rules are summarized on figure [3.3]

Electron mass counterterm -~ 0> —idm
Electron wave-fct counterterm — > ip b,
Photon wave-fct. counterterm L AANANOANNANNN VY —1d3 (n*“’k2 — k”kv)
QED vertex counter-term —ied; y*
n
(3.184)
Figure 3.3: Counter-terms for renormalized QED.
To summarize, we have split the Lagrangian density in three parts:
_ 1 _
L=V, (id —m)¥, — ZF@ + — e Aty Wy
free vertex
_ _ 1 _
+ 85, WL idW, — domV, W, — ZégFg —ed AMYy, W, (3.185)

"

NV
counter-terms.

The value of the four parameters 81, 0;, 63 and dm are determined order by order in pertur-
bation theory by the renormalization conditions. The overall strategy is:

1. consider all the 1PI, resummed and amputated diagrams containing UV divergences.

2. use the renormalization of the fields by Z; and Z3 in order to absorb two linear combi-
nations of the diverging factors.

3. impose renormalization conditions on e and m in order to absorb two more linear
combinations of divergences.

In QED there are just three such diagrams (at least at order e? in perturbation theory) that
we will examine in turn:

1. the self-energy of the electron,
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2. the self-energy of the photon,
3. the QED vertex.

It seems an embarrassment of riches as we have four counter-terms available for only three
divergences! As we shall see, two of the counterterms are actually tied to each other.

3.4.1 Electron self-energy

Let us start by studying the loop correction to the electron propagator. As we did for the
scalar field, we define the self-energy —1X(p) as the amputated sum of all 1-particle irreducible
contributions to the electron propagator, such that the full propagator is of the form:

This Dyson series can be resummed as:

. ip+m) &/ | ip+m) \' i(p +m)
Delp) = pP—m?+ie % (_12(?’)]92 —m?+ ie) S pl—m2—L(P)(p+m)+ie
(3.186)
Using the identity:
P+m)p-—m) =pp—m’=p°—m?, (3.187)

the propagator (|3.186)), without the ie prescription explicit, can be rewritten as an inverse
matrix: .
A 1

D: = .
P = )

Let us understand in more detail the structure of this expression before stating what the
renormalization conditions are. By Lorentz invariance, () has to be of the form:

(3.188)

Z(p) = f(p?) + g(p*)p, (3.189)
such that the propagator (3.188]) can be rewritten as:

By (p) = i (1—g(p?))p +m+ f(p?) .
P (1—g(p?)*p? — (m + f(p2))’
2

According to LSZ, we expect a simple pole in the variable p? at p? = m?, .,
the physical mass of the electron.

It is natural (but not compulsory) to choose to identify the parameter m in the renormal-
ized Lagrangian with the physical mass m;;ys, and impose then the on-shell renormalization
condition:

(3.190)

where Mpyyg 1S

g(m?) = f(m?) = 0. (3.191)
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Formally, since p?> = pp, this could be summarized as:
2P|, =0- (3.192)

This notation, which is used in most textbooks, is rather sloppy as the matrix p is traceless!
The proper way to understand this expression is that p = m does not mean exactly going
on shell, but rather substituting m for p in the expression of Z(j). A more correct notation
would be:

Z(yﬁ)}p_)m =0. (3.193)

Next, according to the Kéllén-Lehmann representation for Dirac fermions (see the tu-
torials), we expect that the propagator of the renormalized electron field behaves near the
single-particle pole like:

2 2

A P A(Zy/2))(p+m)
where ¥ = \V/Z, ;.. Starting from ((3.190)) it means that:
d 2\\2.2 27\ 2 ! ZZ
ap? ((1 —g(p?) " — (m+f(p?) ) e = 7, (3.195)
which implies that 5
1—2m?g'(m?) —2mf'(m?) = Z,/Z,. (3.196)

The natural (but by no means unique) renormalization condition we would like impose is
that .
4,/Z, =1, (3.197)

such that there are no 3, = Z,/Z, factors for external legs in scattering amplitudes, i.e.
in/out electrons come just with factors u or i rather than /3;u or \/3;u. Schematically, one
has

Z, =1+ «(l-loop) + -+ Z,=1 +O(5£1)+"‘ , (3.198)

such that 69) is chosen to absorb the one-loop correction, and so on. The condition 1)
translates into:

mg’(m?) + f'(m?) = 0. (3.199)
Since
dx(p)  df dp*> dg dp? , /

Since in renormalized perturbation theory X () containing both the contributions of the loop
and of the counter-term, the condition (3.199)) can be rewritten (with the same reservations
as before) as:
dZ
ﬂ’ ~0. (3.201)
dp lp—m
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To summarize, the on-shell renormalization conditions that we choose to impose on the
electron self-energy are:

B dz(p) B
Z(V’)\wm =0 , A by 0, (3.202)

The leading contribution to the self-energy of the electron appears at order e? = 47mx. It
corresponds to the Feynman diagram:

k—p
—>
k

—

P

—>

P

We have then:

iy (o2 [ MY —in

—iX(p) = (—le)ZJ T W —mT i (k_p)2u+ = + oY (3.203)
_ o[ 4 YK+ m)y, ]

- J(Zﬂ)“ (k2 —m2 +ie) ((k—p)? + ie) + 0(e) (3.204)

At large loop momentum, the integral behaves like [ dk, leading at first sight to a linear diver-
gence that will be taken care of by regularizing the integral, as was done in subsection [2.2.4]
for the Klein—Gordon self-energy.

Infrared divergences. The integrand of eqn. has also a non-integrable divergence
for k —p — 0, because of the massless propagator of the virtual photon in the loop. This
type of divergence, which occurs at the low momentum/energy end of the loop integrals, is
known as an infrared (IR) divergence. The origin of this type of divergence, is completely
different from the origin of UV divergences. It is not due to our lack of knowledge of the laws
of physics at very high energy, but rather due to the physical limitations of any apparatus
used in an experimental setup, thereby to limitations in the measurement process. Consider
a QED process involving an outgoing electron leg:

> Ml Y= 1py3)

(3.205)

170



Quantum electrodynamics

Imagine now a similar process, where the outgoing electron emits a photon after having
interacted with all the other particles:

N

> Mz({}ﬁ{]?,k,})

(3.206)

Compared to the previous type, this type of amputated diagrams has an extra propagator
with a singularity structure

]
D~ e e (PRI mE=pt k4 2k p - m? = 2k p,

since both 4-momenta p and k are on-shell. In the experimental context, outgoing particles
are detected with some apparatus that cannot detect events below a certain threshold of
energy Ey,n. In practice it means that, if we would like to compute the transition rate
associated with some process , we should add the contributions for all associated
processes like involving extra low-energy soft photons, with k® < E,u, since one
cannot distinguish them experimentally one from the other. While the former contributes
to the transition rate with |[M;[?> (dressed with the suitable phase space factor), the latter
contributes with terms like [M;[*>. As we have seen, processes with soft photons have extra
factors in 1/k - p, that will diverge in the soft photon limit k® — 0*.

One can show that these divergences cancel precisely the infrared divergences of loop
corrections. Since each extra soft photon leg adds a factor of e* to the probabilty, divergences
from diagrams with different number of loops can actually cancel each other. For more details,
see for instance Peskin—Schroeder (p.199-209).

Electron self-energy at one loop. Since we understand the origin of IR divergences, we can
regularize them without fearing of missing some important physical property. We add then
a fictious mass parameter v to the photon, giving

d*k YK+ m)yy
(2m)4 (k2 —m?2+ ie) ((k —p)—vi+4 ie)

Zl-LOOP(V’) = —iQZJ (3.207)

171



PART 3. QUANTUM ELECTRODYNAMICS

To handle this integral, one can first simplify the denominator using the Feynman parametriza-
tion. It starts from the elementary identity:m

1 1 dx
AB L (xA+ (1 —x)B)*’ (8.208)

More generally, one can show that:

1 ‘ dx; - - - dxy
L —— . Y 5 Xy — 1 2
A] An (n ) JO (XlAl + - +XnAn)n (X1 N X ) (3 09)

In the present case, starting from eqn. (3.207]) one obtains:

1 ! dx
(k2 —m2+1ie)((k—p)2—v2+ie) Jo (x(k—p)2+ (1 —x)k2—xv2 — (1 —x)m? + ie)’
(3.210)
rl

- dx -~ (3.211)

Jo ((k—xp)?—A+1ie)

where we have completed the square and defined

A=xv+ (1 —x)m? —x(1 —x)p°. (3.212)

Thus, the expression (3.210]) looks like the square of a propagator with shifted momentum
k—xp and mass squared A. With the change of variables { = k—xp the integral eqn. (3.207))
becomes:

]d J d*¢ Y +xp+m)y, (3.213)

2m)* (22— A +ie)?
The numerator can be simplified using gamma-matrix identities of the kind considered before.

Since we will ultimately use dimensional regularization, let us consider that the dimension d
of space-time is arbitrary. We have

R —iezj

0

V. 1 v Vv
Yy =v Y e = 5 1V Y e =0 = d, (3.214a)

VY'Y= 20 =Yy v = 2 - Ay (3.214b)

So we have, in d =4,

] 2

2m)* (02— A+ ie)? (3.215)

Z1roor(p) = —iezj

0

10T show this, one writes

s ) A J’*dzx—z-% f dx
AB  A—-B\B A/ A—B)Jg 22 0 (xA+ (1—x)B)* "
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By isotropy, [ d*¢f(€2)¢" =0, so the linear term in the numerator can be dropped, giving a
loop integral with a softer UV behavior (logarithmic rather than linear divergence):

(! d4¢ 1

Since this integral has a similar pole structure in the complex £°-plane as the loop integral
with a single propagator, one can perform Wick rotation by defining € = %, giving the
Euclidian integral:

1 4
d*¢ 1
21 toopl ):ezj dx (4m — 2x J = 3.217
This integral is still divergent in the UV. We will regularize it using dimensional regulariza-
tion. Let us remark first that:
e As in ¢*, one needs to introduce an arbitrary mass scale u to keep the coupling e
dimensionless.

e The gamma-matrix identities (3.214]) used at the previous step depend on space-time
dimension d, so the formula (3.217)) has to be modified accordingly.

This understood, one has

: di, 1
80 (p) = ezm“‘J dx (dm + (2= d)xp) J (28 (&2 + A)?

(3.218)

The integral over the Euclidian momentum £; is done in a similar way as below eqn. (2.217)).

One has

d 22, [ i
I, :J ded; - T az4J u du2 (3.219)
(2 +A)  T(d/2) o (W+41)
Next we make the change of variables t = 1/(1 4+ u?) giving
27Td/2 d—4 1 ! d—4
Ig= A7 = | dtt"Y?(1 -V =n¥2A7T(2-d/2 22
T T zL (T—1) mPATTT(2-d/2) (3.220)

Overall, in terms of € =4 —d, one obtains the following expression for the one-loop correction
to the electron self-energy:

2

1
I roor(P) = 12712 (47) e L dx ((4—e)m — (2 — e)xp) A</ (e/2) (3.221)

Using eqn. ([2.222)) this can be expanded in powers of € as:

¢ ! . . 2 4mre Y u?
Zl—LOOP(V) — Z’[ JO dx ((2 — E)m— (1 — E)X‘Vf) (E +In <T) -+ O(e()) )
3.222
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In the € — 07 limit, one gets a divergence from the 2/€ factor as well as several finite
terms.E Unlike in ¢* theory, the one-loop contribution to the self-energy is a (rather com-
plicated) function of the momentum p, which appears in (3.222)) both directly and in A, see
eqn. ([3.212).

Pauli—Villars regularization. Dimensional regularization is today the most common regu-
larization method used, but it is by no means the only one. Any regularization that preserves
the symmetries of the theory is admissible, and will not affect the physical outcomes of the
theory. Another common method is called Pauli-Villars regularization: the idea is to sub-
stract to the photon propagator a fictious propagator with a very large mass parameter M.
In the original expression for the one-loop correction we replace:

1 1 1

_ . 22
(k—p)2—vi+ie — (k—p)2—vi+ie (k—p)?—M?+1e (3.223)
Following the same step as in the previous computation, we replace eqn. (3.217)) by:
2¢2 (! o 1 1
X = dx (4m — 2x J 0 de —
1LOOP(p) (47.()2 JO ( Vj) 0 EVVE <(€§+A)2 (e%-l-Am)z)
62 1 AM
= 4m—2 In{— ). 224
e |, Gm =2 () 220
where
Ap = xM? 4+ (1 —x)m? —x(1 —x)p?. (3.225)

In the large M limit, one can then re-express the result as:

2 1 MZ 2
Zraoon (Pl = 7 4‘;)2 L dx (4m —2xp) <1n (Xuz ) tn (”Z)) , (3.226)

where p is an arbitrary mass scale. Compared to the computation of the self-energy using
dimensional regularization, see eqn. ((3.222)), the divergence occurs as a In M?/u? factor rather
than a 1/¢€ factor.

Renormalization conditions. Let us go back to expression of the one-loop correction ob-
tained using dimensional regularization. The full correction to the self-energy at order o
is given by the sum of the one-loop correction and the counter-terms (electron mass and
wave-function renormalization):

—iX(p) = — m >— + >—0—> + >—O—> + O(a?)

> > >

HThe factors (2 — e/2) and (1 — €/2) should be kept, as they give finite terms in this limit.

174



Quantum electrodynamics

We impose first on this sum of three diagrams that:

d

d €
@Z(p) \wm =5+ —X (P) ‘wm +0(e?) =0, (3.227)

dV’ 1-Loopr

ensuring that no v/Z, factors appear in the computation of the scattering amplitudes at this
order. At least in principle, this equation can be solved for 6, at order « using the expres-
sion ([3.222)). Given the structure of this expression, &, will be a function of regulator €, of
the physical mass m, of the mass scale u and of the physical coupling constant .

The second renormalization condition we can impose at order o« in perturbation theory
is that the parameter m in the renormalized Lagrangian density (3.178]) is the actual mass
of the electron, corresponding to the one-particle pole of the LSZ propagator. It leads to the
condition:

Z(p) ‘va =5m —mb, + ZT-LOOP(V’)!?W +0(e?) =0. (3.228)

As before, this condition can be solved in principle for the mass counter-term parameter
dm at order « from eqn. . Then dm would be given as a function of regulator €, of the
physical parameters m and o« and of the scale 1. Notice that, unlike the mass renormalization
in ¢* theory, see eqn. , the one-loop correction to the mass term is proportional to the
mass parameter m, hence vanishes in the massless limit m — 0; one says that the massless
nature of the field is protected against quantum corrections. This can be understood by the
existence of a new symmetry in the massless limit. A massless Dirac fermion is equivalent
to a pair of Weyl fermions of opposite chirality. The U(1) global symmetry of the Dirac
Lagrangian is then enhanced to U(1) x U(1), the second U(1) factor acting, in the Dirac
representation, as ¥ — exp(iy’0)V.

Crucially, the singular part of the one-loop correction to the electron self-energy ((3.222))
has exactly the right form to be absorbed into the coefficients of the electron mass and
wave-function counterterms (which are constant coefficients, not functions of p):

. o 2 x 2 mo 2
Zl'LOOP(Vj”SING. = _ET(V’ _4m)z = 62‘SING. =—— 5TTL|SING' -,

4 e T €
(3.229)

It is important that this structure persists to all orders: the parameters of the four
counter-terms that we have defined, see fig. [3.3] should be able to absorb all UV divergences,
appearing in any diagram, at any order in «. If this is the case, the theory is said to be
renormalizable. Beyond the divergent parts, the finite parts of the counter-terms are an
arbitrary choice, that should not impact the physical quantities. We will provide a more
thoughtful discussion at the end of the chapter.
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Minimal substraction and M S renormalization schemes. If we demand that the parameter
m in the renormalized Lagrangian density is the physical mass of the electron (and
that the residue of the pole is one), we have to solve eqn. for 6m and 8Z in the
regularized theory, where L¢(pp — m) is a complicated function of the mass, whose leading
one-loop contribution is given by eqn. (3.222)).

