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Introductio

@ Plane Partitions were introduced by Mac Mahon about a
century ago. However Descending Plane Partitions (DPPs), as
well as other variations on plane partitions (symmetry
classes), were considered in the 80s. [Andrews]
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Introductio

@ Plane Partitions were introduced by Mac Mahon about a
century ago. However Descending Plane Partitions (DPPs), as
well as other variations on plane partitions (symmetry
classes), were considered in the 80s. [Andrews]

e Alternating Sign Matrices (ASMs) also appeared in the 80s,
but in a completely different context, namely in Mills, Robbins
and Rumsey's study Dodgson’s condensation algorithm for the
evaluation of determinants.

@ One of the possible formulations of the Alternating Sign
Matrix conjecture is that these objects are in bijection (for
every size n). (proved by Zeilberger in '96 in a slightly
different form)
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Interest in the mathematical physics community because of

@ Kuperberg's alternative proof of the Alternating Sign Matrix
conjecture using the connection to the six-vertex model. ('96)
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Interest in the mathematical physics community because of
@ Kuperberg's alternative proof of the Alternating Sign Matrix
conjecture using the connection to the six-vertex model. ('96)
@ The Razumov-Stroganov correspondence and related
conjectures. ('01)
A proof of all these conjectures would probably give
a fundamentally new proof of the ASM
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J. Propp ('03)
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Interest in the mathematical physics community because of
@ Kuperberg's alternative proof of the Alternating Sign Matrix
conjecture using the connection to the six-vertex model. ('96)
@ The Razumov-Stroganov correspondence and related
conjectures. ('01)
A proof of all these conjectures would probably give
a fundamentally new proof of the ASM

(ex-)conjecture.
J. Propp ('03)

T. Fonseca and P. Zinn-Justin: proof of the doubly refined Alter-
nating Sign Matrix conjecture ('08).
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Introductio

Interest in the mathematical physics community because of

@ Kuperberg's alternative proof of the Alternating Sign Matrix
conjecture using the connection to the six-vertex model. ('96)

Today's talk is about the proof of another generalization of the ASM
conjecture formulated in '83 by Mills, Robbins and Rumsey.
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Dodgson’s condensation
Example
Statistics

Iterative use of the Desnanot—Jacobi identity:

o)) -

allows to compute the determinant of a n x n matrix by computing
the determinants of the connected minors of size 1,...,n.
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Iterative use of the Desnanot—Jacobi identity:

o)) -

allows to compute the determinant of a n x n matrix by computing
the determinants of the connected minors of size 1,...,n.

What happens when we replace the minus sign with an arbitrary
parameter?
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the determinants of the connected minors of size 1,...,n.
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Alternating Sign Matrice;

Dodgson’s condensation
Example
Proof: determinant nulae Statistics

Ref s

Iterative use of the Desnanot—Jacobi identity:

L= +A

allows to compute the determinant of a n x n matrix by computing
the determinants of the connected minors of size 1,...,n.

What happens when we replace the minus sign with an arbitrary
parameter?

Laurent phenomenon: the result is still a Laurent polynomial in the
entries of the matrix.
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Alternating Sign Matrices

Dodgson’s condensation
Example
Statistics

Theorem (Robbins, Rumsey, '86)

If M is an n X n matrix, then

14 - Ajj
detaM =Y NA@ A TT M7
AEASM(n) ij=1
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Alternating Sign Matrices

Dodgson’s condensation
Example
Statistics

Theorem (Robbins, Rumsey, '86)

If M is an n X n matrix, then

v - Ajj
detaM =Y NA@ A TT M7
AEASM(n) ij=1

Here ASM(n) is the set of n x n Alternating Sign Matrices, that is
matrices such that in each row and column, the non-zero entries
form an alternation of +1s and —1s starting and ending with +1.
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Alternating Sign Matrices
Dodgson's condensation
Example
Statistics

For n = 3, there are 7 ASMs:
1 00 0 0 1 1 00 0 0 1
ASM(3) = 010),/010],{0 0 1),1{1 0 0],
0 0 1 1 00 01 0 010
010 010 0 1 0
10 0],{0 0 1,1 -1 1
0 0 1 1 00 0 1 0
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Alternating Sign Matrices

Dodgson's condensation
Example

Statistics

Refinements
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Alternating Slgn Matrices

Dodgson's condensation
Example

Statistics

Refine m»—mt’

