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From math to physics and back

@ Given a compact Calabi-Yau threefold X, one associates an
infinite set of rational numbers ng, called (genus zero)
Gromov-Witten invariants, which count rational curves in
homology class 5 € Ho(X). They are invariant under complex
deformations of X, computable using mirror symmetry, and
provide a deformation of the usual intersection product on Hx(X).
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@ Given a compact Calabi-Yau threefold X, one associates an
infinite set of rational numbers ng, called (genus zero)
Gromov-Witten invariants, which count rational curves in
homology class 5 € Ho(X). They are invariant under complex
deformations of X, computable using mirror symmetry, and
provide a deformation of the usual intersection product on Hx(X).

@ In physics, genus zero GW invariants govern instanton corrections
to the low-energy effective action in type IIA strings on R®' x X:

Slg,z,...]= / \/—detgd*x [R(g) + Gap(2)9" 0,20,z + . ..
RS.1
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@ Given a compact Calabi-Yau threefold X, one associates an
infinite set of rational numbers ng, called (genus zero)
Gromov-Witten invariants, which count rational curves in
homology class 5 € Ho(X). They are invariant under complex
deformations of X, computable using mirror symmetry, and
provide a deformation of the usual intersection product on Hx(X).

@ In physics, genus zero GW invariants govern instanton corrections
to the low-energy effective action in type IIA strings on R®' x X:

Slg,z,...]= / \/—detgd*x [R(g) + Gap(2)9" 0,20,z + . ..
RS.1

@ More precisely, corrections to the metric G, on Kahler moduli
space M due to worldsheet instantons, i.e. Euclidean strings
wrapped on rational curves. Higher genus GW invariants ng>°
govern higher derivative corrections to A = 2 supergravity.
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From math to physics and back

@ The genus zero Gopakumar-Vafa invariants defined by
N3 = > dis %ng /4 are conjecturally integer. In physics, they count
BPS states originating from D2-branes wrapped on curves in
homology class . Higher genus GV invariants Ng>° provide a
refinement of that counting.
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@ The genus zero Gopakumar-Vafa invariants defined by
N3 = > dis %ng /4 are conjecturally integer. In physics, they count
BPS states originating from D2-branes wrapped on curves in
homology class . Higher genus GV invariants Ng>° provide a
refinement of that counting.

@ More generally, BPS states in type IIA/X correspond to stable
objects E in the bounded derived category of coherent sheaves
D(X). Sheaves supported on a point/curve/divisor/X correspond
to DO/D2/D4/D6-branes.
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From math to physics and back

@ The genus zero Gopakumar-Vafa invariants defined by
N3 = > dis %ng /4 are conjecturally integer. In physics, they count
BPS states originating from D2-branes wrapped on curves in
homology class 3. Higher genus GV invariants Ng>° provide a
refinement of that counting.

@ More generally, BPS states in type IIA/X correspond to stable
objects E in the bounded derived category of coherent sheaves
D(X). Sheaves supported on a point/curve/divisor/X correspond
to DO/D2/D4/D6-branes.

@ The Chern character v = ch(E) € H®"*"(X) (or its Poincaré dual)
is interpreted as the electromagnetic charge in 3 + 1 dimensions.
The shifted object E[1] corresponds to the anti-particle with
charge —~.
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From math to physics and back

@ Physicists are interested in the BPS index () counting stable
objects in D(X) with fixed charge v € I and moduli z € M. The
mathematical counterpart is argued to be the generalized
Donaldson-Thomas invariant, which is also of interest to many
mathematicians ! [Kontsevich 1994, Douglas 2001, Bridgeland 2005]
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@ Physicists are interested in the BPS index () counting stable
objects in D(X) with fixed charge v € I’ and moduli z € M. The
mathematical counterpart is argued to be the generalized
Donaldson-Thomas invariant, which is also of interest to many
mathematicians ! [Kontsevich 1994, Douglas 2001, Bridgeland 2005]

@ While physicists can hardly compete with mathematicians in
defining/computing Q(+y, z) rigorously, they can use physics
intuition to conjecture new properties of these invariants.
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@ Physicists are interested in the BPS index () counting stable
objects in D(X) with fixed charge v € I and moduli z € M. The
mathematical counterpart is argued to be the generalized
Donaldson-Thomas invariant, which is also of interest to many
mathematicians ! [Kontsevich 1994, Douglas 2001, Bridgeland 2005]

@ While physicists can hardly compete with mathematicians in
defining/computing Q(+y, z) rigorously, they can use physics
intuition to conjecture new properties of these invariants.

@ For example, they expect that for large |v|, stable objects in D(X)
correspond to BPS black hole solutions to N = 2 supergravity.
Moreover, log [Q2(7)| ~ }A where A is the BH horizon area,
measured in Planck units. Subleading corrections are in principle
computable from higher-derivative corrections.
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From math to physics and back

@ Moreover, depending on the moduli z, some solutions may involve
multi-centered black holes. Such solutions may disappear across
real codimension-one walls in Kahler moduli space, which exactly
match the walls where stable objects may become unstable.
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@ Moreover, depending on the moduli z, some solutions may involve
multi-centered black holes. Such solutions may disappear across
real codimension-one walls in Kahler moduli space, which exactly
match the walls where stable objects may become unstable.

@ Based on this picture, in earlier work with J. Manschot and A. Sen
(2010), we derived the wall-crossing formula of Kontsevich and
Soibelman by solving the supersymmetric (SUSY) quantum
mechanics of n dyonic BPS black holes.
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@ Moreover, depending on the moduli z, some solutions may involve
multi-centered black holes. Such solutions may disappear across
real codimension-one walls in Kahler moduli space, which exactly
match the walls where stable objects may become unstable.

@ Based on this picture, in earlier work with J. Manschot and A. Sen
(2010), we derived the wall-crossing formula of Kontsevich and
Soibelman by solving the supersymmetric (SUSY) quantum
mechanics of n dyonic BPS black holes.

