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We give explicit expressions for the singular vectors in highest weight representations of the
Virasoro algebra using a precise definition of fusion.

1. Introduction

The rich representation theory of the Virasoro algebra has produced a vast
amount of applications in statistical physics, conformal field theory and string
theory. It is largely based on the fundamental work of Kac [1], Feigin and Fuchs [2]
and Belavin et al. [3]. The Kac determinant formula yields the complex pattern of
inclusions of Verma modules, leads to the consideration of rational theories and
produces character formulas and differential equations for field correlations. The
methods of proofs though improved by a number of authors [4-7], did not yet give
very explicit expressions for these embeddings dictated by the existence of singular
vectors in Verma modules. It is the aim of this work to produce such expressions.

A first important step — perhaps not sufficiently noticed - was accomplished by
Benoit and Saint-Aubin [8] who gave a sub-series of these vectors. These formulas
can be recast in a transparent matrix form in complete parallel to the formalism
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developed by Drinfeld and Sokolov (9] in the context of (generalized) KdV tlows in
a covariant discussion of differential equations [10, 11]. It was then natural to
suspect that “fusion” [3] (or Wilson’s short-distance expansions) would allow to
obtain a completely general answer. Even though this has already been largely
discussed in the literature, we could not pin-point a definite source to make the
concept precise and operative. It is perhaps the most important part of this paper
to achieve this goal (sect. 4). It turned out that (i) this can only be defined among
irreducible modules; (ii) it involves three isomorphic but distinct copies of the
same Virasoro algebra, by which we mean that the central charge is the same for
the three; (iii) it introduces in a natural way the Kac determinant as the determi-
nant of an inhomogeneous linear system; (iv) it leads to precise fusion rules, the
latter being selection rules which dictate when fusion can occur and (v) last but not
least, it allows to generate from singular vectors in the original modules, singular
vectors in the target one. This is discussed in sect. 5 where we obtain the required
expressions.

The paper has not been written in the spirit of a polished mathematical work.
Rather we follow an inductive path, progressing through examples which illustrate
the general properties. We did not wish to present here an axiomatic deduction
which would hide the machinery, although at the present stage it is very likely that
this can be done. Moreover, by turning the process upside down one can now
presumably rederive the Kac formula as well as its consequences.

Our approach was suggested by the study of classical W-algebras. It was known
that there are strong links between this subject and the representation theory of
the Virasoro algebra. In a sense this is completely vindicated by the present work
which could alternatively and provocatively be entitled a variation on the theme of
second-order linear differential equations.

The essential result is summarized in proposition 5.2 (sect. 5) which gives a
complete and straightforward algorithm for finding singular vectors - starting from
a differential equation with coefficients in the Virasoro algebra. This is in disguise
the Benoit—Saint-Aubin equation properly re-interpreted through fusion. Unfortu-
nately to reach this stage we had to cope with a number of technicalities which
explains the length and detours of the paper. A concise but slightly cumbersome
version was given in a previous letter [12]. We hope to present in the future a more
abstract version for a mathematically inclined reader. It is also possible that the
fusion procedure can be applied fruitfully to other local algebras like Kac-Moody
algebras, superconformal superconformal algebras and W-algebras themselves.

It is a pleasure to thank Raymond Stora who made us aware of the literature on
covariant differential equations. In particular we are grateful to Pr. Peetre for
providing us with copies of his articles on the subject. By revitalizing the “trans-
vectant” formula of Gordan he has helped us to realize that this is the key to the
construction of various bases of W-algebras and their interrelationship. We have
borrowed from his work in the last paragraph of sect. 2.
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2. Classical W-algebras

Classical W-algebras are the algebras of deformations of linear differential
operators in one variable that preserve their transformations under diffeomor-
phisms. Alternatively, the W-algebras may be presented in terms of a Poisson (or
hamiltonian) structure on the space of differential operators, with a finite set of
k-differentials as generators. We summarize briefly the discussion given in ref. [10].

Let %, stand for the set of regular (i.e. infinitely differentiable or locally
analytic) A-differentials, i.e. such that the same element is represented in two
coordinates x and £ by functions f and f with the property

f(x)dE* =f(x)dx*. (2.1)

This definition makes sense for arbitrary A in infinitesimal transformations by
assuming the jacobian close to unity and can be extended to finite ones in regions
where the jacobian does not vanish.

A normalized nth order differential operator (, is written in coordinate x as

Q,=d"+ay(x)d" 2+ay(x)d" 3+ ..., (2.2)

where d=d/dx and the coefficient a,(x) of d"~' has been set equal to zero.
This is achieved if necessary by rescaling Q, =g '(x)Q,g(x) with g(x)=
exp{—(1/n)[*dx"a,(x")}. Then Q, is a map

Qn: 'Zl-n)/Z_)‘?(l-Hz)/Z’ (23)

which dictates its covariance under diffeomorphisms. The coefficient of d”~'
vanishes in any coordinate and the wronskian of n linearly independent elements
in ker 0, is a constant.

Eq. (2.3) implies that

n(n?-1)

d)(x)dfl=ay(x)dx?+ 5

{x, %) di?, (2.4)

where the bracket denotes the schwarzian derivative

{g(x),x}

g"(x) 3 (g"(x) ) (25)

e 218

The other coefficients a, have less transparent transformation laws. One can,
however, perform an invertible transformation to differential polynomials w, € .7,
3 <k <n. The choice made in ref. [10] was to require the w’s to be linear in
as,a,,... and their derivatives with a normalization given by w, =a, + ... . The
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w’s were then shown to be generators for the graded ring R of those differential
polynomials in the ¢’s which are p-differentials, p > 3. An example is the antisym-
metric combination

[Dwisw 1] = twiow, — kw, w;

which also satisfies the Jacobi identity. This is however not the Poisson structure
on functionals of w’s discussed in refs. [9, 10], a subject which will not be pursued
here.

The generators w, were introduced in ref. [10} by a splitting Q, = 4,(a,) +
AP(wsy, ay) + Ay wy, a,) + ... with each AYY linear in w, and its derivatives
(k > 3) mapping F,_,,,, into 7., ». This expression as well as the above
formula are examples of a construction dating back to Gordan which we recall at
the end of this section.

Let us introduce another set W, of generators for the same ring R which
appears more canonical and is useful for the sequel. It will be such that

we=0 Wet ..., (2.6)

with o, _, a numerical constant. The additional terms in (2.6) are absent for
2<k<5 (we set a,=w,) and in general stand for a non-linear differential
polynomial in the W’s. The transformation is of course invertible.

To motivate, and define, this new choice, we return to Drinfeld and Sokolov’s
presentation [9] which substitutes for Q, a n Xn first-order differential operator,

d a, ay ... a,
-1 d 0 0

Q,, = 0 -1 d 01. (2.7)
0 -1 d

This is the so called A,_, case, i.c. Qn = d +.«, where the matrix & belongs to
the Lie algebra A, _,. The last component of a vector-valued function in ker 0,
belongs to ker @, and conversely from an element in ker , we can construct one
in ker Q,,, so these two n-dimensional vector spaces are isomorphic. Take fe€
ker Qn, its last component may be chosen to belong to %, _,, ,, but the next
components are its successive derivatives. This entails the complicated behaviour
of the a,’s under changes of coordinates.

It was one of the original ideas discussed in ref. {9] that the above form isAby no
means unique if one is to retain the isomorphism between ker Q, and ker Q,, for
one can choose the components of the vectors on which Q,, acts as appropriate
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combinations of lower derivatives. This leads to a covariance under transforma-
tions of the type

QArzﬁNAlQnN’ (28)

where N is an x-dependent element in .7, the group of upper triangular matrices
with 1’s on the diagonal (we call T its nilpotent Lie algebra of strictly upper
triangular matrices). The above transformation does not affect the lowest compo-
nent of vectors. To be more explicit let

0o o0 .. 0 0 a, a; ... a,
10 0 0 0 0
J=10 1 01, a=10 0 0,
0 ... 10 0 . 0
), =-J+d+a. (2.9)

Under the action of N
Q,— —J+d+{N'aN+N"'(dN+[N,J])}, (2.10)

where the matrix in curly brackets is again upper triangular, but not confined to
the first row any more. The lowest component of f € ker Q,, being unaffected by
this transformation leads to the same nth order operator Q,. Therefore the new
matrix operator which we call again Q,, =—-J+d+a, aeT,is as good for our
purpose. We now use this gauge freedom to obtain the new canonical form.

The matrix —J +a =A belongs to the Lie algebra A, _, of traceless matrices
graded according to

grade(A;;)=j—i, (2.11)

so that grade(J) = — 1. The Chevalley presentation of A, _, in terms of generators
h;, e, f;, 1 <i<n—1, can be written in symbolic form

%hl € [e),e,] [el’[ez’e3]]
fi %(hZ_hl) €; [z, e5]
[f2: 1] /> %(hs_hz) €3 , (2.12)
fn-l —%hn—l

where the entries stand for the non-vanishing elements of the corresponding
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matrices. In particular

n-1
J=2 f (2.13)
i=1
while e,...,e,_, of grade 1 generate the nilpotent algebra T graded from 1 to
n-—1,
n—1
T= @ TH. (2.14)
k=1

The operator ad J induces an injective map
adJ: TESTR-D  2<k<n—1, (2.15)
and maps T on the Cartan subalgebra. Since T*) has dimension n — k, we have
dim(T® /ad J(T** D)) =1. (2.16)
Thus choosing in T*) a representative R, of T*) modad J(T**")
T® ~CR, ®ad J(TH+D), (2.17)

Drinfeld and Sokolov then show that using the gauge freedom on Q,, one can bring
a in the form

n—1

a(x)= ¥ r(x)R,. (2.18)

k=1

The initial choice was
Re=le.les. . [esrne). ] (2.19)

which has a unique non-zero entry 1 in the first row, column k + 1. Since an
element in ad J(T®*Y)c T® is characterized by the fact that the sum of its
entries in the grade k principal diagonal vanishes, the above choice is perfectly
justified.

