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`MJGL>` `PJGH�ZvDGF @Uq�`MJ�H�JGH.NOeCJ}`MZ @Uq�`PJGH�]�L>KPZdNE\I`PJGH�]�L>K fGNOLUeCKPLUF ZPJ�@CDGBOf$]²H�H5hiD�LUB{`M@©`MJGH�\�D�F¦]²H.K
@Uq
f�L>`ML�@U\±`PJGH�`|LU]GBEHU¹�»*J�NOBOH�`MJGH1ZPD�F @Uq
`PJGH1JGH5NEeCJ}`MZ NE\,`PJGH�qrKPH.h�D�H5\Ga�mW[�BO@U` H.hiD�LUBOZ*@C\�HUx

� ?B���P��=6(�"+�,?B9#- � JGH�a.@CKPKvH5BbL¡`MNO@U\ hiD�LU\}`PNE°�H.Z®`MJ�H�ZPNEFINEBbLUKvNE`�mW]²H�`�»dH.H5\�`�» @·np@CK©FI@UKPH�s�f�L>`ML
ZvH.`MZ.x � JGH.KPHWLUKPH,FILU\}m�[²@UZPZPNE]GBOH,fGH�°�\GN�`MNO@U\GZR@Uqla.@CKPKvH5BOL>`MNE@C\ LU\GfªH~LUa|JªF$L~m�];H,]²H�`P`MH.K
LUfGLU[�`MH.f±`P@�ZP@CF6H�[GKP@U]GBOH.FWx>� H1JGH5KvH®f�NOZPa.DGZPZ*Zv@CFIH1@Uq�`MJ�H5F±x
^_H.`*D�Z*`ML��UHl`�» @6ZPH.`PZ*@Uq fGL>`|L¦@Uq�`MJ�H�ZMLUF6H�BOH.\GeU`MJ ¹

f x1, . . . , xng
LU\Gf

f y1, . . . , yng
x � JGH

NE\GfGH��
i
`PJ�L>`dBbLU];H5BEZ `MJ�H�H5BEH5F6H5\}`MZdNO\�H5LUa|J(ZPH�` NOZ ZPDGa|J(`MJGL>`d`PJGHlfGH�`MH5KvFINE\GZdZv@CF6Hl\�L>`PDGKMLUB
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@CKvfGH5K.x z�@CK®Hµ��LUFI[�BOHU¹ NE`¦FIL~moKPH5[�KPH5ZvH5\}`IL�fGNEZPa5KvH.`PH$`MNEFIHILU\Gf�`PJGH�H5BEH5F6H5\}`MZ
xi
LU\Gf

yiFIL~m�];H1`�» @6fGN�J²H5KvH5\}`�@C]GZPH.Kv�>LU]GBEH5Z*F6H~LUZvDGKPH.f�L>` `PJGH5ZvH©`PNOF6HlZv`PH5[GZ.x
� JGH1a.@CKPKvH5BbL¡`MNO@U\(]²H�`�»dH.H5\�`PJGH�`�»d@6ZPH�`MZ

X
L>\Gf

Y
NEZ8`MJGH.\Wf�H.°�\GH.f¢LUZ

Cxy =
1

σxσy

n
∑

i=1

(xi � µx)(yi � µy)
n � s

»*N�`MJI`PJGHlL~�UH5KML>eCH5Z
µx

LU\Gf
µy
¹�LU\�f$`MJGH�Zv`MLU\Gf�LUKvf�fGH��wNOL>`MNE@C\GZ.¹

σx
LU\Gf

σy
fGH.°G\GH5f,LU];@��CH>x

Cxy
`ML��UH.Z �>LUBOD�H5ZA]²H�`�»dH.H5\

� 1
nra5@CF6[GBEH.`MH*fGH.a5@CKvKPH.BbL>`PNO@C\{s&LU\�f

1
npa.@CFI[�BOH.`PH*a5@CKvKPH5BOL>`MNE@C\{sµx

k�\G@U`MJ�H5K8Hµ�GL>FI[GBEH�a5LU\�];HlfGKML~»*\�qrKv@CF [�Jim�ZvNOa5Z.Q	L«F$L>eC\GH.`PNOa�Zvm�Zv`PH5F FI@�fGH5BEBOH.f$]}mI»*JGL>`
NEZ¦a~LUBEBOH.f¬`MJGH(��ZvNO\Ge£F6@�fGH5B xC��NE`MJ�NO\¬`PJGNOZ¦F6@�fGH5B	`MJGH(FILUeC\GH�`MNEa$Zvm�Z�`MH5F NOZ¦KvH5[GKvH5ZPH.\}`MH5f
]}moZP[GNE\GZ(nrZPH.H$`MJGH elD�LU\}`MDGF �WH.a|J�LU\GNEa5Z¦a.@CDGKvZPH�i�s @C\�LWBbL¡`P`MNEa5H>x,g	L>a|J�ZP[GNE\¬NOZ«LWBENE`P`PBOH
�UH5a.`P@CK®`PJ�L>`©a~L>\¬@C\GB�m£[;@CNO\}`©DG[�L>\Gf f�@�»*\�LU\Gf¬NEZ1JGH5\Ga.H$KvH5[GKvH5ZPH.\}`MH5f�]}moL,�UL>KPNbL>]GBOH

s`PJ�L>`�`|L �UH5Z��>LUBEDGH5Z
� 1

nrqr@UK�DG[oLU\Gf fG@�»*\�¹�KPH.ZP[;H5a.`PNE�UH5BEm�sµxRgALUa|J Zv[GNO\ NEZlBbLU];H5BEBOH.f¢]}m LU\
NE\GfGH��

i
`PJ�L>`6KPH.[GKPH.ZPH5\}`PZI`MJ�HWZvNE`MH,N�`�@wa.a5DG[GNEH5Z6@C\ `MJGH,BbL¡`P`MNEa5H>x·� q�`MJGH±BbL¡`P`MNEa5H(NEZRa5DG]GNEa

LU\�f
d
fGNEFIH.\GZPNE@C\�LUB�LU\Gf�@U\GH®`PJGH5\WJ�LUZ

n = Ld Zv[GNO\GZ�NO\±`MJGH©Zvm�Z�`MH5F±¹²»*N�`MJ L
`MJGH©BONE\GH~LUK

BEH5\GeU`PJR@Uq�`MJ�H
d
f�NOF6H5\GZvNO@C\�L>Bwa.DG]²H>x `MJ�H8ZPH�`&»dH »dLU\}`&`M@�Zv`PDGf�m«NOZ `PJGH5\

X = f s1, . . . , sng
x

� JGH�FILUeC\GH�`MN*G.H5f6Zv`ML>`MH�NOZ	KPH.[GKPH.ZPH5\}`PH5f(]}m6L®a.@C\�°�eCD�KML>`PNO@C\�ZPD�a|J�`MJ�L>`A`PJGH�FILUeC\�H.`MN�G~L>`PNO@C\
fGH.\GZPN�`�mC¹

m = n−1∑n
i=1 si

¹&`|L �UH5Z6L¢\G@U\w� G.H5KP@¢�>LUBEDGH$»*JGNEBOH$`PJGH([�LUKPLUFILUeC\GH�`MNOaIZv`ML>`MH(NEZ
ZvDGa|Jª`PJ�L>`

m = 0
x���@U`PH(`MJ�L>`R`PJGH(FILUeC\GH�`MN*G5L>`MNE@C\�fGH.\GZPN�`�m

m
NEZ�uvDGZv`R`PJGH±L~�CH5KPLUeCH,@Uq

`PJGHRZPH�`
X
¹
m = µx

x«��@�»1¹_@C\GHRa5LU\ NOFILUeCNE\GH©`PJ�L>`l`PJGHRa5@U\�°�eCDGKPL>`MNE@C\£H.�U@CBE�UH5Z1NO\¢`PNOF6HU¹
F6H~LU\�NO\Ge¦`PJ�L>`�H~LUa|JWZP[GNE\Wa|JGLU\GeCH.Z�N�`MZ a5@U\�°�eCDGKPL>`MNE@C\±LUZ `MNEFIH�H��C@CB��CH5Z.xdk�\GfW@U\GH®FIL~m�];H
NE\i`PH5KvH5Zv`PH5f·NO\�a.@CFI[GLUKPNE\Ge¢`MJGH(a.@C\�°�eUDGKML>`PNO@C\�ZR@Uq�`PJGH�`M@>`|LUB8Z�m�Zv`MH.F L>`�fGN6J H.KPH5\}`R`PNOF6H5Z5x
� JGNEZ�NEZ�L>a|JGNOH��CH5f�]imWa5@UFI[GDw`MNO\�e�`PJGH«a.@CKPKvH5BOL>`MNE@C\ n � s8»*JGH5KvH«`MJ�H

X
NOZ*`MJGH®ZPH.`�@Uq

n
ZP[GNE\

�>LUBEDGH5Z L>`8@U\GH�`PNOF6HU¹iZML~m
t1
¹�L>\Gf$`MJ�H

Y
NEZ `PJGH�ZvH.`8@>q

n
Zv[GNO\$�>LUBEDGH5Z L>`8LU\G@U`PJGH5K	`MNOF6HU¹iZPL�m

t2
x®��\ @U`PJGH5Kl» @CKvfGZ5¹

X = f s1(t1), s2(t1), . . . , sn(t1)g
¹
Y = f s1(t2), s2(t2), . . . , sn(t2)gLU\�f

Cxy =
1

σ(t1)σ(t2)

n
∑

i=1

(si (t1) � m(t1))(si (t2) � m(t2)) .
n È T}s

� ?B%B(����$(�9 ���.- � JGH1\iDGFIH.KML>`P@CK NO\ n � sdNOZ a5LUBOBEH5f�`MJ�H©a.@��UL>KPNbL>\Ga5H1@Uq
x
LU\�f

y
x
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� JGH$L��UH5KPLUeCH�@Uq LWZPH�`¦@Uq8f�L>`|LWNOZ©ZPNOF6[GBENEq¤m&%�`PKMLU\GZvBbL>`PH5f�§�]}m LWDG\GN�qr@CKPF `PKMLU\�ZPBbL¡`MNO@U\ @Uq LUBOB�`PJGH
H5BEH5F6H5\}`MZ NE\(`MJGH�ZvH.`~x �W@UKPH1[GKPH.a5NEZPH5B�mC¹GN�q

µx
NOZ8`MJ�H1L��UH5KPLUeCH1@Uq L�ZvH.`

f x1, . . . , xng
¹�`PJGH5\

µx + cNOZ8`PJGH©L~�CH5KPLUeCH©@Uq�`MJGH1ZPH�`
f x1 + c, . . . , xn + cg

»*N�`MJ
c
LRa5@U\GZv`MLU\}`~x

� J�H(Zv`|L>\Gf�LUKvf�fGH.��NbL¡`MNO@U\�@Uq�L�ZPH�`�@Uq�f�L>`ML�NOZ¦\�@U`¦F6@wf�NE°�H.f�]}m�L¢DG\GN�qr@CKPF `PKMLU\GZvBbL>`PNO@C\ @Uq
LUBEB8`MJGHWH5BOH.FIH.\}`MZ$NE\ª`PJGH�ZvH.`~x �W@UKPH�[�KPH5a.NOZvH5BEmU¹ NEq

σx
NOZ�`MJGHWZv`MLU\Gf�LUKvf fGH��wNOL>`MNE@C\·@Uql`MJ�H�ZPH�`

f x1, . . . , xng
¹�`PJGH5\

σx
NEZ LUBEZP@¦`MJ�H©Z�`|LU\�f�LUKPf,fGH���NbL>`PNO@C\(@Uq�`PJGH1ZPH.`

f x1 + c, . . . , xn + cg
»*NE`PJ

cLRa5@C\�Zv`|L>\i`5x
� J�H«a5@UKPKPH.BbL>`PNO@C\±];H.`�» H5H5\¢`�» @�ZvH.`MZ�@Uq&f�L¡`|LIKvH5FILUNO\�Z�D�\Ga|J�LU\GeUH5f LID�\GNEqr@CKvF7`MKPLU\GZPBOL>`MNE@C\,@Uq

`MJ�H1`�» @6ZPH.`PZ�]}m�`PJGH1ZMLUF6H1a5@C\�Zv`|L>\i`5x
k�\G@U`PJGH5K�`�m�[;HR@UqAf�L>`MLI`MKPLU\GZ�qr@CKPFIL>`MNE@C\W`PJ�L>`�»dHRZvJ�LUBOB�H5\�a5@CDG\}`PH5K�NOZ�`MJGH¦F«DGBE`PNO[GBENOa~L¡`MNO@U\(]im

LRa5@C\�Zv`|L>\i`5x � J�H©FILUNE\([GKP@C[;H5K�`MNEH5Z8`MJGL>`*»dH1ZPJGLUBOB�D�ZPH®LUKPH>Q
� J�H£L~�CH5KPLUeCH¢@>q1L¬ZPH�`(@Uq�fGL>`|L `PJ�L>`$J�LUZ$];H5H.\ F¦DGB�`MNO[�BONOH.f ]imªL¬a.@C\GZ�`|LU\}`(NEZ$ZPNEFI[�BEm�`PJGH

a5@U\GZv`MLU\}`�`PNOF6H5Zd`PJGH1@CKPNEeCNO\GLUB L~�UH5KML>eCHUx � JGH1F6H~LU\w� ZPhiD�LUKvH�fGH.��NOL>`MNE@C\(@Uq L�ZvH.`�@Uq�f�L>`ML¦`MJ�L>`*JGLUZ
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fGNEZP[GBOLUa5H.FIH.\i`5x&z NE\�LUBOB�mC¹C`PJGH�a.@CKPKvH5BbL¡`MNO@U\I];H.`�» H5H.\,`�» @¦ZvH.`MZd@Uq�f�L>`ML©`MJGL>`8J�L~�UHl]²H.H5\(F¦D�BE`MNE[GBONEH5f
]}m�`MJ�H©ZPLUF6H©a.@C\GZ�`|LU\}`�KPH.F$LUNE\GZ DG\Ga|JGLU\GeCH.f�x
n � H5H1k�[G[²H.\GfGN �,k³qr@CK8`MJGH1[GKv@w@>qrZ @Uq
`PJGH5ZvH®KvH5ZvDGBE`PZ5x�s
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k ZPH�`�@>q f�L¡`|L
X
NOZ KPH.[GKPH.ZPH.\i`PH5f¢]}m(`PJGH1]�LUK fGNOLUeCKML>F ZPJ�@�»*\±NO\±z NEeGx � x

� J�H�L��UH5KPLUeCH¦NEZ�eCN��CH5\£]}m
µx = 1

34
(1 � 1 + 2 � 3 + 3 � 4 + 4 � 6 + 5 � 4 + 6 � 3 + 7 �

2 + 8 � 1 + 9 � 0 + 10 � 0 + 11 � 0 + 12 � 0 + 13 � 4 + 14 � 0 + 15 � 6)
`MJ�L¡`*NOZ H5hiD�L>B�`P@

245/34 = 7.21
LU\Gf,NEZ�ZvJG@�»*\±»*N�`MJ±L�eCKPH.H5\,�CH5K�`MNEa~LUB_BENO\GH>x

� J�H�FIH.fGNbLU\$NOZ8eCN��CH.\(]im
xmedian � 1

2
(y17 + y18)

qr@CKd`PJGHl@CKvfGH5KvH5f,H5\�ZPH5F«]GBOH
Y
x � JGNOZdm�NEH5BOf�Z

xmedian = (4 + 5)/2 = 4.5
x*��@>`MH®`PJ�L>`�`MJGH®[²H5L��iZ�L>`

13
LU\Gf

15
[GD�ZPJ¢`MJ�H¦L~�CH.KMLUeCH©`M@IJGNOeCJ�H5K

�>LUBOD�H5Z8`MJGLU\±`PJGH1FIH.fGNbL>\�x
� J�H5KPH®LUKvHl`�»d@IFI@�fGH5Z.¹

x = 4
LU\Gf

x = 15
x

� J�H¢FIH5LU\w� ZPhiD�LUKvH���f�NOZP[�BbLUa.H5F6H5\}`�@CK��>LUKPNOLU\Ga.H�NOZ
σ2

x � hx2i � µ2
x
x � J�H¢ZPH.a5@C\Gf `PH5KvF NEZ

ZPNEFI[�BEm
7.52 = 56.25

x � JGHl°�KvZv` `MH.KPF KPH~L>fGZ5Q 1
34

(12 � 1 + 22 � 3 + 32 � 4 + 42 � 6 + 52 � 4 +
62 � 3+72 � 2+82 � 1+92 � 0+102 � 0+112 � 0+122 � 0+132 � 4+142 � 0+152 � 6)`MJGL>`lm�NOH.BOfGZ 1

34
(1 + 12 + 36 + 96 + 100 + 108 + 98 + 64 + 556 + 1350) = 2421/34 � 71.2

x
� JiDGZ5¹

σ =
p

71.2 � 51.98 = 4.38
x � JGNOZl�>LUBEDGH¦NOZ�ZPJG@�»*\¬NE\¢`MJGH¦°GeCDGKPH¦»*N�`MJ£`�» @±J�@CKPN�G5@C\}`|L>B

]GBEDGH6LUKPKv@�»*Z1»*NE`PJ£`MJGNEZ©F6@�fGDGBOD�Zl`MKML>a5H5f¬L>`©J�LUB�q `PJGH�JGH5NEeCJ}`®@>qd`MJ�HI[GBE@U`©LU\GfoZv`MLUKv`PNO\Ge±L>`1`PJGH
BO@�a~L¡`MNO@U\�@Uq�`MJGH1F6H~LU\�x
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z NEeCDGKPH � Q �8LUKAfGNOLUeCKPLUFXKvH5[GKvH5ZPH.\}`MNO\�eRL©ZvH.` @Uq�fGL>`|L�x � JGHlL~�UH5KML>eCH�NEZANO\GfGNEa~L>`PH5fR»*NE`PJ$L��CH.Kv`PNOa~L>B
BONE\GHUx � JGH®F6H5f�NbLU\(NEZ*L>`

x = 4.5
x � JGH1JG@CKvN*G5@U\i`MLUB�BENO\GHlZvJG@�»*Z

2σ
L>`*JGLUBEq�BOH.\GeU`PJ�x
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z NEeCDGKPH�SwQ«k `MKvH5H6fGNbLUeUKMLUF KPH5[�KPH5ZvH5\}`MNE\Ge£LUBEB�[;@CZPZvNO]GBEH6KvH5ZvDGBE`PZ®@Uq `M@CZvZPNE\Ge�L,a5@UNO\
n
`PNOF6H5Z5x6��\