@ By the Coulomb/Higgs correspondence, this turns out to be
equivalent to computing DT invariants for the moduli space of
stable representations of certain acyclic quivers. This problem
was solved by M. Reineke (2003). Instead, we applied the
Atiyah-Bott-Lefschetz fixed point theorem on the Coulomb branch
to obtain a different (but equivalent) formula.
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From math to physics and back

@ Another physical insight is the idea of attractor mechanism: for
single-centered black holes in NV = 2 supergravity, the moduli
have a non-trivial radial profile z(r), interpolating from vacuum
value z,, at r = oo to a value z, at the horizon, which depends
only on the charge ~.
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@ Another physical insight is the idea of attractor mechanism: for
single-centered black holes in NV = 2 supergravity, the moduli
have a non-trivial radial profile z(r), interpolating from vacuum
value z,, at r = oo to a value z, at the horizon, which depends
only on the charge ~.

vy Im[Z,Z)(2,) = =M ()

where Z,(z) is the central charge, (—, —) is the Dirac-Schwinger
pairing and A, > 0. In mathematical terms, Z(z,) corresponds to
the self-stability condition.
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From math to physics and back

@ The attractor moduli z, have the property that multi-centered
solutions with z(F) — z, as ¥ — oo are ruled out (up to an
important caveat: so called scaling solutions are still possible).
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@ The attractor moduli z, have the property that multi-centered
solutions with z(F) — z, as ¥ — oo are ruled out (up to an
important caveat: so called scaling solutions are still possible).

@ Accordingly, the attractor indices Q. (v) := Q, () are expected to
be vastly simpler than for generic moduli z.
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@ The attractor moduli z, have the property that multi-centered
solutions with z(F) — z, as ¥ — oo are ruled out (up to an
important caveat: so called scaling solutions are still possible).

@ Accordingly, the attractor indices Q. (v) := Q, () are expected to
be vastly simpler than for generic moduli z.

@ Moreover, one expects that for z # z,, BPS states with total
charge ~ can be constructed as bound states of the attractor BPS
states, with a hierarchical structure labelled by attractor trees:
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@ The attractor moduli z, have the property that multi-centered
solutions with z(F) — z, as ¥ — oo are ruled out (up to an
important caveat: so called scaling solutions are still possible).

@ Accordingly, the attractor indices Q. (v) := Q, () are expected to
be vastly simpler than for generic moduli z.

@ Moreover, one expects that for z # z,, BPS states with total
charge ~ can be constructed as bound states of the attractor BPS
states, with a hierarchical structure labelled by attractor trees:

@ This idea can be made precise, leading to ‘attractor flow formulae’
expressing Q(+) as a sum of products of attractor indices Q. ().
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Executive summary

@ In this talk, | will focus on the case where X is a crepant
resolutions of toric CY3 singularity. The category D(X) is
equivalent to the category of representations of a certain quiver
with potential D(Q, W), associated to a brane tiling.
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dimension vector and 6 € R is the stability parameter.
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@ In this talk, | will focus on the case where X is a crepant
resolutions of toric CY3 singularity. The category D(X) is
equivalent to the category of representations of a certain quiver
with potential D(Q, W), associated to a brane tiling.

@ The role of (v, z) is now played by (d, #), where d € N% is the
dimension vector and 6 € R is the stability parameter.

@ | will present evidence for the conjecture that the attractor DT
invariants, defined by Q,(d) = Qy—_ y(d), take a very simple
form indeed.
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Executive summary

@ In this talk, | will focus on the case where X is a crepant
resolutions of toric CY3 singularity. The category D(X) is
equivalent to the category of representations of a certain quiver
with potential D(Q, W), associated to a brane tiling.

@ The role of (v, z) is now played by (d, #), where d € N% is the
dimension vector and 6 € R is the stability parameter.

@ | will present evidence for the conjecture that the attractor DT
invariants, defined by Q,(d) = Qy—_ y(d), take a very simple
form indeed.

@ If true, this conjecture determines the entire set of DT invariants
Qy(d) via the attractor flow tree formulae, which are now theorems
due to Argiiz, Bousseau and Mozgovoy.
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Executive summary

@ Evidence comes from many directions, including
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@ computation of framed DT invariants for non-commutative crepant
resolutions using toric localization,
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@ Evidence comes from many directions, including
@ computation of framed DT invariants for non-commutative crepant
resolutions using toric localization,

@ computation of DT invariants for trivial stability using dimensional
reduction
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Executive summary

@ Evidence comes from many directions, including
@ computation of framed DT invariants for non-commutative crepant
resolutions using toric localization,
@ computation of DT invariants for trivial stability using dimensional
reduction
© comparison with Vafa-Witten invariants of a Fano surface S for
X =Ks
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Executive summary

@ Evidence comes from many directions, including
@ computation of framed DT invariants for non-commutative crepant
resolutions using toric localization,
@ computation of DT invariants for trivial stability using dimensional
reduction
© comparison with Vafa-Witten invariants of a Fano surface S for
X = Kg
@ The last item (historically the first) suggests that generating series
of anti-attractor invariants of the form

hy s(T) = Z Qi y(d+nd)q"™, g=€""

for (9, —) = 0 and suitable A € Q should have mock modular
properties...
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Executive summary

@ Evidence comes from many directions, including
@ computation of framed DT invariants for non-commutative crepant
resolutions using toric localization,
@ computation of DT invariants for trivial stability using dimensional
reduction
© comparison with Vafa-Witten invariants of a Fano surface S for
X = Kg
@ The last item (historically the first) suggests that generating series
of anti-attractor invariants of the form

hy s(T) = Z Qi y(d+nd)q"™, g=€""

for (9, —) = 0 and suitable A € Q should have mock modular
properties...

@ A natural question is whether this can be understood from the
action of some VOA on the cohomology of quiver moduli...
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Definitions and notations [slide courtesy of S. Mozgovoy]

o Let Q = (Qu, Qq, s,t) be a quiver (finite directed graph), where
s,t: Qy — Q are source and target maps. Let CQ be its path
algebra.
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o Let Q = (Qu, Qq, s,t) be a quiver (finite directed graph), where
s,t: Qy — Q are source and target maps. Let CQ be its path
algebra.