However, the n-dimensional vector space carries also an irreducible representa-
tion of SL(2) of spin j=(n—1)/2. The Lie algebra is spanned by J_,J,, J,
satisfying

[J+’J—]=2‘I()’ [J(],]i]=i,]t, (220)

and in the spin- representation the spectrum of J, is (j,j —1,..., —j). One can
embed the n X n matrices J,, J , as elements of A, _, (the so-called principal sl(2)
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embedding) as follows:

n—1 n—1

J_=Y f, J,= Y i(n—i)e, e TV,

i=1 i=1

n—1

Jo= Y i(n—i)h,. (2.21)

i-1
Thus
JkeT®, (2.22)
The sum of entries of J¥,
n—k

o= Lin=D(i+1)(n—i-1)...(i+tk-1D)(n—i—-k+1)

i=1

k12
=k!2(2nkikl)=mn(n2—l)...(n2—k2), (2.23)

is non-vanishing; we postpone a proof of this formula to the end of this section.
Therefore we can choose J% as the element R, above. We then write, and this
defines the W’s [11]:

n—1

0,=-J_+d+ Y W, J~. (2.24)
k=1

Let Q, be the corresponding nth-order operator.

Proposition 2.1.
(i) For 3sk<n, W, €%, ie.

W (%)di* =W, (x)dx*.
(i) a,(Q,) = oW, = tn(n? — DW,, hence
Wy(i)di?=W,(x)dx?+ i{x, ¥} d£2.

(iii) The W,, 3 < k < n generate the graded ring R of r-differentials, r integral > 3.

Since w,=a, +... for our previous choice, we have indeed W,=(1/0, _)w, +
... . This property entails (ii) and (iii) from (i) using previous results in refs. [10].
So we need only prove (i).

Let f=(f;, fi~1,...,f-;)7 be the vector on which 0, acts, with n=2j + 1. We
want to find a consistent transformation law of f under diffeomorphisms such that
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on ker @, the last component [ transforms as
of j=(ed—Jje) f ;.
whereas
W, = (ed + ke )W, + 55, ,€".
Let us write (J=J_)

n—1

Q”=“‘j_+d+a, a = ZWA'+1'I§
k=1

and make the ansatz
of=xrf,

x=e(J_—a)+el,—1€J,

=ed+eJ,— 3" ), —€Q,.

—
S
Q]
4]

—

(2.26)

(2.27)

(2.28)

Observe that € and Q, do not commute ([, €] = €'). Clearly on ker Q, the last

component transforms as indicated in eq. (2.25). It then follows that

n—1

2 W Jh
k=1

5Ql1

n—1
=[X3Q,:]= ed+el,— Y, , —J _+d+ Y W, JX —-[e
k=1
n—1
= Y {(ed+€(k+1))W, i+ Le"d, .
k=1

which amounts to formula (2.26) and proves the proposition.

Remarks
(i) Another expression for y is

ed—x=e€Q, + lzs’[1+,Q,,] + %e”[]H []+,Qn]] .

(i) For an alternative proof, see the end of this section.
(iii) As was said above, our former definition of w’s was such that

0, =A(2n)(W2) +A(3")(W3’W2) +A(4”’(w4,wz) t...,

(2.30)

(2.31)



M. Bauer et al. / Singular vectors 523

where w, =a,, 4y maps F,_,,, = F 10, and AL, k >3, is linear in w, and
its derivatives. In the coordinate where w, =a, vanishes the explicit expressions
become

457(0) = d",

k+1—-1\(n—-k
= ! ! b an—kt
A(w,,0)= Y (2k+1_1 whd k=l k3. (232)
=0
) )

The relation between W’s and w’s (for k > 3) is obviously independent of a, = w,
(while w, = 0,W,) so we can set a, =0 to compare them. As we saw,

we=o, W, 2<k<5, S (233)

whereas for k > 6 there are additional terms on the r.h.s.. Direct computation
shows for instance that for n = 6

we =51 (W, + sW5) (2.34)
while for n =7
we =12 X 5!2(W6 + %Wf),
w7=6!2(W7+ _%ﬁW3W4), (2.35)

and for n =8

W =T8 X S (W, + Sk W?),

19
w,=2X 10!(W7+ ;Wz%),

712
Wy = 7!2(W8 + (ET) (6W3W3” - 7W3'2) + W5+ (%%)2 » o (236)

and so forth. These formulas are clearly invertible and it could well be that the
Poisson structure expressed in this basis takes a more transparent form. The
maximal embedding of sl(2) in other simple Lie algebras is relevant in the
construction of the corresponding W-algebras (see ref. [11]).

Proof of the formula for o,. Observe that by construction

o, =tr(J4J%), (2.37)
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in the representation of spin /. We set n =2/ + | and define o, = n. Introduce the
generating function

x 2k

a(B)y= Y -——k‘zak=tre‘31 ehl=tre?® = o
Ko k! sin

sin né

, (2.38)

where 2cos 6 = 2 + B2. This last expression is obtained by using the structure of
the Lie algebra sl(2) or equivalently by looking at the 2 X 2 representation

1 B
BJ_ ﬂl+_ﬁ
e -e (B 1+Bz)' (2.39)

Now sin n6/sin 6, the character of the spin-j representation, is a polynomial of
degree n — 1 in cos § and in view of the addition of angular momenta fulfills

sinn sin(n+1)8 sin(n—1)8
2cos 0 — = - + -
sin 6 sin 6 sin @

From this relation we construct again a generating function
* sin nf

¥

n=1

— 14 lp2
@(t,cos6 =1+ 78%) o

1 1
1—2rcos@+12 (1-1)" - p>

© Blkuk

= du
X t"_lgézm_un kZ yZED » o (240)

n=1 -0 (1—u

so that comparing with the definition of o,

du
a, =k
k ¢2iwu"*k(l _u)z(k+1)

du
_edk 9% , r+2k+1)
k'952,-wn—k Z”( 2k +1

r=0

_ k2 "+k) 241
k'(2k+1 ’ ( )

as claimed.
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An alternative proof is obtained by noting that the desired identity (2.23) is a
particular case of a more general combinatorial identity

> (n—i)(i+p)=(n+17+1)’ (2.42)

I—p<icn—k k I} k+1+1

which is readily proved by induction on p.

Projective connection and Gordan’s “transvectant” formula*. From the work of
Janson and Peetre [13] one realizes that the construction of our original w-basis for
the ring R as well as the various differential polynomials in the w’s giving again an
element in R are parts of the same construction described as follows. Associate to
a,(x) a projective connection b such that a,(x)= {5n(n?— 1)a(x) where the
quantity o = b’ — +b° transforms as a 2-differential with an added term equal to
the schwarzian derivative. This enables one to define a covariant differential

D: feg,-DfeF,,,, (2.43)

through Df =(d — Ab)f. For A =(1 —n)/2 the operator A,(a,) is then given by
4,(a,)f = D"f. With the notation

(r)y=T(r+y/r(ry=r(r+1)...(r+i-1), (2.44)

for the Pochammer symbol, Gordan’s ““transvectant” [14] is then a map &, ® &,
Fr+usn sSuch thatif fe F,, ge F , then

F= %(-1)'(7) D' D

Pt N @) (245)

belongs to .7, , «+~ and depends on b only through the combination a. This is
again proved by using the fact that under a variation 8b which leaves « (hence
w, = a,) invariant, one has (d — Ab)éb = 8b(d — (A — 1)b). Setting A =(1 — n)/2,
u =k a positive integer and N =n — k, we let g > w, and normalize the leading
derivative of f to unity to obtain the other terms of our decomposition of the

operator (, in the form
k+1-1)(n—k
”"‘( ! }( ! )

Ak(az,wk)fE Igo (2k . 1) (Dlwk)D”_k_lf, (2.46)
h {

as claimed in eq. (2.32). Similarly, given w,,w, € R (k,[ positive integers), we

*The “transvectant” in Gordan’s work is named “Uberschiebung”.
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obtain for each N > 0 a map from R X R — R giving a k + [ + N-differential. For
instance for N =1 it reduces to an example given in the text. It is interesting to
note that in the context of automorphic forms Gordan’s formula was rediscovered
by Cohen [15] when restricted to PSL, transformations, a case where b vanishes.
Remark. As an alternative proof of proposition 2.1, one may consider the
operator
n—1
Q =—J_+(d=bl)+ Y W, JX (2.47)
k=2

where the W,’s are k-differentials. Define the n-dimensional vectors f=
(fj,.. f_j)T and F=(F,0,...,0)7, where f,j is a —j-differential, and the other
f,\ are determined by the relation F= Q S Then fk is a k-differential, and
d —bJ, acts as covariant derivative on f. so that F is a j+ I-differential. The
operator Q,, of eq. (2.24) is then obtained from Q, by a gauge transformation

v

Q” — ef(h/zu+ Q,, b/, , (2.48)

provided W, =b'/2 — b? /4. This gauge transformation does not affect the compo-
nents f_; and F and makes thus Q, a covariant operator from %,_, , to

o
'7‘(|+n)/2'

3. A subfamily of singular vectors in Virasoro modules
The graded Virasoro algebra is generated by L,,, m € Z, and a central element
(grade 0), such that

[ m’Ln]_(m—n)L lcm(m2—1)6111+11,ll’ (31)

man T
and ¢ is understood as multiplying the identity operator in any representation (or
module) of interest.

