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Recent work on the construction of lattice integrable models corresponding to the SU(N) coset conformal

field theories is reviewed.

1. INTRODUCTION

One of the most striking features in the recent
developments in two-dimensional field theory has
been the convergence of concepts and methods in
two a priori disconnected areas: conformal field the-
ory which deals with continuous massless (critical)
fields, and integrable lattice models, which are con-
cerned with critical or non-critical discrete systems.
That these two fields overlap is not a complete sur-
prise: lattice models at criticality are described by
some conformal field theory (c.f.t.). Conversely, as
will be illustrated in this talk, and much more sur-
prisingly, it seems that most, if not all, rational c.f.t.
may be realized by some integrable lattice model.
The convergence between the two areas is actually
much deeper. Many concepts which looked proper
to one approach turn out to appear in some way
in the other. This is the case of the Yang-Baxter
equation and quantum group ideas, developped in
the framework of integrable models [1] which play
also an important role in rational c.f.t. [2]. On the
other hand, the Feigin-Fuchs construction and its

screening operators seem to have analogues within

quantum algebras [3] (see also [4]) and the charac-
ters of infinite dimensional algebras appear in infe-
grable models [5].

The classification of rational c.f.t. must thus
have much in common with the classification of in-
tegrable models. Admittedly, the former looks a
better posed problem than the latter. On the one
hand, one has to classify modular invariant combi-
nations of characters, or fusion algebras, whereas
the construction of integrable models relies on a se-
ries of Ansitze: solutions of the Yang-Baxter equa-
tion, with a certain group-theoretic stracture, for
face models of a certain type, etc... It is my be-
lief, however, that we have much to learn about the
classification of c.f.t. from the study of these lattice
models.

In this talk, I would like to illustrate this by
reviewing some recent developments in the con-
struction of lattice realizations of the coset c.f.t.
SU(N)g-1 X SU(N)/SU(N);. The general stat-
egy is due to Pasquier [6] who has introduced height
models based on graphs, which encode which config-
urations of heights are admissible. Throughout this
discussion, there will be two types of algebras at-
tached to these graphs in two different senses. On
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the one hand, a representation of the Hecke alge-
bra (or of its specialization, the Temperley-Lieb al-
gebra), basic in the “Baxterization” procedure [7],
is built on the space of paths on the graph. On
the other hand, fusion algebras play a central role
in cf.t. These algebras are particular cases of so-
called “c-algebras” [8] or “hypergroups” [9] which
are associative and commutative algebras with a
basis z, and relations z,z = Y_, N,,°z. satisfying
some additional axioms. Whenever the real struc-
ture constants are non negative integers, one may
regard the matrices N, of entries N_;° as the adja-
cency matrices of a collection of graphs. Conversely
given a graph, one may wonder if one may use its
adjacency matrix to generate a c-algebra with non
negative structure constants.

These considerations will be recurrent in the
The simplest models for the SU(N)

cosets involve the graphs that represent the fu-

following.

sion by the fundamental representation in the Kac-
Moody algebra Sl‘er ) at some level. This is natu-
ral since the configurations appear in the truncated
Bratteli diagram, the slices of which are precisely
building this graph [10], [1]. There are, however,
more complicated patterns of heights, correspond-
ing to more general graphs, for which the c-algebra
may or may not have non negative structure con-
stants.

After a short review of what is known about the
classification of the coset c.f.t. (sect.2), of integrable
height models (sect.3) and of the Pasquier construc-
tion in the case of SU(2) (sect.4), I shall introduce
a class of graphs which seem relevant for the con-
struction of SU(3) integrable models (sect.5) , dis-
cuss some of their algebraic properties (sect.6) and
their associated c-algebra and what it says about

the continuum limit (sect.7).

