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Introduction |

The moduli space of D = 4, V' = 2 (ungauged) SUGRA splits into a
product My x My. The vector multiplet part My is very well
understood, but the hypermultiplet part M is still largely mysterious:

@ In Type Il/CY compactifications, My can be computed exactly in
the (2,2) SCFT. On the contrary, My is subject to gs corrections,
especially instantons.

@ In Het/K3 x T2, My can in principle be computed in the (0,4)
SCFT, but this is hard in practice.

@ Technical difficulty: My is a special Kahler manifold, conveniently
described by a holomorphic prepotential. My is a
quaternionic-Kahler manifold, not even Kahler.

Boris Pioline (LPTHE) Instanton corrected HM and BH counting Harvard 2009 2/34



Introduction Il

Computing the exact QK metric My would have lots of applications:
@ New CY topological invariants, higher rank Donaldson-Thomas
invariants, NS5-D-brane bound states, ...

@ A very useful packaging of black hole degeneracies, keeping track
of the dependence on the moduli at infinity.

@ New tests of Heterotic-type Il duality, new K3 invariants, ...

@ Possibly important for model building: the scalar potential in
gauged supergravity generally depends on the hypermultiplet
metric.

Beyond the QK metric, an infinite series of higher-derivative F-term
interactions on My awaits to be computed...

Boris Pioline (LPTHE) Instanton corrected HM and BH counting Harvard 2009 3/34



0 Introduction
9 The hypermultiplet landscape
© Twistor techniques for QK spaces

0 Instanton corrections to hypermultiplets

Boris Pioline (LPTHE) Instanton corrected HM and BH counting Harvard 2009 4/34



9 The hypermultiplet landscape
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The hypermultiplet landscape |

Consider type 1A/ R'3 x X:
My = SKk(X)op11 x Qox(X)a(nt241)

@ SKk(X) parametrizes the complexified Kahler structure
J € H?(X,C). In the large volume limit, it is determined by the
intersection product C,pc and x(X). At finite volume it receives
worldsheet instanton corrections: genus zero Gromov Witten
invariants.

@ OKqx(X) describes parametrizes the complex structure of X, the
Wilson lines of the RR forms on Hyqa(X), and the axio-dilaton. It is
well understood at zero string coupling, but gets one-loop
correction and instanton corrections from D-branes/Hyqq(X) and
NS5/X (see later)
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The hypermultiplet landscape |l

Consider now type 1A/ R"2 x S' x X:
Mg = QK (X)ap141) X Qox(X)am 241

@ OKcx(X) is identical to the HM moduli space in 4 dimensions.

@ OKk(X) parametrizes, in addition to the complexified Kahler
structure J, the Wilson lines of the RR forms on Heyen(X), the
radius R of the circle and the NUT scalar, dual to the KK gauge
field. At R = oo, it is obtained by from SK(X) by the c-map,

Topiirg — OKk(X) — RY x SKk(X)

where 72h1,1+3 is a twisted torus, a circle bundle over Typ1.1 5.
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The hypermultiplet landscape I

Similarly, consider type 1IB/ R"3 x Y:
My = SICCX(Y)Zh1,2 X /Q\//CK(Y)4(,71,1+1)

@ SKcx(Y) parametrizes the complex structure of Y, via the periods
XN = [AQ,Fr= [ Q=08F/9X" of the holomorphic 3-form . It
has no quantum correction whatsoever.

@ QK(Y) parametrizes the complexified Kahler structure, the
Wilson lines of the RR forms on H.yen(Y), and the axio-dilaton. It
is well understood at zero string coupling, but gets one-loop
correction and instanton corrections from D-branes/He.en(Y) and
NS5/Y (see later).
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The hypermultiplet landscape IV

Finally, consider now type 1B/ R12 x S' x Y:
Mz = Qax(V)amay1y x QKk(Y)agm 1 41)

@ OKk(Y) is identical to the HM moduli space in 4 dimensions.

