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Introduction

@ A driving force in high energy theory has been the quest for a
microscopic explanation of the Bekenstein-Hawking entropy of
black holes.

SeH = 76y Sgr = log Q
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Introduction

@ A driving force in high energy theory has been the quest for a
microscopic explanation of the Bekenstein-Hawking entropy of
black holes.

A

SeH = Gy SgH z log

@ As demonstrated by /Strominger vata'95,...], String Theory provides a
quantitative description in the context of BPS black holes in vacua
with extended SUSY: at weak string coupling, black hole
micro-states arise as bound states of D-branes wrapped on cycles
of the internal manifold, and can (often) be counted accurately.
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Introduction

@ A driving force in high energy theory has been the quest for a
microscopic explanation of the Bekenstein-Hawking entropy of
black holes.

SeH = 46y > Sgn < log ©

@ As demonstrated by /Strominger vata'95,...], String Theory provides a
quantitative description in the context of BPS black holes in vacua
with extended SUSY: at weak string coupling, black hole
micro-states arise as bound states of D-branes wrapped on cycles
of the internal manifold, and can (often) be counted accurately.

@ Besides confirming the consistency of string theory as a theory of
quantum gravity, this has opened up many fruitful connections
with mathematics.
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BPS indices and Donaldson-Thomas invariants

@ In the context of type IlA strings compactified on a Calabi-Yau
three-fold X, BPS states are described mathematically by stable
objects in the derived category of coherent sheaves C = DPCohX.
The Chern character v = (chg, chy, chy, chg) is identified as the
electromagnetic charge, or D6-D4-D2-D0-brane charge.

B. Pioline (LPTHE, Paris) Modularity on CY threefolds BIMSA, 17/7/2024 4/45



BPS indices and Donaldson-Thomas invariants

@ In the context of type IlA strings compactified on a Calabi-Yau
three-fold X, BPS states are described mathematically by stable
objects in the derived category of coherent sheaves C = DPCohX.
The Chern character v = (chg, chy, chy, chg) is identified as the
electromagnetic charge, or D6-D4-D2-D0-brane charge.

@ The problem becomes a question in Donaldson-Thomas theory:
for fixed v € K(X), compute the generalized DT invariant ()
counting (semi)stable objects of class ~ for a Bridgeland stability
condition z € StabC, and determine its growth as |y| — occ.
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BPS indices and Donaldson-Thomas invariants

@ In the context of type IlA strings compactified on a Calabi-Yau
three-fold X, BPS states are described mathematically by stable
objects in the derived category of coherent sheaves C = DPCohX.
The Chern character v = (chg, chy, chy, chg) is identified as the
electromagnetic charge, or D6-D4-D2-D0-brane charge.

@ The problem becomes a question in Donaldson-Thomas theory:
for fixed v € K(X), compute the generalized DT invariant ()
counting (semi)stable objects of class ~ for a Bridgeland stability
condition z € StabC, and determine its growth as |y| — occ.

@ Physical arguments predict that suitable generating series of rank
0 DT invariants (counting D4-D2-D0 bound states) should have
specific (mock) modular properties. This gives very good control
on their asymptotic growth, and allows to test whether it agrees
with the BH prediction Q,(v) ~ eSe#(7),
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Introduction

@ Today, | will explain how to combine knowledge of standard
Gromov-Witten invariants (counting curves in X) and wall-crossing
arguments to rigorously compute many rank 0 DT invariants, and
check (mock) modularity to high precision.

See S. Alexandrov’s talk for discussion of mock modularity.
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@ Today, | will explain how to combine knowledge of standard
Gromov-Witten invariants (counting curves in X) and wall-crossing
arguments to rigorously compute many rank 0 DT invariants, and
check (mock) modularity to high precision.

@ Conversely, postulating (mock) modularity one can compute an
infinite number of rank 0 DT invariants, and obtain new constraints
on Gromov-Witten invariants, allowing to compute them to higher
genus than ever before.

See S. Alexandrov’s talk for discussion of mock modularity.
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@ Conversely, postulating (mock) modularity one can compute an
infinite number of rank 0 DT invariants, and obtain new constraints
on Gromov-Witten invariants, allowing to compute them to higher
genus than ever before.

@ In this talk, | will restrict to two cases where mock modularity does
not arise, namely

See S. Alexandrov’s talk for discussion of mock modularity.

B. Pioline (LPTHE, Paris) Modularity on CY threefolds BIMSA, 17/7/2024 5/45



Introduction

@ Today, | will explain how to combine knowledge of standard
Gromov-Witten invariants (counting curves in X) and wall-crossing
arguments to rigorously compute many rank 0 DT invariants, and
check (mock) modularity to high precision.

@ Conversely, postulating (mock) modularity one can compute an
infinite number of rank 0 DT invariants, and obtain new constraints
on Gromov-Witten invariants, allowing to compute them to higher
genus than ever before.

@ In this talk, | will restrict to two cases where mock modularity does
not arise, namely

@ . one-parameter hypergeometric models with [D4] = 1
Alexandrov Klemm Feyzbakhsh BP Schimannek [arXiv:2301.08066]

See S. Alexandrov’s talk for discussion of mock modularity.
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Introduction

@ Today, | will explain how to combine knowledge of standard
Gromov-Witten invariants (counting curves in X) and wall-crossing
arguments to rigorously compute many rank 0 DT invariants, and
check (mock) modularity to high precision.

@ Conversely, postulating (mock) modularity one can compute an
infinite number of rank 0 DT invariants, and obtain new constraints
on Gromov-Witten invariants, allowing to compute them to higher
genus than ever before.

@ In this talk, | will restrict to two cases where mock modularity does
not arise, namely

@ . one-parameter hypergeometric models with [D4] = 1
Alexandrov Klemm Feyzbakhsh BP Schimannek [arXiv:2301.08066]
@ 1. vertical D4-D2-D0 invariants in two-parameter K3-fibered models
Doran BP Schimannek [arXiv:2407.nnnnn]

See S. Alexandrov’s talk for discussion of mock modularity.
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Gromov-Witten invariants

@ Let X be a smooth, projective CY threefold. The Gromov-Witten
invariants n(ﬁg) count genus g curves X with [T] = 8 € HS(X, Z).
They depend only on the symplectic structure (or Kéhler moduli)
of X and take rational values.
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Gromov-Witten invariants

@ Let X be a smooth, projective CY threefold. The Gromov-Witten
invariants n(ﬁg) count genus g curves X with [T] = 8 € HS(X, Z).
They depend only on the symplectic structure (or Kéhler moduli)
of X and take rational values.

@ Physically, they determine certain protected couplingsof the form
Fg(t)R?W?29-2 in the low energy effective action, which depend
only on the complexified Kahler moduli t and receive worldsheet

instanton corrections: Fg(t) =>4 nfgg)eQ’r”ﬂ

Antoniadis Gava Narain Taylor'93
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Gromov-Witten invariants

@ Let X be a smooth, projective CY threefold. The Gromov-Witten
invariants n(ﬁg) count genus g curves X with [T] = 8 € HS(X, Z).
They depend only on the symplectic structure (or Kéhler moduli)
of X and take rational values.