If we want to understand the structure of the singularities of perturbation theory, or if
we want to see how the couplings depend on the momenta through loop effects, it is much
simpler to use renormalization corrections that just make sure that the mass parameter m is
finite.

Instead of just absorbing the singularity, which is called the minimal substraction scheme,
one can also absorb the "universal” factors of dimensonal regularization, leading to what is
known as MS scheme:

X mx

2 2
52|m = _E[ (E + In (4T[€_y)) N 6TTL|m = —7 <E + In (4T[€_y)) . (3230)

The price to pay for this simplification is two-fold: (i) there is a finite renormalization
of the external states contributions in the Feynman rules and (%), more importantly, the
parameter m, although finite, is not the physical mass of the electron.

The mimimal substraction scheme is also very useful whenever we consider that the elec-
tron is a massless particle. In this case the on-shell renormalization conditions are ill-defined,
because there is a continuum of states starting at p? = 0. While it is not completely transpar-
ent that applying the renormalization conditions with m = 0 to the expression
leads to a problem, because of the regularization of the photon IR divergence, it is more ob-
vious e.g. in massless ¢* theory.

In the MS scheme, the parameter m is the solution of the implict equation:

Z(V’)‘ = Mppys — M, (3.231)
P—Menys
at a given order in the perturbative expansion. Crucially, with the mass counter-term co-
efficient dm set by the MS renormalization condition, this equation has a smooth € — 0
limit.

Let us evaluate this expression at order . At this order, one can replace Mpyys by m in
Y, since the error made is next order. We have then:

x

I (—1 + J] dx (2—x)In (pz/A)>) , A=mi(1—x)?++v*. (3.232)

Mppys = M (1 + > .

Of course, the physical mass should not depend on the arbitary scale u, so m and o« should
be ajusted accordingly. Assuming that the variation of the coupling e is next order (we will
prove it) We arrive to the equation:

deHYS d 3x 2 def. 1 dm 3x 2
- - — y(m) = — =—= . (32
dln 0 dlnu—l-zﬂm—i—(?((x) y(m) mdlnp 27T+(’)(oc) (3.233)
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3.4.2 Photon self-energy

Next we consider the corrections to the photon propagator. Before computing the one-loop
corrections one can derive general results using the properties of the theory.

Gauge-invariance, through the Ward-Takahashi identities, constrains indeed severely the
form of the corrections to the photon propagator. Let D*V(x—y) = (Q| T A*(x)A*(y) |Q) be
the full Feynman propagator of the interacting theory. Schematically, it can be decomposed
as:

vV = L enn v v IIINe YV + |

Because any perturbative correction to the propagator should begin with a QED vertex,
i.e. the propagating photon creating a virtual electron/positron pair. Let D,y be the free
photon propagator. The diagrammatic identity above amounts to the equation:

D¥(x —y) =D"(x—y) — in4zD”p(X —z) (Q[Tj(2)A"(y) Q) , (3.234)

in terms of the QED current j°(x) = eWy*W¥(x). Taking the divergence of this equation gives:
0 D" (x —y) = 0, D" (x —y) — in“z 0D (x —z) (QTj,(2)AY(y) Q)

= 0w DW(x —y) — in“z D" (x —z) 0. (Q| Tj,(2)AY(y) Q)  (3.235)

In the Feynman "gauge”, since D** o n*?, see eqn. (3.56)), the integrand of the second term
contains

00 (QITJP(2)AY(y) 1Q) = (QIT (3,§°(2)) A (y) Q) —i(QI8AY(y) Q) 8V (z —y) =0,
-0
using the Ward—Takahashi identity (3.164)) for the QED current and the fact that the photon
does not carry an electromagnetic charge. Thus we have:
0, (D*(x) — D" (x)) =0. (3.236)

In other words, the sum of all corrections to the photon propagator is purely transverseEl

12The same holds in any other ”"gauge” (; indeed, leaving aside the ie prescription, the contributions of
the extra terms involve:

kHkP . kP .
Jd“z Oy J'dzlk?e—lk‘(x—Z) <jp(z) .. > - _in4ZJ'd4k@e—1k‘(x—z) <jp(z) .. >

1 . 1 .
= —Jd4zjd4kﬁazpe_1k'(x_z) Golz)--) & Jd“sz“k @e—“@(x—z) 3°(jolz) -+ ).
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This important point understood, we introduce the photon self-energy ilT*¥ as the am-
putated 1PI contribution to the full propagator, which is known as the vacuum polarization
of the photon, due to virtual electron/positron pairs. As in the previous case, the latter can
be expanded as in momentum space as:

k—
PYV VYN N + + -
n v

Crucially, the transversality of the full correction to the photon propagator, see eqn. (3.236)),
enforces that:

[ KT (k) = 0. (3.237) ]

Indeed, one has schematically:
K, (@W - EW) o K D¥TT,q (DW + D T, D™ + - ) (3.238)
From the expression of the free photon propagator in momentum space:

A A+ /B -155)

D" (k) = 2 , (3.239)
one deduces that: 1
. —

KDl (1) = 2 KT () (3.240)

So, the expression between parenthesis being non-trivial, k°TT,s(k) = 0. By Lorentz covari-
ance, TT" can only involve the tensors n* and k"kY. The transversality condition implies
that it is necessarily of the form:

(k) = (K" — k*KY) TT(K?) . (3.241)

We expect TT(k?) to be regular at k* = 0. For instance, a simple a pole would correspond to
a intermediate one-particle massless state, but such that is not expected to appear in QED.
The only massless particle, the photon, is only created together with an electron or positron
due to the structure of the QED vertex, as in this example:
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Let us introduce a projector on transverse 4-vectors:
PH (k) = 8%, — k'K, /K%. (3.242)

It satisfies naturally P¥ PP, = P¥  as well as P¥ k? = 0. In term of this projector, one has:

T, (k) = KATT(K?)PH, . (3.243)
The full propagator can be then written as:
. Kk
N —1 (n},ﬂ/—i_(%_]) £2V> -Ln —1
— Hpq 2 2 o Wov
Duv(k) - k,z + kz k n(k )Pp T
T]HP 2 2 o T]UT 2 2\pTV T]UV
——— Kk~ (k")PPC ———k-1IT(k")P
+ IR ()PP DR () P 0
_iPpw _i'nup ( 2 242 i kky
= TT(K2)PP, + TT(k2)? PP P* .--)—— ! 3.244
P?,
In this form, in it easy to resum the whole Dyson series, giving:
A v — kuky/K? ik, ky
Dyy(k) = —i M huk/l Ly (3.245)

O-mE))k B K

The propagator takes a simpler form for f — oo, known as the Landau "gauge”.

From eqn. we learn that, as expected by gauge-invariance, the photon remains
exactly massless, thus no mass counter-term for the photon — which would break gauge
invariance — is needed to renormalize the theory. The full photon propagator as a pole at
k? = 0, with residue: :

1—TI(0)
in the renormalized theory. We would like to impose then for convenience the renormalization
condition:

= 73/73, (3.246)

o) =0, (3.247)

to avoid 33 = Z3/ Zg factors in the Feynman rules.
Finally, thanks to the Ward-Takahashi identity one can also check that the terms in k*k”
in the propagators of internal photon lines do not contribute to the scattering amplitudes.

To prove this one has to notice that, within any perturbative contribution to the amplitude,
the fully corrected photon propagator is necessarily sandwiched between two QED vertices:
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As a consequence, the correlation functions contributing to the scattering amplitudes are
schematically of the form:

G~ Jd%d“y DR (x — y) (QI T (i (y) - - 102) . (3.248)
Let us consider a shift:
d*k . . d*k .
DR (x — ) — PV () et (x-y) P (x — J —ebyl e (2 )kHKY L (3.24
(x=y) = | G D9 0 oy DR (x—y) 4 [ 5 S ORI (3249)

where f(k?) is arbitary. The contribution of the new term involves:
kHJd“x e QI Tju(x)---1Q) = —in“x e * XM (QITiu(x) - --1Q) (3.250)

By the Ward-Takahashi identity, the RHS will only give contact terms, that will not contribute
to scattering amplitudes as in the previous cases. Therefore, for the purpose of computing
scattering amplitudes one can replace for the internal photon lines:

T _111 j1eY

Photon self-energy at one-loop. At order « in perturbation theory, the photon propagator
receives a fermion loop correction associated with the amputated diagram:

P

—

p+k

Taking into account the extra minus sign for the fermion loop, we get:

ey d*p  Tr (yM(p + m)y'i(p + K+ m))
HMoor = _(_16)2J 2 (pr—m2+ie)((p L k12— m? +ie)

(3.252)

The numerator can be simplified using the gamma-matrix trace identities. One has:

Tr (Y +m)y*(p + K +m)) =Tr (yry*) m? + Tr (y*y*y*y°) po(p + K)o
= 4m " +4 (M"Y ="+t po(p + K)o
= 4n" (m>—p- (p+Kk) +4 (PP + k)" +p " (p+K)") . (3.253)
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Regarding the denominator, we proceed as in the previous calculation:

1 ! dx
(p2—m?+1ie)((p + k)2 —m? +ie) Jo (xp2+ (1 —x)(p + k)2 —m? + ie)2 (3:254)
! dx

0 ((p + (1 —x)k)z—i-xﬂ —x)kz—m2+ie>2

So that one can definie
A= —x(1T—x)k?+m?, (3.255)

and shift the loop momentum in (3.252) to get:

oy ‘ d*e 1 y
T gop = —4€? L dXJ On) (@ — AT ie? (n“ (m2 — (L+ (x — k) - (£ +xk))

+ ((€ —(1T—=x) kK"l +xk)+(L—(1T—x)k)"( +xk)”)> (3.256)
The expression can be simplified using that, by isotropy:
2
Jdd(’,f(ﬁz)(’,“ =0 , Jddﬂf(ﬁz)ﬂ”ﬁv = Jddef(ez)%nw . (3.257)

The coefficient of proportionnality in the second identity is obtained by contracting with the
metric on both sides. After a Wick rotation and going to d dimensions, one gets:

v ‘ die, 1
HT—LOOP = _4ezu4_dj dXJ (27‘()‘1 (32 + A)z np\/ (mz + eé + (] — X)X kz)
0 B

+2 ( 2 /d — x(1—x) k“kv)>

! dde, 1 N y
= —4ep? dL de 208 (@1 AP (n“ (Mm*+(1-2/d) G+ (1—x)x k*) —2x(1—x) k"k ))

(3.258)

We have two type of integrals over Euclidian momenta. One was already computed, see

eqns. (13.219}3.220f), the other one gives:

dde gé 2 Ad/Z—Z o) u'd+1 du 1 Ad/2—1 1
J(Zﬂ)d (€ +A)2  T(d/2) (4n)4/2 L (u?+1)2  T(d/2) (4ﬂ2)d/zj
1 Ad/Z—] d Ad/Z—]

= Frar) Gy (2T = d/2) = S s

x Y21 —x)¥2dx

0

F(1—d/2). (3.259)
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So overall one gets:

o 4e2pt—a
M oor = " Ama

Nle

f dx AY*2 ( M (M + (1 —x)xk?) —2x(1 —x) kK"K T(2— &) + (
. \

—N)r( - g)nm>
)
4e2p~47d 1 ’
= —WF(Z — %) J dx AY?2 (T]‘W(m2 + (1— x)xkz) — 2x(1T —x) kMKkY —n*“’A)
(3.260)

Now let us plug in the expression of A, eqn. (3.255]); then eqn. (3.260|) simplifies significantly
to (with o = e2/4m):

wv 862}14_(1 d ] d/2—-2 2 wv TSP
Moor = | ——=35T2—9) | dx(1—x)xA (kK*n*¥ — kMkY)

(47t)9/2 0
2x 2\¢€/2 1 —e/2 2wy v
= (_?(mu) M(e/2) L dx (T —x)x A~/ ) (kKM — k*kY) (3.261)
T(k2) ’
Thus one sees that TT} |, is of the expected form H In particular it satisfies:
KT e = 0. (3.262)

The e expansion of the prefactor TT(k?) in eqn. (3.261)) gives, after adding the photon wave-
function counter-term, the final result:

T =TT5 o0p (K2) (KM —KMKY) — 83(€) (KM'KY —n*YK?) + O(a?),

ni-Loop(kz) - _2—06 J1 dx (] — X)X <% + In (M) + O(e))

0 A
(3.263)

We deduce from this expression and eqn. (3.246)) the leading contribution to the renor-
malization condition ((3.247)):

M5 o0 (0) — 83(€) = 0+ O(o?). (3.264)

H A N TR VAVAVAVE S VAV VAV VAR :0—1—0(062)

—

k=0

131f we had used a UV cutoff A instead, one can show that we would have found that: TTHY ~m*YA 4 ... |
thereby giving a mass to the photons and breaking gauge-invariance of the theory, which is forbidden!
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We can then extract the momentum dependence of the vacuum polarization of the photon:

2o ! k?
?OCJ dx (1—x)xIn (1 —x(1—%x)— >+(9( )
0
(3.265)
which is finite and independent of the dimensional regularization parameter €. For large and
space-like photon momentum, it has a logarithmic running:

M (k2)—83(€) =TT5, (K*)—TI5_ (0)+ O(a) =

—kZ/m?>>1

M (K2) + 83(e) ™ %ln(—kz/mz). (3.266)

Analytic structure of the photon propagator. The remaining integral over x in (3.265|) can
also done analytically in order to probe the analytic structure of the photon self-energy in
the k? complex plane. It gives:

2 2m2 4m?2 1/2 4m?> 1/2
Ty, (K2) — 85 —9ﬁ+3—:(1+k—f) (( ;3 —1) Arccot (k—";q) 1) . (3.267)

The interesting feature of this non-trivial expression is a branch cut for TT(k?) (thereby for the
loop-corrected photon propagator) along the positive k? real axis starting at k* = 4m?. It is
rather straightforward to understand from the Kéllén—Lehmann perspective; it corresponds
to the appearance of a two-particle state made of one electron and one positron.

As we have seen in the general analysis of the analytic properties of the KL propagator,
the discontinuity of the propagator, or in other words the imaginary part, is related to the
density of states in the continuum, see eqn. . Here we have :

1 4m2\ "/ 2m?
pell’) = ~ TmTI(K?) = 3% (1 - k—”;) (1 + 1) +0(o?). (3.268)

One can show that the rate of electron/positron pair production in an electromagnetic field
can be related to this expression as:

r :Jd“klmﬂ () (JEMI* = [Baf?), (3.269)
see e.g. Itzykson—Zuber (p.191-195).

Running of the electric charge In subsection [3.2.2] we have learnt how to extract the
Coulomb potential from tree-level electron-electron scattering, consisting in the virtual ex-
change of a photon. Taking into account the quantum corrections to the photon propagator,
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the previous calculation should be corrected as:

It means that we could take into account the one-loop quantum effects by replacing the
electric charge e in the tree-level amplitude (3.100)) by an effective, momentum-dependent

charge:
def. €

e — ek) & ————, k=p1—ps. 3.270

=) P1—Ps ( )

In other words, the electric charge is not a constant, but depends on the energy of the virtual
photon responsible for the Coulomb interaction, which is equal to the momentum transfer

between the electrons, see fig.

a(k?)
0.007330¢
0.007320 -
0.007310 -
0.007300| (2
0 200 400 600 800 1000 .2

Figure 3.4: One-loop running of the QED coupling constant x(k?).

In the limit of vanishing momentum transfer, i.e. the electrostatic limit, the renormal-
ization condition ([3.247)) gives:
e k2 /m2—0 e
1—TI(k?) 1—TI1(0)

—e. (3.271)

This allows to make more precise the statement about the electric charge: the parameter e
in the renormalized Lagrangian density can be identified with the electron electric
charge, but only in the limit of vanishing momentum transfer. The decrease of the electric
charge at small momenta, i.e. large distances, is interpreted as an effect of the screening of
the charges by electron/positron virtual pairs.
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In the opposite limit, let us examine the behavior in the high-energy limit k?/m? — —oo,
at one-loop order. One has:

2 TTLZ —c0
T (K2) + 85 <™ %ln(—kz/mz). (3.272)

So it seems that the effective charge of the electron, thereby the coupling constant of QED,
diverges for k? such that i In(—k?/m?) = 1, signaling a breakdown of the quantum theory
at high energies, known as a Landau pole. Numerically, it occurs at energies far larger than
any energy scale in physics, including the Planck energy. While one cannot trust the pertur-
bative one-loop computation in this regime obviously, it suggests that the electromagnetic
interaction should be somehow completed to a larger framework at high energies, which is
actually the case in the standard model...

