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Schur functions Representation theory Basics

The general linear group

[H. Barcelo, A. Ram, Combinatorial representation theory]; [A. Molev,
Gelfand—Tsetlin bases for classical Lie algebras]
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Schur functions Representation theory Basics

The general linear group

[H. Barcelo, A. Ram, Combinatorial representation theory]; [A. Molev,
Gelfand—Tsetlin bases for classical Lie algebras]

Let G = GL(n,C), T be the subgroup of diagonal invertible matrices. Let
g = gl(n, C) be the Lie algebra of G. g =t® ny ®n_, with t (resp. ng,
n_) generated by hj = E;j, i=1,...,n (resp., ¢ = Ej jy1 and fi = Ej11j,
i=1,...,n=1).
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Schur functions Representation theory Basics

The general linear group

[H. Barcelo, A. Ram, Combinatorial representation theory]; [A. Molev,
Gelfand—Tsetlin bases for classical Lie algebras]

Let G = GL(n,C), T be the subgroup of diagonal invertible matrices. Let
g = gl(n, C) be the Lie algebra of G. g =t® ny ®n_, with t (resp. ng,
n_) generated by hj = E;j, i=1,...,n (resp., ¢ = Ej jy1 and fi = Ej11j,
i=1,...,n=1).

A partition is a nonincreasing sequence of nonnegative integers
(A1,...,An), up to addition/removal of an arbitrary number of zeroes at
the end. We represent partitions using Young diagrams:

(4.2,1) = [

Nonzero entries are called parts. |A| =), A;.
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Schur functions Basics
Irreducible representations

We are interested in irreducible polynomial representations of G. We shall
need the following classical

Theorem

Irreducible polynomial representations py of G are indexed by partitions
A= (A1,...,\n) with at most n parts. They are highest weight
representation, i.e., have a highest weight vector vy (unique up to
multiplication by a scalar):

palhi)va = Aiva  pale)va =0
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Schur functions Representation theory Basics

Irreducible representations

We are interested in irreducible polynomial representations of G. We shall
need the following classical

Theorem

Irreducible polynomial representations py of G are indexed by partitions
A= (A1,...,\n) with at most n parts. They are highest weight
representation, i.e., have a highest weight vector vy (unique up to
multiplication by a scalar):

palhi)va = Aiva  pale)va =0

The proof involves explicit construction of py : G — GL(V)) out of the
fundamental representation. . .
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Schur functions Representation theory Basics

Examples

@ The fundamental representation. G acts on V5 = C" in the natural
way. A = (1,0,...,0) =0
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Schur functions Representation theory Basics

Examples

@ The fundamental representation. G acts on V5 = C" in the natural
way. A = (1,0,...,0) =0

Vo = | . hiv = dj1v
0
o V; ® V5 decomposes into symmetric/skew-symmetric subspaces:

Vo @ Vg = Vg o Vg

with VD:‘ = VD & VD' VE = VD X (f]_VD) — (fIVD) & VD'
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Schur functions Basics
Schur-Weyl duality

In general, the natural actions on VS’ of GL(n) and S, are commutants of

each other, so that

e @ wew
A=(A1,. An): | A=r

where W) is an irreducible representation of S,, and V) an irreducible
representation of GL(n).
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Schur functions Representation theory Basics

Characters

Define 5:6-C
g — try, (pa(g))

A — 8y is a map from (Rep(G), ®, ®) to the class functions on G.
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Schur functions Representation theory Basics

Characters

Define 5:6-C
g — try, (pa(g))

A — 8y is a map from (Rep(G), ®, ®) to the class functions on G.
A generic matrix is diagonalizable, therefore §5(g) only depends on the
eigenvalues {xi,...,x,} of g. Applying 3\ to an element of T implies

A

S\(g) = sa(x1,...,xn)

where sy(x1,...,xp) is @ symmetric polynomial in the {x;} of degree ||,
called Schur polynomial.

P. Zinn-Justin (LPTHE, Université Paris 6) Solvable tilings, Schur functions, Littlewood—Richardson rule



Schur functions Representation theory Basics

Characters

Define 5:6-C
g — try, (pa(g))

A — 8y is a map from (Rep(G), ®, ®) to the class functions on G.
A generic matrix is diagonalizable, therefore §5(g) only depends on the
eigenvalues {x1,...,x,} of g. Applying 3 to an element of T implies

A

S\(g) = sa(x1,...,xn)

where s\(x1,...,Xp) is @ symmetric polynomial in the {x;} of degree |A|,
called Schur polynomial.

A — sy extends linearly into an isomorphism of graded rings from
(Rep(G), ®, ®) to Z[x1, ..., Xx,]°" (symmetric polynomials in n variables).
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Representation theory

Examples

@ The fundamental representation:

so(x1, ..., xn) = trdiag(xy, ..., xp) = ZX"
i=1
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Schur functions Representation theory Basics

Examples

@ The fundamental representation:

n
so(x1, ..., xn) = trdiag(xy,...,x,) = ZX"
i=1

o V— and V:
- H
s(Xt, .-, Xn) = Z XiXj
1<i<j<n
SE(xl,...,x,,): Z XiXj
1<i<j<n

Note that
st (X1, oo xn) + SE(Xl, caxn) =000, xi)? = so(xt, ..., xn)

expected from the decomposition of the tensor product.

2, as

Solvable tilings, Schur functions, Littlewood—Richardson rule

P. Zinn-Justin (LPTHE, Université Paris 6)



Schur functions Representation theory Basics

Examples

@ The fundamental representation:

n
so(xt, ..., xp) = trdiag(xy, ..., xn) = Zx,- =p
i=1

o V— and V:
=T
1, 1
SED(Xl,...,Xn)z Z Xin=§P1+§p2
1<i<j<n
1 1
SE(xl,...,x,,) = Z XiXj = §p§ - §p2
1<i<j<n

Note that
st (X1, oo xn) + SE(Xl, cxn) = (0 xi)? =sg(xa,. .., xn)?, as

expected from the decomposition of the tensor product.
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Schur functions Basics
Schur-Weyl I

Consider an element g = diag(x1,...,x,) € T and 0 € S,. Then

tryer(go) = Z Xa(o)sa(xi, ..., Xn)
= A=A ), [A|=r

where X (o) is the character of the irrep A of S,. If o has ay cycles of
length k, then i (0) = xa(a).
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Schur functions Basics
Schur-Weyl I
Consider an element g = diag(x1,...,x,) € T and 0 € S,. Then
tryer(go) = Z Xa(o)sa(xi, ..., Xn)
= A=A An), [A|=r
where X (o) is the character of the irrep A of S,. If o has ay cycles of
length k, then i (0) = xa(a).
The left hand side is easily computed to be Hk21 p.*, where the py are

the power sums: py(x1,...,xp) = >0y xF.

=17
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Schur functions Basics
Schur-Weyl I

Consider an element g = diag(x1,...,x,) € T and 0 € S,. Then
tr, o (go) = > a(0)sx(x1, - - - 5 Xn)
- A=(A1An), N[ =r

where Y\ (o) is the character of the irrep A of S,. If o has ay cycles of
length k, then {a(0) = xa(a).

The left hand side is easily computed to be Hk21 p.*, where the py are
the power sums: py(x1,...,xp) = >0y xF.
This formula can be inverted (orthogonality of characters):

1
sa\(X1, ..oy Xn) = > 11 Kooy xal@) [T pelxas - xa)™

20,5, a=|A| k>1 k>1
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Schur functions Basics
Schur-Weyl I

Consider an element g = diag(x1,...,x,) € T and 0 € S,. Then
tr, o (go) = > a(0)sx(x1, - - - 5 Xn)
- A=(A1An), N[ =r

where Y\ (o) is the character of the irrep A of S,. If o has ay cycles of
length k, then {a(0) = xa(a).

The left hand side is easily computed to be Hk21 p.*, where the py are
the power sums: py(x1,...,xp) = >0y xF.
This formula can be inverted (orthogonality of characters):

1
sa\(X1, ..oy Xn) = > 11 Kooy xal@) [T pelxas - xa)™

20,5, a=|A| k>1 k>1

More combinatorial formula?
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Schur functions Representation theory Gelfand—Tsetlin

Weight space decomposition

Elements of T are simultaneously diagonalizable in V[, and therefore in
any V). This means every V) has a weight space decomposition:

@ V)\;u V)\;,u = {V € Vy: p/\(hi)v = ,LL,'V}
MEZEO

which implies in turn
sa(xa, .- = > K H Xt
,uGZ>0 i=1

where K., = dim V),,. (when p is also a partition, which we can always
reduce to, K., is called a Kostka number)
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Schur functions

Representation theory Gelfand—Tsetlin

Gelfand—Tsetlin induction

Theorem

The decomposition of Vi, A = (A1, ..
GL(n—1) C GL(n) is of the form

W= P v

p=(p1,--,pbn—1)
AiZpi>Air1

., An) as a representation of

(in particular it's multiplicity-free)
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Schur functions

Representation theory Gelfand—Tsetlin

Gelfand—Tsetlin induction

Theorem

The decomposition of Vi, A = (A1, ..
GL(n—1) C GL(n) is of the form

W= P v

p=(p1,--,pbn—1)
AiZpi>Air1

., An) as a representation of

(in particular it's multiplicity-free)
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Schur functions

Representation theory Gelfand—Tsetlin

Gelfand—Tsetlin induction

Theorem

The decomposition of Vi, A = (A1, ..
GL(n—1) C GL(n) is of the form

W= P v

p=(p1,--,pbn—1)
AiZpi>Air1

., An) as a representation of

(in particular it's multiplicity-free)

\ - —— horizontal strip

=
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Schur functions

Representation theory

Gelfand—Tsetlin induction cont’'d

Gelfand-Tsetlin

One can iterate the process: GL(n) D GL(n—1) D --- D GL(1), until we
reach irreps of GL(1) which are one-dimensional. This way, we decompose

V) into a direct sum of one-dimensional subspaces indexed by
Gelfand—Tsetlin patterns:

)\n,l > )‘n 2 > o > )\n,n—l > )\n,n
QT 7 /N

2 > 0 > Ap1a-1
SRS 7
. Q 7
A1 > A22
Q7
A11
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Schur functions Representation theory Gelfand—Tsetlin

A combinatorial formula

0
one-dimensional subspace is a weight space, with weight given by
wi = |\l = |Niz1], i=1,..., n. (conventionally |Ag| = 0)

Assume GL(n — 1) is matrices of the form (1 2) Then each such

P. Zinn-Justin (LPTHE, Université Paris 6) Solvable tilings, Schur functions, Littlewood—Richardson rule



Schur functions Representation theory Gelfand—Tsetlin

A combinatorial formula

0
one-dimensional subspace is a weight space, with weight given by
wi = |\l = |Niz1], i=1,..., n. (conventionally |Ag| = 0)