Consider the subalgebra B generated by L, m > 0. Highest weight representa-
tions are characterized by a unique cyclic vector f (up to multiplication by a scalar)
which carries a one-dimensional representation of B in the form (4 is the
conformal weight)

Lof=hf, L,f=0, m>0. (3.2)

Verma modules are graded highest weight representations V(c, /) freely generated
by elements

=L_,L_, ...L_,f. l<p,<p,< ... <py. (3.3)

fm,pz ..... Pk =P
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Finally singular vectors at level n arise from injective maps V(c, h + n) - V(c, h)
where the image of the highest vector in V(c, & + n) takes the form

F= Z Cp,.p:,...fm.pz,“.zd)(Lfl’L—Z"")f (34)

pr+pa+ ... =n
satisfying therefore

L,F=(h+n)F, L,F=0 m>0. (3.5)

m

Parametrize ¢, h and the positive integer n as follows, with j and j' integers or
half-integers

c=1 +6(9+941)2’
h=—(j6+767")(J+ 1o+ (/+1)87"),
n=(2j+1)(2j+1), (3.6)

and 6 is any complex number, the values 0 and o« being included in a limiting sense
(for ;' =0 and j = 0 respectively). Then a form of the Kac determinant formula is

Proposition 3.1. (Kac [1], Feigin and Fuchs [2,16]). For c,h,n as above,
V(c, h) admits a non-zero singular vector at level n and conversely, all singular
vectors are obtained in this way.

We emphasized above a notation involving spins j and j'. In terms of more
familiar notations, with m a complex number

r=2j+1, s=2j+1,

h= ,  n=rs. (3.7)

Since the early investigations on the representation theory of the Virasoro algebra
it has been a problem to give an explicit expression of singular vectors, namely of
the polynomial ¢(L _,,L _,,...), normalized by ¢ =L" | + ... . For small values
of j,j', one can obtain such expressions by brute force. The goal is however to
obtain universal formulas.
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Let us first describe three general properties of singular vectors quoted by
Feigin and Fuchs [16] with reference to work by Lutsyuk [17].

(i) The operator ¢(L) is a finite Laurent series in the variable 1 = 2. Then, as ¢
tends to 0 or «,

25+ 1

10, Gy (L) ~ (L _ 1))

t —

2 +1
’ d)j'.j(L)~(LA(2j+l)) T (3.8)
A more precise form is t—0, ¢ (L)~ (d; (LN, t>> ¢, (L)~
(¢ (L)Y, Moreover (with the normalization ¢ = L" | + ...) Feigin and Fuchs

add the conjecture that under the transformation ¢ — —¢, (hence ¢ — 26 —¢),
L_,—»(—=D*'L_,, ¢(L,t) remains invariant.

(i) For each positive integer k the subalgebra generated by L _ ol ... 08
locally nilpotent. Let U_, denote its enveloping algebra. We have a chain of
inclusions U_, DU_,>U ,.... It then makes sense to look at U_, modU _,

freely generated by L |, U_, mod U _, freely generated by L _, L _, considered
as commuting, U_, mod U _, isomorphic to the enveloping algebra of the Heisen-
berg Lie algebra, etc... (it would be interesting to analyze U_, modU_, in
general). Obviously ¢, (L) modU_, is L" . In U_, modU _, let o; (L _;, L _,)
denote the projection of ¢, ; (with [L |, L _,]~0). Then

o2
of(lLoy= TI (L2 +amo+ Mo )L ,). (3.9)
—JsM<y
—l'sM' <y

Of course M and M’ range respectively over —j, —j+ 1,...,j and —j, —j + 1,

.., J'. If the pair (M, M') =(0,0) is allowed it corresponds to a square. Otherwise
(M,M’) and (—-M, —M’) give identical factors. Hence the right-hand side is a
perfect square. Rational theories correspond to values of 8 such that there exist
two coprime integers p and ¢ satisfying

pP—4q 2
_elpma)
pq

0g+0 " 'p=0, c=1 (3.10)

In the above formulas this may lead to the vanishing of some coefficients of L _,.
(iii) The Virasoro algebra is a central extension of the algebra of vector fields on

a circle (¢ =0), the Witt algebra, which admits representations on an infinite-

dimensional vector space spanned by ¢,, p € Z of the form (A, u arbitrary)

I, =[n+p—A(k= D], (3.11)
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For instance, on ,=1/z""%, I_, is represented by -z %zd/dz + Mk ~ 1).
Under L _, —1_, we have

¢j’.j(l—1al—2’---)l//()=¢j'.j()\7l~’«)¢n- (3-12)
Set

AM, M) =[(G+M)8+(7+M)O'[(J+1-M)§+(/+1-M)o~'],
(3.13)

then

oo 12

e my = TT  [(w+ACM, M)+ AC-M, ~M") —4A(MO + M9
—jsM<j
s,

(3.14)

Again the right-hand side is a perfect square.

These are, as far as we can say, all the known properties of singular vectors in
the general case. Benoit and Saint-Aubin [8), however, have found an explicit form
in the case where j' or j vanishes. This is the one we are about to exhibit here in a
compact form which bears some striking resemblance to our formulation of the
W-basis discussed in sect. 2.

Such a resemblance does not come as a complete surprise in view of the
following observation. In the limit where in egs. (3.7) m = 0, hence ¢ — «,
(“classical limit” [18]), the only values of & which remain finite correspond to
r=2j'+1=1. Letting n =s, this limiting value is (1 — n)/2, which is the value of
the conformal weights of functions f discussed in sect. 2*. In this limit, it is
suggested that the covariant operator ¢ mapping highest weight vectors f on their
singular vector F should reduce to a covariant differential operator Q, mapping
F=nyy2 ONO Fy,py ,». The matching is provided by the following identification:

L_,—d,

a(zka)

—mL_, > —t
kT k= 2)0,

k>2, (3.15)

where o, =n(n’—1)/6 is the coefficient introduced in sect. 2. The form of the
operator ¢ is thus known in this limit: ¢ = AY”(a,) and this suggests to recast the
form of ¢ using the matrix formalism of sect. 2. Unexpectedly, but very fortu-
nately, this matrix turns out to embody the whole form of ¢,; — beyond the limit
m — 0 - and enables one to reproduce the results of ref. [8].

* Letting m ~ —1 would lead to similar conclusions, with the role of r and s interchanged.
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Let us concentrate on the case r =1, n =y = 2j + 1 as the other onc is trivially
related to it. So let once more

c=13+6(t+1"),

h=—j—ti(j+1),

n=2j+1, (3.16)
where j=1,1,3,.... In the Verma module V(c, &) we introduce a sequence of
elements denoted

f=ffon i fio=F, (3.17)

where f_; is the highest weight state f,f;,, is the singular vector F and f,,
(j + M a non-negative integer) satisfies

Lofy=(h+j+M)fy,. (3.18)

We define the n-dimensional vectors

T

f=(fp i f) s
F=(F,0,....0)". (3.19)

We also use the notation J, introduced in sect. 2.

Proposition 3.2.
(i) The equation

n—1

F=|-J + Y L, (d)|f (3.20)
k=0

defines F = f;, | as a non-vanishing singular state at level n in V(c, h), i.e.
p>0, L,fis1=0, Lofis i =(h+n)fi.. (3.21)

(ii) Moreover,

3p+1) _13p+1
—t

5 7 }(m) f (3.22)

p>07 Lpf= [(‘]()_
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Before turning to the proof let us make a few remarks.
(a) The case r =2+ 1, s =1 is simply obtained by changing j —j/, t = ¢!
(b) Comparing with the classical case in sect. 2 we find a similar operator with

k k dZ —k
d-L_,, Wk+l—>tL_k_l=t95—é;z T(z), (3.23)
where
LI?
T(z)= Y, —= (3.24)
pel? zf

is the energy-momentum tensor. Thus the operator f— F reads

n—1 T
—J + ¥ 95—T(z) (z717,)" = 952”7 (j_(;)) (3.25)

k=0

It also follows from the above that if we express the differential operator
Q,(W,,...,W,) of sect. 2, without ever commuting d and the W’s (i.e. without
derivatives of W’s), at the price of having W’s inserted between d’s, nor commut-
ing W’s among themselves, an equivalent form of the relation between F and f is

=Q(d—>L_, W= t*'L_,)f. (3.26)

(¢) Eliminating all components fi» =]+ 1<k <j one finds the explicit form of
the operator ¢: f=f_, > F

(n—1)1°
¢ = Y 1T — L_ ...L_,,
partitions of » n{=ll(pl+“'+pi)(n—pl—"'—pi) P br
n=p,+...+p,,pz1

(3.27)

which is the expression given by Benoit and Saint-Aubin [8].