One may wonder why the loop corrections to the QED vertices were not taken into account
in establishing eqn. ([3.270)), the running of the electric charge. This will be the topic covered
in the next subsection.

Lamb shift. Let us end this subsection by discussing an effect of vacuum polarization that
has been observed in atomic physics by Willis Lamb and Robert Rutherford in 1947. First,
the expansion of eqn. (3.267)) for small and space-like momentum, —k?/m? = k*/m? < 1,
gives:

M(—k?) = =+ Ox*/m?). (3.273)

Therefore in the computation of the Coulomb potential done in eqn. (3.107)) and below, one
should replace:

2 2 ]22
S (3.274)
k2 4 ie k2 +ie 15tm

After Fourier transform, we get in position space:

Vi = -5 (1

47y

0.6 —ez e
- _ ~ sB) 9
157tm? > 47tr 4rr - 157 mz6 (1) . (3.275)

This leads to an energy correction for the s-wave atomic levels:

e’ xe? L2 4 o
SEno = — Br W (75D (F)W o(F) = — ‘wn O =—— X m, 3276
0= s | €1 WP () = — o o @) = —2-Sim, (3270)
where we have used ‘l’n)o((g) = (mn3a®)7"/? with a = (ma)~'. This actually just a small

contribution to the splitting between the 2sy,, and 2p;,; levels; for a complete treatement of
the problem, see Itzykson—Zuber (p.358-365). Overall there’s an excellent agreement between
QED and experiment.
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3.4.3 Renormalized QED vertex

We first define the QED vertex function as the fully amputated 1PI correlation function in
momentum space involving two electrons and one photon, including all quantum corrections:

(3.277)

As we shall see below, in the limit k = p’ —p — 0, T'*(p,p’) depends only on k = p' —p
(besides its tensorial structure imposed by Lorentz covariance). The renormalization condi-
tion that we will impose, as discussed in the previous subsection, is that the parameter e is
identified with the electric charge as measured in electrostatics, i.e. in the limit when the mo-
mentum transfer p’ —p goes to zero. It leads, in the on-shell scheme, to the renormalization
condition:

lim M™(p,p’) =y*. (3.278)

p'—p

Electron wave-function vs. vertex renormalization. The expression of '*(p,p’) is strongly
related to the electron wave-function renormalization by the Ward-Takahashi identities. Let
us consider the reqularized theory before renormalization, defined by the first two parts in
eqn. (|3.185) without the counter-terms, and regularized by dimensional regularization or
another method, which crucially should preserve gauge invariance.

We consider in this framework the following momentum space connected correlation func-
tion:

(3.279)

CONNECT. )

G*(—p,p’,—k) = Jd“xd“yd% P VPR (O T ()W (y)¥(2) 1Q) |

where as usual j*(x) is the composite operator j*(x) = eWy*¥(x), i.e. the QED current.
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Diagrammatically, it corresponds to :

in other words the fully corrected vertex attached to fully corrected Dirac propagators. On
the one hand one can then write:

G*(—p, 'y —k) = (2m)*5“) (p —p' + k)= (3.280)

1
p—m—Z(p p—m—X(p)’

in terms of the vertex function I'* and the electron self-energy Z(V)E On the other hand,
the Ward-Takahashi identity tells us that:

,)eF”(p,p/)

kuG*(—p,p', —k) = ijd“xd“yd“z 0P VPN (O T ()W (y)¥(2) |Q)
o J d*xd*yd'z e = PY N (O Ti, (¥ (y)¥(z) Q)
= [atndtydtz e s (01T 8y U2 10) 5 (x )

QI TY(y)8¥(2) |Q) 84 (x — z)) .
(3.281)

The infinitesimal U(1) transformations are §¥ = —ie¥ and d¥ = +ieV¥, thus we have:

kuG*(—p, p’, —k) = +ie | d'yd'z e PV PO TY(Y)¥(2) |Q)
i

—1eJd4yd4ze P02 (O TW(y)P(2) |Q)
i B 1
p—m—Z(]zf) VS’—m—Z(Vf’)

14Indeed, in the perturbative expansion one would have an insertion of —ieWy*V instead of eWy"*W.

=ie(2m)* M (p —p' + k) ( > (3.282)
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Multiplying expressions (|3.280)) and ((3.282)) by the inverse of the fully corrected Dirac prop-
agators on the left and and the right, we arrive to:

1 1
P = (7~ m = 20) (G~ ) O T

=p' —p—L(p')+Z(p) (3.283)

Let us take the limit of zero momentum-transfer, k* = (p’ —p)* — 0, and put the electron

on-shell. We obtain: 3

FEEG(paP) _Yu - _apuZREG(w)‘Vﬂm) (3.284)
where we have added the suffix REG to remind ourselves that we work in the regularized
theory, as opposed to the renormalization theory.

The left-hand side contains all the perturbative corrections to the vertex function (which
is equal to y* at zeroth order). At one-loop order, we’ll see shortly that we get an order
correction 8T [ ,-(P,p’) containing a divergent piece. To renormalize the theory, one adds
the counter-terms, in particular the vertex counter-term &;. In the on-shell renormalization

scheme, we impose the renormalization condition ((3.278)):
81(€) + M foor(PyP) = 0+ O(a?). (3.285)

In the same way, the right-hand side of “3.284) starts at order o with the derivative of
X< (p) computed before, see eqn. (3.222). The renormalization condition, in the on-shell

1-Loor

scheme, see eqn. (|3.227]), gives then:

9
op*

ZREG(W‘ 5, =0+ 0(d). (3.286)

p—om

Therefore, one finds at one loop order the following relation between the coefficients of the
counter-terms for the vertex and for the electron wave-function:

51 =8, +O(ad). (3.287)

This relation actually persists to all order in perturbation theory. At order «?, the
regularized vertex function . (p,p) will contain a new two-loop divergence (in the limit
where the regulator is removed), that is cancelled by an order o correction to 8;. The same
occurs for ap%ZREG(V’): leading to an order & correction to 8,. Then equation (3.284]) imposes
that those correction are identical (up to order o corrections). The same holds at higher
order.

Since Z, = Z, in the on-shell renormalization scheme, we arrive then to an important

relation, valid to all orders in perturbation theory:

Z1=12,. (3.288)
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Using the minimal substraction or MS scheme gives also the relation Z; = Zz, as one
extracts the same "universal” diverging part from both loop corrections. However in a less
common renormalization scheme Z; and Z, may differ by a finite quantity.

In retrospect, we could have anticipated this result. Whenever this equality holds, the
electron wave-function and vertex counter-terms in the Lagrangian density can be
put together in terms of a covariant derivative:

5, WiV, — e 8) AlW,y, Wy — 5/ W,i(d + ieA) W, = 6, W, iV, (3.289)

ensuring gauge-invariance of the counter-term contributions.
The relation (3.288|) has another important consequence. Starting from the relation be-
tween the bare charge ey and the physical charge e we obtain:

\/2_32260 = eZ1 ZEEZ e = \/Z_3e0 (3290)

In other words, the renormalization of the electric charge is only due to the wave-function
renormalization of the photon; it depends neither on the wave-function renormalization of
the electron, nor on the vertex renormalization. This justifies that we have evaluated the
running of the electric charge, see eqn. ([3.270), whithout taking into account the perturbative
corrections to the vertex and to the electron propagator.

Vertex function and form factors. To simplify the computations, let us consider cases where
the fully corrected QED vertex is part of a scattering amplitude where it is connected to the
external legs of an incoming and an outgoing electron:

v

In this situation, the scattering amplitude involves the expression:

M(p,p’, T ) —~ ﬁs’(ﬁ/) ru(p,p/)us (ﬁ) ‘pzz(p/)zzmz . (3'291>

-~

FH(p,p’)

By Lorentz invariance, F* is necessarily of the form:

P =u(p )y*ulp)A + (p+p )" B+ (p—p)*C, (3.292)
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where A, B and C are functions of Lorentz scalars.

Since p and p’ are on-shell, the only possible non trivial momentum dependence of the
vertex function is in k* = p* + (p’)> —2p - p’ = 2m? — 2p - p’. However, the photon 4-
momentum k" is not on-shell, as we would like to think of the vertex function as attached to
a bigger diagram.

Due to the Ward—Takahashi identity, more precisely to equation (3.283|) derived before,
we have that

kP =~y (p') (p' —p)us(p) =0, (3.293)

using Pus(p) = mus(p). Therefore we should set C = 0.

In order to trade the dependence in (p+p’) in eqn. (3.292) for a dependence in k = p’—p,
i.e. in the momentum transfer, we can use the Gordon identity:

A iSHk, .
(p+p') L1 ) N

7y u) = ) (PP B ), (3.294)

in terms of the Lorentz generator S*¥ = }L [v*, ¥V ]. This identity is easier to prove starting
from the right-hand side. We have:

Uy (P (VY =y v*) Py — P us () = e (F)YH (=" + P us (B) — s (F) (—p "+ P)v"us (P)
= Uy (P )IV*(—=p" + mIus(P) — Uy (F) (=m + Py us(p)
= 2muy (p')y*us(p) — Wer () (v'p' + py*)us(p) (3.295)

Together with

2p+p ) ={v" v} p+p =@ +p' N v(vfﬂ?f)
— U (P)2(p + ") Mus(P) = e (P ((

Adding the two pieces gives the desired result. O

Using this identity, the vertex function I'*(p,p’) can be put into its standard form:

iSMk

M(p,p') = Y"Fi (k%) + “F, (k%) (3.297)

where it is understood that ™ is sandwiched between on-shell polarization vectors u(p’)
and u(p). The functions Fy(k?) and F,(k?), which characterize the interaction between the
electrons and electromagnetic field in the quantum theory, are known as form factors.
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One-loop correction to the vertex function. The one-loop contribution to the vertex func-
tion is given by the amputated diagram:

P
LR N

kK / q+k p+k

The corresponding momentum space correlation function, with a fictious small photon mass
¢ as an infrared regulator, is given by:

d*q (g +K+m) i(g+m) _in
—ir# — (—ie)? p v v oV
U1 rLoop ( le) J(ZT[)“Y (q+k)2—m2+l€y qz—m2+i€y (p—q)2—¢2-|_1€
(3.298)
For the computation of the one-loop correction to the form factors, it leads to:
ﬂ(ﬁ,)rlu-LOOP (P,P + k)u(ﬁ) =
5 d'q w(p )y (d + K+ m)y*(d + m)y,u(p)
e 7 . . —  (3.299)
(2m)* ((q + k)2 —m2 +1i€) (g2 — m? +ie) ((p — q)2 — $? + ie)

Considering the scattering amplitude with two external electrons rather than the vertex alone
has two advantages: (i) the electrons are on-shell, i.e. satisfy p?> = (p’)?> = m? and (i) the
Dirac equation (p + m)u(p) = 0 will allow to make some further simplifications at the end
of the computation.

The numerator in eqn. (3.298)) can be simplified using the properties (|3.129eH3.129g])
generalized to dimension d =4 — €:

v yvv“v" + vy

Y Y v = (@2 =y Y v =2y 3 N =—(2—¢€)y"  (3.300a)
Y Yy =4 —eyyP (3.300b)
VY'YV = =2y YRy ey yPy? (3.300c)

One has then:

YP(d + ¥+ mIy*(d + m)y, = —2m*y* + 4m(2q + k)" — 2¢v* (g + K)
+e(miyt —m((d+ Ky +y4) + (4 +Kv*) (3.300)
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The next step is to use the Feynman parametrization (3.209)) to express the product of the
denominators as:

1 1 1
(q+k)Z2—m2+ieq?—m2+ie(p—q)2— P2 +ie

1 JR—
zJ dx dy dz dxty+z—-T) . (3.302)
0 (x(q + k)2 +yq* +z(p — q)2 — (x + y)m? — z¢?) + ie)

The denominator can be factorized as:

(q+xk—zp)? +x(1 —=x)k* +z(1 —2)p* + 2xzk - p — (x + y)m? — zd?
t

And can be further simplified by using that the incoming and outgoing electrons are on-shell:

pP=m’, k-p=(p'—p)-p=p -p-—m’=-K/2

to

0 +x(1 = x)k* +z(1 —z)m* —xzk? — (x + y)m* — zd* = € — (zd* + (1 — z)*m? —xzk?)

A

Under the change of variables q = { + zp — xk, as explained before the linear terms in the
numerator drop by isotropy and the quadratic one can be simplified using eqn. (3.257)).

Then, after few more pages of gamma-matrices algebra, using in particular the Dirac

equation (i.e. pu = mu and tp’ = mii) and the Gordon identity ([3.294]), we reach a result
of the requested form:

i _ aurl-L2 iSIWkN 1-L(1,2
Mroor (PyP +K) = Y (k) + ———F" (k) (3.303)
with the integrals (after Wick rotation):
(! Fade, 9202 4 (d—2)A — 2z(2m? — k)
FI (k) = 2€* | dxdydzs — Dt E_d ©
1 (k%) € Iy xdydzd(x +y +z u ] (2n)d (%—I—A)g’
(3.304a)
(! [ d, (1—z)m?*(4z+2(1 —2z)(4—d))
(k) =2e? | dxdydz? — Nt o
2 ( ) € Jo X U z (X+U+Z )p’ ] (Zﬂ)d (2%+A)3
(3.304b)
where
A=z + (1 —z)'m? —xz k. (3.305)
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3.4.4 The electron anomalous moment

We will first analyze the one-loop correction to the vertex function. Notice first
that the large-momentum behavior of this integral is F, ~ [£477d{, so it is convergent in
dimension four and no UV regularization of any sort if needed. As we will see, the integral
is also convergent in the IR so one can set ¢ = O consistently. The loop integral is then
computed in d =4 without any particular trick:

J d*; 4z(1 —z)m? _ 4z(1 —z)m? J‘X’ Gde 4z(1 — z)m? J'°° udu

2n)* (Z+AP  8r o (@+AP T 16w ), utA)
4z(1 — 2 A+2 o 4z(1 — 21
_ z(1—z)m A+ 2u _ z(1—z)m 1 (3.306)
1672 2(A+u)? ], 27 A
We will be in particular interested in the value of F, at k = 0. We have then:
! e ] .
F,(0) = — | dxdydzb —1 :
571(0) 47IZL xdydzd(x +y+z )1—2 (3.307)
Since nothing depends on x and y, we have
1 1—z
dedyé(x—l—y-i—z—U:J dx=1—z, (3.308)
0 0
such that:
. e? (! 2«
F0) = — =—=—. :
574(0) = L zdz 52— 7m (3.309)

Coupling to a classical electromagnetic field. To understand the significance of this result,
it is useful to consider that the quantum electron field, besides interacting with the quan-
tum photon field, is subject to an external, classical electromagnetic field represented by the
4-potential Al (x); this is similar to what you’ve done in the past in your non-relativistic
quantum mechanics course.

The interaction Hamiltonian of perturbation theory is then modified by adding a new
term corresponding to the coupling to the external field:

i — Huor + dey AL (4 §)ju(6,T), (3.310)

where as usual j* = eWy*V¥, i.e. the operator associated with the QED Noether current. This
term adds a two-legged vertex to perturbation theory, where the classical electromagnetic field
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is conventionally represented by a symbol &®:

~

Al(p—p) —iev,

N
P

Correspondingly, the tree-level scattering amplitude for an electron in the classical electric
field is obtained from the Wick contraction

) |
—ie‘l’(m )‘if(xz)J' d4xq|/(x)yu‘1/(x)Ag‘L(x) (3.311)

and the integral over x, after LSz reduction, gives eventually the Fourier transform of AL, :

M (p,p’) = —ieTW (P )vaus(F) AL (p' —p). (3.312)

Including all corrections to the QED vertex (but, importantly, not of the photon propa-
gator since the electromagnetic field is classical), it gives:

Mo (pyp') = —iew(F') Tulp, p’) ws(P) AL, (K) (3.313)

— iew!() (V“F1(k2)+isikaz(kz)) WE ALK (3.314)

with as before k =p’ —p.