CENVEDY )\”( )(1 4+ A H I\/I i
AeASM(n ij=1

p(A) is the number of —1s in A.
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Alternating Sign Matrlces

Dodgson's condensation
Example
Proof: determinant nulae Statistics

Ref s

CENVEDY )\”( )(1 4+ A H I\/I i
AeASM(n ij=1

p(A) is the number of —1s in A.

v(A) is a generalization of the inversion number of A:

> AjAi

1<i<i'<n
1<j’<j<n
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Alternating Sign Matrices

Dodgson's condensation
Example
Statistics

For the constant matrix 1,, we have the recurrence
detyl,p1detyl,—1 = (1 + )\)det?\l,, and therefore:

detyl, = (1+A)" 2= 3™ (14 \)HA
AeASM(n)
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Alternating Sign Matrices

Dodgson's condensation
Example
Statistics

For the constant matrix 1,, we have the recurrence
detyl,p1detyl,—1 = (1 + )\)det?\l,, and therefore:

detyl, = (1+A)" 2= 3™ (14 \)HA
AeASM(n)

In what follows, we shall be interested in more general weighted
enumerations of ASMs, of the type >~ xc Agni(n) xV(A) y(A) and
refinements.
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Descending Plane Partitions

Definition
Statistics

A Descending Plane Partition is an array of positive integers
(“parts”) of the form

Dit ... Dy yoye-1

such that
@ The parts decrease weakly along rows, i.e., Djj > Dj j11.
@ The parts decrease strictly down columns, i.e., Djj > Djyq ;.
@ The first parts of each row and the row lengths satisfy

Din>M2>2Dn>X>... 2Dt 1t 1> A1 2 Dy > Mg

R. Behrend, P. Di Francesco and P. Zinn-Justin Refined enumeration of ASMs and DPPs



Alternating Matrices
Descending Plane Partitions

Definition

SM- .
ASM Statistics

determinar

Let DPP(n) be the set of DPPs in which each part is at most n,
i.e., such that Dj € {1,...,n}.
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Descending Plane Partitions

Definition
Statistics

Let DPP(n) be the set of DPPs in which each part is at most n,
i.e., such that Dj € {1,...,n}.

For n = 3, there are 7 DPPs:

DPP(3) = {@, 332,33,3,32,3 1}
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A ating
Descending P!
-DPP

Th Definition
Statistics

Ref

Define statistics for each D € DPP(n) as:

v(D) = number of parts of D for which Dj; > j — i,
p(D) = number of parts of D for which D < j —i.
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Simple enumeration

The ASM-DPP conjecture Correspondence of bulk statistics

DPP enume

Theorem (Andrews, 79)

The number of DPPs with parts at most n is:

n—1 .

1)!
IDPP(n)| =[] (3';)' =1,2,7,42,429 ...
s (n+1)!

=
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Simple enumeration

The ASM-DPP conjecture Correspondence of bulk statistics

The Alterna

The following result was first conjectured by Mills, Robbins and
Rumsey in '82:

Theorem (Zeilberger, '96; Kuperberg, '96)

The number of ASMs of size n is

| ASM( n)ny(:&’Jrl =1,2,7,42,429.
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Simple enumeration

The ASM-DPP conjecture Correspondence of bulk statistics

The Alternat

The following result was first conjectured by Mills, Robbins and
Rumsey in '82:

Theorem (Zeilberger, '96; Kuperberg, '96)

The number of ASMs of size n is

| ASM( n)ny(:&’Jrl =1,2,7,42,429.

NB: a third family is also known to have the same enumeration as
ASMs and DPPs: TSSCPPs. In fact, Zeilberger's proof consists of
a (non-bijective) proof of equienumeration of ASMs and TSSCPPs.
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Simple enumeration
Correspondence of bulk statistics

The ASM-DPP conjecture

Theorem (Behrend, Di Francesco, Zinn-Justin, '11)

The sizes of {A € ASM(n) | v(A) = p, u(A) = m} and
{D € DPP(n) | v(D) = p, u(D) = m} are equal for any n, p, m.
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The ASM-DPP conjecture Correspondence of bulk statistics

Theorem (Behrend, Di Francesco, Zinn-Justin, '11)
The sizes of {A € ASM(n) | v(A) = p, u(A) = m} and
{D € DPP(n) | v(D) = p, u(D) = m} are equal for any n, p, m.

