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Quantum Knizhnik—Zamolodchikov equation for Temperley—Lieb Temperley—Lieb algebra
qKZ equation
Relation to loop model

The Temperley—Lieb algebra TL,(7) (a quotient of the Hecke
algebra) is defined by generators e;, i =1,...,L — 1, and relations
e?

1

= TE€; €i€i+1€ = € eej = €;¢; |i —j’ >1

Define the action of Temperley—Lieb generators e; on link patterns:

(L=2n)

@ LS~ - & 1 =~ /A~

i 2 3 4 5 6 RN i 2 3 4 5 6
1 2 4 5 6

DO

1 =T A AN

3 4 5 6

N

where the weight of a closed loop is 7.
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Quantum Knizhnik—Zamolodchikov equation for Temperley—Lieb Temperley—Lieb algebra
gKZ equation
Relation to loop model

R-matrix

Set 7 = —q — 1/q, and define the R-matrix:

(qu—qg 1)+ (u—1)e
q—qlu

/\'L\’,'(U) =
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Quantum Knizhnik—Zamolodchikov equation for Temperley—Lieb Temperley—Lieb algebra
gKZ equation
Relation to loop model

R-matrix

Set 7 = —q — 1/q, and define the R-matrix:

(qu—qg 1)+ (u—1)e

’\Qi(u) = q—q—lu

It satisfies the Yang—Baxter equation:
Ri(u)Rit1(uv)Ri(v) = Ripa(v)Ri(uv)Ripa(u)

and the unitarity equation:

Ri(v)Ri(1/u) =1
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Quantum Knizhnik—Zamolodchikov equation for Temperley—Lieb Temperley—Lieb algebra
gKZ equation
Relation to loop model

Smirnov's

Consider the following system of equations for W, a vector-valued
polynomial in z1,...,z.,q,q7%: (i=1,...,L—1)

:E(’,-(z,-_,_l/z,-)\ll(zl, . ,ZL) = W(Z]7 vy Zi41yZjy e 7ZL) (]_)
0’71\U(21,...,ZL):C\U(ZQ,...,ZL,Szl) (2)

where o rotates link patterns:
7 6 7 6
8 5 8 5
g _=
1 4 1 4
2 3 2 3
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Quantum Knizhnik—Zamolodchikov equation for Temperley—Lieb Temperley—Lieb algebra
gKZ equation
Relation to loop model

Fact: in size L = 2n, for s = q° (level 1), there exists a polynomial
solution of degree n(n — 1), unique up to normalization.
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Quantum Knizhnik—Zamolodchikov equation for Temperley—Lieb Temperley—Lieb algebra
gKZ equation
Relation to loop model

Level 1 Po

Fact: in size L = 2n, for s = q° (level 1), there exists a polynomial
solution of degree n(n — 1), unique up to normalization.

Example (2n = 4)

v SN T (21— g '2)(qz3 — g 'z4)
v =(92—q '5)(q %z — ¢°z)
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Quantum Knizhnik—Zamolodchikov equation for Temperley—Lieb Temperley—Lieb algebra
qKZ equation
Relation to loop model

Transfer

Define the transfer matrix T(t; z1,. .., z2n) (for generic q)

P

plaquettes

with weights (gz; — g~ 't)/(qt — g 1z) for Rt and
(zi—t)/(qt— g 1z) for ﬁ and a weight 7 = —q — 1/q for
closed loops.
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Quantum Knizhnik—Zamolodchikov equation for Temperley—Lieb Temperley—Lieb algebra
qKZ equation
Relation to loop model

The actual gKZ equation is a consequence of (1) and (2):
W(Zl,...,SZ;,...,ZL) = 5,'(21,...,ZQ,,)W(Z;[,...,Z,’,...,ZL)
(i=1,...,L—1) where

5,'(217 ... ,22,7) = T(t =2z, .. ~aZ2n)

RRRRCE
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Quantum Knizhnik—Zamolodchikov equation for Temperley—Lieb Temperley—Lieb algebra
qKZ equation
Relation to loop model

The actual gKZ equation is a consequence of (1) and (2):
V(z1,...,82,...,21) = Si(z1,...,22n)V(21,. .., Ziy. .., 21)
(i=1,...,L—1) where
Si(z1y.-y2z2n) = T(t =z 21,. .., 22n)
i
pEEEENE

