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Outline

I. Progress in higher point open superstring amplitudes (tree)

(in particular multi–gluon scattering)

• SUSY Ward identities relating various amplitudes

to all orders in α′

• Compact representation for amplitudes with

many external massless string states

II. Open & closed vs. pure open string disk amplitudes

• Sort of generalized KLT on the disk



Review: perturbative QCD amplitudes (tree)

• Compact representation for amplitudes with many external par-

ticle legs, by use of spinor basis (λ, λ̃)

e.g.: MHV N–gluon amplitude

A(g−1 ,g−2 ,g+
3 ,g+

4 ,...,g+
N ) = (

√
2gY M)N−2 Tr(T1...TN)

〈12〉4
N
∏

k=1

〈k k+1〉

Parke, Taylor 1986
Berends, Giele 1989

〈ij〉∼√kikj

• SUSY Ward identities relating various amplitudes

Grisaru, Pendleton, van Nieuwenhuizen (1977); Parke, Taylor, (1985); . . . ;

Bianchi, Elvang, Freedman (2008)

e.g.: A(g−1 ,g−2 ,g+
3 ,g+

4 ,...,g+
N ) =

〈12〉2
〈34〉2 A(φ−

1 ,φ−
2 ,φ+

3 ,φ+
4 ,g+

5 ,...,g+
N )

• More efficient techniques to compute QCD amplitudes; CSW, BCFW rules



Higher point amplitudes in superstring theory (tree)

Do similar simple properties also hold for superstring (tree)–amplitudes ?

• SUSY Ward identities relating various amplitudes
to all orders in α′

St. St., T.R. Taylor, arXiv:0708.0574

• Compact representation for amplitudes with
many external massless string states

St. St., T.R. Taylor, arXiv:0711.4354

• More efficient technique to compute superstring amplitudes;
recursion relations

work in progress



Tree–level scattering of N open strings

CFT

C
+

z z1 2 zNzN−1

disk
N open strings (tree−level)



Full N–point string S–matrix

A(1,2, . . . , N ;α′) =
∑

kinematics KI

KI F

[

nI
a

nI
ab

]

generalized Euler integrals ⇐⇒
multiple Gaussian hypergeometric functions

F

[

nI
a

nI
ab

]

=

∫ 1

0
dx1 . . .

∫ 1

0
dxN−3

N−3
∏

a=1

x1+a−N+na
a

N−3
∏

b=a

x

2α′ kb+3

(

k1+
b+2
∑

j=a+3

kj

)

a

×


1 −
b
∏

j=a

xj





2α′ k2+ak3+b+nab

,
b ≥ a = 1,2, . . . , N − 3 ,

na, nab = 0,±1

All F ’s can be expressed by (N − 3)! basis functions

α′–expansion ⇐⇒ multiple Euler–Zagier sums
Oprisa, St. St., hep-th/0509042
St. St., Taylor, hep-th/0609175



N=4: Veneziano–amplitude

E.g.: N = 4

∫ 1

0
dx x2α′k1k2−1 (1 − x)2α′k2k3 =

1

s1

Γ(1 + s1) Γ(1 + s2)

Γ[1 + s1 + s2]

=
1

s1
− s2 ζ(2) + (s1 + s2) s2 ζ(3) + . . . ,

s1 = 2α′ k1k2
s2 = 2α′ k2k3

Beta–function relevant for scattering of four open strings

Veneziano–amplitude



E.g. N=7:

∫ 1

0

dx

∫ 1

0

dy

∫ 1

0

dz

∫ 1

0

dw
xs2 (1 − x)s3 yt2 (1 − y)s4 zt6 (1 − z)s5 ws7 (1 − w)s6

(1 − xy) (1 − wz) (1 − yz)
(1 − wxyz)s1−t1+t4−t7

× (1 − xy)−s3−s4+t3 (1 − wz)−s5−s6+t5 (1 − yz)−s4−s5+t4 (1 − wyz)s5+t1−t4−t5 (1 − xyz)s4−t3−t4+t7