@ Physically, they determine certain protected couplingsof the form
Fg(t)R?W?29-2 in the low energy effective action, which depend
only on the complexified Kahler moduli t and receive worldsheet
instanton corrections: Fg(t) =>4 nfgg)e%”ﬂ

Antoniadis Gava Narain Taylor'93

@ The first two Fy and F; can be computed using mirror symmetry.
Holomorphic anomaly equations along with boundary conditions
near the discriminant locus and MUM points allow to determine
Fg>2 up to a certain genus gi, (= 53 for the quintic threefold Xs).

Bershadsky Cecotti Ooguri Vafa’93; Huang Klemm Quackenbush’06
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Gopakumar-Vafa invariants

@ While GW invariants take rational values, the Gopakumar-Vafa
invariants GVég) defined by the 'multicover’ formula

Z)\Qg 2F,(t ZZZG g) , )E'g 2 2rikt8

g=0k=1 8

take integer values. For g =0, n(o) ka g GVé% Moreover,

G\/ﬂg) vanishes for large enough g > Gmax () [lonel Parker'13]
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Gopakumar-Vafa invariants

@ While GW invariants take rational values, the Gopakumar-Vafa
invariants Gvg‘” defined by the 'multicover’ formula

o0

Z)\Qg 2,_— ZZZ avy? : 29 2 g2kt

g=0 g=0k=1

take integer values. For g =0, n(o) ka kgGV[g% Moreover,
G\/ﬂg) vanishes for large enough g > Gmax () [lonel Parker'13]

@ Physically, GVB(O) counts BPS bound states of D2-branes with

charge 3, and arbitrary number of DO-branes, while GVégZU keep
track of their angular momentum (more on this below).
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Gopakumar-Vafa invariants

@ While GW invariants take rational values, the Gopakumar-Vafa
invariants GV % defined by the ‘multicover formula

o0

Z)\Qg 2,_— ZZZ avy? : 29 2 g2kt

9=0 g=0k=1 8

take integer values. For g =0, n(o) ka kgGV[g% Moreover,

G\/ﬂg) vanishes for large enough g > Gmax () [lonel Parker'13]

@ Physically, GVB(O) counts BPS bound states of D2-branes with

charge 3, and arbitrary number of DO-branes, while GVégZU keep
track of their angular momentum (more on this below).

@ The formula above arises from a one-loop Schwinger-type
computation of the effective action in a constant graviphoton
background W oc A\ [Gopakumar Vata'98]
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GV invariants and 5D black holes

@ Viewing type Il string theory as M-theory on a circle, D2-branes lift
to M2-branes wrapped on curve inside X, yielding BPS black
holes in R"“. These carry in general two angular momenta (j;, jg)-
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GV invariants and 5D black holes

@ Viewing type Il string theory as M-theory on a circle, D2-branes lift
to M2-branes wrapped on curve inside X, yielding BPS black
holes in R"“. These carry in general two angular momenta (j;, jg)-

@ Keeping track of m = j7 only, the number of states is

Gmax (B)
Z 29 +2
g=0

Amazingly, it appears that Q(3, m) ~ €2V~ for large 3
keeping m? /32 fixed, in agreement with the Bekenstein-Hawking
entropy of 5D black holes ! jklemm Marino Tavantar07].
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GV invariants and D6-brane bound states

@ Instead of considering M/X x S' x R*, one may take
M/X x TN x R, where TN is a unit charge Taub-NUT space. This
descends to a D6-brane on X x R31,
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GV invariants and D6-brane bound states

@ Instead of considering M/X x S' x R*, one may take
M/X x TN x R, where TN is a unit charge Taub-NUT space. This
descends to a D6-brane on X x R31.

@ D6-D2-D0 bound states of charge (1,0, 3, n) are described
mathematically by stable pairs E : Ox > F where F is a pure
1-dimensional sheaf with chy F = g and x(F) = nand s has
zero-dimensional kernel [Pandharipande Thomas'07]. The PT invariant
PT(3,n) is defined as the (weighted) Euler characteristic of the
corresponding moduli space.
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GV invariants and D6-brane bound states

@ Instead of considering M/X x S' x R*, one may take
M/X x TN x R, where TN is a unit charge Taub-NUT space. This
descends to a D6-brane on X x R31,

@ D6-D2-D0 bound states of charge (1,0, 3, n) are described
mathematically by stable pairs E : Ox > F where F is a pure
1-dimensional sheaf with chy F = g and x(F) = nand s has
zero-dimensional kernel [Pandharipande Thomas'07]. The PT invariant
PT(3,n) is defined as the (weighted) Euler characteristic of the
corresponding moduli space.

@ Since TN is locally flat, one expects the same low energy effective
action as in flat space. This suggests a relation of the form

> PT(8,n)e*™Pq" ~ exp (Z )\zngg(t))
£,n

9=0

Dijkgraaf Vafa Verlinde 06
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GV invariants and D6-brane bound states

@ More precisely, PT invariants are related to GV invariants by Mauiik
Nekrasov Okounkov Pandharipande’06]

Z PT(8B, n) eZwit-Bqn _ H <1 _ (7q)g_z_1 eZﬂ—it.ﬁ>
B8.n

/37g7£

(19 2)ave0
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GV invariants and D6-brane bound states

@ More precisely, PT invariants are related to GV invariants by Mauiik
Nekrasov Okounkov Pandharipande’06]

Z PT(8B, n) e2mitBgn — H <1 _ (7q)g_z_1 eZﬂ—it.ﬁ>
B8.n

/37g7€
@ Under this relation, the Castelnuovo bound GVégzgm“X(ﬂ)) =0is

mapped to PT(53,1 < —Qgmax()) = 0

(—1 )gM (29; 2) Gvég)
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GV invariants and D6-brane bound states

@ More precisely, PT invariants are related to GV invariants by Mauiik
Nekrasov Okounkov Pandharipande’06]

Z PT(8B, n) e2mitBgn — H <1 _ (7q)g_z_1 eZﬂ—it.ﬁ>
fin 5.9.0

@ Under this relation, the Castelnuovo bound G
mapped to PT(53,1 < —Qgmax()) = 0

@ For nclose to the Castelnuovo bound, one has

PT(8.n) = 399 (2972) GV + O(GV?), similar to (but

distinct from) Qsp(8, m) = Y-(%) ( 2912 ) GV(9).

(14 (29,2 GvP
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Generalized Donaldson-Thomas invariants

@ More generally, D6-D4-D2-D0 bound states are described by
stable objects in the bounded derived category of coherent
sheaves DPCoh(X) [Kontsevich'9s, Douglas'01]. Objects are bounded
complexes E = (--- = & 1 — & — & — ...) carrying charge

Y(E) = Xk(=1) ch&.
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Generalized Donaldson-Thomas invariants

@ More generally, D6-D4-D2-D0 bound states are described by
stable objects in the bounded derived category of coherent
sheaves DPCoh(X) [Kontsevich'9s, Douglas'01]. Objects are bounded
complexes E = (--- = & 1 — & — & — ...) carrying charge
Y(E) = k(1) ch &

@ Stable objects are counted by the generalized Donaldson-Thomas
invariant Q, (), where v € K(C) ~ 222X)+2 and o = (Z, A) is a
stability condition in the sense of [Bridgeland 2007]. In particular,

VE € A, (I)ImZ(E) > 0 and (ii)ImZ(E) = 0 = ReZ(E) < 0.
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Generalized Donaldson-Thomas invariants

@ More generally, D6-D4-D2-D0 bound states are described by
stable objects in the bounded derived category of coherent
sheaves DPCoh(X) [Kontsevich'9s, Douglas'01]. Objects are bounded
complexes E = (--- = & 1 — & — & — ...) carrying charge
Y(E) = Y4 (—1)K ch &.