];@CBOf�¹�@C\GH�[�LUK�`MNEa5DGBOLUK8@CD�`Pa5@CF6HUx
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� q&@C\�H®`M@UZPZPH.Z�LIa.@CNO\WNE`�NOZ�[GKPLUa.`PNOa~L>BOBEm�NOF6[²@CZvZPNE]GBOHl`P@$[GKvH5fGNEa.`�NEq�N�`�»*NEBOB�qpLUBEB_JGH~L>fGZ�@CK�`|LUNEBOZ©n¤`MKvm
`M@±ZP@UBE�CH6��H.» `M@U\�§�Z©H5hiD�L¡`MNO@U\GZ�qr@CK�`MJGH�a5@UNO\ LU\Gf LUNOK.xEx�x¸s�H�@�» H.�UH5K.¹�KPH.[²H5L>`MNE\Ge(`MJGH�H��w[;H5KvNOF6H5\}`
Dd(�9<Sd"+�&D]���8@C\GH1a~LU\W[GKPH.fGNOa�`�eCH5\GH.KMLUB�[�L¡`P`MH.KP\GZ�@Uq
`MJGH1JGH5LUfw� `MLUNOB_ZvH5hiDGH.\Ga5H>x � JGNOZ*NOZ�L�eCH5\�H5KML>B
qrH~L¡`MDGKvH�@Uq �/(�9#1A?BD ��%���9<"Y��QR@C\�H�NOZ®DG\�LU]GBEHI`P@¢[GKPH.fGNOa�`«`PJGH�@CD�`Pa5@CF6H$@>q�L�ZPNE\GeCBOH6H��w[;H5KvNOF6H5\}`
]GD�`�@C\�H©a5LU\±[GKPH.fGNOa�`�Zv@CF6H�eCH5\GH.KMLUB�qrH5L>`MD�KPH5Z�@Uq L6ZvH5hiDGH.\Ga5H®@Uq
`PJGH5F±x	��@U`PH�`MJ�L>` `PJGH©BONOZ�`8»*NE`PJ
`MJ�H�KPH.ZPDGB�`MZ8@>q_`M@CZvZPNO\�e®`MJ�Hla5@CNE\$FILU\}m�`MNOF6H5Z	a5@U\GZv`PNE`MDw`MH5Z8LU\�H���LUF6[GBEH�@Uq�KPL~»�f�L>`|L«LUZ `PJGHl@C\GH.Z
`MJGL>` »dH©FILU\GNO[�DGBbL>`PH5f�NE\(`MJGH1[GKvH.��NO@CD�Z � H5a.`PNO@C\ x
� J�H¦ZPH.h�D�H5\Ga.H6@>q&`M@CZvZPH5Z�a5LU\£];H«KPH.[GKPH.ZPH.\i`PH5fo]}m¢L � `�»d@¡��BOH5L~�CH�	®`MKvH5H>¹�LUZ�`PJGH¦@C\�H«NO\¢z NOeGx;S�x

� JGH�°�KvZv`�BEH.�CH.B8NO\ `MJGH�`PKPH5H(KvH5[GKvH5ZvH5\}`MZ�`MJGHI`�»d@ [;@CZPZvNO]GBEH�@CD�`Pa5@CF6H5Z¦@>q�`PJGH�°�KvZv`¦`P@CZPZ.x�gALUa|J
\G@�fGH«]�KMLU\Ga|J�H5ZlNE\�`MJGH©`�»d@$[²@CZvZPNE]GBOH©@CD�`Pa5@CF6H5Z�@Uq&`MJGH®ZPH.a5@C\Gf¢`P@CZPZ�
 `MJiDGZ.¹²`PJGH«ZvH5a5@U\Gf BOH.�UH5B�@Uq
`MJ�H�`MKvH5HlJ�L>Z qr@CDGK H5BEH5F6H5\}`MZ.x � JGH�a5@C\�Zv`MKvDGa.`PNO@C\�Zdqr@CBOBE@�»*Z NE\I`MJ�NOZ »dL~m�DG\}`PNOB{`MJGH

n
� `PJ�BOH��CH5B;`MJ�L¡`

a5@UKPKPH.ZP[;@C\GfGZ�`P@�`MJGH
n
� `MJ¢`P@CZPZ1L>\Gf£J�LUZ

2n H5BEH5F6H5\}`MZ.x � JGHR@CDw`Ma5@UFIH¦@>qdL�ZvNO\GeUBOH«Hµ�w[²H.KPNOF6H5\}`5¹
ZML~m H � H � NEZ*L 0 (�=(�l@C\,`MJ�H1`PKPH.H®L>Z8`MJGH1@C\GH1ZvJG@�»*\�NO\,];@CBOf�qpL>a5H1@C\±z NOe�x�S�x

��
���
�� ����������������� �!�#"%$#��&�'��('�)�*+)-,.�

� q�»dH�`M@UZPZ�LU\,DG\i]GNbL>ZPH5f,a.@CNO\(» H©Hµ�w[²H.a.`�LUBOB²[�L>`PJGZ `M@R];H©H.hiD�LUBOB�m$BEN*�>H5BEmUx>��J}m � � JGNOZ*NOZ8LR�UH5K�m
NOF6[;@CKv`MLU\}`M(B����@ DE #"$�,?B9<iIH�@�» a~LU\,» H uvDGZ�`MN�q¤m�NE`��
��FILUeCNE\GH«`PJ�L>`l» HR`M@CZvZ1`PJGHRZML>FIHRa.@CNO\ L$�UH5Kvm BOLUKPeUH¦\iDGF¦];H5K�@UqA`MNEFIH.Z5¹

n ! 1
¹�» H6a.@CDG\}`

`MJ�H�\iDGF¦];H5K @Uq H L>\Gf � Zd`MJGL>` » Hl@C]w`|LUNE\�¹�LU\Gf$» H�a.@C\GZv`PKPDGa�`8`MJ�H  #�P?�Q�(3Q.�&=R�&"+Sd?B�E=6(��+`A�
N

=R�&D��&"
:��P���.@\��9 ��S¡Q

P (H) � lim
n→∞

fn(#
H

) = lim
n→∞

#
H

s

n
.

n È§È s

P (T ) � lim
n→∞

fn(#
�

) = lim
n→∞

(

n � #
H

s

n

)

= 1 � P (
H

) .
n È�� s

� JGNEZ«fGH�°�\GNE`PNO@C\ hiD�LU\}`MN�°�H5Z«`PJGH�ZvDG]�uvH5a�`MN��CH(NOf�H~L&%y»*J�L>`¦fG@�» H�H��w[;H5a.`«`M@¢eCH�`RL>q¤`PH5K©`M@CZvZPNO\�e£L
a5@UNO\\�C§&� q�`MJGH�a.@CNO\(NEZ \G@U`*]GNOLUZPH.f�¹GNEq

n
NEZ ZPD 56a5NEH5\}`MB�m�BOLUKPeCH>¹w» H1ZPJG@CD�BOf,eCH.`*@U\GH�J�LUB�q
@>q
H�Z*LU\Gf

@C\GH1J�L>BEq�@Uq � Z.x � JiDGZ.¹;qr@UK
n ! 1

Q

p � P (H) =
1

2
= 1 � P (T ) q � P (T ) =

1

2
.

n È SCs

�
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 � �l� � � �d���_�5��� �
����� �
�

� q�¹&NO\�Zv`MH5LUf�¹ `PJGH�a.@CNO\�NEZ«]GNOLUZPH.f�¹ZH nr@CK � s©»*NEBOB	LU[G[;H~L>K«F6@CKPH6qrKPH5hiDGH.\}`MBEmUx � JGH5\
p > 1

2

LU\Gf
q < 1

2

@CK %��,����%����P�.(Ux

� ��� ����� � � � �	� � ����! � � � � ������� ����� ! � !"��� ��� � ��������� ! �"! ���

�8LUZvH5f6@C\¦`MJ�H*`P@CNO\Ra.@CZPZAHµ�GL>FI[GBEH8NE`�NOZ�\�L¡`MDGKPLUB�`M@�f�H.°�\GH*NE\6eUH5\GH.KMLUB�`PJGH  #�P?�Q�(3Q.�&=R�&"+S�?
:8(�9h��%���9<"
LUZ `MJ�H1�>LUBEDGHl`|L �UH5\±]}m(`MJGH�qrKvH5hiDGH5\�a.m,NO\(`PJGH1BONOF6NE`

n ! 1
Q

P (E) � lim
n→∞

fn(E)
n È � s

»*JGH.KPH
E
fGH.\G@U`MH.Z«`MJ�H�H.�UH5\}`R»dH�LUKPHINO\}`MH.KPH5Z�`MH.f�NO\�¹
HUxyeGx¢eCH�`P`MNE\Ge¢S�H�Z¦L¡q¤`MH5K©`M@CZvZPNE\Ge

n ! 1a5@UNO\GZ.x
^_H�`dDGZ	F6H5\}`MNE@C\R`MJ�L>`	@C\�H�NEZ&DGZPH.f$`M@©BONEZv`MH.\R`M@1»dH5L>`MJGH.KdKvH5[;@CKv`PZ	NE\6»*J�NOa|J$[;H5@U[GBOH8`MLUB*�RL>]²@CDw`

`MJ�H���[GKP@C]GLU]GNOBENE`�m�@Uq8J�L~��NO\�e�KML>NO\ `M@CF6@CKPKv@�» 	|x���\o`MJGNEZ®a5LUZPH>¹
`MJ�H$fGH�°�\GNE`PNO@C\o@Uqd[GKP@C]GLU]GNOBENE`�m¢LUZ
L$BENOF6NE`MNE\Ge�[GKP@�a5H.fGDGKvH¦NOZlF«DGa|J£BOH.ZPZla.BOH~L>KlLU\Gf£];H5a.@CF6H5ZlF¦D�a|J£FI@CKvH«ZvDG]�uvH5a�`MN��CHUx � HRZv`MNEa��±`P@
@C]�uvH.a.`PNE�CH1a5LUZPH.Z�JGH.KPH1»*JGH5KvH�`MJGH©LU];@��CH©fGH.°�\�NE`MNE@C\(a~L>\W];H1ZML>qrH.BEm(L>[G[GBONEH5f�x
� D�`~¹¡NE`�NEZ�LUa.`PD�LUBOB�m�\�@U`�\GH5a.H5ZvZMLUK�m©`P@�eU@*`P@*ZPDGa|J®H���`MKvH5F6H	Hµ��LUFI[�BOH�`M@�KPH5LUBON�G5H `PJ�L>`�ZP@UFIH�`MNOF6H5Z

`MJ�H�fGH.°G\GNE`PNO@C\¬LU]²@��UH�F$L~mo];H�LUF¦]�NOeCDG@UDGZ5x � JGNOZ®[GKP@C]�BOH5F J�L>Z¦]²H.H5\�fGNEZPa.DGZPZvH5f NO\o`MJGH�[GLUZv`5x
��@UBOF6@CeC@CKv@���eCL��UHlKML¦KvNOeCD�KP@CDGZ fGH5N�°�\GN�`MNO@U\$@Uq�[GKv@C]�LU]�NOBON�`�mR`MJ�L¡`8»dH�ZPJ�LUBEB \G@>`8fGNEZPa5D�ZPZ JGH.KPHUxI� H
ZPJGLUBOB²ZPNOF6[GB�m�ZML~m�`MJGL>`8N�` NOZ ]�LUZPH.f,@C\(DGZPNE\Ge¦`MJ�H�BONOZ�`d@>q
[�KP@C[;H5K�`MNOH.Zd`MJGL>`8» H�fGNOZva5DGZvZ ]²H.BO@�» LUZ*L
fGH�°�\GNE`PNO@C\(@>q�[GKv@C]�LU]GNEBON�`�mCx

� � � ����������� � !"�$#

� H¦\G@�» BONOZ�`lL�ZvH5KvNOH5Z�@UqA[GKP@U[²H.Kv`MNEH5Z�@UqA[GKP@U]�LU]GNEBONE`PNOH.Z5x � @CF6H«@Uq&`PJGH5F LUKPH«@C]}�wNE@CDGZ�L>\Gf�qr@CBEBO@�»
ZPNEFI[�BEm�qrKP@CF `PJGH&qrKPH.h�D�H5\Ga�mi� ]�LUZvH5fRfGH�°�\GNE`PNO@C\�eUNE�CH.\«L>]²@��CH>x � @UFIHA@U`PJGH5K�LUKvH	\�@U`�LU\Gf©a5@C\�Zv`MN�`MD�`PH
\GH�» fGH�°�\GNE`PNO@C\�Z5x
[W��D�� �* <?����&"$�&%��M1A�"!Z9<�&" �.- � `©NEZla5BEH~LUKl`PJ�L>`�`MJ�H6[�KP@C]�L>]GNOBENE`�m±@UqdLU\ H.�CH.\}`«NEZ1L�h�DGLU\}`MNE`�m�`MJ�L>`1a5LU\
`|L �UH1@C\GB�m�[;@CZPN�`MNE�UH�@CK G5H.KP@��>LUBODGH.Z5Q

P (E) � 0 .
n È�� s

��?B@A9#13- � `�NOZ�LUBOZv@Ia.BOH~L>K�qrKv@CF NE`PZ�fGH�°�\GN�`MNO@U\±`PJ�L>`�`MJGH®[GKP@C]GLU]GNOBENE`�m$@UqALU\WH.�CH.\}`1NOZ�]²@CD�\GfGH5f�]im
@C\GH>Q

P (E) � 1 .
n È�� s

#M?B��Dd(�=R�
$�(�"$�,?B9#- ��@U`PHl`MJ�L¡` `MJGH1ZPD�F7@Uq�`MJGH1\iDGF¦];H5K @>q @�a5a.DGKPKvH5\Ga.H5Z�@Uq�H~LUa|J±H.�UH5\}`�NEZ H5hiD�LUB�`P@
`MJ�H�`P@U`|L>B�\iDGF¦];H5K1@Uq [²@CZvZPNE]GBOHRH��CH5\}`5x � JiDGZ.¹�`PJGH�ZPDGF @Uq	`MJ�H�qrKvH5hiDGH.\Ga5NEH5Z©@��UH5K�`MJ�H6H��CH.\i`PZ«NEZ
\G@CKvF$L>BONOZvH5f�`P@6@U\GHU¹{LU\�f,`PJGH1ZPDGF @>q [GKv@C]�LU]�NOBON�`MNEH5Z	NOZ*LUBEZP@�\G@CKvF$LUBENOZvH5f�`M@�@C\�HUQ

∑

E

P (E) =
∑

E

lim
n→∞

fn(E) = 1
n È�� s

n L>ZPZPD�FINE\GeR`MJ�L>`*@U\GH1a~LU\±H��wa|J�LU\�eCH®ZvDGF LU\�fWBENOF6NE`µsµx
NO�P?�Q�(3Q.�&=R�&"+S ?
: "&V<����?BDE #=*��D]��9<")(���S ��%���9<")- � q_`PJGH�[GKv@C]�LU]GNEBON�`�mR@Uq�@�a5a5D�KPKPH.\Ga5H1@Uq�L>\�H.�UH5\}`~¹

E
¹�NEZ

P (E)
¹;`MJGHR[GKv@C]�LU]�NOBON�`�m,@UqA\G@C\���@�a5a5D�KPKPH.\Ga5H�@Uq&`PJGHRZML>FIH¦H��CH.\i`$nrNE`MZ ��?BDE #=*��D]��9<")(���Sh��%���9<"p¹

E
s

NOZ
P (E) = 1 � P (E) .

n È �}s

È T
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� JGNEZ�NEZ
uvDGZv`�LRa5@U\GZPH.h�D�H5\Ga.H«@Uq�`MJGH1\G@UKPFILUBON�G~L>`PNO@C\I@Uq
`PJGH1[GKP@U]�LU]GNEBONE`PNOH.Z5x
z�@CKIH���LUF6[GBOH>¹8»*JGH5\ » H¢NO\}`PKP@�fGDGa5H.f `MJGH�a5@CNE\¨`M@CZvZ�[GKv@C]GBOH.F ]²H�qr@CKPH�» H¢ZPLUNOf¨`PJ�L>`I»*JGH5\

`M@UZPZPNE\GeRL¦\G@UKPFILUB{a5@CNE\(@C\GH�°G\GfGZ H @C\�HlJ�LUB�q_@Uq�`MJGH�`MNOF6H5ZdLU\Gf � `PJGH�@U`MJ�H5KdJGLUBEq�@Uq_`PJGH�`PNOF6H5Z5x
��\�`M@CJ�H5K«» @CKPf�Z5¹A»dH (B����@AD]�F1I`MJ�L¡`¦`MJGH([�KP@C]�L>]GNOBENE`�m @Uq�eCH�`P`MNE\Ge�H7NE\�L�`M@CZvZRNOZ

1/2
LU\�f�`MJGH

[GKv@C]�LU]GNEBON�`�mI@>q °�\Gf�NO\GeR`MJ�H©a.@CF6[GBOH.FIH�`|LUK�m$H��CH5\}` � NEZ
1 � 1/2 = 1/2

`P@w@Gx
� 131��&"$�,?B9] #���&9 ���! #=*�.-Az�@CK LU\}m,[�L>NOK8@Uq
H.�UH5\}`MZ

E1
LU\Gf

E2
¹

P (E1

∨

E2) = P (E1) + P (E2) � P (E1

∧

E2) .
n È�� s

� JGH6Zvm�F¦];@CB ∨ KvH5[GKvH5ZPH.\}`MZ«`PJGHIBE@CeCNEa~LUB8np\G@U`©Hµ��a.BODGZvNE�UH�s���@CK 	«»*JGNOBEHR`MJGH6Zvm�F¦];@CB ∧ KvH5[GKvH5ZvH5\}`MZ
`MJ�HlBO@CeUNOa~L>B ��LU\GfA	|x � JGH�F6H~L>\GNO\Ge®@Uq_`MJ�HlBO@CeUNOa~L>B;@UKdNOZ	`MJ�L¡`d`MJ�H�H.�CH.\}`

E1
∨

E2

NEZ `MKvDGH�»*JGH.\GH.�UH5K
E1

NOZ�`PKPDGH>¹
E2

NOZ�`PKPDGH®@CK�];@U`PJ
E1

LU\�f
E2

L>KPH«`PKPDGH>x � JGH¦F6H~LU\�NO\GeI@Uq&`MJGH®BO@CeUNOa~L>B
L>\Gf¢NOZ�`MJ�L¡`
`MJ�H©H��CH.\i`

E1
∧

E2

NEZ8`MKPD�H©@U\GBEm$NEq
E1

LU\Gf
E2

LUKvH1`PKPDGH>x
^_H�`�D�Z�NEBOBOD�Zv`MKPL>`MH�`MJGNEZ�[�KP@C[;H5K�`�m�»*NE`PJ�LU\±H���LUF6[GBEHUx	��F$LUeUNO\GH�`PJ�L>`�@C\GH©NOZ [�BbL~m�NO\GeR»*NE`PJ±`�» @

fGNEa5H5Z.¹�L$KvH5f LU\�f£L$]GBEDGH«@C\�H(nr`P@�FIL��UH©`MJGH.F fGNEZv`PNO\GeCD�NOZPJGLU]GBOH~s�x ��J�L>`�NOZ*`MJGH«[GKP@C]GLU]GNOBENE`�m�qr@UK
eCH�`P`MNE\Ge