2. THE C.F.T. STANDPOINT

2.1. Classification of SU(2) theories

We consider a torus of modular ratio (ratio of
its two complex periods) 7, with Im7 > 0 and let
g = exp 2¢w7. The partition function Z of a c.f.t. on
this torus may be expressed in terms of the Virasoro
generators as

Z = tryqlo—dagho—% (2.1)

By definition the Hilbert space of a “rational c.f.t.”
splits into a sum of products of representation
spaces of the left and right chiral algebras with mul-
tiplicities N, x

H= @N)‘xv,\®'vx. (2.2)

Thus Z reads

A=Y Nyxxa()xx(@)
AX

(2.3)

The characters xx(g) = try,gl°~% are generat-
ing functions for the number of states with a given
eigenvalue of Ly in the representation space V) and
are explicitly known functions for a variety of chiral
algebras. As a function of 7, Z must be modular
invariant, which expresses the independence of this
physical quantity with respect to the choice of coor-
dinates on the torus. This fundamental observation
[11] opens the route to a classification of families of
rational c.f.t.’s. Given a certain set of characters
of some chiral algebra (Virasoro, Kac-Moody....),
what are all the modular invariant combinations
with non negative integer coefficients that may be
formed with them? This is a well posed problem
because it turns out that (for some not very well
understood reason) all these characters form finite
dimensional representations of the modular group.
In particular, under 7 — —1/7, there is a unitary
matrix S such that

XA(—;) = Z S xa (7). (2.4)
Al
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This classification program has so far been car-
ried out completely only for theories with a sﬁTz) k
Kac-Moody algebra (of level k) and some associ-
ated coset theories. In particular, the coset theories
SU(2) k-1 X SU(2)1/SU(2)x are the only unitary
conformal theories with a central charge ¢ < 1. In
fact
6

T (k+1)(k+2)
The classification is simpler to describe for the Kac-
Moody theories for which X labels an integrable
weight of level k, (or “altitude” n =k + 2) i.e. cor-
respoads to an integer or half-integer SU(2) spin j,

c=1 k=2,3,--- (2.5)

0<j<ikbyA=2j+1Lhence 1 <A<k+1=
n — 1. For a given n = k + 2, modular invariant so-
lutions turn out to be in one-to-one correspondence
with simply laced Lie algebras (ADE) of Coxeter
number n [12]. The correspondence is particularly
manifest on the diagonal terms (A = X) of the par-
tition function

Z= z Ni[xa[? + off diagonal terms (2.6)

1LA<n-1

where N, is the multiplicity of A as an exponent of
the A,D, E Lie algebra.

Table I: List of SU(2)x—1 X SU(2)1/SU(2)x coset modular invariants,

with n/ = n+ 1, k + 2 = max(n,n’).

n—-in—1

n>2 1 I ul? (An-1)
A=1 p=1
n’—1 2p-1

n=4p+226 3 Y Ixap+xrapt2-ul® +2xazpa? (Dz2p+2)
8=1 | podd=1
n'=1 4p—1 2p—2

n=4p2>8 1IN Y owlfthozl+ ) (awxie-stec) (D2p41)
A=1 | podd=1 § even =2
n'—1

n=12 LY {bor +xa7l® +xaa +xasl® +Ixas + xanl*} (Ee)
A=1
n'—1

n=18 1 {lxar+xa17 + Ixas +xa 182+ xaz+xauf (E7)
A=1

+xaol® +[(xra +x218)x3 0 +ccf}

n'—1

n=230 %Z{IXAl+XA11+XA19+X:\29|2+|x,\7+x“3+x”1+x;23|2} (Es)

A=1

In Table I, is presented the parallel classifica~
tion of the coset theories of central charge (2.5),
which also exhibits the exponents of the ADE al-
gebras. Characters are labelled by a pair of weights
A and p of respective altitude n’' = n+1 and n,
k + 2 = max(n,n’). I recall that the exponents are
defined as the integers that label the eigenvalues of

the Cartan matrix C, or what is more suited for
our future purposes, of the adjacency matrix G of
the corresponding Dynkin diagram: C = 21 - G.
The eigenvalues of G are 2coswm/fn, m taking
r(= rank of the algebra) values ranging between 1
and n — 1: the exponents. (Table Ii)
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Table I1
List of Dynkin diagrams and of their exponents

Graph Coxeter number n Exponents
Ap-1 o0z —Op—1 n 1,2,---,mn—1
(k-1)
Dy or——og ++r —s 2(k — 1) 1,3,-+,2k —3;k—1
(k—1)’
Eg o—o—I—o—o 12 1,4,5,7,8,11
Eq o—o—0 I —o 18 1,5,7,9,11,13,17
Eg *———— I *—0 30 1,7,11,13,17,19, 23,29
2.2. The case of SU(N), N > 2. en = —AN_1.