(in fact, an even more general result that was conjectured by Mills,
Robbins and Rumsey in '83 is proved)
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. Simple enumeration
The ASM-DPP conjecture Correspondence of bulk statistics

Theorem (Behrend, Di Francesco, Zinn-Justin, '11)

The sizes of {A € ASM(n) | v(A) = p, u(A) = m} and
{D € DPP(n) | v(D) = p, u(D) = m} are equal for any n, p, m.

(in fact, an even more general result that was conjectured by Mills,
Robbins and Rumsey in '83 is proved)
Equivalently, if one defines generating series:

Zasm(nx,y) = > x/(A) y(A)
A€ASM(n)

Zppp(n, x,y) = Z x/(P) (D)
DEDPP(n)

then the theorem states that Zagm(n, x,y) = Zppp(n, x, y).
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Simple enumeration
Correspondence of bulk statistics

The ASM-DPP conjecture

Example (n = 3)

1 00, /001 /100 /001
ASM(3) = 010,010,001),100,

001/ \t 00/ \o10/ \o10

010\ /010, /0 1 0

1 00|,(oo01],[1 -1 1

001/ \1t 00/ \o 1 o0

DPP(3) = {@, 813 533,332 3 1}

Zasmyppp(3:%,y) =1+ + x+ x>+ x + x* + xy
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The lzergin determinant formula
The Lindstrom—Gessel-Viennot formula
Proof: determinant formulae Equality of determinants

Strategy: write the two generating series as determinants:

Zasm(n, x,y) = det Masm(n, x, y)
Zppp(n, x,y) = det Mppp(n, x,y)

and transform one matrix into another by row/column
manipulations.
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The Lindstrom—Gessel-Viennot formula
Proof: determinant formulae Equality of determinants

Strategy: write the two generating series as determinants:

Zasm(n, x,y) = det Masm(n, x, y)
Zppp(n, x,y) = det Mppp(n, x,y)

\—> LGV

and transform one matrix into another by row/column
manipulations.
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The lzergin determinant formula
The Lindstrom—Gessel-Viennot formula
Proof: determinant formulae Equality of determinants

Strategy: write the two generating series as determinants:
modified lzergin

Zasm(n, x,y) = det Masm(n, x, y)
Zppp(n, x,y) = det Mppp(n, x,y)
LGV

and transform one matrix into another by row/column
manipulations.
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The lzergin determinant formula
The Lindstrom—Gessel-Viennot formula
Proof: determinant formulae Equality of determinants

Let 6VDW(n) be the set of all configurations of the six-vertex
model on the n x n grid with DWBC, i.e., decorations of the grid’s
edges with arrows such that:

@ The arrows on the external edges are fixed, with the
horizontal ones all incoming and the vertical ones all outgoing.

@ At each internal vertex, there are as many incoming as
outgoing arrows.
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The lzergin determinant formula
The Lindstrom—Gessel-Viennot formula
Proof: determinant formulae Equality of determinants

Let 6VDW(n) be the set of all configurations of the six-vertex
model on the n x n grid with DWBC, i.e., decorations of the grid’s
edges with arrows such that:

@ The arrows on the external edges are fixed, with the
horizontal ones all incoming and the vertical ones all outgoing.

@ At each internal vertex, there are as many incoming as
outgoing arrows.

The latter condition is the “six-vertex” condition, since it allows
for only six possible arrow configurations around an internal vertex:

TTTTTY
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The lzergin determinant formula
The Lindstrom—Gessel-Viennot formula
Proof: determinant formulae Equality of determinants

Let 6VDW(n) be the set of all configurations of the six-vertex
model on the n x n grid with DWBC, i.e., decorations of the grid’s
edges with arrows such that:

@ The arrows on the external edges are fixed, with the
horizontal ones all incoming and the vertical ones all outgoing.

@ At each internal vertex, there are as many incoming as
outgoing arrows.