Let us consider a time-independent magnetic field characterized by its Fourier transform
K“(O, 12) = (O, K(E)) In the non-relativistic limit,

(VPO (1—p-0/2m)n
ulp) = (wo—cm) = Vm ((1 +ﬁ'5/2m)n) (3:315)
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The contribution from the first form factor F; involves then

~

. B / o , oL —0 0
wpyulp) =m@n't(1 - -6/2m) n'f(1+p"-6/2m)) ( 0 &) (
=n'((p'- 6)5 +
Using the identity o - .
oto) = &Y —I—ieukO'k, (3317)
it gives:

/

W(p Wulp)  Ae (' — ) = (5 +5) - Awlp' —F)n'™
+ie™(p' —p)'AL (' —P)n'To*n (3.318)

The term in the first line corresponds to the usual coupling to the electromagnetic vector
potential in non-relativistic quantum mechanics.

The second term corresponds to the coupling between the spin and the magnetic field.
This coupling receives also a contribution from the form factor F,. At the same linear order
in the momentum, it is given by

AL’ =p) (' 'T) 2 [V Y] C:) = Alu(p’ —pYe¥nTo*n. (3.319)
—
(g &)

Putting together the contributions of both form factors to the scattering amplitude, the linear
terms in the momentum k add up to:

'y — 2mn't <_§1€“kkj0k (F1(0) +F2(O))> . (3.320)

It gives the following scattering amplitude:

. ’ €ijk s N
iM =2me (Fi(0) + F»(0)) (n'To*n) mk Al, (k) (3.321)
In terms of the classical external magnetic field = —ie”kkixld, we reach the final expression

for the scattering amplitude:

2

M= 3= (F(0)+F.(0) (n'fo"n) BY, x (V2m) (3.322)

Leaving aside the v/2m relativistic renormalization factors, this scattering amplitude be
interpreted in terms of non-relativistic scattering in the Born approximation, as we have done
for the Coulomb potential, see eqn. (3.106)). In the present case the potential reads:

V(%) = —(fi) - Bei(X) (3.323)
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in terms of the matrix element of the magnetic moment operator:

(<

() = 5.2 (F1(0) + F2(0)) (m'tSn) , S=1s. (3.324)

N|—=

The factor of proportionnality between the Bohr magneton p; = e/2m and the magnetic
moment of the electron is known as the Landé factor g of the electron, a dimensionless
quantity. If by e in formula (3.324)) we really mean the physical charge of the electron at zero
momentum transfer, then one should adopt the on-shell renormalization scheme F;(0) = 1,
see below. Then the Landé factor is given by:

g =2+ 2F(0) (3.325)

The first factor is obtained directly from the expansion of the Dirac Lagrangian in the
non-relativistic limit. The second factor is a genuine prediction of quantum electrodynamics,
known as the anomalous magnetic moment of the electron. Experimentally was observed
first in 1947 by studying the hyperfine structure of hydrogen.

Acccording to our analysis, F, = 0 at tree-level and the first contribution arises at one
loop order (i.e. at order ):

g=2+=+0(ad). (3.326)
This is a celebrated result obtained by Julian Schwinger in 1948 [3]. Numerically,
g~2,0023234 (3.327)
Precision experiments give today the value
gexr =~ 2,002 319304 361 82(52) (3.328)

This was one of the first triumphs of quantum field theory.

3.4.5 Renormalization of the vertex function

We consider now the 1-loop correction to the form factor F;(k?), whose UV divergence will
be compensated by the 6; counter-term, see eqn. ([3.304al). It is schematically of the form:

1

H*mﬂ:zé{

0

dxdydz §(x+y+z—1) 4dJ L e + B (3.329)
Y K o lemi \erap T @rap) W
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The second term gives a UV-finite contribution, as was the case for F,. For the first term,
we consider the integral:

L (d—2)% , 4 d%, ¢ (d—2)2  2utd Ad/22 © uitlqu
a= d J (2m)d (&2 + A)3 a d (4m)92r(d/2) L (uz+1)3

. (d—2)? ptd /22 ] /2.1—d/2

= e, 0 0

_(d—-2) pd Ad/Z—Zr(d/2+ Nrz—ad/2)

d (4m)92r(d/2) I'(3)
_ 12 pt e J2-2p(9
— (42 VA2 - 4/2)
2
= 1617 (% +1n (‘%) + (’)(e)) : (3.330)

One can use the on-shell renormalization scheme to ensure that the parameter e matches
the physical charge of the electron, in the non-relativistic electrostatics regime:

51 = —F1(0) + O(o?). (3.331)

In this scheme the counter-term absorbs also the finite terms that survive the € — 0 limit in

eqn. (3.304a}). One can check by direct comparison between the integral (3.304al) evaluated
at k* = 0 and the integral (3.222)) that &; = 6, as expected.

*
%k 3k

Instead of the on-shell renormalization scheme one can use the MS scheme. In this case
we absorb the divergence plus universal structure into the vertex counterterm:

x (2 _
o1 |m =1 (E + In (47te y)) . (3.332)

Comparing with eqn. (3.230)), we find that:

51| =5

NS 2|m

(3.333)

As discussed below eqn. ([3.287)), this equality was expected indeed to hold both in the on-shell

and MS renormalization schemes.

Beta-function of QED. We now discuss how the coupling e in the theory depends on the
arbitrary scale pu introduced in the MS renormalization scheme; in the following d123 and dm
will be assumed to be computed in this scheme. First, in the MS renormalization scheme,
the LSZ formula still gives (finite) renormalization factors for the fields. Let us define:

Z,/Zy =3, Z3/Z3=3;. (3.334)
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Then we consider the scattering amplitude of an electron by a photon in the limit of zero
transfer momentum, which should give the physical electric charge epyyvs. At order « in
perturbation theory, the parameter e is related to epyys through:

- e<1 + E |+ 01+ (’)(ocz)> Ny (3.335)

with
14+ (Ol + O(?)
3= 1 4}1{82 = T4 Oy =8 +0() (3.336)
and similarly:
1+ 5y + O(o?) 4 2
3= s = 1+ @__&Jpﬂm — 6, +0(x7). (3.337)

According to eqn. (3.284]) the loop corrections to the vertex function and to 3, will compensate
each other, thereby also the counter-terms &; and §,, as in the minimal substraction scheme
they merely remove the universal singular part of both. Therefore we have:

Corvs = e(1 + %(WQW]H - 63) + O(oc2)> . (3.338)

This allows to extract how the parameter e, which is not the physical charge, depends im-
plicitely on the scale p introduced in the MS scheme. Since e = epyys at leading order, we

have:
de

e d
dlnpu ~ 2dh H(WOWW‘k:o - 53) (3.339)

where, according to eqn. (3.263), we have in the MS scheme:

2 1
WOW}kZO — 03 = —?OCJ dx (1 —x)x In p? + (p-independent terms) (3.340)
0
| S
1/6

Hence we arrive to the important result:

de e3

Ble) = T ~ 122

(3.341)

giving the variation of the coupling e with respect to the arbitrary renormalization scale w.
This is known as the beta function of QED. The coupling grows with the scale, as was noticed,
in a slightly different context before, see fig. [3.4]

One may argue that the scale p is just an artifact of dimensional regularization and has
no physical meaning. This is not really the case for the following reason. After the 1PI dia-
grams (electron and photon self-energy and vertex function) have been renormalized in the
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MS scheme, they still depend on the momenta through logarithmic terms like In(—p?/u?).
For perturbation theory to make sense, those logarithmic factors should remain small for the
momenta involved in the scattering process considered. Hence, one has to consider p as the
“typical” energy scale involved in the physical process under study.

In this context, it is useful to view QED as a theory of free photons and massless electrons,
perturbed by two couplings, the mass term and the QED interactionm Then the two coupling
constants of the theory, the electric charge and the electron mass, depends on the scale

according to eqns. (3.341 3.233:@

de e 5 1T dm 3e? 4
_ _ _ L _ . 342
dop 22 7O, yiml = = g T O] (3:342)

B(e)

Callan—-Symanzik equation. The observables of the theory, the scattering amplitudes, are
obtained according to LSz reduction from the renormalized correlation functz’onsm that we
can define as:

gREN — Zg/zz‘;/z <Q| TAH (X]) S AN (Xe)\y(y]) .. q/(yn) |Q> (3343)

REN )

where the right-hand side is computed in the renormalized theory. The renormalized corre-
lation functions can be expressed more naturally in terms of the renormalized field. In any
renormalization scheme, one has:

gREN — 3?252/2 <Q’ TAEI (X]) . Age (X(’,)WR(H1) .. .\I/R(yn) ’Q> (3344)

REN °*

Crucially the scattering amplitudes, thereby the renormalized correlation functions, should
be independent on the renormalization scale chosen. This dependence in the renormalization
scale appears in G*™". In the RHS of there is an implicit dependence in p through the
wave-function renormalization factors 3,3, the electric charge parameter e a and the electron
mass parameter m. This can be formulated as a differential equation:

d GREN — 0 E]_ d3s 21_ d32 de 3 + dm 0 GREN — (), (3.345)
dlnp Olnp  23dlnp 23 dlnp  dlnpde dlnpom
Let us introduce: 14 1 d
def. 52 def. 53
= _ = — ) .34
Then one can rephrase equation (3.345)) as the famous Callan—Symanzik equation:
0 ( n 0 0 REN
e — — — = .34
(amﬁz“* ZV3+B(e)ae+v(m)mam)g 0 (3.347)

5This point of view makes sense at high enough energy scales, see below.

16The function y(m) is defined a bit differently than B(e) in order to absorb the classical dimensionality
of the mass parameter m.

"Through the usual steps: (i) Fourier transform (7) full amputation (iii) multiplication by the external
polarizations and (iv) putting the external momenta on-shell.
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To write it in a more symmetric form one can trade the dependence in m to the dependence
of a dimensional coupling g,, defined as m = gy, t. Then G**N aquires an extra explicit source
of dependence in p that needs to be compensated for. Then eqn. (3.347)) can be rewritten as:

>y - — — m REN — . 4
(alnu+ 5V2+ 5+ Ble)5o + (v(m) —1)g agm) G =0 (3.348)
Defining
def. dgm d m 1 dm
" “dmnwe I \mdme ') T9m - 34
Blgn) dinp  dlnpp 9 (mdlnu 1) gm (v(M) —1), (3.349)

One reaches the more symmetric form of the Callan-Symanzik equation:

{ n 0 0

—a REN __
(alnu+§V2+§V3+ﬁ(e)&+ﬁ(9m)®—m>Q =0 (3.350)

This equation gives the scaling behavior of the scattering amplitudes. Up to order e? one
has:

e3

~12m

2 2 2
B(e) B(gm)zgm(—1—3i), yam S =S (3.351)

T 12m

The leading order term in ((gm) gives the classical scaling of the correlation function in
terms of the mass scale.@ The order e? and e® contributions gives the quantum corrections
to the scaling dimensions. Those are called anomalous dimensions.

The meaning of the anomalous dimensions is clearer in the case of massless QED (i.e.
with m = 0). This theory is classically scale-invariant, since its only parameter, the electric
charge e, is dimensionless in natural units. The Callan—-Symanzik equation indicates how
this scale-invariance is broken by quantum effects, in the form of the loop corrections.

In an arbitrary quantum field theory a given interaction term in the Lagrangian density is
said to be:
e relevant if its coupling constant grows at low energies;

e irrelevant if its coupling constant shrinks at low energies.

e marginal if its coupling constant does not depend on the energy.

Quantum field theories well-defined perturbatively at high energies have 3 < 0 for all their
coupling constants, such that in the UV they can be considered free with a good approxi-
mation. Those theories are said to be asymptotically free. This is for instance the case for
quantum chromodynamics (QCD), which describes strong interactions. Theories with =0

181t is easier to see from eqn. (3.345): G**N is expected, classically, to depend on p and m through the ratio
p/m, and we would have then (ud, + mon,)G"™™ = 0.

200



Quantum electrodynamics

exactly for all their couplings do not depend on the scale; under mild assumptions they are
invariant under conformal transformations, hence are called conformal field theories. When-
ever (3 > 0, the coupling constant grows in the UV, hence is not well-defined at energies high
enough, as we have already discovered in four-dimensional QED. In the deep infrared (i.e.
at very low energies) massless QED in 4d tends to a free theory. Whenever the electron is
massive however, there is a new energy scale in the problem associated with the new coupling
gm, and the low-energy behavior changes at energy scales p < m. One can show that the
flow of the coupling constant effectively "stops”, which is why electromagnetic interactions
exist at very large spatial scales. A more precise and complete picture would be given in the
Wilsonian approach to renormalization, that we unfortunately won’t have time do discuss in
this course.

3.5 Renormalization of QED: towards a general picture

In this last section we will sketch how renormalization of QED works, beyond the one-loop
corrections that we have explicitly derived and studied.

3.5.1 Summary of one-loop renormalization of QED

Let us first summarize the renormalization process that we have conducted at one loop order,
through several steps that we will summarize in turn:

(i) Reorganizing perturbation theory as renormalized perturbation theory.
(7i) Regularizing the loop integrals.
(7i) Imposing renormalization conditions.

(iv) Removing the regulator.

This sequence of steps applies to any quantum field theory that admits a perturbative
expansion.

(i) Renormalized perturbation theory. The original Lagrangian £(W, A", my, ey) is written
in terms of the fields ¥ and A%, with a parameter my that plays the role of a mass term for
the electron, and an interaction term with a parameter ey that plays the role of the charge
of the electron.

However the parameters (my, ey) have no reason to correspond respectively to the physical
mass m and the physical charge e, as measured in experiments. The parameters (my, eo)
are called bare parameters because they are "dressed” with the interacting fields and are not
measurable as one cannot "turn off” interactions.

The fields ¥ and A", being also dressed by the interactions, are not normalized as the
corresponding free fields would be: their exact propagators have single-particle poles with
residues Z; # 1 and Z3 # 1. These coefficients, called renormalization of the wave-functions,
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are not physical in sense that, through they appear in the LSZ formula, the scattering am-
plitudes should not depend on them.

In renormalized perturbation theory, the original Lagrangian £(W¥, A", my,ep) is decom-
posed as:

‘CR(W) AP-) my, eO) = £O (WR) AE» m) + £INT (wRa Ag,e) + £ct(\ym Ag) ) (3352)
where:
e the parameter m is either the actual electron mass, or at least differs from it by a finite
quantity.

e the parameter e is either the physical charge of the electron, defined in a specific
regime (for instance Coulomb scattering in the limit of vanishing momentum transfer),
or differs from it by a finite quantity.

e The renormalized fields W, and Ak are normalized to one, or at least the residue at the
one-particle pole differs from one by a finite quantity.lﬂ

The counter-term Lagrangian L. (Wg, Ak) is just equal to the difference £z —Ly. The different
terms it contains are considered as contributing to the overall interaction Lagrangian:

Lo = —dmVY, Y, + 6,V dWy - .

Importantly, the parameters d&m, 0, etc. are really parameters, in the sense that they do not
depend on the momenta. Any dependence in the momenta should come from the derivatives
of the fields they multiply; for instance the counter-term in &, will contribute to momentum
space amplitude with factors of id,pp. Local counter-terms, i.e. involving a finite number of
derivatives, can absorb at best divergences which are polynomial in the momenta.