1
»*NE`PJ,`PJGH1KPH.fW@C\�H©@UK

2
»*N�`MJ,]GBEDGH1@C\GH��

� J�NOZ [GKv@C]GBOH.F NEZ8KPH.[GKPH.ZPH5\}`PH5f¢FIL>`MJ�H5FIL>`MNEa~LUBEBEm�LUZ8qr@UBOBO@�»*Z.x � JGH1H.�UH5\}`
E1

NOZ8eCH�`P`PNO\Ge
1
»*N�`MJ

`MJ�H	KvH5f©fGNOa.HUx � JGHAH.�CH.\}`
E2

NOZ_eUH.`P`PNO\Ge
2
»*NE`PJ�`MJGHA]GBEDGHAfGNOa.HUx � JGH5KvHdLUKvH

6� 6 = 36
[;@CZPZvNO]GBEH&@CD�`v�

a5@UFIH.Z_@Uqi`MJGKv@�»*NE\Ge8`MJ�H�`�»d@�fGNOa.H5Z.¹¡N x�H>x
eUH.`P`PNO\Ge `MJGH&[�L>NOKPZ
(1, 1); (1, 2); . . . ; (2, 1); (2, 2); . . . ; (6, 6)»*JGH.KPH `PJGHA°�KPZ�` H.BOH5F6H5\}`�NO\©H~L>a|J«[�LUNEK_NOZ_`MJ�H KvH5ZPD�BE`
@Uq�`PJGH KvH5f©fGNOa.HdL>\Gf©`PJGH	ZPH5a.@C\Gf¦@U\GH NEZ_`MJGH	KPHµ�

ZPD�BE`_@Uq�`MJ�H&]GBODGH fGNOa.HUx � JGHAH.�CH.\}`
E1
∨

E2

NOZ `PKPDGHANE\�`MJGHAa5LUZPH.Z
(1, 1);(1, 2);(1, 3);(1, 4);(1, 5);(1, 6);

(2, 2);(3, 2);(4, 2);(5, 2);(6, 2)
¹CZv@¦`MJGH.KPH�LUKvH

11
`MKPD�HlKPH5LUBON�G~L>`PNO@C\GZ	LU\�f�¹�ZvNO\Ga.H�`MJGH�fGNOa.H5Z LUKvHl\G@U`

]GNOLUZPH.f�¹�L>q¤`PH5K
n ! 1

KvH5[;H.`PNE`MNE@C\GZ8@>q
`PJGH�H��w[;H5KPNEFIH.\}` ��`MJ�KP@�»*NO\Ge¦`PJGHl`�» @IfGNEa5H.Z 	l» H1H��w[�LUa�`*`M@
°�\Gf

11/36
ZvDGa5a.H5ZvZvqrDGB�`MKPNEH5Z.x � J�D�Z5¹�`MJGH1[GKv@C]�LU]�NOBON�`�m6@Uq `PJGNOZ H��CH5\}`�NOZ

P (E1
∨

E2) = 11/36
x

��@�»1¹>`MJ�H \iDGF¦];H5K�@Uq�[²@CZvNE`PNE�CHA@CDw`Ma5@UFIH.Z�qr@UK�`PJGH	H.�CH.\}`
E1

NOZ�uvDGZ�`
6
x � JGH ZMLUF6H	LU[G[GBENOH.Z�`P@�`PJGH

H.�UH5\}`
E2

x � JGH�ZPDGF @Uq_`PJGH5ZvHl`�»d@R\iDGF¦];H5KvZ8NOZ
12
LU\�f�NE`dfG@wH.Z8\G@U`da5@CNE\Ga5NEfGH�»*N�`MJ�KvH5ZvDGBE`*L>]²@��CH>x

� JGH®KPH~L>ZP@C\±»*Jim±NEZ�`PJ�L>`�`MJGH©H.�UH5\}`
(1, 2)

¹G`MJ�L¡`�Zv@CBE�UH5Z�`PJGH©[GKP@C]�BOH5F±¹�NOZ�a5@UDG\}`MH5fW`�»*NOa5H>x � \Ga5H
NO\W`MJGHR\iDGF¦];H5K�@Uq	[²@CZvNE`PNE�CH®@CD�`Pa5@CF6H5Z�qr@UK

E1
LU\�f£@C\Ga5H«NO\¢`MJ�H¦\iDGF¦];H5K�@UqA[;@CZPN�`MN��CH«@UD�`Ma.@CFIH.Z

qr@CK
E2
x � \GH�\GH5H.fGZd`P@«a5@UKPKPH.a.`8`PJGNOZ	fG@CD�]GBOH�a5@CD�\i`PNO\Ge¦LU\Gf$`PJGNOZ	NOZA»*J}mI`PJGH5KvHlNOZA`MJGH�BbLUZ�` `PH5KvF NE\

n È~� s�x � L��iNE\Ge�`MJGNEZ�NO\}`M@1L>a5a5@UDG\}`~¹i@C\GH °�\Gf�ZA`PJ�L>`�`PJGH*KPNEeCJ}`v��JGLU\Gfw� ZPNOf�Hd@Uq;`MJGNEZ�H5hiD�L¡`MNO@U\6[�KPH5f�NOa.`PZ
P (E1

∨

E2) = (6 + 6 � 1)/36 = 11/36
»*JGNEa|JWNEZ8`MJGH1a5@UKPKPH.a.`�KPH.ZPDGB�`~x

N (���"+�,��@A=6(����F(B�����8D�@ "$@ (�=&=RS'�/^ ��=R@3���&%�����%���9<"&�.- ��JGH.\o`PJGHRH.�UH5\}`MZ
E1

LU\Gf
E2

LUKvHRF¦D�`PD�LUBOB�m±H��i�
a5BEDGZPN��CH>¹

E1
∧

E2 = 0
LU\Gf(`PJGH�qr@CKPF¦D�BbL,n È~� sdZPNEFI[GBENE°�H.Zd`M@

P (E1

∨

E2) = P (E1) + P (E2) .
n � TCs

� @CK/��NE\Ge¦L>e}LUNO\�»*NE`PJ�fGNEa5H5Z.¹�F¦Dw`MD�LUBEBEmRHµ�wa5BOD�ZPNE�UHlH.�UH5\}`MZ*L>KPH %�eCH�`P`PNO\Ge
1
LU\Gf

2
»*NE`PJ�@C\GH�fGNOa.H
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P (E1, E2, . . . , En) .
n �SÈ s
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P (E1, E2) = P (E1)P (E2) .
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P (E1, E2, . . . , En) = P (E1)P (E2) . . . P (En) .
n � SCs
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E1

a5@C\�fGNE`PNO@C\GH.f
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NEZ

P (E1jE2) =
P (E1, E2)

P (E2)
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P (E1jE2) = P (E1)
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\iDGF¦];H5K @Uq�FIH5LUZPD�KPH5F6H5\}`PZ1nr`PJ�L>` NO\�KvH~LUB;BON�qrH�L>KPH�\�H.�CH.K NO\�°G\GNE`PH�i�s'����"+�&Dd(�" ���A`MJ�H�[GKv@C]�LU]GNEBON�`�mR@Uq
H~L>a|JWKvH5ZPD�BE`~xI� H1a~LUBEB
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v
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» HdF6H~LU\©]}m©`PJGHd[�KP@C]�L>]GNOBENE`�m�@Uq{LU\®H.�CH.\}`~x���\©`MJGNEZ
a5LUZPH>¹>`MJ�HdhiD�LU\}`MN�`�m�`MJ�L¡` NEZ�» H5BEBifGH.°�\�H5fRNOZ_`PJGH
[GKv@C]�LU]GNEBON�`�m«qr@CKA`MJGH�H.�UH5\}` `M@©`|L��>H��>LUBOD�H5ZA»*NE`MJ�NO\�L©eCNE�UH5\�NE\}`MH5K��>LUB�x
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v1

L>\Gf
v1 + ∆v

x���\ `MJGH6BONEFIN�`�NE\£»*JGNOa|J
∆v

NOZ�NE\�°�\GN�`MH5ZvNOFILUBEBEm
ZPFILUBEB�n

∆v ! dv
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dv
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v1

Q
p(v)dv

n �C� s
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LU]GBEH1LUKPH

E(x) =
∑

x
xP (x) , E(x) =

∫

dx p(x)x ,
n �U� s

KPH.ZP[;H5a�`MNE�UH5B�mCx
�<(����$(�9 ���.- � JGH©�>LUKvNbLU\�a5H�@Uq LRfGNOZva5KPH�`MH©LU\GfWLRa5@C\}`PNO\iDG@CDGZ*KPLU\GfG@CF �UL>KPNbL>]GBOH�L>KPH�fGH�°�\GH5f�LUZ

σ2
x �

∑

x
(x � E(x))2P (x) σ2

x �
∫

dx p(x)(x � E(x))2 ,
n �C� s

KPH.ZP[;H5a�`MNE�UH5B�mCx
� ?BD]��9<")( � JGH

k
� `PJ,FI@CF6H5\}`PDGF @Uq LRKMLU\�fG@CF �>LUKvNbLU]GBEH�NEZ�f�H.°�\GH.f�L>Z

µ(k) �
∑

x
xkP (x) µ(k) �

∫

dx xk p(x) .
n � �}s

��\GfGH.H5f�¹\�i\G@�»*NO\�e$LUBEB F6@CF6H5\}`|L¦@C\�H©a5LU\±KPH5a.@C\GZ�`MKPD�a.`�`MJGH�qrDG\Ga�`MNE@C\�LUB qr@UKPF @>q
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p
x

NO�P?�Q�(3Q.�&=R�&"+S]1��*��"+���$Q.@A"+�,?B9#- � JGH1ZvH.`*@Uq
[GKP@U]�LU]GNEBONE`PNOH.ZdLUZvZP@�a5NOL>`MH.f�`M@6L¦KMLU\�fG@CF �>LUKvNbLU]�BOH�NEZ a~LUBEBOH.f
LM #�P?�Q�(3Q.�&=R�&"$S 1��*��"+���$Q.@A"+�,?B9�x � J�Hl[GKP@U]�LU]GNEBONE`�m¦fGNOZ�`MKPNE]GD�`PNO@C\GZ	FIL�m6];H�KvH5[GKvH5ZPH.\}`MH5f±]}mI`MLU]GBEH5Zd]�D�`
NE`�NEZ*qpL>K�F6@CKPH1a.@C\}�CH5\�NOH5\}`�`M@$KvH5[GKvH5ZvH5\}`l`MJ�H5F7»*NE`PJWqr@CKvF¦DGB��8@CK fGNbL>eCKMLUF6Z8`MJGL>`�eUH5\GH.KMLUBEN*G5H�`PJGH
qrKPH.hiDGH5\Ga�m¢[GBE@U`�NO\�z NOeGx È ��KPNEeCJ}`~x � JGH.ZPHRLUKvH*uvDGZ�`l[GBE@U`MZ*»*NE`PJ

P (x)
NO\±`MJGH

y
��L¡�wNOZ�LU\Gf

x
NO\W`PJGH

x
��L���NEZ5x
� @AD�@ =6(�"$�&%��  #�P?�Q�(3Q.�&=R�&"+S�- ��NE`PJ¬`MJGH([�KP@C]�L>]GNOBENE`�m£fGNEZv`PKPNO]�D�`MNE@C\¬@Uq�L¢fGNEZPa.KPH.`PH�KML>\GfG@CF �>LUKPNOLU]GBOH
@C\GH,a.@C\GZv`PKPDGa�`MZ$Loa.DGF¦DGBOL>`MN��CH,[GKP@U]�LU]GNEBONE`�mo`MJGL>`6NOZ�ZPNEFI[GB�m `PJGH±[GKP@C]GLU]GNOBENE`�moqr@CKR`MJGH,KPLU\GfG@CF
�>LUKPNOLU]GBEH�`M@R`|L �UH©L��>LUBEDGH�`PJ�L>`�NOZ BOLUKPeCH.Kd`MJGLU\WZv@CF6H�a|JG@CZPH.\�@C\�HUQ

F (x1) =
∑

x≥x1

P (x) .
n �>� s

� NEFINEBbLUKvBEmC¹Cqr@UK*L6a.@C\}`MNO\iDG@UDGZ*KMLU\Gf�@CF �>LUKPNOLU]GBEHU¹

F (x1) =
∫ ∞

x1

dx p(x) .
npSCT}s

� � �
=��W0��,2.-�2µ/�� )(253�/��
2 �±+�/�2�=«:,3
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^_H.`1DGZlqr@�a5D�Z�@C\£`MJGHRa5LUZPH
p = q = 1

2

x � JGHR°�KvZv`�»dL~m¢`M@(a.@CFI[�D�`MH¦`PJGHRZPH5LUKPa|JGH.f¬[GKv@C]�LU]�NOBON�`�m
Pn(h)

NEZ ]}m,DGZPNE\GeR`MJGH�qrKPH.hiDGH5\Ga�m}��]�LUZvH5f¢f�H.°�\GN�`MNE@C\�Q

Pn(h) = lim
n→∞

#
KvH5ZPD�BE`MZ »*N�`MJ

h
H�Z*NE\WL¦`PJGH1ZPH5h{x	@Uq
BOH5\�eU`MJ

n`P@U`|LUB
#
KPH.ZPDGB�`MZ n S È s

»*JGH.KPH
n
NOZ*`MJGH©\iDGF¦];H5K�@Uq&KPH.[²H�`MN�`MNO@U\GZ*@Uq�`MJ�H®Hµ��[;H5KvNOF6H5\}` %�a5@U\GZv`PKPDGa�`MNO\�e�LIZvH5hiDGH.\Ga5H�
(F$LUf�H

@Uq>H�Z�LU\Gf � Z�L>\GfW@>q BEH5\GeU`PJ
n

I»*N�`MJ(`MJGH1KvH5ZPD�BE`*@Uq�`MJGKv@�»*NO\GeILU\,DG\i]GNbL>ZPH5f±a5@UNO\

n
`MNOF6H5Z.x

z�@CK*L>\WDG\i]GNOLUZPH.f�a.@CNO\,H~L>a|J�ZPH.hiDGH5\Ga.H¦ZPJ�@CDGBOfWLU[G[;H~L>K*LU\Gf�H.hiD�LUB_\iDGF¦];H5K�@Uq�`MNOF6H5Z©n¤`|L��iNE\Ge
a~L>KPH1@Uq�`MJGH1@CKvfGH5K*@Uq LU[G[;H~LUKvH5\Ga.H5Z�@Uq>H�Z�LU\Gf � ZMs�x
� J�H$`M@U`MLUBA\iDGF¦];H5K«@>q ZPH.h�D�H5\Ga.H5Z�@C\GHIa~LU\�a.@C\GZ�`MKPD�a.`RNEZ

2n ZPNE\Ga5H$L>`¦H5LUa|J�[;@CZPN�`MNE@C\ NE\ `PJGH
ZPH.hiDGH5\Ga.H�@C\�H�JGLUZ&`MJGH*a|JG@CNEa5H*];H.`�» H5H5\I`�»d@©KPH.ZPDGB�`MZ�n+H @CK � sµx � JGH�`P@U`|L>BG\iDGF¦];H5KA@Uq²ZPH5hiDGH.\Ga5H.Z5¹
LUF6@C\Ge¦`PJGH

2n [;@CZPZvNO]GBEH�@C\GH5Z.¹�`MJ�L>`*JGL��UH h
H�Z�NOZ*LR\iDGF¦];H5K `MJGL>`*ZPJ�L>BOB�a.@CFI[�D�`MH1];H5BO@�»1x
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� H$J�L~�CH$LUBOKvH~LUfwm Zv`MKvH5ZvZPH5f�`PJ�L>`®NE`©NOZ©FI@UKPH6[GKPH.a5NOZvHI`P@�DGZvHI`MJ�H$[GKv@C[²H.Kv`PNOH5Z©@Uq8`PJGH$[�KP@C]�L>]GNE`�m
npF6@CKvH	`PJ�LU\¦N�`MZ
qrKvH5hiDGH.\Ga.m}��]GLUZPH.f6f�H.°�\GN�`MNE@C\{s�x
^_H.` DGZ�\G@�»�qr@CBEBO@CK_`MJ�NOZ�KP@CD�`PH `P@lfGH5KvNE�UH L�qr@CKvF¦DGBOL
qr@CK

Pn(h)
x
� H©ZvJ�LUBEB�\G@U`�LUZvZPDGF6H

p = q = 1/2
]GD�`�fGH.KPNE�UH�`MJGH�qr@CKvF¦DGBbL®NO\(`MJGH1eCH.\GH5KPLUB_a~L>ZPHUQ

P (H) = p , P (T ) = q = 1 � p .
n S � s

� JGH1fGNEH5\}`MN�`�m
p + q = 1

qr@CBOBE@�»*Z qrKP@CF `PJGH1\G@CKvF$LUBEN*G5L>`MNE@C\I@>q
`PJGH1[GKP@C]GLU]GNOBENE`�mUx
z
NOKPZ�`~¹GBEH.`*DGZ*DGZvH�`MJGH1[GKv@C[²H.Kv`�m,@Uq
NO\�fGH5[;H5\Gf�H5\Ga.H®];H.`�» H5H.\W`MJ�KP@�»*Z�@>q
`PJGH1a5@CNE\,`P@R»*KPNE`PHUQ

P (E1, E2, . . . , En) = P (E1)P (E2) . . . P (En) ,
n SCSCs

»*JGH.KPH
E1

NOZ.¹wqr@CK	H���LUF6[GBOH>¹weUH.`P`PNO\Ge
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NO\6`MJGH�°�KPZ�`8`MJGKv@�»1¹

E2

NOZ5¹iqr@CK H���LUF6[GBOH>¹weCH�`P`PNO\Ge
T
NE\I`PJGH

ZPH.a5@C\�f�`MJGKv@�»1¹²L>\Gf�Zv@$@C\�x � J�D�Z5¹{`MJGH©[GKP@U]�LU]GNEBONE`�m$@Uq (�9<S�ZvH5hiDGH.\Ga5H¦»*N�`MJ
h
H�Z�LU\Gf

n � h
� Z

NOZ.Q
phqn−h .

n S � s
� JGNEZ«F6H~LU\GZ©`MJ�L¡`¦LU\}m `�» @£ZPH5hiDGH.\Ga5H.ZR»*NE`MJo`MJGHIZMLUF6H$\iDGF«]²H.K«@Uq H�Z¦LU\�f � Z®J�LUZ«`PJGH$ZPLUF6H
[GKv@C]�LU]GNEBON�`�mC¹�NOKPKvH5Zv[²H.a.`MN��CH.BEm(@Uq�`MJ�H©@UKPfGH.K�NE\�»*JGNOa|J,`MJ�H4H�Z�L>\Gf(`MJGH � Z�L>[G[²H5LUK5x