The generalization of these considerations to
SU(N) for arbitrary N follows a well known route.
One considers conformal theories with a .5'17(7\1 )
Kac-Moody algebra [13]. At level k, the only admis-
sible representations are associated with “integrable

weights”, i.e. with points of the Weyl alcove:

A= NZI Mihi, with A > 1, Y A <n—1 (27)
i=1

hence may be associated with Young tableaux with
at most k columns (and N — 1 rows). In this ex-
pression, A;, 7 =1,---, N — 1 are the N — 1 funda-
mental weights of SU(?"}, and we have introduced
the “altitude” n = k + .v. In fig. 1, the edges are
oriented along the vectors ¢;, j = 1,:--,N, that
are the weights of the fundamental representation

0: ep = Ay, 65 = Aj—Aj g forl < j < N,

A6 1

FIGURE 1
The Weyl alcove of SU(3) at level 3 or altitude 6.

From these theories with a ST(N) Kac-Moody
alge’ ra, the coset construction produces more con-
formal theories, in particular the so-called SU(N)

minimal models

SU(N)k_1 x SU(N)

SU(M)x (2.8)
of central charge
e=(V-1)(1- 1:’; g _+1—1)1) (2.9)

that will be realized as critical lattice models in the

following.
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Table ITI. List of some known SU(3)x—; x SU(3),/SU(3)x coset modular invariants,
denoted (GM™); n =k + 3.

(A(n)) Z =§ E Z |XA.#|2
AP pery)
2
D™y z2=% Y > X xacul® if3dividesn

AP penpl) k=0

2 2 *
k=0

Ae@npyy) k=0

(E®) z=%1 ) [lx:\,(m) +xneal + a2 + 0,08 + X629 + X060/
rep

+ Iy a,1) + x0,0,9 12 + o ,s) + 30,63 P+ baoyen + Xx,(3,4)iz]

&) z=%1 ) [lXA,(l,l) +X3,a00) + X2,1,10) + X2,6,8) T X 5.2) + X2
AepPly

+2[Xa,38) T X3 + xa,(e,a)lzl
(El(tizs)) Z=3% Z [IXA.(I,IJ + X000 + X110 + X, 3.2 + X066 + X063
aep)
+ X5 + X0, 62) T X028 + osan + xo,en Ho,aal
+ xXa ) + X0,0,1 + X6l + 200,40
+ (0,22 + X0,6.2) + X0,28) X3, 4,0 + C-C-]
B z=% ) [IXA.(I.I) +Xa,10,1) + X0,(10) % + Da3) + X038 + X069
aeri)
+ D0 (5,8) + X0, (5,2) T X, @812 + 21X, (4,02
+ (X047 + 30,2, + 30,0,0) (0,0 + X000 + X0, 4n)” +ec

+ (xr,@.2) + X062 +X0,29) X 00 + c-c-]
E(9 z=1% [Xx,1,1) + Xa,(22,1) T X2,(1,22) + X2,(5,5) + X2, (5,24) T X2,(14,5)
3 (1.1)
APy
+ xa,05,11) + Xa,01,2) F X2,2,11) + X277 T XA,(700) T )(,\,(10,7)|2
+ X, (7,1) + Xa,016,7) T X2, (1,18) T Xa,(1,7) F X, (7,16) T X2, (16,1)

