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Introduction

@ In type IlIA string theory compactified on a Calabi-Yau threefold X,
the BPS spectrum consists of bound states of D6-D4-D2-D0
branes with electromagnetic charge v € I' C Heven(X, Q).

@ The BPS index Q(v) counts BPS states with charge v and
complexified Kahler moduli z € M at spatial infinity.

@ Q,(~) is locally constant on M, but can jump across real
codimension one walls of marginal stability W(v.,vg) C M,
where the central phases Z(v,) and Z(vg) with v = v, + g
become aligned. The jump is governed by a universal
waII-crossing formula [Kontsevich Soibelman '08, Joyce Song’08]

@ Physically, multi-centered black hole solutions (dis)appear across
the wall [Denef Moore '07, Manschot BP Sen *11]. In contrast,
single-centered black holes do not decay.
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DT invariants and Bridgeland stability conditions

@ Mathematically, Q2,() are generalized Donadson-Thomas
invariants for the derived category of coherent sheaves
C = DbCOh(X). [Douglas 2010]

@ The K&hler moduli z determine a point (Z,.A) in the space Stab(C)
of Bridgeland’s stability conditions, where Z is the central charge
function and A a suitable Abelian subcategory of C such that
ImZ(~) > 0 for all objects in A (and ReZ(v) < 0 if ImZ(y) = 0).

@ The image of the embedding M — Stab(C) defines the physical
slice of IN-stability conditions, of complex codimension
beven(X) — bo(X) = 1 + bg(X) + bg(X).

@ There is an action of GL*(2,R) on Stab(C) by
rescaling/rotating/stretching Z. This allows to extend [-stability
conditions to a slice of complex codimension bs(X) + bg(X) — 1.
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Bridgeland stability conditions on local surfaces

@ For a non-compact CY3 of the form X = Ks where S is a complex
surface, the derived category D2(X) of compactly supported
coherent sheaves coincides with D? Coh(S).

@ An object in DP Coh(S) with Chern vector y = [r, ¢;, ch] lifts to a
bound state of Q4 = r D4-branes wrapped on S, Q> ~ ¢4
D2-branes and Q, ~ ch, DO-branes.

@ The central charge for I-stability is determined by local mirror
symmetry. At large volume z — ioco,

Z(v) ~ —/ e #Mach E = —rz22Qapz° + z%chy , —chy
s

and Q;(v) — Q«(7) counting Gieseker semi-stable sheaves.
@ Since bg(X) = 0 and by(X) = 1, any subleading corrections to Z,

can be absorbed by GL*(2,R)in a region around large volume.
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Dendroscopy on local CY3 manifolds

@ Physically, Q2() counts BPS states in the 5D-dimensional
superconformal field theory engineered by M-theory on X, further
reduced along S'. Macroscopically, they correspond to
multi-centered dyon solutions of 4D N = 2 effective field theory.

@ Our goal will be to analyze the BPS spectrum in the simplest case
X = Kpz = C3/Z3, corresponding to a non-Lagrangian SCFT in
5D, and categorize it into various types of multi-centered bound
states.

@ It will emerge that attractor flow trees for non-compact CY3 are
closely connected to scattering diagrams in the space of
Bridgeland stability conditions.
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Attractor flow and attractor indices

@ The black hole / dyon picture suggests to reconstruct the full BPS
spectrum from the attractor indices Q(v) := Q,(,)(7), where
z,(~y) is the endpoint of the attractor flow equations on M,

Ferrara Kallosh Strominger’95

@ For spherically symmetric solutions, the moduli z/(1) reaches an
attractor point z,(y) as u — oo (r — 0), which is independent of
the initial values of the moduli, at least within a given basin of

attraction.
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Split attractor flows

@ For a large class of multi-centered solutions with hierarchical
structure, the flow splits on walls of marginal stability, leading to
split attractor flow trees,

Denef '00; Denef Greene Raugas '01; Denef Moore'07; Manschot 10
Such solutions cease to exist when z., crosses W(71(v,), YR(v))-

@ A notable exception are scaling solutions, which do not exhibit any
hierarchical structure nor walls of marginal stability. These
solutions contribute to the attractor index Q.(v) = Qs + scaling.