@ We say thatapath p = a,...a; isacycle if t(an) = s(ay).
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o Let Q = (Qu, Qq, s,t) be a quiver (finite directed graph), where
s,t: Qy — Q are source and target maps. Let CQ be its path
algebra.

@ We say thatapath p = a,...a; isacycle if t(an) = s(ay).

@ Define a potential W in Q to be a linear combination of cycles. We
use W to generate relations in the path algebra.
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Definitions and notations [slide courtesy of S. Mozgovoy]

o Let Q = (Qu, Qq, s,t) be a quiver (finite directed graph), where
s,t: Qy — Q are source and target maps. Let CQ be its path
algebra.

@ We say thatapath p = a,...a; isacycle if t(an) = s(ay).

@ Define a potential W in Q to be a linear combination of cycles. We
use W to generate relations in the path algebra.

@ For any cycle p = a,. .. ay and for any arrow a € Qq, define the
(cyclic) derivation % = Zi:a,:a aj11...apa1...8j1.
We extend it to 9W /0a by linearity.
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Definitions and notations [slide courtesy of S. Mozgovoy]

o Let Q = (Qu, Qq, s,t) be a quiver (finite directed graph), where
s,t: Qy — Q are source and target maps. Let CQ be its path
algebra.

@ We say thatapath p = a,...a; isacycle if t(an) = s(ay).

@ Define a potential W in Q to be a linear combination of cycles. We
use W to generate relations in the path algebra.

@ For any cycle p = a,. .. ay and for any arrow a € Qq, define the
(cyclic) derivation % = Zi:a,:a aj11...apa1...8j1.

We extend it to 9W /0a by linearity.
@ Define the Jacobian algebra J(Q, W) = CQ/(0W/0oa: ac Q).
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Definitions and notations [slide courtesy of S. Mozgovoy]

o Let Q = (Qu, Qq, s,t) be a quiver (finite directed graph), where
s,t: Qy — Q are source and target maps. Let CQ be its path
algebra.

@ We say thatapath p = a,...a; isacycle if t(an) = s(ay).
@ Define a potential W in Q to be a linear combination of cycles. We
use W to generate relations in the path algebra.

@ For any cycle p = a,. .. ay and for any arrow a € Qq, define the
(cyclic) derivation % = Zi:a,:a aj11...apa1...8j1.
We extend it to 9W /0a by linearity.

@ Define the Jacobian algebra J(Q, W) = CQ/(0W/0oa: ac Q).

@ Define a cut to be a subset / € Q; such that every term of W
contains exactly one arrow from /. Setting Q' = Q\/, let
J(QW)=CQ/(oW/oa:acl).
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Brane tilings

@ The quiver (Q, W) associated to a singular toric CY3 X is
conveniently encoded in a brane tiling, i.e. a bipartite graph G
embedded in a 2-dimensional (real) torus 7. Each vertex is black
or white, edges connect only vertices of different colors.
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@ The quiver (Q, W) associated to a singular toric CY3 X is
conveniently encoded in a brane tiling, i.e. a bipartite graph G
embedded in a 2-dimensional (real) torus 7. Each vertex is black
or white, edges connect only vertices of different colors.

@ The quiver Q is the dual graph of G:

@ Vertices i € Qg correspond to faces of G (i.e.
the connected components of 7\ G).
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Brane tilings

@ The quiver (Q, W) associated to a singular toric CY3 X is
conveniently encoded in a brane tiling, i.e. a bipartite graph G
embedded in a 2-dimensional (real) torus 7. Each vertex is black
or white, edges connect only vertices of different colors.

@ The quiver Q is the dual graph of G:

@ Vertices i € Qp correspond to faces of G (i.e.
the connected components of 7\ G).

@ Arrows a: i — j € @ correspond to edges of
G common to faces i and j, oriented so that
they go clockwise around white vertices of G
and go anti-clockwise around black vertices
of G.
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Brane tilings

@ The quiver (Q, W) associated to a singular toric CY3 X is
conveniently encoded in a brane tiling, i.e. a bipartite graph G
embedded in a 2-dimensional (real) torus 7. Each vertex is black
or white, edges connect only vertices of different colors.

@ The quiver Q is the dual graph of G:

@ Vertices i € Qp correspond to faces of G (i.e.
the connected components of 7\ G).

@ Arrows a: i — j € @ correspond to edges of
G common to faces i and j, oriented so that
they go clockwise around white vertices of G
and go anti-clockwise around black vertices
of G.

@ For every i € Qy, as many arrows come in as come out.
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Brane tilings |l

@ Let @, = Q U Q, be the set of white and
black vertices of G, or equivalently the set
of faces of Q (connected components of
T\Q),

© For any face F € @», let wr be the cycle
obtained by going along the arrows of F
(defined up to a cyclic shift).

© The potential is
W= ZFEOQ“ WrF — ZFGO{ Wr

@ The quiver (Q, W) can be derived from a tilting sequence on X.
Conversely, the toric diagram of X can be read off from zig-zag
paths on the brane tiling. X arises as the moduli space of
representations of (Q, W) with dimension vector § = (1,1,...).
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Example 1: C3

@ Consider the brane tiling, with red dots identified,
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Example 1: C3

@ Consider the brane tiling, with red dots identified,

@ The quiver Q has a single vertex 1, three arrows x,y,z: 1 — 1,
and potential W = xyz — xzy.
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Example 1: C3

@ Consider the brane tiling, with red dots identified,

@ The quiver Q has a single vertex 1, three arrows x,y,z: 1 — 1,
and potential W = xyz — xzy.

@ Since OW /0 = z[x, y] and similarly for other arrows, the Jacobian
algebra is J(Q, W) = C|[x, y, z], which is the coordinate ring of C3.
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Example 1: C3

@ Consider the brane tiling, with red dots identified,

@ The quiver Q has a single vertex 1, three arrows x,y,z: 1 — 1,
and potential W = xyz — xzy.

@ Since OW /0 = z[x, y] and similarly for other arrows, the Jacobian
algebra is J(Q, W) = C|[x, y, z], which is the coordinate ring of C3.

