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Vector equilibrium problems ?

Vector equilibrium problem : Find the minimizer of

Z Cij //Iog d,u, x)dpj(y +Z/V(X dui(x

1<i,j<d

when the vector of measures (u1, ..., uq) on C lies in a prescribed
set.
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Vector equilibrium problems ?

Vector equilibrium problem : Find the minimizer of

Z Cij //Iog d,u, x)dpj(y +Z/V(X dui(x

1<i,j<d

when the vector of measures (u1, ..., uq) on C lies in a prescribed
set.

e C =cj] : interaction matrix

e Vi,...,Vy : potentials
(with regularity and growth assumptions)
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@ Motivations
@ Vector equilibrium problems

© Large deviations
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1) Motivations
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1) Motivations

Unitary invariant Hermitian matrix models :
Consider the probability distribution on Hy(C)

L _nmev(m)
— ! dM
Zn©

with V : R — R continuous and satisfying

lim (V(x)— log(1 + x2)) = +o0.

[x]—00
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1) Motivations

Eigenvalue density distribution :

1 N
7 H ‘)(_] o X,‘|2 H efNV(X,-)
i=1

N <ici<n

1 1 1 1Y
= — N2 = log — — 1 — .
7. exp { <N2 g og o — ] + N E V(x,)) }

1<iAj<N
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1) Motivations

= Minimize

| o8 =ity + [ Viant

for p € M1(R).
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1) Motivations

= Minimize

| o8 =ity + [ Viant

for p € M1(R).

© There exists a unique minimizer *.

@ Supp(p*) is compact.
© As N — oo, the spectral measures converge to pu* :

N
1
uN = 7 z; Oy, — 1", a.s , weakly.
P
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1) Motivations

Non-centered Wishart matrix :

Consider the probability distribution on Mo n(C) (o > 0)

L nm-ay -2y gy
Zn

where, for a > 0,
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1) Motivations

Singular value density distribution (the xi,...,xy € Ry) :

) > N N/2

1 HKJ. |x; — xi Hi<j lyj — yil H e NVi(x) H lyildon(yi)
f i

Zn Jghre I1; [xi = yil i=1 i=1

with y1,...,yn/2 € (a N-dependent discrete subset of) R_ \ {0}.
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1) Motivations

Singular value density distribution (the xi,...,xy € Ry) :

) > N N/2

1 HKJ. |x; — xi Hi<j lyj — yil H e NVi(x) H lyildon(yi)
f i

VAT ITij i = vl i=1 i=1

with y1,...,yn/2 € (a N-dependent discrete subset of) R_ \ {0}.
= Minimize

][ 1or i) - / B [y i () dhia(y)

//Iog duz )dpa(y / X—Q\/;X d/’l( )

with 111 € M1(Ry) and i € My(R-), dua(x) < %\Xrl/zdx

Les Houches, 2012. Adrien Hardy Vector Equilibrium Problems in Random Matrix Theory



2) Vector equilibrium problems

Les Houches, 2012. Adrien Hardy Vector Equilibrium Problems in Random Matrix Theory



2) Vector equilibrium problems

Vector equilibrium problem : For d > 1, find the minimizer of the
functional

Z Cij //Iog du, x)dpi(y —|—Z/V(X dpi(x

1<i,j<d

where Supp(u;) C A;, and pi(A;) = m;
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2) Vector equilibrium problems

Vector equilibrium problem : For d > 1, find the minimizer of the
functional

Z Cij //Iog du, x)dpi(y —|—Z/V(X dpi(x

1<i,j<d

where Supp(u;) C A;, and pi(A;) = m;

o C =(cj] : dx d real symmetric definite positive matrix

o Ay, ..., Ay : closed subsets of C with positive capacity.

e my,...,myg > 0.

o Vi,...,Vywith V;: A; - RU {400}, lower semi-continuous,

and {x : Vi(x) < 400} has positive capacity.
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2) Vector equilibrium problems

Question : Existence and uniqueness of the minimizer ?
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2) Vector equilibrium problems

Question : Existence and uniqueness of the minimizer ?

e Aj compacts, A;NAj =0 when ¢; <0: OK
(Gonchar, Rakhmanov)
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2) Vector equilibrium problems

Question : Existence and uniqueness of the minimizer ?

e Aj compacts, A;NAj =0 when ¢; <0: OK
(Gonchar, Rakhmanov)

@ A; compacts, or unbounded with strong growth assumptions

Vi(x)

lim — "2 — 45 OK
x| =00 log(1 + [x]?)

(Beckermann, Kalyagin, Matos, Wielonsky)

NB : Extra conditions for the measures

[
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—du(x)du(y) < -+ox. /Iog (1+ Ix|)dp(x) < +o.



2) Vector equilibrium problems

@ A; compact, or unbounded with weak admissiblity condition

d
liminf | Vi(x) — iim: ) log(1 2] > - - OK
iminf | Vi(x) (;c,mj) og(L+[x2) | > —o0

(H. , Kuijlaars)

NB : No extra conditions for the measures,
but extension of the definition for the functional.
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2) Vector equilibrium problems

Key idea :

@ T :C — S?, inverse stereographic projection.
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2) Vector equilibrium problems

Key idea :
@ T :C — S?, inverse stereographic projection.
@ (metric relation)

_ Ix =yl
IT(x) = TW)l = NiESFENVAERT
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2) Vector equilibrium problems

Key idea :
@ T :C — S?, inverse stereographic projection.

@ (metric relation)

_ Ix =yl
IT(x) = TW)l = NiESFENVAERT

@ T.u : push-forward of a measure pon C by T

[ 760dTu) = [ 7o Tt
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2) Vector equilibrium problems

Key idea :
@ T :C — S?, inverse stereographic projection.

@ (metric relation)

_ Ix =yl
IT(x) = TW)l = NiESFENVAERT

@ T.u : push-forward of a measure pon C by T

[ 760dTu) = [ 7o Tt

o T.: My(C) = {p e Mi(S8%): pu({oc}) =0} is a homeomorphism
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2) Vector equilibrium problems

Key idea :
@ T :C — S?, inverse stereographic projection.

@ (metric relation)

_ x vl
T T A AR

@ T.u : push-forward of a measure pon C by T

[ 760dTu) = [ 7o Tt

o T.: My(C) = {p e Mi(S8%): pu({oc}) =0} is a homeomorphism
Fact :

I(Tep, Tov) = I(p,v) + %V(C) / log(1 + |x|?)dpu(x)
+50(€) [ 1og(1+ xP)du(x)
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2) Vector equilibrium problems

Consequence : |If the u;'s satisfy
() < +00. [ log(1+ xP)du(x) < +oc

then

ji: ciil (s 1) 4—j£:~/" x)dpi(x

1<i,j<d

d
DU T*uj)+ZLQVf(X)dT*uf(X)
i=1

1<i,j<d
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2) Vector equilibrium problems

Consequence : |If the u;'s satisfy

(i) < +oo, / log(1 + |x?)du(x) < +00

then
> il (i 1) +Z/ x)dpi(x
1<i, j<d
d
= Z ciil (Tupui, T*uj)—FZ/ Vi(x)dT.pi(x)
1<i, j<d i—1 /S?
where

d
Vi(T(x)) = Vi(x) - (Z c,-jmj> log(1 + |x|?), x € A,

j=1
Vi(oo) = liminf  V(T(x)) > —o0 (by assumption !)

|x| =00, xEA;
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2) Vector equilibrium problems

Definition (Extension of the energy functional)
For (,ul, R ,,ud) € Mml(Al) X -0 X Mmd(Ad).

J(:u’lv"'a,ud) =

d
i=1

1<i,j<d

if I(Tepi) <+oofori=1,...,d, and J(u1,...,pqd) = +00 otherwise.
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2) Vector equilibrium problems

Definition (Extension of the energy functional)
For (,ul, R ,,ud) € Mml(Al) X -0 X Mmd(Ad).

J(:u’lv"‘a,ud) =

d
i=1

1<i,j<d

if I(Tepi) <+oofori=1,...,d, and J(u1,...,pqd) = +00 otherwise.

Theorem (H. , Kuijlaars)
@ fFor all o € R, the level set

{(M17~~~7/~Ld)1 J(p1, - . -, pa) Sa}

is compact.