B. Pioline (LPTHE, Paris) BPS Dendroscopy 30/06/2022 9/34



The split attractor flow conjecture

@ The Attractor Flow Tree Formula postulates that the BPS index
Q;() can be computed by summing over all possible flow trees:
schematically,

=) ( > H<’YL(V)77R(v)>)HQ*(’Yi)
=1

Y=yt \TeTz({vi}) veVr

@ Here, aflow tree T is a binary rooted tree, with edges decorated
with charges ~e, embedded in M along the gradient flow lines of
|Z(~e)|. The root vertex maps to (v, z), the leaves to (vi, z.(7i))
and at each vertex, vv = y1(v) + YR(v)> 2v € WL (v)> YR(v))-
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Improving the split attractor flow conjecture

This formula is oversimplified on many counts:

@ Each 2-body interaction contributes (—1)7tA+" |y, 5| where

YR = {1),7R)- More generally, including a fugacity for angular
YILR—y~ LR
y=1/y
@ In order to enforce Bose-Fermi statistics whenever two charges
coincide, one should replace Q(~) by [Manschot BP Sen’11]

1/y ym
Qz(7,y) = ZW (3 dZ;d2ng

momentum, (—1)"A* sgny, 5

@ When the charges of the constituents are not linearly independent,
some splittings can involve higher valency vertices. Those can be
resolved into binary trees by perturbing the charges or the moduli.

@ One should restrict the possible constituents to those lying in the
Abelian subcategory A C C, which changes along the tree.
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Flow tree formula for quivers with potential

@ A precise version of the Attractor Flow Tree Formula was
proposed in the context of quiver quantum mechanics: 0+1 dim
SUSY gauge theory with G = [[;cq, U(N;), bifundamental matter
®; for every arrow (i — j) € Q4.

@ The dimension vector v = (N;);cq, plays the role of the charge
vector, with Dirac product (v,~') = 3=, ;(NiNj — N;iN;).

@ The index Q¢(v) is a locally constant function of the
Fayet-lliopoulos parameters (aka King stability parameters)
¢ € R /R and superpotential W =", o Aww, with jumps in
real codimension 1 and 2, respectively.
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Flow tree formula for quivers with potential

@ The continuous attractor flow is replaced by a discrete version

(Cvy) = (Cpvys ) — M(Cp(v)v'ﬂ(v))

Manschot’10; Alexandrov BP’18

Since N; > 0, only a finite number of trees contribute. When
N; > 1, a small perturbation of ¢ is necessary so as to restrict to
binary trees.

@ The attractor point becomes the self-stability condition
(&(7),-) = (7, ). The attractor indices $2,(~;) depend on W.

@ The formula is manifestly consistent with wall-crossing. In
addition, there are fake walls where the contributing trees jump but
Q(~) stays constant, thanks to Jacobi-type identity

(V1,72) (71 + 72,73) +cye. =0
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Quivers from tiltings and tilings

@ For non-compact CY3 admitting a tilting sequence (E;, ..., Ex),
there is an isomorphism D2Coh(X) ~ DPRepJ(Q, W), where
nodes of Q correspond to the objets E;, and arrows i — j to
Ext'(E;, E)).

@ The abelian category of representations .4 = RepJ(Q, W) agrees
with the category of D-branes in the vicinity of ‘orbifold points’
where Z(ch E;) are nearly aligned.

@ Such tilting sequences exist for crepant resolutions of toric CY3
singularities, where (Q, W) can be read off from the brane tiling.
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Quiver for Kpe

Z
W =2 einXi ik
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Attractor conjecture

@ By examining the expected dimension of the moduli space of
quiver representations in the attractor chamber [Beavjard BP Manschot]
conjectured that all attractor invariants Q,(v) vanish except
Qu(yi)=1fori=1,2,3 and Q. (k(y1 +v2 +v3)) = -3 for k > 1.

@ Under this assumption, we observed that the index Q_ () for
v = (my, N2, N3), in the anti-attractor chamber coincides with the
index Q. (r, d, chy) counting Gieseker semi-stable sheaves
provided r > 0 and —r < d < 0. But the quiver description is only
supposed to be valid near the orbifold point !

@ A similar conjecture for Q,(y) holds for any toric CY3, giving in
principle access to DT invariants Q,(;) at any point in Kéhler
moduli space. [Mozgovoy BP:20; Descombes’21]

B. Pioline (LPTHE, Paris) BPS Dendroscopy 30/06/2022 16/ 34



Flow tree formula from scattering diagrams

@ The Attractor Flow Tree formula was established rigorously using
the framework of scattering diagrams [Argiiz Bousseau '20].

