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Master 2 Physique des Hautes Fnergies - Advanced QFT 1

TD 1: Instantons and solitons

e Consider the integral A(g, I} = | fom ¢ 3¢ 91 yhere Tis a positive function of ¢ such
that the integral converges. Let A,(7) be the k-th Taylor coefficient of A{g, I} around
g = 0. Using the uniform bound 0 < 5700 (~2)*/(k + N + 1)1 < 1/(N + 1)}, show that

for any I{¢),
N

Alg. D) = D7 A < Awss (D g™ 1
=0
.
For I{¢) = ¢™/n, show that A, (D) grows like o (kD)2 7" as k — oo, for some a. Find the
optimum truncation N for given value of g, and the corresponding error in the perturbative
computation of A(g, ).

e Consider a one-dimensional model with Lagrangian

1.,
Lip = 5(152 - V(Cf)) ) V((ﬁ) =

o, .
Ea(l — cos ) (2)
Find the instanton interpolating between two subsequent classical vacua, and its action
Sy, Show that the lowest energy spectrum in the classical limit 2 — 0 consists of a

continuum of states labelled by 0 < 0 < 27, with energy
B0) = Ey+ 2nh K cosf e *o/n ()

where K is a certain determinantal factor, and Fy = th\/(—t + OQ{h?). What is the in-

terpretation of this instanton solution in the context of a two-dimensional model with
e g . 1( 402

Lagrangian Lop = Lip — 5(¢')°.

e In the context of the 1+4-1-dimensional Abelian Higgs model

-3 ] 2 272

P2, = I - o) (1)

. 1
L:QD = ‘]),!1-(/)l2 - Z iz

compute the instanton corrections to the expectation value of a rectangular Wilson line
of size L' x T in a much larger volume L x T, in the dilute gas approximation. Show that

this implies a linear potential between external charged particles, hence confinement.



Master 2 Physique des Hautes Fnergies - Advanced QFT 1

TD 2: Instantons and anomalies

o For W{t) a bounded function, we wish to compute the determinant of the operator
det{~08? + W) in the space of functions vanishing at both ¢ = —T/2 and at ¢ == T/2. For

this purpose, let ¢ 2 (£) be the solution of
(=0 + W = Ay Gwn(=T/2) =0, dwa(=T/2) =1 (1)

Show that for two functions Wi (1), Wy(t),

det(=a7 + Wi~ A} ¢, A(T/2)
det(—92 + Wy — Ny duna(T/2)

(2)

This implies that the factor N defined by 7AN? = det(—87+W)/¢w o(T/2) is independent,
of W. We choose this factor N as the normalization factor in the functional integral
(rle TG = N

oscillator,

’ N Sl a1 et Foar flha Fayper .
B~ Bt T D b 7T 2= Doe . Show that for the harmonic

2 avii/2 L [T W72
N[det(=8;] + w®)]/* = b;;; sinh (w7 )] (3)

e~ MY (Coleman, “The uses

in agreement with the expected late time behavior of (0
of instantons’, Appendix 1).

o Compute the angular momentum L= 4%“ | dPr A EAB carried by the electromagnetic
field sourced by a magnetic monopole of charge p at # = 7] and an electric source of charge
g at 7 == 7, Show that L is independent of the distance between the fwo sources, and
aligned with 7 — 7. Show that the quantization of L reproduces the Dirac quantization
condition 2pg/ch € Z. (Jackson, sec 6.13).

e Compute the chiral anomaly 4 la Fujikawa using an arbitrary regulator
n ot _ ; G NIV A T RS
Oufp = —2 Jim [Trog [P*/M*) " (v =y}, (4)

where f(2) is an arbitrary function of x such that f{0) == 1, f(o0) = 0 and = f'(z} = 0 at
x = 0 and @ = oo. Check that the anomaly is independent of f{z). (Weinberg, sec 22.2),

e Consider the Buclidean action for the electromagnetic field in the absence of sources

, 1l o 0 i
S(ff,ﬂm;]-g-/ﬁ/\*lf—@ FAF, T=5 -—gi—’ (5)

By adding a Lagrange multiplier [ ApAdF for the Bianchi identity 4/ = 0 and integrating
out I, show that the dynamics of Fyy = dAp is governed by the action S(Fp,7p) where
T = —1/7. Identily the group generated by the discrete symmetries 7 +» ~1/7 and

Ea e