Remark: gKZ is a system of compatible difference equations, in the

same way that KZ is a system of compatible differential equations.
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Quantum Knizhnik—Zamolodchikov equation for Temperley—Lieb Temperley—Lieb algebra
qKZ equation
Relation to loop model

Special po

Assume q = er2m/3 Thens=1and Vis eigenvector of the S;;
by a Lagrange interpolation argument, it is eigenvector of all T(t):

T(t;z1,...,220)V(21, ..., 200) = V(21,. .., 22n)

Thus, V is the (unnormalized) equilibrium distribution of the
inhomogeneous Markov process. The homogeneous case is
recovered when z; = 1.
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Quantum Knizhnik—Zamolodchikov equation for Temperley—Lieb Temperley—Lieb algebra
qKZ equation
Relation to loop model

Homogenec

A question remains: what is the combinatorial meaning of the
level 1 polynomial solution of gKZ for generic g7 In particular,
what can one say about the homogeneous limit z; = 17
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Quantum Knizhnik—Zamolodchikov equation for Temperley—Lieb Temperley—Lieb algebra
qKZ equation
Relation to loop model

A question remains: what is the combinatorial meaning of the
level 1 polynomial solution of gKZ for generic g7 In particular,
what can one say about the homogeneous limit z; = 17

Example (2n = 4)

L4 @ ’homogeneous =1
1 2 3 4
L4 ’homogeneous =T
1 2 3 4
h 4 A1
where 7 = —qg — g~ 1.

In general, one observes that the components are always
polynomials of 7.
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Integral formulae and applications Il (Fmmul e ol @R Z eailiifons
g PP Relation to plane partitions

In connection with six-vertex model and XXZ spin chain, known
integral formulae: (1 <a; <---<ap, <N)

Varown =[] (a20-07'2) 7{ ]{ H(;Vrvf

1<i<j<2n
Hl§f<m§n(Wm - WZ)(q Wy — q_lwm)
[To=: [icica,(we — 2) 11, <i<on(@we — g712i)

where the contours catch poles at wy = z;.
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Integral formulae and applications Il (Fmmul e ol @R Z eailiifons
g PP Relation to plane partitions

In connection with six-vertex model and XXZ spin chain, known
integral formulae: (1 <a; <---<ap, <N)

Varown =[] (a20-07'2) 7{ ]{ H(;Vrvf

1<i<j<2n
Hl§f<m§n(Wm - WZ)(q Wy — q_lwm)
[To=: [icica,(we — 2) 11, <i<on(@we — g712i)

where the contours catch poles at wy = z;.
These correspond to a different basis:

31, _E : Cr;ay,..
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Integral formulae for gKZ solutions

Integral formulae and applications REE e 1 ST [FEr s

However, similar formulae can be written for various partial sums
of components in the loop basis. In particular,

_ = dwi(gwe — z20-1)
V. = (gzi — 12-) N ¢ -
Zﬂ: H 9 9% 7{ fﬁl_ll 27

1<i<j<2n

H1§€<m§n(wm - WZ)(q Wy — q_lwm)

ngl ngigze—l(WZ - z) H2€—1§i§2n(q we — q1z)

P. Zinn-Justin Integrability, combinatorics, Razumov-Stroganov conjecture



Integral formulae for gKZ solutions

Integral formulae and applications REE e 1 ST [FEr s

However, similar formulae can be written for various partial sums
of components in the loop basis. In particular,

_ = dwi(gwe — z20-1)
V. = (gzi — 12-) N ¢ -
Zﬂ: H 9 9% 7{ fﬁl_ll 27

1<i<j<2n

H1§€<m§n(wm - WZ)(q Wy — q_lwm)

ngl ngigze—l(WZ - z) H2€—1§i§2n(q we — q1z)

Homogeneous limit? Usual trick (cf matrix models): homographic
transformation.
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Integral formulae for gKZ solutions

Integral formulae and applications REE e 1 ST [FEr s

1—qlu,

1—quy

Change variables: wy =

dug(1 + ug
Z \Uﬂ-’homogeneous = 7{ fH 20— 1)