= I0 + I1a (s1 + s2 + s3 + s4 + s5 + s6 + s7) + I1b (t1 + t2 + t3 + t4 + t5 + t6 + t7) + O(α′2)

with Multiple Euler–Zagier sums I0, I1a, I1b:

I0 =

∫

1

(1 − xy)(1 − wz)(1 − yz)
=

∞
∑

n1,n2=0

n3=1

1

n3 (1 + n1) (n1 + n2 + 1) (n2 + n3)
=

27

4
ζ(4)

I1a =

∫

lnw

(1 − xy)(1 − wz)(1 − yz)
=

∞
∑

n1,n3=1

n2=0

1

n1 n2
3 (n1 + n2) (n2 + n3)

=
7

2
ζ(5) − 4ζ(2)ζ(3)

I1b =

∫

ln y

(1 − xy)(1 − wz)(1 − yz)
=

∞
∑

n1,n2=1

n3=0

1

n1 n2 (n2 + n3) (n1 + n3)2
= −9

2
ζ(5) + ζ(2)ζ(3)



(Space–time) SUSY transformation on world–sheet disk

Setup: World–sheets with boundaries and N conserved SUSY charges QI
α

I = 1, . . . ,N , with QI
α =

∮ dz
2πi V I

α(z)

V I
α (z) =

{

N supercurrents,
extended into double cover

Variation of
open string vertex operator O(z)
under (inf.) SUSY transformation

[ QI(ηI) , O(z) ] :=
∮

Cz

dw

2πi
ηα
I Vα(w) O(z)

E.g.: N = 2 gauge multiplet (φ, λ1, λ2, g): QI(ηI , η̄I) := ηα
I QI

α+η̄α̇I Q
α̇I

[ QI(ηI ,η̄I) , φ(z,k) ] = i εIL 〈ηI k〉 λL(z,k)

[ QI(ηI ,η̄I) , λL(z,k) ] = −δIL 〈ηIk〉 g(z,k)− i εIL [ηI k] φ(z,k)

[ QI(ηI ,η̄I) , g(z,k) ] = −[ηI k] λI(z,k)



SUSY transformations of open string vertices

Consider:

∮

C∞

dw

2πi
ηα
I 〈V I

α(w) V1(z1) V2(z2) . . . VN(zN)〉 ∼
∮

C∞

dw

2πi
w−2 = 0

C 8

H+

z
1

z
2 z 3 z

N

C 1 C 2 C 3 C N

=⇒
N
∑

l=1

〈V1(z1) . . . Vl−1(zl−1) [QI(ηα
I ), Vl(zl)] Vl+1(zl+1) . . . VN(zN)〉 = 0

=⇒ SUSY Ward identity in superstring theory



N–gluon MHV amplitude in superstring theory

From supersymmetric Ward identities in string theory:

A(g−1 , g−2 , g+
3 , g+

4 , . . . , g+
N ) =

=
〈12〉2
〈34〉2 A(φ−

1 , φ−
2 , φ+

3 , φ+
4 , g+

5 , . . . , g+
N )

• valid to all orders in α′

• universal to all string compactifications

• any numbers of supersymmetries

This allows for very short expressions for the N–gluon MHV amplitude

E.g.: A(g−1 , g−2 , g+
3 , g+

4 , g+
5 ) = Tr(T1 . . . T5) (

√
2 gY M)3 α′ St. St., Taylor

arXiv:0708.0574

× 〈12〉2
〈34〉2〈45〉 ( 〈41〉[1 5] K1 + 〈42〉[2 5] K2 )



N–gluon MHV amplitude in superstring theory

This allows to give very short expressions for the N–gluon amplitude:

A(g−1 , g−2 , g+
3 , g+

4 , g+
5 , g+

6 ) = α′2 〈12〉2
〈34〉2 [ τ(3,2) K1 + τ(2,3) K2 + τ(1,2) K3

+τ(1,3) K4 + τ(2,1) K5 + τ(3,1) K6 ]