° @\ECX(Y) parametrizes, in addition to the complex structure, the
Wilson lines of the RR forms on H,yqq(X), the radius R of the circle
and the NUT scalar, dual to the KK gauge field. At R = oo, it is
obtained by from SKcx(Y) by the c-map,

Tomzig — QKex(Y) — RY x SKex(Y)

where T2 4 is a twisted torus, a circle bundle over T2, .
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The hypermultiplet landscape V

Using dualities, we can reduce these 4 QK manifolds to a single one:

@ Good old mirror symmetry (Y = X): exchanges Kahler and cx
structures:

SKk(X) = SKex(X)

@ T-duality on S' (Y = X) : exchanges VM and HM, radius and
coupling:

QKK (X) = Qkk(X),  QKex(X) = Qhex(X)
@ Generalized mirror symmetry:
QKk(X) = QK ex(X)

@ S-duality of type IIB, or lift IIA to M-theory on X x T?: SL(2,7Z)
should act isometrically any of these spaces.
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The hypermultiplet landscape VI

More slowly:

o T-duality implies that the 4D HM spaces QK qx(X), QKk(Y) at
gs = 0 are given by the c-map of SKex(X), SKk(Y).

Cecotti Ferrara Girardello; Ferrara Sabharwal

@ The 4D HM spaces are known to have a one-loop correction
proportional to y, inducing a further twist of 72/+3 over the SK
base. This predicts a one-loop correction to the 3D VM spaces
QK k(X), QK (Y), coming from loops of gravitons along S'.

Antoniadis Minasian Theisen Vanhove; Robles-Llana, Saueressig, Vandoren

@ Moreover, D-instanton on (resp. NS5-instanton) corrections to
QK ¢x(X) must equal contributions from black holes winding
around S' (resp. Taub-NUT instantons) to QK¢ (X). Thus
QK cx(X) looks like a very good way to package degeneracies of
BPS black holes, keeping track of moduli dependence !

Boris Pioline (LPTHE) Instanton corrected HM and BH counting Harvard 2009 11/34



The hypermultiplet landscape VII

To summarize: to a given CY 3-fold X one may associate two QK
spaces:

@ OKk(X), describing the complexified Kahler structure of X,
together with stable objects in the derived category of coherent
sheaves on X, and NS5.

@ OKqx(X), describing the complex structure of X, together with
stable objects in the derived Fukaya category of special
Lagrangian submanifolds (SLAG) on X, and NS5.

@ Generalized (homological) mirror symmetry identifies
QKK (X) = QK ex(X).

@ SL(2,7Z) (and, if X is K3 fibered, SL(3,7Z) by Het/type Il duality)
must act isometrically on QK x(X).
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© Twistor techniques for QK spaces
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Twistor techniques for QK spaces |

@ Recall that a 4d-dimensional manifold M is QK if its holonomy is
Sp(d) x Sp(1) € SO(4d). M is an Einstein space, in general non
Kahler. The relevant spaces for SUGRA have negative curvature.

@ QK manifolds M of dimension 4d are in (local) 1-1
correspondence with HK cones S of dimension 4d + 4: HK
manifolds with a homothetic vector and a SU(2) isometric action
rotating the 3 complex structures.

Swann; De Wit Rocek Vandoren

@ By Hitchin’s theorem, HK manifolds S of dimension 4d + 4 are in
1-1 correspondence with complex spaces Zs = S x CP! equipped
with a complex symplectic structure Q (and some more data).

@ The HKC condition restricts Zs to have a C* action under which Q
is homogeneous. The complex symplectic structure Q descends
to a complex contact structure on Z = M x CP' = S/C*.

Lebrun Salamon; APSV; lonas Neitzke
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Twistor techniques for QK spaces |l

@ QK manifolds of dimension 4d are in (local) 1-1 correspondence
with complex contact manifolds Z of dimension 4d +2. Z is a CP!
bundle over M, and carries a (Lorentzian) Kahler-Einstein metric:

where
D¢ =d¢ + py —ips ¢+ p- ¢

is the canonical (1,0)-form on Z, pis the Sp(1) = SU(2) part of
the Levi-Civitta connection on M, and v «x R(M) < 0 is a
numerical constant.