We turn to the proof of the proposition and start with part (ii), since, as it will
emerge, it entails part (i). We note that the action of L, on f is in agreement with
the commutation relations (p, g > 0)

[Lp’Lq] = (p_q)Lp+q’
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since

3p+1

3g + 1 L )
[LP,Lq]f= Jy— —7———(1 + 5t ))t"]l,(]n~ 1+ %t*'))t”l,’,’, f

3p+3g+1

5 (r+ gr'))tﬂ“ug“'f

=(p—-q) (J() -
=(p—-q)L,.,f. (3.28)

Hence it is enough to prove it for L, and L,. For L, it reads component-wise
Lify=(t(M=2) = 1)(j+ M)+ 1-M)fy_,. (3.29)

This includes the case M = —j where the coefficient on the r.h.s. vanishes and
Lif_;=Lf=0 (3.30)

by hypothesis, and if we extend it to M =j + 1 it will also imply L,f;,, =L,F=0.
Since f_; ., =L_,f_

L|f7j+1:2L()f~j=‘2j(1+t(1‘+1))fﬂ‘v (3.31)

which agrees with the above formula for M = —j + 1. We can therefore assume
the formula valid for M’ < M < and prove it for M + 1. By construction

j+M

fusi= 2 L—l—ka~ktk(']/i)M,Mfk’ (3.32)
k=0

while from the recursion hypothesis
M <M, Lifay=0(M =2) =1 ) pr—iSar—1 - (3.33)
Using for k>0 L,L_,_,=Q+k)L_,+L_,_, L, we find
j+M

Lifusi= X (2+k)L—ka—ktk(Ji)M,M—k
k=0

J+M—1

+ X (t(M_k_2)~1)L—l—ka—ktk(‘,i+l)M,M—k—l’ (3.34)
k=0
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where we use the structure of the matrix J, to identify

(J-Ii(')M,M—k("+)M—k.M—k-—] = (Jf,H)M‘M_k_]- (3.35)

Hence splitting the first sum into the contribution k =0, k>0 and adding the
second term we get

j+M
Lifys1=2Lofy+ X (((M+1) - 1)L—ka—ktk_](‘,f-)M,M—k' (3.36)
k=1
Recognizing that
j+M
fM= Z L—ka—k("i_l)M—LM_k, (337)
k=1

and using the same property of J, we find

Lifusi={2Lo+ (((M+1) = 1)(J) py -1} fu - (3.38)
Explicitly the bracket reads
M =24+ )+ (t(M+ 1) - 1) ((j-M+1)(j+M)
=(t(M-1)-D({(-MY(J+tM+1), (3.39)

i.e. the formula is valid for M + 1 if it is valid up to M.
A similar argument applies to the action of L, which is supposed to read
component-wise:

Lyfy=[3(M=3) = 2] (i + 1) = M(M = 1))(j(i + 1) = (M- 1)(M=2))fyy_,.

(3.40)

This includes the cases L,f_;=L,f_;,,=0 valid by hypothesis. Again let us
assume the formula true for M’ < M and let us establish it for M + 1. We use for
k=0

LyL_,_,=@+k)L,_+L_,_,L,+35 ,(13+6(t+t7")), (3.41)
and start from

j+M

I =L fyut Lofsr (T ) ppoor + ZL—l—ka—ktk(J,-:)M,M—k' (3.42)
k=2
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From the recursion hypothesis,

L2fM+l = 3L|fM + t[4Ln + %(13 +6(1+ f”l))]fM~l("+)M‘ArIf]

J+M
+ X GHe)Ly yfu it ) s
k=2

J+M-=2

+ L—l—ka~k—2(t2(M*k_
k=0

[T

) - %t)tk(Ji+2)M./vI-—k~2‘ (343)

We take into account the expression for L, f,, obtained above to rewrite
Lyfyei=[3(t(M=2) = 1) + 4e(M — 1) — 42%(j + 1) + 5t + 312 + 3]

X+ 1) =M(M=1))fu-,
j+m=2

+ Y (PPSAM=3 =)L i faa (I )y eai - (3.44)
k=0

Comparing with
j+M-2

fua= X Loy wfua ™I ) a2 (3.45)
k=0

we get
vafM+l :AfM—l > (3-46)

where the factor A4 is
A=1(j(j+1) —M(M=1){3(M=2) +4(M—1) = 44(j + 1)
R 43+ D) = (M- D) (M=)} ((M+3)- 7). (3.47)
and after some rearrangement
A=(2(M=3)- )00+ -MM+1)(j(j+1) -M(M~1)). (348)

This proves the formula for L, f,,. . As above the induction holds up to M = in
which case we obtain

Lofi =L, F=0, (3.49)
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thus completing the proofs of parts (i) and (ii) of the proposition. Obviously F # 0
since the coefficient of L” | is 1. Let us conclude by a few observations.
(a) If we rescale the components of f through

Fur =M (T —j<M<j, (3.50)
the “descent” equation reads for p> 1 and —j <M <j

. 3p+1 Ny
Lpfu={M-— (1+ 37 fu—p (3.51)

to be compared with the representation of the Witt algebra recalled above in eq.
(3.11),

Ly, =(u+r+A(p+1)g,_,, r.,peZ. (3.52)

Here the grading is through integers shifted by w, but an integral shift allows us to
take u mod 1. Thus the action of L, on f’s, restricted to p > 1, can be identified
with the one of /,, provided

A=—3(1+37"), p=(+1+3"")modl, (3.53)

and of course these formulas hold with ¢ — ¢~ ' for the other series of singular
vectors r=2j + 1, s = 1. A natural explanation for the origin of these descent
equations will be provided in sect. 5.

(b) In the case r=1, s =2j+ 1, we see that as r —» 0 or « the singular vector

F=¢(L)f (3.54)
behaves as

t-0,  o(L)~(L_)",

t—o,  $(L)~tYL,,,,

as expected (with t & 17!, 0 & = and j o in the case r=2j + 1, s = 1). More-
over the conjecture of Feigin and Fuchs is verified: in both cases, ¢(L) is invariant
under t ¢~ L_, > (~D*"'L_,.

(c) Let us look at ¢(L) mod L _,, again for r =1, s = 2j + 1, assuming therefore

(L, L_;]~0.
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The projection of @, ; reads

oo (L) =det(—J_+L_,+tL_,J,)
=det(L_, +iL_,(J.~]_))
=det(L_,++/—41L_,1,), (3.55)
where we wrote J , =/, £ iJ,. But J, has the same spectrum as J,,, hence

ap;= T1 (L‘,+ '4tL_2M), (3.56)

—j<sM<j '

or, grouping terms in M and — M

ol;= L (L%, +4L_,(6M)7), (3.57)
—isM<j
while similarly
g2
o7 = l—/l;! (12 +4L (0 My, (3.58)
-/ < <)

again as expected.
(d) Finally let us check that the third general property also holds when we
substitute for L _, the operator

Ly =(n+p—Mk=1))¥, 4 (3.59)

and act with ¢(L — 1) on ¢, obtaining ¢; (A, u),. Then (for (0, /)) in the matrix

2j
T+ YLttt
k=0

this amounts to replacing L _, _, by u +j +J, — Ak and to computing the determi-
nant of the resulting matrix

2j
@ (A, w) =dety —J_+ Z‘kfi(#+f+1t)_’\k))
k=0

det| —J : i+J,) — A k.
=det| —J_+ +ji4+dy) —A———mm
1-d, (n+j+J, (1—tJ+)2

+

=det| —t/_+ (p+j+Jy) —

1_J+ (l—J+)2)’ (360)
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where to obtain the last equality, we have used the automorphism J t—>t¥‘J +
Jo = J,- Since J = 0, the matrix

1 +1)...(y+p—1
y(y+1)...(v+p )Ji

Ue— = (3.61)
4 (1_J+)7 p=0 p!

is well defined and admits an inverse U, ' = U_ =(1—J,)". From the commuta-
tion relations

["(), U-y] = ‘Y‘]+U'y+1 ’

[J"U'Y] = _2'}’U7+1-]0_')’(’y + 1)U.y+2-l+ ,

[J+,Uy] =0, (3.62)
one derives that
ustl-u (n+i+Jy) A U
-+ +ji+Jy) - ————
Y l_J+ K 0 (1_J+)2 Y
y+ty(y+1)—-2A
=—tJ_+ (m+j+ (1 +2y1)Jy) + ( ) Jis (3.63)

1-J, (1_'J+)2

the determinant of which is again equal to ¢, (A, ). Choosing for y any of the
two roots of

y+ry(y+1) =2, (3.64)
it follows that

@0, (A, p) =det| —tJ_+ (p+ji+(1+2yt))J,]. (3.65)

1-J,
Multiplying from the left by 1=det(1 ~J,) and using the fact that J J_=

(j +Jo)j+1~1J,) from the form of the SU(2) Casimir operator, we get ¢, ; as
the determinant of a lower triangular matrix

@0, (Asp) = det[—t]_+ t(J(J+ 1) +Jp(1=Jy)) +u+j+(1+ 2')”)-]0]

= IT [tG+MYG+1-M)+p+ji+MQ1+2yt)], (3.66)

—j<M<j

which still involves y. We therefore take the square and group terms pertaining to
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M and —M to get after some algebra using eq. (3.64) the desired result

eo (A ) = »1_414 {le+G+MY1+(+1=M)1)]
—JsMs

X[+ (G=M)(1+(j+1+M)t)] —4AM*t) (3.67)

independent of the choice of the root in (3.64).
We have thus verified the property (3.14) whenever j or j' vanishes. This is all
we shall need in sect. 5 in the construction of the general singular vectors.

4. Fusion

To prepare for the computation of general singular vectors, we describe in this
section the fusion of highest weight modules, introduced by Belavin et al. [3] as an
appropriate adaptation of the notion of tensor product decomposition.

We fix throughout our discussion the central charge ¢ and attach isomorphic
Virasoro algebras to each point of the Riemann sphere and similarly heighest
weight modules also parametrized by a point with coordinate x. To the latter we
let correspond primary chiral fields f,(x) and their descendents. We refer to a
finite non-decreasing sequence of positive integers 1<r, <r,<...<r, as a
Young tableau Y, with |Y| =r, + 7, + ... +r, and write

L ,..L_,=L_y. (4.1)

Let 7(z) stand for the energy—-momentum tensor. The descendents of f,(x),
L_yfu(x) =L _yle,hix), (4.2)
where it is understood that one operates with the Virasoro algebra at x, are

obtained by applying repeatedly the short-distance expansion of T with the field
f, and its descendents. On the primary field, it reads

T(E)fu(x)= L (6—x)"*L_,fi(x), (4.3)

n={0

with

d
Lofu(x) =hfy(x), L~1fh(x)=g;fh(x)’ (44)
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and the above formula implies the highest weight property
p>0, L,fi(x)=0. (4.5)

We can consider the fields as operators in a fixed vector space with a unique
vacuum state invariant under global (Mobius) transformations, and a unique dual
vacuum linear form (invariant under the same group). The second point of view,
that we choose here, is to consider only correlation functions, i.e. vacuum expecta-
tion values of products of fields at distinct points. The latter are analytic functions
of the argument of one of the fields on the universal covering of the Riemann
sphere punctured at the arguments of the other fields. Henceforth fields will be
understood as insertions into correlation functions, so will the corresponding
relations. Only at the end of the process will we abstract the algebraic expressions.