Assume GL(n — 1) is matrices of the form (1 S) Then each such

Therefore Ky, = #{GT patterns : p1; = |A\j| — [A\j—1|}, which leads to the
following explicit formula for Schur functions:

n
A =IAi—1]
sa(Xt, ...y %0) = Z Hxi e

GT patterns ();;) =1
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Schur functions Representation theory Gelfand—Tsetlin

A combinatorial formula

0
one-dimensional subspace is a weight space, with weight given by
wi = |\l = |Niz1], i=1,..., n. (conventionally |Ag| = 0)

Assume GL(n — 1) is matrices of the form (1 S) Then each such

Therefore Ky, = #{GT patterns : p1; = |A\j| — [A\j—1|}, which leads to the
following explicit formula for Schur functions:

n
A =IAi—1]
sa(Xt, ...y %0) = Z Hxi e

GT patterns ();;) =1

Remark: bijection with SSYT. ..
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Schur functions Gelfand—Tsetlin
Stability

From the construction above we conclude that

A —
sa(xt, ...y xp) = Z x,‘7 | |“|su(x1,...,x,,_1)

p=(f41,e0sfin—1)
AiZpiZ i1
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Schur functions Gelfand—Tsetlin
Stability

From the construction above we conclude that

Al=|p
sa(xt, ...y xp) = Z x,‘7 -l |su(x1,...,x,,_1)
p=(f41,e0sfin—1)
AiZpi> A1
In particular,
0 if \p #0

sx(x1,...,%xp-1,0) = )
)\(1 ! ) S)\(Xl,...,Xn_l) |f)\,,:0

where recall that (A1,...,Ap-1,0) = (A1,..., Ap—1).
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Schur functions Representation theory Gelfand—Tsetlin

Schur functions

Consider the ring of symmetric functions R, obtained as the inverse limit
of Ry =Z[x,. .. ,x,,]S" where R, — Rn_1 by setting x, = 0. (see also
wikipedia)

P. Zinn-Justin (LPTHE, Université Paris 6) Solvable tilings, Schur functions, Littlewood—Richardson rule


http://en.wikipedia.org/wiki/Ring_of_symmetric_functions

Schur functions Gelfand-Tsetlin
Schur functions

Consider the ring of symmetric functions R, obtained as the inverse limit

of Ry =Z[x,. .. ,x,,]S" where R, — Rn_1 by setting x, = 0. (see also
wikipedia)
Due to the stability property above, Schur polynomials (sx(x1, - - -, Xn))nen

define an element of R called Schur function and also denoted s).
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Schur functions Gelfand-Tsetlin
Schur functions

Consider the ring of symmetric functions R, obtained as the inverse limit

of Ry =Z[x,. .. ,x,,]S" where R, — Rn_1 by setting x, = 0. (see also
wikipedia)
Due to the stability property above, Schur polynomials (sx(x1, - - -, Xn))nen

define an element of R called Schur function and also denoted s).

. _ k . .
Remark: power sums p, = ). x are also symmetric functions.

P. Zinn-Justin (LPTHE, Université Paris 6) Solvable tilings, Schur functions, Littlewood—Richardson rule


http://en.wikipedia.org/wiki/Ring_of_symmetric_functions

Schur functions Gelfand-Tsetlin
Skew Schur functions

More generally, given a Young diagram A\ with n boxes, decompose V),
w.r.t. the action of GL(m), m < n:

sa(xt, ...y %) = ZS}\/#(Xm+1, oy Xn)Su(X1, -0y Xm)
n

where the summation is over ;1 C A with m rows. sy, is called a skew
Schur polynomial; it is sum over Gelfand—Tsetlin trapezoids.
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Schur functions Gelfand-Tsetlin
Skew Schur functions

More generally, given a Young diagram A\ with n boxes, decompose V),
w.r.t. the action of GL(m), m < n:

sa(xt, ...y %) = ZS}\/#(Xm+1, oy Xn)Su(X1, -0y Xm)
o

where the summation is over ;1 C A with m rows. sy, is called a skew
Schur polynomial; it is sum over Gelfand—Tsetlin trapezoids.

By stability as before, one can define a skew Schur function which satisfies
the same relation with no restriction on .
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© Geometry

@ Cohomology of Grassmannians
@ Schubert varieties

@ Equivariant cohomology
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Schur functions Cohomology of Grassmannians

Grassmannians

[W. Fulton, Young tableaux with applications to representation theory and
geometry|
Let Gr(n, d) be the Grassmannian:

Gr(n,d)={V cC?:dimV = n}

It's a projective algebraic variety of dimension n(d — n). Its cohomology
ring has rank () (by localization). There are many explicit descriptions of
it.
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Schur functions Cohomology of Grassmannians

Cohomology of Grassmannians |

Shortcut: define X = {u € Mat(d, n) : rank(u) = n}.
G = GL(n) D T = (C*)" acts on it by right multiplication, and
X 5 X/G = Gr(n,d).

P. Zinn-Justin (LPTHE, Université Paris 6) Solvable tilings, Schur functions, Littlewood—Richardson rule



Schur functions Cohomology of Grassmannians
Cohomology of Grassmannians |

Shortcut: define X = {u € Mat(d, n) : rank(u) = n}.
G = GL(n) D T = (C*)" acts on it by right multiplication, and
X 5 X/G = Gr(n,d).

Then X
H*(Gr(n, d)) 2 HE(X) «— H(Mat(d, n))
and
* ~ Ly ~ px (\Sn ~ *\Sn ~ Sn
Hg(Mat(d, n)) = Hg(-) = H7(:)™ = Sym(T")™" = Z[xi, ..., xa]

where deg x; = 2.

P. Zinn-Justin (LPTHE, Université Paris 6) Solvable tilings, Schur functions, Littlewood—Richardson rule



Schur functions Cohomology of Grassmannians
Cohomology of Grassmannians Il

Start from the exact sequence of tautological vector bundles:

0—-V-C!—=CiVv -0

This implies
c(z; V)e(z; €4/ vy =1

where ¢(z,-) is the generating series of Chern classes.
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Schur functions Cohomology of Grassmannians
Cohomology of Grassmannians Il

Start from the exact sequence of tautological vector bundles:

0—-V-C!—=CiVv -0

This implies
c(z; V)e(z; €4/ vy =1

where ¢(z,-) is the generating series of Chern classes.

Correspondence: []7_;(1+ x;z) = c(z; V), so that

n
1
,-1:[1 172 = polynomial of deg d — nin z (°)

This defines the kernel of +*.
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Schur functions Cohomology of Grassmannians

Cohomology of Grassmannians Il

Theorem
o H*(Gr(n,d)) = Z[x, ..., x,]%"/(°).
@ The $\(x1,...,%n), A C nx (d— n), form a basis of H*(Gr(n, d)).
® S\(x1,...,%) =0ifAZ nx(d—n).
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Schur functions Cohomology of Grassmannians
Cohomology of Grassmannians Il

Theorem
o H*(Gr(n,d)) = Z[x, ..., x,]%"/(°).
@ The $\(x1,...,%n), A C nx (d— n), form a basis of H*(Gr(n, d)).
® S\(x1,...,%) =0ifAZ nx(d—n).

Note that there are indeed (‘;) such Young diagrams, as they are in
bijection with binary strings of n @ and d — n © (more on that later).
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Schur functions Cohomology of Grassmannians
Cohomology of Grassmannians Il

Theorem
o H*(Gr(n,d)) = Z[x, ..., x,]%"/(°).
@ The $\(x1,...,%n), A C nx (d— n), form a basis of H*(Gr(n, d)).
® S\(x1,...,%) =0ifAZ nx(d—n).

Note that there are indeed (‘;) such Young diagrams, as they are in
bijection with binary strings of n @ and d — n © (more on that later).

Geometric interpretation of Schur polynomials?

P. Zinn-Justin (LPTHE, Université Paris 6)
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Definition of Schubert varieties

Define the matrix Schubert variety [Knutson, Miller] Sy = b’"_u, g,
A C nx (d—n), where

n
uy = Ex,.. i+i)i
+
i—1
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Definition of Schubert varieties

Define the matrix Schubert variety [Knutson, Miller] Sy = b’"_u, g,
A C nx (d—n), where

n
uy = Ex,.. i+i)i
+
i—1

and the Schubert variety Sy = p(Sx N X) = p(B" uy G).
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Cohomology classes of Schubert varieties

Sy (resp. $y) is an irreducible (closed) subvariety of Mat(d, n) (resp.
Gr(n,d)) of codimension |A|. Sy is G-invariant.
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Cohomology classes of Schubert varieties

Sy (resp. $y) is an irreducible (closed) subvariety of Mat(d, n) (resp.
Gr(n,d)) of codimension |A|. Sy is G-invariant.
By pushforward,
S)\(Xl, ce ,Xn) = [S)\]G
and

So)\(Xl, e ,Xn) = [.§>\]

P. Zinn-Justin (LPTHE, Université Paris 6)
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Examples

o A\=0. Sy = Mat(d, n), S5y = Gr(n,d), sy =1

P. Zinn-Justin (LPTHE, Université Paris 6)

m]

DA

Solvable tilings, Schur functions, Littlewood—Richardson rule



Examples

o A\=0. Sy = Mat(d, n), Sy = Gr(n,d), sy = 1.

o A=nx(d—n). Sy = {(0) d;"}. Sy = {C9}. sy =T x7 .
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Examples

o A\=@. Sy = Mat(d, n), S\ = Gr(n,d), s = 1.
o A=nx(d—n). S,\_{<>d”} = {C9}. s =[]0y x4,

oA=L SA—{( ) 4" n,deta—O}. S\ =D q Xi.
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Schur functions Equivariant cohomology
Equivariant cohomology

There is another group, namely G’ = GL(d), which naturally acts on
Gr(n,d). It acts transitively, so let’s restrict to T/ = (C*)“.