2
+ X,(5,8) T XA,(11,5) T X2, (8,11) T X),(8,5) T Xa,(5,11) + X, ana)l ]
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In spite of numerous and vigorous efforts,
no complete classification has been achieved for
SU(N), N > 8 theories as yet. The full descrip-
tion of the commutant of the action of the modular
group on SU(N) characters, i.e. the general form of
the modular invariants with arbitrary (complex or
rational) coefficients has been obtained [14] but the
effect of imposing the positivity of these coefficients
has not yet been mastered. Infinite series of modu-
lar invariants have been constructed [15], some ex-
ceptional cases have been exhibited [16], and a theo-
rem asserting that these cases exhaust the possibili-
ties for N = 3 whenever k+ 3 is a prime number has
been established [17]. Finally the case of SU(N )=
has been completely analyzed in [18]. (For further
comments and a different approach to this problem,
see Alvarez-Gaumé’s contribution at this meeting.)
From the modular invariants presently known for
the SU(3) Kac-Moody theories, one can manufac-
ture a subfamily of modular invariants pertaining to
the cosets (2.8) which are diagonal in the weights
relative to level £ — 1 and 1: this results in Table
IIL. It involves the following notations: @ denotes
the root lattice of SU(3), P_f_'_? is the Weyl alcove
(2.7), o is the Z3 automorphism

ol = A2A; + (n o Az)Az (2.10)

and all the weights are represented by their compo-
nents A, As.

2.3. Fusion algebra.

An internal associative and commutative oper-
ation on the representations of chiral algebras (or
“chiral vertex operators”) has been introduced re-
cently [19],[2]. In Kac-Moody theories, it amounts
to a tensor product of the representations of the fi-
nite dimensional algebra, truncated by the altitude.

() * (1) = @V, 0 (v) (2.11)

Most remarkably, Verlinde [19] found a close expres-
sion for the integer fusion coefficients N}’ in terms
of the unitary matrix S implementing the modular
transformation (2.4):

Ny = 3 StoeSia,

(2.12)
) S1p

Here and in what follows, “1” refers to the identity
representation of SU(N), i.e. to the apex of the
graph of fig. 1. If N, denotes the matrix of entries
NY,, it is readily seen that the matrices N satisfy
the fusion algebra

NAN, =) _N)*N,. (2.13)
v

Hence, these matrices form the regular representa-

tion of the fusion algebra.

It is natural to encode the fusion rules in a col-
lection of graphs: each matrix N is regarded as
the adjacency matrix of a graph. In particular, if
we take A = [, the fundamental representation of
dimension N, the resulting graph is nothing else
than the graph of fig. 1. Thus conversely, the for-
mula (2.12) tells us everything about the spectrum
of the adjacency matrix of that graph: its orthonor-
malized eigenvectors are S,,,, corresponding to the
eigenvalues Sp,/S1,.

3. HEIGHT MODELS

We now introduce a family of lattice inte-
grable models. The degrees of freedom are attached
to the sites of the lattice and interact through
“interactions-round-a-face” (IRF) around each pla-

quette. The Boltzmann weights are thus of the form

w(ala az, a3, 0,4) =::' DZ: (3.1)

In the simplest model of this type, the a’s are in-
tegers (on a finite or infinite range) that may be
regarded as describing the height of a discrete fluc-
tuating surface, and heights at neighbouring sites
must differ by +-1. We can generalize this to a more
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abstract situation where the a’s belong to general
discrete set, and are subject to some constraint. Ac-
cordingly, these models are called “height models”,
or SOS (solid-on-solid), or IRF (or face) models.
In order to construct integrable models, one
seeks a one-parameter family of commuting row-to-
row transfer matrices, and this may be found if the
Boltzmann weights satisfy the YB equation

Zw(aiﬂi+1; b"a§'|u)w(a:-'b"; G:'+1az l“’)
bll
(6" 513 0l 101 0") = 3 w(a¥as;b"alu")
bll
w(aiair1;afy 6" luYw(b"af 50l allu)  (32)
with «” = u’ —u, which is represented diagrammat-

ically as follows:

( iel i a"i gioi
2 l 1” o ”
3 \ A = anl
% % %G

One also introduces the face transfer matrix
acting on configurations attached to diagonals

< ajah---af|X;(u)lay---ar > (3-3)

= H 6a.,-a§ w(a;_10:;ai11aflu)
J#i

and eq. (3.2) amounts to

Xi(w) X1 (6) Xi(w") = Xipa (u) Xi(w') X1 ().
(3.4)
For the diagonal-to-diagonal transfer matrix X;(u),

we introduce the following Ansatz:
X;(w) = sin (7(A — u))1 + sin7u Us. (3.5)