Since the counter-terms are not needed at tree-level, the expansion of their coefficients in
powers of the coupling constant « starts at first order:

8= ad! + a6 +- - (3.353)
(ii) Regularizing the loop integrals. At one-level, one identifies three divergent 1PI am-

putated diagrams. Each of them can be associated with the one-loop contribution to a fully
resummed diagram:

1. one-loop contribution to the electron self-energy, ~»‘-»

2. one-loop contribution to the photon self-energy, W‘AM

3. one-loop contribution to the vertex function,

197f the residues are equal to one, no v/Z factors for external legs are needed in the evaluation of scattering
amplitudes. While convenient, it is not the only choice possible.
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Integral over the loop momenta should be regularized in order to make sense of the compu-
tations. Regularization methods should be compatible with the symmetries of the theory.
Indeed, we have made heavy use of the Ward-Takahashi identities in the regularized theory,
assuming that the latter preserved the symmetry originally present.

We have mentionned in our study of one-loop corrections two types of commonly used
regularization methods:

1. with dimenstonal reqularization, the integrals over Euclidian 4-momenta are evaluated
in dimension d = 4 — e. It is a rather efficient method, although there are some
complications while using dimension-dependent gamma-matrix identities. The UV sin-
gularities manifest themselves as simple poles in the € expansion of integrals, and the
finite part of the integrals depend on momenta as In(—p?/u?), where p is an arbitrary
mass scale that needs to be introduced, by dimensional analysis, when moving away
from 4 dimensions.

2. with Pauli—Villars reqularization, one substracts from a propagator in the loop a propa-
gator with the same momentum but a very large fictious mass M. The UV singularities
manifest themselves as terms diverging as In(M?/pu?) when M — oo, while the integrals
depend on momenta as In(—p?/u?). As before, u is an arbitary mass scale.

(iii) Imposing renormalization conditions. To each of the three 1PI diagrams, one adds the
suitable contributions from the four counter-terms appearing in the decomposition (3.352)).

Their leading order coefficients 6?) in the expansion (3.353)) in terms of the parameter « (the
fine structure constant) are imposed by a choice of renormalization conditions.

The relation between the parameters e and m in the first term of the Lagrangian (3.352))
can be any finite function of the corresponding physical parameters. The most natural choice
(but not necessarily the simplest) is to use the on-shell renormalization scheme in which both
are the same:

1. the electron self-energy L(p) vanishes for p? = m?, identifying m with the physical

mass. One linear combination of counter-terms coefficients at order o, 5m!! — még), is
determined by this condition, as a function of m, € and p in dimensional regularization
(or as a function of m and M in the Pauli-Villars regularization).

2. the vertex function ' (p, p’) goes to one in the limit p’ — p, in order for the parameter e
in the Lagrangian to coincide with the physical electric charge of the electron measured
in low-energy processes. This determines the order o contribution to the counter-term
coefficient 61”.

The other two renormalization conditions are of a slightly different nature, as they don’t
relate parameters in the Lagrangians to physical quantities, but rather allow to normalize
the fields A* and ¥ of the theory in a convenient way, to make perturbation theory simpler.

If we define: _ _
V=vVv27Z,V,, A¥=VZ;AlL,
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The most natural renormalization conditions one can choose are:
Z,/)Z, =1, Z3/Z3=1,

thereby determining the values of the order o contributions to the respective counter-term
coeflicients 6%” and 6?). It is perfectly fine to make another choice,

Z)/Zy =3, Z3/13 =33,

where 3,3 are finite coefficients, provided that the Feynman rules are modified accordingly:
external electrons (resp. photons) come with factors of \/3, (resp. of 1/33). At the end of the
day it does not affect physical observables.

Thus overall we have four renormalization conditions involving four counter-terms coeffi-
cients, 81,3 and dm, but only three UV-divergent one-loop diagrams. However, as we have
seen, not all counter-terms coefficients are independent of each other. We have proven that,
at any order in perturbation theory, &; = 0,, using the Ward—Takahashi identity.

In general, physical predictions of the theory should not depend on the choice of renor-
malization conditions, provided that it leads to well-defined observables when the regulator
is removed. The choice of renormalization conditions is called the renormalization scheme,
not to be confused with the regularization method.

One convenient renormalization scheme that we have presented is the MS scheme. If one
wants, for instance, to study the renormalizabilty of a given QFT, it is enough to consider only
the diverging part of the loop integrals. Using dimensional regularization, the divergence is
always accompagnied by some universal finite factor that can be removed as well irrespectively
of the particular diagram under consideration. One adjusts then the coefficient of the counter-
terms to remove just these two contributions, for, instance for the mass counter-term:

m om 2 _
dm MS__E<E—HH(4T[6 V))

In this renormalization scheme, the parameter m is not the physical mass Mpyys of the
electron.

3.5.2 Degree of UV divergence and renormalizabilty

Let us consider a given Feynman diagram of QED in d dimensions at L loops. Each loop
integral leads potentially to a UV divergence in fkd’1dk. However these divergences are
tamed by propagators, which contribute to the amplitude with negative powers of the mo-
menta. Let I, and I, be respectively the number of electron and photon propagators. The
electron propagators scale like 1/k, while the photon propagators like 1/k?. We define then
the superficial degree of divergence of the diagram as:

D =dL—1I, —2I, (3.354)
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If we regularize the loop integrals with a UV cutoff A, we expect then a divergence in AP
when D > 0, a divergence in In A when D = 0, and no divergence when D < 0. This quantity
is called superficial for a good reason.

Sometimes the situation is better than expected, thanks to to the symmetries of the
theory. For instance, in four-dimensional QED, the one-loop contribution to the self energy,

has a superficial degree of divergence D = 2 but, thanks to the Ward—Takahashi identities,
it has only a logarithmic divergence, rather than a quadratic one.

In some other cases, the situation is worse than expected because of diverging sub-
diagrams which are part of a bigger diagram, for instance the one-loop correction to elec-
tron/electron scattering studied before:

This diagram has D = —2 but has a logarithmic divergence coming from the one-loop correc-
tion to the photon propagator. We will see how to deal with these sub-diagram singularities
on an example below.

The superficial degree of divergence can be usefully expressed in terms of the number
of external legs. Using eqn. (2.189) adapted to the present situtation, the number of loop
integrals is related to the number V of vertices as:

L=I+L,—V+1. (3.355)

Next, since each vertex is connected to two electron lines and one photon line, V is equal
to the number of photon lines (internal and external), and to half of the number of electron
lines (internal and external as well:

1
V=2, +E =5 (20 +Eo). (3.356)

Combining all these relations, the superficial degree of divergence of QED in dimension d is
given by:

D=d(I.+1,—V+1)—I,—2I,=(d—1)(V—E¢/2) + (d—2)(V/2—E,/2) —dV (3.357)
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Hence

D=d- 4% E —4%2E, + 42V (3.358)

One notices that the high-energy behavior of QED depends very strongly on the dimension

of space-time:

e In a space-time of dimension bigger than four, for a given type of diagram (i.e. a
given number of external electron and photon legs) the superficial degree of diver-
gence grows with the number of vertices. Therefore, any type of scattering amplitude
becomes divergent at some order in perturbation theory. The theory is said to be
non-renormalizable.

e In a space-time of dimension less than four, adding vertices will reduce D, hence the
theory has only a finite number of divergent Feynman diagrams: a quantum field theory
with this property is said to be super-renormalizable.

e Finally, in a space-time of dimension four, the superficial degree of divergence is inde-
pendent of the number of vertices. Only a finite number of scattering amplitudes are
superficially divergent, and their degree of divergence is expected to be the same at
every order in perturbation theory. The theory is said to be renormalizable.

One can get an intuitive picture of these different qualitative behaviors using dimensional
analysis, in the context of effective field theory. Let us consider that QED gives a good
description of physics under a certain high-energy scale Ey. As noticed before, the electric
charge has dimension L%?72, i.e. dimension EZ~%/2.

As a consequence, contributions to scattering amplitudes at a given order n in the per-
turbative expansion will be weighted by a dimension-less factor of order (e/E(Z;d/ z)n‘ In
d < 4, it implies that higher order correction are suppressed at low energies (they scale with
a negative power of Ey), while in d > 4 it is exactly the opposite.

FExercise: do the same analyis for the ¢™ real scalar QFT in dimension d. Show that the
superficial degree of divergence is given by:

D=d+ (n(d—2)/2—d)V—E(d—2)/2. (3.359)
Determine in which dimensions ¢ and ¢* are non-renormalizable, renormalizable and super-

renormalizable. Show in particular that &* is renormalizable in four and > in siz. Confirm
with dimensional analysis.
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Divergences in four-dimensional QED. According to this general analysis, only a finite
number of scattering amplitudes in four-dimensional QED are superficially divergent.

We restrict ourselves to fully amputated 1PI diagrams in order to isolate the "elemen-
tary” types of potentially divergent diagrams. As noticed before, they will also appear as
(potentially) diverging sub-diagrams in more complicated higher-order diagrams, a problem
that we will discuss later on.

Let us examine those diagrams one by one:

1. the vacuum bubble with no external legs has D = 4.

As we have explained before, the vacuum bubbles play no role in perturbation theory
and can be ignored.

2. The photon tadpole, i.e. with a single photon external leg, has D = 3.

This amplitude should vanish by Lorentz-invariance of the vacuum. Indeed since the
photon line is necessarily attached to a QED vertex, it can be represented as a current
one-point function, which vanishes by Lorentz invariance of the vacuum:

k

—_

n = —in4X e Q" (x) Q) = 0.

@

We have shown before that, thanks to the Ward identities, it is necessarily of the form
M = (KM — kuky)TT(k?). Therefore there is at most a logarithmic divergence in the
constant term TT(0) which is exactly what we have found at one-loop for the following
reason.

3. The photon self-energy has D = 2.

The particular tensorial structure of the self-energy implies that the Taylor expansion of
T,y in powers of k starts at order two. The coefficient of the term in k? in the expansion
is proportionnal to TT”,, (k = 0), which has improved convergence of loop-integrals by
two powers, e.g. K+-1 !

—m - (k+..._m)3'
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4. The electron self-energy has superfical degree of divergence D = 1.

O

It can be expanded in powers of the electron momentum p:

Z(p)=Ao+ AP+ AP+ (3.360)

The coefficient Ay has at most a linear divergence, while the coefficient A; at most a
logarithmic divergence and all the other ones are finite, by the same type of arguments
as above.

One can argue that the coefficient Ay, which contributes to the renormalization of the
electron mass, should be itself proportional to the mass, hence should diverge at most
like mIn(A/m). Indeed, a mass-independent contribution to the mass renormalization
would survive the massless limit m — 0, which is forbidden by the new symmetry
appearing in this limit (W — exp(i0y°)¥).

5. The vertex function I'* has D = 0, hence is at most logarithmically divergent, i.e. of
the form T'*(p,p’) ~ y*In(A/m) + finite..

6. A potentially divergent amplitude is the photon 3-point scattering amplitude, with
D=1

However, this amplitude vanishes thanks to charge conjugation symmetry of the vac-
uum, i.e. C[Q) =]Q). Since charge conjugation exchanges particles with anti-particles,
which have opposite charges, one should have

Cjt(x)Ct = —*(x), (3.361)
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which can be explicitely checked by plugging the transformation ([1.174]) into the current

j* = WyHW. Using that the three-point function can be represented as:

v

b= (—ieﬁjd“xcﬁy d*z e xtlautkazl ()54 (x)i¥ (y)i’(z) Q)

(3.362)

one can use.

(Q1§* ()i (W)i°(2) 1Q) = (Q] Cj*(x)CTCI* (y) CT TP (2)CT Q)
— —(QI ()] (¥)j*(2) 1Q) = 0. (3.363)

This property, which holds for any odd number of currents, is known as Furry’s theorem
and applies to a correlator of any odd number of currents@

7. Finally, a last potentially divergent amplitude is the photon 4-point scattering ampli-
tude, with D = 0:

Let us denote by ki, ...ks the photon external momenta. Using the Ward identity, one
has:

k$Muvp0 = kszvpc =---=0. (3364)

One can show that the tensor structure of M, is constrained to be linear in each of
the four momenta kq,...,k4. Therefore, by similar arguments as before, one expects
this scattering amplitude to be finite, which is indeed the case.

To summarize, using the symmetries of the theory, we have argued that there are only
three "primitive” type of scattering amplitudes that diverges in QED: the photon and elec-
tron self-energies and the QED vertex, which we have considered at the level of one-loop
corrections. These three amplitudes are expected to have only logarithmic divergences in the
cut-off (or equivalently simple poles in 1/€) at any order in perturbation theory. Therefore,
they can be absorbed, order by order in the expansion in «, by adjusting the coefficients of
the counterterms accordingly.

20Naturally one could have used it to prove the vanishing of the photon tadpole.
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3.5.3 Divergences of sub-diagrams

One problem was left unresolved in the previous analysis. Sometimes the degree of divergence
of a given Feynman diagram can be worse than what the superficial degree of divergence pre-
dicts, because of UV divergences of loops in sub-diagrams.

To solve this problem, one needs to realize that, since the coefficients of the counter-terms
have an expansion in the coupling, starting at order «,

§=ad 4+ 26?4
at a given order in perturbative expansion there will be in general three types of diagrams:
1. diagrams with only loops and no counter-terms,
2. diagrams with counter-terms coefficients of the given order and no loops,
3. "hybrid” diagrams with both loops and counter-terms coefficients of lowest order.

Those hybrid diagrams will precisely cancel the divergences of the loops in sub-diagrams
that they correspond to. Let us see how this works in a particular two-loop example.

QED vertex at two loops. We consider the two-loop renormalization of the form factors Fy
and F, in the QED vertex function, see eqn. . A detailed analysis can be found for
instance in reference |4].

At order o in perturbation theory, one finds the two-loops diagrams represented on
figure[3.5] All the diagrams except diagram (b) contain the previously seen one-loop diagrams
as sub-diagrams.

Let us have a closer look at diagram (g):
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P2 (a) P2 (b) P2 (c) P2 (d)

P1 P1 P1

P (o) P2 ) P2 (g)

79

Figure 3.5: Two-loop corrections to the QED vertex, from Bonciani, Mastrolia and Remaidds.

There are two loop momenta in this diagram, p and k, that are integrated over. In the
region p — oo in momentum space, the inner loop, which is the same as the one-loop cor-
rection to the photon self-energy, will give a divergence of the same type as we have studied
before, which manifests itself as a 1/€ factor in dimensional regularization.

From the remaining k integral (the correction to the vertex), as in (3.330)), we will get a
1/€ pole plus a logarithmic correction in the external momentum, giving when multliplied
by the previous factor a contribution to the vertex function the form

1
P~ (= /) Y
This type of divergences are called overlapping divergences.
This is potentially a catastrophe, as no local counter-term could absorb this type of diver-

gences: local counterterms, built with a finite number of fields and their derivatives, are at
most polynomial in the momentum and cannot reproduce logarithmic terms in p?.
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(1)

Figure 3.6: Diagrams with counter-terms at order o, from Bonciani, Mastrolia and Remiddi.

We should not forget however, that at the same order o in perturbation theory we have
two type of diagrams with counter-terms, see fig. [3.6]:

(i) diagrams with one loop and one insertion of an order « counter-term,
(ii) an order o contribution from the 8; counter-term,

The diagram (h) can precisely take care of the problem highlighted above, i.e. substract-
ing (h) from (g) eliminates the inner loop UV divergence. For all the other diagrams at
order o with divergences from one-loop diagrams displayed on figure the same type of
substraction occurs, see fig. [3.7]

Then, taking care of the remaining divergence in the form factor F; requires renormaliza-
tion using the o contribution of the &; counter-term, given by the diagram (i).
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Figure 3.7: Renormalization of sub-diagrams at order o, from Bonciani, Mastrolia and

Remidds.
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Part 4

Introduction to path integral quantization

The path integral approach to quantum field theory is complementary to the canonical quan-
tization method employed in the previous chapter. It allows in particular to obtain in an
easier way properties related to the symmetries of the theory, such as Ward identities, and
will be instrumental in the quantization of non-Abelian gauge theories that you will study
during the second semester.