The fusion of two highest weight modules attached respectively to the fields
folxg) and f(x,), where the subscripts imply the weights &, and &, to a third one
relative to the field f(x) (of weight 4) will be possible if the corresponding
three-point function

g(hy,hy, h)

— — - 4.6
( ()_xl)h”+h| h(x()_x)h(,+h h](xl_x)h]+h hy ( )

<f()(x())fl(xl)f(x)> =

is non-vanishing. This implies selection or fusion rules on the weights h,, h,, h to
be discussed below.

Among highest weight modules let us distinguish between Verma modules
V(c, h), and irreducible ones M(c, #) where M(c, h) is possibly the quotient of
V(c,h) by a maximal invariant submodule, the latter occurring when V(c, k)
possesses singular vectors.

We define fusion among irreducible highest weight modules as a covariant linear
map

F: M(c,hy;xy) ®M(c,h;x)) > M(c,h; x). (4.7)

The necessity of considering only irreducible modules will abpear shortly to
ensure unicity. As for the meaning of covariance, it also requires to be made
explicit. Since we deal with three isomorphic but not identical copies of the
Virasoro algebra it is not surprising that the product of highest weight states in
M(c, hy; xy) ® M(c, hy; x,) does not correspond to the highest weight state in
M(c, k; x) but rather to an infinite linear combination

Fle,hgs x0) ® le, hy; %)) = L By(hg, by, hlxg, x,, X)L _yle,h; x). (4.8)
Y

Due to the grading of the algebra and the modules, terms at a definite grade are
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well defined and convergence is understood in this weak sense. Part of the
definition of fusion involves the determination of the coefficients 8. To obtain
them and give a precise description of the correspondence .#, a disguised formula-
tion of chiral vertex operators [19], we rely on Wilson’s short-distance expansion ot
products of fields as a heuristic guide.

Let us choose the coordinates in such a way that

Xg=Xx+ 3z, x, =x—3z. (4.9)

This is not a serious restriction since global conformal transformations act transi-
tively on triplets of points. As z — 0 the product of fields f,(x,)f,(x,) (inserted in
correlations) is equivalent to a sum of expansions of the form

hy, by, h
folx) filx) ~ 2 g(m;—hﬁh)ZZIY‘BY(h()vhl’h)Lfoh(x) - (4.10)
Y

h z

As was mentioned above the choice of the mid-point x = $(x,, + x,) is by no means
mandatory and could well be modified using

fil x +x") =exp(x’L_) fi( x), (4.11)

without changing the structure of the above expansion. It has however, the virtue
that the coefficients satisfy the symmetry property

By(hy hy by =(=D"By(hy hy k), (4.12)

hutfi=I'  conveniently

disregarding a global phase arising from the prefactor z
absorbed in the normalization.

The covariance of .# which will allow us to compute the B’s consists in the
following requirement. Consider a holomorphic univalent map x - £ =g(x) in a
common neighborhood U of x,, x,,x giving a one-to-one map U < g(U). We
require that Wilson’s expansion be such that both sides have identical transforma-

tion properties. Namely if
filx)dxlo= (%) dx} (4.13)

we impose that the coefficients 8, appearing in the expansion of f(x,)/f(x;) in
terms of the descendents of f((x,+ x,)/2) be the same as those appearing in the
corresponding quantities with tildes. The univalency of the map g is a weak
requirement since we only need a pair of points x, x, = x, so U can be shrunk at
will and the condition reduces to g’ # 0 at the common limiting point. We will see
below how one applies this principle in practice to compute the coefficients 8. We
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can thus define the map & on M(c, hy; x,) ® M(c, h; x,) by the rules

1
Fle,hy; xg) ® lc, hysx) = Thhh Y 2By L_yle,h; x), (4.14)
Y

(-1)” z d (Z)k(k+p—2)
- 1)+ =L —z— |+ - L, s
F(L_,®1) - h(p 1)+2L_1 73 kgo 5 . ok
(4.15a)

1 z d 2\ (k+p-2

R e K e L R L
(4.15b)

Remarks
(a) For p =1 in both (4.15a,b) the last sums reduce to L _, (formally ( _(l)) =1)
so that they read

Lo ely=— 4 o
F ®1) = — + —r ,
( —1 ) dz
19L d , L 4.16
® = - — 4+ —. .
(7( -1 dZ 2 ( )

(b) The expressions in (4.15) follow from the Ward identities [3]* for the
insertions of energy-momentum tensors 7(¢£,)...T(¢,) into correlation functions,
in combinations with short-distance expansions for products of the form 7(£)f,(x;)

<(L—p, "'L—p,.f()(x()))fl(xl) > =3—p,(xn) ---3—,;,.()‘0)( fo(xo) fi(xy) > ’
(4.17)

where the differential operator .#_, reads

- 1)A, 1 F
=-7~,7()‘())= Z (r )

P — |
i>1 | (% —xp) (x;—xy)" ' ox;

(4.18)

Once we have obtained the expressions for the singular vectors, eqs. (4.17) and
(4.18) will enable us to translate them into partial linear differential equations
satisfied by correlation functions involving the corresponding primary fields.

* This was also discussed in ref. [20); the calculation of the coefficients By presented in appendix A
of that reference was, however, incorrect (but this did not affect the bulk of the paper). The
following discussion gives the correct and systematic way to carry out these calculations.
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Each ' is expanded for x, ~x in the form

?

2k
_é""-p(xu):(—l/z)p((l)”1)h1+%zﬁ\“263)+ L (5) (

k=0

XZ("])IH—k hl(p+k_l) ]

i»2 (_i

)M_la,}, (4.19)

)p+/\' ( X —x
and the last sum is identified as L _, ,. This is then iterated to get the general
case. For the (locally nilpotent) subalgebra generated by the L _,’s (p > 0) the map
F does not involve the central charge and & defines an isomorphism in the sense

that

[F(L_,®1),5(L_,®1)]=(m—-n)F(L ®1) (4.20)

I4 —m-—n

with m, n > 0, and similarly with x, x|,

(c) One passes from (4.15a) to (4.15b) by exchanging h, < h|, z ¢ —z, with x
left invariant. This justifies our symmetric treatment in the general discussion.

(d) In the coinciding point limit, i.e. as z — 0, we have

lin}) 2 hF (e, gy xg) ®@2Me ks x D) = les hsx), (4.21)
obtaining therefore the highest weight vector in M(c, k; x). This is compatible with
the transformation properties of the fields since (x, —x,)"f((x, +x,)/2) behaves
as dx"f(x) as x,—x, > 0. It shows moreover that the leading term in the
short-distance expansion of two primary fields (corresponding to highest weight
modules) is always a primary field (for the Virasoro algebra), a fact that we will
recover and use later on.

A particular case of fusion occurs when two fields are identical. We normalize
the two-point function { f(x)f(y)) to (x —y)~*". The identity or vacuum sector
(h = 0) occurs in the short-distance expansion of the product f(x)f(y). Since on
the Riemann sphere the value (T(£)) =0 is the only one compatible with the
invariance under global conformal transformations, we find from the above, with

(=1 P 4.2
9,=T[(r—1) —xa], (4.22)

I
(L, L, FCNf(x0)) =D, D, 5

X

_(=n”

T 2h+Yr;

. [(r,+1)h+r2+...+rk]

X[(ry+ Dh+ry+ . o+r ). (e + 1DA] . (4.23)
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On the other hand, normalizing the fields in such a way that g(h,, h,, h) =1 we
have from the three-point function

1
(folx0) Fi(x) F(0)) = Zhh (x4 lz)lu,+l1—lz|(x_ lZ)h,+h—h”

2 2

1 ) z n (_l)q
= o+ =Ty 2h )y (a) r

1!
z n=0 p+g=n pq:

[(hy—hy—h+1)  T'(hy—h,—h+1)
T(h,—hg—h+1-p) ['(hy—h,—h+1-gq)

1
= Jhovh—h ZzlYIBY<(L—Yf(x))f(0)> . (4.24)
Y
By comparison we get the sum rules on the coefficients 8,

Y |n+nn+ Zr.][(r2+1)h+ ol B

I<ri<ry... i=2 iz3
Fytryt+ .o =n
1 > N 1 '(hy—hy—h+1) I'(hy—h,—h+1)
- ?Wl:n( ) o T(h,—hy—h+1-p) I'(hy—h,—h+1—¢q)"
(4.25)
In particular for | Y| = 1 this fixes 8, through
2hB,=hy—h,, (4.26)
while for |Y| = 2 we get the relation
h (h()_h1)2
2h(2h + 1)Bl,l +3hB,= Z + ‘——2— , (427)

and so on. By examining further sum rules, starting more generally from

<f()(x())fl(xl)(L—Yf(O)» )

one would obtain an infinity of linear systems determining the coefficients B.
The above method is equivalent to (but less effective than) the one following
from the covariance principle. Let us show this explicitly by comparing the
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transformation properties of both sides of the short-distance expansion. With the
notations introduced above we require that

z

1
Byt —h 2 2VIBy(L_yf)(x)
Y

(di()Jlm( d.f] )l'l 1 Z( - _ )'Ylﬂ (L f,,)(f()+)?l )
=|—— — By — X ~ ,
dx, (%, %, o= 0 X Y Y 5

dx, 7))
(4.28)
where as before x,=x + 3z, x, =x — 3z and
o f Xyt X, Xyt X, -
(L_yf) > =L_yexp —)Z)L_l f(%). (4.29)