@ For any quiver with potential (Q, W), the scattering diagram D is
the set of real codimension-one rays {R*(v),y € Z%} c R%
defined by R*(v) = {¢: (¢,7) = 0, Q¢(k~) # 0 for some k > 1}
[Bridgeland’16].

@ More generally, for any i) € R/27Z define
RE(7) = {Z :Re(e7)Z()) = 0,Im(e7"") Z(7)) > 0,Q¢(k7) # O}

@ Each point along Rg(y) is endowed with an automorphism of the
quantum torus algebra, (assume ~ primitive)

A, (kn, /
= GXD(Z },((17}, 'y) Xv‘Xw’ = (_y)<’y,’y >XW+7’
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Flow tree formula from scattering diagrams

@ The WCF ensures that the diagram is consistent, i.e.
[1,, U(~i) = 1 around any codimension 2 intersection. All DT
invariants are determined from the initial rays, i.e. those
containing the self-stability condition ({«(7), ) = (v, ).

@ Since Z(~) is holomorphic in the Ké&hler moduli, arg Z(~) is
preserved along the gradient flow of |Z(~)|. Hence, the edges of
attractor flow trees lie inside the rays R;Z(’ye), while vertices lie in

R () DRy (Yiw))-
@ Thus, flow trees are subsets of scattering diagrams, determining

which initial data scatter to produce an outgoing ray Rj;(fy)
passing through the desired point z, where Q,(k~) can be read off.

@ The Attractor Flow Tree Formula determines outgoing rays from
incoming rays at each vertex. [Argiiz Bousseau '20].
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A 2D slide of the orbifold scattering diagram

Y1 +2y -
T 2m e A
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Kahler moduli space of Kpe

@ The Ké&hler moduli space of Kp2 is the modular curve
X1(3) = H/I'1(3) parametrizing elliptic curves with level structure.
It admits two cusps LV, C and one elliptic point o of order 3.

@ The universal cover is parametrized by + € H:

= —rTD(T) + dT(T) — Ch2

= [, Asw
= Ji,Asw
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Central charge as Eichler integral

@ Since 0:Agy is holormorphic, its periods are proportional to (1, 7).
Integrating on a path from o to 7, one finds the Eichler-type

integral
(1)) () e

where C(7) = 7;7((3:)93 is a weight 3 modular form for I'{(3).

@ This provides an computationally efficient analytic continuation of
Z; throughout H, and gives access to monodromies:

1 1 0O 1
— ar -+ Z T|l—| m dc|-|T
CT + TD mp b a TD

aTo—b
To—

CTo—d"

where (m, mp) are period integrals of C from 7, to
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Central charge as Eichler integral

@ Atlarge volume, using C =1 —-9g+ ... one finds

1, 1
T=7+0(q), To=57"+5+0(a)

@ For 7 large enough, one can use the GL(2,R)™ action on stability
conditions to absorb the O(q) corrections and work with
r

Z () = —5(s+ it)? + d(s +it) — chy

- IIIlTD
~ ImT

2O =

A={E % F,u(E) < s,u(F) > s}
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Large volume scattering diagram

@ For the stability conditions (Z2is, A(s)), [Bousseau'19] constructed
the scattering diagram D, in (s, t) upper half-plane for 1) = 0. The
diagram for ¢ # 0 is obtained by transforming
(s,t) — (s— ttan, t/cos ). We shall restrict to ) = 0.

@ The rays R (v) are branches of hyperbola asymptoting to
t==+(s— %) for r # 0, or vertical lines when r = 0. Walls of
marginal stability W(v,~’) are half-circles centered on real axis.

@ Think of R*(v) as the worldline of a particle of charge r, mass
m? = }d? — rchy moving in a constant electric field !
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Large volume scattering diagram

@ Initial rays correspond to O(m) and O(m)[1], ie (anti)D4-branes
with m units of flux, emanating from (s, t) = (m,0) on the
boundary where the central charge vanishes.