The latter condition is the “six-vertex” condition, since it allows
for only six possible arrow configurations around an internal vertex:

Yt
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The lzergin determinant formula
The Lindstrom—Gessel-Viennot formula
Proof: determinant formulae Equality of determinants

A A A A
VAVV‘A‘A‘
VAVVVV‘A‘
>vgﬂgvgv4
>vgvévév4
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The lzergin determinant formula
The Lindstrom—Gessel-Viennot formula
Proof: determinant formulae Equality of determinants
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The lzergin determinant formula
The Lindstrom—Gessel-Viennot formula
Proof: determinant formulae Equality of determinants

A

> 0]
A

> 0]
A

>
Y

> 0]
Y
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The lzergin determinant formula
The Lindstrom—Gessel-Viennot formula
Proof: determinant formulae Equality of determinants

A A

> | » 0|
A \{

> | » 0 |
A \4

> <
Y A

> | » 0 |
\ 4 \4
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The lzergin determinant formula
The Lindstrom—Gessel-Viennot formula
Proof: determinant formulae Equality of determinants

A A A

> | » < 0|
A Y A

> » | » 0 |
A \ A\

NG VI
A\ A \

> | » < 0 |
\ 4 \{ \ 4
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The lzergin determinant formula
The Lindstrom—Gessel-Viennot formula
Proof: determinant formulae Equality of determinants

A A A A
1>« <0 H O @
A Y a4 |
> {>t<10 0 B O
A \ A\ y
>l B @ A
Y A A\ y
>+« 0 0 @
\ \ \{ \
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The lzergin determinant formula
The Lindstrom—Gessel-Viennot formula
Proof: determinant formulae Equality of determinants

\
Y
A
A
A

Y
Y
Y
A
A
E 88
o]
=
o]

Yy
A
Yy
Yy
A

\
\
A
A
A
o
=
o]
=]
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The lzergin determinant formula
The Lindstrom—Gessel-Viennot formula
Proof: determinant formulae Equality of determinants

\
\
A
A
A

Y
Y
Y
A
A
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o]
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o]

Yy
A
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Yy
A

\
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A
A
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The lzergin determinant formula
The Lindstrom—Gessel-Viennot formula
Proof: determinant formulae Equality of determinants

\
\
A
A
A

\
\
Y
A
A

\
\
A
A
A

Yy
A
Yy
Y
A
B EaB
=
=]
=
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The lzergin determinant formula
The Lindstrom—Gessel-Viennot formula
Proof: determinant formulae Equality of determinants

A A A A

> > < << 0 1 0 0
A A A A

> > > < < 0 0 1 0
A \ 4 \4 A

> <« < 1 -1 0 1
Y A VY Y

> > < << 0 1 0 0
\{ \{ \4 \{
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The lzergin determinant formula
The Lindstrom—Gessel-Viennot formula

Proof: determinant formulae Equality of determinants

Statistics

Statistics also have a nice interpretation in terms of the six-vertex
model: if A€ ASM(n) — C € 6VDW(n),

((number of vertices of type ¢ in C) — n)

v(A) = = (number of vertices of type a in C)

=
—~
>
N—r
Il
NIRLRN| -
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The lzergin determinant formula
The Lindstrom—Gessel-Viennot formula
Proof: determinant formulae Equality of determinants

Define the six-vertex partition function of the six-vertex model with
DWBC to be:

n
ZevDw (U1y -y Unpi Vi, oo oy Vy) = Z H Gij(ui, vj)
Ce6VDW(n) ij=1

where the u; (resp. the v;) are parameters attached to each row
(resp. a column), and Cj; is the type of configuration at vertex

(7,J)-
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The lzergin determinant formula
The Lindstrom—Gessel-Viennot formula
Proof: determinant formulae Equality of determinants

Based on Korepin's recurrence relations for Zgypw, lzergin found
the following determinant formula:

Theorem (lzergin, '87)

1§di(3t§n (a(unc‘(ﬁu)lz’(]u)n Vj))
H (uj — ui)(vj — vi)

1<i<j<n

ZevDw (U1s -« Upi Vi, ooy Vy) X
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The lzergin determinant formula
The Lindstrom—Gessel-Viennot formula
Proof: determinant formulae Equality of determinants

Based on Korepin's recurrence relations for Zgypw, lzergin found
the following determinant formula:

Theorem (lzergin, '87)

1§di(3t§n (a(unc‘(ﬁu)lz’(]u)n Vj))
H (uj — ui)(vj — vi)

1<i<j<n

ZevDw (U1s -« Upi Vi, ooy Vy) X

Problem: what happens in the homogeneous limit
Uly .oy Upy Viyeooy Vg — 17
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The lzergin determinant formula
The Lindstrom—Gessel-Viennot formula
Proof: determinant formulae Equality of determinants

Refinements

The “naive” homogeneous limit:

it c(u, v)
Zevow(ry ..., rr,...,r)ox  de —— 7
(ryosrirs...or) 0<ij<n—19u'Ovi \ a(u, v)b(u, v) |u,v=r
oiti 1 1
o  det —— -
0<ij<n—10u'Ovi \uv —q? uv—q2 lu,v=r