@ J is strictly convex where it is finite.
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2) Vector equilibrium problems

Simple example :

@ Minimize

J[ e = rautidutn + [ogt+Rau). e Mi®)
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2) Vector equilibrium problems

Simple example :

@ Minimize

J[ e = rautidutn + [ogt+Rau). e Mi®)

@ Then VYV = 0, which leads to minimize

[0 ). e My(S"),
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2) Vector equilibrium problems

Simple example :

@ Minimize

/ / g (—du()dnly) + [ log(L+x)dulx), € Ma(R)

@ Then VYV = 0, which leads to minimize

[0 ). e My(S"),

@ Thus,
dx

p* = T *(Uniform(S?)) = A+ )
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Large deviations
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3) Large deviations

Definition : The sequence of (random) measures (uV)

N 1 u
K= NZ(SXM
i=1

satisfies a large deviation principle at speed N2 and rate function ¢
if for any Borel set B of probability measures

N,

P(u"’ c B) ~ exp ( e Jggcb)

as N — oo.
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3) Large deviations

Precise statement :
@ ® is non-negative and lower semi-continuous.

@ For any Borel set B of probability measures

1
lim sup e IoglP(uN € B) <— inf &
N—oo peclo(B)

and

1
liminf — lo IP’( ’VeB)z— inf .
New N2 OBTH peint(B)
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3) Large deviations

Unitary invariant matrix models :
Consider the probability distribution on Hy(C)

L nTev(my
— dm
Zn©

with V : R — R continuous and satisfying
. - 2 _
XI|_>rr;O (V(x) — log(1 + x*)) = +oo.
Consider

)" =" [ [1og -=rdutanty) + [ Viant
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3) Large deviations

Unitary invariant matrix models :
Consider the probability distribution on Hy(C)

L nTev(my
— dm
Zn©

with V : R — R continuous and satisfying
. - 2 _
XI|_>rr;O (V(x) — log(1 + x*)) = +oo.
Consider

)" =" [ [1og -=rdutanty) + [ Viant

Theorem (Ben Arous, Guionnet, ... )
")

The spectral measures (u')n satisfy a large deviation principle on
M;(R) at speed N? and good rate function

®(p) = v(p) — Iv(pn®)
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3) Large deviations

o With

V(T(x)) = V(x) —log(1 +x?), x€R,
V(eo) =liminf (V(x) — log(1 + %)),

1
/v(u)=//10g|x ATl )+ [ VTt

= [[ g+ PN 490 )

= / / _log RAORAL) du(x)dpu(y)
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3) Large deviations

Under the weaker growth assumption

lim (V(x) — log(1 + x?)) > —o0,

|x]—o00
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3) Large deviations

Under the weaker growth assumption

lim (V(x) — log(1 + x?)) > —o0,

|x]—o00

")

The spectral measures (u" )y satisfy a large deviation principle on
M;i(R) at speed N? and good rate function

S(p) = Iv(p) = Iv(p”)

uN converges a.s to u* in the weak topology of Mi(R)

Les Houches, 2012. Adrien Hardy Vector Equilibrium Problems in Random Matrix Theory



3) Large deviations

Non-centered Wishart matrix :
Consider the probability distribution on My n(C) (o > 0)
1 x
= e NM=A) (M=A) g
Zn

where, for a > 0,
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3) Large deviations

Consider

J(pa, p2) " // log —— dMl )dua(y // log —— dul(X)dﬂz( )

+ [[roe i ‘duz(X)dﬂz() / (X—2Ja7)du1(><)
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3) Large deviations

Consider

Saoi)" =" [ [ o8 =i ()dis(1) ~ [ [ 108 s (x)daly)

+ [[roe i ‘duz(X)dﬂz() / (X—2Ja7)du1(><)

Then,

Theorem (H. , Kuijlaars, in preparation)

The sequence (uN)y satisfies a large deviation principle on M;(R,) at
speed N? and good rate function

d)(,ul) = inf J(,Ufla ‘LL2) — J(/Jéf)pé)
pa€Mu (R ), dpup < 32|x|=1/2dx

uN converges a.s to ui} in the weak topology of M1(R,)
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Thank you for your attention !
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