N,

@ The first scatterings occur for t > 1, after each constituent has
moved by |As| > % The monotonicity of the ‘electric potential’

¢(v) = d — sr along the flow, allows to bound the number and
charge of constituents.
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Flow trees for v = [0,4, 1)

o {{-30(-2),20(~1)},0}:
30(-2) - 20(-1)» 0 — E
K3(2,3)K12(1,1) — —156

@ {—0(-3),{-0(-1),20}}:
O(-3) & O(~1) =20 > E
L Ka(1,2)Kip(1,1) — 36
4 L Total: Quo(y) = —192 = Nio)
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Flow trees for v = [1,0, —3)

® {{-0(-5),0(-4)}, O(-1)}
O(-5) = O(-4)80(-1) » E
K3(1,1)2 =9

4

O(—4) ®+0(-3) —
O(-3)¢ +20(-2) - E
K3(1,1)%K3(1,2) — 27

@ {—0(—4),20(-2)}
O(-4) - 20(-2) - E
Ks(1,2) — 15

Total: Qoo () = 51 = x(P24)
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Exact scattering diagram

@ The full scattering diagram DZ on the slice of MM-stability conditions

should interpolate between Dtv around 7 = ioc and D{Z around
gim/6
V3
@ Under 7 g7 with n € Z, O — O[n]. Hence we have an doubly

infinite family of initial rays associated to O(m)[n].

+ n, and be invariant under the action of '{(3).

@ For |tany| < 55; where V = ImT(0) = 25ImLip(6*"/%) ~ 0.463
only the rays associated to O(m)[0] and O(m)[1] escape 10 ico,
and merge onto rays in the large volume scattering diagram Di".
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Exact scattering diagram

@ In addition, there must be an infinite family of initial rays coming
from r = g with g # 0 mod 3, corresponding to '1(3)-images of

O(0). This includes initial rays emitted at 7 = n — % associated to
Q(n+1); for v ~ 7, these merge onto initial rays of the orbifold
scattering diagram.

@ Since 0.Z(vy) = (d — rr)C(7) and C # 0 for Im7 > 0, it appears
that rays R () can only end at 7 = ¢ such that Z(v) vanishes.
This can be shown to hold for generic v, but when tany € Q/V, a
ray R(v) emitted at 7 = % might end up at 7/ = f—,’.

@ We conjecture that the only initial rays are the I'1(3) images of the
structure sheaf O, each of them carrying Q(ky) =1fork=1,0

otherwise.
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Exact scattering diagram - ¢ = &5 mod 27

@ For ¢ = £7, the diagram Dﬂ simplifies dramatically, since the loci

ImZ. () = 0 are lines of constant s := ™o — d,

Yo e N

@ Hence, there is no wall-crossing between 7, and 7 = ico when
—1 < ¢ <0, explaining why the Gieseker index Q. () agrees
with the index in the anti-attractor chamber (where the orbifold
quiver with potential reduces to the Beilinson quiver with relations)
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Scattering diagram in affine coordinates

@ For |tany| < % and fixed ~, the flow trees in Dﬂ are identical
(topologically) to flow trees in Di". One way to show this is to map
both of them to the plane

_ Re (e_iw T)
- cosy

Re (e‘w TD)
~ cosv

I 9

such that R () becomes a line segment rx + dy — ch, = 0.

@ The initial rays Rp(m) are tangent to the parabola y = —%xz at
X = m, but the origin of each ray is shifted to x = m+ Vtan.

@ In addition, there are initial rays associated to images of O(m)
under I'1(3), but those don’t play a role if ¥ is small enough.
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Exact scattering diagram in (x, y) plane, ¢ = 1




Exact scattering diagram, varying

v=10,1,1) =chO¢:
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Conclusion - outlook

@ The scattering diagram is the proper mathematical framework for
the attractor tree conjecture in the case of local CY3. This is
because the central charge is holomorphic, so the gradient flow
preserves the phase of Z(+). Moreover, initial rays can only start
from the boundary.

@ This provides an effective way of computing DT invariants in any
chamber, and a natural decomposition into elementary
constituents. Mathematically, different trees should correspond to
different strata in Mz(+y), but the precise relation is not clear.

@ It would be interesting to extend this description to other toric CY3,
such as local del Pezzo surfaces.

@ In the compact case, the phase of Z(«) is no longer constant
along the flow and there can be attractor points with Q,(v) # 0 at
finite distance in K&hler moduli space...
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Thanks fo attention !

B. Pioline (LPTHE, Paris) BPS Dendroscopy 30/06/2022 34/34