R. Behrend, P. Di Francesco and P. Zinn-Justin Refined enumeration of ASMs and DPPs



The lzergin determinant formula
The Lindstrom—Gessel-Viennot formula
Proof: determinant formulae Equality of determinants

Define Lj; to be the n x n lower-triangular matrix with entries (J’)

. . . . _g- 11!
and D to be the diagonal matrix with entries (%) ,
i=0,....n—1

Proposition (Behrend, Di Francesco, Zinn-Justin, '11)

%quwwnn“wﬁmda<h—quDL>
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The lzergin determinant formula
The Lindstrom—Gessel-Viennot formula
Proof: determinant formulae Equality of determinants

Define Lj; to be the n x n lower-triangular matrix with entries (J’)

—1.—1\
and D to be the diagonal matrix with entries (Wil) ,

g tr—qr=?
i=0,....n—1
Proposition (Behrend, Di Francesco, Zinn-Justin, '11)
Zovow (s Firy o) o det </ _ 7qDLDL >
- q

Proof: write the determinant as det(A; — A_), note that Ay is up
to a diagonal conjugation ﬁbDiLDiLT, pull out det A, and

conjugate | — A,Ajrl. ..
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The lzergin determinant formula
The Lindstrom—Gessel-Viennot formula
Proof: determinant formulae Equality of determinants

Rewriting the previous proposition in terms of Boltzmann weights
a, b, ¢, and then switching to x = (a/b)?, y = (c/b)?, we finally
find Zagm(n, x,y) = det Magnm(n, x, y) with

min(ij) . .
/ A
Masm(n, x,y)j = (1 —w)dj +w > <k> <i> Xy

k=0

with /,j=0,...,n—1 and w a solution of

yl?+(l—x—y)w+x=0
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The lzergin determinant formula

) The Lindstrom—Gessel-Viennot formula
Proof: determinant formulae Equality of determinants
Refinements
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Statistics

Statistics also have a nice interpretation in terms of
Nonlntersecting lattice Paths (NILPs):

S1 S S3
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LGV formul

NILPs are (lattice) free fermions:

Number of NILPs from S; to E;, i=1,...,n
= det (Number of (single) paths from S; to E;)

ij=1,...,n

and similarly with weighted sums.
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Here we are also summing over endpoints and the number of paths
(“grand canonical partition function”):
Zppp(n, x,y) = det Mppp(n, x, y) with

i—1 min(j,k)

Mppp(n, x,y) —5U+Z Z <><)X£+1yk—e

Note that the second term is a product of three discrete transfer
matrices. . .
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We have

(I — S)Mppp(n,x,y)(I + (w —1)ST)
= (I + (x —wy — 1)S)Masgm(n, x, y)(I — ST)

where /,'J' = 5,'7J' and S,J = (5,'7J'+1.
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We have

(I — S)Mppp(n,x,y)(I + (w —1)ST)
= (I + (x —wy — 1)S)Masgm(n, x, y)(I — ST)

where /,'J' = 5,'7J' and S,J = (5,'7J'+1.

Therefore,
Zppp(n, x,y) = Zasm(n, x, y)
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p1(A) = number of 0's to the left of the 1 in the first row of A,

p2(A) = number of 0's to the right of the 1 in the last row of A.
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o For ASMs:

p1(A) = number of 0's to the left of the 1 in the first row of A,
p2(A) = number of 0's to the right of the 1 in the last row of A.

@ For DPPs:

p1(D) = number of n's in D,

p2(D) = (number of (n—1)'s in D)
+ (number of rows of D of length n —1).
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Define refined enumeration by introduction “boundary” statistics:
o For ASMs:

p1(A) = number of 0's to the left of the 1 in the first row of A,
p2(A) = number of 0's to the right of the 1 in the last row of A.

@ For DPPs:

p1(D) = number of n's in D,

p2(D) = (number of (n—1)'s in D)
+ (number of rows of D of length n —1).