@ For I ={z}, J(Q, W) = C|x, y] is the coordinate ring of C2.
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Example 2: C3/Z3 ~ Kpe

_ b bl bk
W= Zi,j,k €jk P12 P23 P34

o For | = {®},, d5;, ¥3,}, the quiver Q& = Q\/ with relations
€k D k <I>12<bf 53 = 0 is the familiar Beilinson quiver describing
coherent sheaves on P2.
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Moduli spaces

@ Let (Q, W) be a quiver with potential (induced by a brane tiling).
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Moduli spaces

@ Let (Q, W) be a quiver with potential (induced by a brane tiling).

@ For any dimension vector d € N, consider the space of
representations R(Q, d) = @,,;_,;Hom(C%, C%).
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@ For any dimension vector d € N, consider the space of
representations R(Q, d) = @,,;_,;Hom(C%, C%).

@ ForJ =J(Q, W),let R(J,d) C R(Q,d) be the closed subset of
representations satisfying relations 0W/oa = 0.
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@ ForJ =J(Q, W),let R(J,d) C R(Q,d) be the closed subset of
representations satisfying relations 0W/oa = 0.

@ They are equipped with an action of the group Gy = [ [; GL4,(C).
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@ Let (Q, W) be a quiver with potential (induced by a brane tiling).

@ For any dimension vector d € N, consider the space of
representations R(Q, d) = @,,;_,;Hom(C%, C%).

@ ForJ =J(Q, W),let R(J,d) C R(Q,d) be the closed subset of
representations satisfying relations 0W/oa = 0.

@ They are equipped with an action of the group Gy = [ [; GL4,(C).

@ Consider a central charge Z = —6 +ip : Z% — C with p(e;) > 0.
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Moduli spaces

@ Let (Q, W) be a quiver with potential (induced by a brane tiling).

@ For any dimension vector d € N, consider the space of
representations R(Q, d) = @,,;_,;Hom(C%, C%).

@ ForJ =J(Q, W),let R(J,d) C R(Q,d) be the closed subset of
representations satisfying relations 0W/oa = 0.

@ They are equipped with an action of the group Gy = [ [; GL4,(C).

@ Consider a central charge Z = —6 +ip : Z% — C with p(e;) > 0.

@ For any representation M, define the dimension vector
d = (dim M;); € N% and slope uz(M) = 6(d)/p(d).
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Moduli spaces

@ Let (Q, W) be a quiver with potential (induced by a brane tiling).
@ For any dimension vector d € N, consider the space of
representations R(Q, d) = @,,;_,;Hom(C%, C%).
@ ForJ =J(Q, W),let R(J,d) C R(Q,d) be the closed subset of
representations satisfying relations 0W/oa = 0.
@ They are equipped with an action of the group Gy = [ [; GL4,(C).
@ Consider a central charge Z = —6 +ip : Z% — C with p(e;) > 0.
@ For any representation M, define the dimension vector
d = (dim M;); € N% and slope uz(M) = 6(d)/p(d).
@ A representation M of Q (or J) is called semistable if
uz(N) < uz(M) forany N c M.
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Moduli spaces

@ Let (Q, W) be a quiver with potential (induced by a brane tiling).
@ For any dimension vector d € N, consider the space of
representations R(Q, d) = @,,;_,;Hom(C%, C%).
@ ForJ =J(Q, W),let R(J,d) C R(Q,d) be the closed subset of
representations satisfying relations 0W/oa = 0.
@ They are equipped with an action of the group Gy = [ [; GL4,(C).
@ Consider a central charge Z = —6 +ip : Z% — C with p(e;) > 0.
@ For any representation M, define the dimension vector
d = (dim M;); € N% and slope uz(M) = 6(d)/p(d).
@ A representation M of Q (or J) is called semistable if
uz(N) < uz(M) forany N c M.

@ Let Az(J,d) C R(J, d) be the subspace of semistable
representations and Mz(J, d) = Rz(J, d)/ Gg.
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Stacky invariants

@ Given a cut / C Qq, we define the stacky DT invariants by

P(R(J1, d))
A(x) = —y)xa(d,:d)+2v(d) x4
(=3 (=) PG
deN™0
where P(X) =", dim H"(X)(—y)" for smooth projective X,
e)=> de— > de, y(d)= > dq
i

a:i—j (a:i—j)el

Here xq is the Euler form. A is independent of the choice of cut.
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Stacky invariants

@ Given a cut / C Qq, we define the stacky DT invariants by

P(R(J;, d))
A X) = — XQ(dvd)+27l(d)7xd
W= ¥ AL

where P(X) =", dim H"(X)(—y)" for smooth projective X,
e)=> de— > de, y(d)= > dq
i ai—j (a:i—))el

Here xq is the Euler form. A is independent of the choice of cut.
@ For any stability function Z and ray ¢ C C, define

Az o(x Z ( y)¥a(d-d)+2x(a) P(Rz(J1. d)) o

e P(Gq)
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Rational and integer DT invariants

@ Assume that Z is generic, i.e. uz(d) = pz(d') = d || d'.
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Rational and integer DT invariants

@ Assume that Z is generic, i.e. uz(d) = pz(d') = d || d'.
@ The rational DT invariants Qz(d, y) and integer DT invariants
Qz(d, y) are defined by

O d d
Azolx) = oxp (E2a 0 ) g (R )

where Exp is the plethystic exponential,

Exp (1(x,. ) = exp (Z e yk))

k=1
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Rational and integer DT invariants

@ Assume that Z is generic, i.e. uz(d) = pz(d') = d || d'.
@ The rational DT invariants Qz(d, y) and integer DT invariants
Qz(d, y) are defined by

O d d
Azolx) = oxp (E2a 0 ) g (R )

where Exp is the plethystic exponential,

Exp (1(x,. ) = exp <Z e yk))

k=1

@ Rational and integer DT invariants are related by

5 _\ 1/y m
QZ(d7y)_;dmym 1/me (d/m,y )
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Wall-crossing

@ Define the quantum torus
A= P Qu)x?, xTox¥ = (—y)@dixdtd
deN

where (d,d") = xq(d, d’) — xq(d’, d) is the skew-symmetrized
Euler form, or Dirac-Schwinger-Zwanziger pairing in physics.
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Wall-crossing

@ Define the quantum torus

A= P ou)x?, x@ox? = (-y)@d)xdrd
deN%
where (d,d") = xq(d, d’) — xq(d’, d) is the skew-symmetrized
Euler form, or Dirac-Schwinger-Zwanziger pairing in physics.