τ(a, b) =
〈4 a〉〈4 b〉[a5][b6]

〈45〉〈46〉

A(g−1 , g−2 , g+
3 , g+

4 , g+
5 , g+

6 , g+
7 ) = α′3 〈12〉2

〈34〉2
24
∑

I=1

τI KI ,

τ(a, b, c) =
〈4 a〉〈4 b〉〈4 c〉[a5][b6][c7]

〈45〉〈46〉〈47〉



6–gluon NMHV amplitude in superstring theory

From SUSY Ward identities:

Full 6–gluon NMHV amplitude can be constructed from
three partial subamplitudes (Mangano, Parke 1991)

A(g−1 , g−2 , g+
3 , g+

4 , g−5 , g+
6 ) = α′4

s212s234

(

y2 AY
g − 2 y αY AY

λ + α2
Y AY

s

)

A(g+
1 , g+

2 , g−3 , g−4 , g−5 , g+
6 ) = α′4

s212s234

(

x2 AX
g − 2x αX AX

λ + α2
XAX

s

)

A(g−1 , g+
2 , g−3 , g+

4 , g−5 , g+
6 ) = α′4

s213s224

(

z2 AZ
g − 2 z αZ AZ

λ + α2
Z AZ

s

)

AY
g = A(φ−

1 , φ−
2 , φ+

3 , φ+
4 , g−5 , g+

6 )

AY
λ = A(φ−

1 , φ−
2 , φ+

3 , φ+
4 , λ−

5 , λ+
6 )

AY
s = A(φ−

1 , φ−
2 , φ+

3 , φ+
4 , φ−

5 , φ+
6 )

St. St., Taylor, arXiv:0711.4354



Final result: 6–gluon NMHV superstring amplitude

AY = A(g−1 , g−2 , g+
3 , g+

4 , g−5 , g+
6 ) = Tr(T a1T a2T a3T a4T a5T a6)

(
√

2 gYM)4 α′5
s5

×
(

NY
1

α2
Y

s21s23
+ NY

2
β2

Y
s21

+ NY
3

γ2
Y

s23
+ NY

4
αY βY
s21s3

+ NY
5

αY γY
s1s23

+ NY
6

βY γY
s1s3

)

,

AX = A(g+
1 , g+

2 , g−3 , g−4 , g−5 , g+
6 ) = Tr(T a1T a2T a3T a4T a5T a6) (

√
2 gYM)4 α′5

s5

×
(

NX
1

α2
X

s21s23
+ NX

2
β2

X
s21

+ NX
3

γ2
X

s23
+ NX

4
αXβX
s21s3

+ NX
5

αXγX
s1s23

+ NX
6

βXγX
s1s3

)

,

AZ = A(g−1 , g+
2 , g−3 , g+

4 , g−5 , g+
6 ) = Tr(T a1T a2T a3T a4T a5T a6)

(
√

2 gYM)4 α′5
s5

×
(

NZ
1

α2
Z

s213s224

+ NZ
2

β2
Z

s213

+ NZ
3

γ2
Z

s224

+ NZ
4

αZβZ
s213s24

+ NZ
5

αZγZ
s13s224

+ NZ
6

βZγZ
s13s24

)



Notation

Y = k3 + k4 + k6 , y = 〈12〉[34]Y 2 ,

X = k1 + k2 + k6 , x = [12]〈34〉X2 ,

Z = k2 + k4 + k6 , z = 〈13〉[24]Z2 .