Lebrun, Salamon
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Twistor techniques for QK spaces lli

@ Locally in a patch U;, one can always find a function ®;(x*, ¢),
defined up to addition of a holomorphic function, such that

2 =2 (e®uDc) /¢,

is a holomorphic one-form (i.e. d closed) on Z, invariant under the
real structure )
(X = —xl
where 7 is the antipodal map actingas 7 : ¢ — —1/¢.
@ The “contact potential” ®|; yields a Kahler potential for ds%:

¢¢
q

K[’] |Og 1+ —|—Red>[,-](X“,C).

APSV
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Twistor techniques for QK spaces IV

@ Locally on U, there exist complex Darboux coordinates such that
xl = gl + 5[/] dg[’] '

@ The global information is provided by complex contact
transformations relating Darboux coordinates on U; N U;. These

are generated by holomorphic functions S[’f](g[], ¢l aU])

1 Sl elil [i
&y = Ogn S En = 0 S,

oll = U] _ f[i]ag[’,\] SUN e®in — f//2 e®u
where f2 = 9,3 S, in such a way that 11 = 2 U,

o Sl are subject to consistency conditions SU], gauge equivalence
under local contact transformations Stl, and reality constraints.
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Twistor techniques for QK spaces V

@ For generic choices of Slil, the moduli space of solutions of the
above gluing conditions, regular in each patch, is finite
dimensional, and equal to (a circle bundle over) M itself.

@ On each patch Uj, ulll = (&G én el [1) admit a Taylor expansion in
¢ around ¢;, whose coeff|C|ents are functions on M. The functions

[’](g‘,x“) parametrize the "twistor line" over x* € M.
@ The metric on M can be obtained by expanding X! and dul]

around ¢;, extracting the SU(2) connection p and a basis of (1,0)
forms on M in almost complex structure J((;), and using
dp+ipxp=154a.

@ Deformations of M correspond to deformations of S/l so are
parametrized by H'(Z, 0(2)).

Lebrun, Salamon
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Twistor techniques for QK spaces VI

@ Any (infinitesimal) isometry ¢ of M lifts to a holomorphic
isometry kz of Z. The moment map construction provides an
element of H°(Z,0(2)), given locally by holomorphic functions

K = Kz - Xl = e®u <M+ ¢ —ips+ M—C) :

The moment map of the Lie bracket [1, k2] is the contact-Poisson
bracket of the moment maps.

@ Toric QK manifolds are those which admit d + 1 commuting
isometries. In this case, one can choose y; as the position
coordinates. The transition functions must then take the form

S — ol 4 ¢t &0 — Hil,

where Hlil depends on &y only.
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Twistor techniques for QK spaces VII

@ More generally, one can consider "nearly toric QK", where H!/l is a
general function but its derivatives wrt to EK], all are taken to be
infinitesimal.

@ The twistor lines can then be obtained by Penrose-type integrals.
The formulae are simplest when 8, HI*/l = 0, and in the absence
of "anomalous dimensions", e.g.

(¢ x) = M+ — CYA—Z% 2:1&, §,+C ( o~ & am) HI

1 dc’ _ -
&%l = 2,27{/ ‘ (CH yh— C'YA) 3501H[+/](§(C')’E(C'))
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0 Instanton corrections to hypermultiplets
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The perturbative hypermultiplet moduli space |

@ Consider the HM moduli space M = @TCK in type |IB compactified
on Y. Recall that at tree level, M ~ ¢ — map(SKk). The latter is
governed by the prepotential F(X), given at large volume by

s
2. ni) Lig (ezmqaxo)

Qa>0

aybyc 0\2 0\2
FIXY) = —rape 220 XT, CB)XT) ((;; i))3

6X0 2(2mi)® Y
@ The twistor space of the c-map is governed by

0 i 0_ i =
Ht[re:] = EF(fA) ) Ht[ree] = EF(éA)

Rocek Vafa Vandoren

@ The effect of the one-loop correction is to induce an "anomalous
dimension" ¢, = g3y for the action coordinate a near ¢ = 0.
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The perturbative hypermultiplet moduli space |l