We need here the transformation properties of the descendent fields (L _,f)(x)
with f primary. The easiest way is to apply the above formula in infinitesimal
form. Set

y=y—e(y). (4.30)
Eq. (4.28) reduces to

d d 1
hoe'(x) +€(x0)g +h€e(x)) +€(x1)§ Zhorh—h L 2VByL _yf(x)
0 1 Y

1

= T L2 By Ly f ()] (431)
Y
Choose
e(y)=ely—x)""  k=-1, (4.32)
so that
O L _yf(x)=e L, L vf(x). (4.33)

The covariance condition becomes, with £ > —1,

z)k+l{1—(—1)k 3

Z\Kk B X i
L,{—(E) (k+1)(h(,+(—1)h,)~(5 5 5;+(1+(—1))az}}

1
X otk —h Y 2YIByL _yf(x)=0. (4.34)
Y
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Since L, and L, generate by commutators the complete algebra of L,’s, k> 1
(recall that L, ,=((—1*/k!Xad L,)*L,) it is sufficient to impose the two rela-
tions pertaining to k =1 and k = 2. For notational simplicity define

f= Z ByL_vf, p=0, (4.35)

[Yl=p
where f© is equal to f. The above translates into the conditions

LifP = (hg=h)fP D+ L_ 2, (4.362)

h+p+2(hy+h, —1)
4

L,f™ = for=o, (4.36b)

It is understood that f(” vanishes if p < 0. As a consequence, we recover the fact
that f@ ={ is a highest weight state (or primary field) as already claimed. Let us
exemplify on the first few values of p how these equations determine recursively
the coefficients B, assuming M(c, 4; x) irreducible and the fusion rules (specified
below) satisfied.

With f'=g,L_, f the first equation gives as before

1
2hBy=hy—hy =By = 5 (hy=h)) ifh#0. (4.37)

For p =2,

f(2)=(31,|142—| +32L_2)f, (4~38)

we get from eq. (4.36a)

h (ho —hl)z
2h(2h+l)ﬂll +3hﬁ2= Z + —T——, (439)
as before, while eq. (4.36b) yields
\ h  hy+h,
6hﬂl,l + (4h + 'Z‘C)Bz = Z + ) . (440)

Provided the determinant

K, =h(16h% +2h(c - 5) +¢c) (4.41)
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is different from zero, we obtain, denoting /i, + /i, =s and h,— I, =d.

2h* 4+ h(c— 125+ 16d?) + 2¢d?

P R + 2 (e —3) +] (4.422)
h*+h(2s — 1) +s —3d*
h= [16h>+ 2h(c ~5) + ¢] (4.42b)
For p=3
FO= (B LY+ Bl (L s+ Bl 5)f. (4.43)
Again provided
Ky=h(16R> +2h(c = 5) +c)(3h* + h(c = T) + ¢ + 2) (4.44)

is non-vanishing, we find, with the help of a computer,

B ={d(18h% + h*(48d° — 108s + 15¢ + 18)
+h(84s — 36¢s + 22¢d* ~ 52d* + 3¢ — ¢ — 20)
+2¢%d? + 16cd? + ¢ — 12¢s + 2¢)}

X [48h(16h> + 2h(c = 5) +¢)(3h> + h(c —T) +c+2)] ', (4.45a)

Bi2={d(3h* +h*(6s+c—16) + h*(2cs + 95 — 9d* = 2¢ +9)
+h(3sc — 95 — 3cd® +7d* — ¢) + ¢(s —d?))}
X [2h(16h + 2h(c = 5) + )32+ h(c = T) +c +2)] . (4.45b)
d(h(s~1) +5—d?
B (A ) ) (4.45¢)

T 2h(3h 4 h(c—T) tc+2)’

The method determines recursively f(”, the component at level p, by solving at
each stage a P(p) X P(p) linear system, with P(p) the number of partitions of the
integer p. The determinant of this linear system is nothing other than the Kac
determinant at the corresponding level. If the complete determinant does not
appear in some of the above expressions, this is due to cancellation of factors
between numerator and denominator.
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If M(c, h) = V(c, h), i.e. if V(c, h) is irreducible, or equivalently does not possess
singular vectors, no Kac determinant vanishes and the coefficients B, are deter-
mined from egs. (4.36) for arbitrary £, #,. On the other hand, assume that V(c, #)
is reducible, i.e. M(c, h) is obtained by quotienting V(c, #) by invariant submodules
arising from singular vectors annihilated by L., k > 0. When attempting to solve
the system (4.36) at level p or higher, where p is the level of this singular vector,
one can at best hope to determine f‘”’ up to this singular vector or its descen-
dents. This is why we defined fusion among irreducible modules, so that in M(c, h)
we work modulo singular vectors and descendents. In other words, the latter can
be set equal to zero. Still we have to make sure that the right-hand side of the
corresponding linear system lies in the range of the linear operator on the left.
This imposes conditions on the triplet A, h,, h as necessary ones for fusion. We
thus obtain fusion rules.

This is already apparent at level 1, where the Kac determinant reduces to #.
From 2hB, = h,— h, it follows that if /2 vanishes we must have 4, =h,. Thus two
modules can have the vacuum (/4 = 0) sector in their fusion rules only if they have
equal weights, a well known property which entails that the only non-vanishing
two-point functions of primary fields are those involving fields of equal weight.

Descendents of a singular vector at level p manifest themselves by the vanishing
of the Kac determinant at level p’ > p. Consistency requires that for this value of
h, the right-hand side of the linear system continues to lie in the range of the
linear operator on the left for the same values of 4, and k,. For instance, keeping
h = 0, the equations at level two read

hy—h,)’
0= (—"2'— cBy=hy+h,. (4.46)

We recover consistently the condition h,=h, and, assuming ¢ #0, we find
B>=(hy+h,)/c. This leaves B, | arbitrary. But in the irreducible module M(c, 0)
one quotients by descendents of the singular vector L _,|c,0) € V(c,0), and a term
like B, ;L% lc,0) can be ignored.

Let us look at a further example, assuming V(c, 4) degenerate at level two, i.c.

16h% +2h(c —5) +c¢=0. (4.47)
The fusion rules then require that

(h(,+h1)(2h+1)—3(h0—h,)2+h(h—1)=O. (4.48)
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Assume for simplicity that & # — 1 (i.e. ¢ # =, the “classical” case). Solving for ¢
and s =h,+h, (with d =h,— h) we get

_ 3d*~h(h - 1) —16h%+ 10k
ST T o+ 0 T T am+1 (4.49)
At level 2 we find
@ +2d? L2 L SU—
= — + -
f 8h(2h + 1) ~if B Lo 22h+1) 7! fs (4.50)

where the factor of the arbitrary coefficient B, is the singular vector in V(c, k) set
equal to zero in M(c, h). At level 3 we then find the consistent expression

30h% + (20d2 — 17)h2 + (14d* — 11)h + 20d*> - 2
48h(h + 2)(2h — 1)(2h + 1)(5h + 1)

f(3)=d{L3_1

hz_dz hz_dz
+L_ L ~L
TRk +2) (2 — 1) (5h+ 1) P 2h(2h ~ 1)(5h + 1) f

3

L_,— mﬁ_l f (4.51)

+’822(—h+—27]“"

which involves the first descendent of the singular vector at level 2 multiplied by
the same arbitrary coefficiency B8,. The latter vanishes in M(c, #). Note that
beyond the case 4 = —% (c = —x) one should also take care of the particular
cases h=—+(c=—2), h=-2(c=28) and & =} (c = 3). The last one is the

familiar case of the (chiral part of the) Ising model if we assume h,=h, =
h(1 — h)/2Q2h + 1). Then the fusion rule of the spin operator (o: h, = ) reads

co~1+e (4.52)

with e the energy operator (h_= 3).

In order that fusion be uniquely defined (up to overall normalization) it was
required that the target module M(c, #) be irreducible, but we did not yet use the
irreducibility of the initial modules. In sect. 5 we will examine the consequences of
quotienting by descendents of singular vectors in the initial spaces.
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Remark. In applications it might be more convenient to use one of x, or x, as
fusion point. For instance if x =x, then with x,=x +z, x, =x we write

1 Y
Fle,hy;z+x)® e, h;x) = SRR Zz' IByL_yle,hyxy, (4.53)

- -2
F(L_, ®1)—( b’ [h(p—1)+zL l—z—~ + Yz (k+z )L_pfk,
k=0
(4.54a)
1 d
FeL )= |h(p-1) -2 |+L,, (4.54b)
and $(L_,®1)=9,, FA®L_))= —3,+ L _, while covariance reads
k k+1 1 p£(p)
[Li— (ho(k+1)z%+2 az)]m g()z FP =9, (4.55)
p=
ie.
Lf"=(p=1+h+hy—h)fr", (4.56a)
Lyf"=(p=2+h+2hy=h)fr?. (4.56b)

5. General singular vectors

Our final goal is to obtain singular vectors in a Verma module V(c, A 7. 1) from
fusion, using the explicit expressions of sect. 2 for the particular cases 4, , and
h, ;- Before we proceed, it is good to have some examples obtained by direct

computation. We give two of them.

Example 1. Singular vector at level 4 for h = 2+t +2).
Set
T.=t+t7'+2, (5.1)
so that A, = — . The singular vector is obtained by applying the following

operator to the hlghest weight state:
=LY +r,7 L2+ 57 L% L+ 37 L_,L%,
—3(r,+7)L_L_,L_,. (5.2)
One can attempt to recast this in matrix form. One possibility is as follows. Write

F=¢f, (5.3)
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and introduce the vector with components (/. f5. f|, f, =/)'. Then, for instance

F Lo, =L 5 —(r /2)L , 0 15
0 -1 L 0 2L ,
- 1 (r./2)L 4 ,/‘~ (5.4)

0 0 —1 L_, 7L fi

0 0 ] -1 L_, fo
The f,’s satisfy the descent equations
Lifo=0, L,fy=2hf,, L, f,=2f, Lify=2(h+3)f,, L F=0,
Lfo=0. L,f =0, Lyfy=%hfy, Lyfs=23+h)fi, LF=0. (55)

One verifies on this example the three general properties of singular vectors
announced in sect. 3.