@ Stable objects are counted by the generalized Donaldson-Thomas
invariant Q, (), where v € K(C) ~ 222X)+2 and o = (Z, A) is a
stability condition in the sense of [Bridgeland 2007]. In particular,

VE € A, (I)ImZ(E) > 0 and (ii)ImZ(E) = 0 = ReZ(E) < 0.

@ The space of stability conditions Stab C is a complex manifold of

dimension dim Kyum(X) = 2b2(X) + 2, unless it is empty.
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Generalized Donaldson-Thomas invariants

@ More generally, D6-D4-D2-D0 bound states are described by
stable objects in the bounded derived category of coherent
sheaves DPCoh(X) [Kontsevich'9s, Douglas'01]. Objects are bounded
complexes E = (--- = & 1 — & — & — ...) carrying charge
YE) = Y k(~1) ché.

@ Stable objects are counted by the generalized Donaldson-Thomas
invariant Q, (), where v € K(C) ~ 222X)+2 and o = (Z, A) is a
stability condition in the sense of [Bridgeland 2007]. In particular,

VE € A, (I)ImZ(E) > 0 and (if)ImZ(E) =0 = ReZ(E) < 0.

@ The space of stability conditions Stab C is a complex manifold of
dimension dim Kyum(X) = 2b2(X) + 2, unless it is empty.

@ For X a projective CY3, stability conditions are only known to exist
for the quintic threefold X5 and a couple of other examples [Li'18,
Koseki’20, Liu'21]
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Generalized Donaldson-Thomas invariants

@ Q,(v) is roughly the weighted Euler number of the moduli space
of semi-stable objects M, (), where semi-stability means that
arg Z(E'") < arg Z(E) for any subobject E’ C E.
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Generalized Donaldson-Thomas invariants

@ Q,(v) is roughly the weighted Euler number of the moduli space
of semi-stable objects M, (), where semi-stability means that
arg Z(E'") < arg Z(E) for any subobject E’ C E.

@ Q,(v) € Q but conjecturally Q,(v) := =2 kpy “IS’; +(7/k) is integer.
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Generalized Donaldson-Thomas invariants

@ Q,(v) is roughly the weighted Euler number of the moduli space
of semi-stable objects M, (), where semi-stability means that
arg Z(E'") < arg Z(E) for any subobject E’ E

@ Q,(v) € Q but conjecturally Q,(v) := ka k2 Q,(v/k) is integer.

@ Q,(v) may jump on co-dimension 1 walls in StabC where some
the central charge Z(+') of a subobject E’ C E of charge +/

becomes aligned with Z(~). The jump is governed by a universal
waII-crossing formula [Joyce Song’08, Kontsevich Soibelman’08]
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Generalized Donaldson-Thomas invariants

@ Q,(v) is roughly the weighted Euler number of the moduli space
of semi-stable objects M, (), where semi-stability means that
arg Z(E'") < arg Z(E) for any subobject E’ E

@ Q,(v) € Q but conjecturally Q,(v) := ka k2 Q,(v/k) is integer.

@ Q,(v) may jump on co-dimension 1 walls in StabC where some
the central charge Z(+') of a subobject E’ C E of charge +/
becomes aligned with Z(~). The jump is governed by a universal
waII-crossing formula [Joyce Song’08, Kontsevich Soibelman’08]

@ Fory = (0,0,4,n) and v = (1,0, 3, n), Qu(7) coincides with GV*
and PT(j,n) or DT(3, n) at large volume, respectively.
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D4-D2-DO0 indices as rank O DT invariants

@ The main interest in this talk will be on rank 0 DT invariants
Q(0, p, 8, n) counting D4-D2-D0 brane bound states supported on
a divisor D with class [D] = p € Ha(X, Z).

B. Pioline (LPTHE, Paris) Modularity on CY threefolds BIMSA, 17/7/2024 13/45



D4-D2-DO0 indices as rank O DT invariants

@ The main interest in this talk will be on rank 0 DT invariants
Q(0, p, 8, n) counting D4-D2-D0 brane bound states supported on
a divisor D with class [D] = p € Ha(X, Z).

@ Viewing IIA=M/S’, they arise from M5-branes wrapped on D x S'.
In the limit where S' is much larger than X, they are described by
a two-dimensional superconformal field theory with (0,4) SUSY.
[Maldacena Strominger Witten’97]
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D4-D2-DO0 indices as rank O DT invariants

@ The main interest in this talk will be on rank 0 DT invariants
Q(0, p, 8, n) counting D4-D2-D0 brane bound states supported on
a divisor D with class [D] = p € Ha(X, Z).

@ Viewing IIA=M/S’, they arise from M5-branes wrapped on D x S'.
In the limit where S' is much larger than X, they are described by

a two-dimensional superconformal field theory with (0,4) SUSY.
[Maldacena Strominger Witten’97]

@ D4-D2-D0 indices (in suitable chamber) occur as Fourier
coefficients in the elliptic genus:

_S%_7._CR i
Tr(—1)2J3 CILO 24 qLO 24 eZﬂ'lC]aZa = Z hp o ;L T, T Z)
HEN/N*

Ao ZQ (0,p% pa,n qn+%“a"iabﬂb 1pPpa— G2
a

and A = Hy(X,Z) equipped with the quadratic form « gpcP°.
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Modularity of rank 0 DT invariants

@ When D is very ample, there are no walls extending to large
volume, so the choice of chamber is moot. The central charges
are given by [Maldacena Strominger Witten'97]

c= pPP+c(TX) -p=x(D),
cr= P>+ 30(TX)-p=6x(Op)

Cardy’s formula predicts a growth Q(0, p, 3, n — c0) ~ €7 PN in
perfect agreement with Bekenstein-Hawking formula
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Modularity of rank 0 DT invariants

@ When D is very ample, there are no walls extending to large
volume, so the choice of chamber is moot. The central charges
are given by [Maldacena Strominger Witten'97]

c= pPP+c(TX) -p=x(D),
cr= P>+ 30(TX)-p=6x(Op)

Cardy’s formula predicts a growth Q(0, p, 3, n — c0) ~ €7 PN in
perfect agreement with Bekenstein-Hawking formula

@ The generating series hpa ,,,(7) should be a vector-valued, weakly
holomorphic modular form of weight w = —Jb,(X) — 1 in the Weil
representation of the lattice A. It is then completely determined by
its polar coefficients, with n + 2uam b1y — p La < @ .
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Mock modularity of rank O DT invariants