��JGL>`1»dHR»dLU\}`©`P@,a5@CF6[GD�`PH6NEZl`MJGHR[�KP@C]�L>]GNOBENE`�m±`M@,eCH.`
h
H�Z©LU\Gf

n � h
� Z5x � JGNEZ�FIH5LU\GZ

`MJGL>`�(�=&=�ZPH5hiDGH.\Ga5H¦»*N�`MJ
h
H�ZlL>\Gf

n � h
� Z�LUKPH©ZPD�a5a5H.ZPZ�qrDGB�KPH.ZPDGB�`MZ.x���\�@CKPfGH.K�`P@I`ML��UH®a~LUKvH«@Uq

`MJ�NOZ8» H®ZvJ�LUBOB DGZPH�`MJ�H©[�KP@C[;H5K�`�m,@Uq�L>fGfGNE`PNE��NE`�mI@Uq�`MJGH1[GKv@C]�LU]�NOBON�`MNEH5Z5Q

P (E1

∨

E2) = P (E1) + P (E2) � P (E1

∧

E2) .
n S � s

��@�»1¹A`MJGH,H��CH5\}`
E1

LU\Gf
E2

KvH5[GKvH5ZPH.\}`$eCH�`P`PNO\Ge£ZvH5hiDGH5\�a5H�\iDGF«]²H.K6@U\GHonr`PJ�L>`�NOZ�L£ZvDGa5a.H5ZPZ�qrDGB
@CD�`P@CF6H©@>q `MJ�H®Hµ��[;H5KvNOF6H5\}`µs*LU\GfWZPH.h�D�H5\Ga.H¦\iDGF¦];H5K*`�»d@ n¤`MJ�L¡`�NEZ�LU\G@U`PJGH5K�ZPDGa.a5H.ZPZvqrD�B @CD�`P@CF6H
@Uq�`MJGH±H��w[;H5KvNOF6H5\}`µsµx � JiDGZ6NOZR`�» @ ZPL~m

E1
LU\Gf

E2
LUKPH(`�» @¬fGN6J H.KPH.\i`6ZvH5hiDGH5\�a5H5ZI»*NE`MJ

h
H�Z

LU\Gf
n � h

� Zl`PJ�L>`1fGN6J H.Kl@C\GB�m�NE\¢`MJGHR@UKPfGH.K�NO\�»*JGNEa|Jo`PJGH5ZvH�LU[G[;H~LUK.x � JGH.ZPHR`�» @WH��CH5\}`PZ®L>KPH
F¦D�`PD�LUBEBEm(Hµ��a.BODGZvNE�UH±npF6H~LU\GNE\GeI`PJ�L>`�� H5NE`PJGH5K�eCH.`�@C\GH¦@UK�`MJ�H«@U`PJGH5Kl]�D�`l�*a~L>\G\G@U`�eCH.`�`MJGH«`�» @
@Uq�`MJGH.F7ZPNEF¦DGB�`|LU\GH.@CDGZvBEm�s�x � JiDGZ.¹

P (E1
∧

E2) = 0
x
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z
NO\�LUBEBEmU¹&ZPNO\�a5HWLUBOB8ZvH5hiDGH.\Ga5H.Z$»*NE`PJ
h
H�Z$L>\Gf

n � h
� ZILUKvH±ZvDGa5a.H5ZvZvqrDGB�@CD�`Ma.@CF6H5Z�@Uq�`PJGH

H��w[;H5KvNOF6H5\}`~¹ LU\Gf¢H5LUa|J¢qr@$`MJ�NOZ�ZvH5hiDGH.\Ga5H.Z©NEZ�H.h�D�NO[GKv@C]�LU]GBEHU¹;`MJGH®[GKP@C]GLU]GNOBENE`�m(��LUF BE@w@ �iNE\Ge6qr@UK
NOZ

Pn(h) =
∑

ph(1 � p)n−h =
\iDGF¦];H5K*@Uq
ZPH.h;x	@Uq
BOH.\GeU`MJ

n
»*NE`PJ

h
H�Z

ph(1 � p)n−h .
n S � s

k�\�f » H6LUKPH¦LUe}LUNE\¢a5@C\wqrKP@C\}`MH.fo`P@(a5@CF6[GD�`PNO\GeI`MJGHR\iDGF¦];H5K�@>q ZvH5hiDGH.\Ga5H.Z«@Uq	BOH.\GeU`PJ
n
»*NE`MJ

hH�Z.x	��@U`PH1`PJ�L>` »*JGH.\
p = q = 1/2

» H1KPH.a5@��CH.K�`PJGH1KPH5ZvDGBE`�NE\¬npS È sµx

��
���
�� � ��� � & ��� , )+��� �(��� ��� ��� ,

��\,`MJGNEZ ZPH5a�`MNE@C\±» H1ZPJ�L>BOB�eCN��CH©LU\±LUKveCDGF6H5\}` `M@6a5@CF6[GD�`PHl`MJGH1F6NOZvZPNO\�eR\�D�F¦]²H.K*NO\ n ���isµx
� q

n = 1
nr°GKPZv`*BEH.�UH5B_NO\�`PJGH�`MKvH5H�sd» H1J�L~�CH�`�»d@6[;@CZPZvNO]GBEH�@CD�`Ma.@CF6H5Z5¹ H³LU\Gf � x � JGH1\iDGF¦];H5K

@Uq²ZPH.h�D�H5\Ga.H5Zd@>q BEH5\GeU`PJ
n = 1

»*NE`PJ�TMH�ZANOZ�@C\�H�L>\GfR`MJGH*\iDGF¦];H5K&@Uq²ZPH.hiDGH5\Ga.H5Z @Uq BEH5\Ge>`MJ
n = 1»*NE`PJ È H³NEZ*LUBOZv@6@U\GHUx � JGH.ZPH«LUKPH�@C\�BEm$`�» @6[²@CZvZPNE]GBOH�KvH5ZPD�BE`MZ qr@CK*LRZvH5hiDGH5\�a5H¦@Uq
BOH.\GeU`PJ

n = 1
x

^_H�`�DGZ�\G@�» `ML��UH
n = 2

x ��\±`MJGNEZ*a~LUZvH©» H®JGL��UH®qr@CD�K�[;@CZvZPNO]�BOH�KPH.ZPDGB�`MZ.x � JGH.ZPH¦L>KPH � � ¹ � H©¹
H � ¹WHEH LU\Gf ¹_ZPNO\�a5H¦» H�LUKPHR@C\�BEmWNO\}`MH.KPH5Z�`MH.foNE\¢`MJGHR\iDGF«]²H.K�@UqOH�Z�@C]�`MLUNO\�H5f LU\Gf \G@>`�NO\¢`PJGH
@CKvfGH5K�NO\(»*JGNEa|JW`MJ�H.mWLU[G[;H~LUK `PJGH®ZvH5a.@C\Gf£LU\�f±`PJGNOKvfWa5LUZPH.Z�a5@UNO\Ga.NOfGHInpBE@w@���L>`*`MJ�H®ZvH5a5@U\Gf¢BOH��CH.B
NO\(`PJGH�`MKPH.H1NO\±z NOe�xGS}sµx � J�D�Z5¹�»dH©J�L~�CH

H��CH5\}` @CDw`Ma5@UFIHl`PJ�L>`
#
ZvDGa|J

» H�»8L>\i` BOH5LUfGZ `M@R`PJGH1H.�CH.\}` @CD�`Pa5@CF6H5Z

0
H � �

1
1
H H � � � H

2
2
H H8H

1

^_H�`�D�Z�\�@�» eC@�@C\WLU\Gf,a|JGH5a��(»*J�L¡`�JGLU[G[;H5\GZ*NEq
n = 3

x
H.�CH.\}` @CDw`Ma5@UFIHl`PJ�L>`

#
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»dH�»dLU\}` BOH5LUfGZ `M@R`PJGH1H.�CH.\}` @CD�`Ma.@CF6H5Z
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1
1
H H � � ¹ � H � � � � H

3
2
H HEH � ¹ � H8H � H � H

3
3
H H8HEH

1

� @G¹>»*J�L¡`�J�LU[�[²H.\GZ�NEq
n
];H5a.@CFIH.Z KvH~LUBEBEm�BOLUKPeCH;�,c8LU\«» H8eCH5\�H5KML>BON*G.H&`MJGNEZ a5@UDG\}`MNO\�elLUKveCDGF6H5\}`��

�	H5Z.¹�NO\Gf�H5H5f x
� @,eCH.`©T�H�Zl» HR\GH5H.fo`P@±eUH.`1LUBEB � Z1LU\Gf£`MJ�H5KPH�NEZl@C\GB�m�@C\�HR[�L>`MJ£`PJ�L>`�BEH~LUfGZl`P@�`MJGNEZ�KPH.ZPDGB�`

qr@CK*LUBEB²�>LUBEDGH5Z*@Uq
n
x

��@�»1¹ `M@�eUH.` È HXLU\Gf
(n � 1)

� Z�» HRJ�L~�CH¦ZvH.�CH.KMLUB [²@CZvZPNE]GNOBENE`MNEH5Z.x � H¦a5LU\¢eCH�`�@C\GH HXNO\±`MJGH
°�KvZv`1`M@CZvZ«L>\Gf£`MJGH.\�LUBEB � Z.x��¬H6a~LU\oeCH�`1@C\GH � ¹_`MJGH.\ @C\�H H LU\�f ZvDG]GZPH.hiDGH5\}`MB�m

(n � 2)
� Z5¹

H.`PaUxI��H5\GH.KMLUBEN*G5NE\GeG¹ » H6ZPH5HR`PJ�L>`1»dH�J�L~�UH
n
a|JG@CNEa5H.Z®@Uq eCH�`P`MNE\Ge(@C\GHdH LU\Gf

(n � 1)
� Z.¹�`PJ�L>`

a5@UKPKPH.ZP[;@C\Gf,`M@�`MJGH�BE@wa5L>`MNE@C\(@C\(`MJ�H©ZvH5hiDGH.\Ga5H�npBOH��CH.B_@Uq
`PJGH�`MKvH5H�sd»*JGH.KPH1`MJGHMH LUKvKPNE�UH5Z.x
� H LUKPH \G@�» NE\ L [;@CZPN�`MNO@U\ `M@·eCH5\GH.KMLUBEN*G.H »*JGL>`,»dHoJ�L~�CH(uvDGZv`±fG@C\�Hoqr@CK,@C\�H H `P@·`PJGH

LU[G[;H~L>KMLU\Ga.HI@>q8`�»d@LH�Z.x,z NOKvZv`~¹�» H$J�L~�CH
n
a|J�@CNOa.H5Z1`M@�BE@wa5L>`MHR`PJGH6°GKPZv` H®x���H���`~¹ » H�L>KPH�BOH�q¤`

»*NE`PJ
(n � 1)

a|JG@CNEa5H.Z `M@©BO@�a~L¡`MH `MJGH�ZPH.a5@C\Gf H NE\6`PJGH�ZvH5hiDGH.\Ga5H>x � JiDGZ.¹w`MJ�H�\iDGF¦];H5K	@Uq�[;@CZvZPNO]�BOH
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»dL�m�Z `M@ReUH.`8`�» @h1��*��"+�&9A`�@A�*��V (3Q.=*� H�Z NEZ
n(n � 1)

xZH�@�» H.�UH5K5¹{L>BOB{`MJGH H�Z*LUKPH��$1A��9<"$�,�F(�=}F6H~LU\GNE\Ge
`MJGL>`A\G@U`PJGNO\Ge�f�NOZv`PNO\GeUDGNOZvJGH5Z `PJGH °�KPZ�` H¨qrKP@CF `MJGH ZvH5a.@C\Gf$@U\GHUx � J�NOZ&F6H~LU\GZ�`PJ�L>`&» H*J�L~�CH*@��CH5K��
H5Z�`MNEF$L>`PH5f6`MJGH�\�D�F¦]²H.Kd@Uq »8L~m�Z8NO\6»*JGNOa|JI»dHla5LU\$eUH.`d`�» @�H�Zd]}mC¹wNO\GfGH.H5f�¹�`MJGH.NOKI <����D�@ ",(�"+�,?B9 ��x
� `�NOZ*a5BEH~LUK8`PJ�L>`*`MJ�H©\iDGF«]²H.K�@Uq�»dL�m�Z�NO\(»*JGNOa|JW@C\GH1a~L>\W@CKvfGH5K `�» @$H.BOH5F6H5\}`PZ�NEZ `�»d@LgyZPL�m(`PJGH.m
» H5KPH®fGNOZ�`MNE\GeCDGNEZPJ�LU]�BOHU¹w`MJGH.\W» H«a~L>\�a5KvH~L>`PH©`PJGH1`�»d@�ZvH5hiDGH.\Ga5H.Z�n+H

1

¹!H
2

s*L>\Gf�n$H
2

¹ H
1

s j�x � JiDGZ.¹
`MJ�HlLUa�`MD�LUB{\iDGF¦];H5K	»dH�LUKPH�BO@�@ �iNO\Ge�qr@CK	NOZ

n(n � 1)/2
»*JGH.KPH�`MJGH � NO\6`MJGH�fGH5\�@CFINE\�L>`P@CK&a5@CF6H5Z

qrKP@UF `MJ�H1qpL>a.`*`MJ�L¡` `MJGH�`�» @]H�Z�L>KPH1\G@U`*fGNEZv`PNO\GeCD�NOZPJGLU]GBOH>x
^_H�`,DGZ(`MKvmª`MJGH£a5LUZPH£»*N�`MJ S H�Z(];H.qr@UKPH£[GKv@C[²@UZPNO\�e L eUH5\GH.KMLUB�qr@UKPF¦DGBOL�x ��\�`PJGNOZ(a5LUZPH>¹lNE`

NOZIa5BEH~LUK6`MJ�L>`$»dH£J�L~�UH
n
a|JG@CNEa5H.Z�qr@CKI`PJGH�°�KvZv`'H©¹

n � 1
a|JG@CNOa.H5Z$qr@UKI`MJ�H¢ZPH.a5@C\Gf�@C\�H£LU\Gf

n � 2
a|JG@UNOa5H.Z�qr@CK*`MJ�H®`MJ�NOKPf±@C\GH>x���@�»1¹;`PJGH«\iDGF«]²H.K�@Uq a5@CKvKPH5a�`l@CDw`Ma5@UFIH.Z�NOZ*\G@>`AuvDGZ�`lZvNOF6[GBEm

n(n� 1)(n� 2)
ZPNE\Ga5H>¹}LUZ�];H.qr@UKPHU¹>»dH8a5LU\G\G@>`�fGNEZv`MNE\GeCDGNEZPJ®]²H�`�»dH.H5\R»*JGNOa|J Hªa5@CF6H5Z�°�KPZ�`~¹CZvH5a5@U\Gf

LU\Gf(`PJGNOKvf�x � JGNEZ8FIH5LU\GZ8`PJ�L>`8» H1\GH5H.f,`P@RfGNE��NEfGHl]}m$`PJGH�\iDGF¦];H5K @Uq�[;@CZPZvNO]GBEHl[²H.KPF¦Dw`|L>`PNO@C\GZ @Uq
`MJ�KPH5H6H5BEH5F6H5\}`MZ.x�k�\Gfo`MJGNEZ�NOZ1H5hiD�LUB�`P@

3 � 2
g `MJGH6ZPN �£a~L>ZPH5Z®]²H.NO\Ge n$H

1
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2
¹!H

3
s�¹ n+H

1
¹ H

3
¹ H
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s�¹
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2

¹ H
1

¹ H
3
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¹!H
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1

s�¹{n$H
3

¹ H
1

¹ H
2

sµ¹{n+H
3

¹ H
2

¹ H
1

s
j x�z
NO\�LUBEBEmU¹�» H8J�L~�UH
n(n � 1)(n � 2)/(3 � 2)

x
� H \G@�»ª\G@U`MH*Ll\iDGF«]²H.K&@Uq{qrH~L>`PDGKPH.Z&NO\¦`MJ�H8[�LUK�`MNOa.DGBbL>K a~L>ZPH5Z&» H fGNOZva5DGZvZPH.f�LU];@��CH8`MJGL>`ALUBEBO@�»

DGZ8`P@¦fGH5KvNE�UHl`MJGHleUH5\GH.KMLUB²H5hiD�L>`PNO@C\�» H1LUKPH�BO@�@ �iNO\Ge1qr@CK5xAz
NOKPZ�`~¹�BOH�`8DGZ BE@w@ �6L>` `MJGH�\�D�FIH.KML>`P@CKPZ.x
� JGH�m(LUKvHlL«[GKv@wf�DGa.` @>q_qpLUa.`P@CKPZ

n
¹
n � 1

¹wH.`PaUxALU\GfI`MJGHl[�KP@�fGDGa.`8Zv`M@U[GZ L>`
n � (h � 1)

»*JGH.KPH
hNOZ `PJGH®\iDGF«]²H.K�@Uq
H�Z.x8k�Z*qr@CK `MJGH1fGH.\G@CF6NO\�L¡`M@CK.¹�NE`*NOZ�LUBEZP@IL6[�KP@�fGDGa.`�`MJGL>`�Zv`|L>Kv`MZ*»*NE`PJ

h
LU\Gf

H5\�fGZ�»*N�`MJ
1
x8� q�» H¦LUa.a5H.[�`�`PJGNOZ�LUKveCDGF6H5\}`~¹�» H®°�\GfW`MJ�L>`*`PJGH«\iDGF¦];H5K�@Uq H.�CH.\}`MZlBEH~LUfGNE\Ge�`M@

hLU[G[;H~L>KMLU\Ga.H5Z*@Uq
H NOZ

n(n � 1)(n � 2) . . . (n � h + 1)

h(h � 1)(h � 2) . . . 1
=

n!

h!(n � h)!
�

(

n
h

)

»*JGH.KPH1»dH1J�L~�CH©fGH�°�\GH5f±`MJGH :_(A��" ?B���$(�=

n! � n � (n � 1) � (n � 2) . . . 2 � 1 ,
npS � s

LU\Gf,`MJ�H©BOLUZv`8Zvm�F¦];@CB_KPH.[GKPH.ZPH5\}`PZ�`MJ�H ��?BDdQ.�&9#(�" ?B���$(�= 9<@ADdQ����µx
� H�°�\�LUBEBEmIJ�L~�CH

Pn(h) =

(

n
h

)

ph(1 � p)n−h .

