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Appendix C

Theta and other elliptic functions

In this appendix we will give definitions and various useful formulae pertaining to
elliptic functions.
C.1 9 and related functions

Definition

dfgl(olr) = 30 A eile-)(n-1) (G.1)

nez

where @, b are real and ¢q = 2™,
Periodicity properties

IETNIT) = 9G1ln) I Hllr) = eI (vl (C2)

OZEN(wlr) = 9F1(=olr) . IEH~vlr) = ™[] (wlr) (a,b€ 7). (C3)

In the usual Jacobi/Erderlyi notation we have 9; = 9[], 9 = 9[}], 95 = 9[3],
94 = I[f).

Behavior under modular transformations

S0l + 1) = e g2 (olr), (C4)

o1 (2= 1) = Vo eFonr o). (©3)
Product formulae

B1(0lr) = 2k snfro] me S - ey, (Co)

92(v|7) = 2% cos|mv] ﬂ 1= g™ + g*®™¥)(1 + ¢ e ™) | .

522 APPENDIX C. THETA AND OTHER ELLIPTIC FUNCTIONS

o0

%wAe_ﬁv — EAH _ quﬁ. + Q:lu\nmmi:vﬁ + Q:I»\wnlmicy
n=1

%AA\C_A.V — :AH _ Q:VAH _ Q:IH\mmwievc _ Q:Iw\mmlmiev .
n=1

We define the Dedekind #-function:
=a* JJ0-
It is related to the v derivative of 9;:

i}
o) =9} = 27 97(r)

and satisfies
1 -
n AJV = V=it (7).
v-periodicity formula

b—ea

\&w_ Ae + |q. + 2 q.v — wl..lunmmlilmrnnelevlwam_mm \%Tlm— Ad_q.v .

Useful identities

B5(0]7)3(0]7)4(0]7) = 2 °,
93 (vlr) — Fi(vlr) = Fi(ulr) — Fi(olr).

Duplication formulae

B3(r) —9%(r) , a(2r) = 83(7) + 93(r),

2
3

Sl

8u(2r) = /IO, nfor) = 4/ 2LAD).

Jacobi identity

MM~UA| a+b+ab HI.—”%J F — E‘%Ac
a,b=0

|=

where
r 1 , 1
V)= (=01 + U+ va+vy) , v=(v — g+ va+us).

(C.8)

(C.9)

(C.10)

(€.11)

(C.12)

(C.13)

(C.14)

(C.15)

(C.16)

(C.17)

(C.18)

(C.19)

N
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!

1 1
Vg = MT.: +vy —v3+ CAV y ‘QM = MA\S + Vo + U3 — e»v . AOMOV
Using (C.18) and (C.13) we can show that

1
H n— {1 a 1
32,01 z:mg&_ (o) = = Ei_s (C21)
a,b=0

The Jacobi identity (C.21) is valid only when Y, h; = Y_, g; = 0. There is also a similar
(ITA) identity

1 4 4 4
33 (1 TokIw) =~ T 916+ [T (C.22)
a,b=0 i=1 i=1 i=1

and
1< .
MM meﬁ_ E% 20 fmgﬁ (C.23)
a,b=0

C.4 Poisson Resummation

A very useful tool to handle modular series on the torus is Poisson resummation.
Consider a function f(z) and its Fourier transform f defined as

. 1 +o00

fk) = o

G (z)e*dz. (C.53)

Then, the Poisson resummation formula states that:

> fem) =3 fn). (C.54)

nez nez

Choosing as f an appropriate Gaussian function we obtain:

M m1.§:~+s&= — M e~ =+ﬁ , AOmmv

nez amN
M n e=Tan 24mbn —_— MU AS |Ts IIA§+— v s AOWOV
nez :mN
b\ 2
M n? mls,p:n+.=.w= — MU — E mlmA:+men . AOmJ
MQS a?
nez :mN
The multidimensional generalization is (repeated indices are summed over):
MU wlﬂﬁ*au.bmu+aw&3m — Aamn .AVIW M mld?:ﬂ.:m»\wx\»lpVE?.:.IE\E X AOmmv

mi€Z mi€Z