The cohomology ring H%,(Gr(n,d)) is a module over
7(:) =Z[y1, ..., yd]. Using the same argument as before, we find that

it is a quotient of Z[x1, ..., X, ¥1,...,yd]>" by
d
c(z: V)e(z:C/V) = [[(1 + wez) (°)
i=1

P. Zinn-Justin (LPTHE, Université Paris 6)
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Schur functions Equivariant cohomology
Equivariant cohomology

There is another group, namely G’ = GL(d), which naturally acts on
Gr(n,d). It acts transitively, so let’s restrict to T/ = (C*)“.
The cohomology ring H%,(Gr(n,d)) is a module over

7(:) =Z[y1, ..., yd]. Using the same argument as before, we find that
it is a quotient of Z[x1, ..., X, ¥1,...,yd]>" by

d
c(z: V)e(z:C/V) = [[(1 + wez) (°)
i=1
Define the factorial Schur polynomial
SA(Xt, - Xni Y1, - Yd) = [Salex T

so that Sx(x1,..., Xni Y1,---,¥d) = [§>\]T’-

P. Zinn-Justin (LPTHE, Université Paris 6)
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Examples

e A=g. S\ = Mat(d, n), S = Gr(n,d), sy = 1.
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Examples

e A\ =g. 5\ = Mat(d, n), S = Gr(n,d), sy = 1.

o x=nx(d—n. S ={(?) %"} & ={c}

d—
sy =[1im j:ln(Xi - Yj)-
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Examples
e A\ =g. 5\ = Mat(d, n), S = Gr(n,d), sy = 1.

o x=nx(d—n. S ={(?) %"} & ={c}

d—
sy =[1im j:ln(Xi - Yj)-

o \= D 5)\ = {(i) dfﬂ,detazO}. S\ =27:1X;—Z}7:1yj.
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Examples

e A\ =g. 5\ = Mat(d, n), S = Gr(n,d), sy = 1.

o x=nx(d—n. S ={(?) %"} & ={c}

d—
sy =[1im j:ln(Xi - Yj)-

o \= D S, = {(i) dfﬂ,detazO}. Sx =27:1X;—Z}7:1yj.

0 0
a1 a2

o \= ,n=2 5, = 21 d22 | ,deta=0,,
L * *

sy =(x1 —y1)(x2 — y1)(x1 + x2 — y2 — y3).
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Schur functions Equivariant cohomology
Transition

Plicker embedding
P
Grassmannian Gr(n, d) first quantized (free) fermions,
A'(H), dimH =d

d — oo: BU(n), rep theory of first quantized (free) fermions,
GL(n) A"(H), dimH = oo

d,n — oo: BU(c0), rep theory of second quantized (free) fermions,
GL(o0) Fock space F ~ A(H).
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1D Free fermions

© 1D Free fermions
@ Operators and Fock space
o Current
@ Relation to Schur functions
@ Bosonization

=] F = = DA

P. Zinn-Justin (LPTHE, Université Paris 6)
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Fermionic operators
References in [HDR].

P. Zinn-Justin (LPTHE, Université Paris 6)
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http://www.lpthe.jussieu.fr/~pzinn/publi/hdr.pdf

Schur functions Operators and Fock space
Fermionic operators

References in [HDR].

Fermionic operators v, ¢}, k € Z, with anti-commutation relations
(Clifford algebra):

Wk ey =0ke [Yx, i)y =[5, ¥7]+ =0

P. Zinn-Justin (LPTHE, Université Paris 6)
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Schur functions Operators and Fock space
Fermionic operators

References in [HDR].

Fermionic operators v, ¢}, k € Z, with anti-commutation relations
(Clifford algebra):

Wk ey =0ke [Yx, i)y =[5, ¥7]+ =0

Generating series:

W(2) =Y kK, N2 =) izt

keZ keZ

P. Zinn-Justin (LPTHE, Université Paris 6)

Solvable tilings, Schur functions, Littlewood—Richardson rule
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Schur functions

1D Free fermions

Operators and Fock space

Fock space

Start from C2 = (e, 0). Then the Fock space F is the subspace of
(C2)®Z generated by the (ax) € {®,0}% such that a, = @ (resp. O)
sufficient far to the left (resp. right).

P. Zinn-Justin (LPTHE, Université Paris 6)
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Schur functions Operators and Fock space
Fock space
Start from C? = (e, 0). Then the Fock space F is the subspace of

(C2)®Z generated by the (ax) € {®,0}% such that a, = @ (resp. O)
sufficient far to the left (resp. right).

Y, and 9% act as annihilation/creation operators:

Ul 0y =0 ]

X > — (_1)# particles to the right | .

Yil- @y =0

>~ @ x

X > — (_1)# particles to the right | .

>~ Q0O x @
~ @® x O
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Schur functions Operators and Fock space
Fock space
Start from C? = (e, 0). Then the Fock space F is the subspace of

(C2)®Z generated by the (ax) € {®,0}% such that a, = @ (resp. O)
sufficient far to the left (resp. right).

Yk and 1)} act as annihilation/creation operators:

Ul 0y =0 ]

. > — (_1)# particles to the right | .

° O--)
k k k
Yrl---e--) =0 UF ...o...>:(_]_)#particlestotheright|‘”.”‘>
k k k
Example:
)] e—e—e—e—O0—0O—e—0 =

3 -2-10'1 2 3 4
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Schur functions 1D Free fermions Operators and Fock space

Vacua

Define the vacuum |0) as the only state (up to normalization) such that
Yrl0)=0 k>0, ¢;|0)=0 k<0

Explicitly,

|0) :o—o—o—o—o—io—o—o—o—o
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Schur functions 1D Free fermions Operators and Fock space

Vacua

Define the vacuum |0) as the only state (up to normalization) such that
Yrl0)=0 k>0, ¢;|0)=0 k<0

Explicitly,

More generally, one can define vacua |¢), ¢ € Z (Fermi sea filled up to ¢) by
|6) = 5°10)

where S is the shift operator S(ax) = (ak—1).
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1D Free fermions

Relation to Young diagrams

Given a partition A = (A1,..., ), define

IA) =X, 001 UX,—nr1 1)
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Schur functions 1D Free fermions Operators and Fock space

Relation to Young diagrams

Given a partition A = (A1,..., ), define

) = ¢§1¢§2—1 T ¢§n—n+1 |—n)

Pictorially, if e.g. A =(5,2,1,1),
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Relation to Young diagrams
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Schur functions 1D Free fermions Operators and Fock space

Relation to Young diagrams

Given a partition A = (A1,..., ), define

) = ¢§1¢§2—1 T ¢§n—n+1 |—n)

Pictorially, if e.g. A =(5,2,1,1),

>
RO
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Schur functions 1D Free fermions Operators and Fock space

Relation to Young diagrams

Given a partition A = (A1,..., ), define

) = ¢§1¢§2—1 T ¢§n—n+1 |—n)

Pictorially, if e.g. A =(5,2,1,1),
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Schur functions 1D Free fermions Operators and Fock space

Relation to Young diagrams

Given a partition A = (A1,..., ), define

) = ¢§1¢§2—1 T ¢§n—n+1 |—n)

Pictorially, if e.g. A =(5,2,1,1),
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Schur functions Operators and Fock space
Relation to Young diagrams

Given a partition A = (A1,..., ), define

) = ¢§1¢§2—1 T ¢§n—n+1 |—n)

Pictorially, if e.g. A =(5,2,1,1),

More generally, one can define |); £) = S |\).

P. Zinn-Justin (LPTHE, Université Paris 6)
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Introduce the normal ordering with respect to the vacuum |0):
ik = =y =

Vi >0

—h; j<0

P. Zinn-Justin (LPTHE, Université Paris 6)
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Schur functions 1D Free fermions Current

Introduce the normal ordering with respect to the vacuum |0):

x >0
U = - e {ﬂﬁ% '
e

The current

J(2) = W (@p(z): = oz (1)

neZ

with J, =", tf_,1b,: forms a g/[(T) (Heisenberg) Lie algebra:

[Jma Jn] = m(sm,—n

P. Zinn-Justin (LPTHE, Université Paris 6) Solvable tilings, Schur functions, Littlewood—Richardson rule



Schur functions 1D Free fermions Current

Introduce the normal ordering with respect to the vacuum |0):

x >0
ik = = ={ﬁ;i;* jZO
S

The current

i(2) = WM (2)h(2): = oz " (1)

n€Z
with J, =", tf_,1b,: forms a g/[(T) (Heisenberg) Lie algebra:
[me Jn] = m(sm,—n

F = @y, Fo where Fy is the subspace where Jo = >, :9jtpi: has
eigenvalue ¢, with basis the |X; ¢).

P. Zinn-Justin (LPTHE, Université Paris 6) Solvable tilings, Schur functions, Littlewood—Richardson rule



Schur functions Current
Hamiltonians

The subalgebra generated by the Ji, k > 0, is commutative; a generic
element can be parameterized as

H[t] = Z tiJk

k=1

where t = (t1,...,tk,...) is a set of “times”.
H([t] is quadratic in the fermionic fields — free fermion Hamiltonian.

P. Zinn-Justin (LPTHE, Université Paris 6)
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Schur functions Current
Hamiltonians

The subalgebra generated by the Ji, k > 0, is commutative; a generic
element can be parameterized as

H[t] = Z tie i
k=1

where t = (t1,...,tk,...) is a set of “times”.
H([t] is quadratic in the fermionic fields — free fermion Hamiltonian.

Similarly, we can define H*[t] = 22 tkd_k.

P. Zinn-Justin (LPTHE, Université Paris 6)
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Schur functions 1D Free fermions Current

Hamiltonians

The subalgebra generated by the Ji, k > 0, is commutative; a generic
element can be parameterized as

H[t] = Z tie i
k=1

where t = (t1,...,tk,...) is a set of “times”.
H([t] is quadratic in the fermionic fields — free fermion Hamiltonian.

Similarly, we can define H*[t] = %2 ; tkJ_k.