αY = −〈12〉[34][ 6|Y |5〉 , βY = 〈12〉[46][ 3|Y |5〉 , γY = 〈51〉[34][ 6|Y |2〉 ,

αX = − [12]〈34〉[ 6|X|5〉 , βX = [12]〈45〉[ 6|X|3〉 , γX = [61]〈34〉[ 2|X|5〉 ,

αZ = −〈13〉[24][ 6|X|5〉 , βZ = 〈13〉[46][ 2|Z|5〉 , γZ = 〈51〉[24][ 6|Z|3〉 ,

with: [ 6|Y |5〉 = [63]〈35〉 + [64]〈45〉 , etc.

sij = 2α′kikj ,

si = α′(ki + ki+1)
2 , ti = α′(ki + ki+1 + ki+2)

2 (i + 6 ≡ i)



α′–Expansion

E.g.:

NX
1 = −ζ(2) s1s3 + . . . ,

NX
2 = s1

s2s4t1
− ζ(2)

(

s1s6
s2s4

+
s21

s4t1
+ s1s5

s2t1

)

+ . . . ,

NX
3 = s3

s2s6t2
− ζ(2)

(

s3s4
s2s6

+ s3s5
s2t2

+
s23

s6t2

)

+ . . . ,

NX
4 = ζ(2)

(

s1t2
s2

+ s1t3
s4

)

+ . . . ,

NX
5 = ζ(2)

(

s3t1
s2

+ s3t3
s6

)

+ . . . ,

NX
6 = t3

s2s4s6
+ ζ(2)

(

s1+s3−s5
s2

− t1t3
s2s4

− t2t3
s2s6

− t23
s4s6

)

+ . . .



N–gluon MHV amplitude in superstring theory

A(g−1 , g−2 , g+
3 , g+

4 , . . . , g+
N ;α′) =

(

1 − α′2ζ(2)

2
F (N)

)

A(g−1 , g−2 , g+
3 , g+

4 , . . . , g+
N ) + O(α′3)

α′2F 4
Y MY M

Y M

Y M

F (N) polynomial in kinematic invariants:

F (4) = s1s2

F (5) = s1s2 + s2s3 + s3s4 + s4s5 + s5s1 + 4i ǫ1234

F (6) = s1s2 + s2s3 + s3s4 + s4s5 + s5s6 + s6s1

+ t1t2 + t2t3 + t3t1 − s1s4 − s2s5 − s3s6

+ 4i [ǫ1234 + ǫ1235 + ǫ1245 + ǫ1345 + ǫ2345]

... St. St., Taylor, hep-th/0609175

Non–trivial duality: ζ(2) term agrees with one–loop field–theory result !

see also Dixon, Schabinger, to appear



Amplitudes from first principles

Analytic properties: Scattering amplitudes are computed directly

use:



















• cyclic invariance
• soft–boson limit
• factorizing into collinear limits
• . . .

String tree–level recursion relations:

1 N N1
|k; n〉=

∑

|n〉

=⇒ Construct amplitudes from first principles work in progress



Effective D–brane action (α′–expansion)

Series of higher derivative terms (α′–corrections):

LDp
effective = Tr

′
∑

m≥4, n≥0

α′12n+m−2 ζ(
1

2
n + m − 2) DnFm

α′0 1 F2

α′ 0 F3 D2F2

α′2 ζ(2) F4 D2F3 D4F2

α′3 ζ(3) F5 D2F4 D6F2

α′4 ζ(4) F6 D4F4 D2F5

α′5 ζ(2)ζ(3), ζ(5) F7 D6F4 D4F5 D2F6

... . . . . . . . . . . . .

Degree of transcendentality ⇐⇒ order in α′–expansion



Disk scattering of open and closed strings

A =
∑

π∈SNo/Z2

V −1
CKG





No
∏

j=1

∫

Iπ

dxj

Nc
∏

i=1

∫

H+

d2zi



 〈
No
∏

j=1

: Vo(xj) :
Nc
∏

i=1

: Vc(zi, zi) :〉

disk

D-brane stak x1 x2 x3 xNo
xNo−1

z2

zNc

z1

H+

Vo(xi) = open string vertex operators inserted at xi on the boundary of the disk

Vc(zi, zi) = closed string vertex operators inserted at zi inside the disk

E.g.:
No = 2, Nc = 1 =⇒ four open strings
No = 3, Nc = 1 =⇒ five open strings
No = 2, Nc = 2 =⇒ six open strings