��
���
 � � ) � � ��� � ) & �

� JGHRqr@CKvF @Uq	`MJGH�]GNEFI@�f�LUB�fGNEZv`MKvNO]GDw`MNO@U\£LU\GfoNE`PZlH.�U@CBOD�`PNO@C\£»*N�`MJ
n
NOZ�ZvJG@�»*\ NE\ z
NOeCZ.x � n

p =
q = 1/2

s&LU\�f(��n
p 6= q

sµx&��@>`MH*`MJ�L>`	»*JGH.\
n
NE\Ga5KPLUZPH.Z	`PJGH�°�eUDGKPH.ZdBO@�@ �¦F6@CKvH�L>\Gf�F6@CKPH*[;H~L��>H5f

LU];@CD�`©`MJGH.NOK1FIL¡�wNOF¦DGF `MJ�L>`®@�a5a5D�KPZ¦L¡`
� n/2

x � JGNEZ«Zv`ML>`MH.FIH.\}`«a5LU\�];HI[GKv@��CH5\�KvNOeC@UKP@CDGZvBEmUx
� JGH®[GKP@�@Uq�NEZ*ZPBONEeCJ}`MB�m�fGN65Ia.DGBE`�LU\�f�DGZvH5ZlZv@CFIH1FIL>`MJ�H5FIL>`MNEa~LUB�KvH5ZvDGBE`PZ�`PJ�L>`�`MJGH©Zv`PDGfGH5\}`PZlF$L~m
\G@U` �i\G@�» mUH.`5x � `PNOBEB�¹}qr@CK8`MJ�H©ZPL��UH©@Uq
a5@CF6[GBEH.`MH.\GH5ZvZ5¹�» H©f�NOZPa.DGZPZ�NE`*NE\(k�[G[;H5\�fGN�� ��x

��N�`MJ±LRZPNEFI[GBEHla~L>BOa5D�BbL>`PNO@C\�@U\GH1[GKP@��CH.Z

E(h) = np , σ2
h = np(1 � p)

npSC�}s

npZvH5H±k�[G[;H5\�fGN��ªc sµxA��@U`PH(`MJ�L>`
rvh = σh/E(h) / 1/

p
n
LU\Gf `MJ�NOZ¦`MH.\GfGZ�`M@

0
»*JGH5\

n !
1
x � JGNEZ1FIH5LU\GZl`MJGL>`�`MJGH�fGNEZv`PKPNO]�D�`MNE@C\GZ�BE@w@��WF6@CKPH�L>\Gf FI@CKvHRZPF6@w@>`MJ LU\Gf [;H~L �UH5fo»*JGH5\

nNO\�a5KPH5LUZPH.Z5x
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`MNEFIH.ZlLU\�foN�`lF6@��CH5Z�BEH.q¤`�`MJGHR@U`PJGH5K�J�LUBEq�x1k�q¤`MH5K

n
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µ
NOZA`MJGH�H��w[;H5a.`PH5f��>LUBEDGH*@Uq `PJGH
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� L��>H,L�e}LUZ®a5@C\�°G\GH5f�`M@¢LW�C@CBEDGF6H

V
»*N�`MJ�L~�CH.KMLUeUH�fGH5\�ZPNE`�m

ρ
x¢� q*@C\�H�fGNE��NEfGH5Z©`MJGH$`P@U`|L>B

�C@UBODGF6H®NE\}`M@6ZPFILUBOB_];@~��H.Z�»*NE`PJ�H.h�DGLUB��U@CBOD�FIH
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 �1@UqGZPLUF6[GBOHAF6H~LU\®NOZ�Ll�1LUDGZvZPNbL>\�¹¡» H �i\G@�»�`PJ�L>`

P (jx� µx j/σx � x1)
a5@U\i`MLUNO\�Z
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µx`MJGL>`�qpLUBEB_»*NE`MJ�NO\W`PJGH«ZvH5BEH5a.`PH5f NO\}`PH5Kv�>LUB�LUKvH
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n � �}s
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H.`PaUx�sRqrKv@CF `PJGH1NOfGH5LUB�a5LUZPH
yi = f(xi )

�
z
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∂d(a1, . . . , ak)

∂aj

∣

∣

∣

∣
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∑
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∑
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eC@wH.Z*LUZ qr@CBOBE@�»*Z5Q

Cx̃ ỹ =
1

σx̃σỹ

1

n

n
∑

i=1

(x̃i � µx̃)(ỹi � µỹ)
n �C� s

=
1

σxσy

1

n

n
∑

i=1

(xi � µx)(yi � µy)
n � �Cs

= Cxy
n �U� s

S È
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��� � ����� � � ��� � � � � �
� � ! ���"! �	��� !"� � � � � � ��� # � � � �

� JGH�L��UH5KPLUeCH�@>q_L®ZvH.`d@Uq�f�L¡`|L©`PJ�L>` J�LUZ	]²H.H5\�Zva~LUBEH5fI]im�`PJGH�ZPLUFIH*a.@C\GZv`MLU\}`
c
NOZ�uvDGZ�`

µx̃ = cµx
x

j&KP@�@Uq�Q

µx̃ =
1

n

n
∑

i=1

(cxi ) = c
1

n

n
∑

i=1

xi = cµx .

� JGH±FIH5LU\w� ZPhiD�LUKvH±f�H.��NbL>`PNO@C\ @UqlLoZvH.`I@Uq�f�L>`|L£`MJGL>`6J�LUZ�]²H.H5\ªZPa~L>BOH5f·]}m�`MJGH±a5@U\GZv`MLU\}`
c
NEZ

σx̃ = cσx
xAjAKv@w@>q�Q

σ2
x̃ =

1

n

n
∑

i=1

(x̃i � µx̃)
2 = c2 1

n

n
∑

i=1

(xi � µx)
2

= c2σ2
x ) σx̃ = cσx .

� JGH�a5@UKPKPH.BbL>`PNO@C\W@Uq	`�»d@,ZPH�`MZ1@Uq	f�L>`ML$`MJ�L¡`1J�L~�CH�]²H.H5\ F¦DGB�`MNE[GBONEH5f±]im�`�»d@ np[;@CZvZPNO]�BEmWfGN�J²H5KvH5\}`
a5@U\GZv`MLU\}`MZ

c1

LU\Gf
c2

NEZ \G@U`�FI@�fGN�°�H5f(]}m�`PJGNOZ*@C[;H5KPL>`MNE@C\�x&j&KP@�@Uq�Q

Cx̃ ỹ =
1

σx̃σỹ

1

n

n
∑

i=1

(x̃i � µx̃)(ỹi � µỹ)
n �CTCs

=
1

c1c2σxσy
c1c2

1

n

n
∑

i=1

(xi � µx)(yi � µy)
n � È s

= Cxy .
n � � s

� � %(' �,2.:(= � 2.0©-

� ��� � � � � � ��! � ��� ���
fn(f)

� JGH�»dL~mI`P@¦a~L>BOa5D�BbL>`PH�`PJGHlFIL¡�wNOF¦DGF @>q
fn(h)

@U\$`MJGH�\�L>`PDGKMLUB;\iDGF¦];H5KvZ8NOZ	`MJGH�qr@CBOBE@�»*NE\GeGx
^_H.`
DGZ °GKPZv`&`ML��UH `MJGH

ln
@Uq

fn(h)
x � NE\Ga5H `MJGH

ln
NOZ LlFI@U\G@U`M@U\GNOaAqrDG\Ga�`MNO@U\�¹U`MJ�H8F$L���NEF¦DGF³@Uq

ln fn(h)NOZdBO@�a~L>`PH5f,L>` `PJGH�F$L���NEF¦DGF @Uq
fn(h)

xI�¬@CK/�iNO\Ge¦»*N�`MJ�`MJ�H
ln fn(h)

NEZ8a5@C\}�UH5\GNEH5\}`�ZvNO\Ga.H�NE`dNOZ*L
ZPF6@�@U`MJGH.K qrDG\�a.`MNE@C\$`PJ�LU\

fn(h)
xA��@U`PH�`MJGL>`8N�q

n
NOZ	°�\GNE`PHU¹�`MJGHlZvH.` @>q��>LUBEDGH5Z	`MJ�L¡`8`MJGNEZ qrDG\�a.`MNE@C\

a~L>\$`|L��>H�NEZ	f�NOZPa.KPH�`MHUxZH�@�»dH��CH5K.¹�ZPNE\Ga5H*»dH�LUKPH�NO\}`MH.KPH.Zv`MH.f�NO\IZv`PDGf�m�NO\Ge©`MJGH�BbLUKveCH
n
BENOF6NE`�» H�a5LU\

LUZvZPDGF6H6`PJ�L>`�» H$a5LU\o`ML��UHIL,a5@C\}`MNE\iDGDGF BONEFIN�`lL>\Gfo`PJGH5\ fGN�J²H5KvH5\}`MNOL>`MH¦`PJGH�qrDG\Ga.`PNO@C\
ln fn(h)»*NE`PJ,KPH5Zv[²H.a.`�`M@

h
xI�¬H�`MJ�H5\±J�L~�CH

∂

∂h
ln fn(h) = �

∂

∂h
ln ((n � h)!h!)

np�CS}s

� q_» H1LUZPZvDGFIH�`MJ�L>`
h � 1

LU\Gf
n � h � 1

» H�a~L>\(LU[G[GKv@~��NEF$L¡`MH�`PJGH�qpLUa�`M@CKvNbLUB{DGZvNO\Ge � `MNEKPBONE\GeG§yZ
qr@CKvF¦DGBbL

ln h! � h lnh � h
NEq

h � 1 .
np� � s

��@�»1¹dL>q¤`MH.K6Zv@CF6H(Zv`MKPLUNOeUJi`vqr@CKv»dLUKvf·FILU\GNE[GDGBOL>`MNE@C\GZ«@>q�`PJGHWf�H5KPN��>L>`MN��CH5Z¦» H,°�\Gf `MJ�L>`�`PJGH,H��i�
`MKvH5F¦D�F7a5@C\�fGNE`PNO@C\

∂

∂h
ln fn(h)

∣

∣

∣

∣

∣

hmax

= 0
n � � s

S �
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BOH5LUfGZ8`P@
hmax =

n

2

n � � s
LUZRHµ��[;H5a�`MH.f nr@C\GH�a5LU\�`MH5Z�`R`MJGH(Z�`|LU]�NOBON�`�m @Uq*`MJGNEZ¦H���`PKPH5F«DGF LU\Gf�a|J�H5a���`MJGL>`RNE`«NOZ¦NE\GfGH.H5f·L
FIL¡�wNOF¦DGF$s�x

� ��� � ��� ! � ����!"� � ��� � � � � � � � � � � �
�

#����
����� � ! # ��� � � � � � � �

� JGH.KPH®LUKPHl`�» @I»dL~mwZ�@Uq
fGH5KvNE��NO\�e¦`MJGH.ZPH©KPH5ZvDGBE`PZ�LU\Gf±]²@U`PJ±LUKPH1NO\�Zv`MKvDGa.`PNE�UHUx
� J�H©°�KvZv`�ZPH�`�@Uq [�KP@�@UqrZ KPH.BEm�@U\WFILU\GNE[GDGBbL¡`MNO\�e®`MJ�H©ZvDGF6Z5x � JGH1FIH5LU\,@Uq L6]GNE\G@CF6NbLUB{NEZ

E(h) =
n
∑

h=0

h
n!

h!(n � h)!
ph (1 � p)n−h

=
n
∑

h=1

n!

(h � 1)!(n � h)!
p ph−1 (1 � p)(n−1)−(h−1)

= p
n
∑

h=1

n(n � 1)!

(h � 1)![(n � 1) � (h � 1)]!
ph−1 (1 � p)(n−1)−(h−1)

= pn
n−1
∑

k=0

(n � 1)!

k!(n � 1 � k)!
pk (1 � p)(n−1)−k

= pn .
� JGH©L~�CH.KMLUeCH©@Uq

h2 NEZ

E(h2) =
n
∑

h=0

h2 n!

h!(n � h)!
ph (1 � p)n−h

= p
n
∑

h=1

h
n(n � 1)!

(h � 1)![(n � 1) � (h � 1)]!
ph−1 (1 � p)(n−1)−(h−1)

= pn
n−1
∑

k=0

(k + 1)
(n � 1)!

k!(n � 1 � k)!
pk (1 � p)(n−1)−k

= pn(E(k) + 1)

= pn[p(n � 1) + 1] .
� JGH.\�¹�`MJGH1F6H~LU\w� ZPhiD�LUKvH�fGNOZv[GBbL>a5H5F6H5\}`*NEZ

σh �
√

E(h2) � (E(h))2 =
√

pn[p(n � 1) + 1) � (pn)2

=
√

(pn)2 � p2n + pn � (pn)2 =
√

pn(1 � p) .
� J�H ZvH5a5@U\Gf®ZvH.`
@Uqw[GKP@�@UqrZ_NOZ_F6@CKvH&eCH5\GH.KMLUBiL>\Gf®NEZ_]�LUZvH5f©@C\©`PJGHADGZPHA@UqweCH.\GH5KPL>`MNE\Ge qrDG\Ga.`PNO@C\GLUB�x

� JGH1F6H~LU\±@Uq L�]�NO\G@CF6NbL>B²NEZ

E(h) =
n
∑

h=0

h
n!

h!(n � h)!
ph qn−h

»*JGH.KPHU¹Gqr@UK8a5@C\}�UH5\GNEH5\Ga.HU¹G» H©a5LUBOBEH5f
q
`MJGHlqpL>a.`M@UK

(1 � p)
� JGNEZ H��w[GKPH.ZPZvNO@C\,a~L>\WL>BOZP@«]²Hl»*KvNE`P`PH5\

LUZ

E(h) = p
∂

∂p

n
∑

h=0

n!

h!(n � h)!
ph qn−h

∣

∣

∣

∣

∣

q=1−p

SCS
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`MJGL>`~¹GD�ZPNO\�e$��H.» `M@U\�§�Z*]GNE\G@CF6NbLUB{qr@CKvF¦DGBbLw¹�NOZ H.hiD�LUB�`M@

E(h) = p
∂

∂p
(p + q)n

∣

∣

∣

∣

∣

q=1−p

= pn(p + q)n−1
∣

∣

∣

q=1−p
= pn .

� NEFINEBbLUKvBEmC¹

E(h2) =
n
∑

h=0

h2 n!

h!(n � h)!
ph (1 � p)n−h

= p2 ∂2

∂p2

n
∑

h=0

n!

h!(n � h)!
ph qn−h

∣

∣

∣

∣

∣

q=1−p

+ E(h)

= p2 ∂2

∂p2
(p + q)n

∣

∣

∣

∣

∣

q=1−p

+ np

= p2n(n � 1)(p + q)n−2
∣

∣

∣

q=1−p
+ np

= n(n � 1)p2 + np .

� JGH1F6H~LU\w� ZPhiD�LUKvH1fGNOZv[GBbLUa.H5F6H5\}`*NOZ8`PJGH5\

σh �
√

E(h2) � (E(h))2

=
√

n(n � 1)p2 + np � (np)2 =
√

� np2 + np =
√

np(1 � p) .
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� JGH©L~�CH.KMLUeCH©@Uq�`MJGH©j�@CNOZvZP@C\±fGNOZ�`MKvNO]GD�`PNO@C\$NOZ

E(x) =
∞
∑

x=0

x
µx

x!
e−� =

∞
∑

x=1

x
µµx−1

x!
e−� = µ

∞
∑

x ′=0

µx ′

x′!
e−� = µ

� JGH©L~�CH.KMLUeCH©@Uq
x2 NEZ

E(x) =
∞
∑

x=0

x2 µx

x!
e−� =

∞
∑

x=1

x2 µµx−1

x!
e−� = µ

∞
∑

x ′=0

(x′ + 1)
µx ′

x′!
e−�

= µ(µ + 1)

LU\Gf,`MJ�H©F6H~L>\w��Zvh�DGLUKPH�fGNEZP[GBOLUa5H.FIH.\}`*NOZ

σx =
√

E(x2) � (E(x))2 =
√

µ(µ + 1) � µ2 =
p

µ .

����� � � � � � � �

��JGH.\
µ
NOZ8BOLUKPeCH>¹�`PJGHlF6@wf�H�@Uq_`PJGH1j
@CNEZPZv@C\(fGNOZ�`MKvNO]GD�`PNO@C\Ia5@CNE\Ga5NEfGH5Z	»*NE`PJ(NE`MZdL~�CH5KPLUeCH>x	��\�fGH5H.f�¹

`MJ�H©F6@�fGH�NOZ8`PJGH��UL>BODGH�@Uq
x
»*J�H5KPH�`PJGH1F$L¡�wNEF¦DGF NEZ*L>`P`MLUNO\�H5f�Q

∂

∂x
P (x)

∣

∣

∣

∣

∣

xmode

= 0 .

S �




 �
��� � �6
 �G�����l� ���������*���R
 ����� �

� JGNEZ�f�H5KPN��>L>`MN��CH�a~L>\W];H®H5LUZPNEBEm$a~LUBEa5DGBOL>`MH.f±D�ZPNO\�e � `MNOKvBONE\GeG§yZ8H��w[GKvH5ZPZvNO@C\±qr@CK8`MJ�H1qpL>a.`M@UKPNbL>B�x � JGNEZ
LU[G[�KP@~�wNOFIL>`MNE@C\�NEZ��>LUBONEf�»*JGH.\GH.�UH5K�`MJGHRF6@�fGH¦LU[�[²H5LUKPZ1L>`lBbLUKveCH®�>LUBEDGH5Zl@>q

x
xM� HRZPJ�L>BOB�DGZPH�NE`

LUZ�L¦»d@UKF�iNO\Ge�J}m�[²@>`MJGH.ZPNOZ�LU\Gf,`MJ�H5\±a|JGH5a��(qrKP@UF `MJ�H©KvH5ZvDGBE` »*JGH.\�N�` JG@CBEfGZ5x � JiDGZ5¹

∂

∂x
P (x) = e−� ∂

∂x

[

µx

x!

]

� JGH1];H5Zv`�»dL�m$`M@6a5@CF6[GD�`PHl`MJGNEZ fGH5KvNE�>L>`MN��CH�NEZ8`M@6\G@U`MHl`PJ�L>`

g(x) = ln f(x) )
dg(x)

dx
=

1

f(x)

df(x)

dx
)

df(x)

dx
= f(x)

dg(x)

dx

n � � s

� L��iNO\Ge
f(x) = µx/x!

LU\Gf
g(x) = ln f(x) = ln µx � ln x! = x ln µ � ln x! � x ln µ � x ln x+x� JGH.\

df(x)

dx
= f(x)

dg(x)

dx
=

µx

x!

d[x ln µ � x ln x + x]

dx

=
µx

x!
[ln µ � ln x � 1 + 1] =

µx

x!
[ln µ � ln x]

� JGH1fGH.KPNE�>L>`PNE�UH�@Uq `PJGH1[²f�q
KPH5LUfGZ

∂

∂x
P (x) = e−� ∂

∂x

[

µx

x!

]

= e−� µx

x!
[ln µ � ln x]

`MJGL>` �>LU\GNOZvJGH5Z�L>`
xmode = µ .

n �U�}s

� � %(' � 0©+±3�3_2.0®: )(2.3�/�� 2 �±+(/�2�=®:

� JGHRF6@wf�H¦@UqA`MJGH6�1LUDGZvZPNOLU\¢NOZ�H5hiD�LUB�`P@(NE`MZ�FIH5LU\�x � JGHRF6H~LU\ LU\�f �>LUKvNbLU\�a5H«@>q	`PJGNOZ�[²f�q LUKvH
µ
LU\Gf

σ2 ¹�KPH.ZP[;H5a.`PNE�UH5BEmUx 2σ
a|J�LUKPLUa.`PH5KPN�G5H.Zl`MJGH¦»*NEf�`MJ£@UqA`PJGH¦[;f�q�x®��\�fGH5H.f�¹_NE`�NOZlH.h�DGLUB `M@�`PJGH

fGNEZv`|L>\Ga5H�];H.`�» H5H.\ª`PJGH$`�» @ �>LUBEDGH5Z«@Uq
x
`PJ�L>`Ra.@CKPKvH5Zv[²@C\�f `P@£NO\ �GH5a.`PNO@C\¬[²@CNE\}`MZ

xif
LU\Gf�N�`¦NEZ

LU[G[�KP@~�wNOFIL>`MH.BEmIH5hiD�LUB�`P@6`PJGH�»*NOf�`PJWL¡`*J�LUBEq�JGH.NOeCJ}`5x � J�H©NE\ ��H.a.`MNE@C\,[²@UNO\}`MZ*LUKvH�fGH.°G\GH5f±qrKP@CF

d2p(x)

dx2

∣

∣

∣

∣

∣

x ip

= 0
n � � s

LU\Gf±L>q¤`PH5K L¦ZvNOF6[GBOH�a~LUBEa5DGBOL>`MNE@C\$@C\�Hl°�\GfGZ
xip = µ � σ

x � JGH1FIL¡�wNOF¦D�F J�H5NOeUJi`*NEZ
p(x = µ) =

(2πσ2)−1=2 x � JGH©�>LUBEDGH5Z @>q x
»*JGH5KvH©`PJGH1J�LUBEq�JGH.NOeCJ}`�NOZ KvH~LUBEN*G.H5f,LUKvH©eUNE�CH.\,]im

p(xhh ) =
1

2
p

2πσ2
) xhh = µ � σ

p
2 ln 2 .

n � T}s

� JGH�»*NEf�`MJ$NOZ `PJGH5\
∆x � x+

hh � x−
hh =

p
2 ln 2σ

x&��@U`MH�`MJ�L>` `MJGH�qpLUa.`P@CK p
2 ln 2 � 1.17

NEZdL>BOZP@
hiDGNE`PH1a5BO@UZPHl`M@

2
x
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^_H.`
p(x)

];H¦`MJGHR[GKv@C]�LU]�NOBON�`�m±fGH5\GZvNE`�m£@>qdL�a.@C\}`MNE\�D�@CDGZ1KMLU\�fG@CF �>LUKvNbLU]�BOH
x
x¦cd@C\GZvNOfGH.K�\G@�» L

\GH�» KPLU\GfG@UF �>LUKvNbLU]�BOH
y
`PJ�L>`dNOZ	fGH.°G\GH5f±LUZ

y = f(x)
x � JGHl[GKv@C]�LU]GNEBON�mRfGNOZ�`MKvNO]GD�`PNO@C\6@Uq

y
¹�`PJ�L>`

» H®a5LUBOB
π(y)

ZPJ�@CDGBOf(�UH5KPN�q¤m;Q
π(y)dy = p(x)dx .

n � È s
z�KP@CF `MJGNEZ KPH.h�D�NOKPH.FIH.\}`�@U\GH1fGH5KvNE�CH.Z `MJGH�qrDG\Ga�`MNE@C\�LUB qr@UKPF @>q

π(y)
Q

π(y) = p(x) J = p(x)

∣

∣

∣

∣

∣

dx

dy

∣

∣

∣

∣

∣

= p(x)

∣

∣

∣

∣

∣

1

df(x)/dx

∣

∣

∣

∣

∣

,
n �}� s

»*JGH.KPH
J
NOZ�`MJGH��CL>a5@C]GNOLU\¢@Uq&`PJGH¦a|J�L>\GeCH¦@Uq&�>LUKvNbLU]�BOH5Z�LU\Gf

dy/dx = df(x)/dx
LU\Gf

dy/dy =
1/(df(x)/dx))

x

S �
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^_H&]GDw`�fGH&a5H � ��H5Z�`
f §�D�`PNOBENOZPH.K BEH5Z�@CDw`MNOBEZ [GKv¥5ZvH5\}`M¥.Z f�LU\�Z_BOH�a.@CDGKPZ	nrJGNOZ�`M@CeUKMLUF6FIH.Z5¹~F6@�mCH.\G\GH5Z.¹
�>LUKPNOLU\Ga.H5Z5¹�x�xEx�s�[;@CDGK*L>\�LUBEm�ZvH5K DG\±H5\GZvH5F¦]�BOH1fGH1fG@C\G\�¥5H5Z.x

È x�^_H5Z \G@U`PH5Z	@C]�`MH.\iDGH5Z8[GLUK D�\$eCKv@CDG[;H�f�§y¥.`PDGfGNOLU\}`MZ8¯©B�§yH���LUF6H5\�°�\�LUB{fGH � `|L¡`MNOZ�`MNEh�D�H5Z	ZP@C\}`�Q
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f(X) = Cte
n � S}s
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X
s�x
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X
x

� x�c8LUBEa5DGBEH5K H.\�°�\
µ4/σ
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x
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^�L�[GKv@C]�LU]GNEBON�`M¥©h�D §�NEB m£LUN�`l[GBEDGZlf�§yDG\��1D�q [²@C\�fGD [²H.\Gf�LU\}`1B�§yDG\£hiDGH.BOa5@U\GhiDGH�fGH5Z�NE\i`PH5K��
�>LUBEBOH5Z

δt
H5Z�`�\�¥5eCBENOeC¥5LU]GBOH�ZPN

δt
H.Zv`�a|JG@CNOZvN�ZPD 5IZPLUF6H5\}`�[;H.`PNE`5x

^_H5Z*¥��C¥5\�H5F6H5\}`MZ�ZPDGK��CH5\GLU\}`MZ�ZvDGK*fGH5D��±NO\}`MH.Kv�>LUBOBEH5Z
δt
fGNOZ�`MNO\�a.`MZ Zv@C\}`�NO\GfG¥.[²H.\Gf�LU\}`PZ5x

n LCs � KP@UD��CH.K©BOL$BO@UNOZ�f�H¦fGNOZ�`MKvNO]GD�`PNO@C\�fGH
N
¹_BOH¦\G@UF¦]GKPH®`M@U`MLUBOH®f�§��1D�qrZ�[;@C\Gf�DGZ�f�LU\GZ�BOL

[;¥5KvNO@�fGH
[t, t + ∆t]

x	g �w[GKPNEFIH.K BOH�KP¥.ZPDGB�`|L>`�L~�UH5a©DG\GH�qr@CKPF«DGBOHlFIL>`PJG¥5FIL>`MNEhiDGHUx
np]�s elDGH¬fG¥.��NOH.\}`£a5H�`P`MH�BE@CNOZ±hiD�LU\Gf

n ! 1
¹

δt ! 0
H.`

p
KvH5Z�`MH�°�\GN�� ��@U\G\GH5K

B §�Hµ�w[GKPH.ZPZPNE@C\±F$L>`PJG¥5FIL>`PNOhiDGHlfGD±KP¥.ZPDGB�`|L>`5xA��NOZva5D�`PH5K�BOH�Kv¥5ZPD�BE`|L¡`~x
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[W?B�&" =6( :;?B9 ��"+�,?B9
f(x) = axe−�x � 1 
"!Z9<�,�  <?B@A�41A��� %B(�=*��@A��� 1A� x

� 
���=!����"� <?����&"$� :P�.-

� - � @<� ��?B9<" =*���d��?B9#1��&"+�,?B9 � �.@<��=*���E (��/(�D ��"$�P���
a
��"

α
1A?B�&%���9<" �.(�"$�*�Y:_(��&�P�8 <?B@A� �.@<�]����"$"
�

:;?B9 ��"$�,?B9h��?B�&" @ 9 �41A��9 ���&" 
 1A�  #�P?�Q�(3Q.�&=R�&" 
 �

� - � (�=*��@A=*�����.(]D]?BS ��9<9 ����"O= 
 ��DE #=6(A����D]��9<" 1A� ��?B9�Dd(;^ �&D�@ADd-E[W?B9<" ����� 1A��@ ^ %B(�=*��@ �P�M=*���
D���D]��� �

� - � @<�  <��@ " �F?B9 1��&�P� ��@A�M=*���  #��?� #��� ��" 
��41A� ��SBD 
�"+���,�41A������"$"
� 1A��9 ���&" 
41A�  #�P?�Q�(3Q.�&=R�&" 
 �
� - � ��=R�,��� =6(]%B(�=*��@A�M1A���/^_ <����")(�"$�,?B9 1A�

x
��" 1A�

x + λ
(�%����

λ
@A9 ����?B9 ��",(�9<"
�.-

� - � ��=R�,��� =6(]%B(�=*��@A�M1A���/^_ <����")(�"$�,?B9 1A�
x
��" 1A�

λ x
(�%����

λ
@ 9 ����?B9 ��",(�9<" �.-

� �¬0 )(2.3_/��
2 �W+�/�2�=«: � 0®+,3�3_2.'*:,:(' =®+ :(= � � 01-.'

^�LRfGH5\GZvNE`P¥©f�H©[�KP@C]�L>]GNOBENE`M¥�f�§yDG\GH1�UL>KPNbL>]GBOH1�1LUDGZvZPNEH5\G\GH1H.Zv`�fG@C\G\�¥5H1[�LUK*BbL«qr@UKPF¦DGBEHlZPD�NE�>LU\}`MH�Q

f(x) =
1

p
2πσ2

e−
(x−µ)2

2σ2
n � �Cs

È x�g&Zv`���a.H©D�\GH®f�NOZv`PKPNE]GD�`MNE@C\�fGNEZPa.K,*.`PH1@CDWa.@C\}`MNE\�D�H �
� x � = 
 (��$1A�41�
 @A9�=*?F`��,���,��=\`��/(� <VA�/�.@\� "$�/(A����$ ����"$"
��1��*��"$���$Q.@A"$�,?B9  <?B@ �  #=R@3���,��@ �P�M%B(�=*��@A�P�41A�

µ��"
σ2 �

µ = 0.4, 4, 8, 12, 16
��"

σ2 = 0.24, 2.4, 4.8, 7.2, 9.6
-

S�x � ?BD�D]��9<"  <��@ " �F?B9 �P��=R�,���h=6(U1��*��"$���$Q.@ "$�,?B9	� (�@3�����,��9<9 � � =6(�1��*��"$���$Q.@A"$�,?B9 Q.�&9 ?BD��$(�=*� �
��?B9<9 ��$ =6(]� 
  <?B9 ���8`��/(� <VA�/�.@\��D]��9<",-

� x8elDGH.BOBOH«H5Zv`©BOL,F6@�mCH.\G\GH�fGH�BbL(fGNEZv`MKvNO]GDw`MNO@U\¢\G@CKvF$LUBEH � � 
���� ! ��$'���d� 
���@ =R",(�" `��/(� <VA�/�.@<���
D]��9<",-

� x � N
µ = 0

¹GF6@C\}`MKPH.K hiDGH®BOL¦FI@�mUH5\G\GH©H5Z�` G5¥5Kv@Gx
� x�c8LUBEa5DGBEH5K ZPLR�>LUKvNbLU\�a5H�H.`M%�
���� ! ��$4=*�M� 
���@A=R")(�">`��/(� <VA�/�.@\��D]��9<",-
� x��W@U\i`PKPH.K�hiDGH©BOH.Z [²@UNO\}`MZ f�§yNO\ ��H��wNO@U\±f�H

p(x)
ZP@U\i`�ZvNE`MD�¥5Z�¯

x � µ = � σ
x

� �¬0 )(2.3_/��
2 �W+�/�2�=«:
χ2

È x � KP@CDw�CH5K�BOL$BO@UN
fGHRf�NOZv`PKPNE]GD�`MNE@C\�f�H¦�UL>KPNbL>]GBOH
Y = X2 ZPN X

H.Zv`1DG\GH®�UL>KPNbL>]GBOH®fGNOZ�`MKPNE]GDG¥.H
fGH�qpL)(.@C\,\G@CKvF$LUBEHU¹�L��UH5a

µ = 0
H.`

σ2 = 1
x

�C�
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� J�H5KPH�LUKvH F$L>\im«H��wa5H.BOBEH5\}`&`MHµ�w`P]²@�@ �iZ&`MJ�L¡`AfGH5Zva5KPNE]²H8`PJGH � JGH5@UKvmR@Uq²j&KP@U]�LU]GNEBONE`�m®LU\�f6Z�`|L>`PNOZ��
`MNEa5Z.x	�UDGZv`�LR�CH5K�m,[�LUK�`MNbL>B BONEZv` @>q
`PH���`MZ.¹;F6@CZ�`*@Uq
`PJGH5F NO\±z�KPH5\�a|J�¹�NOZ8`PJGH�qr@CBOBE@�»*NE\GeGQ
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^_H1]GD�`�fGH1a.H � � H5Z�`�fGH1a.@CFIF6H5\�a5H5K*¯R�C@UDGZ�qpL>FINEBONbL>KPNOZvH5K	L~�CH.a®BEH5Z `MH.a|JG\GNOhiDGH.Z�Z�`|L>`PNOZ�`MNOhiDGH.Z
[GKv@C[GKPH.FIH.\}`�f�NE`MH.Z5xAg&\Ga.@CKPH©DG\GH�qr@CNEZ5¹GBEH5Z hiDGH5Z�`MNE@C\GZ*H5\WNE`|L>BONOhiDGH.ZdZv@C\}`�[;@CDGK BOL¦F$LUNEZP@C\ x

È x�^_H�`MJG¥.@CK,*.FIH�f�H©BOLRBONOF6NE`PH�a.H5\}`MKPLUBOH>x
n LCsLNO�P��9 ��$ ����� 9<@ D 
��P?��L"�
�= 
  <V<?B9<�/�.@<��� 1A�C= 
 (�9<9<@ (��&�P�f��"��/(	�;?B@A"
��$ =*��� � 1A����9<� ���P���

��VA� 
 �P��� 1A�E��V ( �.@<�.-�T �F(A����$ @A9dVA�*��" ?F`��F(�D�D]� (�%���� =*��� ����� � 
���@A=R")(�"&�81A�8����"+" �E?� 
��/(��
"$�,?B9#-
elDGH.BOBEH£fGNOZ�`MKPNE]GD�`PNO@C\ fG@UNE`,a5H�`�J�NOZv`P@CeCKPLUFIF6H£LU[�[GKP@�a|JGH5K,[;@CDGK,eCKPLU\Gf \G@CF¦]GKvH fGH
\iDGF6¥5Kv@CZ `M¥.BO¥5[�JG@C\GNEh�D�H5ZE�
elDGH.BOBEH�H5Zv`�BOL�F6@�mCH.\G\GH1H.`�BbL«�>LUKvNbLU\�a5H�fGH1a5H�`P`PH®fGNEZv`PKPNO]�D�`MNE@C\'�

� x � \©a5@C\GZvNOf�*.KPHADG\®¥5a|J�LU\}`PNOBOBE@C\1LUBE¥~L>`P@CNOKvH�fGH&`|LUNEBOBEH
n
f�§�D�\GHA[²@C[�DGBbL>`PNO@C\�f�@C\G\G¥.HUx�^�L*FIH.ZPDGKvH

fGH1BOL«�UL>KPNbL>]GBOH
X
ZvDGK*a5H.`�H5\�ZPH5F«]GBOH1fG@C\�\GH�Q

x1

¹
x2

¹
x3

¹
x4

¹
. . .
¹
xn
x

g&Zv`PNOF6H5K BOL¦FI@�mCH.\G\GH©H.`�B�§y¥5a5LUKv`�� `�m�[;H�fGH
X
x

j�H5D�`���@C\,[GKv¥.�C@UNOK H���LUa�`MH.FIH.\i`�BEHlKP¥.ZPDGB�`|L>`*fGH�BOL¦FIº.FIH�FIH.ZPDGKvH�ZPDGK*DG\±LUD�`PKPH�¥µ��a5LU\}`MNEBOBO@U\
fGH�`MLUNOBEBOH

n
�¢g�`�ZPH.Z*FI@�mCH.\G\GH©H.`�¥5a5LUKv`�� `�m�[;HU¹�ZP@U\i`���NEBOZ fGH��>LUKPNOLU]GBEH5Z LUBE¥~L>`P@CNOKvH5Z �

S�x�­�\GH D�ZPNO\�Hd[GKv@wfGD�NE`�fGH5Z
[GNOBEH5Z�L~�CH.adDG\GH fGDGKv¥5Hdf�H	��NOH	hiDGNwL�DG\GHA�>LUKPNOLU\Ga.H ¥.e}LUBOH	¯ � x �>� F6@CNOZ
a5LUKPKv¥5Z5xlgA\�[GKPH.\�LU\}`�DG\£¥.a|J�LU\}`MNEBOBO@U\WfGH � � [GNEBOH5Z�@C\�`PKP@CDw�CH¦DG\�H¦fGDGKv¥5H¦fGH©��NOH«F6@�mCH.\G\GH
¥.e}LUBOH1¯ È�� x�S � F6@CNOZ.x
n LCs±c8L>BOa5D�BOH5K B §�¥.a~LUK�`v��`�mw[;H1fGH1BbL¦fGD�KP¥5H1fGH1��NOH�fGH.Z*[GNOBEH5Z5x
np]�s±c8L>BOa5D�BOH5K BbL8B�§y¥5a5LUKv`�� `�m�[;H�fGHABbLdf�DGKP¥.H	f�H��wNEH&FI@�mUH5\G\GH&H.Zv`PNOF6¥5HA¯8[�LUK�`MNEK�fGH&B�§y¥5a|JGLU\}`MNOBEBO@C\ x
npa~s � \��CH.D�`6H5Z�`MNOF6H5K«B�§yNO\}`MH.Kv�>LUBOBEHIf�H(a5@C\�°�LU\Ga5H±¯ � T

%
fGH(BOL�fGDGKv¥5H,fGH���NOH�F6@�mCH.\G\GH

[;@CDGK `P@CD�`MH.Z*BOH5Z [�NOBOH.Z [GKP@�fGDGN�`MH.Z f�LU\GZ*a5H�`P`PH®DGZvNO\GH>x
� KP@UD��CH.K BbL fGNEZv`MLU\Ga5H ¯*BbL FI@�mUH5\G\GHlnpF6H5ZvDGKP¥.H H.\«DG\GN�`M¥AfGH	B�§y¥5a5LUKv`�� `�m�[²H~s�h�D�N�a.@C\}`MNEH5\}`
� T

%
fGD·[²@UNOfGZ�f�§yDG\GH±fGNOZ�`MKvNO]GD�`PNO@C\�\�@CKPFILUBOH>x ­�`PNOBONEZPH.K¦a5H,KP¥.ZPDGB�`|L>`6[;@CDGKRa5LUBOa.DGBOH.K

B §�NE\}`MH5K��>LUBOBEHRfGHIa.@C\�°{L>\Ga5H>xW��@C\G\GH.K«BOH.Z®BENOF6NE`PH5ZlfGHIa5H�`P`MH6NO\}`PH5Kv�>LUBEBOH�H5\ \G@CF¦]�KPH6fGH
F6@CNEZ5x

npf�s elDGH.B*LUDGKPLUNE`R¥�`M¥(B §�NE\i`PH5K��UL>BOBOHIfGH(a5@U\�°{LU\Ga.H±¯ � T
%
ZvN B�§y¥5a|J�LU\}`PNOBOBE@C\¬a.@C\}`MH.\�LUNE` È TCT

[�NOBOH.Z �

� x � \��CH.D�`6fG¥.`PH5KvFINE\GH5K¦a.@CF¦]GNEH5\�f�§yJGH.DGKPH.Z6[GLUK¦ZPH.F$L>NO\GH�D�\ªL>fG@CBOH.ZPa.H5\}`�[�LUZvZPH,fGH.�>LU\}`�BOL
`P¥5BO¥���NOZPNE@C\�x�k�[GKv¥5Z	L~�C@CNEK�NO\}`PH5Kv��NEH.» ¥ � TCTl[;H5KPZv@C\G\GH.ZA@C\¦`MKv@CD��CH ∑N =500

i=1 x = 16475
JGH.DGKPH.Z

H�` ∑N
i=1(xi � x)2 = 48907

JGH.DGKPH.Z 2 x

n LCs±c8L>BOa5D�BOH5K BOLRFI@�mCH.\G\GH1H.`�B §�¥.a~LUK�`v� `�m�[;H�fGH1a5H�`�¥.a|J�LU\}`MNEBOBO@U\�x
np]�s elDGH.B_H5Z�`�B §�H.Zv`MNEF$L¡`MH5D�K8[²@UDGK B�§y¥5a5LUKv`�� `�m�[²H�f�H©BOLR[²@C[�DGBbL>`PNO@C\ �
npa~s±c8L>BOa5D�BOH5K B §�¥.a~LUK�`v��`�mw[;H1fGH1BbL¦F6@�mCH5\�\GH®f�H5Z*H5a|J�L>\i`PNOBEBO@C\GZ f�H©a.H.`v`MH�`|LUNEBOBEHUx

� �



� �

npf�s±c8L>BOa5D�BOH5K.¹�L~�CH.a$DG\¬NO\}`MH.Kv�>LUBOBEHRfGH6a5@C\�°�LU\Ga5H$fGH � �
%
¹ BOH6\G@CF«]GKPH6f�§yJGH5DGKvH5Z¦hiDGHIBOH.Z

L>fG@CBOH.a5H.\i`PZ�[GLUZPZvH5\}`�f�H.�>LU\}`�BbL«`M¥.BO¥��wNEZPNE@C\�x

� x � \$H.ZPZPLUNOH�fGH�fG¥�`MH.KPF6NO\GH.K BOL©hiD�LU\}`PNE`M¥�FI@�mUH5\G\GH�fGH�[;@CBEBOD�LU\}`	hiD�§yDG\GHlDGZvNO\GH�fG¥��CH5KvZPH�f�L>\GZ
DG\�HRKPNE��N+*5KPH®[�LUK	uv@UDGK5x � \oL�]²H.ZP@CNE\£f�§�D�\£H5Zv`PNOFIL>`MH.DGKl[GKvH5a.NOZ�¯ � T�eUKMLUF6FIH.Z�[GK *5Z�H�`1@C\
Zv@CDGJ�LUN�`MH�DG\±\GN��CH~L>DWfGH1a.@C\�°{LU\�a5H1fGH �}�

%
x

n LCs � N	hiDGH.BOhiDGH.Z®F6H5ZvDGKPH.Z®NE\GfGNOhiDGH.\}`1h�D�HIBOL(�>LUKvNbLU\�a5HRH5Z�`
σ2 = 21800

eCKPLUF6FIH.Z 2 ¹�H��i�
[�KPNOF6H5K$B�§yH5Zv`PNOFIL>`MH.DGK6fGH£BbL�F6@�mCH5\�\GH£H5\ qr@C\Ga�`MNE@C\ fGD \G@CF«]GKPH£fGHIuv@UDGKPZ�@ � B�§y@C\
H�J H.a.`PDGH5KPLIfGH.Z�F6H5ZvDGKPH.Z5x � \�LU[�[²H.BOBOH.KML«a.H®\�@CF¦]GKvH�fGHduv@CDGKPZ

n
x

np]�s � KP@UD��CH.K�DG\�H©];@CKv\GH1NO\�qr¥.KPNOH.DGKPH�[;@CDGK
n
x

� x�­�\6\�@CD��CH5LUD�[GKP@�a5H.ZPZvDGZ f�H eC¥5\G¥.KML>`PNO@C\Rf�H [GNOH.KPKPH.Z&[GKPH.a5NEH5DGZvH5Z	LlfG@C\G\�¥*LU[GK,*.Z&ZP@C\�[GKvH5F6NOH.K
`PH5Zv`�ZvN��,[GNEH5KvKPH5Z f�H©[;@CNEfGZ�Q	T�x � S�¹�T�x �C� ¹�Twx � � ¹�T�x � � ¹�T�x �U� a~L>KML>`PZ5x

n LCs elDGH.BOBEH©H.Zv`�BbL¦`|L>NOBOBEHlfGH©B�§y¥5a|J�L>\i`PNOBEBO@C\ � g&Zv`v� H5BEBOH1[²H�`MN�`MH1@CD±eCKMLU\�fGH�� elDGH5BEBOH�fGNEZv`PKPN��
]�D�`MNE@C\,fG@CNE`���@C\(Dw`MNOBENOZvH5K8[;@CDGK H.Zv`MNEFIH.K BOH.Z [GKP@C[�KPNO¥�`M¥.Z�f�H©BOLR[²@C[�DGBbL>`PNO@C\ �

np]�s,g&Z�`MNOF6H5K BOLRFI@�mCH.\G\GH1H.`�BOL�f�¥.��NbL>`PNO@C\(Z�`|LU\�f�LUKPf±fGH1BbL¦[;@C[GD�BbL>`PNO@C\�x
npa~s � KP@UD��CH.K	B §�NE\}`MH5K��>LUBOH fGH a5@C\w°{LU\Ga.H*¯ � T

%
[;@CDGK BOH8[;@CNOf�Z�FI@�mUH5\�fGH5Z&[�NOH5KvKPH.Z&eC¥5\G¥.KP¥.H5Z

L~�UH5a«a.H.`v`MH1[GKP@�a5H.fGDGKvHUx
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^_HW]GD�`�f�H¢a5H � � H5Zv`�fGHW�U@CDGZ�F6@C\}`MKvH5K$a.@CF6FIH.\i`ID�`PNOBONEZPH.K6BOL fGNEZv`PKPNO]�D�`MNE@C\ªf�D
χ2 [²@CD�K

hiD�LU\}`MN�°�H5K�BOL KvH5[GKv¥5ZvH5\}`|L>`PNO@C\ªfGH,fG@C\G\�¥5H5ZI[�LUK�DG\GH,fGNEZv`PKPNO]�D�`MNE@C\�H.`IBOH.ZRKP¥5eUKPH5ZvZPNE@C\GZ6BONO\�¥~LUNEKPH5Z
[;@CDGK KPH.BONEH5K8DG\�H�h�DGLU\}`MNE`P¥InpBbL«�>LUKvNbLU]�BOH�NE\GfG¥.[²H.\Gf�LU\}`MH~s ¯�D�\GH1LUD�`PKPHInpBOL«�UL>KPNbL>]GBOH�fG¥5[;H5\GfGLU\}`MH�sµx

È x�­�\�]GNO@UBO@CeCNEZv`PHR[GKP¥�`MH5\�f�h�D�H�hiD�L>`MKvH�H5Zv[�*.a5H.ZRfGH$F6@CDGa|JGH.Z¦fG@CN��CH.\i`¦LU[G[�L>KML��E`MKPH6f�LU\�Z¦BOH.Z
[GKv@C[;@CKv`PNO@C\GZ

1 : 3 : 3 : 9
x$^�L,FIH.ZPDGKvHIf §�DG\ ¥5a|J�L>\i`PNOBEBO@C\£fG@U\G\GH±Q �C�>� ¹ � � � ¹ � SCSw¹ �C�C�C�

F6@CDGa|JGH.Z*fGH1a|J�LUhiDGH1`�mw[;HUx

n LCs elDGH.B_H5Z�`�BEH�\G@CF¦]GKvH�fGH1FI@UDGa|JGH5Z�L>`v`MH5\�fGDW[;@CDGK a|JGLUhiDGH®H.ZP[ *5a.H��
np]�s±c8L>BOa5D�BOH5K

χ2 �
∑

i (
\G@CF«]GKPH.@C]GZPH.Kv�U¥

i �
\G@CF¦]�KPH~L¡`P`MH.\GfGD

i )
2/
\�@CF¦]GKvH~L>`v`MH5\�fGD�x

npa~s±cd@UF¦]GNOH.\Wf�H©f�¥5eCKv¥5Z*fGH1BONE]²H.Kv`M¥lL¡� `���@C\ �
npf�s elDGH.B�H5Z�`1BbLI�>LUBEH5DGK�a5KPN�`MNEh�D�H«fGHRBOL$fGNOZ�`MKvNO]GD�`PNO@C\

χ2 [;@CDGKlLUa5a.H5[�`PH5K�B�§yJ}m�[²@U`PJ�*5ZvHRfGD
]�NO@CBE@CeCNOZ�`MH�L��UH5a©DG\±KPNOZvhiDGH1fGH È T

%
�

npH~s,��@CNE`���@C\,KPH�uvH.`PH5K*ZP@C\±J}m�[²@U`PJ�*5ZvH��

� x�^�L `|LU]GBEHAa5N�� fGH5ZvZP@CD�Z
F6@C\}`MKvH BEH	Kv¥5ZvDGBE`ML>`�f�§�D�\GH ¥�`MDGf�HdJG@CZv[GNE`MLUBON+*5KvH&fGD«\G@UF¦]GKPHAfGH	[�L>`PNOH.\i`PZ
hiDGN_@C\}`�ZPD�Kv�CH.a5D¢D�\±\�@CF¦]GKvH©f §�LU\�\G¥5H.Z�fG@U\G\G¥©¯RDG\±`�m�[;H®f�H©a5LU\Ga.H5K5x

��@CF¦]GKvH1f�§�L>\G\G¥5H.Z
0 1 2 3

j&BOD�Z
��@UF¦]GKPH1fGH1[�L¡`MNOH.\}`MZ

60 110 125 88 67

� \I�UH5D�` `MH.Zv`MH.K8ZPN ¹�L��UH5alD�\$KPNEZPhiDGH�fGH � x �
%
¹�a5H.Z8fG@C\G\�¥5H5Z [²H.D��CH.\}` º.`PKPH�f�¥5a5KvNE`PH5Zd[GLUK D�\GH

fGNEZv`PKPNO]�D�`MNE@C\(j
@UNOZPZv@C\GNEH5\G\GH1fGH1[�L>KMLUF *.`PKPH
µ = 2.1

x

n LCs±c8L>BOa5D�BOH5K BEH5Z*[GKv@C]�LU]GNEBON�`M¥5Zdj
@CNEZPZv@C\GNOH.\G\GH.Z�[;@CDGK
k = 0, 1, 2, 3,

j&BEDGZµx
np]�s�� B�§�LUNOf�H�f�H�a5H.Z8[GKv¥5fGNEa.`MNE@C\GZ j
@CNEZPZv@C\GNOH.\G\GH.Z5¹�a5LUBOa.DGBOH.K BEH�\�@CF¦]GKvH�fGH�[�L>`MNEH5\}`MZ	[�LUKvFIN

� � TRZPDG[G[;@CZv¥5Z�ZvDGKv��N��wKvH
0, 1, 2, 3

LU\�Z�H�`*[GBOD�Z5x
npa~s±c8L>BOa5D�BOH5K BEH

χ2 [;@CDGK a.H5Z�fG@C\G\G¥.H5Z.x
npf�s elDGH.B_H5Z�`�BEH�\G@CF¦]GKvH�fGH1fG¥5eUKP¥5Z�fGH1BONE]²H.Kv`P¥l[²@UDGK a5H1[GKv@C]GB *.FIHM�
npH~s elDGH.B_H5Z�`�BOL«�UL>BOH5D�K a5KPN�`MNEh�D�H�fGH

χ2 [;@CDGK BOH�\�NE�CH5LUD±fGH1KPNOZvhiDGH4�
nrqMs,��@CNE`���@C\,KPH�uvH.`PH5K*B�§yJ}mw[;@U`PJ�*5ZvH �

S�x�^�Ll`|LU]�BOH ZPD�NE�>LU\}`MH*fG¥.a5KPN�`	BOH KPH��CH.\�D$H.`	BbLla.@C\GZP@UFIFIL>`MNE@C\R@C]GZvH5K��C¥5ZdLUDw�
	�`ML>`MZ	­�\�NOZAH5\}`MKvH
È�� � È H.` È��C�C�
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An
Y*H.�CH.\iD cd@C\GZv@CFIFIL>`PNO@C\

An
Y*H.�CH.\iD cd@C\GZv@CFIFIL>`PNO@C\

1981 2200.2 1941.3 1989 3894.5 3594.8
1982 2347.3 2076.8 1990 4166.8 3839.3
1983 2522.4 2283.4 1991 4343.7 3975.1
1984 2810.0 2492.3 1992 4613.7 4219.8
1985 3002.0 2704.8 1993 4789.3 4454.1
1986 3187.6 2892.7 1994 5018.8 4698.7
1987 3363.1 3094.5 1995 5307.4 4924.3
1988 3640.8 3349.7

n LCs � KML>a5H5K©a5H.Z®f�@C\G\G¥.H5Z©ZPDGK1DG\oeCKML>[GJGH6L~�CH5aIY*H.�CH.\iD�H5\ LU]GZva5NOZvZPH6H.`«cd@C\GZv@CF6F$L>`PNO@C\
H.\�@CKvfG@C\G\�¥5HIn 9<@ (�`A�41A�  <?B�&9<"&��?B@'���F(�"$" ���  #=*?B"Os�x

np]�s �XL¡��`v� NOB D�\GH1a5@CKvKP¥5BOL>`MNE@C\�H.\i`PKPH©a5H.Z�fG@U\G\G¥5H.Z��
npa~s � \¢H.ZPZPLUNOH.KMLIf�H«KPH.[GKP¥.ZPH.\i`PH5K�a.H5Z�f�@C\G\G¥.H5Zl[�L>K�DG\�H«KP¥.eCKPH.ZPZvNO@C\¢BENO\G¥5LUNOKvHU¹GH.\¢fGH.F$LU\��

fGLU\}` hiDGH�BbL«Zv@CF6FIH�fGH5Z a5LUKPKv¥5Z fGH.Z8H5KvKPH.DGKPZ Zv@CNE`dFINE\GNOFILUBOH>x � Kv@CD��CH.K BOH.Zd¥5hiD�L¡`MNO@U\GZ
hiDGN�fG¥�`MH.KPF6NO\GH.\i`*BOLR[²H.\i`PH1H.`�B�§y@CKPf�@C\G\G¥.H1¯6B §�@CKvNOeCNE\GHE�

npf�s±c8L>BOa5D�BOH5KdBbL«Kv¥5eCKvH5ZPZvNO@C\,BENO\G¥5LUNOKvH�hiDGN_KvH5[GKv¥5ZPH.\}`MH1BOHlF6NOH.Dw�$BOH5ZdfG@C\G\G¥.H5Z®n L>D±ZvH5\GZ*fGH.Z
F6@CNE\GfGKPH.Z a~LUKvKP¥.Z|s�x

npH~s � KML>a5H5K BOL®fGKv@CNE`PH�`PKP@CD��U¥5HlZvDGK8BEH�\iD�LUeCH�fGHl[;@CNO\}`MZ H.`8�U¥5KvNE°�H.K8hiD�§�H.BOBEH�H5Z�` DG\GH�]²@C\�\GH
L>[G[GKP@~�wNOFIL>`PNO@C\(fGH.Z*fG@C\G\G¥.H5Z.x

nrqMs±c8L>BOa5D�BOH5K BOLR[GKP¥.a5NOZvNO@C\(f�H©BOLRKP¥5eUKPH5ZvZPNE@C\WBENO\G¥5LUNOKvHU¹

r2 � 1 �
� @CF6FIH�H.KPKPH.DGKPZ*a5LUKPKv¥5Z

� @UFIF6H6n�cd@C\�ZP@CF6F$L¡`MNO@U\w��cd@C\�ZP@CF6F$L¡`MNO@U\IF6@�mCH5\�\GH�s 2
npe}s � KML>a5H5K�DG\,eCKPLU[GJGH©L~�CH.a®BEH5Z*KPH.ZPNOf�DGZ5xAk³hiDG@CN_KvH5ZPH.F¦]GBEH�� `���NEB��
npJ�s(k f�FIH�`P`M@U\GZ hiD�§�@U\±[;H5Dw` D�`MNEBONEZPH5K	BOH�KP¥5ZvDGBE`ML>`8f�H�BbL«Kv¥5eCKvH5ZPZvNO@C\(BENO\G¥5LUNOKvH�[;@CDGKd[GKPH.fGNOKvH

BEHlqrD�`MD�K5x	g&Zv`MNEFIH.K BbL¦a.@C\GZP@UFIFIL>`MNE@C\�ZvN�BEHlKPH��CH.\�D�H5Zv`�¥.e}LUB�¯
6000

x

� x�Y*H5[;H.`PH.G1B�§�LU\�LUB�m�ZPH�fGH.Z�[;@CNO\}`PZ©npf{s ��npe}s [²@UDGK*B�§yH5\GZvH5F¦]GBEH�fGH1fG@C\G\�¥5H5Z�ZPD�NE�>LU\}`1Q

1 10.000 4 12.597 7 15.869 10 19.990
2 10.800 5 13.605 8 17.138 11 21.589
3 11.664 6 14.693 9 18.509 12 23.316

cd@C\�a5BOD�KPHUx
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� `ML>`MNEZv`MNEhiDGH5Z

È x 	�`MD�fGH1fGH1ZP¥5KvNOH.Z�`PH5F6[²@CKvH5BEBOH5Z.x
� x � @U\Gf�LUeCH.Zlf�§y@C[GNE\GNO@C\ x � h�D�H5BOhiDGH.Z uv@CDGKvZ�fGD � H©`M@CD�K�f�§yDG\GHR¥.BOH5a�`MNE@C\�[GKv¥5ZvNOfGH.\i`PNOH.BOBOH>¹²D�\GH
LUeUH5\Ga.H©f�H©Zv@C\Gf�L�eCH.Z�[�DG]GBONEH�BOH.Z KP¥5ZvDGBE`ML>`MZ*ZvDGNE�>LU\}`MZ1Q