Define a scalar product (-|-) such that the standard basis is orthonormal.
Then 1), and 9} are adjoint of each other; J; = J_.
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Alternate definition of s,
Define

s\lt] = (0 e™|N)

P. Zinn-Justin (LPTHE, Université Paris 6)
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1D Free fermions

Alternate definition of s,

Define
silt] = (0] " |x)

Example (A = )

[

splt] = t1
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Schur functions 1D Free fermions Relation to Schur functions

Alternate definition of s,

Define
sa[t] = (0 "1 |))

Example (A = )

sa[t] is a polynomial in the infinite set of variables t:

k
s\[t] = e2ok>1 tk Y17 | | (zi — Zj)|zn+)\1—lzn+)\2—2 D
| A Zh

P. Zinn-Justin (LPTHE, Université Paris 6) : Solvable tilings, Schur functions, Littlewood—Richardson rule




1D Free fermions

More examples
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Schur functions 1D Free fermions Relation to Schur functions

More examples
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Schur functions 1D Free fermions Relation to Schur functions

More examples
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1D Free fermions

Miwa transformation

This suggests the transformation

1 1 .
tk = WPk = ;in
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Schur functions 1D Free fermions Relation to Schur functions

Miwa transformation

This suggests the transformation

1 1 o
k
th = —p, = — /
k kPk X ;X,
which implies
H < = z K
eHltl :Heso+(><,- ) 90+(Z)=ZTJk
i=1 k>1
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Schur functions 1D Free fermions Relation to Schur functions

Miwa transformation

This suggests the transformation

1 1 K
th= —p =~ f
k= 7Pk =1 ;x
which implies
H . -1 z 7k
Ml — Hes0+(><,- ) o (z) = TJk
i=1 k>1
Similarly we have
H* n ) Zk
e [t :HeAO—(x,) @_(Z)ZZTJ_I(
i=1 k>1
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Schur functions 1D Free fermions Relation to Schur functions

Explicit formula

We then compute:

S)\[t] = eZk21 th 3oy 2 H (Zi — Zj)’z"+krlz"+k2*2 A
1 2 -

““n

1<i<j<n
n
:Hl H (Z,—ZJ’n+>\11n+>\222/\,,
— “4n
ij=1 Zi% 1<i<j<n
det

1<ij<n 1 — Xx;z;
= = Ll -2 A
[Lic;(xi—x) 'a " = z

det1<l,_/<n(x J+n_])

Hi<j( i = %)
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Schur functions 1D Free fermions Bosonization

Bosonization

Comparing the previous formula with the direct calculation:

(01 ¥(z1) - - - t(zn) |X; ) = det(z; N7
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Schur functions Bosonization
Bosonization

Comparing the previous formula with the direct calculation:
0] (z1) - - - ¥(zn) |X; 1) = det(z_(’\f+"_j))

i

We are led to the identification

w(z) e 5_12_‘/0 e_so—(z)eﬂer(z)

— “e—QO(Z)”

with ¢(2) = =% + Jolog z + ¢ (2) — p1.(2).
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Schur functions Bosonization
Bosonization

Comparing the previous formula with the direct calculation:
0] (z1) - - - ¥(zn) |X; 1) = det(z_(’\f+"_j))

i

We are led to the identification

w(z) e 5_12_‘/0 e_so—(z)eﬂer(z)

— “e_SO(Z)”

with ¢(2) = =% + Jolog z + ¢ (2) — p1.(2).

V*(z) = S 7l ev—(2) g=9+(2)

— ugp(2)r
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Schur functions Bosonization
Schur-Weyl revisited

Admitting for now that sy[t] = sx(x1,...,Xp,...) with tx = ¢ Z xK, we
expand the exponential:

si = Y IT et ol [T

>0 k>1 ! k>1
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Schur functions Bosonization
Schur-Weyl revisited

Admitting for now that sy[t] = sx(x1,...,Xp,...) with tx = ¢ Z xK, we
expand the exponential:

sid=> 1= —t ©f T Je= 1%

>0 k>1 ! k>1

Comparing with @9, we conclude

)= (o] [T &+ IV

k>1

(a form of the Murnaghan—-Natayama formula for characters of the
symmetric group)

P. Zinn-Justin (LPTHE, Université Paris 6)

Solvable tilings, Schur functions, Littlewood—Richardson rule



2D Lattice models

© 2D Lattice models
@ Vertex operators as transfer matrices
@ Non-Intersecting Lattice Paths
@ Five-vertex model
@ Variations
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Schur functions 2D Lattice models Vertex operators as transfer matrices

Vertex operators as transfer matrices

Insert a basis of Fy:

altl= > H Aiet] T(xi) A7)

0=X0, A1y An=A i=1

with T(x) = e?+(7) = g2z i
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Schur functions 2D Lattice models Vertex operators as transfer matrices

Vertex operators as transfer matrices

Insert a basis of Fy:

altl= Y. [Tl Tea) )

0=X0,A1,...;, An=A i=1
—1 xk
with T(x) = e+ = eXuz1 "k,

Moreover, if one defines s, /,,[t] = (u| et | \), then @D is automatically
satisfied, and one has

Syult] = Yo Tl T

L=A0 AL An =N i=1
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Schur functions 2D Lattice models Vertex operators as transfer matrices

Vertex operators as transfer matrices

Insert a basis of Fy:

altl= Y. [Tl Tea) )

0=X0,A1,...;, An=A i=1
—1 xk
with T(x) = e+ = eXuz1 "k,

Moreover, if one defines s, /,,[t] = (u| et | \), then @D is automatically
satisfied, and one has

Syult] = Yo Tl T

L=A0 AL An =N i=1

All we need to do is compute (u| T(x)|A) (i.e., skew-Schur function with
a single argument!)

P. Zinn-Justin (LPTHE, Université Paris 6) Solvable tilings, Schur functions, Littlewood—Richardson rule



Schur functions Vertex operators as transfer matrices
Digression: particle/hole duality

Let P be the involution which implements left-right reflection and e +> O.
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PIX) = |X)

where X is the conjugate partition of \.
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Schur functions Vertex operators as transfer matrices
Digression: particle/hole duality

Let P be the involution which implements left-right reflection and e > O.

PIX) = |X)
where X' is the conjugate partition of \.
Noting that PJ P~ = (—1)k~1J, We conclude that
svywlt] = (u] e |2

where — is plethystic negation, i.e., removing a variable x, and ¢ is
ordinary negation, i.e., x = —x:

el — H THox)  to=g 3o

P. Zinn-Justin (LPTHE, Université Paris 6) Solvable tilings, Schur functions, Littlewood—Richardson rule



2D Lattice models

... back to the one-step transfer matrix

Theorem

(u] T~ (=) [A) = xS N = i or A= i + 1< i
0 otherwise

P. Zinn-Justin (LPTHE, Université Paris 6) Solvable tilings, Schur functions, Littlewood—Richardson rule



Schur functions 2D Lattice models Vertex operators as transfer matrices

... back to the one-step transfer matrix
Theorem

(u] T~ (=) [A) = xPI=IElif Ny = i or N = i + 1 < piga
0 otherwise

Proof: with the same type of calculation as before,

_1xk n+pi—j
] T —x) \) = (DT YT, 2 det(z; TH J)|Z{v+x1—1,.. A

zp"

= det(z " (1+ 20x)) o1,

P. Zinn-Justin (LPTHE, Université Paris 6) Solvable tilings, Schur functions, Littlewood—Richardson rule



Schur functions 2D Lattice models Vertex operators as transfer matrices

... back to the one-step transfer matrix
Theorem

M=lel N = i or Ni = i +1 < ;i

_ X IT Aj Hi OF Aj i+ 1< piva

(W T-H=x)|N) = ) -
0 otherwise

Proof: with the same type of calculation as before,

_1xk n+pi—j
] T —x) \) = (DT YT, 2 det(z; TH J)|Z{v+x1—1,.. A

zp"

= det(z " (1+ 20x)) o1,

Compare with @EEESETED. Here we add a vertical strip instead of a
horizontal one.
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Schur functions 2D Lattice models Non-Intersecting Lattice Paths

More on transfer matrices

Graphically, the action of T~!(—x) can be described as
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More on transfer matrices

Graphically, the action of T~!(—x) can be described as
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Schur functions 2D Lattice models Non-Intersecting Lattice Paths
NILPs

Gluing together several transfer matrices produces Non-Intersecting Lattice
Paths:

S/\/M(Xl, ce ,Xn)
= (] T(x)-.

X3

X1

P. Zinn-Justin (LPTHE, Université Paris 6)

Solvable tilings, Schur functions, Littlewood—Richardson rule



Schur functions 2D Lattice models Non-Intersecting Lattice Paths

Example
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Schur functions Non-Intersecting Lattice Paths
Lindstrom—Gessel-Viennot

The (weighted) enumeration of NILPs is given by a determinant:
N(il, ce ik;jl, .. ,jk) = c,i)e(;c N(ip;jq)

This is known as the Lindstrom—Gessel-Viennot formula, which is a special
case of the (fermionic) Wick theorem.
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Schur functions Non-Intersecting Lattice Paths
Lindstrom—Gessel-Viennot

The (weighted) enumeration of NILPs is given by a determinant:
N(il, ce fk;jl, .. ,jk) = C;I:ec;c N(ip;jq)

This is known as the Lindstrom—Gessel-Viennot formula, which is a special
case of the (fermionic) Wick theorem.

One can apply it to either holes or particles.

P. Zinn-Justin (LPTHE, Université Paris 6) Solvable tilings, Schur functions, Littlewood—Richardson rule



2D Lattice models

Lindstrom—Gessel-Viennot example
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Schur functions 2D Lattice models Non-Intersecting Lattice Paths

Lindstrom—Gessel-Viennot example
R

W NN

P. Zinn-Justin (LPTHE, Université Paris 6) Solvable tilings, Schur functions, Littlewood—Richardson rule



Schur functions Non-Intersecting Lattice Paths
Lindstrom—Gessel-Viennot cont’'d

Applying LGV to the particles, we find

S/\/“(Xl, R ,X,,) = det h/\i_Mj_i+j(X17 R ,Xn)

where hy is the (weighted) enumeration of one particle going n steps to
the right = 3,50 (X1, -+ xn) 2% = TTiL; =5+ (also, hi = s(i))
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Schur functions Non-Intersecting Lattice Paths
Lindstrom—Gessel-Viennot cont'd

Applying LGV to the particles, we find

S/\/“(Xl, R ,X,,) = det hAi—Mj—i-i-j(le R ,Xn)

where hy is the (weighted) enumeration of one particle going n steps to
the right = 3,00 hi(x1, .-, xn)2" = TI7L; 1=+ (also, bk = s(x)

i=1 1—zx;

Applying it to the holes, we find
S)\/H(Xl, - ,X,,) = det e/\f—ﬂj—i'f‘j(xl’ . ,X,,)

where e is the (weighted) enumeration of one hole going k steps to the
left — > 4o ek(xt, .- ,xn)ZK =111 (L + 2x). (also, ex = s1,..1))

P. Zinn-Justin (LPTHE, Université Paris 6) Solvable tilings, Schur functions, Littlewood—Richardson rule



Schur functions 2D Lattice models Five-vertex model

Transfer matrices and dualities
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Schur functions 2D Lattice models

Five-vertex model

Transfer matrices and dualities

o The transfer matrix T(x) = e+
O O
w11t
O 0}
o The adjoint transfer matrix T*(x) = e®- (X)
O O
T*(x) = I I % H
O O
o The dual transfer matrix T(x) = e~ ®+(=x"

w11V LV

@ The dual adjoint transfer matrix Tk( )=e

- 110 0T AN S

P. Zinn-Justin (LPTHE, Université Paris 6)
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Schur functions 2D Lattice models Five-vertex model

Commutation relations

From the Heisenberg algebra relations of the Ji, one deduces:

TOOT(w) = T(w) T(x)
TRTH (W) = 1= T*(w)T(x) x| < 1
TOOT(w) = T(w) T(x)
TO)T (W) = (14 w) T () T () x| < 1

P. Zinn-Justin (LPTHE, Université Paris 6) Solvable tilings, Schur functions, Littlewood—Richardson rule



Schur functions 2D Lattice models Five-vertex model

Commutation relations

From the Heisenberg algebra relations of the Ji, one deduces:

TO)T(w) = T(w) T(x)
TRTH (W) = 1= T*(w)T(x) x| < 1
TO)T(w) = T(w) T(x)
TO)T (W) = (14 w) T () T () x| < 1

Bijective interpretation — Fomin's growth diagrams / local rules. . .
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2D Lattice models

Building blocks of transfer matrices |

P. Zinn-Justin (LPTHE, Université Paris 6) Solvable tilings, Schur functions, Littlewood—Richardson rule



Schur functions 2D Lattice models Five-vertex model

Building blocks of transfer matrices |

Each building block is of the form:

P. Zinn-Justin (LPTHE, Université Paris 6) Solvable tilings, Schur functions, Littlewood—Richardson rule



Schur functions 2D Lattice models Five-vertex model

Building blocks of transfer matrices |

This is the five-vertex model, with the free fermionic condition:

aiar + biby —c1co =0

P. Zinn-Justin (LPTHE, Université Paris 6) Solvable tilings, Schur functions, Littlewood—Richardson rule



Schur functions 2D Lattice models Five-vertex model

L-matrix

Each building block is encoded into a 4 x 4 matrix

.‘: ““““ . ““““
» o ® 1
e [0 0 0o o0
L(x) = 0 X 1 0
e | 0 x 1 o0
. 0 0 0 1
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Schur functions 2D Lattice models Five-vertex model

L-matrix

Each building block is encoded into a 4 x 4 matrix

..: 4444444 . 4444444
® o

[0 0o 0o o

L(x) = | 0 X 1 0

e 0 X 1 0

...... 0 0 0 1

so that

T(x)="---La_1(x)Lao(x)Laa(x) -

where L, x(x) acts on (C?), ® (C?), and it is understood that sufficiently
far to the left and right, the auxiliary space a is in the empty state.

P. Zinn-Justin (LPTHE, Université Paris 6) Solvable tilings, Schur functions, Littlewood—Richardson rule



Schur functions 2D Lattice models Five-vertex model

Yang—Baxter equation

If we can find a matrix R(x,x’) such that the “RLL" relation holds:
Ra7b(X, X/)La’k(X)Lb,k(X’) = Lb’k(X/)LaJ((X)Ra’b(X, X/)

then T(x) and T(x') commute:
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If we can find a matrix R(x,x’) such that the “RLL" relation holds:
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Yang—Baxter equation

If we can find a matrix R(x,x’) such that the “RLL" relation holds:
Ra7b(X, X/)La’k(X)Lb,k(X’) = Lb’k(X/)LaJ((X)Ra’b(X, X/)

then T(x) and T(x') commute:
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Schur functions 2D Lattice models Five-vertex model

Yang—Baxter equation

If we can find a matrix R(x,x’) such that the “RLL" relation holds:
RaJ;,(X7 X/)La7k(X)Lb,k(X’) = Lb’k(X/)LaJ((X)Ra’b(X, X/)

then T(x) and T(x') commute:

a b
b a
We find
x! 0 0 0
N |0 x=x" X" 0
R)=10 " x 0 o0
0 0 0 x
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Schur functions Five-vertex model
Yang—Baxter equation
If we can find a matrix R(x,x’) such that the “RLL" relation holds:
Rab(x, X" ) Lak(X) Lo k(X") = Lp k(X)L ak(x)Rap(x,x")

then T(x) and T(x') commute:

a X x| x: x: x:x  x x:x:x b
b XXX XX XX X XX a
We find
x! 0 0 O
N |0 x=x" X" 0
RxX)=19 " 0 0
0 0 0 x

Consistency of “RLL" implies YBE and unitarity for R....

P. Zinn-Justin (LPTHE, Université Paris 6) Solvable tilings, Schur functions, Littlewood—Richardson rule



Schur functions 2D Lattice models Five-vertex model

Building blocks of transfer matrices Il
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Schur functions 2D Lattice models Five-vertex model

Building blocks of transfer matrices Il

Each building block is of the form:
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Schur functions 2D Lattice models Five-vertex model

Building blocks of transfer matrices Il

This is the five-vertex model, with the free fermionic condition:

aiar + biby —c1co =0
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Building blocks of transfer matrices Il|
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Building blocks of transfer matrices Il|
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Schur functions 2D Lattice models Five-vertex model

Building blocks of transfer matrices Il|

Each building block is of the form:
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Schur functions 2D Lattice models Five-vertex model

Building blocks of transfer matrices Il|

3121 3221 b1:O b2:X C1=1 C2=1

This is the five-vertex model, with the free fermionic condition:

aiar + biby —cicp =0

P. Zinn-Justin (LPTHE, Université Paris 6) Solvable tilings, Schur functions, Littlewood—Richardson rule



Schur functions 2D Lattice models Five-vertex model

L-matrix

Each building block is encoded into a 4 x 4 matrix

.‘: ““““ . ““““
» [ ] ® 1
e [1 0 0 o0
L(x) = 0 X 1 0
e| 0 1 0o o
...... 0 0 0 1
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Schur functions 2D Lattice models Five-vertex model

L-matrix

Each building block is encoded into a 4 x 4 matrix

..: 4444444 . 4444444
[ ] [ ] :
% 1 0 0 0
L(x) _ 0 X 1 0
e | 0 1 0 o
...... 0 0 0 1

so that
T(X)S_l = Ly_1(x)Lao(x)La1(x)- -

where L, x(x) acts on (C?), @ (C?)y, and sufficiently far to the left (resp.
right), the auxiliary space a is in the occupied (resp. empty) state.

P. Zinn-Justin (LPTHE, Université Paris 6) Solvable tilings, Schur functions, Littlewood—Richardson rule



Schur functions 2D Lattice models Five-vertex model

Yang—Baxter equation

If we can find a matrix R(x,x’) such that

Ra7b(X, X/)La,k(X)Lb’k(X/) = Lb’k(X/)La7k(X)Ra7b(X, XI)

and .. = then T(x)S~! and T(x')S~! commute as before.
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Schur functions 2D Lattice models Five-vertex model

Yang—Baxter equation

If we can find a matrix R(x,x’) such that

Ra7b(X, XI)La,k(X)Lb’k(X/) = Lb’k(X/)La7k(X)Ra7b(X, XI)

and .. = , then T(x)S7 ! and T(x')S~! commute as before.
We find
1 0 00
n_ [0 x—x" 10
RD=10 1 0 0
0 0 01

Note that R(x,x’) = L(x — x’) = R(x — x), Ria2(x)Ra1(—
Ri2(x)Ris(x + y)Ras(y) = Res(y)Riz(x + y)Ri2(x), and
permutation of factors of the tensor product.

x)=1,
R(0) is the

P. Zinn-Justin (LPTHE, Université Paris 6) Solvable tilings, Schur functions, Littlewood—Richardson rule



2D Lattice models

Building blocks of transfer matrices 1V
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Schur functions 2D Lattice models Five-vertex model

Building blocks of transfer matrices 1V
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Schur functions 2D Lattice models Five-vertex model

Building blocks of transfer matrices 1V

Each building block is of the form:
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Schur functions 2D Lattice models Five-vertex model

Building blocks of transfer matrices 1V

This is the five-vertex model, with the free fermionic condition:

aiar + biby —cicp =0
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2D Lattice models

Building blocks of transfer matrices V
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2D Lattice models

Building blocks of transfer matrices V

4444444444444 e

Tt S O G
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2D Lattice models

Building blocks of transfer matrices V

T (W)T(x)S7! =
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Schur functions 2D Lattice models Variations

Building blocks of transfer matrices V
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Schur functions 2D Lattice models Variations

Building blocks of transfer matrices V

Each building block is of the form:
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Schur functions Variations
Building blocks of transfer matrices V

T (w)T(x)

a1=1 a=1 b1 =w bb=x aa=1+wx =1

This is the six-vertex model, with the free fermionic condition:

aiax + biby —cico =0
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Schur functions Variations
Commuting transfer matrices

The transfer matrices Tg, (w,x) = T (w)T(x)S™! satisfy the
commutation relations

1+ w'x

-,_6\/(W7 X) T6V(W/, X/) = m

Tov(w', X)) Toy(w, x)

In particular they commute if w/x = w’/x’. (as a consequence of YBE...)
In the language of the six-vertex model, w/x is an electric field (or twist).
x is (a function of) the spectral parameter.

P. Zinn-Justin (LPTHE, Université Paris 6)
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Schur functions Variations
Partial DWBC partition function

(0] Toy(wi,x1) ... Tey(Wn, xn) |A; N
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Schur functions Variations
Partial DWBC partition function

(0] Toy(wi,x1) ... Tey(Wn, xn) |A; N
‘ \
W3, X3 o
= W2, X2
wi, X1
(%]

= H (1+X,'WJ') SA(Xl,--an)

1<i<j<n
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Schur functions Variations
Partial DWBC partition function

A; n)

<0| TGV(W]_,X]_) e T6v(WnaXn)

= (0| T"(w1) T(x1) ... T (wa) T (xn) |A)
= JI @+xw) sa(xa,...xa)
1<i<j<n

This formula was obtained for w; = t/x; in [Brubaker, Bump, Friedberg,
2011; see also Tokuyama, 1988]. It interpolates between t = 0:

(O TI; T(x)|A) and t = —1: (O] [T; ¢/(x; ") A n).
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Schur functions 2D Lattice models Variations

Supersymmetric Schur functions

We define the supersymmetric Schur function
s)\[tl,...,tk...\ul,...,uk...] :S)\[tl—i—ul,...,tk—(—].)kuk...]

1 k 1 k
where ti = £ > X, Uk = 2 > vi-
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Schur functions Variations
Supersymmetric Schur functions

We define the supersymmetric Schur function
k
s)\[tl,...,tk...\ul,...,uk...]:5>\[t1—i—u1,...,tk—(—1) uk...]
where t, = %Zixik, ug = %Zi}ﬁk-

In terms of two finite sets of variables (supercharacter of GL(n|m)), we
have:

n m
s)\(xl,...,x,,]yl,...,ym)z<O\HT(X, H (yi) |\
i=1 i=1

P. Zinn-Justin (LPTHE, Université Paris 6)
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Schur functions Variations
Factorial Schur polynomials

Natural generalization: inhomogeneous statistical model. Define the
inhomogeneous five-vertex transfer matrix:

T(X; .o Y—1,Y0,¥1,-- .)5_1 = xy_2 xy1 xmy

with same weights as @D, except x — x — y;.
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Schur functions Variations
Factorial Schur polynomials

Natural generalization: inhomogeneous statistical model. Define the
inhomogeneous five-vertex transfer matrix:

T(X; .o Y—1,Y0,¥1,-- .)5_1 = xy_2 xy1 xmy

with same weights as @D, except x — x — y;.