It is interesting to look at the value of the parameter ¢ for which 4, = h, \ say,
namely the rational value 1= — 4, ¢=4 for which h. \=h, = . This is a
special case of the symmetry valid for = —m/(m + 1), m integral, h, =h; .

where

2 2

- [(m—1 ; m—2
j= i, j = —j’) mzsup(2j+ 1,2 +2).

Thus we deal with the chiral (or holomorphic) part of the spin operator of the
Ising model. In this case there is also a degenerate vector at level 2,

F~=d)(,~§f= (Lz—l +tL—2)f' (5.6)
.
N
7N\
L+4® ® .2
NG
%N
L+ 14@ ® .+ 10
|\‘\/l/|

This does not contradict the general theory which says that some descendents of
F and F agree at a higher level (here 10 and 14). Indeed from the work of Feigin
and Fuchs we have the diagram shown indexed by weights of Verma modules. An
arrow indicates that the top module contains a submodule isomorphic to the
bottom one. Moreover the intersection V(3, 1z + 4) N V(3, ¢z + 2) is generated by
the linear span of submodules isomorphic to V(3, & + 10) and V(5, & + 14). In
clear this means that at level 10 and 14 there exist singular vectors which are
common descendents of F and F. Said otherwise, there exist pairs of (non-com-

muting) polynomials in the L _ , S of respective grade 6 and 8 such that

'v//(»F4 = ‘ﬁxﬁz
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is a singular vector at level 10 and similarly

l//,l()in = 41/,121:2
is singular at level 14. Even in such a simple case the explicit construction of these
pairs would be a major undertaking, unless we have a mean to factor (for t = — 3

the expressions of the operators generating the corresponding singular vectors at
level 10 and 14, in a non-unique way reflecting the non-commutativity of the ring.
Example 2. Casej =1,j=13 h=—Q2t '+ 3+ 31).

F=¢,.f,
with

¢11,,=L"+AL* L _,+BL> L _;+CL*> L’ ,+DL* |L_,

+EL_ L ,L_s+FL_|L_s+GL* ,+IL*>;+JL_+KL_,L_,, (5.7)

and

8
A=—+3t=71 +7,+7_,,

t

8 16
B=— - — +24-61,

t t

16
C=t—2+3t2=717(,+7(,7_,+7_17|,

24 108
D=—-—+—-72+18t,

t t

32 32 24
E=t7—t—2——+24t~6t2,

16 136 264
F=—-—<+—5 —— +184 48t + 4+,

t t t

16

G=—-8t+t =1 +7,+1_,,
t

16 16 36 12

1=t_4_z7—_2+_+20_12t+2t2’
80 272 316
J=— — — + — —204 + 761 — 12¢2,
1 t
32 80 24
K=_7;+7;+7-—M—zm+1m? (5.8)
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For comparison with the general properties we have introduced the parameters

5
L]

T oy =HO M +0M) (5.9)

with

Tl=7'|_;=t+4+4t"', To=To =6, T ,=T,,‘;=t-—4+4tw]. (5.10)

It is not totally obvious how to cast the above expression into a matrix form. This
justifies the present endeavour to use fusion as a device to obtain these matrix
forms.

Let us look at the implications in the fusion process when V(c, k) or V(c, h,) or
both possess singular vectors. Suppose we started by “fusing” f,(x,) and f(x,)
and assume that ¢, f(x,) is again a primary field of weight 4, + n,,. Starting from
(f=f)

]
folxg) fi(x)) = Shatin Tk Lz,
P

where the arrow denotes the fusion map of (4.7), we would derive
1 r.g.(r)
(dofo)(xo)fi(x) — Sk —htng ZZ /N
"
with a leading term given by

B 1 d 1 :

independent of the choice of the coordinate x (be it (x,+x,)/2 or x,...).
In sect. 3 we considered the representation of the Witt algebra

1 d
Ik:—?[)\(k—l)+zd—z] (5.11)

acting on the basis z 7 and described the effect of substituting /_, for L _, in
&, ;, = ¢, so that with the notations of this section

lﬂ(“’=(—1)""‘P/':,,/|,(A,M)f A= _hla ,Uv=h()+h| ~h. (512)

Consequently we obtain the following general result:

Proposition 5.1. If ¢, . (A= —h, p=h,+h, —h)=0,

(i) the irreducible module M(c, h) does not occur in the fusion of M(c,h,+n,) ®
M(c,h);

(ii) and as the first non-vanishing term ", r >0, has to be a highest weight
vector, it is necessarily a non-trivial singular vector in V(c, h).
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A similar property holds of course with the roles of ( and 1 interchanged.
Let us see how this works in particular interesting cases.
Case (a). Set hy=h,,=—35—3t"', h=h, ;= —j—j(j + 1). Then for A =
~h,p=hy+h —h
1 A
@10(As 1) =l-‘v(#~ +1+ ?) -7

quadratic in 4, vanishes for
1
hy=h ,=-—— -5~ 2j—j(j+1)e, (5.13)

with a Verma module degenerate at level 2(2j + 1) but also for

1 1
hy=—+4+——j(j+ 1z, 5.14

173 41 J(J ) ( )
which, using the general formula for singular vectors, one could interpret as A _ 1
(sic!) i.e. for generic ¢ it is not the highest weight of a module with a singular
vector. Let us choose this second value and look at the fusion symbolically written
as

(3,0)® “(=3,j)" = (0,)).
We have

1
¢ 0=L"+ ~L_. (5.15)

Taking for convenience the fusion point x =x,, we get from sect. 4
F(L_,®1)=4,,

h, 1 =
F(L_,®1) = z—; - o+ L, (5.16)

k=1

Transferring ¢, , on the A-module and requiring that M(c, h; x,) be irreducible
we find that

1
{aj+ —~
t

which gives a recursive mean to compute the sequence f”. Now h,+h, —h=

Jj — 3t~ ". Therefore the above reads

h 1 i 1
z—;—zaz+ sz—zl‘—k)}m Zz”f”’)=0, (517)

k=1 pz0

p((2j+1) —p)f» =

~ | -

Y L_, fer=5, (5.18)
k=1
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Of course one verifies that for p = 0 this is an identity and that "’ computed
from this relation agrees with the value obtained from conditions (4.56a, b) of sect.
4 implementing covariance. The main importance of this exercise is to clarify the
form we obtained for the singular vectors in the (1), /) module starting from the
second-order equation

1 1
r’)f+—t;—z(hl—zﬁ_.)-I—T‘“’(z)}{«m Yozrfo =0, (5.19)

p=0

where

T (zy= Y zF 2L _, (5.20)
k>t

is the part of the energy—momentum tensor less singular than z 2, expressing that
the hy=h, ,, , Verma module is degenerate at level 2. Indeed the above recursion
relation is nothing other than our previous matrix equation for the singular vector,
giving a precise meaning to the intermediate stages if we relabel and rescale the
components according to

fUM = pmimMp f-i =1,

using a representation where the generators of angular momentum read (with J,
unchanged, n =j + 1)

0
I(n—1) 0
2(n—2) 0
J_ - ,
(n-11 0
0 1
0 1
J, - , (5.21)
1
0

Then f . ,...,f; are determined from the recursion relation and the condition



M. Bauer et al. / Singular vectors 555

fie1=f%*D =0 gives an operator const. X ¢, ;f_; = 0 (with a non-vanishing con-
stant factor). Moreover the “descent” equations found among the components f,,
agree with those derived from the covariance equations.

With this re-interpretation of the singular vectors of type (0, j) we have com-
pletely fulfilled the expectations of the advocates of Liouville theory [18]. Of
course with obvious changes we obtain the same for the singular vectors of type
(j,0).

Case (b). We set hy=h, ;, hy=h;, and h=h; , so w=hy+h —h=2j
and A = —h, =j'(1 +(j + 1)/t). In the general expression

ea;i= T1 {lu+G+M)(1+1(j+1-M))]

—j<sM<j
X[u+(i—M)(1+t(j+1+M))] —4xeM?}  (5.22)

the factor corresponding to M =j vanishes, and this is of course expected since
V(c, k) is degenerate at level (25 + 1X2)° + 1) but now we have to implement two
distinct conditions, namely (¢, f))f; =0 and f(d; ,f))=0. This is a rather
ineffective manner to obtain the singular vector A, ; that we proposed in ref. [12]
and that we will illustrate below.

For the same values of h,=h,; and h=h, ; we have also the possibility to
choose h, =h; ,; as the second value for which the leading factor (M =j) in ¢, ,
above vanishes. This shows that we have several choices to obtain the (', )
singular vector by fusion beyond the “natural” one (0, /) ® (j,0) = (', j).

Case (c). Inspired by case (a) we finally investigate the more promising fusion

(/' +3,0)®“(—3,7)" = (/. ])»

where
Lo J+1+4
h(]=—(]'+§) 1+_t— s (523)
and we have used the same abusive notation for
h ! ! j 1
= —+ - —04(j+ .
=ty U+, (5.24)

which again for generic ¢ corresponds to an irreducible Verma module, while

J(+1)

=—|g(j+ ) +j+j+2j5 + (5.25)

The singular vector operator is ¢,=¢,, ., and applying proposition 5.1 we
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compute

‘:Djz'+;,t)5 1_[

M

pt (i +3+M) [

j/+._:v_M!
1+_-.»__)

X

ST

pt(J/+

, JA:-M aAM?
-M) 1+ . - . (5.26)

The factor corresponding to M' ="+ & is ulu + Q7 + X1+~ D= At~'Qj +
1)%. Inserting the values

1
pw=hy+h —h=(2j+ 1)(/- —27),

?

