Riemannian geometry without indices.
Joint work with Pierre Goussard.



Main objects

M smooth manifold of dimension n,

\Y% (pseudo)Euclidean space of dimension n .
v also a trivial bundle on M with the fibre V.
n metric on V.

Vielbein 0 € QY(M,V). §: TM — V isomorphism.
Metric on M: g =10,

Connection on V. w € QY(M, o(V)).



Clifford algebra CI(V)

C(V)={< V> |w +Vv=n(v,V)}.
ANV)={< V >|w'+ v'v =0}. External algebra.
A(V) acts on CI(V) by

1
vVAa— E(va + (—1)de82ay)

inducing an isomorphism A(V) — CI(V) as A(V) modules.
Therefore CI(V) = @;CI'(V).

str: C/(V) — C a map defined by str(ab) = (—1)4e& 298 bstr(ba)
and str Vol = 1.



QP9 - algebra of Clifford forms.

QP9 = QI(M, CI9(M)).

Vielbein
Connection form
Covariant derivative

Curvature
Torsion
Gauge transformation

6 € QM

we Q2

V : QPd s Qpsatl

Vx = dx + wx — (—1)9xw for any x € QP9
ReO®2 R=dw+uw?

te Q2 t=V0=dl+wb+ 0w,

00— G106, w— G lwG + G 1dG,
where G € exp(Q29).



Hodge *

x: Cl"— " )
ie.c.
wf (€1, ..., &n) = [ €'l &iGj f(C1y--Cn)dCn---d(r.
%1 1 QP — QPin—a
xy 1 QP9 5 QNP4



s[(2) x s1(2)

E QP9 — QPTLATL 2Fx = Ox + (—1)PT9x0
E': QP9 — QPFLI—L El = 1 Ey

F': QP9 — QpPtla-l pr — **15*2
F:QpPd — QPLa—L F =i agt Eup g
H:QPI — QP9 H:n—p q,
H:QP1 — QP9 H=p—q.

Claim:
The operators E, F, H, E', F', H" generate the action of
s(2) x s[(2) on Q.



S
R
&




Ex 1. Uniqueness of the torsion zero connection.

Proof: t = df + wl + 0w = db + 2E6.

E : Q% — Q' is an isomorphism since Hgz = —1, Hoar = 1.
Therefore for a given 6 there exists a unique w such that the
torsion vanishes.



Ex 2. Bianchi identity

The curvature R is symmetric considered as an element of
CA(V) ® CIA(V)

Proof:

t=0 =

Vt=dt+wt—tw=RO—-—0R=-2E'R=0.

Since H'R = (2 — 2)R = 0 we have also

FFR=0

therefore exp(5(E' — F'))R = R.



Ex. 3. Weil tensor

The Weyl tensor is a projection of the curvature R alng the image
of E. It is conformaly invariant.

Proof:

Lemma: If (6,w) is torsion zero then

(0,5) = (%0, = w + 0 — €0), where ¢ € Q% and

€= %F’dqb € Q% is torsion zero.

The corresponding curvature is
R=R—-0p—p0=R—-2Ep
where p = de + we — cw + efe € QL.

Example of the computation:
R =d® + &% = R+ d(6c — €6) + w(fe — £6) + (0 — e6)w + (0 — 6)? =

= — (wh + Ow)e + e(wb + Ow) — Ode — deb + w(Oe — 0) + (0 — £0)w+
+(0e — 59}2 =R — 0(de + we — ew + €b¢e) — (de + we — ew + €6¢)6.



Ex 4. Einstein equation.

Hilbert action: S(6,w) = str [,,0"2(dw + w?) = str [,, E"?R.

0S

5 =(=1)" /2 — 2)E"3(dw + w?)
gﬁ =(=1)"=M2EN=3(dp + 0w + wh).
w

Er3t=0 = t=0

Einstein equation: E"3R =0 = Ricci tensor r = FR = 0.

In dimension 4 HR = 0, therefore R is invariant under the whole
s((2) x sl(2).



Generalisation: Kahler case.

Two vielbeins # and 6
Four copies of the algebra s((2).

Claim: ~
These sl(2)-s generate the affine group sl(4)