@ When D is reducible, the generating series hpa ,,,(7) of DT
invariants Q.(0, p, 3, n) in a suitable chamber is expected to be a
vector-valued mock modular form of higher depth (see S.
Alexandrov’s talk and JAlexandrov BP Manschot'16-20])

B. Pioline (LPTHE, Paris) Modularity on CY threefolds BIMSA, 17/7/2024 15/45



Mock modularity of rank O DT invariants

@ When D is reducible, the generating series hpa ,,,(7) of DT
invariants Q.(0, p, 3, n) in a suitable chamber is expected to be a
vector-valued mock modular form of higher depth (see S.
Alexandrov’s talk and JAlexandrov BP Manschot'16-20])

@ While it is clear physically, the mathematical origin of this (mock)
modular invariance is obscure in general. Presumably it should
come from the action of some VOA on the cohomology of the
moduli space of stable sheaves, in the spirit of [Nakajima'94].
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Mock modularity of rank O DT invariants

@ When D is reducible, the generating series hpa ,,,(7) of DT
invariants Q.(0, p, 3, n) in a suitable chamber is expected to be a
vector-valued mock modular form of higher depth (see S.
Alexandrov’s talk and JAlexandrov BP Manschot'16-20])

@ While it is clear physically, the mathematical origin of this (mock)
modular invariance is obscure in general. Presumably it should
come from the action of some VOA on the cohomology of the
moduli space of stable sheaves, in the spirit of [Nakajima'94].

@ When X is K3-fibered, modularity is known to hold for vertical
D4-brane charge, using the relation to Noether-Lefschetz
invariants (more on this in part Il). In that case, no modular
anomaly due to nabpb = 0. [Bouchard Creutzig Diaconescu Doran Quigley
Sheshmani’16]
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|. Testing modularity for one-parameter models

@ Ouir first aim is to test this prediction for CY threefolds with Picard
rank 1, by computing the first few coefficients in the g-expansion
and determine the putative vector-valued modular form.
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|. Testing modularity for one-parameter models

@ Ouir first aim is to test this prediction for CY threefolds with Picard
rank 1, by computing the first few coefficients in the g-expansion
and determine the putative vector-valued modular form.

@ This was first attempted by [Gaiotto Strominger Yin 06-07] for the quintic
threefold X5 and a few other hypergeometric models. They were
able to guess the first few terms for unit D4-brane charge, and find
a unique modular completion.
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|. Testing modularity for one-parameter models

@ Ouir first aim is to test this prediction for CY threefolds with Picard
rank 1, by computing the first few coefficients in the g-expansion
and determine the putative vector-valued modular form.

@ This was first attempted by [Gaiotto Strominger Yin 06-07] for the quintic
threefold X5 and a few other hypergeometric models. They were
able to guess the first few terms for unit D4-brane charge, and find
a unique modular completion.

@ We shall compute many terms rigorously, using recent results
by/Soheyla Fezbakhsh and Richard Thomas'20-22] relating rank r DT
invariants (including r = 0, counting D4-D2-D0 bound states) to
rank 1 DT invariants, hence to GV invariants.

Alexandrov, Feyzbakhsh, Klemm, BP, Schimannek’23
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From rank 1 to rank O DT invariants

@ The key idea is to use wall-crossing in a family of weak stability
conditions (aka tilt-stability) parametrized by b + it € H, with
central charge’

Zpt(E) = L3 ch§(E) — 312 ch®(E) — itch3(E) + 0ch3(E)
with chP(E) = [, H3"ke=PH ch(E). The heart Ay, is generated by

length-two complexes £_1—Fy with (£, F) slope semi-stable
sheaves with ch?(£) > 0, ch?(F) < 0.

"related to ZYV(E) = — [, "0 ch(E) by setting coefficient-of ch§ to 0
B. Pioline (LPTHE, Paris) Modularity on CY threefolds BIMSA, 17/7/2024 17/45



From rank 1 to rank O DT invariants

@ The key idea is to use wall-crossing in a family of weak stability
conditions (aka tilt-stability) parametrized by b + it € H, with
central charge’

Zpt(E) = L3 ch§(E) — 312 ch®(E) — itch3(E) + 0ch3(E)

with chP(E) = [, H3"ke=PH ch(E). The heart Ay, is generated by
length-two complexes £_1—Fy with (£, F) slope semi-stable
sheaves with ch?(£) > 0, ch?(F) < 0.

@ The KS/JS wall-crossing formulae hold for this family of weak
stability conditions. In fact, tilt-stability provides the first step in
constructing genuine stability conditions near the large volume
point [Bayer Macri Toda'11]

"related to ZYV(E) = — [, "0 ch(E) by setting coefficient-of ch§ to 0
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Rank 0 DT invariants from GV invariants

@ Tilt stability agrees with Gieseker stability at large volume, but the
chamber structure is much simpler: walls are nested half-circles in

the Poincaré upper half-plane spanned by z = b + i%.
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Rank 0 DT invariants from GV invariants

@ Tilt stability agrees with Gieseker stability at large volume, but the
chamber structure is much simpler: walls are nested half-circles in

the Poincaré upper half-plane spanned by z = b + i%.

@ Importantly, for any v}, ,-semistable object E there is a conjectural
inequality on Chern classes C; := [, chi(E).H3" [Bayer Macri Toda'11;
Bayer Macri Stellari’16]

(CF—2CoCo)(3b* + §12) +(3CyC3 — C1Co)b+ (2C5 —3C1C3) > 0
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Rank 0 DT invariants from GV invariants

@ By studying wall-crossing between the empty chamber provided
by BMT bound and large volume, [Feyzbakhsh Thomas20-22] show that
D4-D2-D0 indices can be computed from PT invariants, which are
in turn related to GV invariants.
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Rank 0 DT invariants from GV invariants

@ By studying wall-crossing between the empty chamber provided
by BMT bound and large volume, [Feyzbakhsh Thomas'20-22] show that
D4-D2-D0 indices can be computed from PT invariants, which are
in turn related to GV invariants.

@ Let (X, H) be a smooth polarised CY threefold with Pic(X) = Z.H
satisfying the BMT conjecture. Aim: compute PT(3, m) inductively.

B. Pioline (LPTHE, Paris) Modularity on CY threefolds BIMSA, 17/7/2024 19/45



Rank 0 DT invariants from GV invariants

@ By studying wall-crossing between the empty chamber provided
by BMT bound and large volume, [Feyzbakhsh Thomas'20-22] show that
D4-D2-D0 indices can be computed from PT invariants, which are
in turn related to GV invariants.

