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Two-boundary Temperley-Lieb algebras
Mitra, Nienhuis, De Gier, Batchelor (2004), De Gier, Nichols (2009):
Fix z, 0,0 € C. The two-boundary Temperley-Lieb algebra T Ly,
is a diagram algebra generated over C by diagrams
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fori =1,...,k — 1, with relations e;e; = eje; for [i — j| > 1,
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(Side loops are resolved with a 1 or a d; depending on whether there are
an even or odd number of connections below their lowest point.)




Diagram multiplication:

In short, T'Lj, has basis given by non-crossing diagrams with

(1) k connections to the top and to the bottom,

(2) an even number of connections to the right and to the left, and
(3) no edges with both ends on the left or both ends on the right.

However,

So unlike the classical T-L algebras, T'Ly, is not finite dimensional!
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Representation theory of T'L;: action on diagrams
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Representation theory of T'L;: half diagrams

2=
w2 |

K’
K’ K’
esead = = ;é! = Zi// |

You can tell when to use

or not by the parity of connections to the left/right walls.




Standard module:
(act by e;, don't make loops)

Red arrows indicate coef of z.
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For what z does
this module split?



Actions on tensor space

Two-boundary Temperley-Lieb diagrams have a natural action on
special tensor products of Ugsla>-modules. . .

Let V = L(O) = C? M = L(a), N = L(b) be highest-weight
Uysla-modules. Then T'Lj, acts on
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via factor permutation and projection operators (the parameters
depend on ¢, a, and b). Further, this action centralizes the action
of Uysly



Schur-Weyl Duality
GLn(C) actson C* @ C" @ --- @ C™ = (C™)®* diagonally.
g (1 @U2®- @ Ug) = gu1 ® gua @+ @ vy,
S}, also acts on ((C")®k by place permutation.

V2 ® U4 KV QU5 ® U3

D<K

V1 @ V2 ® v3 @ v4 & vs

These actions commute!
gu2 @ gus ¥ gu1 & gus K gus gu2 @ gus ¥ gu1 & gus K gus
VS.

gu1 & gua @ gus © gug & gus v ® V2 ® vz @ vy Q U5



Schur-Weyl Duality

Endgr, (((C”)®k): 7(CSy) and Endg, ((cn)®k) p(CGL,).

N—— N———
(all linear maps that (img of Sy, (img of GLj,,
commute with GLj,) action) action)

Powerful consequence: a duality between representations
The double-centralizer relationship produces

(c" ®k ~ @GA ® S* asa GL,-S) bimodule,
Ak

G* are distinct irreducible  GL,,-modules

where . . .
SA  are distinct irreducible  S;-modules



More centralizer algebras

Brauer (1937) Temperley-Lieb (1971)
Orthogonal and symplectic groups GL2 and SLy (and gl, and sly) act-
(and Lie algebras) acting on ing on (C?)®* diagonally centralize
(C™)®* diagonally centralize the Temperley-Lieb algebra:
the Brauer algebra:
n 2
5b,c Z’Ui R V; K Vg Q Ve K Vg (56-,01 Z/Ua QR Vi @ Vi ®Vp & Ve
X =
e e e e
Vo @ Vb ® Ve ® Vd ® Ve Va @ Vb @ Ve @ Vd Q Ve

with D =n withC D=2

(Diagrams encode maps V& — V* that commute with the
action of some classical algebra.)



Quantum groups and braids

Fix ¢ € C, and let U = Uy,g be the Drinfeld-Jimbo quantum group
associated to Lie algebra g.
U @ U has an invertible element R = )", Ry ® R that yields a map

WeV
Ryw: VoW —w WV C
Vew

that (1) satisfies braid relations, and
(2) commutes with the U-action on V@ W
for any U-modules V' and W.

The braid group shares a commuting action
with I/ on V&F:

V@V@V@V@V
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Quantum groups and braids
Fix ¢ € C, and let U = Uy,g be the Drinfeld-Jimbo quantum group
associated to Lie algebra g.
U @ U has an invertible element R = )", Ry ® R that yields a map
wWeV

Ryw: VoW —w WV C

Vew

that (1) satisfies braid relations, and
(2) commutes with the U-action on V@ W
for any U-modules V' and W.

The one-pole/affine braid group shares a commuting action
with U on M @ V®F:

Aﬁ®V ® V @V & V ®V Around the pole:

MeV

— 2 /\ B\;V ~ R R

MV @ VoV eV eV



Quantum groups and braids

Fix ¢ € C, and let U = Uy,g be the Drinfeld-Jimbo quantum group
associated to Lie algebra g.
U @ U has an invertible element R = )", Ry ® R that yields a map

WeV
Ryw: VoW —w WV C
Vew

that (1) satisfies braid relations, and
(2) commutes with the U-action on V@ W
for any U-modules V' and W.