1 1
,U.+(2j’+l)(1+7)=(2j'+1)(j+1+5;

A2J + 1)

Y 2h1 Y 2 1 1 ..
; =(2) +1)~t—=(2] +1) 217+———j(]+l)), (5.27)

2t

we do indeed find that this factor vanishes. Consequently we obtain the singular
vector in the module V(c, k) by requiring that ¢,f, X f, vanishes. It is once again
simpler to take the fusion point at x,. We have all data necessary since we know

b=, Lo

F(L_,®1)=4.,

F(L_,@1)=——[h(p-1+z(L~d)] + ¥ 2

(-1)" = (k+p—2
k=0

(5.28)

Very much as in case (a) this defines in the V(c, k) module a set of intermediate
stages between f=f© and £, the singular vector set equal to zero in M(c, h). It
is readily seen that (- 1)%'¢,, : o (A= ~h,, u =h,+h, —h —n) is the coefficient
of £ at level n in the recursion relation obtained from setting ¢, fy X f, = 0.
This vanishes again since indeed under u — u — (27 + 1)X2j’ + 1) the above values
get interchanged as u © —(u + 2j"+ 1X1+¢7") in (5.27) and this is responsible
for the fact that at this level we get directly the singular vector (for a generic value
of c).
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Let us first show how this reproduces the (4, 1) singular vector. We need the
operator

2 4
¢1,()EL3—1+Y(L—IL—z'*'L—zL—l)"'l—zL—,z’ (5.29)

with &, = 3t~ + 3 — 21. The substitution

L_,-ad,,
h 1 i
L_,»———3,+ ¥ 2L _,,
&z k=1

1 ]
Ly —— +—a,+ ¥ 25 3(k=2)L_,, (5.30)
z z k=1

4 1 1
hl7az— -2+ Y z"*zL_,,az)

pzl

—-2h 1 _
— ot ¥ z"*(p—m_p)} LR IUET )

z p=1 k=0

(5.31)
This is recast in the recursion relation
O=k(k—4)(k—-2—-t"")f®

+27' Y [2Ak-1-p+t )+ (p—2)(1+2t7)|L_,f* P, (5.32)

p=1

We see indeed that for k = 0 we have an identity while the condition for k& = 4 will
give the singular vector. Solving recursively

2
(l)=__L
f 1+1¢ —If’

1
O = [mﬁ_, +(1- t_])L_z}f’

f(3) =

3(t—-1)

1L3+1t_1LL 4LL 41L
R T L M et 1
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and the fourth equation becomes

0=3L_ fO+2(1+1 YL of9 44t "+ 1)L f V4o 'L )

where

b =L+ (=) L+ (=YL L+ L LA )+ 4L L L,

(4—1)(t+1 4+ t)(t—1
+——l~——)L,,LA3+ (-)t(~——)L3LA,+3(t~t‘)LA4
> L 3(1+1)’ 3(1—1)°
=LY +(t—t")Y LA+ (—~—)L{,L,,+ —(—-)—LJL{l
- 2t - 2t -
—(t+tAl)L7|L72L,,| (5-35)

which agrees with the expression given at the beginning of this section where we
used the notation r,=t '+t+2=(1+1)?/t. The intermediate states f=
fOFDFO £ satisfy descent equations as did those we wrote at the beginning
but do not coincide with those obtained there since our method does not treat ¢
and ¢~ ! symmetrically. Rather by rescaling

_ 2 .
= £ — £(O (T F(hy
f=ro=r"  f 1+tf .
o= ! f"(2> &= ~_.._f"(” (5.36)
1+ 7 3(t2-1)" 7
we obtain in the tilde basis

Fy, L, (-t HL_, 7 ¥4+0-DL_; 3(t—t"YHL_, fe
o] | -1 L_, 4t7'L_, 1724 -0t + DL 5 || f®
0 0 -1 L_, (t—t"HL_, fo
0 -1 L_, fO

(5.37)
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This calculation as we see is straightforward and leads directly to the (', )
singular vector. Let us contrast it with the one resulting from the fusion (0, j )®
(j/,0) = (j', j) using again (0, ) ® (3,0) — (3, 3) as an example. Returning to the
symmetric fusion point x=(x,+x,)/2, z=x,—x,, let ¢ = ¢(,'%~L2_l +tL_,,
¢, =¢ =L +t7'L_, and write

fo(xo) fi(x)) = ) Y 2R (x).

k=0

From ¢,f, =0 and ¢, f, = 0 we get respectively for & >0

0= [(k=3)(k= 1) = (3 +RO]FD 4 (k= 420 L_ &0 4 212 f62

1
20—2 -q (5.383)

0=[(k=3)(k—4) = (3 +he )| PO = (k=342 )L, fobp 112 pie2

(-1)°
2(1 2

+7' Y

g=0

—a 7 Lo fE. (5.38b)

For k=0 these two equations become identities as follows from the general
discussion. We find that they agree for k = 1,2, 3 yielding

r—1

f(”=2—(n—1)”LA|f,

@=L + 3L ),

1 124+ 61+1
3(12-1) 16

f= L3+ (3t +2t+3)L_,L_,+tL_5|f, (5.39)

which can be compared with the values predicted in sect. 4 for the coefficients in
the short-distance expansion. Now comes the equation for the singular vector in
the module A : 1. Indeed when k =4 the equations read

0=42-0)fP+A4(0)f,

0=42—t"")f@+ At ")f. (5.40)
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where

A(t) = (£2+6:+1)+1|L%,

+1
55[3(:2~ 1
(5+1)(3t?+2t+3)
3(12-1)

1
8

+14¢|L% L,

t t t
L L+ =L+ ——L_,. 41
3(e+1) T T e (54D

Each equation separately involves the unknown contribution £, so it is insuffi-
cient to determine the singular vector. However, they should agree, so that the
combination

{Q=t"YA(t) —2-1)A(t H}f

is proportional to the singular vector (set equal to zero in M(c, 4)). Normalizing to
unity the coefficient of L* | we conclude that

1
t—¢!

b= [2-7)A() - (2-1)A( )], (5.42)

which equals the expression (5.2) as a little algebra readily shows.

This mechanism is general. In the fusion of (0, j) ® (', 0) one verifies that in the
(j', j) module the coefficients f*), 0 <k <(2j+ 1X2j' + 1) are determined recur-
sively by the conditions ¢,f, =0 or ¢, f, =0 and that they agree. On the other
hand, at level n = (2j + 1X2;' + 1) one finds

O=a,f" +Af, 0=b,f" + Bf, (5.43)
with
a,,=D(j,j',l’l,t), bnzD(j/’j’n’t“])’

D(j,j' k,t)= Ml:[“‘[(j—M)(2j’+ 1+1(j+M+1)) =k}, (544)

so that up to normalization
¢ ;=const.xX (b, A -a,B). (5.45)

While this treatment is symmetric in j and j’ it does not yield a matrix formulation
for the singular vectors.

Hence we conclude that, among many possibilities, the fusions (' + %, ()
“(— 1,7y > (j',j) or equivalently (0, j + 3) ® “(j', — 3)” = (', j) directly yield an
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expression for a singular vector. We choose the former to summarize the main
result of this paper.

Proposition 5.2.
(i) Verma modules with singular vectors have highest weights parametrized by a

pair (j',j) with j,j' non-negative integers or half-integers (eq. (3.6) with 6*>=1t).
When j or j' vanishes the singular vector is given by the Benoit—Saint-Aubin formula
(320), F=¢, for F=¢;,f.

(ii) If none of j and j' vanishes, let f = f) be the highest weight state in V(c, h),
sethy=hy, 1o, hy=h_\;, h=h; ; and

_ -1)” _
d=dpi1, L—p_’( ) [Adp—1)+z(L_,—d,)] + sz(k+1; Z)L—p—k)

P
z k>0

then the equation

1
¢ e L2 f=0
z k

determines recursively f*) for 0 <k <n=Qj+ 1X2j + 1) in terms of f and yields
at level n

¢y f=0
up to a non-vanishing factor. Moreover the intermediate coefficients f*, 0 <k <n
satisfy “descent equations” given in (4.56a, b).

To give a last non-trivial example, we recast, using this method, the (1,%)
singular vector in the following unnormalized matrix form:

T T
(61,46,0,...,0) =A4(fD,...,f"), (5.46)
where the matrix A4 reads:

—5L —2:—4L -4t -3 —6t—2L —8t—1L 10t
=3 71 =3 T g3 Ty T34 T T3 s Tyt
-1 -3 L —2t—2L —4t—1L -6t L -8t+1
2t 50-2)77" 5= 7% 50-2)77 5¢—2) 7* Su-2) 3
0 -1 -1 I -2t L —4t+1L —6t+2

2t 8¢t—1) "' Bu-1""? 8u-1 3 8(:—1)L“‘
-1 1 ~2t+2 —4r+3
0 0 — —L
2t 9 ! o L-2 9¢ -3
-1 3 ~2t+4
0 0 0 S —L_, ———L_,
2t 8(t+1) 8(1 + 1)
-1 5
0 0 0 0 — —L_,
2t 5(t+2)
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We conclude by remarking that the key concept is fusion. It allows us to transfer
equations for singular vectors in a reducible module V, to a module V. the best
choice being by tensoring V,, by an appropriate one chosen to be (generically) an
irreducible Verma module. The possibility is dictated by the vanishing of the
classical quantity ¢(—h,, h,+ h, — h), the expression of which plays a crucial role
in the discussion.
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