The YBE still implies that
[T(X; e V=1, Y0, )15 - - ')7 T(X/; s Y—-1, Y0001, - )] =0.
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Schur functions Variations
Factorial Schur polynomials

Natural generalization: inhomogeneous statistical model. Define the
inhomogeneous five-vertex transfer matrix:

T(X; .o Y—1,Y0,¥1,-- .)S_1 = xy_2 xy1 xmy

with same weights as @D, except x — x — y;.

The YBE still implies that
[T(X; e V=1, Y0, )15 - - ')7 T(X/; s Y—-1, Y0001, - )] =0.

n
S)\(Xl, s Xm Y1, - ) = <O| H T(Xi; S Y1, Y0, Y15 - - ) ‘)\>
i=1

is the factorial Schur polynomial.
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2D Lattice models

More generalizations

@ Schur's Q-functions correspond to neutral fermions, i.e., living on a
half-line. ..
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Schur functions 2D Lattice models Variations

More generalizations

@ Schur's Q-functions correspond to neutral fermions, i.e., living on a
half-line. ..

@ k-Schur functions related to the affine Grassmannian. ..
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Schur functions 2D Lattice models Variations

More generalizations

@ Schur's Q-functions correspond to neutral fermions, i.e., living on a
half-line. ..

@ k-Schur functions related to the affine Grassmannian. ..

@ Schubert and Grothendieck polynomials related to the flag variety. . .
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Schur functions 2D Lattice models Variations

More generalizations

Schur’'s Q-functions correspond to neutral fermions, i.e., living on a
half-line. ..

@ k-Schur functions related to the affine Grassmannian. ..

@ Schubert and Grothendieck polynomials related to the flag variety. . .

Hall-Littlewood polynomials related to Calogero model (nonlocal
interaction) and generalizations (Jack/Macdonald polynomials?)
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Schur functions 2D Lattice models Variations

More generalizations

Schur’'s Q-functions correspond to neutral fermions, i.e., living on a
half-line. ..

@ k-Schur functions related to the affine Grassmannian. ..
@ Schubert and Grothendieck polynomials related to the flag variety. . .

Hall-Littlewood polynomials related to Calogero model (nonlocal
interaction) and generalizations (Jack/Macdonald polynomials?)

Cotangent bundle of the Grassmannian. ..
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© Tilings

o Lozenge tilings
@ Domino tilings

P. Zinn-Justin (LPTHE, Université Paris 6)
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Lozenge tilings

Tilt in yet another way T(x) and focus on holes:
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Lozenge tilings

Tilt in yet another way T(x) and focus on holes:
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Lozenge tilings

Tilt in yet another way T(x) and focus on holes:

A weight of x is given to each light pink lozenge.
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Application: plane partitions

O TCa). - T(xn) T(y1) T*(ym) 10)
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Application: plane partitions

O TCa). - T(xn) T(y1) T*(ym) 10)

ya
y3
¥2
34!

°
° X3
- X2

X1
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Application: plane partitions

T(xn) T*(y1) T*(ym) 0)

0] T(x1)-.
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Application: plane partitions

O TCa). - T(xa) T(01) T*(ymi/|0>
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Application: plane partitions




Application: plane partitions

)

T(xa) T*(y1) T*(ym) [0

0] T(x1)-.




Schur functions Tilings Lozenge tilings

Application: plane partitions

O TCa). - T(xn) T(y1) T*(ym) 10)

Ya Y3 Y2 Y1 Xa X3 X2 X1
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Schur functions Tilings Lozenge tilings

Application: plane partitions

01 T00) - T TN T ) 0) = [ 1=

Ya Y3 Y2 Y1 Xa X3 X2 X1
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Domino tilings

Similarly, the free-fermionic six-vertex model is equivalent to domino

tilings:

bh=x ci=14+wx =1

P. Zinn-Justin (LPTHE, Université Paris 6) Solvable tilings, Schur functions, Littlewood—Richardson rule



Schur functions Domino tilings
Domino tilings

Similarly, the free-fermionic six-vertex model is equivalent to domino
tilings: XU

On north and west edges, occupied = small piece, empty = large. the

opposite for south and east edges. One large piece 4+ 2 small pieces = one
domino.
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Domino tilings

Similarly, the free-fermionic six-vertex model is equivalent to domino
tilings:

by =w bb=x ci1=14+wx =1

On north and west edges, occupied = small piece, empty = large. the
opposite for south and east edges. One large piece 4+ 2 small pieces = one
domino.
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Partial DWBC revisited

(0] Tey(wi, x1) ... Tev(Wn,xn) |X; 1)
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Schur functions Domino tilings
Partial DWBC revisited

0] Tey(wa,x1) ... Toy(Wn, xn) | A; n)

% -
w3, X3 T
= W2, X2
Wi, X1
,,,,,,,,,,,,,,,,,,,,,,,,,,,, o
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Part |l

The Littlewood—Richardson rule

@ Various formulations of the rule
@ Relation to tilings and projection method

© Integrability of the square-triangle tiling model
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Various formulations of the rule

@ Various formulations of the rule
@ Littlewood—Richardson coefficients
@ The original Littlewood—Richardson rule
@ Honeycombs
® Puzzles
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The Littlewood—Richardson rule Littlewood—Richardson coefficients
Littlewood—Richardson coefficients

The ring of symmetric functions, equipped with its basis of Schur
functions sy, possesses structure constants:

_ v
S\ Sy = E X puSv
1%

called Littlewood—Richardson coefficients.
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The Littlewood—Richardson rule Littlewood—Richardson coefficients
Littlewood—Richardson coefficients

The ring of symmetric functions, equipped with its basis of Schur
functions sy, possesses structure constants:

_ v
S\ Sy = E X puSv
1%

called Littlewood—Richardson coefficients.

We are looking for combinatorial rules to compute them.
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The Littlewood—Richardson rule Various formulations of the rule Littlewood-Richardson coefficients

Representation theory interpretation

@ In the representation theory of the general linear group G = GL(n),

WV, = @ (CCKYM ®V,

v at most n parts
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The Littlewood—Richardson rule Various formulations of the rule Littlewood-Richardson coefficients

Representation theory interpretation

@ In the representation theory of the general linear group G = GL(n),

WV, = @ (CCK,H QV,

v at most n parts

@ By Schur-Weyl duality: (r=|v|,p+qg=r)

S, _ c?
Resg s Wo= P ClhoWaw,
A M=p,|pl=q
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The Littlewood—Richardson rule Various formulations of the rule Littlewood-Richardson coefficients

Representation theory interpretation cont'd

@ An a priori distinct problem: restriction from G = GL(n) to
GL(¢) x GL(m), n={+ m:

V, = b CRr @ Vh®V,

A at most £ parts
1 at most m parts

At the level of Schur polynomials, this gives the coproduct formula:

SV(X17~ ey XOy Y1, -t 7}/m) — ZC}\V’#S)\(X].,. .. 7Xf)su(y17' .. 7Ym)
A
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The Littlewood—Richardson rule Various formulations of the rule Littlewood-Richardson coefficients

Representation theory interpretation cont'd

@ An a priori distinct problem: restriction from G = GL(n) to
GL(¢) x GL(m), n={+ m:

V, = b CRr @ Vh®V,

A at most £ parts
1 at most m parts

At the level of Schur polynomials, this gives the coproduct formula:
SV(X17 ey X0y Y1, 7}/m) — Z C)\VWJS)\(X]_, LI 7X£)5}A(.y17 LI 7Ym)
A
@ By Schur-Weyl duality: (|[\| =p,|ul=qg,p+qg=7)
Indg s, Wa®@ W, = @ CHho W,

vilv|=r
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The Littlewood—Richardson rule Various formulations of the rule Littlewood-Richardson coefficients

Representation theory interpretation cont'd

@ An a priori distinct problem: restriction from G = GL(n) to
GL(¢) x GL(m), n={+ m:

V, = a CRr @ Vh®V,

A at most £ parts
1 at most m parts

At the level of Schur polynomials, this gives the coproduct formula:
SV(X17 ey X0y Y1, 7}/m) — Z C)\VWJS)\(X]_, LI 7X£)5u(.y17 LI 7Ym)
A
@ By Schur-Weyl duality: (|[\| =p,|ul=qg,p+qg=7)
Indg s, Wa®@ W, = @ CHho W,
vilv|=r

@ We conclude by Frobenius duality that these coefficients are the same
as on the previous slide.
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The Littlewood—Richardson rule Littlewood-Richardson coefficients
Geometric interpretation

If Young diagrams are restricted to be inside a given rectangle n x (d — n),
there is an additional symmetry A — A:

d—n
f n
X

For Schubert varieties, this symmetry is Poincaré duality, i.e.,
[SAlISul = dxm A+ |ul = n(d —n)

This gives an “intersection theory” interpretation of the LR coefficients:

N = o = [SPlSAIS] Al + |pl + 7] = n(d — n)

P. Zinn-Justin (LPTHE, Université Paris 6) Solvable tilings, Schur functions, Littlewood—Richardson rule
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The Littlewood—Richardson rule Littlewood-Richardson coefficients
Geometric interpretation

If Young diagrams are restricted to be inside a given rectangle n x (d — n),
there is an additional symmetry A — A:

d—n
f n
X

For Schubert varieties, this symmetry is Poincaré duality, i.e.,
[SAlISul = dxm A+ |ul = n(d —n)

This gives an “intersection theory” interpretation of the LR coefficients:

N = o = [SPlSAIS] Al + |pl + 7] = n(d — n)

Remark: equivariant analogues. . . cf [Knutson, Tao].
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The Littlewood—Richardson rule Littlewood—Richardson coefficients
Binary strings

Young diagrams inside a
rectangle n x (d — n) are in
bijection with finite binary
strings of n @ and d — n ©:
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The Littlewood—Richardson rule Littlewood-Richardson coefficients
Binary strings

Young diagrams inside a
rectangle n x (d — n) are in
bijection with finite binary
strings of n @ and d — n ©:

Various symmetries:

@ \+— )\ conjugation
corresponds as before to d—n
reading right to left plus
hole <+ particle:
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The Littlewood—Richardson rule Littlewood-Richardson coefficients
Binary strings

Young diagrams inside a
rectangle n x (d — n) are in
bijection with finite binary
strings of n @ and d — n ©:

Various symmetries:

@ \+— )\ conjugation
corresponds as before to d—n
reading right to left plus
hole <+ particle:

@ X\ — \: complementation
is only reading right to
left:
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Various formulations of the rule

Symmetries

Summary of symmetries:
S p = S
S = Cpr

Sup = G p N

Solvable tilings, Schur functions, Littlewood—Richardson rule
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Symmetries

Summary of symmetries:
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Various formulations of the rule

Symmetries

Summary of symmetries:
S p = S
S = Cpr

Sup = G p N
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Various formulations of the rule

Symmetries

Summary of symmetries:
S p = S .
S = Cpr

Sup = G p N

Solvable tilings, Schur functions, Littlewood—Richardson rule

P. Zinn-Justin (LPTHE, Université Paris 6)


http://arxiv.org/abs/0704.0817

The Littlewood—Richardson rule Various formulations of the rule Littlewood-Richardson coefficients

Symmetries

Summary of symmetries:

Sup = Cop .