Zasmyppp(n X, ¥, 21, 22) = ZXV(X)Y’J’(X)Z{H(X)ZQD(X)
X
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Refinements

Example (n = 3)

100\ /001 100\ /001
ASM(3) = 010,010,001),100,

001 100/ \o10/ \o1o0

010y /010 /0 1 0

1 00),loo0 1],[1 -1 1

00 1 100/ \o 1 o0

DPP(3) = {@7 33 533,332 3 1}

3.2 2 2 2
Zasmppp(3:X,y,21,22) = 1+ X°2725 + xz0 + X°zi 22

2__2
+Xxz1 + X" 2125, + Xyz122
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Strategy of

@ Generalize the unrefined proof to a single refinement.
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@ Generalize the unrefined proof to a single refinement.
Involves modifying one row of the matrices. ..
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Refinements

Strategy of

@ Generalize the unrefined proof to a single refinement.
Involves modifying one row of the matrices. ..
@ Show the bilinear identity for both ASMs and DPPs:

(21 — 22) (23 — 24) Zn(x, ¥, 21, 22) Zn(X, ¥, 23, 2) —
(21— 23) (22 — 22) Zolx, v, 21,23) Zu(x, ¥, 22, 23) +
(Zl - Z4) (22 - 23) Zn(X7y7Z].7 24) Zn(nyaZ27Z3) =0.

R. Behrend, P. Di Francesco and P. Zinn-Justin Refined enumeration of ASMs and DPPs



ASM side
DPP side

Refinements

Strategy of

@ Generalize the unrefined proof to a single refinement.
Involves modifying one row of the matrices. ..
@ Show the bilinear identity for both ASMs and DPPs:

(21 — 22) (23 — 24) Zn(x, ¥, 21, 22) Zn(X, ¥, 23, 2) —
(21— 23) (22 — 22) Zolx, v, 21,23) Zu(x, ¥, 22, 23) +
(Zl - Z4) (22 - 23) Zn(X7y7Z].7 24) Zn(nyaZ27Z3) =0.

This allows to express the double refinement in terms of the
single refinement: (z3 =1,z = 0)

(Zl - 22) Zn(X,y,Z]_,ZQ) Z,-,_]_(X,y, 1)
— (zl - 1)22 Zn(Xayazl) Zn—l(X7.y7ZQ) -
21(22 - 1) Zn—l(X;%Zl) Zn(X7.y722)'
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Refinements

An equivale
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DPP side

Refinements

An equivale

These are also the Pliicker relations for Gr(n + 2, n).
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ASM side
DPP side

Proof: determinant
Refinements

The double refinement of ASMs simply corresponds to keeping two
spectral parameters free and letting the others tend to r.
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Proof: determinant
Refinements

The double refinement of ASMs simply corresponds to keeping two
spectral parameters free and letting the others tend to r.

— Apply directly Desnanot—Jacobi to the Izergin matrix

<a(u,j:(VJu)I;3E/JU)u VJ))

R. Behrend, P. Di Francesco and P. Zinn-Justin Refined enumeration of ASMs and DPPs



ASM side
DPP side

Proof: determinant
Refinements

The double refinement of ASMs simply corresponds to keeping two
spectral parameters free and letting the others tend to r.

— Apply directly Desnanot—Jacobi to the Izergin matrix

<a(u,j:(VJu)I;3E/JU)u VJ))

A similar formula appears in [Colomo, Pronko, '05].
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Refinements

Direct application of the LGV formula leads to:

ZY(xy,21,22) = 08, (=0ij+1 + Kn(x, y, 21, 22)i )
with
Ko(X,y,21,22)ij =
min(ij+1) (i—1\ (j+1\ k. i—k .
k=0 (Lk)(Jk)X Yy, j<n-3
Yo 1o (’7 )(nzli2)xkyl_kzéa J=n-2
I

Zk OZI ozm 0( i)(nk—/z)xy kzmzé , J=n—-1

R. Behrend, P. Di Francesco and P. Zinn-Justin Refined enumeration of ASMs and DPPs



ASM side
DPP side

Refinements

Direct application of the LGV formula leads to:

ZY(xy,21,22) = 08, (=0ij+1 + Kn(x, y, 21, 22)i )
with
Ko(X,y,21,22)ij =
min(ij+1) (i—1\ (j+1\ k. i—k .
k=0 (Lk)(Jk)X Yy, j<n-3
Yo 1o (’7 )(nzli2)xkyl_kzéa J=n-2
I

Zk OZI ozm 0( i)(nk—/z)xy kzmzé , J=n—-1

but!
(z1—22)Kn(x, ¥, 21, 22)i.n—1 = Kn(X, ¥, 21)in—2—Kn(X, ¥, s 22)i n—2
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