4.1 Path integral in quantum mechanics

We assume that the quantum mechanical system is governed by a time-independent Hamilto-
nian H. The main object of interest, to make the connection between canonical quantization
and path integral approaches to quantization, is the propagator. Let us remind that the
propagator is defined as the overlap between position states at different times:

UK, Refte — 1) = (R talR, 1) = (K e MW [R) (4.1)

In this expression, |X,t) = e |X) is an "eigenvector” of the Heisenberg position operator:
X X, t) = etxle M et 7)) = %) t) K. (4.2)
Note that, since that the position operator has no eigenstates in £*(R?), it is more ap-

propriate to think of the propagator as the kernel of time evolution of wave-functions, in the
sense that an initial wave-function \;(X) at t = t; will evolve in time following:

V() = [Py A - ) ). (43)

This said, let us split the time interval with N infinitesimal intermediate steps of size

er. T
511(2 N——l—]’ T:tp—tI (44)
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One can slice the time evolution operator accordingly, using multiple times the resolution of
the identity in position space:

U (X X [te — 1) = (X €7 (J d*xn [XN) (iN|> e oL, pmiHdt (J d*xq %) <%1I) e IR
= Jd%q co AP U (X Ky | O) -+ U(X0, X2 |8E) U (X, %] Ot) (4.5)
Let us assume that the Hamiltonian of the system takes the usual form:

H=o—+V(X), (4.6)

in terms of the momentum operator P and the position operator X. Using the Baker—
Campbel-Hausdorff formula one can split:

o it B oS VIX) _ —iOtH—(50)? [ 22 v(®)]+- 7

In the limit N — oo, the commutator is negligible (as well as the nested commutators that
follow) so one can express the infinitesimal propagator as:

=2

\ﬁ>e*i“% [Rye V)
- = o [ dPp —ist 2 —i5t V(X)
U(X, y|ot) "=~ s (Ule < [5) (ple X)
B o st v
<[ &b o i) (1)

Renaming t; — ty and t, — tny as well as X; — Xy and X — Xn41, one can write formally
the full propagator as:

W(w%T) = NIEEOJHd3 JNH“ (d;;em(pn A H(men))) (9)

At leading order in 6t, one can replace X, — (X, + X—1)/2 in the Hamiltonian. We consider
eqn. (4.9) as defining the functional integral in the continous limit:

X(tr)=Xr cotp (= S -
WX % [T) = L DRt yDp(e i (FEH) (4.10)
X(t) =X

For a Hamiltonian of the standard form (4.6]), i.e. quadratic in the momentum, the momen-
tum integral can be performed explicitly in the discretized representation. The integral

d3p —1 1 X
J(zmse S, (4.11)
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becomes a gaussian integral after Wick rotation 8t = —idt. One can instead continue the
time parameter slightly below the real axis, i.e. replace 6t — (1 —1ie)dt. We obtain then:

d3p 52 —im 3/2 im (= 2 2
li —i(1—ie)dt I +ip-(§—X) _ 7ot (y X) ) 4.12
eféij 2n)© amst) 1)
So putting everything together one has:

o 3(N+2)/2 N ) m [ Fn—%p_ 2 Xn+Xp
U(R, % [T) = lim (2;;) JHd3xe etz (3(Fet) v(m=)) (4.13)
(=1

which defines formally, after absorbing the (infinite) pre-factor in the measure DX, the path

integral:
)Z(tl’ ) :7_51»

UES[T) = | s et (4.14)
X(t)=%

This formula is interpreted as a sum of all possible continuous paths between X(t,) = X;

and X(ty;) = Xy, weighted by the factor expiS/h. In the semi-classical limit this integral is

dominated by the stationary points 6S/6x(t) = 0, i.e. the classical trajectories. In the Wick-

rotated theory, it can be shown that the functional measure DX(t) can be defined rigorously

using the concept of Wiener processes.

Correlation functions. Besides the propagator, the path integral formalism can also be used
to compute correlation functions. We work here in 1d to simplify the notations. Consider,
for t; < t; <ty <--- <t, <ty the correlation function of Heisenberg position operators:

Gty tyy.ooytn) = <XF)tF|x (tn) - (t1)|XI,tI>
= (x;] et te—tn)Hoyro—tltn—tn—1)H | o=ilta—ti)Hor o —i(ti—t)H x:) . (4.15)

One can express each of the evolution operators in terms of the propagator, starting from
the right:

Xe Ht—tH ) = DCJdm Ix1) (x| e MW ) = Jdm ) xi Ulxy x|t — ). (4.16)

giving overall:

g(tl)tz» ) del dxnu(xn>XF|tF _tn>xn' : 'qu(Xl)X2|t2 _tl)xl u(XI)X1|t1 _tI) .

(4.17)
For each of the propagators U(xy, Xii1ltir1 — tx) one can use the path integral representa-
tion (4.14)).

Crucially, for two adjacent propagators with an intermediate point integrated over, one
can write:

x(t3)=x3 ts x(t2)=x2 .oty
JdXzU(Xz,Xghg—t2>u(X1,Xz‘tz—t1) :JdXZ J DXGII LJ DXGlL]L
(

x(t2)=x2 t1)=x1
x(t3)=x
= J T pxetdit (4.18)
x(t1)=x1
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J‘(‘Xz

y
,‘t
19 @

ti, \ 1%} t3
T T

U1, xlt, — t1) U(xz,x3lts — t2)

Figure 4.1: Insertion of an intermediate point in the propagator.

It means that joining the sum over paths from x; to x; to the sum over paths from x; to x3
and integrating over the intermediate point x, amounts to sum over all paths from x; to x3,
see fig. [£.1] The same holds if there is an insertion of x, (or of any function of x;) at the
junction of the paths (which occurs for t = t;):

x(t3)=x3

JdXz U(Xz,X3‘t3 — tz)X2u<X1,X2|t2 — t1) = J 'DXX(tz) eiﬁ? t y (419)

x(t1)=x1
because the integral over all paths involve in particular the integral over all positions at t,.
In this way, we arrive to the path-integral expression:

x(te)=xr
Oltrty ooyt = | DX (1) x(ta). (4.20)
x(t)=x:
Crucially, there is no notion of path ordering in eqn. , because the x(ty) are just
functions and not operators, while at the starting point of the computation, eqn. (4.15)), it
was important that the insertion times where ordered a t; < t; < t; < --- <ty < tp. It
means that, for a generic choice of ti,...t, in the interval ]t;, t;[, one should consider the
time-ordred product and write:

x(tr)=x -
J Dx(t) et x(ty) - x(tn) = (xpy tel T X (t) - - - Xa (1) ey ) (4.21)

x(t)=x

Let us conclude this discussion with an important remark. In the path integral repre-
sentation, the correlation function depends only on the time variables tq,...,t, through the
functions x(ty),...,x(t,). Therefore one has for instance:

x(te)=xp e dx(t d x(te)=xp oty
J meéﬁﬂ-ﬁLﬁuur~qu=——J Dx(6) T x(th) x(ta) -+~ x(t)
x(t)=x dty dtr Jx(t)=x

(4.22)
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Leading to
xX(tr)=xp e d d
J Dx(t) etlu —x(t) x(t2) - x(tn) = — (Xpy tel T Xy (tn) -+ - Xy (1) Xy 1)+ (4.23)
X(tl):XI dt] dt]

Importantly, the right-hand side contains both an explicit dependence in t; through the
Heisenberg operator Xy(t;) and implicitly through the time-ordering. This will be impor-
tant when we will revisit the Ward—Takahashi identity (3.164) and the Schwinger—Dyson

equation (|3.166) later on.

Generating functional. The time-ordred correlation functions between Heisenberg position
operators can be conveniently repackaged in terms of the generating functional Z:[J], defined
as:

Zio[J] % (] TS SO0 1y ) (4.24)
Recalling that the functional derivative can be summarized as:
5] (t)
=5(t—t’ 4.25
we have:
S\ o"
Gltry oy oy ta) = G tel T Xu(ta) - Xaaltn) by ) = ()" gy 5 2o J] \I_O
(4.26)
In the path-integral formalism, one can write:
X(tr)=xr oty ( )
2,1 = | ol (4.27)
x(t)=x

which can be viewed as the coupling of the quantum system to an external source J. Naturally,
a variant of this definition exists for the phase space path integral of eqn. (4.10)).

Let us consider an infinitesimal change of variables in the path integral (4.27) which
preserves the boundary conditions:

x(t) = x(t) +A(t), At) =Ate) =0. (4.28)

Naturally, such transformation should not change the expression of Z[j]. At first order in A,
it leads to the equation:

X (tp)=xp . tp X tr 65
J Dx(t) e dt(L*JMX“))J dt’( / +](t’)) Alt) = 0. (4.29)
x(t)=x; t 6X(t )
This should hold for any A. Considering A(t’) = 6(t — t’), one has:
X (tp)=xp D ( ) iSti tp J(t)x(t) dt 68 ( )
x(t) e u X —— 4+ J(t) ) =0. 4.30
J;(tlj—xl <6X(t) I ) ( )

This is the path-integral version of the quantum-mechanical Schwinger-Dyson equation. We
will come back to it in more detail in the next section.
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Correlation functions in the vacuum. Up to now we have considered only amplitudes be-
tween position eigenstates. Indstead we can consider as well amplitudes between energy
eigenstates; we will be mostly interested in vacuum-to-vacuum amplitudes. We can proceed
as in chapter [2] see eqn. and below. We assume that the energy spectrum has a finite
gap above the ground state |Q)), i.e. all energy levels E, are strictly larger than Eq. We set
Eq = 0 by shifting the Hamiltonian if needed, and use the resolution of the identity to write:

Ix, t) = eth(|Q> Q@+ n) <ny) x) = (QR)1Q) + Y (nx) e Ftn) . (4.31)

n>0 n>0

Assuming that the overlaps of the position eigenstates with the vacuum states do not vanish,
one can project onto the ground state by taking the limit of large t, slightly below the real
axis:

—(1—ie)oo

X, t) — Q) Q) , e>0. (4.32)

As we have done before, in order to get rid of the pre-factor one can normalize by the partition
function and get the correlation functions in the vacuum as:

JT (px
(QIT Xy(ty) - Xu(tn) Q) = lim [Dp Dx el rP T x(t) - x(tn)

(4.33)
T—(1—ie)oo IDP Dx e i [ (px—H)dt

This result does not depend on the boundary conditions, as long as their overlap with the vac-
uum state do not vanish. Using the same ie prescription for the generating functional (4.27)),
defining

Z[J]] £  lim J@x() et (L J“), (4.34)

T—(1—ie)oo
one can write:

(=) o"
(QIT Xyu(ty) -+ Xy(tn) Q) = Z[0] 8J(ty) - -- 8] (tn) Z[” ’]0 '

(4.35)

An equivalent way to obtain the same projection onto the vacuum state is to deform slightly
the Hamiltonian, 7.e. to replace:

(1-ie) )
J ] dt(px —H) — J dt(px — (1 —1ie)H). (4.36)
—oo(1—ie)

—00

For a Hamiltonian of the usual form (4.6]), this prescription also helps making the momentum
functional integral convergent, giving:

Z[) :Jm exp (iro at (141675 (0) — (1 - eV (x(1)) +](t)x(t)) .3

—0Q
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4.2 Path integral in scalar QFT

The transition from quantum mechanics to quantum field theory can be made by considering
the latter on a lattice. One replaces the continuous field @ (t, X) by a discrete set of Heisenberg
operators living on a lattice A:

{d)x(t) AEA=GZ+ GZ+ agz} : (4.38)

In order to avoid large-volume (i.e. infrared) problems, one can add periodic boundary
conditions:
Dying (1) =Dy(t), 1=1,2,3. (4.39)

Let us consider in this context a discrete version of the scalar field Hamiltonian. Explicitely
we replace:

H = stx (I (3) + 1 (Vo (1)) + V(@)
— Ha= Y (B3 Y (@ -y + V(D)) (440)
AEA/NA pen(A)

where the sum over p in the second term is over the nearest neighbors of A in the lattice.
Thus we have a quantum mechanical system with a finite number of degrees of freedom,
corresponding to the pairs of conjugated operators (D@,, TT,) with

[DA(t), TTar(t) ] = 10N/ mod NA - (4.41)
In this context, the analogue of position states are:
|¢>t> ) qD)\(U |¢>t> = |¢)t> d)A(t) . (442)

Transition amplitudes can be computed using the path integral method, which can be made
rigorous, as mentionned before, after Wick rotation, or a least by shifting the time variable
slightly below the real axis:

@ntlbnt) = ] |

pEA/NA o (t)=d1p

(bp(t}‘):‘bl-‘ P

tr .
D, D, exp i J ( Tobo — H) dt (4.43)

t

and similarly for correlation functions. A discrete quantum field theory constructed in this
way is well-defined, and an evaluation of the path integral can be made numerically. This
is particularly useful in the context of lattice QCD, as quantum chromodynamics is strongly
coupled at low energies.

Instead, one can try to take the continuum limit, which is valid at length scales much
larger than the lattice spacing, and remove the large-volume cutoff, giving the field theory
path integral. One would write then:

t

b (ts,X)=0r (X)
<(|)F,tF’(l)I,t1> = J

D¢ Dy exp iJ

t

dt stx (7{¢ci) - :}c) , (4.44)
d)(t[yz):cbl(z)
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in terms of the Klein—-Gordon Hamiltonian density H in the continuum. Note that the
parameters of lattice theory, for example the mass parameter, do not necessarily stay the
same once we move to larger scales and take the continuum limit. In general the theory
needs to be renormalized to take these scale-dependent effects into account, something that
we already studied in length from a slightly different perspective.

A mathematically rigorous formulation of the quantum field theory path integral has been
obtained only in a handful of lower-dimensional examples, such as Liouville theory in two
dimensions. A proper mathematical formulation of the four-dimensional theories of interest
like QCD remains an open problem.

Correlation functions. Time-ordered correlation functions of scalar fields are expressed ex-
actly in the same way as in quantum mechanics. One has:

<(bF) tel TO(x1)DP(x2) - - - D (%) |¢I>t1> =
b(tr,X)=0r(X) iJ‘tF dt fd3x<n d)—ﬂ)
ooy POPm IO ) ). (409

Correlation function in the vacuum are obtained likewise by projecting onto the vacuum state
Q) as:

i)yt [ adx(mpd-3) N
QITOMK) 0 10) =t APOPToET - - dba) - 0n)
—(1—ie)oo J~ ®d) DT[(]) elf*T dt [d x(nq,d)—ﬂ{)
(4.46)
In order to perform the functional integral over the conjugate momentum field 7t4(x), one
can instead, as before, trade the change of time integration contour for a deformation of the
Hamiltonian:

oo(1—ie) _ '
J dtJd3x (7’(4,(1) _ J{) s Jd4x <7c¢d) . ie)f}{) , (4.47)
—oo(1—ie)
with 1 1
0= 3T(%) + 5 (VO(%)" + V(@(X). (4.48)
And obtain: _ . _ .
J Dy e (T TEE) _ pr e [t (4.49)

with an (infinite) normalization factor than can be absorbed in the measure D¢ or, equiv-
alently, will drop from the vacuum correlation functions. We obtain, for instance for the
vacuum amplitude:

N =

(QIO) = J@d) expijd“x ((1 +ie)%ci)2 —(1—ie)=(Vd)* —(1 —ie)V(d))) ,  (4.50)

222



Path integral quantization

which has to be understood as:
(QlQ) = J‘ch et/ dxt (4.51)

with some ie prescription to ensure convergence of the functional integral.

4.2.1 Generating functional

The vacuum correlation functions (4.46)), as in quantum mechanics, can all be obtained
from functional derivatives of a generating functional obtained by coupling the theory to an
external source J(x):

' )

Z[] J®¢ e[ a4 (4.52)

(=" on
Z[0] 8J(x1)--- 5](XR)ZUJ o’ (4.53)

. J

Gx1yee oy xn) = (QITD(x) -+ O(xn) Q) =

where the ie prescription is understood for the evaluation of the path integral.