S = Cpr ‘/
Cup = G N /

see however [Thomas, Yong].

Solvable tilings, Schur functions, Littlewood—Richardson rule
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The Littlewood—-Richardson rule Various formulations of the rule The original Littlewood-Richardson rule

The original Littlewood—Richardson rule

Given three Young diagrams A, u, v, |A| + |p| = |v], a
Littlewood—Richardson tableau is a filling of the boxes of v/ with A1 1's,
A2 2's, ..., in such a way that

@ The rows are weakly increasing.
@ The columns are strictly increasing.

© The word obtained by reading the filling from right to left, top to
bottom is such that any initial subword has more i's than j + 1's.
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The Littlewood—-Richardson rule Various formulations of the rule The original Littlewood-Richardson rule

The original Littlewood—Richardson rule

Given three Young diagrams A, u, v, |A| + |p| = |v], a
Littlewood—Richardson tableau is a filling of the boxes of v/ with A1 1's,
A2 2's, ..., in such a way that

@ The rows are weakly increasing.
@ The columns are strictly increasing.

© The word obtained by reading the filling from right to left, top to
bottom is such that any initial subword has more i's than j + 1's.

Theorem
cy u is the number of such tableaux. J
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The Littlewood—-Richardson rule Various formulations of the rule The original Littlewood-Richardson rule

Example

v _ A —
C)\,,U, - CVa)H/J' - #

A

|-l>|w =

|-l>|l\) =
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The Littlewood—-Richardson rule Various formulations of the rule The original Littlewood-Richardson rule

Example

v A —
CA,,U, - CVa)‘vlJ' - #

[N
-l>|w =
-l>|l\) =

[N

-P|(A> N
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The Littlewood—-Richardson rule Various formulations of the rule The original Littlewood-Richardson rule

Example

)\/ | ‘ ! !/ __ | ‘

I
=

I
N

|

’
v

1] 3] 3]
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The Littlewood—-Richardson rule Various formulations of the rule The original Littlewood-Richardson rule

Example

v [,

N N N

!
CZ/7AI = CD/’HIVA/ = #

Remark: by conjugating the diagrams, we do not obtain the LR rule for

v
Cl’w)\-
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Honeycombs
A nondegenerate honeycomb:

P. Zinn-Justin (LPTHE, Université Paris 6)
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The Littlewood—-Richardson rule Various formulations of the rule Honeycombs

Honeycomb example
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The Littlewood—-Richardson rule Various formulations of the rule Honeycombs

Honeycomb example

plus two more. ..
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The Littlewood—Richardson rule Puzzles
The three states

Introduce three states @, ®, 0. Substitute them to the usual two states
according to the rule:

A e—=0 0O=0
e =0 o=e
voru: e —20 o=e
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The Littlewood—Richardson rule Puzzles
The three states

Introduce three states @, ®, 0. Substitute them to the usual two states
according to the rule:

A e—=0 0O=0
e =0 o=e
voru: e —20 o=e

Red particles will be called right-movers, green particles left-movers
(gauche-movers!).
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The Littlewood—Richardson rule Various formulations of the rule Puzzles

Puzzles: boundaries

In a triangle of size d on the triangular lattice, draw the three binary
strings A, u, v on the boundary:
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The Littlewood—Richardson rule Various formulations of the rule Puzzles

Puzzles: inside

Fill the inside of the triangle with the following tiles:
e A\ e E S

so red and green lines are continuous.
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The Littlewood—Richardson rule Puzzles
Puzzles: inside

Fill the inside of the triangle with the following tiles:

so red and green lines are continuous.

On the boundary, ® (resp. @) are the entering/exiting locations of red
(resp. green) lines.
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The Littlewood—Richardson rule Various formulations of the rule Puzzles

Puzzle example |
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The Littlewood—Richardson rule Various formulations of the rule Puzzles

Puzzle example Il
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The Littlewood—Richardson rule Various formulations of the rule Puzzles

Puzzle example IlI
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Relation to tilings and projection method

ﬂ Relation to tilings and projection method
@ Four-dimensional lattice and tiles
@ Projection and mosaics
@ Other projections
@ Random tiling models
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The Littlewood—Richardson rule Relation to tilings and projection method Four-dimensional lattice and tiles

Let V be the lattice inside Euclidean space R* obtained as the Cartesian
product of two triangular lattices:

€ ey
V = L] L] L’. L] X L] L] /—’. L]
€1 €3
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The Littlewood—Richardson rule Relation to tilings and projection method Four-dimensional lattice and tiles

Let V be the lattice inside Euclidean space R* obtained as the Cartesian
product of two triangular lattices:

€ ey
V = [ ] L] L’. L] X L] L] /—’. [ ]
€1 €3

Define E to be edges of equilateral triangles of either triangular lattice:

E= {[X,X+E],X € V7e € {61,62,62—61,63,64,64—63}}
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The Littlewood—Richardson rule Relation to tilings and projection method Four-dimensional lattice and tiles

Let V be the lattice inside Euclidean space R* obtained as the Cartesian
product of two triangular lattices:

€ ey
V = [ ] L] L’. L] X L] L] /—’. [ ]
€1 €3

Define E to be edges of equilateral triangles of either triangular lattice:
E= {[X7X+ E],X € V7e € {61,62,62 — €1,€3,€4,€4 — 63}}
Define F to be triangles of either triangular lattice and certain rhombi:

F=V+ {[O) €1, e2]7 [07 €2, — e1]7 [07 €3, 64], [07 €4, €4 — 63],

[0,e1,e2 — e3,€1+ €4 — €3], [0, €4, €2 — €1, €4 + &2 — €1],[0, €2, €3, €2 + e3]}
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The Littlewood—Richardson rule Relation to tilings and projection method Projection and mosaics

We are interested in surfaces inside (V, E, F) with a certain transversality
condition. For that we need a canonical projection p) : R* — R2:

e
3%, 6462
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The Littlewood—Richardson rule Relation to tilings and projection method Projection and mosaics

We are interested in surfaces inside (V, E, F) with a certain transversality
condition. For that we need a canonical projection p) : R* — R2:

63%@

Elements of F, once projected, become tiles:

es—e3 e—e
f 7 €3 €2
) @
€4
A Bz

€, €1
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The Littlewood—Richardson rule Relation to tilings and projection method Projection and mosaics

We are interested in surfaces inside (V, E, F) with a certain transversality
condition. For that we need a canonical projection p) : R* — R2:

63%@

Elements of F, once projected, become tiles:

es—e3 e—e
f 7 €3 €2
) @

€4
ZINE .

We define a surface ¥ to be a tiling if the map p| : & — p(X) is
one-to-one.

[S)
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The Littlewood—-Richardson rule Projection and mosaics
Boundary conditions

We require ¥ to be connected, with a boundary as follows: Given

A\, i, v C n x (d — n), we translate them into binary strings, convert them
to vectors according to

A ® =0 — —e¢y, O=0— —e3
JU ® — O — ey, O=0 — &
v ® =0 — e — e, O=@ —e3— ey

and then concatenate them (preserving the cyclic order A, y, 7). This is
the required sequence of edges at the boundary.
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The Littlewood—-Richardson rule Projection and mosaics
Boundary conditions
We require X to be connected, with a boundary as follows: Given

A, i, v C nx (d — n), we translate them into binary strings, convert them
to vectors according to

A e =0 — —ey, 0=0— —¢3
W ® =0 — e, O=0 — ¢
v ® =0 — e — e, O=@ —e3— ey

and then concatenate them (preserving the cyclic order A, y, 7). This is
the required sequence of edges at the boundary.

In projection: [puzzle viewer]

Such tilings were introduced essentially independently in [Purbhoo,
Puzzles, Tableaux and Mosaics] and [PZJ, Littlewood—Richardson
coefficients and integrable tilings].
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Relation to tilings and projection method
Theorem

The number of tilings > with boundaries of type A, ji, 7 is Cp » ;.-

P. Zinn-Justin (LPTHE, Université Paris 6)
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The Littlewood—Richardson rule Relation to tilings and projection method Other projections

Theorem
The number of tilings > with boundaries of type A, ji, 7 is Cp » ;.- J

As a corollary, we obtain for free all other forms of the
Littlewood—Richardson that were mentioned before! (and bijections
between them)

(to get the content of the tableau simply number the red or green lines)
[puzzle viewer]
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The Littlewood—Richardson rule Relation to tilings and projection method Random tiling models

@ Random tilings are simple models whose main purpose is to describe
quasi-crystals. They can always be thought as (fluctuating) surfaces
obtained by projection from a higher-dimensional space.
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The Littlewood—Richardson rule Relation to tilings and projection method Random tiling models

@ Random tilings are simple models whose main purpose is to describe
quasi-crystals. They can always be thought as (fluctuating) surfaces
obtained by projection from a higher-dimensional space.

@ They typically correspond to a high-temperature limit where entropy
considerations dominate — as opposed to deterministic tilings, i.e.,
quasi-periodic tilings, which correspond to a low-temperature limit
where energy dominates. In fact in 2D, no phase transition.
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The Littlewood—Richardson rule Relation to tilings and projection method Random tiling models

@ Random tilings are simple models whose main purpose is to describe
quasi-crystals. They can always be thought as (fluctuating) surfaces
obtained by projection from a higher-dimensional space.

@ They typically correspond to a high-temperature limit where entropy
considerations dominate — as opposed to deterministic tilings, i.e.,
quasi-periodic tilings, which correspond to a low-temperature limit
where energy dominates. In fact in 2D, no phase transition.

@ One can still hope for a form of quasi-periodicity, in the sense that
“typical” configurations may have forbidden symmetries. For
example, the square/triangle model can have 12-fold symmetry!
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The Littlewood—Richardson rule Relation to tilings and projection method Random tiling models

@ Random tilings are simple models whose main purpose is to describe
quasi-crystals. They can always be thought as (fluctuating) surfaces
obtained by projection from a higher-dimensional space.

@ They typically correspond to a high-temperature limit where entropy
considerations dominate — as opposed to deterministic tilings, i.e.,
quasi-periodic tilings, which correspond to a low-temperature limit
where energy dominates. In fact in 2D, no phase transition.

@ One can still hope for a form of quasi-periodicity, in the sense that
“typical” configurations may have forbidden symmetries. For
example, the square/triangle model can have 12-fold symmetry!