@ As a result, the twistor lines are given at one loop by

5/\ — g/\ + %7-2 (C—1Z/\ _ CZA)_’
pn = Cn+ 372 (CTTRA(Z) — C_F/\(Z)) .
& = o+372(CTTW(2) - ¢ W(Z)) — 52 log ¢,

Neitzke BP Vandoren; Alexandrov; APSV

2
o _ T2 a XYC(S) 2 Xy
— 2 V/(t3) — B
© =2 1) " gnp 7 Ho2n
75 Oprr : _
" 4(227r)3 Y Ng Re[Lis (X) + 27 qat?Liz (X)]
Gav3€Hy (Y)

W(z) = Fa(z)¢N — 2", X = €M% | 28 = b2 +if?,
prn=—2i0 & = 4ial? 4 2i0eM
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Enforcing S-duality and electric-magnetic duality |

@ In the absence of one-loop and worldsheet instanton corrections,
M admits an isometric action of SL(2,R). This can be shown by
producing global sections of H°(Z, O(2)) satisfying the SL(2, R)

algebra under (contact) Poisson bracket:

0 b a
ac” + ¢ I3

50'—> —_—
Cfo—i—d7 Cgo_’_dv
~ ~ ic bec
Ea’—>§a+mﬁlabc§€ ,
<5o> - ( d —C) (50) +Cb€€"6< o(ce® + d) )
@ —b a)\a) " 12(c® +d)2 \~[e(a® +b) +2]) -

Berkovits Siegel; Robles-Llana Rocek Saueressig Theis Vandoren; APSV
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Enforcing S-duality and electric-magnetic duality |l

@ This descends to the standard action of SL(2,R) on M,

ar+b
Hm, taHta’CT"—d’, Ca— Cg,

caHabca coHd—cco

b c d)\bi)’ ) -b a )
where the type 1B fields ¢, ¢2, c,, ¢y, ¢ are related to the type IIA
variables ¢, (x, o by the "generalized mirror map"

COZT'I? Ca:_(ca_7-1ba)a

- 1 - 1

Ca = Ca+ 5 Kabe bP(c® —mb°), (o= co— g fiabe b2b°(c® — 11b°),
1 1

0 ==2(+ 5710) + ca(c® — T b%) — & fabo b3cP(c® — 71 b°).

Gunther Herrmann Louis; Berkooz BP; APSV
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Enforcing S-duality and electric-magnetic duality IlI

2
@ The contact potential e® = 2 V(t?) is not invariant, but transforms
so that Kz undergoes a Kahler transformation,

o e® 0 g Al
—»———0, Kz— Kz—log(|c§” +d|), X Hm

ler +d|’
@ The one-loop term and worldsheet instanton corrections break
SL(2,R) continuous S-duality. A discrete subgroup SL(2,Z) can
be restored by summing over images:

/ k/2
: T
Li eZTquaZa 2 e—8m7n
k( )ng n:|m7_+n|k )

where Sy, = 2w qa|mT + n| t2 — 2mwiga(mc? + nb?) is the action of
a (m, n)-string wrapped on ga72.

Robles-Llana Rocek Saueressig Theis Vandoren
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Enforcing S-duality and electric-magnetic duality IV

@ The tree-level 2((3)xy/g? and ((2)xy are unified together with
D-instantons, while the worldsheet instantons are unified with
Euclidean D- string instantons.

@ After Poisson resummation on n — qg, we get a sum over
D(-1)-D1 bound states,

e® — .. .+%Z'ngg) Z |k/\nf/\| cos (27rm q/\(/\) Kj (27Tm |q/\ZA\7'2>
an

m=1

where 2° = 1,qy € Z, g7? € HS (Y), néo) = —xy/2.

Robles-Llana Saueressig Theis Vandoren
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Enforcing S-duality and electric-magnetic duality V

@ From the point of view of type IIA on the mirror CY X, D(—1) and
D1 correspond to D2 wrapped on A-cycles in H3(X,Z). B-cycles
can be restored by symplectic invariance:

zz'

1 -
W, = 572 (q,\z —p F/\> , Oy = an¢™ — "

+) Ki (2em | W, [)

where n,, are a priori new topological invariants of X. However this
result can only hold in the "one instanton" approximation.