Then the model is :

i) critical, i.e. undergoes a second order phase
transition, if X is real: in the following, A will turn
out to be equal to the inverse of a positive integer
1/n;

i) integrable if the U; satisfy the Hecke algebra

UU; =U;U; forfi—j|>2 (3.6a)
U? = 2cos(xA)U; (3.65)
UiUiaUi —U; = U (Ul — Uiy (3.6¢)

iii) related to SU(N) if the U’s satisfy az ad-

ditional N—dependent relation [20].
In fact, the justification of the Ansatz (3.5) comes
from the discussion of a different family of lzttice
models: the SU(N) vertex models, in which the de-
grees of freedom live on the links of the lattice and
interact at vertices. For those models, the diagsnal-
to-diagonal transfer matrix X;{u) commutes with
the quantum algebra U, s£(N'}. Moreover these ver-
tex models admit a reinterpretation in terms of
height models of the previous type. I we try to
construct mcre general height models, it is there-
fore natural to demand that their transfer matrix
X;(u) commntes with the quantum algebra. Now
the commutant of U, s€(N) (in the tensor space of
two fundamental representations) has been shown
by Reshetikhin [20] to be described by the factor of
the Hecke algebra (3.6), with ¢ = €™, by the addi-
tional condition that the g—analogue of the N—th
Young antisymmetrizer vanishes.

We are thus looking for new representations of
the Hecke algebra. Following an idea of Pasquier
[6], it is suggested tc regard the heights as attached
to the vertices of a graph §. The allowed configura-
tions are encoded in the adjacency matrix G of this
graph in the sense tzat two heights on two neigh-
bouring sites of the lattice must be neighbours on
the graph. In other words, we are seeking represen-
tations of the Hecke algebra on the set of paths on

the graph §.
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4. THE CASE OF SU(2)

In the case of SU(2) we only consider unori-
ented graphs § (their adjacency matrix G is sym-
metric). This is related to the reality of represen-
tations of SU(2). As any matrix with non nega-
tive entries, the matrix G has an eigenvector (1)
of largest eigenvalue 4(?? with non negative compo-
nents: y& >0 {Perron- Frobenius theorem). Then
(6l

! 1
] o ) (¢3’¢i§’) 2
s = 8i-1¢ DBiy = Bim18it1 (1)
7 ¢°i—l

(4.1)
satisfies the Hecke algebra with

4 = 2¢coswA. (42)

(In the case of SU(2), the additional condition
mentioned above reduces the Hecke algebra to the
Temperley-Lieb algebra, in which the two sides of
€q. (3.6c) vanish separately.) Since we impose that
X be real, we look for unoriented graphs such that
their largest eigenvalue be less or equal to 2. The
case 7{1) = 2 corresponds to conformal theories
with ¢ = 1 and will not concern us here. The clas-
sification of graphs with

W <2 (4.3)

is a well known problem [21]: the solutions are ei-
ther the A, D, E Dynkin diagrams or the quotients
Aze/Z>. The latter graphs actually lead to the same
lattice models as the Az, ones and are therefore dis-
carded. It is thus quite gratifying to see the same
ADE classification as in sect. 2.1 emerging in this
very different approach. The identification of the
continuum limit of the critical lattice models with
the SU(2),_3 x SU(2)1/SU(2)n—3 coset theories is
completed by the determination of their partition
function on a torus [22] and of their operator alge-
bra [23].

Let us summarize some of the features of the
SU(2) case. All the graphs have eigenvalues (of

their adjacency matrix) of the form

xp

(p) — o7 g
v 2cos - (4.4)

where p runs over the exponents of the Dynkin dia-
gram, as recalled above (see Table IT) and n stands
for the Coxeter number.

i) The A,_; case may be regarded as self-dual:
the heights (configuration variables) may be taken
as ranging from 1 to n—1 and the exponents (which
label the eigenstates hence play the role of mo-
menta) run on the same set. This model is nothing
but the RSOS model introduced originally in [24).

ii) The spectrum of the exponents of the other
D or E solutions is always a subsct of the exponents

of the A graph of same Coxeter number n.

5. FROM SU(2) TO SU(N)

We want to attach a representation of the
Hecke algebra to some graph. The graph may a
priori be oriented and have multiple edges between
two nodes.

There is 2 known solution [25],[10], that we call
basic and denote A(®), by analogy with the case
of SU(2). The graph is the Weyl alcove at level
k =n — N introduced above (2.7). The elements of

matrix of U; read:

’

A [ u][ ]
-3 o L{T])_

B

D=

(5.)

where the root & = 2u — A — v is assumed to be non
vanishing, otherwise the matrix element of U; van-
ishes; ¢ = e, and lz] = 9%'_:; is the g—analogue
of the number z. This U; satisfies the Hecke algebra
for A = 1/n.
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In addition to this basic solution, other solu-
tions exist whenever n and N have a common divi-
sor N'/. Then one may construct the orbifold graph
[26]

DInkN' — 4(n) ]Zn (5.2)

and determine the Boltzmann weights in accordance
with the Hecke algebra [27].

Besides these infinite series of solutions, one ex-
pects some exceptional solutions. By analogy with
the case of SU(2), it has been suggested [28] to re-
place the original problem:

o find graphs that support a representation of
the Hecke algebra
by a different problem:

o find graphs § with definite spectral proper-
ties, namely such that their eigenvaiues be among
those of some A(®).

To be more precise, and taking the case of
SU(3) for definiteness, we postulate:

e G must be 3-colourable: to each node, we
attach a triality r(a), and Ggp # O only if 7(b) =
7(a) + 1 mod 3.

e G is normal (i.e. [G, G*| = 0) hence diagonal-
izable, and its spectrum of eigenvalues is included in
that of A(®), for some n. The latter is (by Verlinde
formula and the explicit form of the S—matrix for
SU(N) Kac-Moody theories, see above sect. 1.3)

7 = (5.3)

i=

For the A, all the values of p inside the Weyl
alcove are reached: this is again the self-duality of
this A—case. For the other cases, only a subset of
these values, with possible multiplicities, called the
“exponents” of the graph, gives the eigenvalues by
assumption. The value of n defines the “altitude”

of the graph.

¢ The graph § possesses an involution ¢ — &,
generalizing the complex conjugation of representa-
tions of the A case, that reverses the triality and
the direction of arrows:

r(2) = —r(a) mod3

Gas = Gh, (5.4)

On top of that, we may add some condition to dis-
card the redundancies of the type encountered in
the case of SU(2} (cf. Aze/Z;).

It is an open problem to classify all graphs with
these properties, and the best I can do is to preseat
on fig. 2 some of the solutions that we found in [28].

6. PROPERTIES OF THESE GRAPHS

First one should stress again that we have pro-
ceeded so far in a very heuristic way: based on e
experience with SU(2), we have assumed that the
relevant graphs for the construction of integrable
models are to be found among those satisfying the
conditions listed in the previous section. There are
indications that some of the graphs satisfying these
conditions are inappropriate. Only “good” graphs
which seem relevant are shown on fig. 2. The fact
that these graphs support a representation of the
Hecke algebra has been checked in a certain num-
ber of cases by direct computation [28],{29]. These
graphs are marked “H” on fig. 2.

Algebraie properties and intertwiners.

Consider a general graph (™ and the graph
A™) with the same altitude. Call ${) and ${¥
their respective orthonormalized eigenvectors for
the eigenvalue (5.3). By Verlinde formula, ¢f\’ ) =
S)p. Construct the set of numbers

A Y
Vab Z ;'(17)
exponents of G
Formula (6.1) is an extension of (2.12) to which it
reduces for G = A.