Free scalar field. Let us compute explicitly the generating functional Z[J] in the case of a
free real scalar field. We first rewrite the ie-deformed Klein—Gordon action as a quadratic
form:

1

S. :Jd“x ((1 +ie)%d)z— (1 —ie)z(Vd))z— (1 —ie)%mzd)z)

2

1BP %Jd4xjd4y ¢(y)5(4)(X—U) (—(1 —|—ie)%o)z +(1 —ie)(Vi—m2>) $(x). (4.54)

iK(x,y)

"

where we have introduced the integral kernel K(x,y) of the quadratic form.
Next, the generating functional of time-ordered correlation functions can be explicitly
evaluated as follows. We start with:

1 .
z[)) = J D¢ eprd“xd“y (—zk(x,ym(xm(w +ib (] (y)8 (x —y)) (4.55)
We introduce the inverse Kernel K~'(x,y) which is solution of the integral equation:
[y Kx Ky, 2) =590 2). (4.56)
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We complete then the square in the exponential as follows:

Y)oy) —id(x)](y)sW (x —y)
(d)(X) _ ijd‘*u JwK-! (u,x)) K(x, ) (q»(y) —ijd“v K- (y,vmv))

¢ (x)K(x

-

1
2

N —

43 [ at Tk KKy v 01 (457)
Then, shifting the functional integration variable as
dx) — b(x) +Jd4u1(un<—1 (1,%) (4.58)

One can write

Z[J]1 = Z[0] exp (—% Jd‘*ud‘*v K (u,v)](u)](v)) , (4.59)

where Z[0] contains the result of the gaussian functional integral.
What remains to be done is finding an explicit expression of the inverse kernel K~'(x,y).
First, using
5(4)(X ) _J d4p e (xy) (4.60)
V=) ey ’ '
one can write the action (4.54)), after integration by parts, as follows:

4
Se = %J d4"J Ty oly) J (3754 e ((14+1e)(p)? — (1 —ie) (B2 +m?) ) dlx). (4.61)

iK(x,y)

Therefore, since for any function f(p°,p),

d4P . d4 q e~ la (y—2z) d4]9 .
Yyoge PP p - —ip-e2) _ 5 (5
Jd Y2m)© flp ,p)J (2m)* £(q° q) J 2 < 0% (x—z),  (4.62)

the inverse Kernel can be written, not suprisingly, as a propagator or Green function of the
Klein—Gordon differential operator:

d4p ie_ip‘(X—y)
(2m)* (1 4 i€)(p®)? — (1 — ie) (p? + m2)

K (xyy) = | (4.63)

This ie prescription is analoguous to the Feynman ie prescription. Indeed, the zeroes of the
denominator occur for

(P°)’ =2+ m> —ie x 2(> + m?) + O(e?). (4.64)
>0
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So, trading K~'(x,y) for the Feynman propagator D(x —1y), we arrive to the final expression
of the generating functional for the free scalar QFT:

Z[J) = Z[0] exp (—%ja%a‘@ D(x—ymxmw) (4.65)

It is easy to see that one reproduces the known results for the correlation functions starting
from this generating functional. First,

—1 52 52 1
50 20~ s 3 | dxdty Dix—wIeY) + )

B 61(6x]) <Jd4"D("_X2”(X) o) =Dla—x) +-- (466)

The higher order terms in the expansion of the exponential don’t survive when ] = 0 is taken
at the end of the computation. It is easy to see that correlators with an odd number of field
vanish after imposing | = 0. The next non-trivial correlation function is the 4-point function:

1 54
01 8J( x1 Z[H ‘]—O

G(X1y.nayxq) =

1
- TS (J FrwdxDw =] w)x) ([ a'yatzD -z )

= D (x1 =x2)D(x3 —x4) + D(x1 —x3)D(x2 —x4) + D(x1 — x4)D(x2 — x4,

which is of course the same as one obtains from Wick theorem, see eqn. (2.147) and fig. .
More generally, Wick theorem for any number of fields follows directly from eqn. (4.65).

Functional determinants. Let us describe briefly the complications hidden in the Gaussian
functional integral:

Z(0) = Jch exp J dxdy (—%K(x,ymxmy}) . (4.67)

In finite dimension, the analogue of this quantity is an ordinary multi-variable gaussian
integral. Let A be an n x n positive-definite symmetric matrix i.e. whose eigenvalues are
strictly positive. We have:

1+ (2m)™/?
dvq - dvy, exp —3V Myv :\/m. (4.68)

To prove it, one simply makes the change of variables v = Ow, such that OTMO is diagonal,
where O is an orthogonal matrix (thus giving a trivial jacobian). Conveniently, one can notice
that:

det A =exp (Tr InA) , (4.69)
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which is easy to prove using a basis where A is diagonal.

This result can be, at least formally, extended to the Gaussian functional integral (4.67).
Ignoring some constant (but infinite!) factors, that can be otherwise absorbed in the inte-
gration measure, we have:

1 1
D ex Jd“xd“ (——K X X ) = . 4.70
[ Doesp [atnaty (3K w0000 ) = = (4.70)
The evaluation of the functional determinant det K is rather delicate and plagued with
ambiguities because its spectrum does not consist in a finite set of eigenvalues some regular-

ization method is needed.

Let us assume that the integral kernel K(x,y) is a self-adjoint and positive-definite opera-
tor with a fully discrete spectrum. Let us denote {A1, Ay, ..., } the set of eigenvalues, ordered
such that A; < A; < ---. In this case one can proceed as follows. First we define the spectral
zeta function associated with this operator as:

k(z) = ) AF. (4.71)
n=1

The series is convergent when the real part of z is bigger than a certain value that depends
on the eigenvalue distributions.

This function is closely related to the Riemann zeta function. As for the latter, it can be
analytically continued almost everywhere in complex plane. Assuming z = 0 belongs to its
domain of analyticity, one define the zeta-reqularized determinant as:

det K = e % (4.72)

since

«(0) =) InA, = Tr nK.

In the case of path integrals over complex scalar fields, that we have not considered so
far, the relevant finite-dimensional integral involves a Hermitian n x n matrix and an integral
over complex vectors. We have:

(2m)™
dvy -+ - dvpdvy - dviexp (—vIHV) = 4.73
[ v dvnct v exp (i) = R (4.73)
which can be easily obtained by (i) diagonalization and (%7) splitting into real and imaginary
parts. Its functional version is:

]
~ detK

JDd)Dd)* exp (—Jd4xd4yK(x,y)¢*(X)¢(y)) (4.74)

These functional determinants drop from correlation functions, but still have physical
content, in particular in the context of effective field theory. One is usually interested in the
ratio of functional determinants, in which case part of the complications mentioned here is
no longer present.
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4.2.2 Perturbation theory

Perturbation theory can be usefully rephrased in terms of path integrals. Let us split the
action of the theory as usual:

S[¢p] = J d4x£0+Jd4x Lixr - (4.75)
—_—— N—
Sold] Sixr[d]

In bare perturbation theory, Sy is expressed in terms of the un-renormalized fields and
of the bare parameters (my, etc.); using instead renormalized perturbation theory, Sy is
expressed in terms of the renormalized fields and parameters (m etc.), and Ly, contains the
counter-terms. In both cases, using that, for any functional F[$], one has:

Fldle d*Jeo =F |: 66]:| eifdAX](X)(b(X) ) (4.76)
the generating functional of correlation functions can be expressed as:

2] = de) o1SolbHHS s B+ [ xS0 _ JD¢ o5t [ ] gisolol i atx e

_ eism[ 5@} JDCP eiSoldl+i [ d*x ] (x)b(x) (4.77)

Using eqn. (4.65)) we reach the result:

5

2l = Zolo] eS8 g~ Tataty Doey) | (4.78)

Here Z,[]] is for the free theory and Z[]] for the interacting theory. To reformulate this
relation in a more useful form, let us start with the expression:

. . : o
o2 3 [ d*%dYy 558 DOy) 54y eiSrldlHi [ dxJ()d(x) _ e%fd4"d49 5900 20 55057 elsm[ 57} L d*xJ0)

. -5 1 _ 5
_ etSm [—15—1] e? fd4xd4y e D(x—y) ==+ &b 1fd4x]

:eism[ 53] 3 [ d*xd*y JID(x-y)I(y) i [ d*x T ()b (x) (4.79)

Hence one can write:

) .
e? fd Xd4y 5¢, 5P (X—U)W eISmT +lfd4x]

Y s
_ 4.80
Z[0] 1jd4xd4y sapg D0 y)f,cb T eiSnrld ( )

g0

This is the functional analogue of eqn. (2.126) for correlation functions in perturbation theory.
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Let us see how to reproduce the first non-trivial contribution to Z[0] in ¢* theory, i.e.
the one-loop vacuum bubble {_i_: using this formalism. We have the terms:

_ T O 5
Z[0] = <1+2Jd Xdyéd)( )D(x )543(
LI IV _5)( 4, 9O _L))
+2'4(Jde"6¢(w)D so00) U V2 5o PY P ) ¢
7\
(1 Z' Jd4vd> (v HO(AZ)) ’H (4.81)

At order A the term with only two functional derivatives does not survive when we take
® = 0. We get then from the term with four functional derivatives:

Z[0] =1 —%Jd“xD(O)ZJrO(?\Z), (4.82)

the same result as eqn. (2.155)) with the right combinatorial factor obtain by enumerating
the equivalent actions of the four functional derivatives.

4.2.3 Schwinger—-Dyson equation and Ward—Takahashi identities

As we have mentionned in section of chapter [3] the Schwinger-Dyson equations are ob-
tained more naturally from the path-integral viewpoint than from the canonical quantization
view point. Let us consider an infinitesimal change of integration variable in the generating
functional Z[]]:

b — b=+ eAd+ O(e?). (4.83)

We assume that the functional measure is invariant under this transformation:
Dp = Dp. (4.84)
We have then:

JDd’ iSO o _ J@a; o iSIb—eAplH [ (P—eAd)]
4

_ i & elSeTo | g4 85 2
[J] —ie Ji)d)e Jd X <6¢(X) J(x )> Ad(x) + O(€e%) (4.85)

Since the change of variables should keep invariant the functional integral for any Ad, in
particular for Adp = 6 (x — x’), we arrive to the equation:

5S i []6
Jch (6(])( )+]( )) Stel+i]Je — o, (4.86)
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This is the path-integral version of the Schwinger—Dyson equation. It states that the
classical equations of motion in the presence of a source term, 8S/6¢d + ] = 0, hold inside the
path integral.

To make the connection with formula that we derived using canonical quantization,
let us extract relations between correlation functions from eqn. (4.86)):

e 55 ot
°= 500 SJ(XH)JM’ <6¢( so0g T )> |

J “’W (1) -~ blxn) €510

—126(4)(x—xz)J q)d)—cp x1) - g dlxn) e (4.87)
(=1

J=0

Dividing by Z[0], one gets the following relation between correlation functions:

dS

<Q|Tmcp(x1) D (xn) Q) —1;5 x—x) (QTD(x7) - O] -+ @ (xy) Q) = 0.

(4.88)
To make the comparison with eqn. there is subtlety that was already mentionned in
the context of quantum mechanics, see eqn. and below. The times derivatives appear-
ing in 8S/d¢ should be put outside of the time-ordered correlation function. As such, they
can act on the step functions occuring form time-ordering.
*
* %
The Ward-Takahashi identity can be obtained using similar arguments. Let us
consider a theory with a continuous symmetry @ — @ 4 €d;@ associated with a conserved
current J*. We have, from eqn. (3.83)):

5S
Sp(x)

Note that neither the left-hand side nor the right-hand side are automatically zero, since we
are working off-shell.

Inserting this relation in eqn. for 8sdp(y) = 6W(x —y)dsd(x), and assuming again
invariance of the measure under the field transformation, we arrive to the relation:

Ssdp(x) = —0,T"(x). (4.89)

[ Do~ 0,70+ T(w5.1x)) =o0. (4.90)

Exercise: show that this path integral identity implies eqn. (3.164) for correlation functions
between the conserved current and field operators. As in the case of the Schwinger—Dyson
equation, one needs to make the time deriwative acting outside of the time-ordering.
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4.3 Fermionic path integrals

In canonical quantization, we have argued that the quantum fields associated with particles
following the Fermi—Dirac statistics satisfied anti-commutation rather than commutation re-
lations. While a classical complex scalar field is a map ¢ : R — C we are led to assume
that classical fermionic fields are maps from R"? to a set of anti-commuting numbers.

4.3.1 Grassman algebra.

Let V be an n-dimensional complex vector space with a basis B={0% ¢ =1,...,n}.
We consider then the exterior product A?V, i.e. the antisymmetrized tensor product
V ® V. Any vector in A*V can be written as

%Zcxﬁe%ei 0,0 Lo 0o —0 w6, (4.91)
1,j

with oy an antisymmetric n X n complex matrix. In the same way one can construct itera-
tively the exterior products A*V, for T < k < n. The Grassman algebra ®t(n), or exterior
algebra, is defined formally as the direct sum of all these antisymmetrized tensor products of

V:
6tn) T CoVaAVo AV oAV =EPAY, (4.92)
k=0
with the conventions A°V = C and AV = V. A generic element of t(n) can be written as:

] S 1 S 1 ) .
a=uu-+ oq@l + zoqje‘A (¢ + yoqjkek (SN Gk + -+ qu]...ine” A A O y (493)

where the coefficents «,..;, are all totally antisymmetric in their indices. &t(n) defines an

algebra since the exterior product 0'2 © induces a bilinear product on ®t(n). To simplify
notation, the exterior product sign is usually omitted:

0' 0 — 09, 00 =—-080. (4.94)

The 0' used in the construction of the Grassmann algebra are often referred to as Grassmann
numbers.

The Grassmann algebra is a graded algebra in the following sense. FEvery element of
®r(n) can be decomposed as the sum of an even element, with only terms in A%, and odd
elements, with only terms in AZ**'. To the former we assign a grade s = 0, and to the latter
a grade s = 1. If a and b have respectively grade s, and sy, we have

ab = (—1)***ba. (4.95)
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Grassmann derivative. A Grassmann algebra can be endowed with notions of derivation
and integration. Let f be an element of &t(n), i.e. a generic function of the Grassmann
variables 0%

R IPRPRTA I 1 R
f(0) = + ¢:i0" + 5(1)1)9 0+ §¢ijke ook .. + T?d)i]...in(%) Tee QM. (496)

The derivative of f with respect to the variable 0 is defined as:

0
00t

f(8) = i + ¢y0’ +5¢uk9]9k+~-- (4.97)

To phrase it differently, the Grassmann derivative is a linear operator acting on the Grass-
mann variables as:

00!