@ The exponent |W,| +i©., agrees with the classical action of
D2-branes wrapped on a SLAG ~, or D5-branes with a coherent
sheaf F.
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The hypermultiplet twistor space |

@ The contact structure on the twistor space can be obtained by
inserting an elementary symplectomorphism generated by

. e . ; o i .
Sl}’](f[’)],ﬁ/[(], ally = oll 4 5{1\'] 5/[\’] + 5oz ™ Lio (X;) .

(2m)

Gaiotto Moore Neitzke

across the "BPS ray" ¢(v),

ty) ={¢: tW,/C iR},

X = o2rilanfy +2i0 )

@ The BPS rays and the invariants n, in general depend on the point
in SK(X).
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The hypermultiplet twistor space Il

@ BPS rays /(1) and ¢(v2) cross at lines of marginal stability. The
wall crossing formula

YN Y
n=(v) — H ()
H UW - Uv ’
y=nyr+mye y=ny1+my2
m>0,n>0 m>0,n>0

ensures that the consistency of the twistor space across the LMS.
Gaiotto Neitzke Moore; Kontsevich Soibelman; Joyce; ...

@ The metric is regular across the LMN. Physically, single instanton
contributions on one side of the wall get replaced by multi-
instanton configurations on the other side.
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Counting BH and NS5-branes |

@ Ifindeed np, 4 counts the number of BH microstates, the instanton
series will be severely divergent. It is conceivable that the finite
radius of the circle puts a cut-off on allowed charges, or that only
polar states contribute...

@ We know of one example where the instanton measure and BPS
degeneracy differ: R* couplings in D = 9 type Il string theories.
The D(-1) instanton measure n(N) is given by the U(N) matrix
integral, while the index degeneracy Q(N) of N DO-branes is given
by the Witten index of the U(N) Matrix at zero temperature:

Q(N)1(1+ > ;2> > %zn(NHb(N)

dIN,d<N d|N,d<N

The difference b(N) comes from a "bulk contrigustienia:the, adex.
due to flat directions in the potential.
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NS5-brane or NUT contributions |

@ In contrast to D-instantons, NS5-brane instantons should induce
genuine contact transformations, with Sl oc eike” F, (¢, &), It is not
clear a priori what function Fj to consider.

@ One might hope to determine the NS5 instantons by SL(2,Z)
duality from the D5-instantons. This is difficult due to the
complicated transformation rule of £y, o, and the fact that e®
becomes (-dependent.

@ Enforcing a larger duality group, e.g. SL(3,7) as apparent in the
dual heterotic string on K3 x T2, may allow to shortcut this route
and obtain NS5-brane contributions from perturbative corrections.

Halmagyi BP
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NS5-brane or NUT contributions Il

@ When the NS5-brane charge k is non-zero, electric and magnetic
translations no longer commute: [p", gs] = ké2. As a result, the
Fourier coefficients become wave functions:

Fi(€,8) = Z Z W (e 4+, k) etk mén

/Aere/(zlklre) n/\ere-‘r//\

@ To relate W on different patches, the contact transformations must
be quantized, consistently with wall crossing: the quantum
dilogarithm is a natural candidate for this task...

@ Does V bear any connection to the (generalized) topological
amplitude ?
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Conclusion |

@ Twistors give a powerful parametrization of QK manifolds.
Determining the exact twistor space is hard, for lack of a
consistent framework for non-perturbative string theory. Recent
developments in mathematics are suggestive...

@ The exact metric on QK k «x(X) seems to offer a very convenient
packaging of the degeneracies of 4D black holes, although the
issue of divergence remains to be understood.

@ In some cases with a high degree of symmetry, one may hope that
automorphy will fix the hypermultiplet metric exactly.

@ One may also consider higher derivative IN-'g—type corrections to the
hypers, suggestive of a generalized topological wave function.
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