@ Let (X, H) be a smooth polarised CY threefold with Pic(X) = Z.H
satisfying the BMT conjecture. Aim: compute PT(3, m) inductively.

o Fixme Z,8 € Ho(X,Z) and define x = 2 o = —3m

x+5 ifo<x<1

Vex+ 1 ift<x<®

fx):=9 2x+3 it <x<?
%x+% if%§x<3
zx+1 if3<x
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A new explicit formula (S. Feyzbakhsh’23)

Theorem (wall-crossing for v = (—1,0, 5, —m)):
@ If a > f(x) then the stable pair invariant PT (3, m) equals

S,y (DX X g PT(B, ) Q (0.1, 4 = 85, # ' — m— 3.H)

where xpw g = BH+ B H+m—m — % — cg(X) H.
@ The sumruns over (3, m') € Ho(X,Z) @ HO(X, Z) such that

0<p.H<H + 30 1+ g H

! H)? "H H—p' .H)? H+3'.H
_(BZHS) —BTS m S(ﬁ 2}53 ) +B Eﬂ +m

In particular, 5'.H < 3.H.
Corollary (Castelnuovo bound): PT(3,m) = 0 unless m > —

(BHP _ BH
2H3 2
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Modularity for one-modulus compact CY

@ Using the theorem above and known GV invariants, we could
compute a large number of coefficients in the generating series of
Abelian (=unit D4-brane charge) rank 0 DT invariants in
one-parameter hypergeometric threefolds, including the quintic Xs.
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Modularity for one-modulus compact CY

@ Using the theorem above and known GV invariants, we could
compute a large number of coefficients in the generating series of
Abelian (=unit D4-brane charge) rank 0 DT invariants in
one-parameter hypergeometric threefolds, including the quintic Xs.

@ In all cases (except X322, X222 > Where current knowledge of GV
invariants is insufficient), we could find a linear combination of the
following vv modular forms matching all computed coeffs:

E Eb 152

6 N K : K) __ s Kk _ 13

774HCZD (19( )) with 19&)_ E gz""", k=H
kez+24]

where D = qdq — % Ep, and 4a+ 6b + 20 — 2k — S = 2.
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Modularity for one-modulus compact CY

X XX K CZ(TX) X(OD) n C1
X5(1%) —200| 5 50 5/ 7] 0
Xs(14,2) —204| 3 42 4] 4| 0
Xg(14,4) —296 | 2 44 4| 4| 0
Xi0(13,2,5) | —288| 1 34 3| 2| 0
X45(15,2) ~-156| 6 48 5/ 9/ 0
Xa.4(14,22) 144 | 4 40 4| 6] 1
Xs.2(1%,3) 256 | 4 52 50 7| 0
Xs4(13,22,3) | —156 | 2 32 3| 3| 0
Xep(12,22,3%) | —120 | 1 22 211, 0
X33(18) —144| 9 54 6|14 1
X42(18) 176 | 8 56 6|15 1
Xz22(17) —144 | 12 60 7121 1
X2727272(18) —128 | 16 64 8|33| 3
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Modular predictions for the quintic threefold

9<53)

@ Using known GVB( we can compute more than 20 terms:

ho = q 3¢ (5 — 800q + 5850042 + 5817125q° + 75474060100g*
+28096675153255q° + 3756542229485475q°
+277591744202815875q" + 136109850147098887504° + . ... )

hyq =q 2its (o +8625q — 113850092 + 377747400003
+ 3102750380125q* + 5777272151230004° + . ... )

hip=q 24t5 (w — 121850092 + 441969250¢° + 9537125112504*
+2175712500237509° + 22258695264509625q° + . ... )
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Modular predictions for the quintic threefold

@ The space of vv modular forms has dimension 7. Remarkably, all
terms above are reproduced by [Gaiotto Strominger Yin'06]

h o— 1 _ 222887E341093010E7 £2+177095E2 £¢
w0 35831808
25(458287E9 E5+967810E3 E3+66895E7) D
53747712
Jr25(155587EZ+105481OE;‘Eg+282595E4Eg) p2| 9
8957952 [

Assuming this we can in principle compute all GVB(QS“’) !
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Modular predictions for the quintic threefold

@ The space of vv modular forms has dimension 7. Remarkably, all
terms above are reproduced by [Gaiotto Strominger Yin'06]

222887E8+1093010E2 E2+177095E2 E4
h S 4 456 456
K 70 35831808
25(458287E9 E5+967810E3 E3+66895E7) D
+ 53747712
25(155587E]+1054810E7 EZ+282595E,E ) 2| 94
+ 8957952 [

Assuming this we can in principle compute all GVB(QS“’) !
@ For Xjo , Gaiotto et al predicted

hio%q 5 (3  576q + 271704q? + 206401533¢° + - - )
whereas the correct result turns out to be

4 2
hy o ZERELIREE — q % (3 575q+271955¢7 + -+ )
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Il. Modularity for two-parameter K3-fibered models

@ A natural next step is to consider two-parameter CY threefolds.
We restrict attention to K3-fibered models X with hy 1(X) = 2,
whose mirror Y is also K3-fibered. [Doran BP Schimannek, to appear]
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Il. Modularity for two-parameter K3-fibered models

@ A natural next step is to consider two-parameter CY threefolds.
We restrict attention to K3-fibered models X with hy 1(X) = 2,
whose mirror Y is also K3-fibered. [Doran BP Schimannek, to appear]

@ On the A-model side, X is fibered by Picard rank 1 K3-surfaces
(Xm, L), polarized by a degree 2m line bundle L. On the B-model
side, Y is fibered by Picard rank 19 K3-surfaces S m, polarized by
the lattice M, = U & Eg & Eg & (—2m). The fibers (X, £m) are
related by Dolgachev-Nikulin mirror symmetry.
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Il. Modularity for two-parameter K3-fibered models

@ A natural next step is to consider two-parameter CY threefolds.
We restrict attention to K3-fibered models X with hy 1(X) = 2,
whose mirror Y is also K3-fibered. [Doran BP Schimannek, to appear]

@ On the A-model side, X is fibered by Picard rank 1 K3-surfaces
(Xm, L), polarized by a degree 2m line bundle L. On the B-model
side, Y is fibered by Picard rank 19 K3-surfaces S m, polarized by
the lattice M, = U & Eg & Eg & (—2m). The fibers (X, £m) are
related by Dolgachev-Nikulin mirror symmetry.

@ The moduli space of My-polarized K3 surfaces is the modular
curve Xo(m)* = H/Io(m)*. The fundamental period of 3,
holomorphic at A = oo, is a weight 2 modular form [Lian vau'95]

fn(N) = em(d)A "9 = ES(7), A= J(n)
a>0
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Structure of the modular curve Xp(m)™*

m | Orbifold Type Myeos Ar Tiyeuo, Tr

1 (3;2;00) 1728 i

2 (4;2; 00) 256 =

3 (6;2; 00) 108 =

4 (00; 2; 00) 64 3

5| (2,2,2;00) 22 +10v/5,22 — 10v/5 45,3+ﬁ
6 | (c0;2,2;00) 17 +12v2,17 — 122 %ngwé
7 | (3.2,2,x) 27, -1 _ﬁgh'ﬁ
8 | (c0;2,2;00) 12+8v2,12 -8V2 *s:_—%fzz‘ﬁ
9 | (00;2,2;0) 9+6v3,9-6V3 s i+i

10 | (00;2,2,2;00) 9+4v5,1,9 - 45 LA i)
11| (2:2,2,2,00) | Roots of A* — 2012 + 561 — 44 |~ 2 iyl 2 4

Xo(m)™ has a cusp at A = oo, Z,-orbifold points at Ay, ..
X =0,withac {2,3,4,6,c0}. J; maps 74, ..