30— &', (4.98)

and obeying a graded Leibniz rule: if f is of grade s, we have:

0 of(0) 0g(0)
A = . —1)° : . 4.
5o (110)a() = (%) o(@) + (17 1te) (55 (1.99)
We observe in particular that:
0 ik i ak _ sk

T (00%) =&,6° —510. (4.100)

It is often useful to call this derivative left derivative and to introduce also a right derivative.
They are defined as:

9 ?
g7 (069 =8,0° — 807, (06) o = 850 — ¥/ 0" (4.101)

In the case of a single Grassmann variable, i.e. the algebra &t(1), any function is char-
acterized by only two numbers:

0

f(8) =b. (4.102)

Berezin integration. Integration over Grassmann variable is known as Berezin integration.
As the ordinary integral over R, it is designed to be linear and invariant under translation of
the integration variable. Let us start with the case of a single variable. We impose:

Jde (af(8) + Bg(B)) = ochG f(0) + BJdG g(e), (4.103a)

Jde fO+c) = Jde £(0). (4.103D)
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Since f is of the form (4.102)), the condition (4.103bf) implies that

Jd@ =0. (4.104)
The Berezin integral is then only defined by [ d6 6, that we can normalize as:
Jd@ 0=1. (4.105)
We can summarize these properties as:
f(0) =a+b0, Jde f(0) =b= %f(e) . (4.106)
Thus, quite surprisingly, integration is the same as derivation. We have the property:
Jde a—aef(e) o, (4.107)

meaning that there are no boundary terms in this integration. Let us define 6 = M6, M € C.
We have:

Jde f(0) = dee f(0) = deéf(é) , (4.108)

which can be interpreted as a rule of change of variables:
do = 1. do. (4.109)
Let us consider now a set of n Grassmann variables 0',...,0", is this order (the order

defines an orientation), and a generic function f(0) of the form (4.96). The n-dimensional
Berezin integral of f is defined as:

1 . .
Jdne f(0) = Jde“---de‘ f(0) = Jde“---de‘ Eai]...ine” 0 = apm (4.110)

which is equivalent to:
Jden .de' el .0 =gy, (4.111)

Integrands with less than n Grassmann variables do not contribute.
Consider as before the linear change of variables 0" = Mijej, parametrized by an n x n
matrix M, and consider the integral:

N 1 o o .
A0 f(6) = | do™---d2de! —dy o, o M M2 ... Mi @112 ... gin
n' 12 N )2 In

_ i i i
= by i, MTTMS - - M

=det M ¢12..:n
= det M Jd“é (0), (4.112)
Hence we have the formula i :
d"e = Jot Md“@, (4.113)

which is the inverse of the corresponding formula for ordinary variables.
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Gaussian Berezin integral. In preparation for the fermionic path integral let us consider a
Gaussian integral over &t(n), with n = 2m even:

1 . .
[— Jdne exp <§ell<ije)) , (4.114)

where K is an antisymmetric n X n matrix. The only non-zero contribution from the m-th
terms in the series expansion of the exponential:

1. ) 1 . . 1T 1 . ) ) )
exp <§91K1j9]> =1+ zelKijej 4+t mz_nen Kimeh . elmKimjme]m ) (4.115)
It leads to: .
I = Pf(K) ) Pf(K) déf‘ mz_nei]j]._,imjm](i]j] e Kimjm , (4116)

where we have defined the Pfaffian Pf(K). One can show that, for any antisymmetric matrix,
(Pf(K))* = det K. (4.117)

Therefore, we have:

1 . .
Jdne exp (zelKﬁel) — VdetK. (4.118)

Notice that this is the inverse of the ordinary gaussian integral over real numbers. A natural
generalization is an integral with a linear term:

Jdne exp (%eiKijei + 8,0 )
1 o | 1
— [ 0 exp (318" kIR0 + (K + 310K
= Pf(K LK
= Pf(K) exp zn( im ). (4.119)

Complexified Grassmann algebra. Let us consider an even-dimensonal Grassmann alge-

bra &t(2n) with variables k',--- k2. We define the sets of complex Grassmann variables
0',...,0™and 0,...,0™ by the linear transformationsﬂ
21 4 5 20 2-1 s 20
K ik - K= — ik
9€:—+ , Ol = ——— | (=1,...,n. (4.120)

V2 V2

We define the corresponding Berezin integral through:

Jdnedne 0'0'...ome" = Jdenden.--deﬂde‘ p'e’--.om0" =1. (4.121)

1F;)quivalently, one can complexify the Grassmann algebra with variables ',...,0™ by declaring that 0%
and 0% are independent variables.
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Let K be an antisymmetric n x n matrix. The Gaussian integral is given now by:

Jdnedné exp (0'K0) = % Jd“edné (6" Kyy5,01) -+ (6K, 0™)
1

= 7 Eirin € Kigjy - K

—detK. (4.122)

injn

Adding a source term one obtains:

Jdnedné exp (0'Ky0' 4 0'n; +1;0') = det K exp (—0'(K™")ym’) . (4.123)

4.3.2 Fermionic path integral in quantum mechanics.

Let us start the discussion with a very simple system with a single fermionic degree of freedom.
We have a creation operator and an annihilation operator obeying the algebra:

{wvv}={vvi}l=0, {W¥vi}=1. (4.124)
We define then the ground state |0) and the excited state |1) through:
Yoy =0 |, 11y =wTo) . (4.125)
Consider a state p) given by the linear combination:
) = 10) =W 1), (4.126)
where 1 is a complex Grassmann variable. It is an eigenvector of the annihilation operator:
YIp) = Wi [1) =+ 0)p = 10) = ) (4.127)
where we have used that [1) = W1|0) is Grassmann-odd. It can be written as
) =e ' |0) (4.128)

thus is the analogue of a coherent state of the harmonic oscillator. The present system can
be viewed as a fermionic harmonic oscillator. The inner product between such states is:

(W'Y = (0[0) + ' (1[1) = ¥ (4.129)
In terms of these states, the resolution of the identity can be written as:
I = J dpdy [Py e " (] . (4.130)
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Indeed we have:
[ b ) e et = [ e (10) w11)) (1 = ) (01 = (1)
= (= | b 0) 01+ ( @bt 1) 11 a.131)

-
=1 =1

Let us consider now the transition amplitude between two spin states:

Wy by, t) = (Wl e O ) (4.132)

As in the case of the bosonic system, we split the time interval with N infinitesimal interme-

diate steps of size

w T
5t = NTT b (4.133)

Inserting the resolution of the identity between each time step, we have:

<1-I)F)tF|ll)I)tI> —
N
I\}EI;OJHle)edIPe (Wel e ) e INEN (] [hr) VTV (g [ e RD,) L (4.134)
o=

Assume now that the Hamiltonian is of the form H = WTKY. We have then, using eqn. (4.127))
and then eqn. (4.129)):

(Werl e ) = (Wl (1 — THSE) [be) = (Wil (T — e Kipedt) [be)
— ell_)uﬂbee—iﬁ)uﬂﬁbzﬁt . (4_135>

It is convenient to factorize the result as:
(Wel e tHot o) = eVerbert gler (e—es1) p—ithe 1 Kipedt , (4.136)

in order to remove the exponential factors coming from the resolution of the identity (4.130))
(except the first one). Renaming Py — Pny1 and P, — Py, we have

Py, ey, 1) =
; PN+ 1bNT berr — e
lim JI |dl.|)gd1b(€ HTPNF exp 10t E (ll) i 1])@+]K'l.|)g> (4.137)

N—oco ot

which can be rewritten in the continuum as the fermionic path integral (absorbing the first
exponential factor into the measure):

<wmummn>=JD¢D¢e”3“@”$“ﬂ. (4.138)
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4.3.3 Fermionic path integral in quantum field theory.

The steps from quantum mechanics to quantum field theory are exactly the same as those
followed for the scalar QFT:

1. Consider a quantum mechanical system on a lattice A, with a fermionic degree of
freedom attached to each node:

{%(t) AEA=GZ+ T+ agz} , (4.139)

2. Couple those degrees of freedom by a discrete version of the Dirac Hamiltonian,
3. Take the continuum limit.

It leads to the path integral formula:
(W (%), talh (%), 1) = JDxB(x)Dw(x) el dtS PxLhodl (4.140)
where L[, 1] is the Dirac Lagrangian density (here {» means the Dirac conjugate pTy°).
In order to replace the initial and final states by the vacuum Q, one can perform the

same type of ie manipulations as above: either replace take the limit t,, — (1 —1ie)oo, or
deform the Lagrangian density to get a damping factor in the limit t,» — Foo, for instance:

YAF—m)p — P(id— (1 —ie)m)P (4.141)

With this prescription implicit, the correlation functions in the vacuum for the free Dirac
theory follow from the following generating function:

Zo[n,1) = JDtb(X)Dll)(X) ot A (L BIEAI () HBxIn() (4.142)

It is understood that the functional derivatives w.r.t. n acts on the right and those w.r.t.
7 act on the left. One has for instance:
Ny 2 —
_ — ) o
) Z,[]]

(QITY(x)¥(y) Q) = 700 5700) (4.143)

n(y) ‘n—o,n—o '

To show this, one follows similar steps as below eqn. (4.55)), using the functional analogue of
the Grassmann Gaussian integral (4.123)) and obtain:

Zo[n,n) = Zo[o]e! xaTyntID:ymby) (4.144)
in terms of the Feynman propagator Dy (x —y) of the free Dirac field.
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4.4 Quantum effective action

In this last part of the notes we will present some tools, derived from the generating func-
tionals, which have a lot in common with statistical physics. We will use the language of
scalar QFT, although the same ideas can be applied to other types of quantum field theories.

Generating functional of connected diagrams. The starting point is the relation (4.52))
defining the generating functional. This relation can be rephrased as:

% = Z%Jd“xl ---d4Xn](X1)"'](Xn)g(x1,--- Xn) (4.145)

n=0

where G(x1,...Xy) is the time-ordrered correlation function of n fields in the vacuum.

Every correlation function G(xq,...X,) receives contributions from fully connected dia-
grams but also from partially connected diagrams made of several piecesﬂ As we have seen,
the fully connected correlation functions, whose diagrammatic expansion contains only fully
connected Feynman diagrams, play a prominent role.

Let Ge(x1,...xn) denote the sum of all fully connected contributions to the correlation
function (Q|T d(x) - d(xn) Q). We define the generating functional of fully connected
correlation functions in a way similar to eqn. (4.145):

: 0 v

Wi =y = Jd% cedM%nJ(x1) - () Golxy - X)) (4.146)
n=I1

Naturally, partially connected correlation functions can be obtained by product of fully

connected ones, so a relation should exist between the generating functionals Z[J] and WIJ].

We claim that:

SUL eI W] = In oo (4.147)

This can be seen by looking at the series expansion of the first equation:

Z[]] . 1. 2 1. 2
7001 = 1 +iw(]] +2—!(1W[]]) +§(1W[J]) e (4.148)

By differentiation w.r.t. ], the linear term will naturally provide the connected contributions
to the correlation functions, while the quadratic terms will provide the contributions to the
the correlation functions made of two pieces, and so on. The 1/n! factors are precisely those
needed to avoid overcounting (permutation of the different pieces of a partially connected
diagram).

2There are no contributions from vacuum bubbles since we divide by Z[0].
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1PI generating functional. Among the fully connected Feynman diagrams, the one-particle
irreducible (1PI) diagrams play an important role, as they allow to resum all the quantum
contributions to propagators and vertices. The generating functionnal of those diagrams is
called the 1PI effective action and denoted by T'[¢].

Let us first consider the connected one-point function of the field in the presence of a
source J. By definition, it is given by:

SWIJ
5] (x)

In the absence of a source term, it can be chosen to vanish by shifting the field operator ®
by a constant:

(4.149)

@y(x) = = (Qlo(x) Q)|

CON. *

SWIJ] ’
8J(x) =0
Let us assume that the relation (4.149)) is invertible; namely, for a given scalar function

& (x), there exists a unique source term J4(x) such that ¢(x) = SW[J1/8]s(x). We define
then T'[¢ as a Legendre transform of W(J]:

@j=o(x) = = (Q| D(x) |Q>]:o =0. (4.150)

— W, - joﬁx«mxm(x) . (1.151)

The functionnal I'[¢] depends on ¢ only (and not on J) as the notation suggests. We
have:

STId] [ 0 W 8Joly) A oly)
5¢(x) _deélq)(y) b e de‘b( )5¢(X) =—Jo(x). (4.152)

oY)

We would like to show that il'[¢], as the notation suggests, is in fact the generating
functionnal of 1PI fully connected correlation functions. If we denote by I'(xq,...,X,) the
n-point 1PI fully connected correlation function, it would mean that:

Yo ]t g o) (4.159)
or in other words: N
M (xr, ) = = L) (4.154)

S (x1) -+~ Plxn) =0
Let us see first what we get for the two point function. On the one hand we obtain from (4.152))

that:
8 T[] _ SJp(xi)
O (x1)0d(x2) Sd(xz)
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On the other hand we have:
W ddy(xa)

§J(x1)8](x2) — 8J(x1)

(4.156)

Thus by the chain rule we have:

L BWIL STl [ sdba) §(x)
J X 008 () 5 (x5 (xa) J T80 5o i)

In other words,

= —5(4)(7(3 — X]) . (4.157)

52T W
Oriel _ (SWITY (4.158)
dpdP 0Jo]
in the sense of the functional inverse. Since we have:
8%l (] §2iW(]]
M(x1, %) = ——————— , Ge(x1,%) = ———— , 4.159
(61 32) = S e Baa) = =58 0a) o (4.159)
evaluating (4.158) at ] = 0 (which implies using (4.150) that ¢ = 0) we find that:
r=-on", (4.160)

i.e. T2(x1,%2) is equal to minus the functionnal inverse of the connected two-point function
Gc(x1,x2), which is nothing other than the fully corrected propagator D(x; — x;). One can
express D(x; — xz) in terms of the resummed propagator (2.207)) as:

d4p e~ - (x1—x2)
D — = 4.161
B =) J(zn)‘*pZ—mé—Z(pZ) T e (4.161)
From which we deduce that:
2 d4p P R ) 2 2 .
M(x1,%) = 2 ie P2l (p? —m§ — ¥ (p?) + ie)
d*p : d'p pr—mlte
= oD (x1—%2) (3 (12)) — “tpbam)l 0 &
J(Zﬂ)4 ie (—1iZ(p?) J(Zﬂ)“ e - (4.162)

In other words, ' is the self-energy (the sum of all amputated 1PI diagrams with two external
legs) minus the functional inverse of the tree-level propagator.

The two-point function is a bit special because of this substraction. Let us examine the
three-point 1PI function which is representative of all n-point 1PI functions, using similar
methods. We start with the third derivative of W[J] and apply the chain rule:

-1

Fwpl 8 (52”“’])_& x)z—Jd4 SP(y) 8 (52r[¢]) 0.xa)
SJ0a)8] 8] 0a)  80x) \ 3989 ) P Y 5(x1) 36 (y) \ 5050 169
We now use the functionnal analogue of the matrix relation: |

do iy g d T4y -
M) =M (t)( dtM(t))M (t) : (4.164)
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It gives:
W] B
8] (x1)8] (x2)8] (x3)
1y, 8O0 [ 4o 0 <6ZF[¢]>1 5[] (62r[¢])'
[ Sty | 90 (a0 ) ™ saruanisant Lsase) ) 6169

Let us now evaluate this expression at ] = 0 (therefore ¢ = 0 as noticed before). Using the
previous results, one can replace then:

621‘[4)] ! B 62W[ﬂ .
(5d>5cb> boy) == 55 | oyl =P~y (4.166)
$=0 J=0
as well as, using eqn. ;
5P W .
6_I IZO(XﬂJ) - W(X)y) = I‘D(X—y) (4167)

We obtain then the final relation:

(—1)*8*1W[]]
8 (x1)8] (x2)8] (x3

5T (o]
5 (y)od(u)dd(v)

) :i,[d4y D(x1—y)Jd4uD(xz—u)Jd4v D(v—x3)

(4.168)

This can be interpreted as follows. The left-hand side is the fully connected three-point
function, which is diagramatically of the form:

Gelx1,%2,%3) = ", (4.169)

i.e. the fully corrected 1PI vertex function . ------- attached to the three copies of the fully

corrected propagator '
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The relation (4.168]) can then be interpreted as:

gc(XhXZ)XS) - ...‘..

4
.

It shows than ' = §I/(8])3 is indeed, as claimed, the fully corrected 1PI 3-particle vertex
function, which is the sum of the tree-level contribution (if any, for instance in ¢?* theory)
and of all loop corrections.

The same holds for all n-point functions with n > 3:

5" T[]
b(x1) - dlxn)

‘ """ (4.170)

Quantum effective action. The generating functional T'[¢] has a very nice interpretation.
Let a consider a given connected n-point function in the full quantum theory. It can be
computed using the tree-level Feynman rules by:

rn(xh--')Xn) -

$=0

1. Replacing each n-point vertex (with n > 3) by the 1PI fully corrected vertex, i.e. the
n-th functional derivative of T'[¢].

2. Replacing each propagator by the fully corrected propagator D.
We are lead to the following important conclusion.

Property 1 Tree-level amplitudes computed with the functional T'[d] (rather than with the
classical functional S[P]) give the fully quantum-corrected amplitudes.

For this reason, it is appropriate to view I'[$p] as the quantum effective action associated
with the classical action S[¢]. It can be computed order by order in perturbation theory.

*
* %k

Unfortunately due to lack of time I have to stop here, but there would be much more to say!
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