@ Wall-crossing formula (Kontsevich-Soibelman 2008): for any
stability function Z,

A(x) = H Az.o(x)
;

where the product runs over rays ¢ in the upper half-plane ordered
clockwise. In particular, the right hand side is independent of Z.
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Wall-crossing

@ Define the quantum torus

A= P ou)x?, x@ox? = (-y)@d)xdrd
deN%
where (d,d") = xq(d, d’) — xq(d’, d) is the skew-symmetrized
Euler form, or Dirac-Schwinger-Zwanziger pairing in physics.

@ Wall-crossing formula (Kontsevich-Soibelman 2008): for any
stability function Z,

A(x) = [ Aze(x)
¢

where the product runs over rays ¢ in the upper half-plane ordered
clockwise. In particular, the right hand side is independent of Z.

@ Joyce has given a formula expressing Qz(d, y) in terms of
Qz(d,y)foralld <d.
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Symmetric quivers

@ For symmetric quivers, the quantum torus becomes commutative,
and therefore DT indices are independent of Z.
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Symmetric quivers

@ For symmetric quivers, the quantum torus becomes commutative,
and therefore DT indices are independent of Z.

@ This occurs for singular toric CY3 which have small crepant
resolutions, admitting no compact divisor: C3, conifold,
[C2/T] x C,.... In such cases, the full set of DT invariants is
known, using toric localization methods.
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Symmetric quivers

@ For symmetric quivers, the quantum torus becomes commutative,
and therefore DT indices are independent of Z.

@ This occurs for singular toric CY3 which have small crepant
resolutions, admitting no compact divisor: C3, conifold,
[C2/T] x C,.... In such cases, the full set of DT invariants is
known, using toric localization methods.

@ For example, for X = C3

_yS Zn21 X"

A(x) = Exp ( Ty

) :>Q(n’y):—y3
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No wall-crossing

@ More generally, when (d, —) = 0, x9 belongs to the center of the
quantum torus and therefore Qz(d, y) is independent of Z.
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No wall-crossing

@ More generally, when (d, —) = 0, x9 belongs to the center of the
quantum torus and therefore Qz(d, y) is independent of Z.

@ A special case is the dimension vector 6 = (1,1,...,1)
corresponding to the skyscraper sheaf on X, or DO-brane.
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No wall-crossing

@ More generally, when (d, —) = 0, x9 belongs to the center of the
quantum torus and therefore Qz(d, y) is independent of Z.

@ A special case is the dimension vector 6 = (1,1,...,1)
corresponding to the skyscraper sheaf on X, or DO-brane.

@ For d = né, Mz(J, d) is the Hilbert scheme of n points on X, and
one has [Behrend-Bryan-Szendroi (2009)]

Qnd, y) = (=y) °P(X)
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No wall-crossing

@ More generally, when (d, —) = 0, x9 belongs to the center of the
quantum torus and therefore Qz(d, y) is independent of Z.

@ A special case is the dimension vector 6 = (1,1,...,1)
corresponding to the skyscraper sheaf on X, or DO-brane.

@ For d = né, Mz(J, d) is the Hilbert scheme of n points on X, and
one has [Behrend-Bryan-Szendroi (2009)]

Qnd, y) = (=y) °P(X)

@ Similarly, for dimension vectors d associated to coherent sheaves
supported on curves C which do not intersect the compact
divisors, Qz(d, y) is independent of Z, and coincides (in unrefined
limit y — 1) with the genus-zero Gopakumar-Vafa invariant Ng.
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Attractor invariants

@ Given a dimension vector d € N%, consider § = (—, d) : Z% — R
and let ¢’ be a generic perturbation. Theorem VP 2020, Gross Hackinng
Keel Konstevich 2014]: Qg(d, ) is independent of the perturbation.
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Attractor invariants

@ Given a dimension vector d € N%, consider § = (—, d) : Z% — R
and let ¢’ be a generic perturbation. Theorem VP 2020, Gross Hackinng
Keel Konstevich 2014]: Qg(d, ) is independent of the perturbation.

@ Define the attractor DT invariant as Q.(d, y) = Qu(d,y) and
similarly for Q.(d, y) and A.(d, y).
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Attractor invariants

@ Given a dimension vector d € N%, consider § = (—, d) : Z% — R
and let ¢’ be a generic perturbation. Theorem VP 2020, Gross Hackinng
Keel Konstevich 2014]: Qg(d, ) is independent of the perturbation.

@ Define the attractor DT invariant as Q.(d, y) = Qu(d,y) and
similarly for Q.(d, y) and A.(d, y).

@ Theorem: If Q is acyclic, then Q,(d) = 1 for d = e; and zero
otherwise. More generally, if the support of d is not strongly
connected, then Q,(d) = 0.
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Attractor invariants

@ Given a dimension vector d € N%, consider § = (—, d) : Z% — R
and let ¢’ be a generic perturbation. Theorem VP 2020, Gross Hackinng
Keel Konstevich 2014]: Qg(d, ) is independent of the perturbation.

@ Define the attractor DT invariant as Q.(d, y) = Qu(d,y) and
similarly for Q.(d, y) and A.(d, y).

@ Theorem: If Qs acyclic, then Q,(d) =1 for d = e; and zero
otherwise. More generally, if the support of d is not strongly
connected, then Q,(d) = 0.