@ Question: is the square-triangle tiling integrable? [Widom, Kalugin,
de Gier-Nienhuis]
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The Littlewood—Richardson rule Relation to tilings and projection method Random tiling models

@ Random tilings are simple models whose main purpose is to describe
quasi-crystals. They can always be thought as (fluctuating) surfaces
obtained by projection from a higher-dimensional space.

Remark: a general surface in (V/, E) will project to squares, triangles,
and thin rhombi.

@ They typically correspond to a high-temperature limit where entropy
considerations dominate — as opposed to deterministic tilings, i.e.,
quasi-periodic tilings, which correspond to a low-temperature limit
where energy dominates. In fact in 2D, no phase transition.

@ One can still hope for a form of quasi-periodicity, in the sense that
“typical” configurations may have forbidden symmetries. For
example, the square/triangle model can have 12-fold symmetry!

@ Question: is the square-triangle tiling integrable? [Widom, Kalugin,
de Gier-Nienhuis]
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The Littlewood—-Richardson rule Integrability of the square-triangle tiling

© Integrability of the square-triangle tiling model
@ Squares, triangles and thin rhombi

Transfer matrices

An integrable proof of the LR rule

Inhomogeneities and equivariant puzzles

Solving random tiling models
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The Littlewood—Richardson rule

Integrability of the square-triangle tiling

Squares, triangles and thin rhombi

More tiles!

To make sense of the (co)product of two Schur functions, we want two

independent NILPs (red and green lines) — introduce extra triangles for
puzzles: [de Gier, Nienhuis; PZJ]

P. Zinn-Justin (LPTHE, Université Paris 6)
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The Littlewood—Richardson rule Integrability of the square-triangle tiling Squares, triangles and thin rhombi

Thin rhombi

It amounts to adding thin rhombi to square-triangle tilings:

€1
R ﬁ
€4
e1—e3 e1—e

e,—es e—e

€1

e £ : >

PZACEAYZ ST/ S

€1
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The Littlewood—Richardson rule Integrability of the square-triangle tiling Squares, triangles and thin rhombi

Yang—Baxter equation

Theorem
Ifx+y+z=0, then

for any fixed boundaries and where tile x (resp. y, z) is only allowed where
marked.

v
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The Littlewood—Richardson rule Integrability of the square-triangle tiling Squares, triangles and thin rhombi

Yang—Baxter equation

for any fixed boundaries and where tile x (resp. y, z) is only allowed where

TN, A0, AN
NIRRT

Theorem
Ifx+y+z=0, then

v

Example:
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The Littlewood—Richardson rule Integrability of the square-triangle tiling Squares, triangles and thin rhombi

Yang—Baxter equation

for any fixed boundaries and where tile x (resp. y, z) is only allowed where

Wy, Ay, 8N
SORIIR'S

Theorem
Ifx+y+z=0, then

v

Example:
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The Littlewood—Richardson rule Integrability of the square-triangle tiling Squares, triangles and thin rhombi

Yang—Baxter equation

for any fixed boundaries and where tile x (resp. y, z) is only allowed where

Theorem
Ifx+y+z=0, then

v

Example:
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The Littlewood—Richardson rule Integrability of the square-triangle tiling Squares, triangles and thin rhombi

Yang—Baxter equation

for any fixed boundaries and where tile x (resp. y, z) is only allowed where

Theorem
Ifx+y+z=0, then

v

Example:
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The Littlewood—Richardson rule Integrability of the square-triangle tiling Squares, triangles and thin rhombi

Yang—Baxter equation

for any fixed boundaries and where tile x (resp. y, z) is only allowed where

N e
ORI

Theorem
Ifx+y+z=0, then

v

Example:
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The Littlewood—Richardson rule Integrability of the square-triangle tiling Squares, triangles and thin rhombi

Yang—Baxter equation

for any fixed boundaries and where tile x (resp. y, z) is only allowed where

N S A
**

Theorem
Ifx+y+z=0, then

v

Example:
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The Littlewood—Richardson rule Integrability of the square-triangle tiling Squares, triangles and thin rhombi

Yang—Baxter equation

for any fixed boundaries and where tile x (resp. y, z) is only allowed where

marked.
Q ‘ Q v Q
o

Theorem
Ifx+y+z=0, then

v

Example:
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The Littlewood—Richardson rule Integrability of the square-triangle tiling Squares, triangles and thin rhombi

Yang—Baxter equation

for any fixed boundaries and where tile x (resp. y, z) is only allowed where

\\ “\
D

Theorem
Ifx+y+z=0, then

v

Example:
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The Littlewood—Richardson rule Integrability of the square-triangle tiling Squares, triangles and thin rhombi

Yang—Baxter equation

for any fixed boundaries and where tile x (resp. y, z) is only allowed where
marked.

Theorem
Ifx+y+z=0, then

v

Example:
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The Littlewood—Richardson rule Integrability of the square-triangle tiling Squares, triangles and thin rhombi

Yang—Baxter equation

for any fixed boundaries and where tile x (resp. y, z) is only allowed where

N PN
> 6|

Theorem
Ifx+y+z=0, then

v

Example:
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The Littlewood—Richardson rule Integrability of the square-triangle tiling Squares, triangles and thin rhombi

Yang—Baxter equation

for any fixed boundaries and where tile x (resp. y, z) is only allowed where

N PN
> 6|

Theorem
Ifx+y+z=0, then

v

Example:
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The Littlewood—Richardson rule Integrability of the square-triangle tiling Transfer matrices

Extending puzzles

There are various ways to extend puzzles. A honeycomb-inspired extension:
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The Littlewood—Richardson rule Integrability of the square-triangle tiling Transfer matrices

Extending puzzles

There are various ways to extend puzzles. A honeycomb-inspired extension:
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The Littlewood—Richardson rule Integrability of the square-triangle tiling Transfer matrices

Extending puzzles

There are various ways to extend puzzles. A honeycomb-inspired extension:
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The Littlewood—Richardson rule Integrability of the square-triangle tiling Transfer matrices

Extending puzzles cont'd

A red/green line extension to the half-plane:
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The Littlewood—Richardson rule Integrability of the square-triangle tiling Transfer matrices

Extending puzzles cont'd

A red/green line extension to the half-plane:
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The Littlewood—Richardson rule Transfer matrices
Fock space and Transfer matrix

The Fock space G has a natural basis indexed by sequences

(ax) € {@,0,®}” such that sufficiently far to the left (resp. right),
ax = o (resp. @).

P. Zinn-Justin (LPTHE, Université Paris 6)
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The Littlewood—Richardson rule Transfer matrices
Fock space and Transfer matrix

The Fock space G has a natural basis indexed by sequences

(ax) € {@,0,®}” such that sufficiently far to the left (resp. right),
ax = o (resp. @).

The row transfer matrix T evolves the system without the use of extra
pieces, i.e., x =y = z = 0, and such that sufficiently far to the left (resp.
right), green lines move up/one half step to the left (resp. right):
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The Littlewood—Richardson rule Integrability of the square-triangle tiling Transfer matrices

More transfer matrices!

T,(x) evolves the system with the extra piece x, such that sufficiently far
lines move up/left:
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The Littlewood—Richardson rule Integrability of the square-triangle tiling Transfer matrices

More transfer matrices!

T,(x) evolves the system with the extra piece x, such that sufficiently far
lines move up/left:

Tg(y) evolves the system with the extra piece y, such that sufficiently far
lines move up/right:
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The Littlewood—Richardson rule Integrability of the square-triangle tiling Transfer matrices

Commutation relations

As a consequence of the Yang—Baxter equation (unzipping argument),

[T, T, = [T, Te()] = [T+(x), Te(y)] = 0
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The Littlewood—Richardson rule Transfer matrices
Commutation relations

As a consequence of the Yang—Baxter equation (unzipping argument),

[T, T, = [T, Te()] = [T+(x), Te(y)] = 0

We're going to expand the equality

<U‘ -,—kHTr(xi)HTg(yl.)|....o...o....>
= = k

1/| T xl I)T ..00---0@---
H H1 ST 0 o e

where the initial state is the encoding of v as a binary string made of

{0,0}.
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The Littlewood—Richardson rule An integrable proof of the LR rule
The left hand side

QR 44
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The Littlewood—Richardson rule An integrable proof of the LR rule
The left hand side

QR 4
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The Littlewood—Richardson rule An integrable proof of the LR rule
The left hand side

QRN
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The Littlewood—Richardson rule An integrable proof of the LR rule
The left hand side

(QURRN— 44
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The Littlewood—Richardson rule An integrable proof of the LR rule
The left hand side

Q-4
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The Littlewood—Richardson rule An integrable proof of the LR rule
The left hand side

QA
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The Littlewood—Richardson rule An integrable proof of the LR rule
The left hand side

QIRN
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The Littlewood—Richardson rule An integrable proof of the LR rule
The left hand side

N
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The Littlewood—Richardson rule An integrable proof of the LR rule
The left hand side

g
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Integrability of the square-triangle tiling

@ Knutson—Tao problem:

S\(X1y Xl ze, -y zn)Su(Xe, s Xkl 21, -5 Z0)

= Z ez, -y zn)su(xas .o Xkl 21, -, Zn)
v
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The Littlewood—Richardson rule

@ Knutson—Tao problem:

x|z, o5 zn)su(xt, -y

—Z Az,

S)\(Xl, ey

@ Molev-Sagan problem:

x|z, s zn)Su(xa, - - .

= Zef\/,u(yl"--
14

5)\(X1, ey

P. Zinn-Justin (LPTHE, Université Paris 6)

xk]zl,. ..

ey Zn)Su(xa, ..o,

S Xk|yi, -

7yn|zla o 7Zn)51/(X1v st

Integrability of the square-triangle tiling Inhomogeneities and equivariant puzzles

7Zn)

Xk|Z1, - - -

7}/n)

7Xk|)’1,---7)/n)
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The Littlewood—Richardson rule Integrability of the square-triangle tiling Inhomogeneities and equivariant puzzles

@ Knutson—Tao problem:

S\(X1y Xl ze, -y zn)Su(Xe, s Xkl 21, -5 Z0)

—Z Az zn)su(xa, o Xk ze, - Zn)

@ Molev-Sagan problem:

S\(X1y Xl ze, -y Zn)Su(Xe, o XklyL, - Vi)

— Zef\:u(ha .. a)’n|21, o ,Zn)Sl,(Xl, cee 7Xk|y17 cee 7)/n)
14

e Unifying solution of these two problems in [PZJ,
Littlewood—Richardson coefficients and integrable tilings] using the
third extra tile (z).
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Integrability of the square-triangle tiling

Cancelled due to lack of time.

P. Zinn-Justin (LPTHE, Université Paris
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