The two-pole braid group shares a commuting action
with U on M @ V& @ N:

MV @ V@ V& V @ VN

UG e
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2\ ) -l/U ]\Lj\@v RuvR



Lie grp/alg

Quantum groups

Type A

(gen. & sp. linear)

Sym. group
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The two-boundary (two-pole) braid group By is generated by
1 i+1
\“ I L .
Tk:(u, TO:U\A and T%:.{.H forl <i<k-—1,
subject to relations

T() T1 T2 Tk —2 Tk: —1 Tk
O—0—0------- 0—0—0

S 4
TiTinT; = % = & = Ti11TiTiya,
J ﬂ/’

TWIvThIp = ﬂ, = @A = ToTVToTh,
™ 1Ps

u
and, simiIarIy, Tk—lTka—lTk = Tka_lTka_l.



(1) The two-boundary (two-pole) braid group By is generated by

i i+l
n ’ J .
Tk:m, TO:E\. and Ti:hl for1<i<k-1,
TO T1 T2 Tk72 kal Tk,

subject to relations O—0—O----- -O—0O—

(2) Fix constants tg, ty,t € C.
The affine type C Hecke algebra Hy, is the quotient of CBj by the
relations

(To — t§/)(To + 15/ =0, (T —t}/>) (T +t,*) =0
and (T, —tY*)(Ti +t7Y?) =0 fori=1,....k—1.



(1) The two-boundary (two-pole) braid group By is generated by

i i+l
3 _ N <
Tk_(“’ TO—U\. and Tl—hl forl1<i<k-—1,
. . Theo Tre
subject to relations g:g_g _____ kCQ kol_T’“ :
(2) Fix constants tg,ty,t =t1 =to = - =t_1 € C.

The affine type C Hecke algebra Hy, is the quotient of CBj by the
relations (T; — t;/Q)(Ti + t_1/2) =0.

(3) Set i
g -a]l- & (eo =14/~ T
>$ _ Iﬂ B ﬁ (e = 12 = T3)

==K (e =812 - T)

so that €3 = zje; (for good 2;).
The two-boundary Temperley-Lieb algebra is the quotient of Hy, by the
relations e;e;41e; = e; fori=1,...,k — 1.



(1) The two-boundary (two-pole) braid group By is generated by
i i+l
A 4 J .
Tkzh, TO:E\ and Ti:x for1 <i<k-—1.

i i+l

(2) Fix constants tg, tg,t =t; =to =--- =t_1 € C.
The affine type C Hecke algebra Hj is the quotient of CB by the
relations (T; — 1/2)(T +t; 1/2) 0.

(3) Set
nooncl-8 A= e X X

so that e? = z;je;. The two-boundary Temperley-Lieb algebra is the

quotient of Hy by the relations e;e;11e; =¢; fori=1,... kK —1.
Universal Type B, C, D Type A Small Type A
Two-pole braids Two-pole BMW Affine Hecke Two-boundary TL

N fl e o f C ~ A
XN TEsxl] | e A




MV QV V ®V & VN
2
1 T~ b
MRIJV @V 3V QV ® VN

Move both poles 1
to the left

MOINQV @ Vo VeV eV
ﬂ/ﬂ,f/&/‘/
0 /\
tj

U & i
MRNRV @V QV QV ®V

Jucys-Murphy elements:
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» Z(Hy) is (type-C) symmetric
Laurent polynomials in Z;'s

» Pairwise commute

» Central characters indexed by
cc Ck (modulo signed permutations)



Representation theory of H;

The representations of H;, are indexed by pairs (c, J), where

c is a point in the fundamental chamber of
the (finite) type C hyperplane system, and
J is a set of choices of positive/negative sides of

other distinguished hyperplanes intersecting c

ha1+a2 ha2f21:T1 c1=r2 [)041
& : (e1,e2) 5
: °

haz+2a1

Example: k=2

Co=—rg o P S SR
co=c1+1 :

co=-—c1+1

cog=cy1—1 cg=—1—1

Cl=-—T2¢C1=-T1

The r;s depend on H,'s parameters tg and ¢ r1 = log,(to/tx), 2 = log, (totx)



Representation theory of H;

D ) .
co =171 '.. .............................................
.~“'-.

h(12+2(}1

= cg = —c1 +1

The 7;s depend on Hj's parameters tg and ti: r1 = log,(to/tr), r2 = log,(totk)



A little more detail

e J is determined by a set of positive roots (corresp. to hyperplanes).

e For “nice” characters, there is a bijection between alcoves and marked
type-C generalized Young tableaux.

e ‘“Intertwining operators” 7; move between alcoves;
dotted lines correspond to 7; = 0.
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ao+20
y

g = —er 41
Thm. (D.-Ram)
(1) Representations of H;, are indexed by pairs (c, J).

(2) The representations of H, that factor through the
Temperley-Lieb quotient are as above.
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Diagrams:
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Diagrams:



