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Chapter 1

Activity and ordering in
two-dimensional systems

This first Chapter serves as a rather detailed introduction to the thesis.
Two main fundamental topics constitute almost the entire theoretical back-
ground of this work and thus need to be introduced, in order to address
our purposes with accuracy.

The first one of the two, is the so-called Active Matter, which refers to a
wide field in the area of soft-condensed matter that, although considered
as an independent topic at most from about twenty years, already includes
a relevant amount of works and widely agreed understandings, being on
the other hand much fast evolving. The main reason of the high and
intensively growing interest in active matter, comes from the fact that it
is mainly devoted to build a theoretical framework for systems of agents
which can sustain tasks by themselves. Being more specific and trying
already to get closer to our targets, though probably ruling out someone
of the facets of this field, active constituents are those which are able to
exploit internal energy sources to maintain their own motion. Needless to
say, such ability is primary of living agents, whose widely unexplored and
most diverse behaviors are continuously stimulating research in this field.

The second argument we have been largely deal with is the theory of
ordering for materials in two spatial dimensions. Mostly developed in the
seventies as a fundamental theory in statistical mechanics, it accounts for
the profound relations between phase transitions and dimensionality, and
it reveals relevant differences between melting of 2D systems and the much
better known, because closer to our everyday-life experience, 3D ones.

We will thus shortly present both active matter and 2D melting in the
next two Sections and then we will address the main points of our work
and the overall structure of the thesis.

1



2 Chapter 1. Activity and ordering in two-dimensional systems

1.1 Active systems

For the motion of active constituents to be self-sustained, a supply of
energy is needed at the level of each single one of them. Thinking to alive
constituents, such internal energy comes from nutrients, which, being
“processed” from the organism, allow it to fulfil all the “living” works,
included motion. Besides living systems, a lot of active matter synthetic
realizations exist to date. Among them, the most well-known strategy
to realize autonomous propulsion at the microscale is to make use of the
so-called Janus colloids. They are artificial (usually spherical) colloids that,
due to a different chemical treatment of the two hemispheres, are able to
produce solute concentration or temperature gradients and thus to swim
via self-phoretic mechanisms (see for instance [Spe19, Kap13, BDLL+16,
MP17, PP18]).

Systems composed of many of such active objects are inherently out
of thermal equilibrium. From the two examples given above, it is easy
to understand that self-driven motion breaks detailed balance, which is
a key ingredient for the equilibrium behavior. For this reason, even the
steady states of active systems are allowed to violate equilibrium statistical
mechanics, and can thus show a great variety of collective behaviors. This
is not unexpected for living systems, which are well-known to undergo
numerous collective phenomena, such as flocking, swarming, accumula-
tion, etc. We shall see that similar large-scale collective motions also arise
for very simple toy-models of active matter, which we are very interested
in for the aims of this work.

Because of the large appeal towards active matter, many attempts have
been carried out to find suitable theoretical frameworks for understanding
the physics of such rich phenomenology. Though a unified theory is not
currently available, many accurate results have been achieved. We are not
willing to review the several theoretical ideas and approaches, especially
since some very detailed and exhaustive analysis are already available, for
example in Refs. [MJR+13, Cat12, SWW+19].

Nevertheless, we will present both in this introductory Chapter and
throughout the thesis, some of the fundamental models for active systems,
which will help us to describe and justify many of the features we have
been dealt with during our work.

1.1.1 Relevant models for active dynamics

We start this short survey of theoretical modeling, with one of the first that
came out, due to Tamás Vicsek, whose appearance probably coincides with
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Figure 1.1: Schematic view of the dynamics of the Vicsek’s model: local alignment
interaction with noise, and ballistic movement.

the beginning of the huge spreading of the studies in active matter. The
main success of the pioneering work of Vicsek was to recognize that col-
lective behaviors, namely large-scale flocking of point-like non interacting
objects, is intimately related to self-driven motion.

Vicsek’s model and collective alignment

The Vicsek model [VCBJ+95], describes the motion of point-like particles
with alignment interaction and fixed speed immersed in an inert back-
ground. The direction of motion of each one of these “moving arrows”
changes according to a local rule that requires arrows to align with their
neighbors at each time.

The velocity vi (of fixed magnitude v0) of a particle can be identified
by the angle θi between vi and an arbitrary reference direction. Particles
evolve and they reorient time by time according to the following alignment
to the neighbors:

vi(t + 1) = v0
〈v j(t)〉R
|〈v j(t)〉R|

+ ηi , (1.1)

where the average is taken over a set of neighbors within a radius R around
the particle i. The stochastic process η accounts for errors in alignments,
and it is a zero mean Gaussian white noise with a given variance. The
scheme described by Eq. (1.1) is sketched in figure 1.1.
The trajectory of each particle is easily reconstructed by means of the
updated velocities:

xi(t + 1) = xi(t) + vi(t + 1) (1.2)
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As interestingly found in [VCBJ+95], taking as order parameter the
normalized average velocity

ϕ =
1

Nv0

∣∣∣∣∣ N∑
i=1

vi

∣∣∣∣∣ , (1.3)

this very simple model undergoes a phase transition from a disordered to
an ordered phase with decreasing noise strength or increasing density.
The ordered phase of the Vicsek model very closely resembles the one
observed in a flock, with all the birds coherently moving along a common
direction * . Even more interestingly, from this very short treatment is
should be already clear that collective attitudes does not need a long-range
sensing, but they arise from simple local interactions.

A theory for flocking in the continuum

A continuum effective theory for the flocking model of Vicsek et al. was
proposed in 1995 by Toner and Tu [TT95]. Within their famous works, they
formulated a hydrodynamic model, able to catch the relevant features
of flocking, using a so-called “top-down” approach, relied only on the
symmetries of the system. We want to sketch here such approach, referring
to a very pedagogical set of lectures by John Toner [Ton18].

Summarizing some requirements related to the Vicsek prescriptions
(see previous Subsection), this continuum model aims to describes a large
flock of arrows in d spatial dimensions, which try to align to their closer
neighbors, though making some random error.
The only symmetries of this model are rotational and translational invari-
ance. Translational invariance means that the physics of flock does not
change under rigid displacements in space, while rotational invariance
means that the flock has no a priori preferences on its directions of motion.
This immediately suggests that, to account for long-range alignment and
thus coherent direction of the whole flock, rotational symmetry should be
spontaneously broken for some given values of the control parameters. On
the other hand, translational invariance does not need to be broken in the
context of the Vicsek phase transition.

Contrary to general hydrodynamic Navier-Stokes-like description, this
model is not invariant under general Galilean transformation, specifically
under arbitrary boosts. The lack of Galilean invariance is justified for the

*See for instance the beautiful movie at https://www.youtube.com/watch?v=
Oj9L70Fh9PM, from numerical simulation of Eqs. (1.1) and (1.2), with a manifest swarming
behavior.

https://www.youtube.com/watch?v=Oj9L70Fh9PM
https://www.youtube.com/watch?v=Oj9L70Fh9PM
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scope of the models, because flocks always move in a resistive medium,
which represents a special Galilean reference frame, and its physics, as well
as the physics of the Vicsek model, would change moving to a different
frame.

In addiction to symmetries, one point to be noted here is that there is no
momentum conservation in the Vicsek’s model, and thus no momentum
conservation is required for its description in the continuum. Since, as in
Eqs. (1.1) and (1.2), we are dealing only with the variables of the system,
thus disregarding the medium, we have to allow the total momentum to
vary. This is the reason why such models are generally called dry models.
On the other hand, also much advanced wet theories exist for active matter,
see for instance [ASR02, SR02, Sim03, HRRS04, Ram10], but we will not
mentioned them within this overview.
The only conserved quantity for the present model is the total number of
particles, which means that the density field ρ must agree a continuity
equation of the form

∂ρ

∂t
+ ∇ · (ρv) = 0 . (1.4)

Rotational invariance implies that ∂tv must equals a sum of vectors.
In the following we will explore all the possibilities allowed by such con-
straint, to build the more general equation for v.

The first obvious possibility is a term of the form

(∂tv)1 = U(|v|, ρ)v . (1.5)

with U a function of density and velocity. This term closely resembles the
usual friction term. However, this generalization allows positive values
for U, which do not correspond to friction, but accounts instead for self-
propulsion. A bird in the flock is accounted, by means of this term, to be
able to sustain its velocity. A natural choice for U is related to spontaneous
rotational symmetry breaking, which rules the disorder-to-order transition.
Given that the term can be derived for a “potential” according to

U v = −∂V(v)/∂v , (1.6)

the notable choice for V of the form

V(v) = −
1
2
α(ρ)|v|2 +

1
4
β(ρ)|v|4 , (1.7)

makes the velocity evolve, for a suitable choice of the parameters α and β,
towards a ring of identical minima at |v| = v0, namely the self-propulsion
velocity.
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Other terms allowed from symmetries are the ones in the form

(∂tvi) ∝ vl∂ jvk . (1.8)

It is easy to show that, all the possible consistent choices for contraction of
the indices in the above form, leads to the following three different terms:

(∂tv)2 = −λ1v ·∇v − λ2v(∇ · v) − λ3∇(|v|2) . (1.9)

If we include also combinations of one gradient, v, and the density ρ, a
third set of terms arises. Some of them can be absorbed in the three before,
allowing the λs to depend on (|v|, ρ), while two new pressure-like terms
must be explicitly added:

(∂tv)3 = −∇P(|v|, ρ) − v(v ·∇)P2(|v|, ρ) . (1.10)

Finally, it turns out from a posteriori considerations, that also terms with
two gradients have to be included. The most general one of this kind must
have the form

(∂tvi) ∝ [vpvn . . . vsvu]∂ j∂kvl , (1.11)

and suitable contractions of the indices brings to three other terms

(∂tv)4 = DT∇
2v + DB∇(∇ · v) + D2(v ·∇)2v , (1.12)

where, again, the coefficient are functions of both velocity and density.
Taking all the terms in (1.5),(1.9),(1.10),(1.12) together, we have obtained

the most general hydrodynamic equation consistent with the symmetries
of the model

∂tv + λ1v ·∇v + λ2v(∇ · v) + λ3∇(|v|2) =

U(|v|, ρ)v −∇P − v(v ·∇)P2 + DT∇
2v + DB∇(∇ · v) + D2(v ·∇)2v + f ,

(1.13)
where we only added the Gaussian white noise f.

We are not going to proceed further in describing the method for solving
Eq. (1.13) and (1.4), because it would go beyond the scope of our presenta-
tion. We just care to underline that, although technically complicated, this
approach is a truly powerful one, because, as mentioned before, the form
of the equation does not depend on the microscopic details of system. At
the expense of transparency, the same form can be retained to deal with
Vicsek-like models, also with changing its microscopic behavior. Adding
inter-particle attractive or repulsive potential, modifying the rule of select-
ing neighbors, introducing memory effects, etc, would easily be accounted
at the hydrodynamic level of Eq. (1.4) by only changing the coefficients.
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Figure 1.2: Coarsening dynamics with MIPS for AB disks without alignment. See the
equations of motion 1.19. Single disks are printed as black points. Once the instability is
triggered within the homogeneous phase, particles begin to accumulate and the system
segregate into a dense cluster and a gaseous phase.

Other than for its importance in the development of active matter, we
have included the Toner-Tu model in this presentation, for reasons that we
will explain in the next Section, which deal with order-disorder transition
accounted. It is of fundamental theoretical importance for the focus of our
analysis.

Kinetic theories and Motility-Induced Phase Separation

Together with large-scale alignment found above, another quite surprising
a broadly investigated collective behavior in active matter is a clustering
phenomenon in absence on either attractive interactions or alignment, but
only driven by activity, thus called Motility-Induced Phase Separation (MIPS).
This phase separation was first found by Cates and co-workers [TC08] for a
system of self-propelled run-and-tumble particles, then observed in many
others systems of motile objects [FM12, RHB13, CT13, BLS13], and thus
became one of the fingerprints on active matter.

The reason why MIPS is ubiquitous in active system has to do with
the mechanisms that triggers the phase separation. Cates et al. already
addressed it from the beginning in [TC08], and they demonstrated that
such mechanism is driven solely by the motility of the particles and is
it thus really robust against either inter-particle interactions changing or
every kind of alignment rule.

This mechanism is so-called self-trapping and it is easily derivable, as
in [CT13, GMST15, MM15], from explicitly coarse-graining microscopic
run-and-tumble (RT) dynamics, basing on a general coarse-graining tech-
nique developed in [Sch93].

Self-propelled RT particles mimic the dynamics of several species of
motile bacteria, which explore the space around them with moving straight
for almost constant distances (’runs’) and instantaneously changing direc-



8 Chapter 1. Activity and ordering in two-dimensional systems

tion between two runs with time-rate α (’tumbles’).
Coarse-graining this model means considering as a global variable, the

distribution f (r,u, t) of active particles with position r, swimming in the
direction u, with speed v, at a given time t. The prescribed evolution of
such distribution is the following Boltzmann-like kinetic equation:

∂t f (r,u, t) = −∇r ·
[
vu f (r,u, t)

]
−

f (r,u, t)
τ

+

∫
dd−1u f (r,u, t)

τΩd
, (1.14)

where τ is the average time-distance between two consecutive tumbles,
Ωd =

∫
dd−1u is total solid angle in a d-dimensional space.

The first term on the right-hand side accounts for the runs, while the second
and third ones are collisional rates for tumbling out the direction u and
into it, respectively.

Applying a Chapman-Enskog-like gradient expansion to Eq. (1.14), it
can be shown that, up to the second order in the derivatives:

∂tρ =
τ
d
∇ ·

[
v∇(ρv)

]
, (1.15)

with ρ =
∫

dd−1u f (r,u, t) is the hydrodynamic density of the swimmers.
The last equation encodes the self-trapping mechanism, since for the

steady-state (with ∂tρ = 0) it predicts that ρ ∼ 1/v(r), which means that
swimmers accumulate where they move slower. A sketch of the gradient
expansion leading to Eq. (1.15) is given in Appendix A. It is easy to show
that such outcome does not arise for a generalized passive Brownian mo-
tion with space-dependent diffusivity, because a similar coarse-graining
leads to

∂tρ = ∇ ·
[
D(r)∇ρ

]
, (1.16)

which returns a homogeneous steady-state concentration.
To explicitly see how the “weird” accumulation rule of active particles

gives rise to phase phase separation, we have to make a further assumption
about crowding-induced slowing-down of particles. Let us assume an
exponential decay

v ∼ eλρ/2v0 , (1.17)

with λ left as a free parameter to account for different kinds of hindering
mechanisms.
With this assumption, Eq. (1.15) becomes

∂tρ = ∇ ·
[
τv2

d

(
1 −

λρ

2

)
∇ρ

]
≡∇ ·

[
Deff(ρ) ∇ρ

]
, (1.18)
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which is built as an extension of (1.16), but with an effective diffusivity
that depends on density. Most importantly, for high enough ρ, Deff be-
comes negative, signalling an instability in the density field, which leads
to macroscopic phase separation between a low-density gaseous phase and
highly packed clusters.

Hence, MIPS has been shown to be triggered by such positive feed-
back mechanism, totally driven by self-propulsion, according to which
active particle accumulate where they go slower and they slow down
due to crowding, resulting in a macroscopic condensation. This general
phenomenon has been shown to hold for a large class of self-propelled
particles, which also includes, importantly for our purposes, also the
so-called Active Brownian (AB) Particles models, first proposed by Fily &
Marchetti [FM12].

We introduce the simple AB model for spherical particles in two dimen-
sions, in order to present another important result coming from a kinetic
approach, that we will also use in the following Chapters to find important
features related to activity.
The AB particles model is a mesoscopic particle-based model. It consid-
ers a collection of interacting Brownian objects, thus coupled with the
surrounding medium through stochastic effective interactions. The mi-
croscopic mechanisms for self-driven motion are not manifestly treated in
ABP models, and only an effective self-propulsion is taken, which results
in a directional persistency in the motion. Being ABP model the only one
adopted in our work, we just introduce it for the proposes of this discussion
and will describe it in many details for the two type of particles considered:
isotropic disks will be extensively characterized in Chapter 3, while rigid
dimers, named dumbbells will be presented in Chapter 5.

A system of N interacting circular ABPs of diameter σ, without align-
ment, on a surface S satisfy the following equations of motion:

ṙi = −
1
γ
∇U({ri}) + vpν̂i +

√

2D ηT
i , θ̇i =

√
2Dr η

R
i , (1.19)

where {ri,θi} are the positions and the self-propulsion directions of the
particles, γ the friction coefficient, U the inter-particle potential, vp the
magnitude of self-propulsion, ν̂i = (cosθi, sinθi) the self-propulsion di-
rection and ηi zero mean and unit variance Gaussian white independent
noises. Fluctuation-dissipation relation holds true in the passive limit as
D = kBT/γ, and Dr = 3D/σ2.

Once we have described the self-trapping mechanism triggering MIPS,
we want to outline some of its basic features. Most importantly, we want
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to catch its dependence on the global parameters of the model. This funda-
mental analysis can be carried out by means of another kinetic approach.
Redner et al. introduced such technique based on a balancing between the
inward flux of particles from the gaseous phase to the dense cluster and
the outward flux of particles leaving the aggregate [RHB13, RBH13]. The
two relevant parameters of the model are the surface fraction φ = Nπσ2/4S
and the Péclet number Pe = vpσ/D (we will explain much more in depth
the meaning of such non-dimensional parameter, later in Chapter 3).

The model deals with one large close-packed cluster coexisting with a
dilute gas, assumed to be homogeneous and isotropic. Since the equation
for self-propulsion direction is autonomous, particle are free to diffuse in
the angular variable, regardless they are in the dense or in loose phase.
Particles in the interior of the cluster are strongly caged, while the ones on
the surface are able to leave the aggregate, towards the gaseous phase.

We want first of all to compute the condensation rate. Assuming a
flat boundary between the two phases, the flux of gaseous particles in the
direction ν̂, across a plane parallel to the boundary, is 1

2πρgvp(ν̂ · n̂), being
ρg the homogeneous number density in the gas and n̂ the normal versor
to the surface, oriented towards the exterior of the aggregate. Assuming
further that each particle hitting the cluster is trapped, a simple integration
over angles of the product (ν̂ · n̂) gives the condensation rate

kin =
ρgvp

π
. (1.20)

For a particle to escape from the cluster, the effective propulsion force
along the outward normal has to exceed a maximum pulling force Fmax

(e.g. attraction between particles or hindering due to packing inside the
cluster), which depends on the details of the model, and thus we let as a
fitting parameter. We can easily recast balancing between the two forces,
into a minimum escape angle α = π − cos−1

(
Fmax/γvp

)
.

Evaporation rate is found by solving the diffusion equation for the variable
θ, with absorbing boundaries:

∂P(θ, t)
∂t

= Dr
∂2P(θ, t)
∂θ2 , P(±α, t) = 0 , (1.21)

for some initial probability distribution functions P(θ, 0). A general solu-
tion for this class of boundary problems, is given in term of the following
expansion (see the textbook of Redner [Red01] for a general treatment):

P(θ, t) =

∞∑
q=1

Aq cos
(qπθ

2α

)
e−Dr

q2π2

4α2 t . (1.22)
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The flux of particles escaping from the cluster is thus given by

kout = −
1
σ
∂
∂t

∫ α

−α

P(θ, t)dθ|t=0 . (1.23)

To infer the properties of the steady state, we can discard all the terms
in the expansion (1.22), which are rapidly decaying in time, but the first.
We can thus easily compute the integral in (1.23), given a normalization
condition for P, obtaining

kout =
Drπ2λ
4σα2 , (1.24)

with λ another fitting parameter, which accounts for effects not included in
this simple description, such as non-flatness of the boundary, non-perfects
close-packing of particles inside the cluster, etc.

A balance between the rates, kin = kout, easily allows to obtain a para-
metric function for the surface of cluster formation in the (Pe − φ) space:

f =
16φα2Pe − 3π4λ

16φα2Pe − 6
√

3π3φλ
, (1.25)

which agrees with the results from simulations, and also accounts for
interesting feature, like re-entrant phase behavior in presence of attractive
inter-particle interactions [RHB13, RBH13].

1.2 Ordered phases in 2D and recent challenges
in out-of-equilibrium problems

Understanding the physics of melting has been one the most challenging
problems for statistical mechanics. Phase transitions are commonly asso-
ciated to the changing of macroscopic physical properties of matter, as a
result of the variation of global parameters, such as temperature, pressure
or density. Useful ways to distinguish between two phases with distinct
thermodynamic behavior are often related to experiencing their response
to external stresses. Many response functions, such as mechanical com-
pressibility or shear modulus are usually greatly different for, say, high and
low temperature phase. Generally, continuum elasticity theories account
for the most relevant features of materials’ stiffness and are able to catch
the features of such responses.
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Statistical mechanics provides powerful theoretical tools for recognizing
thermodynamics phases, which are based on their symmetries in space.
As a rule, the high temperature phase is always more symmetric than the
low temperature one. In a fluid, for instance, the positions of the atoms
are all equally likely, as a result of its well known disordered structure. In
the language of symmetries, equal probabilities means that the fluid phase
hold both continuous translational and rotational symmetry. On the other
side, space periodicity in the solid phase breaks the continuous symmetries
into discrete ones. From a thermodynamics point of view, the system can
lower its free energy F = E−TS either by introducing order, thus reducing
its energy, or by establishing symmetries, increasing its entropy. The fluid
can freeze into an ordered structure as soon as a loss of entropy S (that
enters free energy F with a negative sign thereby leading to an increase of
free energy) is overcompensated by the reduction of the internal energy
E. Phase transitions are then statistically driven by the balancing between
potential energy and thermal energy.

Theories aimed to universality, such as macroscopic elasticity, thermo-
dynamics and symmetry-breaking-grounded approaches, do not account
for microscopic mechanisms, reliable on the scale of the constituents of the
system, which are inherently system-dependent. However, as we will see
shortly in Section 1.2.2, such microscopic details are much important, and
their analysis has provided in many cases the right way for a profound
understanding of general relevant phenomena, like superfluid transition,
topological ordering transition, Coulomb gas description.

1.2.1 Absence of ’true’ order in 2D and the Mermin-Wagner
theorem

Among all the thermodynamics elements affecting the phase transitions
outlined above, we neglected the spatial dimensionality of the system. Pi-
oneering arguments by Peierls [Pei] and Landau [Lan37a, Lan37b] demon-
strated that, indeed, phase transitions strongly depend on that. Particu-
larly, they argued that one- or two-dimensional systems can not crystallize
into long-ranged (LR) periodic structure at non-zero temperature. Since we
are interested in studying phase transitions in 2D systems, in this Section
we will review the main points of these arguments, and some of the gen-
eral results that came out after that, in order to collect the most important
features of melting in two dimensions.

As a representative simple model of crystals, Peierls considered an
array of atoms in d spatial dimensions with harmonic interactions between



1.2. Ordered phases in 2D and recent challenges in out-of-equilibrium
problems 13

nearest neighbors (this classical harmonic approximation is a very common
one [AM76]). He proved that such system can not sustain crystal periodic
structure over long distances under thermal fluctuations in d 6 2.

Given that at zero temperature atoms are frozen in on the sites Ri of a
periodic lattice, the density of the sample is

ρ(r) =
∑

i

δ(r − Ri) . (1.26)

Low-temperature thermal fluctuations displace the atoms from their frozen
position, of small amounts ui. Instantaneous position of the i-th atom
becomes

ri = Ri + ui , (1.27)

so that the overall stability of the crystalline structure is governed by the
mean-square displacement 〈[u(r) − u(r′)]2

〉.
It is easy to show that within the harmonic approximation, the total

potential energy is

U(harm)
∝

∑
k

ũ∗β,k χαβµν kµ kν ũα,k

≡

∑
k

ũ∗β,k λαβ(k)ũα,k ,
(1.28)

where ũk are the Fourier components of the displacement. The greek
indices α,β,µ,ν run over the cartesian coordinates.
From canonical Gaussian probability density, a direct computation leads
to the mean square fluctuations

〈uα,ku∗β,k〉 = kBT λ−1
αβ(k) , (1.29)

where λ−1
αβ(k) are the components of the tensor inverse to λαβ.

Summing over long wavelengths, the mean square value of the displace-
ment field is obtained:

〈|u|2〉 ∝ kBT
∫

Aαα(k̂)
k2 ddk , (1.30)

where the k2 dependence of λ has been extracted again, with λ−1
αβ(k) ≡

Aαβ(k̂)/k2. The behavior of long wavelengths fluctuations can be inferred
from the above integral. It linearly diverges in d = 1 and it diverges loga-
rithmically in d = 2, meaning that fluctuations diverge at large distances for
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d 6 2. The integral is instead finite for d > 3, where thus small-temperature
fluctuations are not able to destroy the crystal long-range periodicity.

Following the idea of Peierls, Mermin provided a general proof for
absence of positional LR order in d 6 2, for systems with arbitrary short-
range interactions Φ(r) [Mer68]. The proof was based on the following
criterion for crystallization. Being ρ̃k the Fourier components of the density
ρ(r),

ρ̃k = 0 for k not a reciprocal lattice vector,
ρ̃k , 0 for at least one non-zero reciprocal lattice vector,

(1.31)

in the thermodynamic limit.
Mermin demonstrated that the condition above can not be fulfilled in
d 6 2, because for all k, ρ̃k is always bounded from above by a quantity
that vanishes in the thermodynamic limit.
The above result was further generalized for generic ordering transitions,
with the so-called Mermin-Wagner theorem (MW), which states that con-
tinuous symmetries can not be spontaneously broken in d 6 2 for system
with short-range interactions, thus preventing standard phase transition
for such systems at low dimensionality, according to the general consider-
ations on symmetries given above.

Such strong theoretical constraint for phase transitions in 2D needed
however to be combined with the earlier numerical simulations of parti-
cle systems in two dimensions. Indeed, the first numerical attempts in
studying the structural behavior of large systems and their phase transi-
tions was already available even before the MW theorem came out. For
instance, Alder & Wainwright [AW62] performed one the first (thus prob-
ably the most famous) large-scale numerical experiment, with about 103

hard disks, making use of the novel Monte Carlo methods with Metropolis
algorithm. Calculating the pressure of the system from collisions between
atoms, they found a first-order phase transition with a co-existence region
and a non-monotonic equation of state.

Because of the MW theorem, the equilibrium or version of Vicsek’s
algorithm described above, in which the orientation of the pointers is
updated according to the rule (1.1), but they do not actually move, can
never develop a true long-range ordered state in which all the vi’s point,
on average, in the same direction, since such a state breaks a continuous
symmetry, namely rotation invariance.
Yet the moving flock evidently has no difficulty in doing so. As Vicsek’s
simulation shows, even two-dimensional flocks with rotationally invari-
ant dynamics, short-ranged interactions, and noise—i.e., seemingly all of
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the ingredients of the Mermin-Wagner theorem—do move with a nonzero
macroscopic velocity, which requires breaking rotation invariance, in ap-
parent violation of the theorem.
Actually, Vicsek’s model has a fundamental additional ingredient: the
self-sustained motion. Vicsek’s moving pointers do not truly violate MW
theorem because they are self-propelled from non-thermal sources [TT95].
Though, it is of crucial relevance to understand how this happens in more
details. We present in Appendix B an interesting argument towards this
purpose, taken from [Ton18]. This particular ability of active systems
of overcoming MW theorem to establish long-range order even in 2D is
certainly one of the central theoretical grounds for our work, which indeed
deals with ordered phases for self-propelled particles.

1.2.2 Basic notions of KTHNY theory of melting

Alongside its argument that forbids standard crystallization in 2D ma-
terials, Mermin also proposed a possibility for ordering in 2D, which is
allowed within its results. He actually observed for the first time the bond-
orientational order can be a true-long-ranged one, even in d 6 2. If a1 is
one of the two base vectors of the crystal lattice, bond-directional order is
controlled by the quantity

〈[r(R + a1) − r(R)] · [r(R′ + a1) − r(R′)]〉 . (1.32)

At zero temperature it would be equal to a2
1, for all length scales.

At finite temperature, fluctuations are not able in general to destroy such
correlation, which thus could remain finite over large distances, with |R −
R′| → ∞.

Halperin & Nelson exploited this idea to build their theory of melting
in 2D particle systems [HN78, Nel78, NH79]. The details of such theory
will be presented with much accuracy in Chapter 2, because they are pro-
foundly useful for our purposes. We only outline here the basic concepts,
to shortly introduce the review to this argument.
The fundamental basis of melting in 2D concerns noting that, even if a
true-long-ranged order is absent in 2D arrays of atoms, for low enough
temperature they are still able to resist to shear stress in the same way as
true solids do. Such ability comes from the weak logarithmic divergence of
fluctuations in 2D, as obtained from Eq. 1.30, that leads to an algebraic de-
cay of position correlation functions. Systems with algebraically decaying
correlation functions are called quasi-long-range (QLR) ordered. 1D systems
does not maintain the same behavior, since long wavelength fluctuations
grow linearly with the system size.
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Figure 1.3: Schematic summary of melting transition in a 2D particle system, as predicted
by Halperin & Nelson. Temperature increases from left to right. (a) Dislocation pairs in
the low-temperature phase do not interfere with QLR translational order and LR bond-
orientational order (see that both the two periodicities are preserved over short distances
around the defect core). (b) Free dislocations destroy translational periodicity, but the
orientational one is retained. (c) The presence of free disclinations is not compatible with
any kind of order, thus their appearance drives the system into the isotropic liquid phase.
Figure adapted from [TAA+18].

Relying on this properties and following the insightfully results of
Berezinskii, Kosterlitz and Thouless on melting in 2D planar spin mod-
els, Halperin and Nelson argued that melting of QLR ordered phases can
proceed through a mechanism of unbinding of topological defects. Ac-
cording to their theory, the low-temperature phase with QLR translational
ordered can host dislocation pairs. Such pairs dissociate at given non-
zero temperature breaking translational order. It easy reasonably easy
to make this picture evident from a simple energetic argument. Within
the continuum elasticity framework, it can be be shown that the energy
of a free dislocation in a 2D triangular lattice sample of area A (see for
instance [Fri64] or [Nab67]) is

E =
K

16π
ln

(A
a2

)
, (1.33)

with K proportional to the translational stiffness and a2 the linear size of
the dislocation core. Since there are approximately A/a2 possible locations
for the dislocation, its entropy scales as

S = kB ln
(A
a2

)
. (1.34)

with the sample’s size. Thus, at low temperature free dislocation are not
allowed for energetic reasons. Increasing the temperature leads to negative
Helmholtz free energy, corresponding to proliferation of free dislocations
at the critical point

kBTc =
K

16π
. (1.35)
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At higher temperature, elastic stiffness drops to zero and the solid lose
its ability to rigidly respond to shear stresses. Accordingly to the Mermin
hypothesis, this phase with short-range translational order, is still able to
sustain bond-orientational QLR order. Halperin & Nelson called this phase
hexatic and proved that it melts with a second phase transition mediated
by the unbinding of dislocations into free disclinations. This resulting
two-step melting is summarized in Fig. 1.3.
We will repeat in Chapter 2 some of the concepts mentioned here for
clarity. However, we will treat with many more details the relation between
topological defects, ordering and the mechanical properties of the sample,
in order to make a full review of this fundamental theory of melting.

1.3 Summary of the work and structure of the
manuscript

This manuscript concerns the characterization of the phase diagram of two
different models of ABP in two spatial dimensions: the self-propelled (SP)
disks model and the self-propelled dumbbells model. During the last three
years we have been characterized the complete phase transition diagram
of these two models, which evolve out of thermal equilibrium, in the
(Pe − φ) parameter space. We have been performed large-scale Molecular
Dynamics simulation to study significant features of these two models and
to compare them as two different, though both paradigmatic, examples of
motile particles.
We have been found few remarkable differences between the two phase
diagrams, concerning the nature of MIPS and the way the melting scenario
and the equilibrium stable phases are affected by the presence of activity.
For disks a two-stage melting passive scenario with a first order phase
transition between liquid and hexatic and a BKT transition between hexatic
a solid is maintained up to small values of activity. All the three pure phases
survive as stable phases up to very high activities. Moreover, the existence
of an “active hexatic” phase and an “active solid” one plays a crucial role
in recognizing the nature of the coexisting phases in MIPS.

– We will present the ABP model for disks in Chapter 3 and we will
outline some of the fundamental properties of such model, in and
out of thermal equilibrium. We will describe the numerical method
used for the MD simulations. Referring to relevant works on phase
equilibrium in active systems, we will present our understandings
on the complete phase behavior of the model, which, furthermore,
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reveals a strong relation between ordering and activity-driven phase
separation.

The presence of separate hexatic and solid phase for AB disks suggested
us to proceed further in studying the similarity of our system with its
passive counterpart, with a careful characterization of out-of equilibrium
transitions in terms of the population of topological defects and their large-
scale behavior.

– In Chapter 4, we will present our results from such analysis. First,
we will introduce the methodology that we use for pinpointing the
defects from the output configurations of simulations, and how we
characterize the nature of the defects. Then, we will compare the
behavior of defects with the phase transition, finding remarkable
confirmation of an underlying KTHN scenario and interesting nov-
elties about the role of extended defects like grain boundaries in the
melting.

For dumbbells we observe a macroscopic coexistence between hexatically
ordered regions and disordered ones over a finite interval of packing frac-
tions, for all activities. In the passive limit, this interval remains finite, as
with the disks, but, differently from them, we do not find discontinuous
behavior upon increasing activity from the passive limit.

– In Chapter 5, we will present our model of AB dumbbells, with many
of its interesting features. We will then report the procedure used to
draw up the full phase diagram for AB dumbbells. Together with the
phase diagram, we will characterize in many details the macroscopic
dynamics of the dense aggregates of dumbbells, with respect to the
strength of the self-propulsion.



Chapter 2

The KTHNY theory of melting
transitions in two dimensions

In this chapter the classical theory of melting in two spatial dimensions
is going to be reviewed, trying to recap the rise of the original problem
and its historical development as well as its modern revival. In fact, as
it will be discussed in the last two sections of this chapter, there has been
a recent breakthrough in the understanding of phase transition in 2D,
mainly coming from the application of new numerical and experimental
approaches to it, which has shed new interest in this old problem and that
has definitely been the starting point of this PhD project, together with the
aim of recasting the original questions about ordering in 2D for systems
out of thermal equilibrium.

2.1 Dislocation-mediated melting in 2D

This Section is named after the famous paper by Nelson and Halperin,
which traces the full theoretical understanding of the melting scenario for
two-dimensional crystals [NH79], that is known as KTHNY scenario, af-
ter the scientists Kosterlitz, Thouless, Halperin, Nelson and Young who
gave all the crucial contributions to the building of this theory. The main
deduction which brought to the formulation of the theory was that in two
dimensional systems phase transitions are driven by a process of unbind-
ing of topological defects. The point that made this idea so important for
the statistical physics community at the time is that the same defects-driven
transition was found to be present in a huge class of systems of different
nature which share some general properties such as: living in a two dimen-
sional space; being characterized by an order parameter that in the disor-

19
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dered phase has a continuous symmetry; possessing the right periodicity
in order to allow for topological singularities to be excited from the ordered
phase. Among others, systems which fulfill these few requirements and
thus undergo the same defects-mediated phase transition are, beside 2D
solids which are going to be described in all the details throughout this
chapter, also planar rotor models in 2D such as the two-dimensional XY
model, the Coulomb gas model or the superfluid 4He film.

As already discussed in Chapter 1, different theoretical arguments
raised by Mermin and Wagner [MW66, Mer68] in 1966-68 and, even before,
by Peierls and Landau [Pei, Lan37a, Lan37b] had been pointed out that no
spontaneously-broken symmetry mechanism can happen for systems with
short-range interactions and continuous symmetries in spatial dimensions
less than three, and thus no long-range ordered phase can exist for such
systems at any, even small, non-zero temperature. Very shortly after these
strong arguments against the existence of ordering phase transitions for
such class of models, some numerical experiments had shown that, in-
deed, ordered phases do exist for, e.g., a system of hard spheres in two
dimensions [AW62] or 2D planar rotors [SK66]. This gap between the-
ory and experiments had remained answered for years, until Berezinskii
[Ber71, Ber72] and, independently, Kosterlitz and Thouless [KT73, Kos74]
formulated their theory of vortices-unbinding-mediated phase transition
for 2D planar rotor and of dislocation-unbinding-mediated melting for 2D
crystals.

They argued that for all the kinds of systems mentioned above there
is a phase transition between a so-called quasi-long-range ordered (QLRO)
phase (see in the Chapter 1 all the properties of this kind of order that is
typical of systems in d = 2) and a disordered phase, that is driven by the
excitation of singularities of the order parameter. Regarding 2D crystals,
KT stated that the excitation of isolated dislocations is responsible for
driving the system from a low-temperature crystal with quasi-long ranged
translational order to a high-temperature isotropic liquid.

After the insights of KT, Halperin and Nelson and Young [Nel78, HN78,
NH79, You79] realized that dislocation unbinding at a temperature T = Tm

does not melt the 2D crystal into an isotropic liquid. For T > Tm, although
the system loses translational order as correctly established by KT, a QLRO
orientational order survives. Due to the six-fold symmetry of this residual
orientational order, this anisotropic fluid phase is called hexatic. At Ti >
Tm another phase transition of KT type with unbinding of topological
disclinations drives the hexatic phase to melt into a true isotropic liquid
with no positional and no orientational order. In Fig. 2.1 a summary
schematic picture of Halperin-Nelson result is shown, which includes a
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Figure 2.1: Sketch of the emergence of a liquid-crystal (hexatic) phase in the Halperin-
Nelson picture of phase transition, in the pressure-temperature phase diagram. Solid-
hexatic melting at Tm and hexatic-liquid one at Ti are shown as continuous KT transitions,
while hatched lines indicate first-order transitions. The red dashed line indicates the
possible two-step melting scenario, as described in the text. Figure adapted from [NH79].

possible two-step melting scenario, as described above.
Within this Section the theory of double-step melting is going to be

presented with many details. The description will start with a short intro-
duction to the classical elasticity theory for 2D systems, useful to describe
the presence of different kind of defects throughout the system. Then the
two transitions will be described using the renormalization group analy-
sis devised by HN, and all the relevant properties of the thermodynamic
phases involved will be inferred.

2.1.1 Elastic theory and dislocations in 2D systems

Some basic concepts of classical elasticity theory will be shortly presented
here with the aim to introduce the theoretical background useful for the
understanding of the BKTHNY picture for the phase transition scenario
in 2D crystals. All the notions presented are much more extensively and
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detailed reviewed in [LLKP86, CC95].
Since the purpose of this preamble is just to introduce the useful things

for the Halperin-Nelson theory of melting, only 2D hexagonal crystal is
going to be considered. Such hexagonal crystal is constituted of atoms
placed in the positions ri = Ri + ui , where Ri = n1ia1 + n2ia2 , with n1i and
n2i are integers and a1 , a2 are the two vectors of the triangular lattice base,
while u is the displacement vector field that takes into account the thermal
fluctuations of the position of the atoms from the underlying lattice. In the
context of classical elasticity theory, the 2D hexagonal lattice is known to
be fully characterized by only two independent elastic constant, λ and µ
that are called Lamé coefficients. The elastic free energy density is

fel =
λ
2

uiiu j j + µui jui j , (2.1)

where ui j = (∂iu j +∂ jui)/2 is the symmetric part of the so-called strain tensor
derived as usual from the displacement field u. Explicit relation between
Lamé coefficients and the physical behavior of the body is obtained by
decomposing the strain tensor ui j into a scalar δi jukk/2 and a symmetric
traceless tensor ui j − δi jukk/2, so that Eq. (2.1) becomes

fel =
B
2

u2
ii + µ

(
ui j +

1
2
δi jukk

)2
, (2.2)

with B = λ + µ. It is easy to show that the first term in this recast equa-
tion represents the contribution to the free elastic energy due to pure area
changes only, while the second term quantifies the free elastic energy re-
lated to deformations with constant area. Thus, B and µ are called respec-
tively bulk modulus and shear modulus.

Another quantity that will be shown to be crucial in the treatment of
our problem is the so-called Young’s modulus and it will be denoted as K.
This quantity is defined as the coupling between an uniaxial tension and
the strain along the same direction. Defining the stress tensor as usual by

σi j =
∂ fel

∂ui j
= Bukkδi j + 2µ

(
ui j −

1
2
δi jukk

)
, (2.3)

and inverting the relation as follows

ui j =
1

4B
σkkδi j +

1
2µ

(
σi j −

1
2
δi jσkk

)
, (2.4)
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the strain that results from applying a force fy along the y-direction is

uxx =
( 1
4B
−

1
4µ

)
T

uyy =
( 1
4B

+
1

4µ

)
T

uxy = 0 , uyx = 0 ,

(2.5)

being T the force per unit length so as fy = Tdl, and thus σi j = Tδiyδ jy.
From these relations, given by the definition above that T = Kuyy , is easy
to obtain the form of the Young’s modulus

K =
( 1
4B

+
1

4µ

)−1

=
4µ (λ + µ)
λ + 2µ

. (2.6)

Dislocations in the 2D hexagonal lattice

According to the classical theory of defects in crystals, a dislocation is,
as suggested by its name, a topological defect that arises, restricting the
description to lattices in two dimensions, from the sliding of two lattice
lines between each other, or rather from the insertion of half lattice lines
into the perfect underlying lattice. To be more specific, because of the six-
fold lattice symmetry of planar triangular lattice, the only case of interest
for this analysis, an isolated dislocation is the topological effect of inserting
two half lattice lines as shown in Fig. 2.2.

The configuration that results from this procedure can not be brought
back to the initial perfect lattice by any continuous deformation, due to
topological reasons. The only way to restore the perfect original periodic
structure is to cut the crystal and then relax back the positions of its sites
along the cut. This procedure, called Volterra cut [CC95], is shown in
Fig. 2.2: cutting the crystal along the thick hatched line and then rigidly
displacing the lattice on one side of the cut by the vector b, so as to let the
sites pairs A and A′, B and B′, C and C′, etc. to become next neighbors
again, the perfect triangular array is restored. The vector b is called Burgers
vector and it represents the topological charge of the dislocation. A way to
define the Burgers vector directly from the distorted lattice is also shown
in Fig. 2.2: a path along the lattice bonds that would be a close circuit in
the perfect lattice fails to close if it circles a dislocation; the missing amount
for the path to be closed is the Burgers vector.

Beginning to build up the HN theory, it is crucial to outline the descrip-
tion of dislocations in terms of the elasticity theory. The definition of the
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Figure 2.2: Single dislocation in on a triangular lattice. Black circles are the six-fold lattice
sites. Dislocation correspond to the 5-fold (red triangle) and 7-fold (blue square) pair.
The two inserted lines are shown with thick dashed lines; they both end into the 5-fold
site. Black hatched line is the Volterra cut (see text) needed to relax the system back to a
perfect lattice. The green vector is the Burgers vector, which is the vector needed to close
the contour around the defect, shown with the small numbered arrows. Figure adapted
from [vGKM14].

dislocation charge by means of the Burgers vector is easily translated in
the language of crystals’ deformations as∮

du = a0b(r), (2.7)

where a0 is the lattice spacing and b is the dimensionless Burgers vector
associated to a dislocation at r. Given that in equilibrium the internal
forces fi = ∂iσi j on a area element must be zero, from Eq. (2.3), equilibrium
condition for the displacement field reads

λ
∂ukk

∂xi
+ 2µ

∂ui j

∂x j
= 0 i = x, y. (2.8)

It can be shown that a solution for (2.8) compatible with the constraint
(2.7) for a dislocation in the origin with Burgers vector b = bx̂ is the
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following:

ux =
ba0

2π

(
φ +

K
8µ

sin 2φ
)

uy = −
ba0

2π

( µ

λ + 2µ
ln r +

K
8µ

cos 2φ
) (2.9)

being (r, φ) the cylindrical coordinates. Calculating the stress tensor from
Eq. (2.3), the elastic energy is given by

Eel =
1
2

∫
d2rσi jui j , (2.10)

and thus the total energy associated to a single dislocation is

E = Eel + Ec =
a2

0b2K
8π

ln
R
a

+ Ec , (2.11)

where from the integral in (2.10), the contribution Ec of the defect core of
size a is finite and it has been set apart, and R is the size of the sample. The
total energy of a single dislocation is thus divergent with the size of the
system.

The same calculation with two constraints of the type in (2.7) for two
dislocations b and −b of the same core size a and d apart from each other,
gives

E =
a2

0b2K
4π

ln
d
a
−

a2
0K

4π
(b · d)2

d2 + 2Ec . (2.12)

This result is the first notable one with respect to the melting theory, be-
cause it shows that the energy of a configuration of two dislocations with
opposite charges does not have a logarithmic divergence as for the single
defect case. This means that the a dislocation pair can be thermally excited
at finite temperature. Moreover, Eq. (2.12) also points out that, after having
created a dislocation pairs, a further energy supply (that grows logarith-
mically with the distance) can move the two dislocations away from each
other eventually also leading, in the limit of d� a, to a configuration with
two isolated dislocations. The same arguments can be applied to the gen-
eral case of a arbitrarly complicated group of more than two dislocations
with zero total Burgers vector

∑
bi = 0. The mechanism (with no energy

divergences) of dislocation unbinding is sketched in Fig. 2.3 where it is
shown on the left how, with continuous displacements, a dislocation pair
is excited and, again by means of a continuous deformation of the lattice,
the two defects dissociate.

The results summarized in this subsection are the basis of the argument
built by Halperin and Nelson, that will be discussed below.
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Figure 2.3: A sketch of the mechanism, described in the text, of formation of a dislocation
pair from a perfect lattice with continuous displacements of the atoms. 6-fold particles
are shown in black, red triangles are 5-fold and blue squares are 7-fold. Figure adapted
from [vGKM14].

2.1.2 Renormalization group analysis of the dislocation-
unbinding process

Before starting to go through the details of Halperin-Nelson theory, it
is useful to show that the central idea of melting in 2D can be actually
grasped by looking again at the details of Eq. (2.12), that has been discussed
qualitatively before. Neglecting for the moment the second angular term, a
logarithmic attraction between two dislocations of opposite Burgers vector
results:

βv(r) =
βKa2

0

4π
ln

r
a

, (2.13)

where, again, K is the Young’s modulus, a0 the lattice spacing, a the size
of the dislocations’ core and r their distance. Remembering from the pre-
vious section that the Halperin-Nelson transition is driven by unbinding
of dislocations, a first estimation of the melting temperature comes from
requiring that the average separation between dislocation pairs diverges.
From

〈r2
〉 =

∫
d2rr2e−βv(r)∫
d2re−βv(r)

=
8π − βKa2

0

16π − βKa2
0

a2, (2.14)

one obtains that

lim
T→T−m

K(T)a2
0

kBT
= 16π. (2.15)

Although this results will be formally derived later, Eq. (2.15) introduces
the idea of Halperin-Nelson renormalization group approach, as will be
reviewed in this Section. As the temperature approaches Tm , the crystal
is soft enough, and K(T)/T is small enough, to allow the dislocations to
unbind and the system to melt. However, since the Young’s modulus K(T),
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as well as all the elastic constants, are affected by both the temperature
and the presence of the defects itself, recursive relations that iteratively
renormalize the elastic constants are needed to extract the true behavior of
the system.

Thus, the first step to implement the renormalization group procedure
is to separate the thermal contributions from the singular ones, due to the
presence of the defects in the elastic description of the crystal. According
to this plan, the strain tensor can be separated into

ui j(r) = φi j(r) + using
i j (r) , (2.16)

where, as said, φi j(r) is a smoothly varying part to the strain due only to
thermal effects, while using

i j (r) is the contribution to the strain that comes
from the presence of the singularities that correspond to topological de-
fects. Accordingly, the full Hamiltonian of the system is written as

H = H0 + HD . (2.17)

The purpose of this calculation is to renormalize the elastic constants
λ → λR and µ → µR, so as to replace the Hamiltonian H0(λ, µ) + HD with
a renormalized Hamiltonian H0(λR, µR) where the effect of the defects is
absorbed into the elastic constants.

Therefore, it is needed to calculate the singular part of the strain tensor
and, accordingly, the full Hamiltonian in (2.17). Following the treatment
in [LLKP86], it can be shown that

u(sing)
i j =

( 1
2µ
εikε jl

∂2

∂rk∂rl
−

λ
4µ(λ + µ)

δi j∇
2
)

a0

∫
d2r′ bm(r′)Gm(r, r′) , (2.18)

where εi j are the elements of the antisymmetric matrix

ε =

[
0 1
−1 0

]
, (2.19)

while Gm(r, r′) is called Green’s function because it allows to determine the
displacement produced in the medium by a local stress concentrated at r′.
It is thus needed in this context to calculate the singular contribution to
the strain from the stress produced by all the defects in the system. For
|r − r′| � a0, it takes the form

Gm(r, r′) ' Gm(r − r′) = −
( K
4π

)
εmn(rn − r′n)

[
ln

(
|r − r′|

a

)
+ C

]
, (2.20)
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with C a positive constant that depends on the lattice structure. Since, from
(2.1), the Hamiltonian for the defects-free system has the form

H =
1
2

∫
d2r

(
λu2

ii + 2µui jui j

)
, (2.21)

inserting the decomposition (2.16) into it and making use of the form (2.18)
for using

i j , the full Hamiltonian results

H =
1
2

∫
d2r

(
λφ2

ii + 2µφi jφi j

)
−

a2
0K

8π

∑
α,α′

[
b(rα) · b(rα′) ln

Rα,α′

a
−

[b(rα) · Rα,α′][b(rα′) · Rα,α′]
R2
α,α′

]
+ Ec

∑
α

|b(rα)|2 ,

(2.22)

where the greek indices α, α′ run over the defects and Rα,α′ = rα − rα′ . The
last term, with Ec = (C+1)K/8π, accounts for the core energy of the defects.
For this results the condition of zero global Burgers vector is needed∑

α

bα = 0 , (2.23)

which of course derives from the physical assumption that neutral pairs
unbinding can produce isolated dislocations.

The role of the defects in altering the elastic constants can be extracted
by considering the general form for the Hooke’s law of Eq. (2.4)

ui j = K−1
R,i jkl σi j , (2.24)

where K−1
R,i jkl is the inverse renormalized elastic tensor (bacause now also

defects are present in the system). The bare elastic tensor is

Ki jkl = µ(δikδ jl + δilδ jk) + λδi jδkl , (2.25)

and its inverse is

K−1
i jkl =

1
4µ

(δikδ jl + δilδ jk) −
λ

4µ(µ + λ)
δi jδkl . (2.26)

The inverse renormalized elastic tensor can be expressed in terms of a
correlation function of the strain tensor at the boundary of the sample

K−1
R,i jkl =

〈Ui jUkl〉

Ω
, (2.27)
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Figure 2.4: All the possibile configuration of dislocation pairs with total zoer Burgers for
a triangular lattice. Figure adapted from [NH79]

with Ui j defined operatively as

Ui j = −
1
2

∮
P

dl (uin̂ j + u jn̂i) , (2.28)

where P is the boundary of the sample and n̂ is a unit vector normal to the
boundary that points outwards from the sample. Using the decomposition
(2.16), though it is not possible to use Green’s theorem to write

Ui j =

∫
dr ui j(r) , (2.29)

because the singular part of the strain is indeed singular near the defects,
it is not hard to see that

Ui j =

∫
drφi j(r) + U(sing)

i j , (2.30)

with
U(sing)

i j =
1
2

∑
α

[
bi(rα)ε jkrα,k + b j(rα)εikrα,k

]
, (2.31)

and thus

K−1
R,i jkl = K−1

i jkl +
〈U(sing)

i j U(sing)
kl 〉

Ω
. (2.32)

Since, as already clarified, dislocations appear in pairs with opposite
Burgers vectors and that only three different pair configurations are com-
patible with the triangular lattice considered, as shown in Fig. 2.4, it is easy
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obtained, being the Hamiltonian the one in (2.22),

K−1
R,i jkl = K−1

i jkl +
1
4

y2
3∑

p=1

(bp,iε jm + bp, jεim) (bp,kεln + bp,lεkn)

×

∫
R>a

d2R
a2

RmRn

a2 Ap

(R
a

)−βKa2
0/4π

,

(2.33)

with

b1 =

[
0
1

]
, b2 =

[√
3/2

1/2

]
, b3 =

[
−
√

3/2
1/2

]
;

A1 = e(βKa2
0/4π) cos2 θ,

A2 = e(βKa2
0/4π) cos2(θ−2π/3),

A1 = e(βKa2
0/4π) cos2(θ+2π/3),

(2.34)

where R is the vector between the two paired dislocations, θ is the angle
between this vector and the Burgers vector of the pair, and where the
so-called dislocation fugacity y is defined as

y = e−βEc . (2.35)

Eq. (2.33) is correct up to O(y3) because only interactions between single
dislocations within a pair have been taken into account.

As seen in (2.15), it is useful to build Halperin-Nelson recursive relations
for the renormalized Young’s modulus KR, or actually for its inverse

K−1
R ≡ K−1

R,xxxx = K−1
R,yyyy . (2.36)

Assuming that K−1
R,i jkl has the isotropic form (2.26), but with renormalized

Lamé coefficients λR and µR, is easy to obtain:

K−1
R =

1
4

[ 1
µR

+
1

(µR + λR)

]
= K−1 +

3
4
πy2

( 1
2π

∫ 2π

0
dθ e(βKa2

0/4π) cos2 θ
) ∫ ∞

a

dR
a

(R
a

)3−βKa2
0/4π

+
3
2
πy2

( 1
2π

∫ 2π

0
dθ sin2 θ e(βKa2

0/4π) cos2 θ
) ∫ ∞

a

dR
a

(R
a

)3−βKa2
0/4π

.

(2.37)
As expected, the integrals diverge as βKa2

0 approaches 16π. These diver-
gences are recursively isolated by breaking the integral as∫

∞

a
→

∫ aeδl

a
+

∫
∞

aeδl
(2.38)
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with δl small.
Absorbing the large R integral into the renormalized elastic constants and
rescaling the cutoff parameter as

aeδl
→ a , (2.39)

the same form of Eq. (2.37) is obtained for a rescaled inverse Young’s mod-
ulus (K′)−1 if the rescaling factors are instead absorbed into a redefinition
of the fugacity y.
Applying this procedure, the following coupled recursive relations result:

dK−1(l)
dl

=
3
2
πy2(l) eβKa2

0/8π I0

(K(l)
8π

)
−

3
4
πy2(l) eβKa2

0/8π I1

(K(l)
8π

)
+ O(y3),

dy(l)
dl

=
(
2 +

K(l)
8π

)
y(l)

+ 2πy2(l) eβKa2
0/16π I0

(K(l)
8π

)
+ O(y3),

(2.40)

where I0 and I1 are modified Bessel functions.
The two previous renormalization-group equations represent a powerful
tool devised by Halperin and Nelson (applying the general idea of Koster-
litz, Thouless and Berezinskii) to treat the problem of the dislocation-
unbinding mechanism in a two-dimensional elastic material and derive its
phase transition behavior.
Since they have been derived assuming the invariance of the elastic tensor,
the renormalized elastic constants can be evaluated using:

µR(µ, λ, y) = µR(µ(l), λ(l), y(l)) ,
λR(µ, λ, y) = λR(µ(l), λ(l), y(l)) ,

KR(K, y) = KR(K(l), y(l)) .
(2.41)

Figure 2.5 shows schematically the renormalization-group flows of the
two coupled variables (K, y). Above a certain temperature Tm, the fugacity
increases as l increases. Both y(l) and K−1(l) flow to ∞, indicating that the
dislocations unbind and the crystal is melted.
Below the melting temperature Tm, the fugacity yR flows to zero and thus
the Young’s modulus KR, as well as the elastic constants µ and λ, converges
to a finite values, as one would expect for the elastic constants in the solid
phase. Between these two regions, on the separatrix that determines the
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Figure 2.5: Sketch of the renormalization group flow for the inverse Young’s modulus
βa2

0K and the fugacity, from Eqs. (2.40). The arrows denote the flow direction for increasing
l. Below Tm the fugacity converges to zero and the Young’s modulus to a finite value.
Above Tm they both diverge. The elastic modulus takes its critical value on the separatix
between the two regions, shown with a dashed line.

melting temperature, KR approaches the universal behavior

lim
T→Tm

βa2
0KR = 16π, (2.42)

that confirms the result in (2.15).
Many others interesting results about this melting can be derived from

Eqs. (2.40) (they are reviewed in [NH79]), such as fundamental scaling
behaviors of the elastic constant in the vicinity of the critical point or the
correlation length for the dislocations’ distortion field. But only one of
them, that is of considerable interest for the arguments of this thesis, is
going to be reviewed here: the behavior of the translational correlation
function across the melting transition.

As observed in Chapter 1, the quantity that catches the positional order
in periodic crystals is the so-called Debye-Waller correlation function, defined,
given ρG(R) = eiG·[R+u(R)] with G a reciprocal lattice vector, by

CG(R) = 〈ρG(R)ρ?G(0)〉 = 〈eiG·[u(R)−u(0)]
〉

' exp
{
−

1
2

qiq j 〈[ui(R) − ui(0)][u j(R) − u j(0)]〉
}

,
(2.43)
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where a cumulant expansion is used for the last equality, that is correct to
O(y2). Since below Tm the average is over the free form of the Hamiltonian
(with all the couplings renormalized) that is quadratic in ui(q), it is easy to
see that

q2

Ω
〈ui(q)u j(−q)〉 = kBT

( 1
µR
δi j −

µR + λR

µR(2µR + λR)
qiq j

q2

)
. (2.44)

This allows to evaluate

〈[ui(R) − ui(0)][u j(R) − u j(0)]〉 = δi j
kBT
4π

( 1
λR + 2µR

+
1
µR

)
ln (|R|Λ) , (2.45)

and thus
CG(R) ∼ |R|−ηG , (2.46)

with
ηG =

kBT
4π

( 1
λR + 2µR

+
1
µR

)
G2 . (2.47)

A perturbation analysis of Eqs. (2.40) close to the critical point, where
K−1(l) ' (βma2

0/16π)[1 + x(l)], shows that as the temperature approaches Tm

from below, the Young’s modulus, as well as the other elastic moduli µ(l)
and λ(l), vanish as one would expect from a material that does not respond
as a solid to external elastic stress anymore, but that behaves like a fluid.
In the next Section will be shown that 2D periodic materials, above the
melting temperature Tm, are not pure isotropic fluids, but they preserve
instead a six-fold anisotropy typical of a liquid-crystal.

2.2 Hexatic phase and HN theory of melting in
two stages

Besides calculations for building a consistent theory of the dislocation un-
binding, Halperin and Nelson introduced a true novelty in the context of
melting transitions for 2D systems. They proved that, although dislocation
unbinding destroys translational order, above Tm a residual quasi-long-
range order survives for the reciprocal orientations of the lattice bonds.
As already said in Chapter 1, this result complemented a general intuition
by Mermin [Mer68] who had already settled that, within the context of
simple two-dimensional harmonic crystals, the correlation between orien-
tations

〈[u(R + ai) − u(R)] · [u(R′ + ai) − u(R′)]〉 , (2.48)

with ai the lattice base vectors, does not decay in the 2D solid phase as
|R − R′| → ∞.
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Figure 2.6: Illustration of the variables involved in the defeinition of local hexatic order
parameter, as in Eq. (2.49). To compute ψ6,i, associated to the i-th particles, only the
directions θi j between the particles and its neighbors have to be take into account, not the
particles’ positions.

2.2.1 The hexatic phase

Halperin and Nelson [HN78, NH79] justified this result by studying the
properties of the appropriate orientational order parameter that takes into
account the six-fold symmetry of the solid phase

ψ6(Rk) =
1

Nk

∑
j

ei(6θkj) , (2.49)

where k labels the particles, Nk is the number of neighbors of particle k, and
θkj is the orientation of the bond between particles k and its j-th neighbor
with respect to some reference direction. A schematic representation of the
quantities involved in the definitions of this so-called hexatic order parameter
is given in Fig. 2.6.

It can be explicitly shown that, below Tm, the solid possesses a true
long-range orientational order, observing that in the continuum limit θ(r)
is related to the displacement field u(r) by

θ(r) =
1
2
εi j∂iu j(r) . (2.50)

Thus is easy to find, making use of the renormalized Hamiltonian H0(λR, µR)
obtained before, that

〈ψ(r)ψ(0)〉 ' exp
[
−36

(
〈θ2(0)〉 − 〈θ(r)θ(0)〉

)]
(2.51)
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does decay to a nonvanishing temperature-dependent constant as |r| → ∞.
The guess that, as said, dislocation unbinding drives the system to an

anisotropic liquid-crystal phase with a residual QLR orientational order
would mean that above Tm the Hamiltonian would take the form

HA =
1
2

KA(T)
∫
|∇θ(r)|2 d2r , (2.52)

with finite so-called Frank constant KA(T) defined, as usual, by

kBT
KA

= K̃−1
A = lim

q→0

q2

Ω
〈θ(q)θ(−q)〉 . (2.53)

This is typical of anisotropic media and it is used to describe the elastic
response of the orientational degrees of freedom. Although in a generic liq-
uid crystal is a tensor of rank two, for a six-fold symmetric two-dimensional
system is a single scalar constant.

Using a Debye-Huckel theory for dealing with the behavior of the system
above the melting temperature, where a population of bonded and free
dislocations exists in the material, it is possible to check that KA acquires
a finite non-vanishing value. Thus, being the hypothesis (2.52) a correct
description of the elastic rotational thermodynamics of the particle-particle
segments throughout the sample, one can conclude that at Tm 2D quasi-
solids melt into a so-called hexatic phase.

Moreover, from (2.52) is now straightforward to calculate the hexatic
correlation function

〈ψ6(r)ψ6(0)〉 ∼ r−η6(T) , (2.54)

with
η6(T) =

18kBT
πKA(T)

. (2.55)

Because of this algebraic decay of the orientational correlation function,
the hexatic phase is characterized by a QLR orientational order.
Deriving from (2.53) and (2.50) the expression of KA in terms of the elas-
tic constants of the solid phase, and applying the renormalization-group
procedure returns:

K̃A = e2lK̃A(µ̃(l), λ̃(l), y(l)) . (2.56)

Note that the KA is not required to be invariant under the renormalization-
group transformations and actually it is not. However, Eq. (2.56) tells that
below Tm the Frank constant diverges, as one would expect for a true long-
ranged orientationally ordered phase and, accordingly, η6 in (2.54) goes to
zero.
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Figure 2.7: The two disclinations of lowest energy for a 2D triangular lattice. The defect
on the left has charge +π/3, and it can be identified with a single 7-fold miscoordinated
particles, while the defects on the rigth is a−π/3 disclination with a 5-fold particle. FIgure
adapted from [Ber11].

2.2.2 Disclination-unbinding solid-liquid transition

Further increasing the temperature above Tm, another phase transition
finally takes the hexatic phase into a pure isotropic liquid phase. This
transition, as established by Halperin and Nelson [NH79], is driven by
the unbinding of isolated dislocations, which are free to be excited in the
hexatic phase, into another class of topological defects, called disclinations.
As their name bring to mind, disclinations in 2D solids arise from twisting
(instead of sliding as for dislocations, see in Sec. 2.1.1) the two sides of a
Volterra cut relative to each other. For a triangular array of lattice sites,
two different disclinations can be built with this protocol by a rotation of
either +π/3 (positive disclination) or −π/3 (negative disclination). This
definition reads as the following constraint on the orientational field:∮

C
dθ =

π
3

s, (2.57)

with s integer and C a closed path around the defect. As shown in Fig. 2.7,
where both the two resulting configurations are sketched, the twisting pro-
cedure leaves a miscoordinated atom at the defect core with, respectively,
7 and 5 next neighbors.

As also suggested by the picture, although it would be hopeless to
thermally excite a single disclination because this would mean to apply the
Volterra cut described before, is instead possible for two disclinations of
opposite charge to arise from the dissociation of an isolated 5-7 dislocation.
Indeed, according to the Halperin-Nelson theory, at a temperature Ti > Tm
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dislocations unbinding into free disclinations mediates the melting of the
hexatic phase into the isotropic liquid, thus destroying the residual QLR
orientational order.

In order to apply the same theoretical approach for dealing with this
other unbinding process, the angle variable θ(r) is decomposed into a
smoothly varying part φ(r) and a singular part due to the presence of a
collection of free disclinations. The Hamiltonian (2.52) becomes

HA =
1
2

KA

∫
d2r

(
∇φ

)2

−
KA

2π

(
π
3

)2 1
2

∑
α,α′

sαsα′ ln
Rα,α′

as

+ Es

∑
α

s2
α ,

(2.58)

where α runs over the defects, sα is the integer charge of the defects, Ec is
the defect core energy and a is the core size. Again, as for the derivation of
dislocation Hamiltonian (2.22), the disclination population has global null
charge, which reads

∑
α sα = 0.

As immediately noted by Halperin and Nelson, the disclination prob-
lem (2.58) is exactly mapped onto the planar rotor problem mentioned
before, that was already solved by Kosterlitz-Thouless-Young and where
the phase transition is driven by unbinding of spin vortices *.

For this reason, without carrying on the perturbative analysis of the ro-
tor problem [Kos74] (which follows the same approach as the one outlined
before for the dislocation mediated melting), is possible to borrow only the
main results from it.
As the temperature approaches the melting temperature Ti from below the
renormalized Frank constant takes the universal value

lim
T→T−i

KA(T) =
72kBT
π

. (2.60)

*Note that the KT Hamiltonian of the XY model in two dimensions that accounts for
the presence of spin vortices is [KT73]

H =
1
2

K(T)
∫

d2r
(
∇χ(r)

)2

− πK(T)
∫
|R−R′ |>a

d2Rd2R′ n(R) n(R′) ln
|R − R′|

a
− Ev

∫
d2R n2(R) ,

(2.59)

with χ the smoothly varying part of the spin field, K the spin-stiffness, n the charge of the
vortex and Ev its core energy.
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It discontinuously vanishes above Ti and remains zero into the liquid
phase.
At the critical point the hexatic correlation (2.54) decays with a universal
exponent

η6(Ti) =
1
4

. (2.61)

Above Ti the same hexatic correlation function decays exponentially with
a correlation length that diverges as T→ T+

i .
Thus, concluding, within the KTHNY theory of melting, there are two

continuous symmetries that are broken to discrete ones at two different
temperature: translational symmetry is broken at Tm and orientational
symmetry at Ti. Each of the transitions is associated with a specific mod-
ulus of stiffness. The reduced Young’s modulus βa2

0K jumps from zero to
16π at Tm (see Eq. (2.42)), which is in agreement with our experience that a
crystal can resist to shear stress. The same applies to the transition from the
liquid to the hexatic phase: the Frank constant defined in Eq. (2.53) jumps
from zero to 72/π at Ti, thus reflecting the fact that the hexatic phase, but
not the liquid can resist rotational stress.

2.3 Experimental and numerical works on KTHNY
theory

After having presented in many details the theoretical efforts devoted,
mainly during the 70’s, to the understanding of the physics of melting in
2D, in this section a glimpse will be get to the huge amount of experimental
and numerical works that from decades try to compare evidences from real
systems to the main results of the theory, supporting or contradicting its
predictions.

This review does not pretend to include all the works in this wide field,
but it only aims to present some of the crucial attempts to measure the
quantities involved in the BKTHNY theory from experiment or simula-
tions. This is needed as a prelude to the main part of this thesis, which
is itself a numerical work on melting in two dimensions. For this reason
experiments and simulations will be presented all together in the present
Section trying to cover most of the methods used over the years.

The first category of experiments that is worth to be mentioned is the
one in which systems are constituted of colloidal particles interacting with
a screened Coulomb potential. Rather than other experiments such as on
liquid crystals, micron-sized colloidal systems have many experimental
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advantages. Most importantly, colloidal particles, though they are big
enough to be directly observable by means of video microscopy, at the same
time they are still small enough to perform thermally driven Brownian
motion and can thus be considered as a statistical ensemble in thermal
equilibrium. Since the typical diffusing time of such systems is of the
order of few seconds, not only the length but also the time scale for thermal
equilibration are in an easily observable regime. The use of digital image
processing techniques allows to extract the trajectories of the particles and,
as for a standard molecular dynamics numerical simulation, to analyze
them on all relevant time and length scales.

Murray and Van Winkle [MVW87] performed one of the first of these ex-
periments using charged spherical polystyrene-sulfonated micro-spheres
of ∼ 0.3µm in an aqueous suspension. Confinement to two dimensions
is realized by squeezing the suspension between two nearly parallel glass
plates providing the colloids to move in two dimensions. A narrow wedge
geometry of the glass plates along one horizontal direction is realized in
the experiment by tilting the upper plate by a small (∼ 4 × 10−4rad) angle.
The thickness of the fluid layer thus increases along the same direction and,
due to the interaction between the colloids and the glass plates, a density
gradient of the particles is observed in equilibrium with low density in the
thinner region. Because of this, different types of crystal symmetries were
found in the arrangement of the colloids along the density gradient.

Thanks to this experiment, the authors were the first who identified
the hexatic phase in colloidal systems by measuring both structure fac-
tors and the distance dependence of the orientational, see Eq. (2.54), and
translational, Eq. (2.43), correlation functions. They found that, in accor-
dance with the KTHN theory, the orientational correlation length and the
translational one diverge at two different values of density and that the
intermediate phase has a structure compatible with a pure hexatic phase.
However, although Murray et al. clearly observe a two-stage KTHNY-
melting from a correlation length analysis, they failed to find paired dislo-
cations in the solid phase or free dislocations in the hexatic phase. Instead,
they observed in the fluid phase islands of six-fold coordinated particles
surrounded by a network of grain-boundaries of fourfold, five-fold and
seven-fold coordinated particles. Inside the hexatic phase, these grain
boundaries did not disappear, but neighboring grains began to orient with
respect to each other.

A similarly contradictory result has been obtained by Tang et al. [TAMO89]
with an experiment of melting of spherical colloids of the same kind of
the ones used in [MVW87]. In order to avoid a possible influence of the
inherent particle density gradient, a flat cell geometry was used. Two disk-
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shaped glass plates with different diameters were glued concentrically on
top of each other, so that the smaller one would act like a stamp when
pressed against a third plate. The space between the first and third glass
plate was sealed used as a reservoir for the ∼ 1µm sized spheres.
These authors were unable to observe any unbinding of isolated dislo-
cation into disclinations, but they identified a grain-boundary-induced
melting † mechanism with spontaneous cluster formation of dislocations
and dislocation pairs and even the formation of interconnected liquid-like
islands. And, still, they clearly derived correlation lengths and power-law
exponents in good agreement with the KTHNY theory.

A different experimental approach was carried out by Marcus and
Rice [MR96, MR97] who set up a colloidal system with essentially hard
core repulsion combined with a short range square attractive part. Parti-
cles of a diameter 0.93µm were suspended in aqueous solution in order to
eliminate sedimentation. The spacing between the walls of a flat thin glass
cell was found to be optimal at ∼ 1.2µm thereby avoiding both immobi-
lization and out-of-plane motion. The quantity to be varied in different
measurements was the particle density.

A large number of Voronoi constructions (see Section 3.3 for the defini-
tion of the Voronoi cells) of colloid configurations, that allows to determine
the coordination number of each colloid, are presented and discussed in the
paper of Marcus and Rice and summarized in Fig. 2.8. Bound dislocation
pairs occur as clusters of two five-fold and two seven-fold particles. Un-
bound free dislocations made up of individual tightly bound five-fold and
seven-fold sites are clearly observable. Marcus and Rice analyzed whole
sequences of these configurations and found that dislocations and clusters
of dislocation defects appear and disappear on the time scale of successive
video frames, and that their absolute locations are temporally uncorre-
lated. It is the presence of a small steady-state concentration of unbound
dislocations (stemming from a dissociation of these short-lived bound dis-
locations) that causes the slow algebraic decay of the bond-orientational
order in the hexatic phase. Such Voronoi constructions of configurations
were also taken by Marcus and Rice to demonstrate that there exist states
with coexistence between the hexatic and the fluid phase, and between
the solid and the hexatic phase. This result, which would imply that the
liquid-hexatic and hexatic-solid transition are first-order, are interpreted
by the authors as system-dependent characters.

As clearly emerges from the two examples illustrated above, the anal-
ysis of direct images of colloidal configurations does not always lead to

†A small review of grain-boundary-induce melting theories is given later in Chapter 4.
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Figure 2.8: In the first row, the static structure factor S(q) = N−1 ∑
i, j eiq·(ri−r j), for an

experimental system of colloidal particles in the liquid phase (a), in the hexatic phase
(b) and in the solid (c). In the second row, Voronoi constructions of one representative
snapshot for the three phases, with all the defects highlighted: 7-fold particles are shown
in green, 5-fold particles are shown in red, 4-fold particles in blue, 8-fold ones in purple.
Figure adapted from [MR96].

unambiguous results about the nature of melting transitions in 2D. Even
though the direct knowledge of the instantaneous positions of the parti-
cles is enough to extract with acceptable accuracy the structural behavior
of the system and thus to infer the two-step melting scenario with an in-
termediate hexatic phase, the defects unbinding processes, as described by
Halperin and Nelson [NH79], are not so easily observed.

Dislocations and disclinations behaving as expected from the KTHNY
theory were actually first observed for a colloidal model system of param-
agnetic particles with the setup described in Refs. [ZLM99, ZM00, KMvG07,
ZMAM97, vGKZM04].
Spherical colloids of diameter d ∼ 4.5µm are confined by gravity to a wa-
ter/air interface formed by a water drop suspended by surface tension in a
top sealed cylindrical hole of 8mm diameter of a glass plate; see a sketch of
the configuration of the setup for example in [KMvG07]. A magnetic field
H is applied perpendicular to the interface inducing a magnetic moment
M = χH (with χ the magnetic susceptibility) in each particle. This lead to
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Figure 2.9: Orientational correlation function g6(r) as a function of the inverse temperature
in a log-log plot. From top to bottom: three curves for the crystalline phase showing
the long-range orientational order (limr→∞ g6(r) , 0), two curves showing the quasi-long-
range order of the hexatic phase (g6(r) ∼ t−η6(Γ)), and three curves showing the short-range
order typical of the isotropic liquid (g6(r) ∼ er/ξ6(Γ)). Figure adapted from [KMvG07].

a pure repulsive dipole-dipole pair-interaction given by

UH(r) =
µ0(χH)2

8π
1
r3 . (2.62)

The dimensionless interaction strength Γ = 〈UH
〉/kBT can be interpreted as

an inverse temperature and can be controlled by means of the intensity of
the applied magnetic field H.

Hexatic phase was undoubtedly observed from direct image detection
in these kind of experiment, as evidenced for example in the behavior of
hexatic correlation function - see Eq. (2.54) - in [KMvG07] and shown
in Fig. 2.9. Hexatic correlation is short-ranged in the isotropic liquid, it
decays algebraically in the intermediate anisotropic hexatic phase and it
approaches a constant value in the solid phase, where the orientational
order is a true-long-range one. The oscillations reflect the shell structure
of neighboring particles and are due to the fact that colloids with large
deviations from their typical equilibrium distance are poorly correlated
in their bond orientation. Also, the statistical weight of the maxima and
minima is very different. Whereas the histogram of particles with distances
near the maxima increases linearly with r, the corresponding histogram
for the first minima shows a different dependence and it is significantly
smaller. Many particle pair distances contribute to the maxima, but only
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(a) (b)

Figure 2.10: (a) Young’s modulus as a function of the inverse temperature. The solid curve
is KR(Γ), renormalized according to HN prescription (see Eq. (2.37)), while the dashed
curve is based on the T = 0 prediction (see the details in [vGKZM04]). (b) The Frank’s
constant as a function of the inverse temperature Γ becomes 72/π at Ti. At Tm it diverges,
indicating that the perfect orientational symmetry of the crystalline phase is approached.
Figure adapted from [KMvG07].

a few to the minima. At large distances, these differences are washed out
and the oscillations fade away.

The true novelty introduced in the analysis of Keim et al. is that the
unbinding of defects has been proven to be responsible for the melting
process, as predict by HN, by observing the behavior of the elastic con-
stants of the system. As explained in the previous Section, the dislocation
unbinding temperature Tm can be related to the temperature-dependent
Young’s modulus through Eq. (2.42). Similarly, the disclination unbinding
temperature is related to a jump in the Frank constant through Eq. (2.60).
The success of this idea will be shown next and it is based on the follow-
ing reasons. Eqs. (2.42) and (2.60) are, though quite simple, also strongly
universal, because they apply in the same form to all the 2D systems. More-
over, since these are macroscopic criteria, no details of the pair-potential
need to be known, but only the temperature-dependence of the Young’s
modulus and the Frank constant.

Keim et al. [vGKZM04] described a method to determine the elastic
dispersion relation of a two dimensional colloidal system. These rela-
tions quantify the elastic behavior of the crystal in q-space. Analyzing the
low-q behavior of the longitudinal and transversal bands one can extract
the Lamé coefficients λ and µ which can then be used to determine the
Young’s modulus K. This allows to measure this modulus as a function
of temperature and to compare it to the function KR(T) obtained from the
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Halperin-Nelson recursion relations (2.40).
Fig. 2.10-(a) shows the results of the comparison between measured

elastic Young’s modulus from the experiment, and the behavior predicted
by HN theory. Experimental data are significantly compatible with the
theoretical prediction and both of the curve approach the universal value
KR = 16π at the measured melting temperature Tm.

Frank constant can be also easily extracted from video-microscopy ex-
perimental data by measuring the exponent η6 from the decay behavior
of the hexatic correlation function (2.54) and then using the the relation
in (2.55) [KMvG07]. In Fig. 2.10-(b) is shown the result of such analysis
which again confirms the defects unbinding theory according to which
βiKA(Ti) = 72/π.
From both Figs. 2.10-(a),(b) is also evident that both the Young’s modulus
and the Frank constant jump to zero discontinuously above the tempera-
ture Tm and Ti, respectively, and that KA goes to infinity as T → Tm from
above.

Two more works will be presented here, one numerical and one experi-
mental, from the last few years which deal both with a system of hard disks
in two dimensions. These two works are of considerable importance in the
field of 2D melting, because they are agreeingly accepted to be a solution
of the problem of establishing the exact scenario of melting of repulsively
interacting particles in two dimensions.

The first of these two works is the one by Krauth et al. [BK11] who carried
out a set of numerical simulations of a huge number of hard disks, that
allows them to establish with a certainly good precision that the melting
scenario agrees generally with the two-step KTHNY theory and, further,
the location of the two meltings and the nature of them.

Equilibration of up to 106 disks has been attained by Krauth et al. in a
reasonable computational time by means of a optimized event-chain Monte
Carlo algorithm whose basic idea is the following. As depict in Fig. 2.11,
a move of the Monte Carlo (MC) starts by sampling an initial disk k and
an angle θ. Displacing the disk k straight along the direction θ, it will
somewhere collide with another disk, say k′. Once this happens k stops
moving and k′ begins to be displaced in the same direction as before. These
“chained” displacements are repeated until they add up to a total length l,
that is therefore the only tunable parameter of the algorithm. The optimal
dimensionless total length has been shown to be l ∼

√
N, with N the total

number of the disks [BKW09]. Therefore this even-chain MC allows to
displace ∼

√
N disks in a single move, thus with no rejections, which

means that the global displacement scales with the length of the side of the
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Figure 2.11: A move of the event-chain algorithm from a configuration A (a) to a config-
uration B (b). See text for details. Disks are displaced individually in the same direction
until they collide with another disk or the total length l is used up (red arrow). (b) Event-
chain move from the configuration B with the angle θ+π starting with the last displaced
disk of the move shown in (a). The algorithm is reversible. Figure adapted from [BKW09].

simulation box, providing the equilibration to be very fast.
Since the interactions between hard disks are true steric interactions, the

temperature plays no role for this system and the only relevant variable is
the surface fraction φ, which measures the area occupied by the disks with
respect to the total available surface. Krauth and collaborators strongly
established the location of both solid-hexatic and hexatic-liquid transition
by means of the analysis of the structure of the system at different fixed
values of the packing fraction. Moreover, measuring the thermodynamic
pressure, they also found distinct evidences that the hexatic-liquid is a first
order phase transition marked, in the constant density statistical ensamble,
by a finite co-existence region. More details about this results and the
methods used will be given in Chapter 3, because many of the tools they
used are adopted within our work, and thus it is thought useful to describe
them extensively while presenting our analysis.

These results have been perfectly reproduced in the experiments re-
alized by Thorneywork et al. [TAAD17], which deals with hard spheres
in two dimensions. As shown in Fig. 2.12, the authors observed a tilted
monolayer of colloidal hard spheres to establish the phase behavior of
such system. The experiment is prepared by allowing 2.79µm diameter
melamine formalydehyde spheres in a water/ethanol mixture to sediment
at the base of a glass sample cell and extracting the position of each colloids
by means of a video-microscopy apparatus. The values α of the tilt angle
are chosen such that the gravitational height hg‖ parallel to the base of the
cell is large, resulting in an area fraction gradient φ(z) as a function of the
height z (see Fig. 2.12-(b)). This also means that the gravitational height
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Figure 2.12: (a) A typical experimental image of the system in sedimentation-diffusion
equilibrium for a tilt angle α (see the inset). (b) The density profile, φ(z), as a function of
the height, z, rescaled by the in-plane gravitational height, hg‖ (see the text for the details).
(c) The equation of state Π/ρkBT. The inset shows an expanded view of the behaviour of
the equation of state in the region of the discontinuity. Figure adapted from [TAAD17].

hg⊥ perpendicular to the base of the cell is small enough to ensure the 2D
nature of the system at all area fractions.

The equation of state of the system is

Π
ρkBT

=
1

hg‖

1
φ(z)

∫
∞

z
φ(z′) dz′, (2.63)

with ρ the number density. Fig. 2.12-(c) shows that the EOS has a dis-
continuous behavior at the liquid-hexatic transition, which undoubtedly
signals the first-order nature of the transition, as found by Krauth et al..
As already said, this fundamental and almost accepted result of a first-
order liquid-hexatic transition, represents one of the points that our work
moved from. As will be explained in Chapter 3, our aim was to push
the analysis used in these last two works presented here, to system out of
thermal equilibrium.



Chapter 3

Melting scenario for
self-propelled disks in 2D

Within the present Chapter we review molecular dynamics numerical anal-
ysis carried out on a system of self-propelled (SP) disks in two spatial di-
mensions. SP agents are able to consume energy from their environment by
means of internal mechanisms, in order to move in a medium. Because the
energy that they use for their propulsion is not of thermal nature, systems
composed by many of these agents evolve out of equilibrium accordingly
to the general framework of an active system. Many aspects of SP dynamics
and collective behaviors of active systems are described in the introduction
of this thesis (see Chapter 1).
Although the general ideas that compose the recent active matter the-
ory continue to be used for treating an increasingly number of theoretical
models and to describe a huge variety of real systems with their fascinating
collective behaviors, many of the fundamental physical properties emerg-
ing with activity are still actively debated and they still don’t meet any
strongly accepted theoretical background. This is one of the main reasons
that pushed us to begin to pose some fundamental questions for a very
simple, though paradigmatic, active matter model, that will be presented
here. Actually, the whole work of this thesis has been dealing with two
models which both capture most of the key features of active systems and
are both very simple and paradigmatic realizations of them: the Active
Brownian (AB) disks model and the Active Brownian Dumbbells model.
This chapter is devoted to introduce all the physical quantities of interest
and to report all the results found for SP disks. The work on dumbbells
will be presented later in Chapter 5.

The main point which we aimed to address is to build a complete
phase diagram of these two models, and thus to study all the stationary

47
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phases and the phase transitions that occur with respect to variations of
the relevant control parameters, exploring the whole accessible parame-
ters’ space. Such aim is twofold. First of all, although some indications
towards crystalline order in dense assemblies of SP particles exist (see for
instance [BSL12]), a complete discussion about the phase transition sce-
nario is absent in the literature, even for the simplest AB disks model.
Moreover, such complete analysis has been gave us the opportunity to fur-
ther clarify the interplay between ordering phase transition and motility-
induced phase separation. In fact, it has been recently suggested that MIPS
shares many fundamental properties with equilibrium phase separation,
at least at the mean field level (see for instance [CT15]). Even if, as we will
show in Section 3.1.2, this viewpoint has allowed to explore some very
general characters of MIPS, no one had examined such non-equilibrium
phase separation on the ground of a complete phase diagram of the model.

The central idea of this work is that, regardless to the SP out-of-
equilibrium dynamics of the model, most of the fundamental structural
properties, the underlying spatial symmetries and thus the nature of the
stationary states of a system of interacting active disks are the same as the
ones of its passive counterpart. Therefore, the BKTHNY theory of melting
presented in Chapter 2 is expected to be the main reference theory for in-
terpreting our results and from which borrow the key physical ideas, the
analytical approach and most of the tools and quantities of interest. As for
a HN theory, we thus propose for the first time to interpret the structural
changes in a system of SP particles as defects mediated phase transitions.
In particular, we are much interested in exploring the structural arrange-
ment of the particles within the dense phase in MIPS, thus studyng both
translational and bond-orientational order of such phase.
It must be said that, since self-propulsion mechanisms are able to drive
our system far away from thermal equilibrium, Halperin-Nelson scenario
does not straight apply to the case. As widely reviewed in Chapter 2, such
theory accounts for the elastic properties of a two dimensional medium to
be affected by the presence of topological defects, in a way that eventually
drives melting of the whole sample. Since the equilibrium elasticity the-
ory is certainly violated by SP particles, the melting point and the critical
behavior can not be predicted in our case. Moreover, as already shown
elsewhere for different purposes [TT95], active systems can violate the
Mermin-Wagner theorem, and are able to overcome its prescriptions (see
Chapter 1, and Appendix B) to eventually form true ordered crystals even
in two dimensions. This is undoubtedly possible because, while long
wavelength thermal fluctuations are responsible of destroying 2D crys-
tal periodicity, in an active dense suspension particles’ positions fluctuate
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around their periodic sites due to non-thermal sources. Thus, true long-
range order can be eventually sustained at non-zero temperature of the
bath for a suitable configuration of the fluctuation field. It is worth not-
ing that this is the underlying physical reason why active matter systems
can show a great abundance of collective behaviors with highly ordered
structures over large scales, that would be forbidden in equilibrium.

For all these evidences, BKTHNY theory does not give us quantitative
a priori indications to figure out either the presence of a melting point,
or its location and its nature for the active system. However, as said, in
order to interpret the results obtained from large-scale molecular dynamics
simulations, we made a wide use of many of the elements of that theory
which are believed to hold beyond thermal equilibrium. A list of them is
given below:

• in a quasi-long-range (QLR) translationally ordered system the cor-
relation length diverges, but the Debye-Waller correlation function
Cq0(r) = 〈eiq0·(ri−r j)〉 decays as a power law as r → ∞ and the system
size grows indefinitely (see Eq. 2.43);

• QLR orientational order is associated to configurations where the
hexatic correlation function g6(r) = 〈ψ6(ri)ψ6(r j)〉 decays as a power
law (see Eq. 2.54);

• if true-long-range ordered is established, the respective correlation
function should approach a non-zero constant as r → ∞ in the limit
of infinite system size;

• the topological nature of both the solid-hexatic and the hexatic-liquid
transition should be preserved. Thus free dislocations should appear
only once the solid is melted into the hexatic, whereas free disclina-
tions should be excited across the hexatic-liquid melting.

Besides, one important property of the SP disks model allowed us
to obtain valuable results about the nature of the transitions, that is the
possibility to define a consistent equation of state (EOS) even for our model.
This important result is going to be discussed within this Chapter, along
with all the results coming from using it within our context.

3.1 A minimal model of self-propelled disks

The model used to describe our system of SP disk is the simplest realization
of Active Brownian Particles (ABP), which are isotropic particles that move
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in two spatial dimensions according to a Langevin dynamics, but also swim
along one axis that itself diffuses. Hence, considering N of these particles
of diameter σd in a box of area V = L2, the equations of motion for the 3N
degrees of freedom are the following:

γṙi = Factni −∇i

∑
j(,i)

U(ri j) + ξi ,

θ̇i =
√

2Dθηi ,
(3.1)

whereθi is the angular variable defining the direction of the self-propulsion
Factni as ni(t) =

(
cosθi(t), sinθi(t)

)
. The strength of the self-propulsion is

the constant Fact and is related to the swim velocity modulus v0 = Fact/γ in
the dilute limit.
As in the usual Langevin framework, ξ is a white zero-mean Gaussian
noise of strength proportional the temperature of a passive reservoir

〈ξi(t)ξ j(t′)〉 = 2γkBT 1 δi jδ(t − t′) . (3.2)

According to Green-Kubo relation, the temperature is related to the diffu-
sion coefficient in the passive dilute limit through

D0 =
1
2

∫
∞

0
〈ṙ(t) · ṙ(0)〉 dt =

kBT
γ

. (3.3)

The ηis are other N zero-mean and unit strength Gaussian white noises
which instead settle the diffusion dynamics of swim directions. The an-
gular diffusion coefficient Dθ is set to be related to the temperature of the
bath through Dθ = 3kBT/γσ2

d, assuming thus that rotational diffusion is of a
thermal origin. It is quite easy to see that the last assumption for Dθ would
come out from Stokes flow in the solvent and stick boundary conditions
on the particles surface.

The inter-particle interactions are mediated by the purely repulsive
short-range potential U(ri j) which depends only on the distance ri j = |ri−r j|

between the interacting particles. In order to avoid the disks to overlap
much, aiming to simulate particles that quite closely resemble hard-disks
with only excluded volume interactions, U has been chosen to have the
following Mie shape [Mie03]:

U(r) =

4ε
[(
σ
r

)64
−

(
σ
r

)32
]

+ ε if r < rmin

0 elsewhere
(3.4)
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Figure 3.1: (a) - Detail of a SP disks system. Blue arrows are the directions of self-
propulsion for each disk. They form an angle θ with the reference x-axis. (b) - A set of
standard inter-particle potential. Yellow line is the usual Lennard-Jones potential, with
both a repulsive core and an attractive tail. The WCA potential (blue line) is realized by
just cutting the attractive part of the LJ one a shifting the minimum to zero. A modified
Mie-potential is represented with a red line and is a generalization of the WCA (see
Eq. (3.4)). Black line is a discontinuous hard wall.

where −ε is the depth of the minimum U(rmin) below zero, and σ = (1/2)1/32

has been tuned to have rmin = σd, so as particles begin to interact as soon as
they overlap. The reason of having considered this stiff interactions will
be clear soon in this Chapter and it is mostly due to have the hard-disk
system as a reference in the equilibrium case, because the results found
before for such model are complete and quite conclusive. See Fig. 3.1 (b)
to get an idea of how much close to the hard-disks limit the interaction is.

3.1.1 Single particle limit and persistent motion

This model of SP disks encodes one important property of living systems,
which is persistency in the movement (see for instance [WL00]). A persistent
random walk is a theoretical stochastic motion that mimic the behavior of
a body who has the tendency to keep moving into the same direction with
a constant velocity, before changing its direction. It can be realized by a
random walker with time-correlated velocity over a time that is thus called
persistence time.
To check how a persistence motion arises for the present case, the mean
square displacement has to be evaluated from (3.1) in the dilute limit.
Since velocity depends on the direction of self-propulsion, this demands
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to calculate the time-correlation

〈n(t) · n(t0)〉 = 〈cosθ(t) cosθ(t0)〉 + 〈sinθ(t) sinθ(t0)〉

= 〈cos
[
θ(t) − θ(t0)

]
〉 ,

(3.5)

where t0 is the initial time for the measurements. The particles’ label are
omitted in this single-particle calculation.
Recasting the equation for θ(t) as

dθ(t) =
√

2Dθ dW(t) , (3.6)

with W(t) a Wiener process of unit amplitude, it becomes clear that θ(t)
is itself a Wiener process of amplitude Dθ. This means that the process
(θ(t)−θ(t0)) is characterized by Gaussian law with zero mean and variance
Dθ(t − t0). This allows to easily evaluate the mean in (3.5) by only using
the properties of Gaussian integrals and thereby to obtain

〈n(t) · n(t0)〉 = e−Dθ(t−t0) . (3.7)

The mean square displacement comes straightforwardly from the equation
of motion as follows:

〈

(
r(t) − r(t0)

)2
〉 =

∫ t

t0

dt′
∫ t

t0

dt′′ 〈ṙ(t′) · ṙ(t′′)〉

=
4kBT
γ

(t − t0) +
(Fact

γ

)2 ∫ t

t0

dt′
∫ t

t0

dt′′ e−Dθ(t′+t′′−2min(t′,t′′))

=
4kBT
γ

(t − t0) + 2
(Fact

γ

)2 1
D2
θ

[
Dθ(t − t0) + e−Dθ(t−t0)

− 1
]

.

(3.8)
The persistence time emerges from this results as the time τP = 1/Dθ

which separates the two following dynamical regimes. For (t − t0) � τ,
expanding the exponential up the second order, a ballistic regime emerges
with persistent velocity v0 = Fact/γ, while for long time the motion is
diffusive with diffusion constant

Deff = D0 +
v2

0

2Dθ
, (3.9)

which depends on self-propulsion strength.
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3.1.2 Finite density and Motility-induced phase separation

Although the zero density limit treated in the previous section allows to
catch many fundamental properties of self-driven motion, we will deal
from now on with systems of finite density.
Needless to say, the properties of the system strongly depend on the density
of particles, because at finite density short-range repulsive interactions
become to come into play for the evolution of each SP particle, and they
will affect the dynamics of the whole system the more as density increases.
The non-dimensional parameter to account for that is the global surface
fraction

φ =
πσ2

d

4V
, (3.10)

where V is the total surface available to the system.
A second global parameter is needed to account for self-propulsion. The so
called Péclet number is commonly used for such purpose. It expresses the
ratio between the work done by self-propulsion along the relevant length
scale of the system and the thermal energy. Since the only a priori length
scale for our system is the diameter σd of the particles, we define the Péclet
number as

Pe =
Factσd

kBT
. (3.11)

We will use large-scale MD simulations to analyze the phase behavior of
SP disks in many details, using the constant density and constant Péclet
number ensamble and thus carefully exploring interesting regions of the
(φ-Pe) parameters’ space. We will describe within the next Section the
numerical method used and we will point out some relevant detail about
the values of the global parameters in the range of interest. Before this, we
outline in this Section some relevant features for finite density systems of
SP objects.

The most important of such features is the motility-induced phase sep-
aration (MIPS), which is an aggregation without attraction driven by ac-
tivity, and plays a central role in our work. We already shown in Chapter 1
some of the most fundamental characters of MIPS, dealing with kinetic
approaches to the problem. The instability the triggers MIPS is a positive
feedback between accumulation in the low-speed regions and slowing-
down due to crowding. Because of this feedback, SP particles, regardless
of their shape and the repulsive interaction, like to accumulate about denser
regions, eventually driving phase separation. As a prelude to Section 3.4,
we review now some relevant analytical results for phase separation that
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emerge from explicit coarse-graining microscopic models of SP particles,
referring to [SSW+15, SSC+18b, SSC+18a].

These works have been demonstrated that fundamental aspects of
phase equilibrium of MIPS can be inferred from a generalized thermody-
namic treatment, provided that the SP particles agree with some general
microscopic features. Such approach descends from writing a generalized
Cahn-Hilliard equation for the local density ρ of out-of-equilibrium SP
particles, in the form

ρ̇ = ∇ · (M∇g[ρ]) ,

g[ρ] = g0(ρ) + λ(ρ)(∇ρ)2
− κ(ρ)∇2ρ ,

(3.12)

which can be obtained as a coarse-grained dynamics for many relevant
models of SP-particles [SSC+18a]. In the equilibrium counterpart of the
Cahn-Hilliard dynamics, which is gained from (3.12) in the limit of 2λ+κ′ =
0 (the prime being the derivative with respect to ρ), g[ρ] is the derivative
of a free-energy functional

g =
δF
δρ

=
δ
δρ

{∫
dr

(
f (ρ) +

κ(ρ)
2

(∇ρ)2
)}

. (3.13)

This ensures that equilibrium co-existing densities are the ones which
minimize the free energy (under the constraint of constant average density)
and thus the ones extracted from the common tangent construction on the
bulk free energy density f (ρ) (see for instance [Bra94]). The same two
co-existing densities fulfill the following equal-area Maxwell construction∫ νl

νg

[
P(ν) − P̄

]
ν = 0 , (3.14)

with ν the inverse density and P̄ the equilibrium bulk pressure, being the
pressure defined as P(ρ) = ρ f ′(ρ)− f (ρ). The two methods are sketched in
Fig. 3.2

For the out-of-equilibrium generalization (3.12), nothing guarantees
that a free-energy functional exist to govern the thermodynamic behavior.
Although a zero-current condition for the steady state leads to the equality
of chemical potential in the two phases, there is not a common tangent
construction which provides the co-existing densities [WTS+, SSC+18b].
However, it is still possible to write g as the functional derivative of a
generalized free energyG, with respect to a new variable R defined through
the relation

κR′′ = −(2λ + κ′)R′ . (3.15)
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Figure 3.2: A sketch of the two thermodynamics constructions for computing the co-
existing densities. (a) Common tangent construction on the free energy density f (ρ).
Referring to the equilibrium limit of Eq. (3.12), the free energy density is defined through
the equality f ′(ρ) = g0(ρ). (b) Maxwell equal-area construction on the pressure. Figure
adapted from [SSC+18a].

In this way Eq. (3.12) assumes the equilibrium-like form

ρ̇ = ∇ ·
(
M[ρ] ∇δG

δR

)
, (3.16)

with

G =

∫
dr

[
φ(R) +

κ
2R′

(∇R)2
]

,
dφ
dR
≡ g0 (3.17)

Following this route, although dealing with a non-conserved parame-
ter R and generalized thermodynamic functional G which could have no
physical meaning, allows to recover a common tangent construction for
the generalized free energy density φ. It results into reasonable co-existing
densities, as shown for instance in [SSW+15, SSC+18a].
Moreover, this procedure leads to a natural definition of a generalized bulk
pressure from

P = R
dφ
dR
− φ . (3.18)

In general, it does not correspond to mechanical pressure. Although, for
Active Brownian isotropic particles, it can be shown that such generalized
definition of pressure surprisingly agrees with a generalized mechanical
pressure, coming from an explicit construction of a microscopic stress
tensor. We will shown such construction later in Section 3.4.2, because such
property will crucially help us with our analysis of the phase diagram of
SP disks and with building a relation between phase transition and MIPS.
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3.2 Numerical integration of the Langevin equa-
tions of motion with self-propulsion

To integrate Eq. (3.1) and numerically generate the trajectories of all the
N disks in the system we made large use of the software LAMMPS [lam].
This allowed us to easily simulate systems with a large number of parti-
cles, up to ∼ 106 disks, by making use of the built-in algorithms for parallel
calculus.
The integration algorithm implemented in LAMMPS for Brownian dynam-
ics is the one devised in [SS78], which solves the underdamped version of
our equations of motion up to the forth order in the size of the integration
timestep.
The following discussion will thus deal with an Ornstein-Uhlenbeck like
treatment of self-propelled motion of interacting particles, staring with
the underlying deterministic dynamics and then adding, in a step-by-step
way, the friction force first, the stochastic force, and next self-propulsion.

The deterministic Newton equations read

mir̈i(t) = −∇iU({ri}) , (3.19)

with mi the masses of the particles.
Given the timestep ∆, forward and backward Taylor expansions up to the
forth order give

ri(t + ∆) = ri(t) + ∆ ṙi(t) +
1
2
∆2 r̈i(t) +

1
6
∆3...r i(t) + O(∆4) ,

ri(t − ∆) = ri(t) − ∆ ṙi(t) +
1
2
∆2 r̈i(t) −

1
6
∆3...r i(t) + O(∆4) .

(3.20)

Adding the two expansions, it results

ri(t + ∆) = 2ri(t) − ri(t − ∆) + ∆2 r̈i(t) + O(∆4) . (3.21)

Note that for the knowledge of ri(t + ∆), the positions ri have to be known
both at the timesteps t and t − ∆. It is quite easy to calculate ri(t − ∆) from
Eqs. (3.19) and (3.20). After having established the integration scheme
for the bare positions, and moving forward to the damped deterministic
equations

mir̈i(t) = −∇iU({ri}) − γṙi , (3.22)

it is easy to see how, using the auxiliary variable yi(t) = eγt/2miri(t), they can
be easily brought back to the original friction-free form of Eq. (3.19)

ÿi =
( γ
2mi

)2

yi −
eγt/2

mi
∇iU({ri}) , (3.23)
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which thus can be integrated using Eq. (3.21). The integration scheme for
the true positions is therefore

ri(t + ∆) = ri(t) +
[
ri(t) − ri(t − ∆)

]
e−(γ/mi)∆

−
∆2

mi
e−(γ/2mi)∆∇U({ri}) + O(∆4) .

(3.24)

Adding the stochastic force accounting for the underdamped coupling
with a thermal bath at temperature T, results in the following equations of
motion

mir̈i(t) = −∇iU({ri}) − γṙi + ηi(t) , (3.25)

where, ηαi with α running over the cartesian coordinates, are Gaussian-
distributed zero-mean noises with amplitude

〈ηαi (t) ηβj (t
′)〉 = 2γkBTδi jδ

αβδ(t − t′) . (3.26)

For this discrete-time Gaussian distributed Markov process, the times tk

separating two pulses are exponentially distributed according to

p(tk) =
1
τ

e−tk/τ , (3.27)

with τ the average time separation between two pulses. The probability p
that a pulse acts within the integration timestep ∆ is thus p ' ∆/τ.
An ansatz for the process η which verifies these properties is the following

ηαi = A
∑

k

δ(t − tk) Γαi (tk) Θ(p − aαik) , (3.28)

where k labels the timesteps, Γαi (tk) are Gaussian distributed random num-
bers, and aαik are random number uniformly distributed in the interval
(0, 1). To recover the desired thermal behavior for the noise in (3.25), long-
time correlations have to be extracted, given the form (3.28). Using the
properties of the Gaussian random numbers, one gets

〈ηαi (t) ηβj (t + τ)〉 = lim
S→∞

∫ S

0
dt A2

∑
k,k′
δ(t − tk)δ(t − tk′ + τ)

〈Γαi (tk) Γ
β
j (tk′) Θ(p − aαik) Θ(p − aβjk′)〉

= lim
S→∞

A2

S

∫ S

0
dt

∑
k

δ(t − tk)δ(t − tk + τ) p δαβδi j

= lim
N→∞

A2

N∆
p Nδαβ δi jδ(τ) .

(3.29)
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Comparing this result with the expected correlation for the noise, it is
immediate to obtain

A =

√
2γkBT∆

p
. (3.30)

Considering the variation of the velocity over an small enough time
interval ε→ 0+ due to the noise, from Eq. (3.25), it results that

δṙαi (t) =

√
2γkBT
m2

i p
∆ Γαi (t) Θ(p − aαi ) . (3.31)

Velocity varies also due to friction according to ṙαi (t + δt) = ṙαi (t)e−(γ/mi)δt.
This, integrating the whole variation of the position along one timestep,
gives

δrαi (t + ∆) = δṙαi (t) ∆ e−(γ/2mi)∆ . (3.32)

Adding this variation to the total variation (3.24), the full integration
scheme is obtained

ri(t + ∆) = ri(t) +
[
ri(t) − ri(t − ∆)

]
e−(γ/mi)∆

−
∆2

mi
e−(γ/2mi)∆

[
∇U({ri}) +

√
2γkBT
m2

i p∆
Γi(t) Θ(p − ai)

]
.

(3.33)

Finally, in order to complete the integration of the active dynamics, we
have added the self-propulsion forces of the form Fact,i(t) = Factni(t) to the
sum of all the forces computed with the previous algorithm for the passive
case. Given the equation (3.1) for the directions ni, since the processes of
the increments ∆θi are Wiener processes of amplitude 2Dθ, it is easy to
compute the values of the angles θi(t) at any given time by taking at the
time t = 0 the initial θ0

i s at random and then calculating

θi(t) = θ0
i + ∆θi(t) , (3.34)

with the∆θi(t)s sampled from a Gaussian distribution with zero mean and
variance 2Dθt.

It must be said that, whereas the integration scheme described above
and used for all the simulations is a forth-order algorithm for the under-
damped equations of motion, where thus the dynamic variables are the
particles’ positions, we instead adopted for the theoretical treatment of the
problem an overdamped Langevin equation, as in (3.1). However, for the
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entire portion of parameters’ space explored, we ensured the dynamics to
evolve in a strong viscous regime, being hence safe in disregarding all the
inertial effects. To be quantitative, a Reynolds number can be defined for
our system of active particles, taking into account the balancing between
self-propulsion strength and friction, as follows:

React =
ρLv0

γ
=

mFact

γ2σd
, (3.35)

being ρ the density, L the characteristic length of the system which is the
diameter σd of the disks, v0 the self propulsion velocity as defined in (3.9),
and m the mass of the particles. Then, taking care keeping React low, both
inertia-to-friction (ruled by m/γ) and activity-to-friction ratios would be
small enough for all our purposes.

The numerical stability of the integration procedure is instead strongly
limited by the ratio between both temperature and self-propulsion force
over the pair interaction strength. Particularly for our stiff core interac-
tions, if any of the two leads to some excessive overlaps between two par-
ticles within one integration timestep, the potential energy would readily
diverge. Both these two instability sources are carefully avoided by choos-
ing a small enough timestep, depending to the temperature and the activity
used.

Given that we used the mass m of the particles, their diameter σd and
the energy scale ε of the potential as reference units, all the other quantities
are expressed in terms on one combination of these three. Since for all the
simulations (except where otherwise indicated) we kept the temperature
constant at kBT = 0.05 (in units of ε), and we pushed self-propulsion
force to a maximum value of 10 (in units of ε/σd), a safe choice of the
integration time, considering the issues above, is∆t = 0.001. Even with this
small value of the step, which considerably raises the computational efforts
needed, thanks to the powerful performance optimization of LAMMPS, we
managed to thinly span the whole interesting range of global parameters
simulating systems of up to 106 particles.

3.3 A two-step melting scenario for SPPs

After having outlined the key properties of the AB disks model and de-
scribed with many details the numerical procedure used, we now start
handling the results obtained. Within this Section all the tools that we used
for the analysis of the configurations as well as the way of representing
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Figure 3.3: (a) - Voronoi tessellation for an arrangement of disks. Each disk has its Voronoi
region, that delimits the portion of space around it of the points that are closer to it than
to any other. (b) - The Voronoi construction defines colloids’ neighborhood. Taking the
i-th disk and its cell, we choose as its neighbors all other disks whose cell have one side
in common with the i-th cell. Cells are colored according to the coordination number of
the disks: disks with five neighbors belong to cells with five sides and are colored in red,
in blue the cells with seven neighbors and in gray all the other cases.

all the physical quantities of interest will be explained first. Then, mov-
ing on examining the liquid-hexatic-solid phase transition scenario, some
of the regions of the full phase diagram will be mapped out considering
structural measurements over many configurations of disks from constant
density and constant Péclet number simulations. Finally, the phase dia-
gram will be then complete in Section 3.5, adding information about the
nature of the phase transition found, and considering motility-induced
phase separation as well.

First-neighbors identification with Voronoi tessellation

A first need when dealing with analysis of structure in solids, is to estab-
lish a next-neighbors network for particles. Especially to deal with local
positional and orientational order, that is actually the case for our pur-
poses, the way to settle next-neighbors pairs is of crucial importance. See
in this regards, how significant is this to define the local hexatic parameter
defined in (2.49), that of course will determine the existence of an hexatic
phase, as predicted for the equilibrium system within the HN theory of
melting.

The so-called Voronoi tessellation is a method to unambiguously carry
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out this task. It associates a portion of the available space to each particle,
comprising all the points that are closer to the particle than to any other
one. Fig. 3.3 shows a Voronoi tessellation of the space for a generic con-
figuration of disks, which thus allows, once the whole available surface is
partitioned, to define two particles to be neighbors if they share one side
of their polygonal cells. As also shown in Fig. 3.3, this procedure provides
the coordination number of each particle. As we will see later, this will
be of great importance for identifying topological defects throughout the
sample, which, as established with the HN theory, play a fundamental
role in the melting because their formation/annihilation is responsible of
driving phase transitions.

From Voronoi diagram we can also easily extract a local surface fraction
measure. In fact, since every bead has its Voronoi region, the local value
of the surface fraction at the position pi of a particle is given by the ratio
between the surface of the particle Si and the surface S(cell)

i of the cell:

φ(pi) =
π(σd/2)2

S(beads)
i

. (3.36)

In Fig. 3.4 is shown an example for this procedure. Although very easy,
this estimation of the local density of the system has an extreme local
nature, and then it results in a strongly fluctuating density profile. When
the estimation of the density is made through this method, a successive
coarse-graining procedure has to be performed, in order to suppress the
larger fluctuations and recover a smoother density profile.

Local hexatic parameter

After having assigned the Voronoi tessellation to one configuration of disks,
we are thus able to compute the local bond-orientational order (2.49),
which, as explained before, provides a quantitative measure of the local
orientational six-fold periodicity of the system.

From (2.49), one can immediately recognize that

ψ6.i =

Ni∑
j ∈ nn(i)

e6iθi j (3.37)

is a complex parameter and can therefore be identified with its absolute
value |ψ6,i| and its phase arg(ψ6,i). If neighbors of the particle i are arranged
on a perfect triangular lattice, ψ6,i gains of course its maximum unit mod-
ulus and its phase rotates by 2π as the lattice is rigidly rotated by an angle
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Figure 3.4: (a) - Voronoi tessellation. (b) - The local values of the surface fraction, as
defined in the text, are plotted using the color gradient shown on the right. φcp in the
color axis is the close-packing fraction for hard disks (φcp ≈).

of π/3. Obviously, this property comes from the π/3-periodicity for an
hexagon under rotation on the plane. However, ψ6,i is equal to one, even
for a translational disordered arrangement, provided that orientations of
the bonds are periodically arranged. Referring to Fig. 3.5 (a), this means
that hexatic order would not change if neighbors particles moved along
the dashed lines.
For a non-periodic arrangement of nearest neighbors |ψ6,i| 6 1, and the
orientation in the complex plane does not generally have a simple relation
with the orientation of the bonds. Although the hexatic parameter would
need a two-components representation, as the one shown in Fig. 3.5, a use-
ful color view of ψ6,i is obtained by the projection of (Reψ6,i, Imψ6,i) onto
the direction Ψ̂6 of the sample-averaged arg

(∑
iψ6,i/N

)
. So, in Fig. 3.5 (d)

red particles have local hexatic of modulus one and direction along the av-
erage direction arg(Ψ̂6), while blue particles have local hexatic of modulus
one and direction perpendicular to the average hexatic. Green particles
are either particles of zero |ψ6,i| or they have non-zero |ψ6,i| and direction
π/4 away from the average hexatic. We will discuss this ambiguity time
by time whenever it will be necessary.

Orientational order and the hexatic phase

Starting from all the well-established results for passive hard-disks [BK11],
we have carefully examined how activity affects the phase behavior of our
2D systems of isotropic particles. To achieve this target, we performed
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Figure 3.5: (a) - Local six-fold orientational order concerns the directions of the bonds
between pairs. (b) - The value of the local hexatic parameter is computed locally. It is a
complex number by definition, so the arrows are in their complex plane, with the real axis
along the horizontal and the imaginary axis along the vertical. (c) - A color code is chosen,
which represents the projection of the local hexatic parameter onto the sample orientation.
(d) - Colors are assigned to the corresponding Voronoi cells. This is what we actually plot
wherever a local hexatic map is shown. This procedure is inspired from [BK11].

simulations at fixed packing fraction and activity, exploring the (φ,Pe)
space from the dilute regime to close packing (φcp ≈ 0.91) and for Pe & 0
to Pe = 200.

Knowing that liquid-hexatic transition is present in the passive case, as
a first focus, we thus wanted to tell whether it still exists with activity. As
we mentioned in the introduction to this Chapter, there are no theoretical
predictions ensuring that for high enough values of the packing fraction
a hexatic order would establish. However, some previous numerical in-
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Figure 3.6: Hexatic correlation functions (see Eq. (3.38)) and positional correlation func-
tions (see Eq. (3.39)) side by side for Pe= 2, 20, 50, 100. Global packing fraction values are
given in the key. We used black curves for points in the liquid, blue curves in the hexatic
phase, and orange curves in the solid.
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vestigation of dense arrangements of active particles already suggested
that pushing the packing fraction of the system toward the close-packing
limit would force the system to reach a highly order structure (see for
example [BSL12]). Therefore, even without any underlying theory, but
having in mind the two-step Krauth scenario, we aimed to check whether
the bond-orientational symmetry of the isotropic active liquid could break,
driving the system into a anisotropic hexatic phase.

Thus, according to the description of the hexatic phase reported in
Section 2.2.1, we put to the test whether the hexatic correlation function

g6(r = |r j − rk|) =
〈ψ6(r j)ψ6(rk)〉

〈ψ2
6(r j)〉

(3.38)

are allowed to decay algebraically, which implies a diverging hexatic cor-
relation length and thus hexatic QLRO.

The results of such analysis are given in the first column of Fig. 3.6
for Pe = 2, 20, 50, 100. This picture unambiguously demonstrates that,
for the entire range of activity explored, the system undergoes a liquid-
hexatic phase transition at a given value of the global surface fraction
φi. Regardless the strength of activity, increasing the density of the system
drives the settling of a QLR six-fold bond-orientational order with algebraic
correlation functions. We also highlighted in the plots the critical exponent
r−1/4 (see Eq. (2.61)) of the equilibrium HN theory, and we observe that it
quite agrees with our location of the melting from simple observations of
the decaying of the correlation functions. It is worth saying that no a priori
expectations exist for the critical value of the exponent and that thus the
red dashed curves in Fig. 3.6 are only considered as a reference. However,
they certainly suggest that our liquid-hexatic transition quite resembles
the one predicted by Halperin and Nelson.
Furthermore, from Fig. 3.6 is also evident that the liquid-hexatic transition
area surface fractionφi moves towards higher values as activity is increased
from zero.

Positional order and the solid phase

Further increasing the packing fraction above the liquid-hexatic transition
we move forward, asking whether the second step of a HN-like scenario
would take place, i.e. if the hexatic phase would crystallize at φm > φi into
a 2D solid with QLR translational order and true LR orientational order.

This would be compatible with saturation of g6(r) (see Eq. (3.38)) to
large scales above φm because hexatic order is true-long-ranged in the
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Figure 3.7: Solid-hexatic melting (orange points) and hexatic-liquid melting (blue points)
are given for all the values of activity considered in the (Pe − φ) space.

solid. However, since, as we said, hexatic correlation functions decay as
power laws even below φm, is quite hopeless to locate the point where they
cease decaying, unless for very large system size which is very beyond any
numerical capability. Much better is to look at the positional order, which
instead would establishes above φm as QLR order. In the second column
of Fig. 3.6, positional correlation functions

Cq0(r) = 〈eiq0·(ri−r j)〉 (3.39)

are shown for the same values of Pe as before, which allow us to access
the translational periodicity of the sample and, according to HN picture,
algebraically decay in the solid (see Eq.(2.46)).

As well as for the hexatic, regardless the strength of self-propulsion,
the system crystallizes. The phase transition is signalled in Fig. 3.6 with
changing the color of the curves from blue to orange across the the hexatic-
solid transition.
From these two observations, we conclude that self-propulsion doesn’t
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affect the overall melting scenario for the hard-disks system. It is very
interesting to see that both the hexatic and the solid exist as pure phases
for all the values of Pe explored. Together with the liquid-hexatic transition,
also the this second step to the solid is continuously pushed towards higher
packing fraction with increasing the self-propulsion strength.

This is clear from Fig. 3.7, where we see both the two values φi and
φm monotonically moving to denser regions as activity increases. This
behavior has an intuitive, but still not characterized so far, interpreta-
tion. An increasing activity, and consequentially greater persistency in the
motion, is able to melt an ordered structure. This results is quite in agree-
ment with all the conclusions about effective temperature in active sys-
tems [LMC08, LMC11a, LMC11b], which all demonstrate how the greater
is the activity that drives the system out of equilibrium, the higher is the
effective temperature extracted from the amount of violation of fluctuation-
dissipation theorems. We also shown that, in the same way, self-propulsion
allows the particles to move persistently, which results in an augmented
diffusion coefficient at long times, with respect to passive brownian diffu-
sion.

We can not exclude, as a matter of principle, that at very high values
of packing fractions above φm or activity beyond the range considered,
true positional order will appear. Although this is strongly forbidden by
the Mermin-Wagner theorem at equilibrium, there is not a counterpart
of such theorem in the non-equilibrium realm that rules out this possi-
bility. This had been firmly pointed out in very early studies on active
systems [TT95] to justify findings on very large-scale collective behaviors,
such as global alignments and swarming. Even if we are not able to check
such hypothesis within our investigations because this would require an
accurate knowledge of the very long-range behavior of positional corre-
lation function, we are convinced that is fair enough to state that we did
not find any evidences of that, not event for packing fraction really close
to maximum packing allowed for our system. We always observe indeed
a small decaying of translational correlation functions, in accordance with
absence of true LR positional order.

3.4 The nature of the hexatic-liquid melting

Starting from the information included in Fig. 3.7 about bond-orientational
and translational order of our system, we can move now to examine the
nature of the two phase transitions involved, based on the evidences for
hard-disks without propulsion.
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3.4.1 First order hexatic-liquid melting for passive disks

In Chapter 2, besides an extended review of the HN theory for melting in
two dimensions, we have been presented a selection of works which have
been aiming to put to the test such theory into a wide range of 2D systems.
In view of its accuracy and the experimental confirmations in [TAAD17],
the analysis performed by the Krauth’s group is to date trusted to have
brought a nearly conclusive understanding of the nature of the phase tran-
sition scenario for a large class of systems living in two spatial dimensions,
which includes systems with short-range repulsive pairwise interactions.
Due to its simplicity, the hard-disks model is a paradigmatic representa-
tive of this class. In summary, these results support the HN scenario of a
double-step transition and predict a first-order nature for the hexatic-liquid
melting.

The main point that allowed to confirm the discontinuous behavior for
hexatic-liquid transition was the analysis of the equation of state (EOS)
by means of the measurement of the thermodynamic pressure. The non-
monotonic behavior of the EOS is indeed one of the key features of a
discontinuous phase transition, as well explained in the famous paper by
Mayer and Wood [MW65]. Non-monotonicity of the pressure, resulting in
a loop-shaped EOS across the phase transition, is strongly related for finite-
size experiments to the presence of interfaces between the two pure phases,
which are allowed to coexist at a first-order phase transition. The two
branches of the Mayer-Wood loop are thermodynamically stable, but they
disappear in the limit of infinite size, as surface effects become negligible.

Actually, it is known that the presence of a Mayer-Wood loop in the
equation of state is observed in systems showing a first-order transition
as well as systems with a continuous transition. However, the behavior
of the loop in the two cases is different with increasing system size. Since
first-order phase transitions show stable co-existence between the two pure
phases, the loop across the coexistence region arises from the interface free
energy F. In two dimensions, the interface free energy per disk ∆ f = ∆F/N
scales as f ∝ N−1/2 with the system size. Thus, although the loop disap-
pears in the thermodynamic limit, the EOS remains non-monotonic and it
collapses to the co-existence pressure given by the Maxwell construction. In
contrast, for a continuous transition f decays faster because it only arises
from bulk contributions, meaning that f ∝ N−1. This leads to a thermo-
dynamically unstable loop and therefore the equation of state to become
monotonic for large enough system size.

As shown in Fig. 3.8 (a), thanks to the finite-size behavior of the equation
of state, Krauth et al. [BK11] had been able to recognize the first-order nature
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Figure 3.8: (a) Equilibrium equation of state for hard disks. The pressure is plotted vs
volume per particle (v = V/N) (lower scale) and density η (upper scale). In the coexistence
region, the strong system-size dependence stems from the interface free energy. The
Maxwell constructions (horizontal lines) suppress the interface effects for each N. The
interface free energy per disk β∆ f (hatched area) scales as 1/

√
N (see inset). Figure

adapted from [BK11]. (b) Phase behavior of r−n soft disks for n > 6. Phase diagram as
a function of density φ relative to the density φhex of the pure hexatic at coexistence.
The non-monotonic liquid-hexatic coexistence interval vanishes around n = 6. Figure
adapted from [KK15].

of the hexatic-liquid transition verifying the ∝
√

N scaling of the interface
free energy per disk by means of large scale Monte Carlo simulations.

Besides, Kapfer and Krauth [KK15] had been also demonstrated that
first-order liquid-hexatic transition is not a universal results for melting
of passive disks, but it strongly depends on the shape of the inter-particle
interactions. They have been investigated this dependence, systemati-
cally studying, by computer simulations, the KTHNY scenario for a wide
range of repulsive power-law and Yukawa potentials. Fig. 3.8 (b) shows a
graphical summary of their work, with liquid-hexatic coexistence region
spreading and shrinking, upon varying the exponent in the power-law
repulsive pair interaction core.

This result is quite important for our purposes because it shows that,
though the NH two-step melting is a robust scenario for a wide range of
system of disks with short-range interactions, the nature of liquid-hexatic
transition is instead strongly system-dependent and much sensitive to the
microscopic details of the inter-particle interaction. We aim thus to extend
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such analysis taking into account the activity, as another parameter along
which to consider universality in the nature of liquid-hexatic and hexatic-
solid phase transitions.

3.4.2 Pressure of a SP disks system

The analysis of the local order parameters shown in Section 3.3 allowed us
to establish, within the underlying HN picture, whether the active system
is in the solid phase, in the hexatic, or in the isotropic liquid. However,
the mere study of long-distance order of the system does not provide
information about the nature of the phase transitions between the phases.
Although one would be tempted to say that, since the global scenario for
the whole range of activity explored agrees with the HN prescriptions, the
phase transitions would also meet those predictions and thus they would
be of a HN type, this is not of course the case. Indeed, as seen above, even
for the simple hard-disk model at equilibrium, the hexatic-liquid transition
is of first-order, and we thus have asked ourselves whether this is also the
case within our context.

We have been able to answer this question, because it recently came out
that a well defined equation of state exists also for self-propelled isotropic
particles. We will outline how this generalized equation of state can be
built up and why it can be defined only for isotropic SP particles. Finally,
we will summarize some of the recent properties of active disks that was
extracted from the EOS.

Takatori et al. [TYB14] argued that self-propulsion could be responsible
of an extra term in the equation of state of an active system. They accord-
ingly called it swim pressure, and they studied some of its consequence as a
extra-pressure. The full strategy to obtain a formulation of the pressure for
ABPs appeared for the first time in [WWG15]. They proved that, starting
from the equation of motion of N self-propelled disks, a virial-like EOS can
be constructed, that is well-defined in the sense that Irving and Kirkwood
prescribed [IK50]. This means that the stress tensor extracted from the
microscopic equation of motion satisfies the right conservation laws into
the corresponding coarse-grained description.

We start outlining this procedure, which is well reviewed in [Pet17],
writing again the Langevin equation of motion, being ni = (cosθi, sinθi)
the self-propulsion direction,

ṙi(t) = v0ni(t) +
1
γ

Fi(t) +
1
γ
ξi(t), θ̇i(t) =

√
2Dθ ηi(t) , (3.40)



3.4. The nature of the hexatic-liquid melting 71

where Fi is now the total force acting on the i-th particle and, again

〈ξi〉 = 0 , 〈ξi(t) ξ j(t′)〉 = 2γ2D0 1 δi jδ(t − t′) ;
〈ηi〉 = 0, 〈ηi(t) η j(t′)〉 = δ(t − t′) ,

(3.41)

with D0 = kBT/γ the translational diffusion coefficient in the dilute passive
limit already evaluated before, and, we remind, v0 = Fact/γ.

Multiplying the equation for of motion by ri and taking the average
over different realizations of the stochastic process, the following equation
is obtained:

〈ṙi(t) · ri(t)〉 = v0〈ni(t) · ri(t)〉 +
1
γ
〈ξi(t) · ri(t)〉 +

1
γ
〈Fi(t) · ri(t)〉 . (3.42)

The pressure is defined from the virial of the forces exerted by the walls
on the confined system as follows:

P = −
1

2V

N∑
i

〈Fwall
i · ri〉 , (3.43)

with V the volume inside the walls. This definition makes use of the as-
sumption that the pressure is homogeneous throughout the system, though
it is not always true for systems out of thermal equilibrium. However, Win-
kler et al. [WWG15] demonstrated that this requirement is not necessary
for system of isotropic particles interacting over a short range with walls
and if walls have some simple geometry, like the squared one that we used
for our simulations.
Then, taking Fi = Fint

i + Fwall
i in (3.42) and using (3.43), the pressure reads

2PV = −γ
∑

i

〈ṙi · ri〉 + γv0

∑
i

〈ni · ri〉 +
∑

i

〈ξi · ri〉 +
∑

i

〈Fint
i · ri〉 . (3.44)

In a confined motion, the term∑
i

〈ṙi(t) · ri(t)〉 =
1
2

d
dt

∑
i

〈r2
i (t)〉 ∝ D (3.45)

vanishes. Moreover, using the formal solution to the equation of motion

ri(t) = r(−∞) +

∫ t

−∞

dt′
(
v0ni(t′) +

1
γ
ξi(t′)

)
. (3.46)

it is easy to see, given that the two noises ξ and η are not correlated, that

〈ξi(t) · ri(t)〉 = 2kBT . (3.47)
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Thus, the pressure becomes

P =
NkBT

V
+
γv0

2V

∑
i

〈ni · ri〉 +
1

4V

∑
i j

〈Fi j · ri j〉 , (3.48)

which only depends on bulk properties of the system and that can thereby
be used as an equation of state. The first term is the ideal gas contribution
P0, the third is the virial term Pint that accounts for interactions between
particles as the system departs from the ideal gas behavior, while the
second term Pswim is the active term that we mentioned before as swim
pressure.
In the dilute regime, this swim pressure can be easily evaluated by us-
ing a result for the correlations of self-propulsion direction given at the
beginning of this Chapter (see Eq. (3.7)) and the solution (3.46):

〈ni(t) · ri(t)〉 = v0

∫ t

−∞

dt′ 〈ni(t) · ni(t′)〉 = v0

∫ t

−∞

dt′ e−Dθ(t−t′) =
v0

Dθ
. (3.49)

Thus the whole pressure in the dilute active regime becomes

Pact
0 = P0 + Pswim

0 = ρkBT +
γρv2

0

2Dθ
= ρkBTeff . (3.50)

The dilute active gas thus resembles an ideal gas with a effective tempera-
ture

Teff = T
(
1 +

v2
0

2D0Dθ

)
, (3.51)

that of course depends on the activity.
The definition of the pressure has been thus extended to confined sys-

tem of SP Brownian particles. We nevertheless would need a method to
compute a pressure for a system with periodic boundary conditions. This
had been achieved in [WWG15], from a calculation devised for the same
purpose in a passive equilibrium system [WMY92].

Eq. (3.42) for periodic systems after summing over particles reads

1
2

∑
i

d
dt
〈r2

i (t)〉 =
2NkBT
γ

+v0

∑
i

〈ni(t) ·ri(t)〉+
1

2γ

∑
i j

∑
k

〈Fk
i j(t) ·ri j(t)〉 , (3.52)

where no walls exist now, but the i-th particle in the primary box interacts
with both all the other particles in the same box and with all the periodic
images in the repeated boxes, labeled with k ∈ Z.
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Since the motion is not limited anymore, the left-hand side term does not
vanish, but it gives a contribution proportional to the diffusion coefficient
D. Subtracting to both the two sides the term

1
2

∑
i j

∑
k

〈Fk
i j · Rk〉 , (3.53)

with Rk indicating the position of the periodic box k with respect to the
primary one, two equal quantities arise:

Pi =
NkBT

V
+
γv0

2V

∑
i

〈ni · ri〉 +
1

4V

∑
i j

∑
k

〈Fk
i j · (ri − r j − Rk)〉 ,

Pe =
NDγ

V
−

1
4V

∑
i j

∑
k

〈Fk
i j · Rk〉 .

(3.54)

According to the derivation for the confined system, both these two terms
correspond to a pressure. The first term is the usual virial pressure along
with the swim contribution, while Pe is the external pressure. It accounts
for interactions between particles in the primary box and the ones outside,
as well as for the diffusion of the particles. The diffusion term is the one
that brings the dependence on the activity into the external pressure. Both
the two forms of the pressure can be used for molecular dynamics simula-
tions with periodic boundary conditions, even if Pi is the most convenient
because it only includes interaction within the primary box.

3.4.3 The role of the swim pressure for ABPs

The behavior of the EOS for active particles had been studied in recent
years, trying to infer out-of-equilibrium properties of these system, above
all to characterize MIPS. Indeed, as seen before, although driven by the ac-
tivity, MIPS quite resemble a spinodal de-mixing, that happens in equilib-
rium across first-order phase transition could find a consistent description
by means of the properties of the equation of state.

Among others, Levis et al. [LCP17] observed very closely the behavior
of the EOS derived in (3.54) with a large set of numerical simulations. As
shown in Fig. 3.9, the authors outlined the two binodal branches for the
phase separation by measuring coexisting densities and the probability for
a particle to be in the clusters. Furthermore, they found from the equation
of state that a spinodal-like branch exists in the low-density region of the
co-existence region, below which no separation takes place due to high
energy barrier for nucleation of clusters.
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Figure 3.9: Figures adapted from [LCP17]. (a) - (Pe−φ) phase diagram of AB hard-disks.
Black symbols show the coexisting densities φlow and φhigh defining the binodals. Red
points indicate the onset of MIPS (see text for the details). Blue points correspond to the
location of the pressure drop. The horizontal dotted line indicates the closest packing of
hard disks. (b) - Total pressure times φ normalized by the ideal gas pressure, for different
values of Pe given in the key, in systems with PBC (line-open symbols) and in systems
with confining walls (in filled symbols). The continuous (orange) line corresponds to
the analytical equation of state for hard disks; the dotted one is the ideal gas limit. (c)
- Active pressure for systems of AB hard-disks with PBC of different size for Pe= 30.
(d) - Hysteresis in the EOS of AB-hard-disks for Pe= 30: the red points are obtained
by quenching the system with PBC from an homogeneous state; the blue points were
obtained by quenching the system with PBC from a phase separated state. Black points
show the equation of state in the confined system.

The location of spinodal has been established by observing an abrupt drop
in the pressure, as increasing the density of the system from the gaseous
phase at constant activity. This behavior has been justified by the drop
in the swim pressure for particles trapped in a cluster. Indeed, it is easy
to see, reminding that the swim term in (3.54) depends on the correlation
〈ni(t) · ri(t)〉 and using the stationarity of correlations in the steady-state
regime, where measures are supposed to be done, that

〈ni(t) · ri(t)〉 =

∫ t

−∞

dt′ 〈ni(t) · ṙi(t)〉 =

∫
∞

0
dt′ 〈ni(t′) · ṙi(0)〉 . (3.55)

Being ṙi(0) and ni(t′) correlated because they are both correlated with ni(0),
we get

〈ni(t′) · ṙi(0)〉 = 〈ṙi · ni〉 e−Dθt′ = vi e−Dθt′ , (3.56)

where the time invariance of correlations has been used again and vi is the
projection of the velocity along the self-propulsion direction. Solving the
integral in (3.55) and summing over the particles gives

Pswim =
Nγ

2V Dθ
v0 v(φ) , (3.57)

with v(φ) the average velocity along the self-propulsion direction. As said,
it diminishes as soon as a number of particles are caged into an aggregate.
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In Fig. 3.9 is shown how the pressure drops for values of the density well
above the spinodal and then reaches a constant values within the MIPS.
This constant values has been observed to be very close to the value of
the coexisting pressure. This behavior mimics the mechanism of Maxwell
construction for van der Waals loop, which of course does not work out of
thermal equilibrium.
Levis et al. also verified a hysteresis behavior across the metastable region
between the binodal and the spinodal and they also accordingly found
that the loop disappear for simulations with walls, because walls work as
nucleation sites for clustering, preventing a metastable region to exist.

3.4.4 First-order to continuous liquid-hexatic transition

As stated before, we have been able to establish the nature of both the two
transitions of Fig. 3.7, all along the Pe-axis of our phase diagram with the
help of the pressure defined in (3.54) [DLS+18]. We show in this subsection
all the fine details of such analysis, carefully describing the four plots
shown in Fig. 3.10.

We first reproduced, as a reference starting point, the double-loop struc-
ture of the equation of state for passive disks, by computing the standard
virial pressure at Pe= 0. The grey curve in Fig. 3.10 (a) refers to this
case. It quite good overlaps with the EOS computed by Krauth et al. (see
Fig. 3.8) and it is supplemented by showing the analytical behavior for its
liquid branch, constructed with a perturbative method in the local density
reported in [KR06] and the related references.

Fig. 3.10 (a) also shows three cases where the virial pressure, together
with the swim contribution, is computed for Pe= 1, 2, 3. As quite evident
from the figure, as we turned on activity and moved slightly from the
passive limit, the shape of the EOS changes smoothly, retained the double-
loop shape. It can be shown that the relevant contribution to the non-
monotonicity comes from Pint in Eq. (3.54), that is the same for passive
systems, while Pswim smoothly increases from zero. A zoom over the loop
area in the Pe = 1 clearly shows such statement . Comparing the EOS with
the analysis of correlation functions, for all of the four cases described in
Figure 3.10, we find the loop region across φi, meaning that the right-hand
branch of the EOS, immediately next to the loop, belongs to the hexatic
phase.
Therefore, this allowed to claim that up to Pe∼ 3 the liquid-hexatic transi-
tion is a first-order phase transition that thus would show, as for the passive
case, liquid-hexatic co-existence, responsible for the non-monotonicity of
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Figure 3.10: Equation of state for self-propelled disks. The effective temperature βeff is the
one defined in (3.51). (a) Numerical data for low Pe and analytical form for passive hard
disks (continuous line) [KR06]. (b) Details around the liquid-hexatic coexistence region
for Pe= 1. (c) Data for intermediate Pe. (d) Swim Pswim and interaction Pint contributions
to P in Eq. (3.54) from the gas to the solid at Pe= 100. The ideal gas law is shown with a
continuous line. Figure adapted from [DLS+18]

the EOS. We will see later how this hypothesis is confirmed by the analysis
of both local density and local hexatic parameter. Although the equal-area
Maxwell construction, that allows to directly extract the binodal, cannot
be readily applied for Pe > 0, we use it by extension of the passive disks
analysis, as a first identification of the co-existence region.

Increasing Pe above Pe= 3 (Fig. 3.10 (c)), we did not find evidence of
co-existence until the high-Pe regime where MIPS is attained. Represen-
tative curves for Pe= 10, 20, 30 in this region are shown, which are strictly
increasing functions of the density. Increasing activity further, for Pe & 35
the P(φ) curves become flat in between two densities. As described before,
at very high Pe, the pressure drops abruptly at the vicinity of MIPS as a
consequence of the existence of a metastability region with a very large
nucleation barrier. We thus inferred that liquid-hexatic transition becomes
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Figure 3.11: Density PDFs across the liquid-hexatic coexistence region for Pe= 1 (a) and
the liquid-hexatic transition for Pe= 10 (b). Values of the global packing fraction for each
curve are provided in the two keys. The coarse-graining parameter R was chosen to be
R = 20 in (a) and R = 5 in (b). For Pe= 1 there is liquid-hexatic coexistence in between
φ ∼ 0.7125 and φ ∼ 0.7275. For Pe= 10 (no coexistence) the critical densities φi ∼ 0.795.

continuous for Pe & 3. However, as soon as activity is high enough to
promote MIPS, the transition nature is hindered by the presence of con-
tribution to the pressure from macroscopic phase separation. Indeed, in
contrast to previous considerations for the loop shape at low Pes, the flat-
ness of EOS in the MIPS region is entirely driven by Pswim, as shown in
Fig. 3.10 (d). We obtain the limits of MIPS with an extrapolation of the
flat part of P(φ) across the pressure jump (or spinodal), as illustrated in
Fig.3.10 (d) for Pe = 100.

The elements understood for both EOS and correlations functions clearly
depict the overall behavior of the phase diagram in the (Pe − φ) parame-
ters’ space. We studied the probability density distributions of both local
density and local hexatic to attain confirmations of that.

The procedure to compute density pdfs is described above in Section 3.3
and it avails of a coarse-graining of the very local values. We proved the
stability of all the results against the choice of the coarse-graining radius in
the range [5σd, 20σd]. The final choice that we made case to case depends
on the length-scale of the details that we desired to show.

It is interesting to see how the results coming from density pdfs are in
very good agreement with all that we said so far.
In the low Pe limit (see Fig. 3.11 (a)), we see that the three curves displayed,
corresponding to global densities varying over the very narrow interval
[0.715 : 0.72], are bimodal. The weight under the two peaks slowly trans-
fers from the one at lowφ to the one at highφ for increasing global packing
fraction. No double-peak structure is found beyond Pe= 3 and before the
critical point for MIPS is reached. Fig. 3.11 (b), where data for Pe= 10
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Figure 3.12: Density PDFs across the MIPS region for Pe= 50 (a) and Pe= 200 (b). Curves
with a single mode are shown in grey (uniform phase), while bimodal curves are shown
with colors (phase coexistence). Values of the global packing fraction for each curve are
provided in the two keys and the coarse-graining parameter R = 5 was used in both
panels. As a references, for Pe= 50 we observed MIPS for 0.310 < φ < 0.800. For Pe= 200,
MIPS was found for 0.100 < φ < 0.900.

are plotted, demonstrates that for all φ the curves are single-peaked and
their average displaces towards higher values with increasing the packing
fraction. This proves that there is no co-existence for this Pe and, in fact,
for a rather wide range of Pe values before MIPS.
For Pe= 50, in Fig. 3.12 (a) single-peaked curves are shown in grey, either
at low or high values of packing fraction. In color the bimodal curves that
show a similar transport of weight from low to high local densities upon
increasing φ. Similar features characterize the data at Pe= 200 depicted
in Fig. 3.12 (b). The insert (c), zooms over the low local density values
showing that systems at average packing fraction φ = 0.820 and φ = 0.860
are in the coexistence region as well.

From the location of the two peaks in the local density pdfs and the
shape of the equation of state we infer the binodal for MIPS in the range of
activity with Pe & 35. We find that activity-driven co-existence region en-
larges over the surface fraction coordinate as activity strength is increased.
For activity slightly above the critical value Pe ∼ 35, we observe phase
separation within the range of surface fraction φ ∈ [0.550, 0.700], approx-
imately. For Pe = 50, as shown in Fig. 3.12 (a), we have MIPS over the
interval φ ∈ [0.310, 0.800], and for Pe = 200 we observe a strong segrega-
tion of a very dilute gas of less than 1% surface fraction and a quite close
packed dense phase of more that 90% surface fraction.
Interestingly, the spreading of the binodal range with increasing activ-
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Figure 3.13: Maps of the local hexatic order parameter ψ6,i, in the stationary regime
for Pe= 1 across the co-existence region at φ = 0.715 (a), φ = 0.7175 (b) and φ = 0.72
(c). We recall that for Pe= 1 we have liquid-hexatic co-existence in between φ ∼ 0.7125
and φ ∼ 0.7275, as measured by the pressure, followed by the hexatic-solid transition at
φm ∼ 0.730.

ity, seems to be independent on the location of the two structural liquid-
to-hexatic and hexatic-to-liquid transitions found above. Such behavior
results in a non-trivial nature of the co-existing phases in MIPS, which
changes with activity. For Pe = 50, we have that the high-density branch
of the binodal is well beyond the liquid-hexatic transition (blue points in
Fig. 3.7). This means that the high-density phase for MIPS at Pe = 50
does not have hexatic order and thus it is a dense liquid phase. On the
other hand, at Pe = 200, the high-density binodal moves above the hexatic-
solid transition (orange points in Fig. 3.7), suggesting that dense clusters
in high-Pe MIPS have translational QLR order.

We will go back to this point in the next Section, as soon as we will
present the complete phase diagram. However, it is interesting to see how
the picture emerged so far is in a strong agreement with the behavior of
local hexatic parameter, as defined in Eq. (2.49). We discuss below the
feature of ψ6,i, using the color representation described in Section 3.3, and
we show in the pictures the same cases as the ones considered before, in
order to present the correlations between local hexatic and local density.
We remind that, according to the colors scheme used, uniformly colored
regions are hexatically ordered along a direction arg(Ψ loc

6 ) with respect to
the average hexatic direction. For red regions arg(Ψ loc

6 ) ∼ 〈arg(Ψ loc
6 )〉, while

for blue regions arg(Ψ loc
6 ) ∼ 〈arg(Ψ loc

6 )〉±π/2. All the configurations shown
are taken in the stationary regime.

In the low Pe case displayed in Fig. 3.13, the three panels span the
coexistence region of the phase diagram. We see large, non compact regions
with red color that correspond to the same local hexatic order that are
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surrounded in a rather disordered way by regions with no hexatic order
at the short scale. These features are very similar to the ones seen in the
passive disk models with sufficiently hard repulsive potential studied by
Krauth and collaborators [BK11].
In Fig. 3.14 we display maps at Pe= 10, an activity for which we do not
see co-existence. To start with, the color map in panel (a) looks different
from the ones shown in the three panels in Fig. 3.13, with no large red
zone in this configuration, that corresponds to a low local packing fraction
everywhere (φ = 0.5) and that we interpret as an active liquid one. The
intermediate panel (b), obtained forφ = 0.820, displays an almost uniform,
relatively light, red pattern and it lies in the active hexatic phase. Finally,
a much darker uniform red state is shown in the last panel (c), in which
φ = 0.860, and the system is an active solid, as confirmed by the analysis
of the positional correlation functions.
The case Pe= 50 is above the critical Pe value for which MIPS occurs. Typ-
ical color maps of the local hexatic order parameter are shown in Fig. 3.15
for global densities that lie well within the MIPS region (a), above MIPS
and below liquid-hexatic transition (b), and in the active hexatic (c). We re-
mind that for Pe= 50 we observe MIPS in between φ ∼ 0.310 and φ ∼ 0.800
and φi ∼ 0.855.
At Pe= 200 (see Fig. 3.16), MIPS generates the de-mixing of the system
into a very low-density (φlow ∼ 0.07) and a rather high-density (φhigh ∼

0.9) phase with, on top, local hexatic order of different kinds. This is
illustrated in the snapshots in panels (a) and (b) by the dense regions
of particles sharing the same color, in co-existence with very low density

Figure 3.14: Maps of the local hexatic order parameter ψ6,i, in the stationary regime for
Pe= 10 at φ = 0.500 (in the active liquid phase) (a), φ = 0.820 (in the active hexatic
phase) (b) and φ = 0.860 (in the active solid phase) (c). Note that at this Pe the critical
densities φi ∼ 0.795 and φm ∼ 0.840 were obtained from the analysis of the orientational
and positional correlation functions.



3.5. The full phase diagram of SP disks 81

Figure 3.15: Maps of the local hexatic order parameter ψ6,i, in the stationary regime for
Pe= 50 at φ = 0.500 (in the MIPS coexistence region) (a), φ = 0.820 (in the dense active
liquid phase) (b) and φ = 0.860 (in the active hexatic phase) (c). For this value of Pe we
observed MIPS for 0.310 < φ < 0.800, and we measured φi ∼ 0.855 and φm ∼ 0.890.

regions. As largely reported in the MIPS literature [FM12], the dense phase
induced by activity is subjected to anomalously large density fluctuations:
it continuously breaks and reforms, giving rise to the observed distribution
of orientationally ordered patches of finite size, instead of a single uniform
one.

3.5 The full phase diagram of SP disks

Summarizing, we established the full phase diagram of 2D ABP, with active
liquid, hexatic and solid phases, as well as co-existence and MIPS. The na-
ture of the non-equilibrium liquid-hexatic phase transition was established
by the characteristic shape of the pressure curves and the pdfs of local den-
sities, together with the visual inspection of configuration snapshots, and
hexatic correlation functions. They evidence co-existence between liquid
and hexatic order below Pe∼ 3 in a narrow interval of packing fractions
and a continuous transition for higher activity. They also allow us to catch
the nature of co-existing phases in MIPS.

First, we proved that the overall scenario of 2D melting of passive
disks is maintained for small enough Pe. This is a notable results within
the studies of systems of SP particles, because it gives strong indications
about the robustness of HN theory of melting against out-of-equilibrium
perturbations. Activity acts indeed as a small perturbation on the passive
case that, however, destabilizes passive order. This is shown by the fact
that, increasing Pe, both the liquid-hexatic and hexatic-solid transitions
shift to higher densities and the liquid-hexatic coexistence region shrinks
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Figure 3.16: Stationary-state snapshots showing the local hexatic order parameter ψ6,i
for Pe= 200 within the MIPS coexistence region at different packing fractions: φ = 0.500
(a), φ = 0.820 (b) and φ = 0.860 (c). At Pe= 200, and for high enough density, activity
induces phase separation into a low density gas and a high density solid phase. Note, as
a reference, that for this Pe we observed MIPS for 0.100 < φ < 0.900, and we measured
φi ∼ 0.860 and φm ∼ 0.890 from the change from exponential to algebraic decay of the
hexatic and positional correlation functions, respectively.

and eventually disappears. Such behavior can be due to the effective
softness introduced by activity, quantified by the ratio between the active
and potential forces Γ = ε/(σFact), since particle softness plays a similar role
in equilibrium 2D melting [KK15]. The liquid-hexatic transition allows for
co-existence, and the hexatic order in this region tends to remain the same
in the steady state and occupies a finite portion of the full system.

At high Pe, the MIPS region opens up independently of the hexatic
and solid transition lines and prevails the emergence of hexatic and solid
order. In the largest part of the MIPS phase, many patches with finite
size and different hexatic order coexist at any moment. However, the
large activity makes these patterns regularly rearrange via breaking and
recombination, very differently from what happens at low Pe. Although
particle mobility strongly enhances fluctuations, we have been able to
infer the structure of the co-existing phases by means of orientational
and translational correlation functions. For low activity within the MIPS
binodal up to Pe ∼ 60 (see for instance the case at Pe = 50 treated above)
a loose gaseous phase and a dense liquid co-exist. For higher activity,
around Pe = 100, the dense phase shows an underlying hexatic order,
while, at even stronger activity, above Pe = 200, the gas co-exists with a
highly packed 2D solid.
This last characterization of MIPS is a true novelty in the field of active
matter, and it represents a further step forward in the understanding of
such universal non-equilibrium phase separation.
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Figure 3.17: Pe−φ phase diagram of ABP. In the inset, a zoom over the low Pe - high φ
regime highlights the connection with 2D melting. In the black area there is coexistence,
in the blue hexatic order and the orange one is an active solid phase. The black filled
(open) points were obtained from pressure (density) measurements; the blue stars from
the hexatic order and the orange symbols from the spatial correlations decay. Although
narrow, the blue area persists for Pe→ 0 and broadens as Pe increases. Picture published
in [DLS+18].

In Chapter 4, we will start from this phase diagram and go beyond
the bare observation of the structure of the phase with activity, trying to
understand the mechanism that mediate the phase transitions. Since our
AB disks show, in a wide range of activity, a HN-like melting scenario, we
aim to keep going into this new evidence, with studying how topological
defects are involved in the two melting transitions.

3.6 Finite size analysis

We complete this Chapter describing the methods we used for a finite-size
analysis of the critical behavior of our system and showing results which
confirm the scenario observed both for the passive and the active case.
As shown before, regarding the behavior of the equation of state, finite-
size effects are of large importance upon studying the nature of the phase
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transitions, because they allow to access the infinite-size behavior of the
relevant quantities from measures on finite systems, which are the only
ones we can get from numerical simulations. Moreover, even the scaling
of suitable variables with the size of the system provides by itself important
information about the behavior of the system in the vicinity of the phase
transition. Actually, as explained in [WMB95], this is the case also for our
purposes, because with a finite-size analysis we are able to locate with more
precision the liquid-hexatic transition and confirm the scenario presented
this far. Both extrapolating the infinite-size values of global variables and
observing the scaling of such quantities with different sizes give us access
to the true large-scale behavior of the system.

The relevant variable for liquid-hexatic phase transition is of course the
hexatic order parameter, that, we remind, is

Ψ6 =

∣∣∣∣∣ 1
N

N∑
i

ψ6,i

∣∣∣∣∣ . (3.58)

We also remind that, according the HN theory at equilibrium, Ψ6 is ex-
pected to have the following behavior with increasing the packing frac-
tion of the system in the thermodynamic limit: it should be zero in the
isotropic liquid; remain equal to zero in the hexatic phase because the
bond-orientational order is QLR in the hexatic; it should discontinuously
jump to some finite value smaller than one at the hexatic-solid transi-
tion and then reach the unit as the packing fraction approaches the close-
packing limit. Note that the same large-scale scenario would occur even
with a first-order liquid-hexatic phase transition. Therefore, the finite-size
analysis of Ψ6 does not give any chance to distinguish the two cases.

We can however apply these knowledge for inferring some results from
finite-size scaling of the hexatic order parameter, which are really useful to
our purposes.
As shown in Fig. 3.18, Ψ6 has non a non trivial scaling with the system
size within the MIPS region for Pe = 50. Specifically, we note that at fixed
values of the packing fraction, the global hexatic parameter diminishes
with increasing system size. Both the curves in the main plot (Fig. 3.18 (a))
and the scaling behavior in the inset (b) are thus compatible with vanishing
hexatic order inside the MIPS region. Such behavior confirms the results
obtained before from the hexatic correlation functions, which drove as to
claim that for intermediate Pe values, the system segregates because of
activity into a gaseous phase and a dense liquid.

We move now to the second moment of bond-orientational order pa-
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Figure 3.18: (a) Scaling of the global hexatic order parameter, defined in Eq. (3.58) for
Pe = 50. Vertical dashed lines delimit the different phases. The two black curves are the
lower and upper limits of the MIPS region, blue line is the liquid-hexatic transition, and
the orange line is the hexatic-solid one (see the phase diagram in Fig. 3.17). (b) In the inset
the scaling of global hexatic parameter is shown at fixed surface fraction.

rameter, which is the susceptibility

χL = Ld (〈Ψ 2
6 〉L − 〈Ψ6〉

2
L) , (3.59)

where the subscript L indicates the linear size of the system where averages
are taken, and d the space dimensionality.
Hexatic fluctuations sharply increase as the transition is approached from
the liquid. The behavior of the susceptibility in the vicinity of the transition
would actually allow us to tell whether the transition is a HN continuous
transition or a first-order one. If the transition is discontinuous, with co-
existence between the values φl and φh of packing fraction, fluctuations
don’t diverge approaching φl from below, but they remain finite, though
very large, and go to infinity as φ → φh. According to the HN theory, on
the other hand, since it predicts that the hexatic correlation length

ξ ∼ exp
{
(φi − φ)−1/2

}
, φ→ φ−i (3.60)

diverges at the critical point, hexatic susceptibility diverges as well with
the same behavior

χ(φ) ∼ exp
{
(φi − φ)−1/2

}
, φ→ φ−i (3.61)
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approaching the critical point from the liquid. However, although the two
behaviors would be in principle distinguishable, we remind that liquid-
hexatic co-existence in the low-Pe region of the phase diagram is a very
narrow interval of packing fractions. Thus, trying to address a solution
would demand at least one order of computing time more than the one we
used for the previous analysis. We therefore decided to abandon the idea
to recognize first-order from finite-size computation.

However, we are still able to use a fourth-order cumulant, as defined
in [WMB95], to explore further finite-size features and thus to extract other
useful information for our system. This reduced cumulant is

UL = 1 −
〈ψ4
〉L

3〈ψ2〉2L

. (3.62)

In principle, the behavior of UL would allow to identify a genuine HN
picture from a mixed scenario, as the one we observed. Indeed, away
from criticality the cumulant would assume in general different finite-size
values, depending on the system size. The more the system is far from the
HN critical point, the more the values of the cumulant for different L will
separate between each other. Though, since according to the HN theory the
system is scale-free within the whole hexatic phase, the cumulant should
collapse into a single curve along the entire range of parameters inside the
hexatic. This would not be the case within the co-existence region for a
first-order liquid-hexatic transition. Nevertheless, we should be able to
catch such difference within a very tiny region in the parameter’s space.
Hence, as for the susceptibility, the resolution of points at our disposal
from simulations in not high enough, thus making this analysis beyond
our possibilities.

Although resigning to use finite-size analysis for unveil the nature of
the liquid-hexatic transition, we use the Binder cumulant to gain confir-
mation about the phase diagram and to reach very high precision in the
determination of the transition point. See from Fig. 3.19 that, while in the
low-density liquid the cumulant assumes well separated values for differ-
ent sizes and spread with decreasing the density, all the curves overlap
at φ = φi, as obtained from the analysis of the correlation functions (see
above in this Chapter the values obtained) and tend to remain one on top
of each other as the density of the system is increased in the hexatic phase.
This happens both for Pe = 10 and Pe = 20, where we do not observe
co-existence and then a continuous liquid-hexatic transition is expected.
Overlapping of the Binder cumulant thus strongly agrees with the location
of the critical points for liquid-hexatic phase transition and represents a
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Figure 3.19: The Binder fourth-order cumulant of Eq. (3.62), for different system sizes,
given in the keys, at (a) Pe = 10 and (b) Pe = 20. The two inset show respective
enlargements of the region close to the transition point.

strong validation of the HN two-step transition scenario for Pe > 0, against
different possible ones.
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Chapter 4

Topological defects in
two-dimensional melting of AB
disks

In the short review of in Section 2.3, we found that the KTHNY picture
seems to greatly interpret many of the outcomes from experiments and nu-
merics on melting transitions in 2D systems of isotropic particles. Many of
these most recent results show indeed that melting proceeds in two steps,
from the solid phase to the anisotropic hexatic phase, and than to the dis-
order liquid. Analysis of large-scale ordering undoubtedly demonstrates,
for a large variety of 2D systems with short-range interactions, that transla-
tional and bond-orientational QL-ranged symmetries break at two distinct
values of the control parameter (the temperature for thermally-driven tran-
sitions and the surface fraction for non-thermal cases, like hard-disks). The
behavior of both translational and rotational stresses has also been shown
to behave accordingly, and the HN renormalization scheme to take very
good into account the role of topological defects.

Though, some of the most recent results [BK11, TAAD17] have been
provided strong evidences about first-order hexatic-liquid melting for re-
pulsively interacting disks with sufficiently hard potentials. Interestingly,
as shown in the previous Chapter, we confirm that such behavior is robust
against pushing hard-disks system slightly out of thermal equilibrium. In
Chapter 3, we demonstrate that weakly self-propelled disks, evolving ac-
cording to equations of motion (3.1), show the same discontinuous liquid-
hexatic phase transition and continuous hexatic-liquid one. We also show
that, as soon as self-propulsion strength is increased enough, a continu-
ous liquid-hexatic transition is restored, similarly to what happens with
softening the hard-core repulsion for passive disks [KK15].

89
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We are interested in characterizing more in depth the liquid-hexatic
transition, whose nature subtly departs from the one predicted by KTHNY
theory. Specifically, we want to closely examine the behavior of topological
defects in our system, both with and without activity, to understand if some
further defect-mediated mechanism, other than dislocation unbinding (see
Chapter 2), is important for melting and if it can explain its discontinuous
nature. In fact, as we will show later in Section 4.3, first-order phase
transition are likely to be related to grain-boundaries proliferation, rather
than to KTHNY-like unbinding mechanisms.

We will thus first describe below one existing similar attempt for passive
hard-disks, which is based on MD simulations, in order to shown which
kind of picture emerged so far in the realm of equilibrium systems. After
that, we will show how such picture extends to AB disks according to our
numerical results. Then, we will shortly review some of most relevant
theories on defects-mediated phase transition, which, differently from the
KTHNY one, involve the role of grain-boundaries and extended defects.
Accordingly, we will show the results of our analysis on such large-scale
defects with respect to the phase transitions.

4.1 Analysis of the role of topological defects
in melting. Numerical results for passive
isotropic particles

Dijkstra et al. have been carried out a numerical analysis on a system of
hard spheres confined on quasi-2D layer by two hard walls [QGD14]. They
have been used an Event-Driven Molecular Dynamics (EDMD) algorithm
for simulation, according to which the system evolves via a time-ordered
sequence of elastic collision events. Collisions are elastic ones, thus pre-
serving both energy and momentum, and their dynamics is governed by
Newton’s equations of motion. The spheres move at a constant velocity
between collisions, and the velocities of the respective particles are up-
dated when a collision occurs. Periodic boundary conditions are used for
the in-plane borders of the system.

One of the purposes of Dijkstra and collaborators was to investigate
the effect of out-of-plane degrees of freedom on the melting scenario. For
this reason, the spheres are allowed to fluctuates outside the 2D plane,
by up to half of one diameter. Different heights have been put to the test
for such analysis and the true 2D limit has been studied. They have been
demonstrated that, regardless out-of-plane fluctuations, two-stage melting
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Figure 4.1: (a) Number fraction of free dislocations (squares), free disclinations (triangles),
bound dislocation pairs (filled circles) and vacancies (open circles) versus the 2D packing
fraction η = πNσ2/4A, where σ is the diameter of the spheres and A is the in-plane area of
the simulation box, for 2D hard-disk system (H/σ = 1, with H the height of the simulation
box). Number fraction (in %) is defined as the number of respective defects divided by
the total number of particles. (b) The total number of defects per particle (open squares)
and the number of defects belonging to defect clusters per particle (open circles) versus
η.

scenario is exhibited from hard-spheres, with continuous KTHNY solid-
hexatic and first-order hexatic-liquid transition, thus in agreement with
the results discussed above. Such statements come from the analysis of
both translational and bond-orientational correlation functions, and from
the measure of the pressure, similarly to what performed in [BK11] and to
the procedure used in Chapter 3.

After having established the melting picture, the authors also have been
performed a careful analysis of all the defects “species” and their relevance
with respect to the melting for the case of the perfectly in-plane system. As
shown in Fig. 4.1 (a), they distinguish the defects into free disclinations,
free dislocations, dislocations pairs, vacancies and clusters.

We have already described dislocations and disclinations while review-
ing the KTHNY theory in Chapter 2. Dislocation pairs are tightly bounded
pairs of dislocations, while vacancies are defects constituted by one empty
spot in the triangular array of spheres. Clusters of defects are defects’
assemblies which do not fall into anyone of the four species listed before.
We remind the first three of them are directly involved in the KTHNY
melting mechanism: unbinding of dislocations pairs into free dislocations
mediates the solid-hexatic transition, while unbinding of free dislocations
into free disclinations drives the hexatic-liquid melting.

According to the measures of the fraction of all these species of defects,
with respect to the total number of particles in the system, shown in Fig. 4.1
(a),(b), the KTHNY scenario is confirmed for the solid-hexatic transition,
from the clear evidence of a proliferation of free dislocations across the
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solid-hexatic melting. Most surprisingly, also the hexatic-liquid melting,
although being a first-order, agrees with KTHNY picture, since free discli-
nations are highly excited within the co-existence region, where the liquid
phase starts to invade the system. Neither vacancies, nor clusters appear
to take fundamental roles in the melting.
However, as shown in Fig. 4.1 (b), clusters of defects are largely the most
abundant species throughout the whole interval of packing fractions ex-
plored, creating thus strong questions about their marginal effect on the
global behavior of the system.

The authors thus, while confirming the KTHNY nature of the solid-
hexatic transition (also verifying the correct behavior of the elastic con-
stants at the melting point), have been suggested that hexatic-liquid tran-
sition could be driven by a different mechanism, which involve extended
defects and grain boundaries. We are interested in deepening such idea,
given in this work as an bare qualitative evidence, using instead a quanti-
tative approach. We will try in particular to explain the role of extended
defect clusters into the melting scenario both for passive and active disks.

4.2 Point-defects for AB disks

Before starting to look at the behavior of the defect clusters, we give in this
Section our analysis on point defects, that is inspired on the one performed
by Dijkstra et al., but it is extended to the case of SP disks, as a first comple-
ment to the phase diagram showed in the previous Chapter. Such analysis
concerns counting of the defects and their classification, for passive disks
and active ones at different values of the Péclet number.

4.2.1 Strategy for defects counting

In order to distinguish the different kinds of topological defects, we have
built a numerical protocol inspired from a work by Pertsinidis & Ling [PL01],
who devised a method to analyze different configurations of point defects
for a two-dimensional array of colloidal particles.

The purpose of that work was to use video-microscopy to study the
time-evolution of artificially created vacancies and explore the free en-
ergy landscape of local resettlement of particles around the empty site
into a perfectly ordered 2D crystal. They prepared the perfect crystal
as an ∼ 1% volume aqueous suspension of 0.360µm diameter negatively
charged polystyrene-sulfate monodisperse microspheres that crystallize
due to strong electrostatic interactions. Particles were confined between
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Figure 4.2: (a)-(d) Configurations of so-called monovacancies. Top left insets in every
figure show configuration of the vectors εi j defined in the text. The grey dots show the
arrangement of miscoordinated particles in the core of the defect. (e)-(h) Configurations
of divacancy. Figure adapted from [PL01]

two silica substrates, able to strongly suppress out-of-plane motion. Point
defects were created by dragging a particle away from its lattice point,
leaving a vacant site behind, by means of optical tweezers. This provided
a fast enough protocol, to overcome the restoring force from the crystal and
to be able to drag the particle faster than the relaxation time of the lattice.
The dynamics of such single, isolated point defects were thus studied in
real time.

As shown in Fig. 4.2, vacancies evolve into different configurations of
a number of tightly bonded miscoordinated particles, namely particles
which do not have six neighbors, as in the perfect triangular lattice. We
have already shown in Chapter 2 that, although point defects are rigorously
defined from local lattice distortion, they can be related with deviations
of coordination number of the particles in the defects’ core. For example,
one free disclinations of opposite charge correspond to 5–fold and 7–fold
particles, while single dislocations correspond to pairs of 5-7–fold particles.
Pertsinidis & Ling also observed that all the vacancy configurations strictly
satisfy the two following topological constraints. (i) the mean coordination
number of every pair, triplet, etc., is always equal to six, and (ii) the vectors
εi j can be defined, which start from a particle i with coordination number
ni < 6 and terminating to a nearest neighbor j with n j > 6. The number of
vectors originating from i is (6− ni) and the number of vectors terminating
on j is (n j − 6). Then for every configuration, S =

∑
〈i j〉 εi j ∼ 0.
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Figure 4.3: Some examples of vacancies found in our passive hard disks system, which
agree with the description of Pertsinidis & Ling (see text for details). Black disks have 6
neighbors, red ones are 5–fold miscoordinated disks, blue ones are 7–fold, grey one have
8 neighbors. See that configuration in (a) remarkably correspond to the (c) of Fig. 4.2. In
the same way (b) corresponds to (d), (c) to (a), (d) to (b) and (e) to (e).

They have also noted that these point defects are “topologically neutral”
since they have zero total Burgers vector. For a single dislocation in a 2D
triangular lattice, the Burgers vector is in a one-to-one correspondence with
the vector ε defined above. Specifically, the Burgers vector b connects the
5–fold coordinated particle with its first nearest neighbor, moving coun-
terclockwise after the 7–fold neighbor. Thus, as long as S ∼ 0, the point
defect satisfies

∑
b ∼ 0.

Interestingly, we find very good accordance between our point defects
and the description of Pertsinidis et al., as shown in Fig. 4.3. Almost all
the defects observed in our system can be easily mapped onto the picture
described above. We thus accept the topological characterization used
in [PL01] and built the numerical protocol accordingly, thus making the
following classification:

– Free disclinations: one-particle defects.

– Free dislocations: two-particle defects of one 5–fold and one 7–fold
particle, which thus have Burgers vector of modulus b = |ε5→7| ∼ a0

(a0 being the lattice spacing).

– Vacancies of size n: any configuration of n miscoordinated nearest-
neighbors particles with mean coordination number equal to six and
S < Sth, where Sth is a threshold value (replacing zero) taken to be a
half of the mean separation between particles. Nearest neighbors are
chosen according to the Voronoi construction, described in Section 3.3

– A cluster of size n is any set of n nearest-neighbor miscoordinated
particles with S > Sth

For point defects of small number of particles in the defect core, the
procedure above determines a unique arrangement of the vectors εi j. As
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Figure 4.4: (a) Illustrative configuration with few point defects out of a large highly
ordered snapshot. Red boxes highlight typical wrong assignments of the vectors εi j (see
the text for the details). Once the tail of a vector is assigned to a 5–fold particle, no others
arrows can start from the same point. Similarly vectors ending in a 7–fold particles. (b)
Wrong assignments are fixed (green vectors) by means of the procedure described in the
text. We select the right configuration out of a large number of possible ones, using the
criteria of “maximum covering”.

the number of particles in the nest-neighbors chain, which constitutes the
defect, increases, we encounter cases where many different configurations
of the vectors are allowed. See examples of such cases in Fig. 4.4 (a). The
most reliable configuration for our purposes, among all the available ones,
is the one which covers the most all the particles in the defect. Note that
for arbitrarily complex defects’ cores, it could be impossible to have one
vector for each particle in the core. The “maximally covering” assignment
of vectors corresponds to the one which maximises the number of vectors
itself. However, for defects of very large number of particles, it is a huge
numerical work to generate all the possible configurations of arrows due
to the high complexity of the next-neighbors network.
Consider, as a reference for such complexity, the classical theories about
dimers coverings, in which the degenericity on covering a given lattice with
non-overlapping dimers has been estimated with great accuracy. Although
our problem and the one of dimer coverings are not exactly equivalent, we
can reasonably accept that the two have comparable amount of complexity.
The number of allowed coverings for 2D triangular lattice is given for in-
stance in [FMS02], and it is estimated to be of the order of 107 configurations
for a lattice of about 3 × 10 sites with periodic boundary conditions.
We thus choose the final arrangement of vectors from a considerably large
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number of possible ones. As a rule, we sample n × 103 trial configuration,
out of the all the possible ones, and we prove that, for reasonably small
defects, this provides a correct basis for running the classification given in
the list above (see Fig. 4.4 (b)).

4.2.2 Defects counting for AB disks

We perform a systematic analysis of the full spectrum of topological defects,
introduced above, with the aim to further characterize the nature of the
melting transition for a system of SP disks. The model used is the same
AB disks model, presented in Section 3.1, with equations of motion given
in Eq. (3.1). We will combine the results of this analysis, with all the
information already established about the phase diagram of AB disks,
published in [DLS+18] and illustrated with all the details in Chapter 3.
In particular, we will regularly refer to the phase diagram of Fig. 3.17. We
remind that is has been determined mainly from the behavior of positional
and bond-orientational correlation functions, according to the KTHNY the-
ory. Orange regions have translational quasi-long-ranged order (QLRO)
and true LR orientational order; within the blue region the system is hex-
atic, which means short-ranged positional and QLR orientational order;
white region is the isotropic liquid phase, with no order. The dark region
in the low-Pe regime is a liquid-hexatic co-existence region, related to the
first-order liquid-hexatic transition, while the dark region above Pe ∼ 35
is the MIPS region. As already discussed in Chapter 3, liquid-hexatic and
hexatic-solid phase transitions are found to overlap with the boundaries of
the MIPS region, thus suggesting that the structure of the dense phase in
motility-induced phase separation can change with increasing the activity.
We will further investigate such possible scenario by means of the analysis
of topological defects.

The first quantity we are interested in is the defects ratio for each different
defect species, which is defined as the ratio between the number of particles
involved in a given species, and the total number of particles in the system.
Thus, e.g., a vacancy constituted by five miscoordinated particles (as the
one shown in Fig. 4.3 (d)) would give a contribution to the vacancy ratio
of 5/N, with N the total number of particles.

In order to produce reliable estimations of the defects ratio, we have
performed MD simulations, using the methods described in Section 3.2,
of systems of 262144 hard-disks, interacting through the Mie potential
given in Eq. (3.4), in a simulation box with periodic boundary conditions.
Differently from the cases shown in Chapter 3, we have used rectangu-
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Figure 4.5: Normalized number of dislocations and disclinations as a function of φ for
passive hard-disks (a), passive soft-disks (b), ABP at Pe = 20 (c) and Pe = 100 (d). All
defects, including vacancies and clusters of defects, are shown in the insets. The solid,
hexatic, phase-coexistence and liquid regions are shown in orange, blue, grey and white,
respectively. The dashed blue line inside the MIPS region (d) indicates the φ above which
local orientational correlations are scale-free.

lar simulation box of sizes Lx and Ly with ratio Lx/Ly = 2/
√

3, which is
commensurate to a perfect triangular disks packing at every chosen global
surface fraction. Such choice is required to have non-frustrated arrange-
ments of hard disks, especially at density close the maximum packing, and
to prevent thus the formation of topological defects due to geometrical
frustration, that could hide the presence of thermally-excited ones.
We have used perfectly ordered initial conditions, with all the disks on a
perfect triangular lattice of a given spacing, corresponding to the desired
global surface fraction. Ordered configurations relax much faster than
others towards stationarity in the cases of dense systems, which are the
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ones on which we are mainly interested in. Moreover, there is a strong
limit for the global density that can be reached with random packing
procedures, which would prevent us to study the high-density region of
the phase diagram. We adapted the time-step to enforce numerical stability,
with gradually reducing the value of ∆t in simulation time units (MDs)—
see how we defined the units in Sec 3.2—for increasing Pe. For systems at
Pe > 0 we have used a time-step∆t = 0.005, for Pe > 10 we used∆t = 0.002,
while for Pe > 50 we used the smallest time-step ∆t = 0.001.
Typical simulations took between 20 × 104 and 30 × 104 MDs. Longer runs
of, say, trun & 50×104 , are required to ensure stationarity in the co-existence
regions. As a rule, we let the system evolve in the stationary regime for
50×104 MDs. On average, each simulation lasting 100×104 MDs was runs
on 48 processors for a total of ∼ 96 hours for each cpu. We simulated 5 or
at least 3 samples per parameter value.

Such considerable numerical effort is needed to reach reliable statistics
over the small number of defects. We typically found ∼ 104 defected cells
out of N total per simulation in the hexatic phase, far from hexatic-liquid
transition. Once classified in the different classes given above, we typically
counted about 300 free dislocations, 10 free disclinations, 1000 vacancies
(which on average include from 3 to 6 cells), and 100 clusters (of ∼ 10 cells
each).

The results of the counting are shown in Fig. 4.5. The main plots show
free dislocations and free disclinations, across the solid-hexatic and hexatic-
liquid transitions for passive hard-disks (in panel (a)) and active ones at
Pe = 20 (panel (c)), and at Pe = 100 where the system exhibits MIPS. In
the insets, together with dislocations and disclinations, also vacancies and
clusters counting are shown.

As a first notable result, we observe that free disclinations and dislo-
cations are absent in the solid phase (orange) of hard-disks systems. At
the vicinity of the hexatic phase (blue), the number of free dislocations
increases sharply, indicating that they break positional QLRO and mediate
the solid-hexatic transition for all Pe, in a quite good accordance with the
KTHNY theory. We find very similar results for all the values of activity
explored, with Pe in the range (0,200).

It is worth saying that the observed behavior for free dislocations de-
parts from a recent study reporting that the melting of the active solid
phase is not driven by the proliferation of dislocations, as a KTHNY sce-
nario would predict, opening the possibility of breaking orientational LRO
in the absence of any defect [PD19]. Such mismatch between results about
point defects for AB particles pushed us even more to deepen such analysis
with a quantitative evaluation, as we will show from the next Section, of
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the role of any possible kind of defects within melting.
As regards free disclinations, their density is very close to zero in the

hexatic and detaches significantly from zero when the liquid appears, either
as a pure phase, for soft passive disks and active hard disks at Pe =
20, or co-existing with the hexatic, as for passive hard disks in the first-
order liquid-hexatic co-existence and at Pe = 100 with MIPS. These are
really strong indications towards a KTHNY-like disclination-unbinding-
mediated hexatic-liquid transition, regardless the transition is first-order
or continuous.

The case at Pe = 100 needs to be clarified further, because in the MIPS
coexistence region we only count defects belonging to the dense phase, ex-
cluding thus the gaseous component of the system, where defects counting
would be meaningless. We identified particle clusters using the so-called
Density-based spatial clustering of applications with noise (DBSCAN) algo-
rithm [EKSX96] *. The parameters of the algorithm are chosen so as one
particle is considered to belong to a cluster whenever it has at least 12
neighbors within a radius of 2.1σd (that is slightly above the third shell
radius of the triangular lattice).
The density of each kind of defect (inset of Fig. 4.5 (d)) remains almost un-
changed below the point where orientational correlations change behavior
from exponential to algebraic (blue dashed line, see Chapter 3) in the MIPS
coexistence region and until the low density spinodal. This means the
dense phase generated through MIPS is characterized by a given number
of topological defects set by Pe.

Along with hard-disks, we also consider a system of passive soft disks
with a pair interaction Usoft(r) = ε(σ/r)6, cutoff at rcut = 2.6σd. We use soft-
disks as a benchmark passive case with different melting scenario. It has
been shown indeed that for soft enough repulsion, hexatic-liquid melting
turns into a continuous BKT-like transition [KK15] (see Section 3.4.1 for
the details). As shown in Fig. 4.6, we first check this behavior explicitly for
our soft potential, measuring translational and bond-orientational corre-
lation functions, and the pressure. An almost perfect agreement emerges
between our findings and the ones in [KK15], both about the location of
the double-step transition, and the nature of hexatic-liquid melting. We
indeed observe strictly increasing equation of state, as expected from a

*DBSCAN is a data clustering algorithm proposed by Martin Ester, Hans-Peter
Kriegel, Jörg Sander and Xiaowei Xu in 1996. It is a density-based clustering non-
parametric algorithm: given a set of points in some space, it groups together points
that are closely packed together (points with many nearby neighbors), marking as out-
liers points that lie alone in low-density regions (whose nearest neighbors are too far
away).
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Figure 4.6: (a) Orientational correlation function for equilibrium soft disks. Consistently
with the colour code used in Chapter 3 for hard disks, black curves correspond to pa-
rameters in the liquid phase, while blue curves are used for the hexatic. The red straight
line is the critical power-law predicted by Halperin & Nelson for the liquid-hexatic BKT
transition (see Chapter 2). (b) Equation of state in the region across the liquid-hexatic
transition. (c) Equation of state for hard disks at equilibrium, as shown in Fig. 3.10.

second-order transition (see Fig. 4.6 (b)).
Concerning point defects’ ratios, we find for soft disks a completely consis-
tent picture with the scenario of a HN double-step transition. As shown in
Fig. 4.5 (b), although free dislocation ratio is different from zero at all φ, its
variation is considerably faster below the transition. Although the analysis
of point defect for soft disks does not seem to bring any new insights about
the understanding of the melting scenario for generic AB disks, the reason
of having considered such additional system will be clearer later, as soon
as we will discuss the role of extended defects. We aim indeed to compare
the behavior of defect clusters, within equilibrium, between a first-order
hexatic-solid transition (which is the case of hard disks) and a BKT one.

4.3 Grain-boundaries-mediated melting in 2D

Before proceeding further in the analysis of topological defects, and com-
plementing the previous evidences from point defects with a detailed study
of extended defects, we summarize in this Section the most important the-
oretical approaches to defects-mediate melting in 2D. Alongside KTHNY
theory, many other hypothesis of melting based on different mechanisms
of defects proliferation were developed. All such theories are grounded on
the intuitive assumption the topological defects breaks solid periodicity,
restoring orientational and translational symmetries.

One of the most noted of these theories was raised by Chui [Chu82,
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Figure 4.7: Small-angle grain boundary. The grain boundary can be seen to be made up
of a line of dislocations. Figure adapted from [Str88].

Chu83]. It proposed, shortly after the dislocation and disclination medi-
ated KTHNY theory, the possibility of grain-boundary-induced melting
in which the two-step transition is preempted by a first-order transition
involving a proliferation of grain boundaries. Grain boundaries are col-
lective excitation of dislocations, as shown in Fig. 4.7, and have the effect
of rotating one patch of crystal with respect to another. Although grain
boundaries may be viewed as a string of dislocations, they are able to drive
transition of a strongly different nature from the dislocation-mediated one.
Infinite parallel grain boundaries interact indeed with an effective poten-
tial that is a short-ranged, differently from the long-ranged interaction
between single dislocations.

Fisher, Halperin, and Morf [FHM79] had actually already considered
the effects of small-angle grain boundaries on melting transition in a 2D
electron solid. Small-angle grain boundaries are line defects of bonded
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dislocations with equal Burgers vectors, perpendicular to the line itself.
Taking into account thermally fluctuating straight grain boundaries, the
authors demonstrated that they mediate a phase transition, with the critical
point and the same nature of the Halperin-Nelson dislocation-unbinding-
driven one. They thus concluded that no additional effects emerged by
treating grain boundaries as extended defects, but only dislocations are
relevant in the melting.

However, Chui performed a more accurate calculation of the grain
boundaries free energy, assuming the following expansion in the grain
boundary density n:

F = −An + Bn2 + C/n + O(n3) , (4.1)

where the linear term in n accounts for isolated grain boundaries free
energy and interactions between grain boundaries and bound dislocations,
C > 0, while the second order term has negative negative coefficient (B < 0)
and comes from grain boundaries crossing energy and the coupling with
density changes.
Thanks to this low-density calculations, they demonstrated that disloca-
tion unbinding is anticipated by grain boundaries proliferation mediated
transition at a lower temperature. From geometrical consideration, they
predicted that grain boundaries destroy at once both translational and
orientational order, thus preventing the existence of the hexatic phase.
Moreover, from the negative second order term, they infer that this single
transition is a first-order transition, that can eventually become weakly
first-order for high enough dislocation core energy. Effects of renormal-
ization of the core energy and elastic constants were not included in the
calculation.

Simulations of the disclination system [Str88], indicated a change from
KTHNY melting to first-order melting below a core energy close to Ẽc =
2.8kBTm, with Tm the HN transition temperature. These simulations gave
support to Chui’s prediction of the crossover core energy, but contradict
his assertion that melting remains first order for higher core energies.
According to these results, Chui’s theory would correctly describes the
situation for Ec < Ẽc, but the behavior becomes KTHNY-like for Ec > Ẽc,
as the distance between dislocation pairs becomes large and Chui’s low-
density approximation breaks down.

Kleinert [Kle83] also developed a mean-field approach, finding a first-
order transition, as the one predicted by Chui. The calculations were
performed for a model that is based on the zero-temperature disclination
interaction. Since dislocations can be composed of disclinations, this model
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includes the possibility of both the dislocation- and disclination-unbinding
transitions. The same model had been proposed earlier by Nelson [Nel82]
in a dual form known as Laplacian roughening model. This model has been
the subject of extensive Monte Carlo simulations (see [JK80, JH, SSC83,
JT86, Str86]).

Point defects such as vacancies and interstitials may also play an im-
portant role in the melting process. Because of the relatively hard cores
of most atomic interactions, vacancies usually have a much lower energy
than interstitials. Joos & Duesbery [JD85] performed a zero-temperature
calculation of defect energies in rare-gas systems. The low energy calcu-
lated for localized vacancies led them to conclude that melting transition
might be driven by vacancies rather than by dislocation-unbinding.
Below a certain density, the energy of a vacancy becomes negative in
these systems. The rare gases are described fairly well by a Lennard-Jones
interaction potential. The competition between attractive and repulsive
parts of the potential leads to the existence of a “preferred” lattice spacing.
As the lattice is expanded beyond this spacing, eventually it is energetically
favorable to break up the system and allow separation into islands of
solid at a smaller lattice spacing and lakes of condensed vacancies. Thus
vacancies may certainly be said to drive the transition, at low temperatures,
from solid to solid-gas coexistence as a function of decreasing density. The
Joos and Duesbery calculation of the lattice spacing at which this density-
driven transition occurs is in good agreement with experimental rare-gas-
on-graphite phase diagrams.

However, vacancies are an unlikely mechanism for the melting transi-
tion at higher densities and temperatures or in systems such as the 1/rn

potentials that do not have a “preferred” lattice spacing. They also cannot
explain the purely temperature-driven melting from solid-gas to liquid-gas
coexistence. Since vacancies do have a rather low energy, they exist in a
non-negligible equilibrium concentration in the solid. However, since they
are localized defects, vacancies do not disrupt the lattice structure at long
distances. Only by aggregating into structures of the order of the system
size they could affect the long-ranged order of the system and thus causing
melting. Aggregates are favored since their energy is lower than that of an
equivalent number of isolated vacancies. Such large aggregates are, how-
ever, no longer usefully viewed as vacancies. Indeed, as Joos & Duesbery
pointed out, a string of vacancies that crosses the system is precisely an
unbound dislocation pair.

Given this short overview on the most noted theories on defects-
mediated melting in 2D, it is strongly evident that there is not a unified
understanding about phase transitions in two spatial dimensions. Even
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Figure 4.8: Free dislocation (blue lines) and vacancy (orange lines) ratios for Pe = 0, 20, 100
hard disks systems.

if the scenario introduced by Krauth et al. [BK11] seems to be quite re-
liable for hard disks in equilibrium and it is also supported by experi-
ments [TAAD17], there is no guarantee that the same ’solution’ can be
extended outside the hard disks limit at equilibrium or for self-propelled
particles. For this reason, as said, we will consider in the following whether
different defects-mediated mechanisms, like the ones described in this Sec-
tion, are much important for melting of a system of AB disks.

4.4 Clustering of defects for AB disks

Having shortly outlined the most relevant theories on defects-mediated
melting, we now come back to the analysis of the ABP system. Within
Section 4.2.2 we have widely discussed the behavior of point defects, such
as dislocations and disclinations, with varying activity. However, as clearly
indicated in the insets of Fig. 4.5, for all the cases considered, the ratio of
miscoordinated particles involved in nearest-neighbors chains of non-zero
total Burgers vector, namely the clusters in our counting, are largely present
in the system. Cluster ratio actually overcomes the one of point defects
of about one order of magnitude for a wide range of packing fraction,
independently on the Péclet number. Likewise, vacancies are also excited
in a considerable amount, of the same order of free disclinations. Therefore,
besides having shown a substantial adherence of our model to the KTHNY
scenario, we also want to further investigate the role of both vacancies and
extended defects, which lie beyond the KTHNY theory, with respect to the
phase transitions.
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4.4.1 Vacancies

Starting from the vacancies, we show a detailed view in Fig. 4.8, with the
same cases discussed before for hard disks. According to the description
in [PL01] (see also Section 4.2.1), vacancies do not break positional QLRO
and can thus be present in the solid phase. As shown in Fig. 4.8 (c), at
high Pe (e.g. Pe = 100) the number of vacancies increases as we decrease
φ in the solid regime and rapidly decays as we get into the hexatic, with
a peak at the transition. Such decay is concomitant with an increase in
the number of free dislocations, suggesting that vacancies give way to free
dislocations, across solid-hexatic melting. Such behavior is still present,
though less pronounced, at intermediate Pes (see Fig. 4.8 (b)). The case
at Pe = 0 does not provide such clear message, even though vacancies
increasing seems to have a smooth inflection point close to solid-hexatic
transition.
Given that vacancies, as zero Burgers vectors assemblies, are completely
equivalent to dislocation pairs, decreasing of them in favour of formation
of free dislocations, is interpreted as another indication of dislocation-
unbinding HN-like mechanism.

4.4.2 Defect clusters

As opposed to vacancies, clusters brake QLR translational order, and co-
herently, as shown in Fig. 4.5, they are absent in the solid phase. However,
clusters dominate the distribution of defects in the hexatic phase, suggest-
ing that topological excitation are collective rather than localized in this
regime. Importantly, this also suggests that their proliferation might drive
melting, instead of the unbinding of disclinations. As described in Sec-
tion 4.3, clusters of defects in hard-disk systems have been associated to
the formation of grain boundaries delimiting regions of different hexatic
order [QGD14, KK15], which can drive an alternative first-order melting
mechanism in 2D [Chu82, Chu83, Kle83]. However, the relationship be-
tween generic clusters of defects as counted here, and grain boundaries, is
not clear yet.
Moreover, for passive soft- and active hard-disks at Pe = 20, there is no
evidence for a first-order phase transition, and yet the density of clusters at
the liquid-hexatic transition is very close to the passive hard-disk value (≈
0.05). This suggests that the proliferation of clusters might be generic and
not responsible for the first-order character of the hexatic-liquid transition
of passive hard disks.

According to standard definitions—see for example [Chu83]—grain
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Figure 4.9: (a) Snapshot of a sub-box of linear size of∼ 50σd out of a large-scale simulation
at high activity. Colored particles are miscoordinated ones. See Fig. 4.4 for the color code.
A detail of one grain boundary separating three hexatic regions is highlighted in green.
(b) Coarse-graining procedure. A squared mesh is build over the simulation box (black
dashed lines). One given site of the mesh is considered “occupied” if at least one defect
particle has its center in it. Occupied cells are colored in green.

boundaries are constituted by a chain of free dislocations, with Burgers
vectors pointing in the same direction, towards one of the two bulks de-
limited with the grain boundary itself. Fig. 4.9 (a) shows this typical
topology of a grain boundary delimiting three hexatically ordered patches.
Accordingly, within our picture, grain boundaries fall into the “cluster”
species. In order to clarify whether grain boundaries or defect clusters for-
mation is relevant for destroying QLR hexatic order, and thus whether it
is connected to hexatic-liquid melting [SJCK+97, SJCK98, QWHC10, KK15,
QGD14, DBMK15], we use the framework of percolation theory [SA18].
See Appendix C for a short overview of the most important features of
percolation transition.

As shown in Fig. 4.9 (a), although the grain boundaries structure pretty
good agrees with general definition given above in term of dislocations
chains, defects chain along grain boundaries are not fully connected at the
single cell scale. The microscopic gaps are filled via a coarse-graining pro-
cedure, routinely applied to study gelation (see for example [CDADG+04]).
To be quantitative, we divide the simulation box into square cells and
define a coarse-grained cluster as a set of connected cells with, at least,
one defect. Two cells are connected if they share one side. In Fig. 4.9
(b) this coarse-graining procedure is sketched. The dotted lines separate
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Figure 4.10: Representative snapshots of the systems for hard a soft passive disks, and
hard disks at Pe = 20, 100, across the liquid-hexatic transition. The parameters Pe and
φ are given in the keys. We remind, as a reference, that liquid-hexatic co-existence for
passive hard disks is in the interval φ ∈ [0.705 : 0.725]; melting transition is at φi ∼ 1.178
for passive soft disks, and φi ∼ 0.830 for Pe = 20 hard disks. At Pe = 100 we have MIPS
in the interval [0.15 : 0.88].

space into dx × dy cells, where dx and dy are characterized by a length ds,
and guarantee the covering of the non-squared Lx×Ly simulation box with
nearly squared cells, by choosing dx,y = Lx,y/int(Lx,y/ds), where ’int’ takes
the integer part of the ratio Lx,y/ds .

In the following, we use ds = 3σd (see below for a discussion about
the coarse-graining length), and we analyze the cluster size distribution
P(n) obtained by measuring the number of coarse-grained clusters made
of n defected cells, excluding, whenever present, the percolating one. As a
qualitative picture of the behavior of defect clusters, we report in Fig. 4.10
representative snapshots of the systems for the four cases considered so
far, with coarse-grained clusters highlighted. We use black for finite-size
clusters and yellow for the largest one, while green clusters are the ones
which span all the system.

The percolation of coarse-grained clusters is qualitatively evidenced by
the snapshots shown in Fig. 4.10. For equilibrium hard-disks in the solid
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Figure 4.11: (a) Color map of ψ6 (see Section 3.3 for the definition of the colors) within
passive co-existence region. (b) Enlargement of (a) with the percolating defect coarse-
graining cluster in green on top. The black line is a contour line for the local density,
for φ = 0.715, which indicates the co-existence of the regions of different densities. (c)
and (d) show the same quantities for Pe = 20, for a density slightly below the percolation
threshold. (e) Hexatic color map for Pe = 100 below the liquid-hexatic transition. Yellow
points on top represent the large (finite) defect coarse-graining cluster. (f) The typical
fractal dimension for the defect coarse-graining clusters with respect to the Péclet number.
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phase, the largest cluster (in yellow) does not span the system. As we
decrease φ, the size distribution broadens until a percolating cluster arises
(in green), right in the middle of the liquid-hexatic co-existence region.
The location of the percolating structure is correlated with the one of the
liquid. This is shown by the map of the local hexatic order parameter, see
Fig. 4.11 (a). They are also the regions of low local density, as inferred from
the black contour line in Fig. 4.11 (b), which indicates the local density
threshold of φloc = 0.715. Thus, the emergence of a percolating cluster at
Pe = 0 can be attributed to the percolation of the liquid domain.
For Pe = 20, there is no liquid-hexatic co-existence, and yet there is per-
colation close to the hexatic-liquid transition. In this case, coarse-grained
clusters can be identified with grain-boundaries, as shown in Fig. 4.11 (c)-
(d), and percolation with the emergence of a system-spanning network of
them. At higher Pe, in the MIPS regime, we see large hexatic domains,
leaving behind a network of grain-boundaries, that can become large but
remains finite (see Fig. 4.11 (e)). We remind, however, that we ruled out
the gaseous phase in the MIPS region, graphically replaced by the grey
region in the fourth row of Fig. 4.10.
In the finite systems studied, at the hexatic-liquid transition, the statistics
of the coarse-grained clusters is close to the one of clusters at critical per-
colation, irrespective of its discontinuous (for passive hard-disks) or con-
tinuous (for passive soft disks and ABP at Pe = 20) character. At Pe = 100,
MIPS preempts the liquid-hexatic transition and thus the percolation-like
behavior.

An essential aspect of critical percolation is the fractal morphology of
the clusters. A way to analyze their geometry is to relate their size, nC, to a
length scale, e.g., their radius of gyration Rg

C
= [

∑
i∈C(ri − rC)2/nC]

1
2 , where

the sum runs over all cells in the cluster and rC is the position of its center
of mass, via the fractal dimension df, according to

nC ∼ Rg
C

df . (4.2)

At criticality, the hyper-scaling relation τ = d/df + 1 (d being the space
dimensionality) relates df to the exponent τ of the size distribution, see
Appendix C. The evolution of df with Pe, at the hexatic-liquid transition,
is shown in Fig. 4.11 (f), suggesting that clusters are more ramified as the
activity increases, in agreement with Fig. 4.10. Indeed, for higher Pe local
crystalline order is enhanced leaving behind sharper grain boundaries and
thus string-like clusters with smaller df.

In Fig. 4.12 we show P(n) for (a) passive hard-disks, (b) soft-disks, (c)
ABP at Pe = 20 and (d) Pe = 100, and varying φ across the different phase



110 Chapter 4. Topological defects in two-dimensional melting of AB disks

Figure 4.12: Cluster size distribution for (a) passive hard-disks, (b) soft-disks, (c) ABP at
Pe = 20 and (d) Pe = 100 at differentφ, given in the keys. We represent in red the curve we
identify with percolation-like behavior. We show with dashed lines an algebraic decay
P(n) ∝ nτ. We use black for the liquid, blue for the hexatic, orange for the solid, and grey
for co-existence.

transitions. Starting from the solid, the effect of decreasing φ is clear for
all Pe, as the distribution broadens to include larger clusters. For passive
disks, both hard and soft, and at Pe = 20, P(n) becomes scale free (very)
close to the value of φ above which orientational correlations become
algebraic, see Chapter 3. The size distribution remains largely invariant
within MIPS at fixed Pe = 100, similarly to what we saw in Fig. 4.5 (d).
In Fig. 4.12 we also show P(n) ∼ n−τ, with τ fixed from τ = 1 + d/df, df

being the extracted fractal dimension of the clusters. The measurement of
df provides a consistent prediction for τ in P(n).

We have to be extremely careful before claiming that there is a strict
relation between a thermodynamic phase transition driven by the com-
petition between interactions and fluctuations, such as melting, and a
phenomenon of purely geometric nature, like percolation. In many spin
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Figure 4.13: Effect of the coarse-graining scale on structure of the defect clusters. Snap-
shots with defects shown in black with the largest and non-percolating ones in yellow
and the largest and percolating ones in green. The parameters Pe and φ are given in the
keys and the value of the coarse-graining length is written vertically at the left of each
row.

models, the properties of their second order thermal phase transitions can
be rigorously described in terms of the critical percolation of suitably de-
fined Fortuin-Kasteleyn (FK) clusters, that are not the obvious geometric
ones one could a priori try to use [FK72, SA18]. Although the FK clusters
should not be useful to describe a first order thermodynamic transition, in
cases with very long correlation lengths such as the 2D Potts model with
Q >
∼ 4, one could easily see them percolate close to the transition in finite

size samples. Our simulation results (on finite systems) provide clear ev-
idences that active, passive, continuous and discontinuous hexatic-liquid
transitions are accompanied by the percolation of defect clusters.
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Figure 4.14: (a) Occupation probability (the probability of being occupied by a defect)
for a given site as a function of φ at Pe = 0, for different choices of ds, shown in the key,
for hard disks. The horizontal dashed line is the percolation threshold for random site
percolation in the cubic 2D lattice, shown as a reference. (b) The percolation probability
of defect clusters as a function of φ for the same cases as in (a).

4.4.3 Comments on the coarse-graining procedure

We conclude this chapter with few comments about the reliability of the
coarse-graining procedure used for cluster identification and analysis on
percolation transition.

In Fig. 4.13 we investigate the effect of the coarse-graining length ds used
to construct the defect clusters, as explained before. We first observe that
smaller coarse-graining length obviously lead to smaller clusters. Conse-
quently, for ds 6 2 (in units of σd) we do not see percolation for this set of
parameters. Nevertheless, we can identify a clear percolation threshold for
φ in between 0.715 and 0.720 that is independent of ds for ds > 3, a relatively
small value, that is very close to the particle size itself. The choice ds = 3
is thus large enough to catch the correct morphology of extended defects
and grain boundaries, and on the other hand it is small enough to prevent
including isolated defects into large clusters.

In agreement with this qualitative analysis are the results shown in
Fig. 4.14, about the so-called percolation probability P∞, defined as the prob-
ability for a given site to belong to a percolating cluster. For standard
percolation, it assumes zero value below the percolation transition, where
no spanning clusters exists, and it rapidly increases to one at the critical
point. Consistently with the snapshots in Fig. 4.13, we do not observe
percolation for ds ≤ 2 (P∞ = 0 everywhere), while for ds ≥ 3 the perco-
lation threshold always falls in the coexistence region. We also show in
Fig. 4.14 (a) the occupation probability. This standard quantity in perco-
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lation theory corresponds in our problem to the probability for a cell in
the coarse-graining mesh to be occupied with a defect. The theoretical
percolation threshold for standard site percolation transition on a squared
lattice is also shown. Percolation probability jumps to one, as soon as the
occupation probability crosses pth, confirming the accordance between our
problem and a standard percolation picture .
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Chapter 5

Elongated self-propelled particles

Natural and artificial active matter are rarely constituted by spherically
symmetric elements. On the contrary, anisotropic objects are much more
common. Examples of living realizations in which the constituents have
anisotropic shapes include reconstituted layers of confluent epithelial cells
[Par15] and biofilms formed by dense collections of rod-shaped bacte-
ria [LBZ+14]. Artificial cases also exist and an example is given by shaken
non-spherical grains [KSRS14].
Molecules have non-trivial shapes and the form of the elementary con-
stituents have non trivial effects on the phase diagram and dynamic be-
havior. The crudest model for a diatomic molecule is a dumbbell made
by identical beads attached to each other by an edge linking their cen-
ters. This is usually considered to be the simplest non-convex body. The
liquid theory of ensembles of such molecules and their numerical inves-
tigation was the subject of intensive studies, some of them published in
Refs. [TT85, Bou88, Woj92, GR92]. Certain experimental systems, such as
monolayers of diatomic molecules absorbed on crystalline surfaces corre-
spond, in an idealized representation, to a bidimensional dumbbell sys-
tem [DSFT80]. One can easily imagine that dumbbell systems can jam
more or less easily depending on the relation between the bond length and
bead diameter, and the rigidity of the link, and these parameters have an
effect on the melting/solidification mechanisms.
These are the main reasons that pushed us into the study of self-propelled
dumbbell (SPD) system. With the same approach used for disks (see
Chapter 3), we aim to clarify within this Chapter the most relevant aspects
of this model, related to the dynamics of the molecules, motility-induced
phase separation and the effects of alignment in the ordered phases. Our
target involves a true novel perspective in the analysis of the active phases,
because it consists in mapping the out-of-equilibrium phase transition

115
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scenario onto the framework of 2D HN phase transitions, thus exploring
the role of the hexatic phase into the phase diagram of SP dumbbells and,
particularly, into the motility-induced phase separation. We will outline all
the details of the numerical procedure used to determine the features of a
full phase diagram for the dumbbells model, as widely treated in [CDGS17]
and [PDC+18].

5.1 Active dumbbells: a minimal model of elon-
gated SPPs

In this Section we present the model of SP dumbbells, we discuss the
dynamical regimes of interest, which are related, as for the disks (see
Chapter 3), with the stochastic equations of motion. We also provide some
details about the numerical strategy used to solve the equations of motion.

5.1.1 Active Brownian equations of motion

Dumbbells are diatomic molecules, consisting of two circular beads of
diameter σd and mass md bonded together by means of a stiff attractive
interaction. We have been implemented two different choices for the bonds
within our MD simulations: a rigid bond and a non linear elastic potential.
We will describe both of these two methods later in the present Section for
completeness. They both lead to very rigid molecules, with a quite fixed
bead-to-bead distance.

The coupled stochastic equations for the evolution of a system of N
dumbbells (2N beads) are a natural extension of the ones for SP disks. In
order to make a description for all the manifest interactions, we write the
Brownian motion in the Ornstein-Uhlenbeck approximation, and we will
move to the overdamped limit whether it is useful for the analysis.

Being ri the position of the i-th bead, the equations of motion read

mdr̈i = −γṙi + Fi,bond −∇iU + Fi,act + ηi(t) , (5.1)

where γd is the friction coefficient, U is the inter-particles potential and T
is the temperature of the thermal bath, so that the Gaussian white random
noise ηi(t) fulfills the fluctuation-dissipation theorem in the passive limit

〈ηiα(t)〉 = 0 ,
〈ηiα(t1)η jβ(t2)〉 = 2γkBTδi jδαβδ(t1 − t2) ,

(5.2)
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with α, β = 1, 2 labeling the two spatial coordinates. The total internal
potential energy of the system is

U =

2N∑
i=0

2N∑
j=0; j,i

UMie(|ri − r j|) , (5.3)

with UMie [Mie03] the same purely repulsive potential used for the disks

UMie(r) =

{
4ε

[(
σ
r

)2n
−

(
σ
r

)n
]

+ ε

}
θ(21/nσ − r) , (5.4)

The exponent n is set to 32 for very hard beads, and the cutoff at the
minimum rmin = 21/nσ ensures the potential derivative to be continuous in
σd (see Fig. 3.1 in Chapter 3).

The force Fi,bond is the bond force between the two beads belonging
to the same dumbbell. The direction of this force is along the center-to-
center axis ni, which corresponds to the elongation direction of the whole
molecule. The active force Fi,act has constant modulus Fact and the same
direction ni. Its direction thus changes following the individual dumbbell’s
orientation. The self-propulsion breaks the head-to-tail symmetry of the
dumbbells, and we choose, accordingly, that ni points from the tail to the
head. If we label with the index (i + 1) bead paired to i, the equation for
ri+1 would be

mdr̈i+1 = −γṙi+1 − Fi,bond −∇i+1U + Fi,act + ηi+1(t) (5.5)

being thus 2Fact the total active force on the single dumbbell.

5.1.2 Single dumbbell limit

In the limit of very dilute system, inter-particles interactions can be ne-
glected and the Langevin dynamics can be treated analytically. We review
here the key features of dumbbells in the very dilute regime, as derived
for example in [SGL+14, CGS15], to identify important time scales and
understand the dynamics of the interacting problem. Particularly, we will
show how rotational diffusion for the single molecule emerges from the
independence of the two noises acting on the beads.

As specified in the introduction to this Chapter, we are mainly interested
in the viscous hydrodynamic regimes. Thus, from Eqs. (5.1), (5.5), we
move to an overdamped Langevin description, which will considerably
simplify the calculation. The single-dumbbell non-viscous case can be
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handled analytically as well, with a similar approach but a more laborious
calculation.

Taking the two overdamped equations for the two beads in a single
dumbbell, we can extract the dynamics of the center of mass of the molecule
(r1 + r2)/2, being r1 the head and r2 the tail. Within the center-of-mass
reference frame all the mutual interactions, the repulsive pair-wise one
and the bond force, cancel out

γṙCM = Fact + ξ (5.6)

where we introduce the new Gaussian white noise ξ = (η1 + η2)/2 with
momenta

〈ξ〉 = 0 ; 〈ξ(t1)ξ(t2)〉 = γkBT1δ(t1 − t2) . (5.7)

Note that the equation for the center of mass has the same form of the
Langevin equation (3.1) that we prescribed in Chapter 3 for the dynamics
of a single SP disk, besides the coupling with the thermal bath for the
dumbbell involves both the two beads, resulting thus in a factor 1/2 in
the strength of the noise. As for the disks, we directly access the diffusion
coefficient D0,CM = kBT/(2γ) for the passive limit from the Green-Kubo
relation of the mass transport.

To move on and compute the dynamics of the active dumbbells, we
have to deal with rotation, which explicitly controls the direction of self-
propulsion. Subtracting the equations for the head and tail we get the
relative motion with R = r1 − r2

γR = −2(Fbond + Fpair)n + χ , (5.8)

which of course does not depend on activity. We have explicitly indicated
the tail-to-head direction for the forces between the two beads, and we
have defined another white Gaussian noise χ which satisfies

〈χ〉 = 0 ; 〈χ(t1)χ(t2)〉 = 4γkBT1δ(t1 − t2) . (5.9)

If we denote with n⊥ the versor perpendicular to n = (cosθ, sinθ), it is
easy to show that

Ṙ = Ṙn + Rn⊥θ̇ (5.10)

and that the noise χ can be decomposed as

χ = χ‖n + χ⊥n⊥ , (5.11)

with both χ‖ and χ⊥ two white Gaussian noises with zero mean and the
same variance as χ.
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Making use of such decomposition in (5.8), we obtain:

γṘ = −2(Fbond + Fpair) + χ‖ ;

γRθ̇ = χ⊥ .
(5.12)

Assuming that, for very stiff bond interactions, the elongation R of
the molecule can be fairly considered to be a constant equal to the bead’s
diameter σd, we get a pure diffusion equation for the orientation of the
dumbbell:

θ̇ =
√

2Dθχ⊥ , (5.13)
with diffusion coefficient

Dθ =
2kBT
γσ2

d

. (5.14)

This result is quite relevant, because it shows how, oppositely to the model
of SP disks of Chapter 3, rotational diffusion for dumbbells is built-in
in the equations of motion for the two beads, and thus it is not needed
to make assumptions with introducing it by hand. The elongated shape
of the molecule is obviously the key ingredient of such behavior, which
makes evident how non-spherical objects naturally fit models with self-
propulsion.

Once the diffusive rotational motion has been reconstructed, we can
use the calculation made for the dilute SP-disks model (see Section 3.1.1)
to achieve the overdamped center of mass motion from Eq. (5.6):

〈∆rCM(t)2
〉 = 4D0,CMt + 2

(Fact

γ

)2 1
Dθ

(
t −

1 − e−Dθt

Dθ

)
, (5.15)

which is a persistent random walk, where three separated regimes can
be recognized. Beyond the inertial regime (t � m/γ) that is inherently
discarded for our level of description, the characteristic time τP = 1/Dθ of
rotation separates a late-time diffusive regime, with diffusion coefficient

D = D0,CM +
1

2Dθ

(Fact

γ

)2

, (5.16)

from an earlier one for t� τP where

〈∆rCM(t)2
〉 = 4D0,CMt +

(Fact

γ

)2

t2 . (5.17)

Within this regime a second characteristic time t∗ = 4D0,CMγ2/F2
act arises,

from equalizing the two terms, between a diffusive regime before t∗, for
tI � t � t∗, and a ballistic one next, for t∗ � t � τP. See Fig. 5.1 for a
sketch of the entire time-range considered, which includes, for clarity, also
the early inertial motion.
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Figure 5.1: The single dumbbell center of mass mean-square displacement (MSD) divided
by time delay, ∆2

CM/∆t, as a function of ∆t is shown with a blue solid line. The figure
corresponds to Fact = 0.1 and T = 0.01. The four regimes include the early inertial ballistic
one, below tI. The crossover times, indicated with arrows, are tI = 0.1, t∗ = 20 and ta = 500
MDs, with time units defined in Section 5.1.3. Note that we use here the symbol τP,
instead of ta, for the persistence time. The angular MSD divided by time delay, ∆2

θ/∆t,
is also shown with a red solid line for a single molecule. It has only two time scales,
separated by tI. Inertial regime for angular MSD are shown here for completeness and it
does not arise from our overdamped analysis (see the text for details).

5.1.3 Numerical approach for the finite-density problem

As soon as we add pair interactions between all the beads as in Eq. (5.1),
an analytical approach is no longer available. We thus move to a numer-
ical analysis with molecular dynamics for dealing with the finite density
problem.

We performed a large number of simulations at fixed global surface
fraction

φ =
Nπσ2

d

2L2 , (5.18)

and the Péclet number

Pe =
2Factσd

kBT
. (5.19)

exploring a wide portion of the (Pe,φ) plane.
As for the disks, the Péclet number can be interpreted as the ratio

between the work done by the active force when translating the dumbbell
by its characteristic size, 2σdFact, over the thermal energy scale kBT.
In order to take under control the inertia, an active Reynolds number Re
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React = mdFact/(γ2σd) can be defined in analogy with the hydrodynamic one
(see Section 3.2). It is the ratio between the active force transport Fact/(γσd)
and the viscous transport term estimated as γ/md.

We provide, as a reference, the typical magnitude of these parameters,
in units of σd, m and ε. Since we set kBT = 0.05 and γ = 10, and we
span self-propulsion strengths between 0 and 5, we thus have the Péclet
number in the range [0−200] and React in the range [0−0.05], which is both
compatible with the choice corresponding to the modelling of bacterial
colonies, and with the assumptions made in the previous subsection. In
fact, such global values correspond to a ratio τP/τI between the persistence
time and the inertial time of ∼ 103. The same choice of the parameters
does not allow instead to observe separate t∗ and τI because their ratio is
typically of order 1. We thus observe only the initial ballistic active regime
and the late diffusive one.

The same numerical algorithm described for the disk model in Sec-
tion 3.2 is used for integrating the full passive dynamics for dumbbells
with the software LAMMPS. However, as underlined in the previous Sub-
section, self-propulsion direction for dumbbells does not evolve separately
from the single beads, but it diffuses along the main axis of each molecule.
This direction is determined step-by-step by the implementation of the
bond interaction between pairs of monomers.

We apply two different types of bonds, with quite indistinguishable re-
sults for numerical integration. The first comes from the finitely extensible
non-linear elastic (FENE) potential

UFENE(r) = −
1
2

kr2
0 log

[
1 − (r/r0)2

]
, (5.20)

which mimic a hookeian interaction with elastic constant k, but it grows
to infinity as r − r−0 , preventing thus the dumbbells from stretching more
than r0. This simply avoids the breaking of the molecules during their
evolution. The values k = 30 and r0 = 1.5 are chosen in the respective
units.

The FENE bond can be easily added to the inter-particle potential be-
tween each pair of beads, and is then integrated together with the repulsive
potential. It establishes a new time-scale in the model, for the fluctuations
in time of the dumbbells’ elongation

τosc = 2π
√

m/k , (5.21)

which is of order of unity. This other time scale forces us to choose a small
enough integration timestep ∆t � τosc, for preventing the bond energy to
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diverge during one integration step. We accordingly choose ∆t ∼ 10−2.
Note that this timestep is still one order longer the inertial characteristic
time τI, in agreement with our assumption for all the inertial effects to be
negligible.

We also adopted, in place of the FENE, explicit constraints to the
motion of the beads. This constraint, implemented with the RATTLE
scheme [And83], leads to rigid molecules with a distance of σd between
each head-tail couple. Although no new time scales arise with this method,
we use the same timestep size ∆t ∼ 10−2 to keep the integration stable with
respect to the whole potential energy.

A typical run involves ∼ 105 molecules and lasts for more than 107

integration timesteps, which corresponds to a time 105 in the time units
considered. It is a long enough time to have stationary measurements for
all the quantities of interest. We use different initial conditions, such as
ordered, disordered, equilibrated without activity, in order to estimate the
typical correlation times involved in the dynamics of the system. Some
of the data sample from different type of initial configurations are given
in Fig. 5.4 in the next Section, to ensure stationarity after quenching the
system from different points in the phase space.

5.2 MIPS for dumbbells and properties of the
dense phase

In this Section we review some of the most relevant features of aggregation
in a system of SP dumbbells, which involve pattern formation in polar
order and velocity field. These aspects are not observed for SP isotropic
particles and they are directly related to the elongation along the self-
propulsion direction.

Several works already demonstrated that MIPS, as an ubiquitous phe-
nomenon of active systems, is also present for the model of SP dumb-
bells [GLS14, SGMO14, GMST15]. Also in a suspension of dumbbells, as
for the more simple case of disks, high enough activity and density can
trigger a density instability, which leads to strong phase segregation, with
formation of large clusters, long-living in a homogeneous gaseous phase.

As already shown for instance in [SGMO14], MIPS is actually favored
for SP dumbbells, with respect to disks. In Fig 5.2 a comparison between the
two cases is shown, which undoubtedly leads to think that both elongation
and non-convex shape of dumbbells are responsible for favoring MIPS.

Another important distinction between isotropic and elongated SP par-
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Figure 5.2: Phase diagram for the active dumbbell suspension (stars), in the density-
temperature plane, together with snapshots of the system in the uniform (top) and phase
separated (bottom) regimes. The temperature T = 0.03 in the given units limiting from
above the phase boundary corresponds to the Péclet number Pe = 33. The corresponding
phase diagram for active spherical particles is denoted by pluses; this was found by
simulating spheres with Fact = γ = 1. Figure adapted from [SGMO14].

ticles arises from previous studies. The rotation of clusters of dumbbells
around their center of mass, sustained by activity, is observed, for instance
in [SGMO14]. As seen for the disks, for high enough activity, motility-
driven aggregates are quite perfectly packed and the same happens for
dumbbells. This point will be more clear in the next Section, but one read-
ily accepts that our rigid dimers could be arranged with all the beads on a
perfect triangular lattice. However, in a such ordered arrangement, while
for the disks the self-propulsion direction is still allowed to freely diffuse
over the angular coordinate, orientational degrees of freedom are frozen
for the dumbbells. This provides a non-zero quenched global torque for
clusters of dumbbells.

We further studied this feature, first observing the behavior of the po-
lar field and the velocity, and then considering relations between pattern
formations and macroscopic rotation of clusters. The results of such obser-
vations will serve as preparatory elements in the next Section, where we
will complete our analysis, considering the hexatic order and Halperin-
Nelson phase transition scenario, in the same way we have been done for
the disks (see Chapter 3). Hexatic order will reveal even stronger differ-
ences between disks an dumbbells and will allow to capture the true phase
diagram of this molecular model.



124 Chapter 5. Elongated self-propelled particles

Figure 5.3: Stationary state of the passive system in the co-existence region of the phase
diagram. Global packing fraction is given in the key. In the first row a color map of
the local density is shown for the system (a) slightly above the lower binodal, (b) in the
middle of the co-existence region and (c) slightly below the upper binodal. The probability
density function of the local density is shown in the second row for the same cases.

5.2.1 Continuity of the co-existence region with activity

Among all the properties of MIPS introduced above, our analysis shows
that, interestingly, phase separation for dumbbells is a robust phenomenon
against activity. As shown in [CDGS17], we have been observed that pas-
sive dumbbell system exhibits phase co-existence between a low-density
liquid and a high-density hexatic. This scenario agrees with a first-order
liquid-hexatic transition of the same character of the one found for passive
disks by Krauth et al. (see Chapters 2 and 3). We will focus on the ordering
features of the two coexisting phase in the next Section, while we deal here
only with co-existence.

As shown in Fig. 5.3, measures of the local density reveal phase co-
existence for Pe= 0 in the global surface fraction range φ ∈ [0.730 − 0.756].
Local density is computed using the method described in Chapter 3, taking
as single-particle density the ratio between the area occupied by one single
bead and its corresponding Voronoi cell, and than coarse-graining over
a length of order 10σd. Local density pdfs are thus extracted from local
density sampling, averaging over different realization of the dynamics.
Averages are also taken over steady-states of the system resulting from
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Figure 5.4: Distributions of local densities at φ = 0.52 (a), 0.54 (b), 0.7 (c) and fixed
Pe = 20 (first row, random initial configurations), and Pe = 20 (d), 10 (e), 0 (f) and φ = 0.74
(second row, starting from equilibrium configurations of the passive system). The various
curves correspond to data sampled over different time intervals given in the keys, to show
stationarity.

different starting conditions. In particular we ensured that the same den-
sity pdf is obtained both starting from globally ordered and completely
disordered systems.

Taking the system in the passive co-existence region and perturbing it
by turning on a small amount of activity, we observed that, surprisingly,
phase co-existence is maintained. After having explored this behavior for
a big number of points in the Pe> 0 region close to the passive co-existence
in the (φ− Pe) parameters’ space, we concluded even very small values of
activity are able to enhance phase co-existence with respect to the passive
scenario.

As shown in Fig. 5.4, increasing further activity, a finite range of global
surface fraction where the system is separated exists. We are able to deter-
mine the binodal for co-existence region by computing local density pdfs,
and observing that, as for the standard equilibrium phase co-existence, the
mean values of the two density peaks belonging to the two phases do not
change with varying the global density at fixed activity.
By means of such information, we are able to conclude that equilibrium co-
existence region not only is retained for arbitrary activity, but also merges
continuously with the MIPS region observed in older works (see Sec-
tion 5.2). Increasing Pe from 0 to large values where MIPS dominates
as a pure activity-drive phenomenon, inside the connected co-existence
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Figure 5.5: Co-existence in the (φ−Pe) space for the dumbbells model. Black solid lines
indicate the lower and upper boundaries of the co-existence region. Below the lower line
the system is in the liquid phase, while above the upper one it is hexatically ordered.
See the text for the details. The points represent all the cases considered for simulations,
colored proportional to the fraction of the dense phase, according to the color scale shown
on the right.

region the distance between the two peaks of local density pdfs increases,
meaning that activity enhances segregation with continuity. We remind
that for SP disks activity acts in a very different way, first killing the passive
liquid-hexatic co-existence region and then, beyond a critical point around
Pe∼ 35, driving MIPS (see Chapter 3).

Along with the location of the co-existence boundaries, we have been
traced lines in the (Pe − φ) plane with constant area fraction of the two
phases. See three of these lines in Fig. 5.5. We evaluated the amount of
surface occupied by one of the two co-existing phases by first measuring
the coarse-graining local density, then settling a density threshold in the
way between the two peaks in the pdfs and finally dividing the particles
between the two phases and extracting the whole area fraction that they
cover. The three lines shown in the Figure will be useful in the next analysis
about the features of the dense phase, for comparing cases at different Pes
excluding the role of the global density.
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5.2.2 Shape-induced polar order

In order to investigate the alignment of head-tail dumbbell orientations
inside the clusters, which is absent in the passive case but expected to
depend on the strength of the active force, we compute the local polarization
field P and we evaluate its probability distributions. For each dumbbell
inside the dense ordered phase we considered a unit vector pi in the tail-
to-head direction. We then average such measure over a squared grid with
spacing of the order of few σd, obtaining a coarse-grained polarization
field. We find quantitatively similar results for coarse-graining lengths
ranging from 5σd to 20σd, that are small enough spacing with respect to
the system size and large enough to allow sampling over many single-
dumbbell measures. To visualize the local values of P, we evaluated its
modulus and we colored each zone according to its magnitude.

We follow the evolution of the probability distributions of the local
polarization modulus in the dense phase with varying activity and choos-
ing global densities along the curves of constant area fraction 50%-50%
(Fig. 5.6-(a)) and 25%-75% (Fig. 5.6-(b)) of the dense and the gaseous phase.

For low Pe values (Pe= 0, 10) the pdfs show a single peak at small
values of the local polarization modulus, revealing the absence of any polar
order. This is also evident from the coarse-grained polarization fields of
the clusters, that look completely disordered regardless of being inside or
at the border of clusters and dominated by low-polarization values with
sporadic negligible ordered parts.

As the activity increases (Pe≥ 20) the probability distributions exhibit a
two peak structure showing that activity tends to induce an effective polar
interaction between dumbbells, reflected in the emergence of large ordered
patterns in the clusters polarization field. While along the 50%-50% lines
the coarse-grained polarization field remains typically with no polar order
(white regions) in the central part of the clusters and ordered on the border,
along the 25-75% line and Pe≥ 40, if the activity is strong enough, the peak
corresponding to random orientation tends to disappear. In these cases,
the disordered region at the center of each cluster is reduced to a small
white spot, otherwise stated, a defect for the polarization field. A deeper
look into the local polarization field, see Fig. 5.6-(c), reveals the emergence
at Pe= 40 of an aster structure with a charge equal to q = 1. At larger
activity (Pe= 100, 200), the aster evolves into a spiralling pattern. Notice
that this spiralling pattern is associated to an increased angle between the
defect and the local polarization field.

To clarify the reason for the appearance of the aster pattern with a
defect at the cluster’s center we can trace back the evolution of one of
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Figure 5.6: (a) Map of the local polarization modulus |P| (above) and pdfs of the lo-
cal polarization modulus (below), both smoothed over regions with radius R = 5σd at
different Pe number ranging from Pe = 0 to Pe = 200 (see the keys) along the curve
with 50%-50% proportion of ordered and liquid regions (yellow curve in Fig. 5.5). (b)
The same for values of the parameters along the curve with 25%-75% of dense and
lose components, respectively (green curve in Fig. 5.5). (c) Local polarization field P at
Pe = 10, 40, 100, 200 in the 25%-75% line. Increasing Pe, the clusters exhibit a spiralling
pattern with an increasing angle between P and the vector pointing toward the cluster
centres. See text for the details. (d) Snapshots taken from a single run at four different
times, t = 66000, 67000, 72000, 78000 (in time units), from left to right. They show how the
cluster is formed around the ‘central’ dumbbell coloured in red that triggers aggregation.
The parameters are Pe = 40 and φ = 0.310.

the dumbbells that is located near the defect, at Pe= 40. In this way we
can go back to the event that triggered the MIPS in the first place. In
Fig. 5.6-(d) a series of snapshots of the formation of the cluster are shown,
with the traced dumbbell colored in orange. The cluster formation process
starts with multiple head-to-head dumbbells collisions (thus without polar
order). After the initial nucleation, other dumbbells start to segregate on
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the cluster, with a pathway that is necessarily on average directed towards
the cluster’s center. Larger activities allow the initial colliding direction to
remain fixed after segregation. This allows the polar field to be ordered
in an aster (or spiral) pattern, and not disordered as observed at the lower
value Pe= 10.

5.2.3 Macroscopic effects of polar alignment. Enstrophy
and cluster rotation

We already mentioned in the introduction to this Section, that because
of an understandable quenching of rotation, clusters of active dumbbells
perform rigid rotation around their center of mass. Since we have been
established that clusters are present for all values of activity for our system,
we wanted to explore cluster rotation along the entire phase separation
region, from Pe= 0 to very strong self-propulsion.

For such analysis we have been evaluated the velocity field by first
averaging over a typical time (t = 1 in the given units) the instantaneous
velocity of each bead relative to the center of mass of the full system
and then coarse-graining these values over square plaquettes with side R.
We used different values of R depending on the typical cluster size. In
particular, it must be larger than the particle’s size and smaller than the
typical size of the aggregated phase. We found appropriate lengths in the
range [10−20σd] (all the results shown here have been obtained with 10σd).

After having computed the velocity, we have been evaluated a suitable
quantity called enstrophy, useful to describe vorticity. The enstrophy is
defined as

ε =
1
2

∑
j

|ω(r j)|2 , (5.22)

where r j locates the grid points for the coarse-grained velocity and ω =
∇×v j is the vorticity vector, withv j the coarse-grained velocity field. While
the kinetic energy gives a measure of the strength of flow in the system,
the enstrophy is a measure of the presence of vortices in the velocity field
and it can be used to understand whether clusters rotate driven by activity.

In Fig. 5.7 we show the pdfs of the enstrophy, evaluated over several
independent and stationary configurations. The panels display the results
for systems at different Pe numbers, Pe= 20, 100, 200, along the 50%-50%
curve in the phase diagram. The inserts are maps of the velocity field and
show its typical behavior. The probability of finding a non-zero value of
the enstrophy decreases smoothly for low Pe number with an exponential
tail (not distinguishable in the plot), with the snapshots of the velocity
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Figure 5.7: Main plots: the enstrophy pdfs at Pe = 20, 100, 200 along the 50%-50% curve.
Inserts: coarse-grained velocity field in four representative instantaneous configurations
at the same parameters. The peaks appearing in the pdfs at Pe = 100, 200, are associated
to clusters undertaking a rotational motion.

field at Pe= 20, 40 (not shown) suggesting a lack of coherent rotation. It
can be checked that the exponential decay at Pe= 20, 40 is very close to
the one at Pe= 0, meaning the enstrophy values are purely associated to
the thermal noise. Since we do not expect any relevant vortical behavior
in the passive case, the noise level can be approximately estimated by
measuring the enstrophy distribution at Pe= 0. Moreover, as noticed
in the previous Subsection, for low values of the Pe number the coarse-
grained polarization field looks completely disordered, while at Pe= 40
the dumbbells tend to point along the radial direction towards the center
of the cluster without exhibiting a spiralling pattern. In both cases these
features seem to prevent a coherent rotation. At higher Pe (see the cases
at Pe= 100, 200), the probability distribution function of the enstrophy
develops a multi-peak structure depending on the number and size of the
clusters on scales clearly distinguishable from the noise contributions. We
interpret this behavior as a clear evidence of the onset of cluster rotation.
For intermediate values of the activity such as Pe= 70, we can also observe
cases of a coherent, even if less evident, rotation.

In Ref. [SGMO14] the authors presented a minimal mean-field frame-
work within which it is possible to understand the physics of these rotating
aggregates. It is based on the assumptions that rotating clusters are very
dense objects with negligible density fluctuations, and that cluster rotation
is a rigid motion. Both of these two points are already clear from our
analysis.
A macroscopic momentum balance in the Stokes regime reads

0 = −∇P + fact
− γ̃v ; ∇ · v = 0 , (5.23)

with P the pressure field, fact and γ̃v the active force and the viscous
force per unit area, respectively. Since active force is proportional to the
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Figure 5.8: Log-log scatter plot of the angular velocityω of the clusters versus their radius
r, at Pe= 100, 200 along the 25%-75% curve. A fit of the function a/r for each Pe is shown
as an inclined line, with a = 0.043, 0.177 for Pe= 100, 200, respectively.

polarization vector P and stress tensor is non zero inside clusters, this
equation also accounts for the different direction between P and v in the
dense regions, that we also observe in our case for high enough Pe, having
the polarization a spiralling pattern and the velocity a vortex-like one. In
the liquid phase pressure becomes negligible, leading to parallel P and v.

From Eq. (5.23) one can also argue a scaling law for the angular velocity
with the average radius R of the cluster. Given the rigidity of the cluster
which means that v = ωreθ (being eθ the unit vector along the azymuthal
direction), Eq. (5.23) leads to ω = f act

‖
/(γ̃R), with f act

‖
the projection of

self-propulsion force per unit area along the direction of the velocity.
Together with the 1/R scaling, in the same context it was found that the
order of magnitude of the angular velocity is around 10−4. If one accepts
the simplifying assumption that the clusters perform a uniform motion,
the enstrophy is the angular velocity squared and, in this approximation,
its order of magnitude is compatible with the data shown in Fig. 5.7.

In order to measure the mean angular velocity of the rotating clusters
and the orientations of the dumbbells inside each cluster, it is necessary
to distinguish between the particles belonging to a cluster, characterized
by high-density, and the free particles moving in low density regions. To
perform this task, we used a density-based clustering algorithm, DBSCAN
(Density-Based Spatial Clustering of Application with Noise) [EKSX96],
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Figure 5.9: (a) The overall dumbbell centre of mass mean-square displacement ∆2
cm as a

function of ∆t, for various densities given in the key. See the text for a discussion. (b)
Same for the angular mean-square displacement ∆2

θ as a function of ∆t.

that gathers points closely packed together and that marks as noise points
lying in low-density regions. We associate a particle to a cluster when
it has at least 10 nearby particles within a circle of radius 2σd around its
center, and in this way we are able to locate all the cluster aggregates (and
the particles contained in each of them).
Once the clusters are identified, we first associate a radius to them, by
calculating the radius of a disk with the same moment of inertia. Then
we calculate the angular moment with respect to the cluster’s center of
mass. In this way, we easily get an estimate of the angular speed of the
rotating clusters around their center of mass. In Fig. 5.8 we show the results
obtained at Pe= 100, 200 along the 25%-75% curve, which quite well agree
with the 1/R scaling.

5.2.4 Mean-square displacements

The positional mean-square displacement of the center of mass of the single
dumbbell of Eq. (5.15) generalizes to

∆2
cm(∆t) =

1
N

N∑
i=1

〈(rcmi(t + ∆t) − rcmi(t))
2
〉 (5.24)

and the rotational one to

∆2
θ(∆t) =

1
N

N∑
i=1

〈(θi(t + ∆t) − θi(t))2
〉 (5.25)

in a system with N dumbbells. These global measurements can lead to
confusing or even misleading results in heterogeneous cases with phase
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Figure 5.10: The ratio between the translational and the rotational diffusion constants as
a function of packing fraction for various values of the Péclet number given in the key.

co-existence. When this arises, a distinction between particles in the dense
and liquid phases may be necessary to understand the behavior of these
quantities and, more generally, of the system as a whole. This can be done,
for example, by following the pdf of the displacement along a chosen
direction, say x, at a certain time-lag ∆t:

p(∆xcm, ∆t) =
1
N

N∑
i=1

δ(∆xcm − ∆xcmi(∆t)) , (5.26)

p(∆θ, ∆t) =
1
N

N∑
i=1

δ(∆θ − ∆θi(∆t)) , (5.27)

for a single run, and their average over many repetitions of the dynamics
under the same conditions.

The finite density effects on the dynamics, for relatively low Pe values,
that is to say, mostly in the liquid phase, were evaluated in [SGMO14,
SGL+14]. The four dynamic regimes in the center of mass MSD of a sin-
gle dumbbell, described in Sec. 5.1.2, are preserved for sufficiently low
densities. The translational diffusion constant DA in the ultimate diffu-
sive regime (see Eq. (5.15)) and rotational diffusion constant, Dθ, once
normalized by the thermal energy scale kBT, depend only on φ and Pe.
DA diminishes with increasing density while, for sufficiently high Pe, Dθ

first increases and next decreases with φ. Both are enhanced by Pe and
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Figure 5.11: (a) The pdf of the centre of mass displacement along the horizontal axis at
a fixed ∆t = τP/2 for which the total centre of mass displacement is non-monotonic, see
Fig. 5.9 (a). Pe = 40 and densities given in the key. σx is the dispersion of this pdf. (b) The
pdf of the angular displacement for the same case as in (a). σθ is the dispersion of this
pdf.

the functional dependence on this parameter is more involved than just
quadratic. However, at sufficiently large packing fraction the density ef-
fects are stronger and a qualitative change in the properties of the MSDs
are found, as can be seen in Figs. 5.9 (a) and (b).

The liquid like behavior, with the four regimes recalled in Sec. 5.1.2, is
progressively modified by the increasing density. For the globally denser
system, φ = 0.7, an anomaly in the first diffusive and second ballistic
regimes in the center of mass MSD is clear, see Fig. 5.9 (a). The rotational
properties are modified even more, with the rotational MSD being strongly
affected already at φ ' 0.35 and the rotational diffusion constant Dθ being
enhanced by density beyond this value of φ.

Another view on the global motion of the system is given by the compar-
ison between the center of mass diffusion constant and the rotational diffu-
sion constant, both measured in the last time-delay regime. This is shown
in Fig. 5.10 in the form of the φ dependence of the ratio DA/Dθ for different
Pe numbers, ranging from Pe = 1 to Pe = 50. At large Pe, say Pe≤ 50, the
ratio weakly decreases with φ while at small Pe the trend is the opposite.
If we consider the typical values of translational and rotational diffusion
coefficients for non-tumbling bacterial colonies [EWG15, VLN+11], the ex-
perimental ratio DA/DR appears slightly higher than our results.

The qualitative change in the global dynamics is a consequence of
the co-existence of dumbbells that move very differently in the sample.
This is confirmed by the analysis of the probability distributions of the
individual dumbbell center of mass and angular displacements displayed
in Fig. 5.11 (a) and (b). These figures, constructed for a fixed value of time
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delay ∆t = τP/2 (the intermediate ballistic regime in the single molecule
limit), present in fact wide tails at high density φ = 0.7, strongly deviating
from the Gaussian behavior.

5.3 Liquid-hexatic transition and phase diagram

Once we have presented a general view of phase separation of SP dumb-
bells over the (φ − Pe) space, we now move to ask whether co-existence
is related to an underlying phase transition. In the same way we have
been done for the disks in Section 3.5, we use here all the concepts of
KTHNY theory of melting in 2D for studying liquid-hexatic and hexatic-
solid-transition for both passive and active dumbbell system. This was
actually the central purpose of [CDGS17], and we are going to review here
some of the main results that we found there and that we explored further
in [PDC+18].

5.3.1 Phase diagram

Therefore, following initial studies in, e.g., [GLS14, SGMO14, VLN+11]
that focused on the boundary enclosing MIPS at high Pe, in [CDGS17] we
presented the full phase diagram of the active dumbbell model, that is
shown if Fig. 5.12.

Here we show how, as found in Subsection 5.2.1, co-existence between
a dense and a dilute phase extends all the way to Pe= 0, with no “critical”
ending point at a non-zero Pe, in a scenario different from what has been
stated in the literature so far. The dilute phase has no order and behaves as
an active liquid or gas while the dense phase has orientational order and
it is therefore an active hexatic phase. These results, as for the disks, made
contact with the recent advances in the understanding of two-dimensional
melting of passive disk systems in interaction: namely, the first order
kind of the transition between liquid and hexatic phases and the ensuing
co-existence between the two [WMB95, BKW09, BK11, EAG+13, KK15].

We explain in the next Subsection how we obtained this phase diagram
using all the observables described in Section 3.3. Notice that since the
disks forming the dumbbells are not completely hard, some overlap be-
tween them is possible and values ofφ that are slightly larger than the close
packing limit can be accessed in the simulation (recall that the close pack-
ing fraction of disks in two dimensions is achieved by a perfect triangular
lattice and it amounts to φcp ≈ 0.91).
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Figure 5.12: Phase diagram of the active dumbbell system. The grey scale represents the
amount of dense ordered phase in the system. The dotted curves are the location of the
lower (in black) and upper (in white) limits of coexistence. In the black region above the
white dotted line the system is in a single ordered phase. The solid colored line-points
indicate curves on which there is a constant proportion of areas covered by the dense and
dilute phases in the co-existence region (see the key). The horizontal red dotted line at
φcp = 0.91 refers the close packing limit of hard disks.

5.3.2 Hexatic and positional order

The specific problem we have been faced to build the phase diagram was
to determine the nature of the co-existing phase with varying the activity.
We start with the passive system, where, as stated in Sec. 5.2.1, there a finite
range of surface fraction (φ ∈ [0.730 − 0.756]) with co-existence between
two phase of different density, and then we move to Pe> 0. From bimodal
shape of local density pdfs we know the co-existing densities of these two
phases. We computed then the hexatic and positional correlation functions,
in the way that we described in Chapter 3, using as items the single beads
instead of the whole molecules. Indeed, as stated above, the beads are
the ones which arrange on a triangular lattice in the limit of highly order
configuration.

The orientational and positional correlation functions are shown in
Figs. 5.13, 5.14 and 5.15, side-by-side, for three activities Pe= 0, 2, 10, and
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Figure 5.13: Orientational correlation functions (a) and positional correlation functions
(b), as defined respectively in Sec. 3.3 for Pe= 0 and different values of the packing fraction
indicated in the keys, in log-lin scale. The highest density with an exponential decay and
the lowest density with power-law decay are fitted with a dotted and a dashed line,
respectively. For (b) the latter is absent. Above, three snapshots representing local hexatic
parameter through the methods described in text, for Pe= 0 and φ = 0.740 (c), 0.750 (d),
0.800 (e).

various packing fractions indicated in the keys. Below these plots, typical
configurations in the stationary regime of various representative pairs (Pe,
φ) are displayed, in order to better understand the behavior of the corre-
lations. All correlation functions are plotted on a log-lin scale, in order
to clearly identify transitions between exponential and power-law decays.
Moreover, the highest density with exponential decay and the lowest den-
sity with power-law decay (if present) are fitted with a dotted and a dashed
lines, respectively.

For all the values of the activity, Pe= 0, 2, 10, the orientational correlation
function changes from an exponential decay at low φ to an algebraic one
at high φ. We interpret this change as being due to the fact that the density
parameter is moving across the coexistence region, so that the region above
coexistence is characterized by quasi-long-ranged orientational order. This
same behavior was found in the first order liquid-hexatic transition of
passive spherical particles [KK15]. It allows us to claim that, both in



138 Chapter 5. Elongated self-propelled particles

Figure 5.14: Orientational correlation functions (a) and positional correlation functions
(b) for Pe= 2, in log-lin scale and with exponential and power-law fits provided. Below,
typical snapshots for Pe= 2 and φ = 0.730 (c), 0.740 (d), 0.800 (e).

equilibrium and for all positive values of the activity, co-existence between
a disordered phase and a hexatically ordered one, depicted with the grey
gradient in the phase diagram of Fig. 5.12.

On the other hand, positional correlation functions never exhibit alge-
braic decay, except in the close-packing limit (see, for example, the curve
at Pe= 0 and φ = 0.900 in Fig. 5.13-(b), which can be still fitted by an
exponential). Since monomers are constrained to be attached in pairs, they
cannot arrange on a triangular lattice at any φ < φcp, forcing the positional
correlations of the monomers to decay exponentially.
See for example in Fig. 5.13-(b) than even at φ = 0.800 the positional order
is short-ranged, although the system is already orientationally ordered as
shown by the snapshot in Fig. 5.13-(e).

With positive activity we can also observe some mixed cases, e.g. the
curve at Pe= 2, φ = 0.880 in Fig. 5.14-(b), with an initial algebraic decay and
an exponential tail, since activity is able to drive the system to form very
close-packed ordered domains together with disordered regions among
them (see the snapshot in Fig. 5.14-(e)). Increasing activity further, the
upper limit of the coexistence is pushed towards higher values of the
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Figure 5.15: Orientational correlation functions (a) and positional correlation functions
(b) for Pe= 10, in log-lin scale and with exponential and power-law fits provided. Below,
snapshots for Pe= 10 and φ = 0.860 (c), 0.872 (d), 0.874 (e). In the snapshot (c) the two
disordered regions are highlighted by the two black squares.

packing fraction. This makes the analysis of the phase above coexistence
much more demanding, because of the slowing down of the relaxation
time. Snapshots in Fig. 5.15-(c,d) are one below (note the small disordered
hole at φ = 0.860) and one above the co-existence limit and they are both
in a metastable polycrystalline state explaining why both the orientational
order and the positional one decay within the system size. The exact nature
of the transition between the hexatic and solid phases for the dumbbell
system and its location in the phase diagram are still open questions. We
aim to go deeper into them in our future works.

5.3.3 Structure factor

We complement our analysis of order for passive and active dumbbell
with showing the static structure factor calculated from the positions of
the beads as

S(k) =
1

2N
〈

2N∑
i=1

2N∑
j=1

eik·(ri−r j)〉 , (5.28)
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Figure 5.16: The structure factor in stationary states of the dumbbell system for Pe= 0 in
the first row and Pe= 40 in the second row. The densities are (a) φ = 0.72 in the liquid
phase, (b) φ = 0.74 in the co-existence region and (c) φ = 0.76 in the hexatic phase, (d)
φ = 0.26 (active liquid), (e) φ = 0.28 (active co-existence) and (e) φ = 0.34 (active hexatic).
The crosses in the last panels of each row are located at the positions of the Bragg peaks
(see the text for an explanation).

where average is over different configuration in the same steady state.
Fig. 5.16 the structure factor is shown in units of 1/σd for three cases without
activity in the first row for different values of global density and three
cases at Pe= 40 in the second row. For both the two rows the three cases
are computed from the system in the liquid phase, in the co-existence
region, and in the hexatic phase. We clearly see from the figure that
liquid is a isotropic phase, while hexatic show six-fold periodicity. In the
structure factor in the co-existence both the two behavior overlap, giving
confirmation of co-existence between isotropic liquid and hexatic.

In the hexatic case, for both Pe= 0 and 40, predicted positions of the six
peaks are shown, as computed from the base vector system in the reciprocal
space

k1 =
4π

a
√

3

(√
3/2,−1/2

)
, k2 =

4π

a
√

3

(
0, 1

)
, (5.29)

where a is the spacing in the real lattice that is related to the surface fraction
of the ordered phase as

a =
(

π

2
√

3φ

)1/2

σd . (5.30)
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Figure 5.17: Detail of one of the six peaks in the static structure factor for (a) disks and
(b) dumbbells at equilibrium. For the disks the system is the solid phase (see Chapter 3),
while for dumbbells we chose a high value of surface fraction, deep in the hexatic phase,
close to the maximum-packing limit.

In the same figure is also shown an enlargement of the structure of
the peaks used, as described before, for calculating the translational cor-
relation function. While for the disks this peaks has a regular symmetric
structure, as the power-law singularity expected in a 2D solid [HN78],
for the dumbbells it is much more broadened. Clearly, the structure of
the six peaks representing the triangular order for the beads merges with
the internal structure of the molecules, strongly indicating the absence of
quasi-long-range positional order.
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Appendix A

Gradient expansion for kinetic
coarse-grained model of RT
particles

We demonstrate here the result in Eq. (1.15). A standard way to analyze
equation (1.14) is to consider the so-called hydrodynamic limit in which
suitable moments of the distribution functions change smootly in space and
in time. A gradient expansion of equation (1.14) can be performed in such
limit and a hierarchy of equations, one for each order of the derivative,
results. According to such expansion, the distribution functions can be
written as

f = f (0) + f (1) + f (2) + . . . , (A.1)

where f (n) is a ∼ O(Dn) contribution, where D denotes derivatives over
space or time. In the hydrodynamic limit, every successive derivative
applied to f is assumed to make it much smaller, that is:

O(Dn)� O(Dn−1)� . . .� O(D1)� O(D0) ≡ I , (A.2)

hence
f (n)
� f (n−1)

� . . .� f (1)
� f (0) . (A.3)

The details of the calculus can be found in [GMST15]. The zero-order
equation reads

f (0) =
ρ

Ωd
, (A.4)

where ρ is the density of swimmers at r and is simply given by the integral
in (1.14), Ωd is the d-dimensional solid angles. Thus, to the leading order,
we immediately get that no term other than f (0) contributes to the coarse-
grained hydrodynamic density ρ.
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particles

Including first- and second-order derivatives in the gradient expansion,
and taking the integral over the directions, is straight using (A.4) to obtain

∂tρ +
1
Ωd

∫
dd−1u ∂i(vuiρ) −

τ
Ωd

∫
dd−1u ∂t∂i(vuiρ)

−
τ
Ωd

∫
dd−1u ∂i(vui∂ j(vu jρ)) = 0 .

(A.5)

Because, for symmetry reasons, the second and the third integral in above
expression are zero, from the relation∫

dd−1u uiu j

Ωd
=
δi j

d
, (A.6)

one finally obtains
∂tρ =

τ
d
∇ ·

[
v∇(ρv)

]
. (A.7)
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Orientational long-range order in
2D flocking

Let’s consider a large number of people on a flat plane, with no references in
the space (no preferred directions), who are able to see their neighbors up to
a short distance around them, like they are in the fog. Let’s now imagine to
ask these people to do their best to point all in the same direction, with the
only reference of their nearest neighbors. The Mermin-Wagner theorem,
as stated in Section 1.2, ensures that, regardless their ability of pointing
in the same direction with respect to their neighbors, they do not manage
to align. Enough far apart people would point in completely different
directions.
The result of this imaginary experiment would change much if one asks
to the same people to walk in the same direction. They would certainly be
able to do that with a rather good precision. Two widely separated people
(who do not see each other) will move about the same direction.

A quite simple “dynamical”, though much insightful, argument is used
in [Ton18] to explain such apparent violation of the Mermin-Wagner the-
orem. Obviously, the reason why walkers can overcome the limitation of
the theorem is that they are out-of-thermal equilibrium. While pointers
can easily associated to an equilibrium system of aligning objects (think
for instance to a system of magnetic spins) where errors in the alignment
play the role of the temperature, self-sustained motion, like for active
systems described in Section 1.1, is a inherent non-equilibrium character.
Even though it is easy to recognize that the key ingredient for violating
the Mermin-Wagner theorem is the movement, we are interested here in
outlining a quantitative argument which accounts for such violation.

Starting with non-moving pointers, it is a rather good approximation to
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Figure B.1: Evolution of a single error in the pointers problem. The original error θ0

gets shared evenly after a time
√

t among all of the pointers within a distance ∝ t of the
original pointer, and then it diffuses over the system. Figure adapted from [Ton18]

assume that pointing process follows the Vicsek-like protocol (see Eq. (1.1))

θi(t + 1) = 〈θ j(t)〉n + ηi , (B.1)

with 〈〉n an average over the nearest neighbors and ηi Gaussian white noises
of zero mean and variance ∆.
It is fundamental for the following argument to note that this updating
rule leads to a noisy diffusion equation for θi. We can easily show this for
a square lattice of pointers. In 2D, Eq. (B.1) reads

θ(xi, yi, t + 1) − θ(xi, yi, t) =

1
4

[
θ(xi + a, yi, t) + θ(xi − a, yi, t) + θ(xi, yi + a, t) + θ(xi, yi − a, t)

]
− θ(xi, yi, t) + ηi(t) ,

(B.2)

with a the lattice spacing, which is nothing but the discrete version of the
equation

∂tθ = D∇2θ + η , (B.3)

with a given diffusion constant D.
From the diffusive behavior of θ we can first readily deduce the con-

servation law
d
dt

∫
V

ddrθ(r, t) = D
∫
∂V

dS ·∇θ(r, t) . (B.4)



147

Then, we can infer that an initial fluctuation θ(r, t = 0) spreads in the time
t of a range w(t) ∝ r ∝

√
t, as schematically shown in Fig. B.1.

From conservation law and diffusive spreading we can estimate the de-
caying of fluctuations. An initial localized fluctuation θ0 (see Fig. B.1)
spreads over a range r(t) ∝

√
t and it gets shared among N(t) ∝ [r(t)]d

∝ td/2

pointers. This means that averaged fluctuations for each pointer scale as
θ(t) ∝ θ0/td/2. The total number N(t) of pointers in the spreading area at
the time t have made a total number of errors (due to the noise) of the order
N(t)t.
Since the noises are independent, we can easily compute the average fluc-
tuations as √

〈θ2〉 ∝

√
N(t)t

N(t)
∝ r1−d/2 , (B.5)

which diverges for d < 2 as r goes to infinity. It can be shown with a slightly
more accurate proof, that it diverges logarithmically (

√
〈θ2〉 ∝

√
ln(r)) for

d = 2. Such result coincides with the Mermin-Wagner theorem for pointers,
according to which fluctuations destroy the long-range order for systems
in less that three dimensions.

Let’s try to apply the same argument for the moving pointers, which
we will call “flockers” from now on. We have to understand how the
fluctuations spread through the flock, while it moves with an average non-
zero velocity v0. We call a “blob” the group of flockers whose velocities at
time t are correlated with the velocity of one reference flocker at time t = 0.
The velocity of the blob perpendicular to the mean direction of the flock is
δv⊥ ∼ v0θ for small θ, which is the deviation of the mean direction of the
blob with respect to the one of the flock. Thus the blob wanders laterally
relative to the flock of an amplitude

δx⊥ ∼
√
〈v2
⊥
〉 t ∼ v0

√
〈θ2〉 t ∝ t3/2−d/4 . (B.6)

On the other hand, fluctuations along the direction of the flock are of
the order v0[1 − cos(θ)] ∼ θ2, thus much smaller than the lateral ones.
Comparing lateral fluctuations with the width of the blob calculated above
for the non-moving pointers, we obtain

δx⊥
w(t)

∝
t3/2−d/4

t1/2 ∝ t1−d/4 , (B.7)

which diverges for d < 4. This means that for low enough dimension of
the space, the hypothesis of isotropic diffusion for the fluctuation does not
apply for flockers.
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Figure B.2: Correct picture of the evolving blob. It still grows diffusively in the direction
of the mean flock velocity (vertical in this figure), but grows laterally at a rate dominated
by convection, rather than diffusion. Figure adapted from [Ton18]

Actually, the shape of the blob becomes anisotropic for flockers in d < 4,
as sketched in Fig. B.2. Proceeding as for the passive pointers, we note that
the number of flockers making errors within a time t is N(t) ∝ [w(t)]d−1

√
t.

Since the flockers make one error per time unit, the total number of errors
inside the blob after a delay t is N(t)t, and thus the root mean square
fluctuations of θ is √

〈θ2〉 ∼

√
N(t)t

N(t)
∝ t1/4w(1−d)/2 . (B.8)

From our previous estimation of the lateral spreading w(t) in (B.6) we can
compute

w(t) ∝ t
5

2(d+1) , (B.9)

and thus √
〈θ2〉 ∝ w

3−2d
5 . (B.10)

Since, for d = 2, fluctuations spread with the blob lateral size with a
negative exponent, we conclude that the flock is able to sustain long-range
orientational order.
Note that, interestingly, the exponents found with this (not rigorous) ar-
gument are the same obtain from a much more rigorous renormalization
group procedure for the hydrodynamic model (see [TT95, TT98]).



Appendix C

A short overview on percolation
transition

Percolation phenomena are historically related to filtering problems in na-
ture, such as filtering of fluid through porous materials. This old problem
has been recasted from long time into a simple theoretical model, and
largely studied as a paradigmatic phenomenon in statistical physics. For
an extended treatment of percolation theory see for instance [SA18].

Quantities of interest in a percolation problem

To introduce the general problem of percolation, we consider an arbitrary
periodic lattice in d spatial dimensions, with the related network of nearest
neighbors both for lattice sites and bonds. Thinking for instance to a
square lattice in two dimensions, two dual networks can be recognized:
the one of the squared cells with four neighbors each, and the one of the
bonds with four links for each node. Thus, for a given lattice, two different
percolation problems can be posed, namely a so-called site percolation and
a bond percolation.
Within this summary we deal only with site percolation. It is defined
by assigning an occupation probability p, which is the probability for each
cell to be “occupied”, begin thus (1 − p) the probability for a given cell
to be empty. For completeness, the dual problem of bond percolation is
equivalently posed with attributing a probability p to each bond to be open.
A cluster is defined as a set of neighboring occupied sites. Percolation
transition settles with increasing the occupation probability, as soon as
one cluster that span the whole (infinite) system appears. The transition
value pth of the occupation probability is called percolation threshold. See in
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Figure C.1: Percolation in 2d square lattices with system size L×L = 150×150. Occupation
probability p = 0.55, 0.59, 0.65, respectively. Notice, that the largest cluster percolates
through the lattice from top to bottom in this example when p > 0.59.

Fig. C.1 a typical example of a percolation transition for a square lattice in
2D.

Understandably, percolation theory deals mainly with quantities re-
lated to the statistics of the clusters, aiming to study the behavior of such
connected objects and to infer their critical behavior. We define here some
of the most relevant of the quantities involved.
The most important quantity is the cluster number ns(p), which denotes the
number of s-clusters per lattice site. The average number of clusters of size
s in a hypercubic lattice of linear size L is Ldns(p), d being the dimensionality
of the lattice.
Below the percolation threshold the cluster number has a cutoff size sξ.
Such characteristic cluster size must diverge as p → pth to account for
the appearance of an infinite cluster at the percolation threshold. It is
reasonably to assume, both from general theory of critical phenomena and
from analytical treatment of percolation on a 1D lattice and on a Bethe
lattice, that sξ diverges as a power law. Thus a first critical exponent can
be defined as follows:

sξ ∝ |pth − p|−
1
σ for p→ p−th . (C.1)

If one site is occupied, it belongs to one of the clusters (given that even
an isolated occupied site belongs to a ’cluster’ of size one). The probability
that the cluster to which an occupied site belongs contains s site is

ws =
s ns(p)∑
∞

s=1 s ns(p)
=

s ns(p)
p

. (C.2)
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Hence, the average size S(p) of the cluster is given by

S(p) =

∞∑
s=1

s ws =

∞∑
s=1

s2 ns(p)∑
∞

s=1 s ns(p)
. (C.3)

Also for the average cluster size we assume the power law divergence at
the percolation threshold

S(p) ∝ |pth − p|−γ for p→ p−th . (C.4)

The so-called strength of the infinite cluster P(p) is defined as the proba-
bility that an arbitrary site belongs to the infinite cluster. It is equal to zero
below the percolation threshold, because there are not infinite clusters, and
it grows to one across the transition. We assume that this quantity goes to
zero as a power law, thus defining another critical exponent as follows:

P(p) ∝ (p − pth)β for p→ p+
th . (C.5)

Scaling assumption for cluster numbers

To understand the critical behavior of percolation transition, that is to
compute the values of the critical exponent defined above, a knowledge
of the cluster number ns(p) is needed. Despite the large amount of studies
on percolation, such knowledge is still no available in general. As already
mentioned in the previous Section, we are only able to compute analytically
the cluster number only for some special cases: the 1D lattice and the Bethe
lattice (see [SA18]). Making use of the results in these two simple cases,
a scaling ansatz can be formulated for the general form of ns(p) on an
arbitrary lattice in d > 1.
A good scaling ansatz that encodes all the features we have outlined so far
for occupation probability close to the critical points is the following:

ns(p) = q0s−τ f [q1(p − pth)sσ] for s� 1 and p→ pth , (C.6)

where q0, q1 and pth are non-universal parameters, τ and σ are universal
critical exponents, and f is a universal scaling function. Note, however,
that the form of the scaling function f is not predicted by the scaling ansatz
and has to be determined from numerical experiments. Moreover, both f
and the critical exponents depend on the dimensionality.

Besides τ and σ which govern the scaling behavior of the cluster num-
bers, we have defined two more critical exponents in the previous Section,
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i.e. γ and β. As for standard critical behaviors, the critical exponents are not
independent numbers, but they are related through some scaling relations.
In order to derive the scaling relation for γ, we can make use of the known
cluster number for the Bethe lattice (which still has to recovered as a special
case from the general form (C.6))

ns(p) ∝ s−τexp
(
−

s
sξ

)
. (C.7)

From this result we can compute the average cluster size

S(p) ∝
∞∑

s=1

s2ns(p)

∝

∞∑
s=1

s2−τexp
(
−

s
sξ

)
'

∫
∞

1
s2−τexp

(
−

s
sξ

)
ds

= s3−τ
ξ Γ(3 − τ) ,

(C.8)

with Γ the Gamma function [AoSS48]. Thus, since Γ(3 − τ) is just a coeffi-
cient, from (C.1) and (C.4) we obtain

γ =
3 − τ
σ

. (C.9)

For the second scaling relation we have to compute the percolation prob-
ability P(p). Since one occupied site either belongs to an infinite cluster or
to a finite one, we for all p, below or above the percolation threshold, that

−P(p) =

∞∑
s=1

s ns(p) − p

=

∞∑
s=1

s ns(p) − pth + (pth − p)

=

∞∑
s=1

[
s ns(p) − s ns(pth) + O(p − pth)

]
'

∫
∞

1
q0s1−τ

(
f [q1(p − pth)sσ] − f [0]

)
ds ,

(C.10)
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where the general scaling ansatz has been used. After some algebra we
obtain

P(p) = −q0(q1|p − pth|)
τ−2
σ

∫
|z|

2−τ
σ −1

[
f (z) − f (0)

]1
σ

dz

= −q0(q1|p − pth|)
τ−2
σ

const.(, 0) for p > pth

0 for p < pth

(C.11)

Thus, from (C.5)

β =
τ − 2
σ

. (C.12)

Cluster structure

To conclude our summary on percolation, we now turn to deal with the
geometry of the clusters. The most relevant quantity for this purpose is
the radius of gyration Rg of a give s-cluster, defined as

Rg =
[1

s

s∑
i=1

|ri − rCM|
2
]1/2

, (C.13)

with rCM the position of the center of mass of the cluster.
We also define the correlation function (or pair connectivity) g(r) as the
probability that a site a distance r apart from an occupied site belongs to
the same cluster. We note that this correlation function satisfy the identity∑

r

g(r) = S(p) , (C.14)

since the sum is the average number of sites to which an occupied site is
connected.
From the pair correlation function we can define a correlation length

ξ2 =

∑
r r2g(r)∑

r g(r)
=

∑
s 2R2

gs2ns(p)∑
s s2ns(p)

, (C.15)

which represents the average distance between two sites belonging to the
same cluster. It is thus expected to diverge at the percolation threshold as

ξ ∝ |p − pth|
−ν forp→ p−th . (C.16)

From many experiments on percolation, we know that percolating clus-
ters at the critical point are fractal objects. Therefore, is M(L) denotes the
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mass of the percolating cluster within linear distance L, its fractal dimen-
sion D is defined from the relation

M(L) ∝ LD , (C.17)

which allows us to assume that Rg ∝ s1/D, close to the critical point.
From the definition (C.15) and from the other scaling relations, we obtain
for the percolating clusters

ξ2
∝

∑
s 2s2+2/Dns(p)∑

s s2ns(p)
∝ |p − pth|

−2ν . (C.18)

This allows as to find the last scaling relation

D =
1
νσ

. (C.19)

Useful numbers

We finally give in this Section a summary table for the values of the per-
colation threshold pth for different lattices (Fig. C.2) and the values of the
critical exponents for different spatial dimensions (Fig. C.3).

Figure C.2: The percolation threshold for the site percolation problem is given in col-
umn 3 for various lattices in various dimensions. Column 2 lists the number of nearest-
neighbours (nn), also known as the coordination number. Note that, within a given dimen-
sion, the percolation threshold decrease with increasing number of nearest-neighbours.
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Figure C.3: The critical exponents for the percolation theory problems in dimensions
d = 1, 2, 3, 4, 5, 6 and in the Bethe lattice.
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We demonstrate that there is a macroscopic coexistence between regions with hexatic order and regions
in the liquid or gas phase over a finite interval of packing fractions in active dumbbell systems with
repulsive power-law interactions in two dimensions. In the passive limit, this interval remains finite, similar
to what has been found in two-dimensional systems of hard and soft disks. We did not find discontinuous
behavior upon increasing activity from the passive limit.

DOI: 10.1103/PhysRevLett.119.268002

Interest in the behavior of 2D (and also 3D) macroscopic
systems under continuous and homogeneous input of
energy has been boosted by their connection with active
matter [1–8]. This new type of matter can be realized in
various ways. Systems of self-propelled particles constitute
an important subclass, with natural examples such as
suspensions of bacteria [9–11] and artificial ones made
of Janus [12–14] or asymmetric granular [15] particles.
In all these cases, the constituents consume internal or
environmental energy and use it to displace. Very rich
collective motion arises under these out of equilibrium
conditions, and liquid, solid and segregated phases are
observed [16–21]. In particular, in active Brownian particle
systems, segregation, also called motility induced phase
separation (MIPS), was claimed to occur only above a large
critical threshold of the activity [19,22–25].
Besides, the behavior of passive disks is a classic theme

of study in soft condensed matter. Recently, Bernard and
Krauth argued that 2D melting of hard and soft repulsive
disks occurs in two steps, with a continuous Berezinskii-
Kosterlitz-Thouless transition between the solid and
hexatic phases and a first-order transition between the
hexatic and liquid phases, when density or packing fraction
are decreased at constant temperature [26]. The hexatic
phase has no positional order but quasi-long-range orienta-
tional order, while the solid phase has quasi-long-range
positional and proper long-range orientational order. Liquid
and quasi-long-range orientationally ordered zones coexist
close to the liquid phase, within a narrow interval of
packing fractions.
In this Letter, we study the phase diagram of a two-

dimensional model of active purely repulsive dumbbells
and show that it does not comply with the MIPS scenario.
We prove that the phase separation found at high values of
the activity continuously links, in the passive limit, to a
finite coexistence region as the one predicted by Bernard
and Krauth for 2D melting of hard and soft repulsive

disks [26]. There is no nonvanishing critical value of
activity needed for segregation in this system, making
the popular MIPS scenario at least not general.
The reason for choosing a dumbbell model is that many

natural swimmers have an elongated shape, and a hard
dimer is the simplest approximation of such anisotropy
[27–29]. This geometry favors aggregation at intermediate
densities and sufficiently strong activation [23,30–35].
In this limit, the evolution of an initial homogeneous
phase occurs by nucleation and growth of clusters [31]
and the system phase separates. At the other extreme, for
sufficiently low densities and not so strong activity,
particles form only very small clusters that do not coalesce
[32,36,37]. The results in this Letter complement these two
extreme limits. In the absence of activity, we confirm the

FIG. 1. The phase diagram and some representative local
hexatic parameter maps. Note the red rectangular contours in
the boxes at Pe ¼ 20 and Pe ¼ 40 that surround the disordered
regions. The way in which the phase boundaries are determined is
explained in the text and more details are given in the Supple-
mental Material [40].

PRL 119, 268002 (2017) P HY S I CA L R EV I EW LE T T ER S
week ending

29 DECEMBER 2017

0031-9007=17=119(26)=268002(6) 268002-1 © 2017 American Physical Society



Physica A 503 (2018) 464–475

Contents lists available at ScienceDirect

Physica A

journal homepage: www.elsevier.com/locate/physa

Morphology and flow patterns in highly asymmetric active
emulsions
G. Negro a,*, L.N. Carenza a, P. Digregorio a, G. Gonnella a, A. Lamura b

a Dipartimento di Fisica, Università degli studi di Bari and INFN, Sezione di Bari, Via Amendola 173, 70126 Bari, Italy
b Istituto Applicazioni Calcolo, CNR, Via Amendola 122/D, 70126 Bari, Italy

h i g h l i g h t s

• The morphology and the dynamics of an emulsion made of a polar active gel and an isotropic passive fluid is studied.
• We focus on the case of a highly off-symmetric ratio between the active and passive components.
• In absence of activity the stationary state is characterized by an hexaticaly ordered array of droplets.
• Small amount of activity favors the elimination of defects in the array of droplets.
• Rising activity new and interesting morphologies arises depending on whether the system is contractile or extensile.
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a b s t r a c t

We investigate numerically, by a hybrid lattice Boltzmannmethod, themorphology and the
dynamics of an emulsionmade of a polar active gel, contractile or extensile, and an isotropic
passive fluid. We focus on the case of a highly off-symmetric ratio between the active and
passive components. In absence of any activity we observe an hexatic-ordered droplets
phase, with some defects in the layout. We study how the morphology of the system is
affected by activity both in the contractile and extensile case. In the extensile case a small
amount of activity favors the elimination of defects in the array of droplets, while at higher
activities, first aster-like rotating droplets appear, and then a disordered pattern occurs. In
the contractile case, at sufficiently high values of activity, elongated structures are formed.
Energy and enstrophy behavior mark the transitions between the different regimes.

© 2018 Elsevier B.V. All rights reserved.

1. Introduction

The capability of different systems of using energy taken from their environment to go out of thermal equilibrium,
gives rise to a wealth of behaviors [1]. They range from swarming, self-assembly, spontaneous flows to other collective
properties [2–5]. This boosted a deep interest in addressing their study in order to look for possible new physics, explore
common features between different systems, and develop new strategies in designing synthetic devices and materials with
smart properties.

Self-propelled objects represent a remarkable example of active matter. Starting from the seminal model of Vicsek [6]
for swarms, it was later realized that common features can be traced in several systems at different scales promoting
the introduction of statistical models able to describe such behaviors [7–10]. Another example of active matter, sharing

* Corresponding author.
E-mail addresses: giuseppe.negro@ba.infn.it (G. Negro), l.carenza@studenti.uniba.it (L.N. Carenza), pasquale.digregorio@ba.infn.it (P. Digregorio),
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We establish the complete phase diagram of self-propelled hard disks in two spatial dimensions from the
analysis of the equation of state and the statistics of local order parameters. The equilibrium melting
scenario is maintained at small activities, with coexistence between active liquid and hexatic order,
followed by a proper hexatic phase, and a further transition to an active solid. As activity increases, the
emergence of hexatic and solid order is shifted towards higher densities. Above a critical activity and for a
certain range of packing fractions, the system undergoes motility-induced phase separation and demixes
into low and high density phases; the latter can be either disordered (liquid) or ordered (hexatic or solid)
depending on the activity.

DOI: 10.1103/PhysRevLett.121.098003

Active materials are out-of-equilibrium systems in
which the dynamics of their elements break detailed
balance [1]. Examples can be found in living systems,
e.g., the collective motion of large animal groups [2,3],
bacteria swarming [4], and the formation of traveling
fronts of actin filaments [5], as well as in synthetic ones,
like self-propelled grains [6] or self-catalytic colloidal
suspensions [7]. Despite such diversity, the emergence of
activity-induced collective behavior is captured by minimal
models that yield accurate descriptions and shed light on
their universal character. A key example is the active
Brownian particles (ABP) model, which considers spheri-
cal self-propelled particles with only excluded volume
interactions [8–13]. A hallmark of active particle systems
is that at high enough density and activity, self-propulsion
triggers a motility-induced phase separation (MIPS) into a
low-density gas in coexistence with a high-density drop
[10–17], resembling the equilibrium liquid-gas transition
but in the absence of cohesive forces and without a
thermodynamic support [18,19].
Although active particles can in principle move in three

dimensions (3D), in most experimental set-ups they are
confined to two dimensions (2D). Most studies of 2D ABP
focused on MIPS, and they have therefore been largely
restricted to intermediate densities [10–19]. In contrast,
their solidification, or melting, has received little attention
[20–22], and the connection between the high Pe behavior

and the equilibrium physics as Pe → 0 has been, surpris-
ingly, disregarded. In particular, the fate of 2D melting
(with its intermediate hexatic phase) under active forces,
has been investigated for dumbbell systems [23], where
MIPS is continuously connected to the passive liquid-
hexatic coexistence. This result shed new light on the very
nature of MIPS, and it showed the importance of exploring
the full phase diagram at high densities. In this Letter, we
address this issue in the paradigmatic ABP model.
Melting in 2D is a fundamental problem that has remained

elusive despite decades of intensive research [24,25]. The
transition was initially claimed to be first order [26] and later
argued to follow a different scenario, with an intermediate
hexatic phase, separated by continuous transitions mediated
by the unbinding of defects [27–29]. More recently, numeri-
cal simulations [30–32], followed by experiments on col-
loidal monolayers [33], clarified the picture. They indicate
that melting of passive hard disks takes place in two steps: as
the packing fraction is increased, a first-order transition
between the liquid and hexatic phases occurs, followed by a
continuous Berezinskii-Kosterlitz-Thouless (BKT) transition
between the hexatic and the solid. The hexatic phase exhibits
quasi-long-range orientational order and short-range posi-
tional one, while the solid phase has quasi-long-range
positional and long-range orientational order. Liquid and
hexatic phases coexist close to the liquid phase, within a
narrow interval of packing fractions.
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c© EDP Sciences / Società Italiana di Fisica / Springer-Verlag GmbH Germany, part of Springer Nature,
2018

Abstract. With the help of molecular dynamics simulations we study an ensemble of active dumbbells in
purely repulsive interaction. We derive the phase diagram in the density-activity plane and we characterise
the various phases with liquid, hexatic and solid character. The analysis of the structural and dynamical
properties, such as enstrophy, mean-square displacement, polarisation, and correlation functions, shows the
continuous character of liquid and hexatic phases in the coexisting region when the activity is increased
starting from the passive limit.

1 Introduction

We open this article with a description of a number of
noticeable facts of active, but also passive, matter that
have motivated our studies of an ensemble of self-propelled
dumbbells in purely repulsive interaction confined to move
in a two-dimensional space.

1.1 Non-equilibrium dynamics under local bulk energy
injection

Active materials are many-body systems composed of self-
driven units that convert stored or ambient free energy
into systematic movement. They are, typically, living sys-
tems, and the size of their elements ranges over many
scales, from microorganisms or cells to birds or fish. Ar-
tificial realisations, sometimes easier to control in experi-
ments, have also been designed and include self-propelled
colloids [1–4], nanorods [5], droplets [6, 7] and active gels
made by cytoskeleton extracts in the presence of molec-
ular motors [8, 9] as well as vibrated mechanical walk-
ers [10–13].

� Contribution to the Topical Issue “Flowing Matter, Prob-
lems and Applications”, edited by Federico Toschi, Ignacio
Pagonabarraga Mora, Nuno Araujo, Marcello Sega.

a e-mail: antonio.suma@gmail.com

From the point of view of physics, active materials are
novel and very interesting objects of study. They are main-
tained out of equilibrium by the continuous injection of
energy at a microscopic scale within the samples. The mi-
croscopic dynamics explicitly break detailed balance and,
in consequence, no equilibrium theorem can be used as a
guideline to understand the macroscopic behaviour. Nev-
ertheless, since the consumed energy is partly dissipated
into the medium, different non-equilibrium steady states
establish and they are still amenable to be studied with
physics tools. Phase transitions between such steady states
are possible even in low-dimensional cases. The full char-
acterisation of the dynamic phase diagram and the var-
ious phases is one of the issues that attracts physicists’
attention.

1.2 Density, form, and dimensionality

The dynamics of systems as seemingly unrelated as flocks
of birds, swarms of bacteria and vibrated rods share many
features in common and, up to a certain extent, they can
be treated within the common theoretical framework of
active fluids or suspensions [14–24]. Different approaches
aimed at a coarse-grained description based on general
symmetry arguments are available but fluctuations and
phase transitions have been especially analysed in the con-
text of agent-based models. Although many papers study
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Abstract. Recently, we characterized the complete phase transition diagram in the φ-Pe
parameter space for two models of active brownian particles in two dimensions. These models
are composed of hard disks and dumbbells, respectively, the former being isotropic and the latter
anisotropic. Here, we want to outline all the most significant features of these two paradigmatic
models and compare them.
Remarkably, the phase diagrams of the two models are affected differently by the introduction of
activity. Disks present a two-stage melting scenario from Pe=0 to about Pe=3, with a first order
phase transition between liquid and hexatic and a Berezinskii-Kosterlitz-Thouless transition
between hexatic and solid. At higher activities, the three phases are still observed, but the
transition between liquid and hexatic becomes a BKT transitions without a distinguishable
coexistence region. Dumbbells, instead, present a macroscopic coexistence between hexatically
ordered regions and disordered ones, over a finite interval of packing fractions, for all activities,
included Pe=0, without any observable discontinuity in the behavior upon increasing Pe.

1. Introduction
Active materials evolve out of thermal equilibrium because their constituents are able to extract
energy from the environment and inject it into the system, breaking detail balance [1]. Among
others, Active Brownian Particles (ABP) model constitutes a standard paradigmatic model to
study the impact of activity on soft matter [2, 3, 4]. For many of the active systems cited above,
self-propulsion is able to trigger a motility-induced phase separation (MIPS) between a low-
density gas-like phase and dense stable aggregates [5], reminiscent of the equilibrium liquid-gas
transition but in the absence of cohesive forces and without a thermodynamic framework to
support it [6, 7].

It is worth saying that the most intriguing phenomena induced by activity, as well as the most
promising experimental applications, concern systems confined in 2D layers. Being interested
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Abstract. In this paper an in silico study of the behavior of an active polar emulsion is reported, focusing on the case of a highly
off-symmetric ratio between the polar (active) and passive components, both for the extensile and contractile case. In absence of
activity the system is characterized by an hexatic-ordered droplets phase. We find that small extensile activity is able to enhance the
hexatic order in the array of droplets with respect to the passive case, while increasing activity aster-like rotating droplets appear.
In contractile systems activity creates shear flows and elongated structures are formed.

INTRODUCTION

Active matter is a class of materials whose constituents are able to consume energy to move or to exercise stresses
locally [1]. Research in this field has been mainly focused on single-component active systems and to a lesser extent
on the behavior of solutions of active and passive components. Binary fluids with an active component have been
considered in [2, 3] and very recently [4] a model has been introduced, where emulsification of the active component
is favored by the presence of surfactant added to the mixture. This model generalizes the active gel theory to describe
the behavior of a mixture of isotropic passive and polar active fluids, and, by numerical simulations, it was shown that
activity strongly affects the behavior of the mixture, leading to a variety of morphologies whose formation strongly
depends on the intensity and the kind of active doping. Indeed, polar active fluids are said to be either extensile
(e.g. bacterial colonies and microtubules bundles) or contractile (e.g. actine and myosin filaments) according to the
nature of the stress exerted by the active component on its neighborhood. Introducing a parameter that represents the
strength of the active stress acting in the system (see Section MODEL AND METHODS), intensity of active doping
can be tuned. This corresponds experimentally to keeping under control the amount of ATP in active gels of bundled
microtubles [5] or the amount of oxygen available, the concentration of ingredients, or the temperature in bacterial
suspensions.

In this work we complement previous analysis by considering a highly off-symmetric mixture with a 10 : 90 ratio
between the active and passive components, both for extensile and contractile systems. In this case the equilibrium
state of the system is characterized by an ordered array of droplets of the minority phase positioned at the vertices of
a triangular lattice. We will show that, in spite of the strong unbalance between the two components, activity greatly
affects the morphology of the system, leading to the development of a wide range of patterns both for the concentration
and the velocity field. A small amount of extensile activity favors the elimination of defects in the system, as shown by
measuring the number of defects in Voronoi tessellation. Increasing activity, isolated droplets tend to merge forming
big rotating droplets with an aster-like shape. In the contractile case activity promotes the rupture of the hexagonal
phase and the appearance of a matrix of the active component in the passive flowing background, differently from
what happens in the symmetric case[4].

TIM 18 Physics Conference
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We provide a quantitative analysis of all kinds of topological defects present in 2D passive and
active repulsive disk systems. We show that the passage from the solid to the hexatic is driven by the
unbinding of dislocations. Instead, although we see dissociation of disclinations as soon as the liquid
phase appears, extended clusters of defects largely dominate below the solid-hexatic critical line.
The latter percolate at the hexatic-liquid transition in continuous cases or within the coexistence
region in discontinuous ones, and their form gets more ramified for increasing activity.

In two-dimensions (2D), thermal fluctuations often
prevent the emergence of long-range order (LRO), as il-
lustrated by the absence of spontaneous magnetization
in 2D Heisenberg magnets [1] and positional order in
2D particle systems [2]. However, different kinds of
phase transitions driven by topological defects can still
occur: for example, in 2D planar magnets, the binding-
unbinding of vortices mediate the so-called Berezenskii-
Kosterlitz-Thouless (BKT) transition between a param-
agnet and a low temperature critical phase with quasi-
long-range magnetic order (QLRO) [3, 4].

The nature of the melting transition in 2D crystals is
far more involved and controversial [5, 6], partly due to
the fact that particle systems might have two types of or-
der, translational and orientational, and thus two kinds
of topological defects, dislocations and disclinations. The
most standard picture of 2D melting in spherically sym-
metric particle systems follows the work of Kosterlitz-
Thouless-Halperin-Nelson-Young (KTHNY) [7, 8], ac-
cording to which the transition from the solid (with po-
sitional QLRO and orientational LRO) to the isotropic
liquid occurs in two-steps, separated by an intermedi-
ate hexatic phase characterized by orientational QLRO.
These solid-hexatic and hexatic-liquid transitions are
of BKT type, driven by the unbinding of dislocations
and disclinations, respectively. While evidence for the
KTHNY scenario has been given in some experiments [9]
and simulations [10–13], alternative mechanisms have
also been proposed [5, 6] and, in particular, one in which
the continuous two-step scenario is preempted by a single
solid-liquid first-order transition driven by the aggrega-
tion of defects into grain-boundary-like structures [14–
16]. Recent simulations [17–19] and experiments [20]
have shown that the melting of equilibrium (passive) re-
pulsive disks shares aspects of both scenarios: a BKT
solid-hexatic transition but a first-order hexatic-liquid
one, if the interaction potential is stiff enough. It has thus

been suggested that the disclination-unbinding mecha-
nism should be preempted by a first-order transition in-
volving the proliferation of clusters of defects, forming
a percolating network in the liquid regime [12, 18, 19].
However, neither a quantitative analysis of such clusters
nor the derivation of a theory for the stability of the hex-
atic phase against grain-boundaries have been conducted.
Moreover, and surprisingly enough, no clear experimental
evidence and very little numerical one [19] for dislocation
unbinding at the solid-hexatic transition exists.

Besides the issues that still remain unclear for systems
of passive particles, the classical problem of 2D phase
transitions is experiencing a resurge of interest in the
context of active matter systems. These are collections
of self-propelled particles which pump energy from their
environment and convert it into motion in the presence
of dissipation, but in a way that breaks detailed balance
[21–23]. The question now is how these non-equilibrium
‘active’ fluctuations affect the phase behavior of 2D par-
ticle systems [24–28] and the role played by topological
defects. It has recently been shown that self-propelled
hard-disks follow the two-step melting scenario of their
passive counterparts at small activities, up to a thresh-
old above which hexatic-liquid coexistence, characteris-
tic of the first-order nature of the transition, disappears
[26, 28]. Both the hexatic-liquid and solid-hexatic transi-
tions are shifted to higher densities as the degree of activ-
ity is increased and, at sufficiently high activities, these
transitions overlap with a coexistence region purely trig-
gered by self-propulsion, the so-called Motility-Induced
Phase-Separation (MIPS) [29]. Although topological de-
fects are known to be crucial in understanding 2D equi-
librium phase transitions, little attention has been paid
to their study in self-propelled systems [25, 28] and thus
the very nature of the phase transitions is still to be un-
derstood.

In this Letter we systematically study the full spectrum
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