The numbers V;} have the following properties:

pemel

i

(6-1)
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\/

D(lZ)t

X
VN

FIGURE 2
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i) T, A0V = X, VGa, ie. for fixed q,
the rectangular matrix V}} intertwines between the
matrices A and G: AV =VG.

il) VY = 6a Ve =Ga

iii) V;} are non negative integers.

iv) The square matrices V* = (V) satisfy

VAVE = N, V¥ (6:2)
)

Only property iii) is non trivial to prove: it is rel-
atively easy to see that these numbers are integers
[28], their positivity, however, requires a proof. It
may be checked by inspection of all the cases rel-
ative to SU(2) and of the various known cases of
SU(3) (the case A is already proved by (2.12)).
Property iv), on the other hand, means that these
matrices form a representation of the Sm)u_ N
fusion algebra for which the fusion coefficients N, e
are the regular representation (see (2.13)). This
suggests yet another possible reformulation of our
problem: the classification of all non-negative inte-
ger valued representations of the fusion aigebra of
the Kac-Mcody algebras Sﬁ(N ) might have much
to do with the classification of the desired graphs.
In the case of SU(2), the problem may be shown to
be equivalent to condition (4.3) and therefore leads
again to ADE.

Why are the coefficients V}} integers and what
is the algebraic interpretation of these numbers?

It has been shown some time ago [30] that ina
conformal field theory, the partition function on an
annulus, with fixed or free boundary conditions on
the edges, is a linear form in the characters of the
chiral algebra. In particular, in our height models,
if we fix the height on the two sides to take fixed
values 1 and A on the A graph, resp. a and b on
the § graph, there are strong indications that the
corresponding partition functions are

z{

3 =x1(7) (6.3a)

28 =Y Vi) (6.35)
A

=Y viz® (6.3¢)
A

in terms of the coset characters labelled by two
weights of levels k — 1 and &. This has been proved
in detail in the case of SU(2) in [31]. Moreover
Cardy [32] has proved that for the A models, the
coefficients in (6.35) must be the fusion coefficients.
The reason why for a general graph G the coeffi-
cients in (6.35) must form a representation of the
(“thermal”, i.e. relative to the (1,A) operators )
fusion algebra is still mysterious. Could it be even
more general and hold in an arbitrary cft.? For
“good” boundary conditions, the coefficients of the
partition function as a linear form in the characters
would correspond to a representation of some fusion
algebra?

Property (6.3c) actually holds already on a dis-
crete and finite lattice. One may show that the
partition functions with fixed boundary conditions
on the § and A graphs are related by (6.3c). This
has been established in the case of SU(2) by map-
ping the lattice models onto one another in [31] or
by making use of algebraic properties of the repre-
sentations of the Temperley-Lieb algebra attached
to these graphs in [1]. It is very likely to extend
to general SU(N) [33],[29]. In the case of SU(2),
this reflects the reducibility of these representations
of the Temperley-Lieb algebra. It has been argued
in [3] that the only irreducible representations of
this algebra are those corresponding to paths run-
ning from the end point 1 of the A, graph to the
generic point A. The representations attached to
other paths on A, or to paths on other graphs are
non irreducible and traces over such representations

decompose as indicated by (6.3).
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7. CONTINUUM LIMIT

To make the connection between the integrable
lattice models and their continuum limit described
by some c.f.t., one can appeal to statistical mechan-
ics techniques as the Coulomb gas formalism. The
lattice model is rephrased in terms of excitations
with logarithmic interactions, i.e. in terms of a free
boson field. Boundary conditions make the field
compactified on a circle, the radius of which is de-
termined by comparing some exact results obtained
in the integrable model with the free field computa-
tion (see for example [34] for a review and further
references.)

This has been successfully applied to the the-
ories based on SU(2) [22]. The case of SU(N),
N > 2, however, seems less tractable. The free
field acquires several components, it is compacti-
fied on a torus of dimension N — 1 equal to the
rank of SU(N), and its action may contain a “tor-
sion” term antisymmetric in the components. This
means that two parameters, compactification radius
and coefficient of the antisymmetric term, have to
be determined. For height models of the type dis-
cussed above, which are expected to be expressible
in terms of combinations of free fields with different
radii and couplings, the task appears almost insu-
perable.