�
c8LU\GfGNEf�L>`�k Q � � �

�
c8LU\GfGNEf�L>` �³Q �SÈ �

g&\GhiDGº�`MH©KP¥~L>BONOZv¥5H1LUD�[GK,*.Z�f�H È TCTCTR[²H.KPZv@C\G\GH.Z5x

elDGH¦�U@CDGZ©NO\GZv[GNOKvH¦a5H.Z©Kv¥5ZvDGBE`ML>`MZM� gA\o[�LUK�`MNEa5DGBENOH5K.¹ º�`MH5Z�� �U@CDGZ©a~LU[�L>]GBOH.Z�fGH�fG¥.`PH5KPF6NO\�HRK
B §�NE\Ga5H.Kv`MN�`MDGf�HlBONE¥5H�¯�a5H.Z�H.Zv`PNOFIL>`MNE@C\GZ �

S�x � H5Z�`MZ�FI¥.fGNOa5LUDw�©­�\GHAeCKMLU\�fGHAH5\}`MKvH5[GKvNOZPH	[GJ�L>KPFILUa5H.D�`MNEh�D�HA��NEH5\}`�fGH [�KP@�fGDGNOKvH&DG\©\G@CD��UH~LUD
`PH5Zv` a~L>[�LU]GBEH�fIH�fGNOLUeC\G@UZv`MNEhiDGH5KADG\GH�a5H.Kv`MLUNO\GH�FILUBbLUf�NOHUx�^�L®[�KP¥.�>LUBEH5\Ga.H�f�H�a.H.`P`PH�FILUBbL>fGNOH
ZvDGK
B §�H.\GZPH.F¦]GBEH	f�H BOL�[;@C[GDGBOL>`MNE@C\6npa>§�H.Zv`���¯¡� fGNOKvH	BOL [GKP@C]GLU]GNOBENE`P¥�f�§y@wa.a5DGKvH5\Ga.H8fGH	BbL F$L>BbLUfGNEH�s
H.Zv`�fGH È � x	^�@UKPZ fGH.Z�H.ZPZML>NOZ5¹�BEHl`MH.Zv`�L¦qr@6D�KP\GN_BEH5Z*KP¥.ZPDGB�`|L>`PZ ZPDGN��UL>\i`PZ5Q

�
jAKv@C]�LU]�NOBON�`M¥lhiDGH1BEHl`MH5Z�`�ZP@CN�`*[²@CZvNE`PNEq�ZPN_BEH�[�L>`MNEH5\}`*H5Z�`�F$LUBOLUfGH¦QAj�npj
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�
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j�H5\GZvH.G����C@CD�Z�hiDGH©a5H�`MH.Zv`*qr@CDGKv\GNOZvZPH1DG\±]²@C\,fGNOLUeC\G@UZv`MNEalfGH1BbLRFILUBbL>fGNOH��
� x���¥.FI@UeCKMLU[�JGNOH,nr\iDGFI¥.KPNEh�D�H�sl^&§�NE\GZv`PNE`PD�`�\�L>`PNO@C\GLUB f�§y¥.`PDGfGH.Z©f�¥5F6@CeCKML>[GJGNOhiDGH±nr����gA��slH5Z�`
a|J�L>KPeC¥Wf�§�¥�`MDGf�NOH5K$BbL f�¥5F6@CeCKILU[GJGNEH±qrKPLU\�(~L>NOZPH>x ^_H�]�D�`�fGH�a5H¢ZvD¡uvH.`$H5Zv`�f�§�¥�`MDGf�NOH5KIDG\
fGH.ZduvH5Dw� f�H6f�@C\G\G¥.H5Z1qr@CDGKP\�NOZl[�L>K�a5H.`©NE\GZv`PNE`MDw`RQ�NOB�Z.§�L>eCNE`�f�Do\�@CF¦]GKvH6f §�JG@UFIF6H5ZlH�`©fGH
qrH.FIF6H5Z8ZvDGKv��N��UL>\i`PZ*¯¦B�§��UeCH���[²@UDGK È TCTUTCTCT®qrKPLU\�(~L>NOZ�nrH5ZMs�x�?A@CDGZ a|J�H5KPa|J�H5KPH_G®\�@�`MLUF6FIH.\i`
¯$f�¥.`MH.KPF6NO\GH.K�BOLI[GKv@C[�LU]�NOBON�`M¥1fGH®fG¥5a *5Z1¯$B §�LUeUH1�²x�?A@UDGZlH5ZvZMLUNEH5KvH.GRLUD�ZPZPN
f�§y@C]�`MH.\GNOK�BbL6BO@CN
fGH1[GKv@C]�LU]�N_BONE`P¥�fGH©BbL¦f�DGKP¥.H©f�H1��NEH©f�H5Z qrKMLU\�(~LUNEZ�npH.Z|sµx

� x*��\Gf�NOa5H(];@CDGKvZPNEH5K±np\iDGF6¥5KvNOhiDGH~s � \·¥.`PDGfGNEH5KML£¯£B §�LUNEfGH�fGH.Z�@CD�`MNEBOZ¦Z�`|L>`PNOZ�`MNOhiDGH.ZR[GKP¥.ZPH.\i`P¥5Z
[;H5\GfGLU\}`&BOH a5@CDGKvZ�BbL�ZP¥.KPNOH	`MH.FI[;@CKPH.BOBEH fGHdB�§yNO\GfGNEa5H cdk�c � T�nrNO\GfGNEa5H fGH8BbL�]²@UDGKPZvH8fGH j
LUKPNEZ|s�x
� \�a|JGH.KPa|JGH$KML�\G@>`|LUF6FIH.\}`«¯Wa~LUKPLUa.`P¥5KPNEZPH.K«BbL,fGNEZv`MKvNO]GDw`MNO@U\ fGHI[GKP@U]�LU]GNEBONE`P¥RfGH�e}L>NO\oH5\
qr@C\�a.`MNE@C\(fGH1BbLRfGD�KP¥5H1fGD±[GBOLUa5H.FIH.\i`5x

�Rx � L>[²@CK�`|L�¹#N �P?�Q�(3Q.�&=R�&" 
�� �O(�9#(�=RS����41A���41A?B9<9 
�������"I��")(�"$�*��"$�/�.@\��¹ 	&fGN�`MNO@U\(Z � H5a|J�\GNO[�x
H�NEZv`P@CNOKvHlfGH1ZPa.NOH5\�a5H5Z

È x � `ML>`MNEZv`PNOhiDGH5Z.x � KPL~�UL>NOB�fGH �Rx�j�H~LUKvZP@C\WH.` �dNO@UFIH�`MKPN��¡L�x
� x � `ML>`MNEZv`PNOhiDGH5Z.x � KPL~�UL>NOB�fGH©Y1x�z NEZPJGH.K5x
S�x � `ML>`MNEZv`PNOhiDGH5Z.x � KPL~�UL>NOB�fGH � `PDGfGH.\i`5x
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� x�j&KP@U]�LU]GNEBONE`P¥Ux � Hµ�w`PH®f�H«�1LUBENOBOH.@Gx
� x�j&KP@U]�LU]GNEBONE`P¥Ux � KPL��>LUNEB�fGH©^�LU[GBOLUa5H>x
� x�j&KP@U]�LU]GNEBONE`P¥Ux � KPL��>LUNEB�fGH �dH.KP\G@CD�BOBON x

��L>`PJG¥5FIL>`PNOhiDGH5Z

È x�j&KP@UD��CH_G®BEHl`MJG¥.@CK,*.FIH1fGH1BbL¦BENOF6NE`PH�a.H5\}`MKPLUBOH>x
� x���NEZPa.D�`MH_G®BOL¦BONOF6NE`PHl�1LUDGZvZPNEH5\G\GH1fGH1BOL�BE@CN ]�NO\G@CF6NbL>BOHUx
S�x 	�`MD�fGH1fGH5Z�BO@CNEZ8fGH.Z�Hµ��`MKPº.FIH.Z5x
� x 	�`MD�fGH1fGH5Z�BO@CNEZ8fGH1[GKv@C]�LU]GNEBON�`M¥�[�BODGZ a.@C\G\iDGH5Z.x
� x���L>KPa|JGH.Z�LUD±J�LUZPLUKPf ¹G[GKP@U[GKPNE¥.`M¥.Z*H.`�LU[G[GBENOa5L>`MNE@C\GZ5x

�dNE@CBO@CeUNOH

È x�^�L�FI@�fG¥5BENOZPL>`MNE@C\(BbL�[GBOD�Z�ZvNOF6[GBOH1f�§yDG\W[²@CB�m�F *.KPH1H5Z�`lfG@C\�\G¥5H©[�LUK�DG\GH®F$LUKva|JGH®LUBO¥5L>`M@CNEKPH
ZvDGK1DG\ Kv¥5ZvH~LUD�x � \ ¥�`MDGf�NOH5KPL(a5H.`v`MH6FI@�fG¥.BONOZPL>`MNE@C\�H�`©@C\ f�@C\G\GH.KML,BOH5Z�Hµ�w[GKPH.ZPZPNE@C\GZ®[²@CD�K
BEHIKPL�mU@C\�fGHIeCNOKPL>`MNE@C\ H.`«BbLWf�NOZv`MLU\Ga.H$H5\}`PKPH$BEH5Z®fGH5Dw�¬];@CD�`MZ©fGH�BOL±a|JGL��b\GH>x � @CD��UH5K¦D�\GH
LUF6H5BENO@CKPL>`MNE@C\6NOF6[²@CK�`|LU\}`PHlfGH1a5H1F6@wf�*.BOH>x
j ��� fGH®�1H.\G\GH5Z.¹W[W�F(�=R�&9A`'��?B9 ���  #"&� �&9] <?B=RS D]���  <VAS����,����¹{cd@CKv\GH5BEB_­�\�NE�;xAj&KPH5ZvZ¦n È��}�U� s�x

� x � \o¥.`MD�fGNOH.KMLWB §�Hµ�w[²¥.KPNOH.\Ga5H6fGHI^_DGKPNOL¡����H.BO]GK��Ga��¢F6@C\}`MKPLU\}`®hiDGHIBOH.Z©]GLUa.`P¥5KPNEH5Z©KPH.ZPNOZ�`|LU\}`PH5Z
LUD��(��NOKPD�Z @CD ´ H�`�L>\i`PNO]GNE@U`MNEhiDGH5Z8Zv@C\}`�BOH�KP¥.ZPDGB�`|L>`*f�H©F«D�`|L>`PNO@C\�Z5x�n ����� � , "#)�� � )+* � x¸s
�Rx ��x �dH.\GH5f�H.��L>\Gf,zdxi?lNOBEBbLUKvZ5¹ NZVAS����,��� 0I�&"&V �&=&=R@3��"+�/(�"$�&%�� �/^ (�DE #=*���K:��P?BD D]�F1��,���&9 ��(�9#1
Q.�,?B=*?F`�S¡¹Gk���j¨jAKvH5ZvZ�� � [GKPNE\GeCH.K5¹ � TCTUT�x

z NE\�LU\Ga.H5Z

È x��W@�f�*.BOH�fGH �dBOLUa��C� � a|JG@UBOH5Z.x
� x 	�`MD�fGH1fGH1BbLR]²@UDGKPZvHUx

g&\}�wNEKP@C\�\GH5F6H5\}`

È x�z�H5D,fGH�qr@CKvº.`PZ5x
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ZvH5DGBEH5F6H5\}`µs8L~�CH.a1a5H.`�LUBEeC@CKvNE`MJ�FIH>x
elDGH.B�a|JG@CN �(fG@CN�`v� @C\�qpLUNOKvH�[;@CDGK

m
�CelDGH5BEBOHlZv¥5hiDGH.\Ga5H

`PKP@CD��UH�� @C\C�WgAZ�`�H5BOBEH1LUBO¥5L>`M@UNOKPH��
��B H��wNOZ�`MH5\}`6fGH.ZReC¥5\G¥.KML>`PH5DGKvZRfGH(ZP¥.hiDGH5\Ga.H5ZI]GNO\�L>NOKPH.Z¦LUBE¥~L>`P@CNOKvH5Z®]GNOH.\�[GBODGZ«[²H.Kvqr@CKvF$LU\}`PZ
FILUNOZd@C\,\GH1BOH5Z*fGNEZPa.D�`MH.KML�NOa5N&nr�C@UNOK g �1\iD�`PJ�¹�� È jbs�x

k7�U@U`MKvH±L���NEZ5¹	BOH5ZRa|J�@CN���fGH,BbL¢ZPH.FIH.\Ga5H,H�`~¹	ZPDGK�`M@CD�`5¹ BEH�a|JG@CN � fGH.Z6[GLUKMLUF *.`PKPH.Z
a, c
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È x 	�`MD�fGNOH_G
xi+1

H.\¢qr@C\Ga.`PNO@C\WfGH
xi
[²@CD�K�BEH«a|JG@CN �

a = 12
¹
c = 0

H.`
m = 143

x�elDGH.BOBEH®H.Zv`
BOL¦BO@C\GeUDGH5DGK f�DWa�mwa.BOH4�

� x � \ [²H.D�`1[GKv@CD��CH.K©LU\�LUB�m�`PNOhiDGH.FIH.\i`lh�D�H6BOL$ZP¥.hiDGH5\Ga.H$eC¥.\G¥5Kv¥5H�[�LUK�a5H.`®LUBEeC@CKvNE`MJ�FIH®L�DG\
a�mwa.BOH1fGH1BO@U\GeCDGH.DGK

m
ZvN

� c
H.Zv`lKvH5BOL>`MN��CH5F6H5\}`�[GKPNEFIH®¯

m
npa.H5BOL6�CH.D�`1fGNEKPH©h�D�H

c
H.`

m
\�§y@C\}`�[�L>Z�fGH.ZlfGNE��NEZPH5D�KPZ

a.@CFIF«DG\GZ*LU[G[GLUKv`*BEH�\G@CF¦]GKvH
1
s�x

� a � 1
H5Z�`�D�\WF¦D�BE`MNE[GBOH�fGH

p
[;@CDGK a|JGLUhiDGH®[�KPNOF6H

p
hiDGN_H5Z�`�DG\Wf�NE��NOZvH5DGK*fGH

m
x

� a � 1
H5Z�`�D�\WF¦D�BE`MNE[GBOH�fGH

4
ZvN

m
H.Zv`�DG\±F¦DGBE`PNO[GBEH�fGH

4
x

��@U\G\GH5K1DG\ a|JG@UN��£f�H5Z1[�LUKPLUF *�`MKvH5Z�hiDGN��C¥.KPN�°�H�a5H5Z1a.@C\}`MKML>NO\}`MH.Z�[²@CD�K�BOH5Zl`PKP@CNEZla~L>Z
m =

10, 16, 50
x��W@C\}`MKvH5K BEH5Z ZP¥.hiDGH5\Ga.H5Z�eC¥5\G¥.KP¥.H5Z*[�LUK B §�LUBEeC@CKvNE`MJ�FIH*H.` �U¥5KvNE°�H.K h�D §�H.BOBOH.Z @C\}`*BbL

BE@C\GeCDGH.DGK*L>`v`MH5\�fGDGHUx
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Fn(x)

¹
¯RBbLRfGNEZv`PKPNO]�D�`MNE@C\$`MJ�¥5@CKvNOhiDGHU¹

F (x)
¹

Fn(x) =

\G@CF«]GKPH1fGH
y1, y2, . . . , yn

n

F (x) =
∫ x

0
dxP (x) = x

qr@CK
x 2 [0, 1] ,

n È T È s

@��
y1, . . . , yn
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x	��NEZPa5Dw`MH5K
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fGH
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n LCs±��¥5\�¥5KPH_GRDG\GH¦Zv¥5hiDGH.\Ga5H
x
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H5\£D�`PNOBONEZMLU\}`�BbL6KP¥.a5DGKvKPH5\�a5H

xi =
(137xi−1 + 187)

FI@�f
m
x·��N��wNEZPH.K6BEH5ZR\G@UF¦]GKPH.Z�H5\·[�LUNOKvZ

(xk−1, xk)
H.`ILUZPZv@wa.NOH.K
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¹
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H.\W`PKP@CNEZ8fGNOF6H5\�ZPNO@U\GZ5x
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H5\�D�`PNOBENOZML>\i`
BbL�KP¥5a.DGKPKvH5\Ga.H®n È TCTCs�x
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N x

a = 77
¹
c = 31

¹
m = 10000

¹
x0 = 2
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x
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¹
c = 35

¹
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¹
x0 = 2
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ZPH.FIH.\Ga5H>x
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¹
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¹
m = 10000

¹
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x�Y*H5[;H.`PH.G«[;@CDGK�f�§�LUD�`PKPH5Z��>LUBOH.DGKPZ�fGH«BOL
ZPH.FIH.\Ga5H>x

NE�;x8elDGH1KPH5FILUKvh�D�H�� `���@C\,¯�ZPNEFI[�BOH���DGH4�

� \�ZvH5KPLUNE`*qpLUa.NOBOH.FIH.\}`*H5F6FIH.\G¥«¯6a5@C\�a5BOD�KPH©h�D�H®a.H«eC¥.\G¥5KPL>`MH.DGK�H.Zv`�`MK,*.Z�FILUD��>LUNEZ5x j
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[�L>K DG\R@CKvfGNO\GL>`MH.DGK5x
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­�\GHdF6¥.`PJG@wf�H [;@CDGK��C¥.KPNE°GH5K ZvNwBEH eUKMLUNE\®H.Zv`ALUa.a5H.[�`|LU]�BOH	@��¦\G@C\®H5Z�`�fGH a~LUBEa5DGBEH5K�BbL*fGNOZ�`|LU\Ga.H
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U1

H.`
U2

fGNEZv`PKPNO]�DG¥5Z8D�\GNEqr@CKvFI¥.FIH.\}`dZvDGK
B §�NE\i`PH5K��UL>BOH�gyT�¹ È j�x

NEN�x � KMLU\�Zvqr@CKvFIH.K a5H5Z*\G@UF¦]GKPH.Z H5\
V1 = 2U1 � 1

H�`
V2 = 2U2 � 1

x
V1

H.`
V2

Zv@C\}`�fGNOZ�`MKPNE]GDG¥.Z
DG\�NEqr@CKvFIHlF6H5\}`*H.\

[� 1, 1]
x

NONON x c8LUBEa5DGBEH5K
S � V 2

1 + V 2
2

x�n
S
H5Z�`�DG\GH1fGNOZ�`|LU\�a5H1a~LUKvKP¥.HUx�s

N��²x � N
S � 1

LUBOBEH5K8L>DW[;@CNO\}` N x&k�D�`PKPH.FIH.\i`�a.@C\}`MNO\iDGH.K5x
�²x � N

S = 0
@C\,[GKvH5\Gf

X1 = X2 = 0
x&k�D�`MKvH5F6H5\}`~¹�@C\±[GKvH5\Gf

X1 = V1

√

� 2 ln S

S
, X2 = V2

√

� 2 ln S

S
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n È T � s

X1
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X2
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