=1 27r/u

(um — up)(1 + wpum + Tum)
1§£<m§n

P. Zinn-Justin Integrability, combinatorics, Razumov-Stroganov conjecture



Integral formulae and applications Integral formulae for gKZ solutions
g PP Relation to plane partitions

Antisymmetrize []7_; u, 2" [li<temen(l + tetim + Tum):

n
H (]. — Ugum) H Ue_2é+2 H (1 + upum + 7'Um)’anti,—

1<t<m<n i=1 1<l<m<n

= H (ut — Ug_l)(T + u[l +u b
1<l<m<n
n

— u725+2(1 +7_U€)e_1’anti
(=1

[Zeilberger '07]
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Integral formulae and applications Iniirgel (FmlEe o ¢ Z calliifons
g PP Relation to plane partitions

Therefore,

?{ %Hdw 1—221116) H (um — ug)(1 + vptim + TUm)

=1 2Ty 1<l<m<n

7{ %H dug(1 + up) [T1<ocmen(tm — ue)(L + Tupm)

2mi U% ! [Ti<o<men(l — ueum)
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Integral formulae and applications Inigergell e i I ealliiftons
g PP Relation to plane partitions

Therefore,

?{ %Hdw 1—;uf) H (um — ug)(1 + vptim + TUm)

=1 2Ty 1<l<m<n

7{ %H dug(1 + up) [T1<ocmen(tm — ue)(L + Tupm)

2mi U2£ ! [Ti<o<men(l — ueum)

Using the classical identity

1 det (u])

n 1
Hé:l 1—uy H1§€<m§n T—upum — ZO<ro<r2< ~<rp—1 H1<z<m<n(”€ Um)’
we find:

Zﬂ’ wﬂ' = 20§r1<r2<~~<rn T”(”_l)_zj g det <(2’/_O)>

1<i<n,0<j<n—-1
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Integral formulae for gKZ solutions

Integral formulae and applications el o FEne s

As a special case of the Lindstrom—Gessel-Viennot formula,

det ((2if’f)>
! 1<i<n,0<j<n—1
(i,—i) to (r;,0) with moves (1,0) and ( , so that

=

=# non—intersecting lattice paths from
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Integral formulae for gKZ solutions

Relation to plane partitions

Integral formulae and applications

NANNNNN /77777

NILP

Ap. (but no known bijection!)

§ : 7_# pink lozenges

TSSCPPs

Z wﬂ‘homogeneous
Remark: #TSSCPPs = #ASMs

Integrability, combinatorics, Razumov-Stroganov conjecture
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Integral formulae for gKZ solutions

Integral formulae and applications Rl i e [FErHeE

Example (2n = 6)

There are A3 =7 TSSCPPs:

//I//) // I.) I/ II

1\

@ |homogeneous =
T2 3 4 5 6

w ‘homogeneous = T2 w ’homogeneous S 7—2
LA\ A 2NN
T2 3 4 5 6 T2 3 4 5 6

w |h°m°g5"e°“5 = 2T \U ’homogeneous — T3 + 7
@ NN N
12 3 4 5 6 T2 3 4 5 6

so that Yo U poriammreens = It - 87 272 + 73.
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Orbital varieties

Another co

Consider g = —1, i.e. a weight of 7 = 2 per loop.
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Orbital varieties

Another ¢

Consider g = —1, i.e. a weight of 7 = 2 per loop.

Example (2n = 6)

Ulrop = (1,4,4,4,10) > W |, =23
™
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Orbital varieties

Another ¢

Consider g = —1, i.e. a weight of 7 = 2 per loop.

Example (2n = 6)

Ulrop = (1,4,4,4,10) > W |, =23
™

S Vila= [ du(me T
- T2=0

where T is complex upper triangular.
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Orbital varieties

The integral [7._,du( T)e ™ TT" computes the degree of
V ={T? =0, T upper triangular}, i.e. the generic number of
intersections with a linear subspace of complementary dimension.
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Orbital varieties

The integral [7._,du( T)e ™ TT" computes the degree of

V ={T? =0, T upper triangular}, i.e. the generic number of
intersections with a linear subspace of complementary dimension.
V is reducible: its components (orbital varieties) V. are naturally
indexed by link patterns 7, in such a way that

deg Vi = V| =2

Justification: equivariant cohomology interpretation of the rational
gKZ equation. ..
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