@ Using the wall-crossing formulas, the DT invariants Qz(d, y) for
any stability parameter Z can be recursively expressed in terms of
attractor invariants.
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Attractor flow tree formulae

@ More directly, the attractor tree formula allows to express Qo(7,y)
in terms of the attractor indices Q. («;, y):

Q@(’%y) - ﬁzufigli/ HQ Qj, y

Manschot’10, Alexandrov BP ’18; Argliz Bousseau 21

where
y’YLFI _ y_'VLFl

g({ai}, y) Z H WLRW

TeTo veVr

Here T runs over all #-stable flow trees ending on the leaves
a1,...,an, v runs over all vertices and v.r = (Y1 (v); YR(v))-
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Attractor flow and attractor indices

@ To define stability, decorate each vertex v with a dimension vector
~v and stability parameter 6,, such that v, = «; for the i-th leaf,
6y, = ¢ for the root vertex, and for any v distinct from the root and
the leaves, with parent p(v) and descendants L(v), R(v),

W= ’YL(v)Jr’Yf<3(‘/)>
O = Opn) + 1penn o OLw)
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Attractor flow and attractor indices

@ To define stability, decorate each vertex v with a dimension vector
~v and stability parameter 6,, such that v, = «; for the i-th leaf,
6y, = ¢ for the root vertex, and for any v distinct from the root and
the leaves, with parent p(v) and descendants L(v), R(v),

W= ’YL(v)Jr’Yf<3(‘/)>
O = Opn) + 1penn o OLw)

@ The flow tree is 0-stable if (y.(,), Yr(v)) X Ov(v(v)) > O forall v
(after perturbing (—, —) or 0).
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Attractor flow and attractor indices

@ There is a different formula called flow tree formula which does not
require any perturbations. It involves a sum over rooted plane
trees with vertices of arbitrary valency, produces numerous
cancellations and its physical interpretation is obscure. [Alexandrov
BP Manschot 19, Mozgovoy BP '20; Mozgovoy '20]

SAGA, 18/05/2021 24/36
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Attractor flow and attractor indices

@ For example for Kronecker quiver K, d = (1,3),
Y17V27272 T1V27272 TV27272 Y1 7Y27272
. % y Sm b- C: i y 3m d: y)Sm
V2717272 V2717272 Y2Y17272 Y2Y17272

e (=)™ fi—3(=" g:—3(=" h: (="

A/

Y2V17272 YN Ay = 1) = L (—y)" - (—y)™°

1

Pag(=n" o Jig(=)7
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Attractor indices from stacky invariants

@ One way to determine the attractor invariants Q.(d, y) is to
compute the stacky invariants for trivial stability A(d, y) and apply
the wall-crossing formula.
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Attractor indices from stacky invariants

@ One way to determine the attractor invariants Q.(d, y) is to
compute the stacky invariants for trivial stability A(d, y) and apply
the wall-crossing formula.

@ For quivers associated to brane tilings, .A(d, y) can be computed
using double dimensional reduction. Let / and I be two disjoint
cuts,and let Q@ = Q\/, Q" = Q\(/U I). There is a forgetful map
7 : R(J;,d) — R(Q", d) with linear fibers. Thus A(d, y) can be
deduced from the set of indecomposable representations R of Q”:

Ax)= >

22 Tuer[GL(mu)]
o(M,N) =2dimHom(M, N) — (M, N) — xo(M, N) — 2~,(M, N)

- mymyo(M,N
(—y)~ Zmner Mumno( )szeandimM

where ¢(M, N) is the quad. form such that ¢(M, M) = dim == (M).
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Attractor indices from stacky invariants

@ Consider Kpz:

CAC CAC CAC
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Attractor indices from stacky invariants

@ Consider Kpz:

() () ()
CAC CAC CAC

@ This suggests the conjecture

Qeny)=1, Q@nby)=-y*-y-y"
and all other invariants vanish.
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Attractor indices from stacky invariants

@ Consider Kpz:

() () ()
CAC CAC CAC

@ This suggests the conjecture

Qeny)=1,  Qnsy)=-y*-y—y'
and all other invariants vanish.

@ The same type of computation for Kg,, Kr,, Kap,, C3/Zs,
...suggests a similar conjecture for isolated toric CY3
singularities, with

Q.(nd,y) = (—y)°P(X) = —y* = (i+b-3)y — iy

where i (resp. b) are the number of internal (resp. boundary)
lattice points on the toric diagram.
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Attractor indices from stacky invariants

@ For non-isolated toric singularities, such that the boundary of the
toric diagram contains lattice points beyond the corners, we find
Q,(d + no, y) = —y for some d in the kernel of (—, —). See
[Descombes (2021)] for a precise conjecture covering all brane tilings.

g Y b J

C3/Zs PdP; C3/Z¢(1,2,3)
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Attractor invariants from NCDT invariants

@ One can also compute ,(d, y) from framed DT invariants in the
non-commutative chamber, counting D4-D2-D0 branes bound to
an infinitely heavy D6-brane
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Attractor invariants from NCDT invariants

@ One can also compute Q,(d, y) from framed DT invariants in the
non-commutative chamber, counting D4-D2-D0 branes bound to
an infinitely heavy D6-brane

@ For any framing vector f € N%_ let Qf be the quiver obtained from
Q by adding a new vertex oo and f; arrows co — i, for j € Q.
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Attractor invariants from NCDT invariants

@ One can also compute Q,(d, y) from framed DT invariants in the
non-commutative chamber, counting D4-D2-D0 branes bound to
an infinitely heavy D6-brane

@ For any framing vector f € N%_ let Qf be the quiver obtained from
Q by adding a new vertex oo and f; arrows co — i, for j € Q.

e Let JS' = J(Q", W), d" = (d,1) and R'(J,d) = R(J', d"). Let
R'"NC(J, d) c R'(J, d) to be the subspace of cyclic representations
M (i.e. satisfying N € M, Ny, # 0= N = M).
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Attractor invariants from NCDT invariants

@ One can also compute Q,(d, y) from framed DT invariants in the
non-commutative chamber, counting D4-D2-D0 branes bound to
an infinitely heavy D6-brane

@ For any framing vector f € N%_ let Qf be the quiver obtained from
Q by adding a new vertex oo and f; arrows co — i, for j € Q.

e Let JS' = J(Q", W), d" = (d,1) and R'(J,d) = R(J', d"). Let
R'"NC(J, d) c R'(J, d) to be the subspace of cyclic representations
M (i.e. satisfying N € M, Ny, # 0= N = M).