B. Pioline (LPTHE, Paris)
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Generalized invariant map

@ The fibration & — Y — P! is determined by the generalized
invariant map A : P! — Xy(m)*, a branched cover over P'. We
assume that the cover is unramified over the Z,-orbifold points A,.

1, yel

m

1 [1,11,[1,2],[2,2]

2 1,11, [1,2], [1,4], [2,2], [2,4], [4,4]
3 1,11, [1,2], [1,3], [2,2], [2,3], [3,3]
4,5 [1,1], [1,2], [2,2]

6,8,9,11 | [1,1]

I
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Generalized invariant map

@ The fibration & — Y — P! is determined by the generalized
invariant map A : P! — Xy(m)*, a branched cover over P'. We
assume that the cover is unramified over the Z,-orbifold points A,.

@ Possible ramification profiles over A = 0 leading to a smooth CY3
were classified by [Doran Harder Novoseltsev Thompson’17].

[v1, el

m
1 [1,11,[1,2],[2,2]

2 1,11, [1,2], [1,4], [2,2], [2,4], [4,4]
3 1,11, [1,2], [1,3], [2,2], [2,3], [3,3]
4,5 [1,1], [1,2], [2,2]

6,8,9,11 | [1,1]

I
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Fundamental period

@ Restricting to CY3 with hy o(Y) = 2, we find that the ramification
profile over A = oo must also be of the form [i — s,/ + s] with
0 < s <j— s, with two ‘excess ramification points’ away from
Z-orbifold points. The covering A : P}, — P} is then given by

AY) =y (1= y)(1 = z2/y)/z

where z;, zo are complex structure moduli.
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Fundamental period

@ Restricting to CY3 with hy o(Y) = 2, we find that the ramification
profile over A = oo must also be of the form [i — s,/ + s] with
0 < s <j— s, with two ‘excess ramification points’ away from
Z-orbifold points. The covering A : P}, — P} is then given by

AY) =y (1= y)(1 = z2/y)/z

where 24, zo are complex structure moduli.

@ The fundamental periog of Y follows by integrating the
fundamental period of ¥, along a contour on P},

fm(A(y))d k+id—is)! (k+jd)! _d _k
= (v, W)_?{ S = 2 Cnld) Gy Gayte s 25 22

This allows to extract the Picard-Fuchs ideal, and obtain the basis
of periods around the MUM point z;, zo — 0.
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Mirror symmetry and Tyurin degenerations

@ The mirror X = X,[,’;’,js], can be guessed from the explicit form of the
period, e.g. for (m,i,j) = (1,1,1)

_ (8d)! i j 1113 —-s 0 6 i—s §
C1(d)_(d!)3(3d)!jP(oooooo 1 1){0 1 1}
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Mirror symmetry and Tyurin degenerations

@ The mirror X = X,[,’;’,{l, can be guessed from the explicit form of the
period, e.g. for (m,i,j) = (1,1,1)

_ (6d)! i j 1113 -s0 6 i—s |
¢(d) = @pGar ~ P(o 00000 1 1){0 1 1}
@ More generally, X,Lﬁ’ﬂ can be constructed as a complete
intersection in a projective bundle over a Fano 4-fold V,[,’,”].
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Mirror symmetry and Tyurin degenerations

@ The mirror X = X,[,’;’,Q can be guessed from the explicit form of the
period, e.g. for (m,i,j) = (1,1,1)

_ (6d)! i j11138 -so0 6 i—s j
C1(d)_(d!)3(~°’d)!jP(oooooo 1 1){0 1 1}
@ More generally, X,[,ﬁ’ﬂ can be constructed as a complete

intersection in a projective bundle over a Fano 4-fold V,[,’;’j].

@ As argued in [Doran-Harder-Thompson'17], the K3-fibration on the
B-model side is reflected by the existence of a Tyurin
degeneration on the A-model side, where X splits into a union of
two Fano threefolds F,[,’;] U F,L,’;], each of Picard rank 1, intersecting
over an anticanonical K3 surface ¥ ,.
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Mirror symmetry and Tyurin degenerations

@ The mirror X = X,[,’;’il, can be guessed from the explicit form of the
period, e.g. for (m,i,j) = (1,1,1)

_ (6d)! i j11138 -so0 6 i—s j
C1(d)_(d!)3(3d)!jP(oooooo 1 1){0 1 1}
@ More generally, X,[,ﬁ’ﬂ can be constructed as a complete

intersection in a projective bundle over a Fano 4-fold V,[,’;’j].

@ As argued in [Doran-Harder-Thompson'17], the K3-fibration on the
B-model side is reflected by the existence of a Tyurin
degeneration on the A-model side, where X splits into a union of
two Fano threefolds F,[,’;] U F,L,’;], each of Picard rank 1, intersecting
over an anticanonical K3 surface ¥ ,.

@ The K3-fibration on the A-model side requires the existence of a
Tyurin degeneration on the B-model side, which requires s = 0.
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A family of Picard rank 2 K3-fibered threefolds X,[,Q‘f]

(m,i) | hy 12(F,¥]) Construction of F,[,’;]
he o 0 (1,1) 52 P11,1,13[6
1,1 12 | 2 Py 112506
B 2 2y o [£X)) 30 P*[4]
Mo =22 + m(i* + ) — 2mij 2 o ZRRRRIC)
i ] 2,4 0 P3
+ hi2(F) + b 2(FR) e 2,3
1 1 (3,2) 5 P43
K11 =2M | — + — |, K112 = 2M, [ (33) 0 P2
) ] 1) 14 P5[2,2,2]
K122 =kp22 = 0 (4.2) 2 2.2l
o &1 | 10 Xotzot)
Cot =2m(i + j) + 24 < + > e % ot
I (6.1) 7 Xstiyreoq)
Cop =24 7.1 5 X5 0nes
GV =2mij, GV _, =0 s jsor
04 =<mi, 0,k>0 = Y- on | 2 Xormsome:
(11,1) 0 Aze = X 12 5v)e0
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Alternative realizations

(m,i,j) XX cicy Transition
(1,1,1) | -252 Pt ,,6012] Xs.2
(2.1.1) | —168 | P4 ,,,08] = (|5 1) | 7886, 7888 | X
(2,4,1) | —168 (2] 1) 7885 X5
(2,4,4) | —168 (511) 7887 Xe
(3,1,1) | —132 G 7867, 7869 | Xazoz
(3,.2,1) | —120 (523 1) 7840 X33
(3,2,2) | —108 (213 2) 7806 Xa3
(3,3,1) | —140 (553 1) 7873 Xs2
(3,3,2) | —128 N 7858 Xs
P 1 1
(3,3,3) | —148 (7]:2) 7882 Xs2
@1 -1zl (F[i s ) |7819,7823] Xeaeo
@21 -2  (F]i:: ) 7817 Xs22
4,2,2) [ -112 D 7816,7822 | X2

B. Pioline (LPTHE, Paris)
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NL invariants for Picard rank one K3 fibrations

@ LetY — X 5 Bbe aCY3 fibered by polarized K3 surfaces (T, L)
of degree [; L? = 2m. The moduli space of (£, L) is

Mm=0(2) x O(19)\O(2,19)/0(T' m)
where Iy = Lt = (-2m) @ H® Eg(—1) @ Eg(—1).
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NL invariants for Picard rank one K3 fibrations