It has been suggested in [33] that there may
be more direct, algebraic connections between the
lattice model and its continuum counterpart. This
is based on two empiric observations:

* For each known modular invariant Z of Ta-
ble III, there exists one (or several) graph(s) of
fig. 2, whose exponents label the diagonal terms of
Z. This justifies the matching of notations in Ta-
ble III and fig. 2. When there are several graphs
with the same spectrum of exponents, there must
exist several distinct c.f.t. with the same genus-one
partition function but different operator algebras.

Knowing the graph, hence the exponents, can one

reconstruct the modular invariant? This may be
easier when the modular invariant is a sum of blocks
of characters squared. In that case, the problem just
amounts to finding the appropriate partition of the
set of exponents. This is the object of the second
observation.

+ For each graph marked “I’ on fig. 2, there is
an associated c-algebra, with non negative structure
constants, from which a partition of the set of expo-
nents may be derived, corresponding to the blocks
of a modular invariant.

In addition to the axioms of associativity and
commutativity quoted in the Introduction, a c-
algebra must have a unit denoted 1 and be endowed
with an automorphism a — @: N,;° = N;° such
that Nubl = 6,5
amples of c-algebras, but more general c-algebras
may be associated with the graphs of our construc-
tion. The generators N, are attached to the vertices

. Fusion algebras of cf.t. are ex-

a of the graph and are represented by |G| x |G| ma-
trices N,;° (|G|=number of vertices of ). Suppose
there exists some vertex a;, denoted by abuse of no-
tation 1, extremal in the sense that it is connected
to only one pair of other vertices. We introduce the
numbers

*

S T
L2

If some eigenvalues of G are degenerate, then the
formula (7.1) may be ambiguous. The graph § is
called type I if there exists a choice of eigenvectors
for G yielding non negative integer N’s. The forth-
coming discussion wili only apply to these type 1
graphs. There is a dual algebra with generators
labelled by the exponents and with structure con-
stants

(N, (8) (V)=
My =Y ¥ede e gy
aclU a

These M are in general different from the N and

take their values in the real numbers. However they
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turn out to be non negative in all the known type I
cases.

What is the physical interpretation of the N
and the M’s? In [6], local lattice operators have
been constructed whose algebra is given by the M
coefficients. To the best of my knowledge, no such
interpretation has been found for the N’s. This N
algebra with positive structure constants turns out
to contain as a subalgebra the thermal fusion al-
gebra of the corresponding c.f.t. (Conversely, this
means that the thermal fusion algebra is contained
in a larger algebra, whose meaning remains elu-
sive). The generators of this subalgebra have labels
marked by circles on fig. 2. By a non-trivial theo-
rem [8), the existence of such a subalgebra, together
with the positivity of the N’ and the M’s implies
the existence of a dual subalgebra of the M’s, thus
of an equivalence relation between exponents:

A= p <> 3 a generator M, in the subalgebra
such that M, * #0. (7.3)

What we have observed in [33] is that the equiva-
lence classes for this relation are nothing else than
the blocks of the partition function. In other words,

Z=3 Z }:' Z XA,#|2

I\EP},'_‘,_'" class ¢ pc class 4

(7.4)

reproduces the block diagonal invariants of Table
oL

As this sketchy discussion shows, things are
still very empiric and mysterious but these obser-
vations point to the existence of a2 novel and in-
teresting algebraic connection between face lattice
models and their continuum counterparts.

Let us summarize the points which would de-
serve more work:

1) the precise characterization of the graphs
supporting a representation of the Hecke algebra.
Are the conditions of sect.5 sufficient? What is the
general form of the Boltzmann weights?

2) the classification of these graphs and/or of
the representations of the fusion algebra on non neg-
ative integer valued matrices. Are the two problems
equivalent or only similar?

3) the interpretation of the N and M algebras
introduced in the last section, botk from the lattice
and from the continuous point of view, and of their
relation with modular invariants.

4) the extension of these considerations to
graphs that are not of “type I’. In cf.t. [2], it is
known that non block diagonal modular invariants
are obtained from block diagonal ones by the action
of an automorphism of the fusion algebra, whose ef-
fect is to twist the right sector of the theory with
respect to the left one. It is likely that there is ar
analogous mechanism in the c-algebraic discussion.
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