Two open and two closed strings on the disk

With PSL(2,R) transformation three arbitray points w1, w2 ∈ R and w3 ∈ C may

be mapped to the points x1, x2 and z1:

Choice: x1 = −∞ , x2 = 1 , z1 = −ix , z1 = ix , z2 = z , z2 = z

with z ∈ H+ and x ∈ R+

x1 = −∞ x2 = 1

H+

z2 = z

z1 = ix

A(1,2,3,4) =
∫ ∞

−∞
dx 〈c(−∞)c(1)c(ix)〉

×
∫

C
d2z 〈 : Vo(−∞) : : Vo(1) : : Vc(−ix, ix) : : Vc(z, z) :〉



Two open & two closed strings versus six open strings on the disk

• generic structure of world–sheet disk amplitude

of two open & two closed strings:

W (α,β)

[

α1,λ1,γ1,β1

α2,λ2,γ2,β2

]

=

∞
∫

−∞
dx xβ (1 + x)α1 (1 − x)α2

∫

C

d2z (1 − z)λ1 (1 − z)λ2

× (z − z)α (z − x)γ1 (z − x)γ2 (z + x)β1 (z + x)β2

• generic structure of world–sheet disk amplitude of six open strings:

F

[

n1,n2,n3

n4,n5,n6,n7,n8,n9

]

=

1
∫

0

dx

1
∫

0

dy

1
∫

0

dz xp23+n1 yp23+k24+p34+n2 zp16+n3

× (1 − x)p34+n4 (1 − y)p45+n5 (1 − z)p56+n6 (1 − xy)p35+n7

× (1 − yz)p46+n8 (1 − xyz)p36+n9 , ni ∈ Z



Two open & two closed strings versus six open strings on the disk

After splitting the complex integral into holomorphic and anti–holomorphic pieces

Answer: Six open strings, with:

z1 = −∞, z2 = 1, z3 = −τ,

z4 = τ, z5 = ξ, z6 = η

p1 = k1, p2 = k2,

p3 = p4 = 1
2
k3, p5 = p6 = 1

2
k4

p

p

p

3

4

5
p2

2p

2

1

2

1

2

1

2

1 p
1

1p

6
p

Four contributions, with open string ordering



















I1 : z1 < z6 < z3 < z5 < z4 < z2
I2 : z1 < z6 < z3 < z5 < z2 < z4
I3 : z1 < z3 < z4 < z5 < z2 < z6
I4 : z1 < z3 < z2 < z5 < z4 < z6



Two open & two closed strings versus six open strings on the disk

W (α,β)

[

α1,λ1,γ1,β1

α2,λ2,γ2,β2

]

= σγ sin(πβ2) (I1 + I2) + sin(πλ2) I3 + σλσγ sin(πγ2) I4 + R

I1, I2, I3 and I4 six open string amplitudes F [. . . ]

involves transformations:

I1 : τ → −1 +
2

1 + yz
, ξ → 1 − 2y

1 + yz
, η → 1 − 2

x(1 + yz)

I2 : τ → 1

1 − 2yz
, ξ → 1 − 2y

1 − 2yz
, η → − 2 − x

x(1 − 2yz)

I3 : τ → xy

2 − xy
, ξ → (2 − x)y

2 − xy
, η → 2 − xyz

z(2 − xy)

I4 : τ → − 1

1 − 2xy
, ξ → 1 − 2y

1 − 2xy
, η → − 2 − z

z(1 − 2xy)



Open & closed vs. pure open string disk amplitudes

This map reveals
important relations between

open & closed string disk amplitudes
and pure open string disk amplitudes !

E.g.:
〈Aµ1(x1) Aµ2(x2) Gµ3µ4(z1, z1) Gµ5µ6(z2, z2)〉

∼ 〈Aµ1(x1) Aµ2(x2) Aµ3(x3) Aµ4(x4) Aµ5(x5) Aµ6(x6)〉

Sort of generalized KLT on the disk

St. St. arXiv:0812.xxxx, to appear