@ LetY — X 5 Bbe aCY3 fibered by polarized K3 surfaces (T, L)
of degree [; L? = 2m. The moduli space of (£, L) is

Mm=0(2) x O(19)\0(2,19)/0(I' m)

where Iy = Lt = (-2m) @ H® Eg(—1) @ Eg(—1).
@ Forany h, > 0, let Dy g C M, be the divisor supported on the
locus where

38 € Pic(X) : /52:2/7—2, /B-B:p.
pN p

B. Pioline (LPTHE, Paris) Modularity on CY threefolds BIMSA, 17/7/2024 32/45



NL invariants for Picard rank one K3 fibrations

@ LetY — X 5 Bbe aCY3 fibered by polarized K3 surfaces (T, L)
of degree [; L? = 2m. The moduli space of (£, L) is

Mm=0(2) x O(19)\0(2,19)/0(I' m)

where Iy = Lt = (-2m) @ H® Eg(—1) @ Eg(—1).
@ Forany h, > 0, let Dy g C M, be the divisor supported on the
locus where

38 € Pic(X) : /52:2/7—2, /B-B:p.
pN p

@ The Noether-Lefschetz number NLp , := [gtx[Dn,] vanishes
unless h < % + 1, and is invariant under spectral (semi-)flow

(h, 1) — (h+ kp+ mk?, i+ 2km), k >0
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GV/NL relation for K3-fibered CY threefolds

@ The vertical GV invariants are related to NL numbers via

GVE)?(), = Z rg,h NLhyd
h>g

where ry , are the reduced GW invariants of K3, given by

N h T 1
2o @y =y =g e e

Katz Klemm Vafa’99, Maulik Pandharipande’07
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Reduced GW invariants of K3

1 2 3 4 5 6 7
24 324 3200 25650 176256 1073720 5930496
—2 —54 —-800 —-8550 73440 -536860 —3459456

0 3 88 1401 15960 145214 1118880

\lO?(ﬂ-POOI\)—LOS
>
[eNeNelolNelNelNoR o)

0 0 -4 —-126 2136 25750 —246720
0 0 0 5 168 3017 38328
0 0 0 0 —6 —214 —4056
0 0 0 0 0 7 264
0 0 0 0 0 0 -8
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Modularity of NL invariants

@ The generating series

1 W2
(1) =5 > Nlpugsn™'=P e z/2mz)

2
h< =41

is known to transform as a vv modular form of weight —3/2 under
the Weil representation of Z[2m)] [kudia Millson'90, Borcherds'99)].
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is known to transform as a vv modular form of weight —3/2 under
the Weil representation of Z[2m)] [kudia Millson'90, Borcherds'99)].

@ Equivalently, >, ®,(7)0,(7, z) is a skew-holomorphic modular
form of weight —1 [Skoruppa Zagierss].
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Modularity of NL invariants

@ The generating series

1 W2
(1) =5 > Nlpugsn™'=P e z/2mz)

2
h< =41

is known to transform as a vv modular form of weight —3/2 under
the Weil representation of Z[2m)] [kudia Millson'90, Borcherds'99)].

@ Equivalently, >, ®,(7)0,(7, z) is a skew-holomorphic modular
form of weight —1 [Skoruppa Zagierss].

@ Physically, the GV/NL correspondance follows from Heterotic-type
[l duality: ¢4 is the new supersymmetric index counting
perturbative (Dabholkar-Harvey) BPS states along T2.
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Heterotic-type Il duality and Borcherds lift

@ At one-loop on heterotic side, these states contribute to the
prepotential F(S, T) = —mST? + W(T) + O(e~®) via

PBW = / > 0uZurT) =D GV LI, (27T)
7 uez)(2mz) d>1
x(x+1)

where Li,g(X ) = x—1)3 [Antoniadis Gava Narain Taylor'95, Marino
Moore’98,Enoki Watari’19]
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Heterotic-type Il duality and Borcherds lift

@ At one-loop on heterotic side, these states contribute to the
prepotential F(S, T) = —mST? + W(T) + O(e~®) via

BW = / > 0uZurT) =D GV LI, (27T)
7 uez)(2mz) d>1

where Li,g(X ) = )(((X+;) [Antoniadis Gava Narain Taylor'95, Marino

Moore’98,Enoki Watari’19]
@ 03W is a meromorphic modular form of weight 6 under Fo(m)™,

with poles at orbifold points in H/To(m)* . W(T) itself transforms
as a meromorphic mock modular form of weight —
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Heterotic-type Il duality and Borcherds lift

@ At one-loop on heterotic side, these states contribute to the
prepotential F(S, T) = —mST? + W(T) + O(e~®) via

5 5 27ridT
aw/ > 0uZurT) =D GV LI, (27T)
,ueZ/(ZmZ a>1
. - x(x+1)
where Ll,g(X ) x—1)3 [Antoniadis Gava Narain Taylor'95, Marino
Moore’98,Enoki Watari’19]

@ 03W is a meromorphic modular form of weight 6 under Fo(m)™,
with poles at orbifold points in H/To(m)* . W(T) itself transforms
as a meromorphic mock modular form of weight —

@ The map ¢,(r) — W(T) generalizes the standard
correspondence between (skew) Jacobi forms of index m, weight

w and modular forms of weight 2w — 2 under I'y(m). [Shintani,
Borcherds,Skoruppa-Zagier]
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GV/NL relation for K3-fibered CY threefolds

@ The dimension of the relevant space of vv modular forms is
[Bruinier’02, Maulik Pandharipande’07]

m ||1]2]3]4|/5|6|7|8| 9[10]11 12
#pol |2]3(4|5|/6|78|9|10|11 12|13
dm ||2|3|4|/4|6|7|7|8] 9]10|11 12

BIMSA, 17/7/2024 37/45

Modularity on CY threefolds

B. Pioline (LPTHE, Paris)



GV/NL relation for K3-fibered CY threefolds

@ The dimension of the relevant space of vv modular forms is
[Bruinier’02, Maulik Pandharipande’07]

m ||1]2]3]4|/5|6|7|8| 9[10]11 12
#pol |2]3(4|5|/6|78|9|10|11 12|13
dm (|[2|3(4|4|6|7|7|8] 910|111 12

@ For m < 4, an overcomplete basis is again given by

EaEb
6 DF( 9( )) with Q9512m) _ Z qu2
77 keZ+4=

with 4a+ 6b + 2¢ = 10. For m > 5, additional generators can be
obtained via suitable Hecke-type operators.
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Two-parameter K3-fibered models

@ In the large base limit zo — oo, the Yukawa couplings (integrated
once with respect to T) are given for all models by

.
BW=—2m [17 + } - Zr} log JH(T) — 4mZ|0g(JfJE(T) )
p

i, i () +-Tm j (i)
~6m (mum’)

where 7‘,,,7,-(/\) is a variant of the Lian-Yau series >, cm(d)/\°,

n
?mvi(A) = Z Cm(d)Hld >‘7d7 Hn = Z 1/k
k=1

a>1

Inverting the Shintani lift, one obtains the NL generating series .
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Example: X1[1’1] = P1,1‘2,2‘6[1 2]

XX
Sy
2w

W

0]

—252, Kk =(4,2,0,0), o= (52,24)

E3 d)!