@ We define the generating function of unrefined NCDT invariants

Zue(x) = Y (1)@t (AINC(J,d)/Gy) x?
deN%
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Attractor invariants from NCDT invariants

@ NCDT invariants are related to (unframed, unrefined) DT
invariants by wall-crossing. The formula is simplest for symmetric
quivers,

Zinc(x) = SiExp ( > (f'd)Q(dJ)Xd) L Si(x9) = (1)

deN
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Attractor invariants from NCDT invariants

@ NCDT invariants are related to (unframed, unrefined) DT
invariants by wall-crossing. The formula is simplest for symmetric
quivers,

Zinc(x) = SiExp ( > (f-d)Q(dJ)Xd) L Si(x9) = (1)

deN

@ NCDT invariants can be computed using toric localization, which
amounts to counting molten crystals.
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Attractor invariants from NCDT invariants

@ Let A; denote the set of paths starting at / up to equivalence,
where two paths are equivalent if they are equal in J.
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Attractor invariants from NCDT invariants

@ Let A; denote the set of paths starting at / up to equivalence,
where two paths are equivalent if they are equal in J.

@ There is a partial order on A;, where u < v if v ~ wu for some

path w. An ideal is a (finite) subset Z C A; such that
(u<vandveI)=uecl.
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Attractor invariants from NCDT invariants

@ Let A; denote the set of paths starting at / up to equivalence,
where two paths are equivalent if they are equal in J.

@ There is a partial order on A;, where u < v if v ~ wu for some
path w. An ideal is a (finite) subset Z C A; such that
(u<vandveI)=uecl.

@ Theorem [Mozgovoy Reineke (2008)]:

Zei7NC(X) = Z (_1 )XQ(dvd)+diXd
ZICA;,d=dimZ

where dmZ =" . ey € Z.

B. Pioline (LPTHE, Paris) Attractor invariants for local CY3 SAGA, 18/05/2021 31/36



Attractor invariants from NCDT invariants

@ Let A; denote the set of paths starting at / up to equivalence,
where two paths are equivalent if they are equal in J.

@ There is a partial order on A;, where u < v if v ~ wu for some
path w. An ideal is a (finite) subset Z C A; such that
(u<vandveI)=uecl.

@ Theorem [Mozgovoy Reineke (2008)]:

Zei7NC(X) = Z (_1 )XQ(dvd)+diXd
ZICA;,d=dimZ

where dmZ =" . ey € Z.
@ Z; for other framing vectors f € N% follows from Ziy = Lily.
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Attractor invariants from molten ctrystals

Example: For X = C3, with Jacobian algebra
J(Q, W) = C|x, y, z], one can identify the poset
Aq with N3, and ideals with plane partitions.

@ The generating function of NCDT invariants is [MacMahon 1916]

o0

Zy(—x) = [J(1=x)"F = 14-x+3x7+-6x°+13x*+24x°+-48x°+ . ..
k=1
consistent with the unrefined indices Q(n,y = 1) = —1 for all

n> 0.
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Attractor invariants from molten ctrystals

Example: For X = C3, with Jacobian algebra
J(Q, W) = C|x, y, z], one can identify the poset
Aq with N3, and ideals with plane partitions.

@ The generating function of NCDT invariants is [MacMahon 1916]

Zy(—x) = [J(1=x)"F = 14-x+3x7+-6x°+13x*+24x°+-48x°+ . ..
k=1
consistent with the unrefined indices Q(n,y = 1) = —1 for all

n> 0.

@ Using this approach we have confirmed the Attractor Conjecture
for all brane tilings in the unrefined limit. The computation of
refined NCDT invariants by toric localization is much harder, but
confirms the conjecture. [Descombes (2021)]
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Attractor invariants from Vafa-Witten invariants

@ Historically, the first indication of the Attractor Conjecture came
from the study of Vafa-Witten invariants on complex surfaces. For
a Fano surface S, they coincide with the motivic DT invariants for
the category of coherent torsion-free sheaves D(S).
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Attractor invariants from Vafa-Witten invariants

@ Historically, the first indication of the Attractor Conjecture came
from the study of Vafa-Witten invariants on complex surfaces. For
a Fano surface S, they coincide with the motivic DT invariants for
the category of coherent torsion-free sheaves D(S).

@ Since D(S) c D(X) with X = Kg, they also coincide with the
motivic DT invariants of for sheaves supported on S C Kg, hence
with motivic invariants of the quiver (Q, W).

33/36
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Attractor invariants from Vafa-Witten invariants

@ Historically, the first indication of the Attractor Conjecture came
from the study of Vafa-Witten invariants on complex surfaces. For
a Fano surface S, they coincide with the motivic DT invariants for
the category of coherent torsion-free sheaves D(S).

@ Since D(S) c D(X) with X = Kg, they also coincide with the
motivic DT invariants of for sheaves supported on S C Kg, hence
with motivic invariants of the quiver (Q, W).

@ Denoting by «; = ch E; the Chern character of the exceptional
sheaf corresponding to the node i € Qp, the dimension vector for
coherent sheaves with Chern character v is d = } ;.o divi- The
stability parameters follow as usual from

0(e)) xImz,Z,, Z,= / e Uy
X
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Attractor invariants from Vafa-Witten invariants

@ Historically, the first indication of the Attractor Conjecture came
from the study of Vafa-Witten invariants on complex surfaces. For
a Fano surface S, they coincide with the motivic DT invariants for
the category of coherent torsion-free sheaves D(S).

@ Since D(S) c D(X) with X = Kg, they also coincide with the
motivic DT invariants of for sheaves supported on S C Kg, hence
with motivic invariants of the quiver (Q, W).

@ Denoting by «; = ch E; the Chern character of the exceptional
sheaf corresponding to the node i € Qp, the dimension vector for
coherent sheaves with Chern character v is d = } ;.o divi- The
stability parameters follow as usual from

0(e)) xImz,Z,, Z,= / e Uy
X

@ Remarkably, for the canonical polarization J o< ¢4(S), 0; o xjidj
corresponds to the anti-attractor stability condition !
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Attractor invariants from Vafa-Witten invariants

@ The VW invariants ¢$([N, u, n]) for any rational surface S,
polarization J, rank N, first Chern class i and second Chern class
n can be computed by combining blow up and wall-crossing
formulae [Yoshioka (1996), Goettsche (1999), Manschot (2011-14)].
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Attractor invariants from Vafa-Witten invariants

@ The VW invariants ¢$([N, u, n]) for any rational surface S,
polarization J, rank N, first Chern class i and second Chern class
n can be computed by combining blow up and wall-crossing
formulae [Yoshioka (1996), Goettsche (1999), Manschot (2011-14)].