=7 ald) = gpagy f=VE
_ _ _gh)

4log(J —1728) 6\/1:_—4
2E;  23E} | 5
T~ 9& tobe
2496q + 7170048¢° + 93889359364° + . ..
_5 )

3E4E519(;;:rSEfD19(2 _ _3 Jr252+2496q1/4 NINUURTIN

Note the rapid growth of Fourier coefficients in 9° W, due to pole at
T = 1. [Kaplunovsky Louis Theisen'95, Antoniadis Gava Narain Taylor'95]
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DT/NL relation on K3-fibered threefolds

@ Under a monodromy T — —1/(mT) in K&ahler moduli space,
vertical D2-D0 bound states turn into vertical D4-D2-D0 bound
states. Under Heterotic/type Il duality, these again map to
perturbative DH states.
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DT/NL relation on K3-fibered threefolds

@ Under a monodromy T — —1/(mT) in K&ahler moduli space,
vertical D2-D0 bound states turn into vertical D4-D2-D0 bound
states. Under Heterotic/type Il duality, these again map to
perturbative DH states.

@ For vertical D4-brane charge p? = (r,0), the generating series
hp,q(7) coincides with the NL generating series ¢4, acted upon by
a suitable Hecke operator H, !

Bouchard Creutzig Diaconescu Doran Quigley Sheshmani’16
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DT/NL relation on K3-fibered threefolds

@ Under a monodromy T — —1/(mT) in K&ahler moduli space,
vertical D2-D0 bound states turn into vertical D4-D2-D0 bound
states. Under Heterotic/type Il duality, these again map to
perturbative DH states.

@ For vertical D4-brane charge p? = (r,0), the generating series
hp,q(7) coincides with the NL generating series ¢4, acted upon by
a suitable Hecke operator H, !

Bouchard Creutzig Diaconescu Doran Quigley Sheshmani’16

@ In particular, mock modularity does not arise in this case, due to
p? being in the kernel of the quadratic form k. = K apcPC.
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DT/NL relation on K3-fibered threefolds

@ Under a monodromy T — —1/(mT) in K&ahler moduli space,
vertical D2-D0 bound states turn into vertical D4-D2-D0 bound
states. Under Heterotic/type Il duality, these again map to
perturbative DH states.

@ For vertical D4-brane charge p? = (r,0), the generating series
hp,q(7) coincides with the NL generating series ¢4, acted upon by
a suitable Hecke operator H, !

Bouchard Creutzig Diaconescu Doran Quigley Sheshmani’16
@ In particular, mock modularity does not arise in this case, due to
p? being in the kernel of the quadratic form k. = K apcPC.
@ For non-vertical D4-brane charge p? = (r, s) with s > 0, we expect
a vector-valued (mock) modular form of weight —2.
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Some open questions

@ We provided overwhelming evidence that D4-D2-D0 indices
exhibit modular properties. Where does it come from
mathematically ? Can one construct some VOA acting on the
cohomology of moduli space of stable objects ?
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mathematically ? Can one construct some VOA acting on the
cohomology of moduli space of stable objects ?

@ Can one compute non-vertical D4-D2-D0 invariants in K3-fibered
models, and follow them through the conifold transition to the
one-parameter models ?
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exhibit modular properties. Where does it come from
mathematically ? Can one construct some VOA acting on the
cohomology of moduli space of stable objects ?

@ Can one compute non-vertical D4-D2-D0 invariants in K3-fibered
models, and follow them through the conifold transition to the
one-parameter models ?

@ Another class of two-parameter CY models with interesting
modular properties are genus one fibrations over P? with
N-section. Fourier-Mukai duality relates D2-D0 to D4-D2-D0
wrapping the elliptic fiber.
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Some open questions

@ We provided overwhelming evidence that D4-D2-D0 indices
exhibit modular properties. Where does it come from
mathematically ? Can one construct some VOA acting on the
cohomology of moduli space of stable objects ?

@ Can one compute non-vertical D4-D2-D0 invariants in K3-fibered
models, and follow them through the conifold transition to the
one-parameter models ?

@ Another class of two-parameter CY models with interesting
modular properties are genus one fibrations over P? with
N-section. Fourier-Mukai duality relates D2-D0 to D4-D2-D0
wrapping the elliptic fiber.

@ Higher rank DT invariants can also be computed in terms of GV
invariants. Do they define some higher rank version of topological
string theory ?
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Thanks for your attention !
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Back up: a remark on the BMT inequality

(012 — 20002)(%[32 + %fz) + (3CQC3 - C4 Cg)bJr (2C§ - 3C4 C3) >0

@ Requiring the existence of empty chamber, the discriminant at
t = 0 must be positive:

8CyC3 +6C3C3 +9C2C2 —3C2C2 — 18CyC1C2C3 > 0
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Back up: a remark on the BMT inequality

(012 — ZCOCQ)(%bZ + %tz) + (3CoC3 - C4 CQ)b+ (205 - 3C4 C3) >0

@ Requiring the existence of empty chamber, the discriminant at
t = 0 must be positive:

8CyC3 +6C3C3 +9C2C2 —3C2C2 — 18CyC1C2C3 > 0

@ In terms of the electric and magnetic charges

p° = Co/r, p'=Ci/k, qi=-Co—5—Co Q= Cs+ C1

ﬁ
and ignoring the c,-dependent terms, this becomes
eP°q — §rao(p")® — (P°q)* + (' a1)* — 20°p" Gogs < O

hence an empty chamber arises when single centered black hole
solutions are ruled out !
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Quantum geometry from stability and modularity

Conversely, we can use our knowledge of Abelian D4-D2-D0 invariants

to compute GV invariants and push the direct integration method to
higher genus !

Gopakumar-Vafa
. . g Direct integration
invariants N[g ) -

new constraints on
MNOP relation

holomorphic ambiguities

Modular
bootstrap

Pandharipande-Thomas

Rank 0 DT-invariants
invariants PT(53, n)

< S hn (T
N Wall crossing T i(7)

Alexandrov Feyzbakhsh Klemm BP Schimannek’23
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Quantum geometry from stability and modularity

X XX | K| type | Ointeg | 9mod | Gavail
X5(19) —200 5| F| 53| 69| 64
Xe(14,2) 204 |3| F| 48| 57| 48
Xs(14,4) —296 2| F| 60| 80| 64
Xi0(1%,2,5) | -288|1| F| 50| 70| 68
Xs3(1°,2) 156 | 6| F| 20| 24| 24
X54(18,22.3) | —156 |2 | F| 14| 17| 17
Xo6(12,22,3%) | —120 | 1| K| 18| 22| 22
Xy 4(14,22 144 4| K| 26| 34| 34
X3,3(1°) —144|9| K| 29| 33| 33
X4.2(1°) —176 /8| C| 50| 66| 50
X5.2(1°,3) —256 4| C| 63| 78| 49

B. Pioline (LPTHE, Paris)

http://www.th.physik.uni-bonn.de/Groups/Klemm/data.php
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