@ For this purpose, it is convenient to define the generating series of
VW invariants (with g = €277, y = 2™%)

c ([N, u, nl, N-1 X(9)
Ao (7 W)=Z“'(£/ “y_] Y gttt nag?
nez
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Attractor invariants from Vafa-Witten invariants

@ The VW invariants ¢$([N, u, n]) for any rational surface S,
polarization J, rank N, first Chern class i and second Chern class
n can be computed by combining blow up and wall-crossing
formulae [Yoshioka (1996), Goettsche (1999), Manschot (2011-14)].

@ For this purpose, it is convenient to define the generating series of
VW invariants (with g = €277, y = 2™%)

= cy([N, u,f] y)q Nt 2 NXS)
nez Y- y

@ Comparing the first few coefficients for J = ¢;(S) with the
anti-attractor indices for the quiver (Q, W) computed by assuming
the Attractor conjecture, we find perfect agreement for toric Fano
surfaces P?, Fy, dP4<n<3, for a variety of brane tilings.

ARy (T W)
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Attractor invariants from Vafa-Witten invariants

@ The VW invariants ¢$([N, u, n]) for any rational surface S,
polarization J, rank N, first Chern class . and second Chern class
n can be computed by combining blow up and wall-crossing
formulae [Yoshioka (1996), Goettsche (1999), Manschot (2011-14)].

@ For this purpose, it is convenient to define the generating series of
VW invariants (with g = €277, y = 2™%)

= cy([N, u,f] y)q Nt 2 NXS)
nez Y- y

@ Comparing the first few coefficients for J = ¢;(S) with the
anti-attractor indices for the quiver (Q, W) computed by assuming
the Attractor conjecture, we find perfect agreement for toric Fano
surfaces P?, Fy, dP4<n<3, for a variety of brane tilings.

@ Agreement persists for non-toric Fano surfaces dPs<p<s.

ARy (T W)
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Anti-attractor invariants and modularity

@ For fixed rank N and first Chern class p, the generating series
hf,% (7, 2) is expected to be quasi-invariant under SL(2, Z)

; . ar+b z ;
transformations: = — o+dZ = orrd- This follows from

Montonen-Olive S-duality of V' = 4 super Yang-Mills theory.
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Anti-attractor invariants and modularity

@ For fixed rank N and first Chern class p, the generating series
h;?,% (7, 2) is expected to be quasi-invariant under SL(2, Z)

; . ar+b z ;
transformations: = — o+dZ = orrd- This follows from

Montonen-Olive S-duality of V' = 4 super Yang-Mills theory.

@ For N =1, h3(r, w) = [01(r, 2w)n(7)?2(5)~" is indeed a weak
Jacobi form. [Goettsche (1990)]
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Anti-attractor invariants and modularity

@ For fixed rank N and first Chern class p, the generating series
h;?,% (7, 2) is expected to be quasi-invariant under SL(2, Z)

; . ar+b z ;
transformations: = — o+dZ = orrd- This follows from

Montonen-Olive S-duality of V' = 4 super Yang-Mills theory.

@ For N =1, h3(r, w) = [01(r, 2w)n(7)?2(5)~" is indeed a weak
Jacobi form. [Goettsche (1990)]

@ For N> 1, hf,% (7, 2)is expected to transform as a vector-valued
mock Jacobi form of weight —%b,(S), index —§K2(N® — N) — 2N,
and depth N — 1 [Alexandrov Banerjee Manschot BP 2016-19]
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Anti-attractor invariants and modularity

@ For fixed rank N and first Chern class p, the generating series
h;?,% (7, 2) is expected to be quasi-invariant under SL(2, Z)

transformations: 7 — gig,z — &g~ This follows from
Montonen-Olive S-duality of V' = 4 super Yang-Mills theory.

@ For N =1, h3(r, w) = [01(r, 2w)n(7)?2(5)~" is indeed a weak
Jacobi form. [Goettsche (1990)]

@ For N> 1, hf,% (7, 2)is expected to transform as a vector-valued
mock Jacobi form of weight —%b,(S), index —§K2(N® — N) — 2N,
and depth N — 1 [Alexandrov Banerjee Manschot BP 2016-19]

@ This anomalous transformation properties can be repaired at the
cost of adding non-holomorphic corrections, determined in terms
of mock Jacobi forms of lower depth.
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Anti-attractor invariants and modularity

@ Translating into the language of quivers, this suggests that the
generating function of anti-attractor DT invariants

hd5 ZQ d—i—né qu-A 7 q= e271'i7’

for ¢ a primitive vector such that x - 6 = 0 and a suitable A € Q,
should be a vector-valued mock modular form of depth
xa(d,d) — 1. For xq(d,d) = 1, it should be truly modular.
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Anti-attractor invariants and modularity

@ Translating into the language of quivers, this suggests that the
generating function of anti-attractor DT invariants

hd5 ZQ d—i—n(S qu-A 7 q= eZﬂ'iT

for ¢ a primitive vector such that x - 6 = 0 and a suitable A € Q,

should be a vector-valued mock modular form of depth
xa(d,d) — 1. For xq(d,d) = 1, it should be truly modular.

@ Can one construct some VOA acting on cohomology of quiver
moduli which would explain such modular invariance ?
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Anti-attractor invariants and modularity

@ Translating into the language of quivers, this suggests that the
generating function of anti-attractor DT invariants

has( ZQ (d+ns)gma, g= e

for ¢ a primitive vector such that x - 6 = 0 and a suitable A € Q,

should be a vector-valued mock modular form of depth
xa(d,d) — 1. For xq(d,d) = 1, it should be truly modular.

@ Can one construct some VOA acting on cohomology of quiver
moduli which would explain such modular invariance ?

@ Thank you for your attention.
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