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´O•Wc¢•

¶

ž

¤nowv2owv;g9¤ns]”Ÿq?oHfšm�¤nq?h9q?m7g9s=h[oHv¹g9owmTvYi?§µg9¤ns

°

idoHvjv[idf®tŠq/À s7ˆ4rntHi?owg9s=kDx}¯®‰ulnhjoŠqWc

‰ulnhjoŠq�mTq?h[hjoHs=k idlWgZg[¤nsTvjsšs7ˆ4rJsTh[ow”Ÿs=f0g9v6q?fnkR¤Ws^§©idlnfnk g[¤nsškns=v[oHhjsTkRhjsTv[lWtwg/•¦g[¤nsšv9q{”Ÿrntws7‹Vg9i{‹

v9q{”Ÿrntws%�)lnm7g9l)q'g9oHi?fnv^À½sTh[s±”ZlWm�¤ tHq?h[˜?sThŸg[¤)q?f²rnhjsTknowm=g9s=kÂ§©h[id” q

°

idowv[vjidf²knoHv¹g9h[owxnlWg[oHidf q?fnk

¤ns=fnmTs ¤ns±mTidfWmTtHlWknsTk²g9¤)q'gšg9¤ns±”ZlWg9q{g9owidfÂ¤0¯Pr i?g[¤nsTvjoHvšÀzq?v¸m=idh[hjsTm7g/c e_f mTidtwtŠq?xJidh9q'g9oHi?f À�owg[¤

Œ#s=tHxnhj•nm�Ž�g9¤Ws=¯—hjs=­)fns=k g[¤ns6q?f)q{tw¯Pv[owv�q?fnk±s=£?sTf±§©idlnfnk q·Àzq%¯�g9išsTv¹g9ow”^q{g[sLg9¤WsB”ZlWg�q'g9oHi?f—h9q{g[s

§©h[i?” g9¤WsToHhYs\ˆ4r s=h[oH”GsTf0g9q?tuidxnvjsThj£{q{g[oHidfWvTc

ž

¤ns7¯D˜di?gYg9¤Ws�ª2idxJsTt

°

h[oCATs�oHf

¾

s=knoHm=oHfns�owf�ë%œd•dœWc

���! "��� � G /�G<-�� G<- 9���� � &?>�G ,<&1DE&!�

ž

¤ns;v¹g�q{g[oHv¹g9oHm=v�i?§ns7ˆPg9hjsT”Gsz£{q?tHlns=v�owv�mTlWh[h[s=f0g9tw¯Lq?rnrJs/q{h[oHfW˜#oHfLq#f}ln”ZxJsTh¦i{§-oHf0g9s=h[sTv¹g9owfn˜#rnhjidxntwsT”Gv

oHf¸¤)q?hjk�q?fnk�q?rnrntwoHsTk

?

m=oHsTfWmTsTv=c#e_f—q{tHtuv[i?hjg9v+i?§bq?rWrntHowm/q{g[oHidfnv=•-q?mTm=lnh9q'g9sLhjoHvjŽ¸q{v[v[s=v[vj”Ÿs=f}g�h[sTtwoHs=v

idf±g9¤ns6s7ºMs=m=g9oE£dsŸs=£{q?tHlnq{g9owidf—i?§�g9¤nsGs7ˆPg9hjsT”Ÿq?taxJsT¤)q/£PoHidh]i?§�g9¤WsŸrnhji4m=sTvjv�lnfWknsTh�vjg[lnkW¯dc#"+fntwoHŽ{s

”GidvjgLi?§

?

g�q'g9oHv¹g9owmTv�À�¤WoHm�¤ g9hjoHs=v�g9i—v[q/¯Ivjid”Ÿs7g9¤nowfn˜—q?xJidlWg�g_¯PrnoHmTq?tzxJsT¤)q/£PoHi?hT•

¥

ˆPg9hjsT”Gs#$�q?tHlWs

?

g9q{g9owvjg9owmTv+q{g[g[sT”GrWg9v2g9i·m�¤nq?h9q?m7g9s=h[o A=sZlnfntwoHŽ{sTtw¯DxJsT¤nq%£PowidhT• idh�q{g#tHsTq?vjg+g9i·v[q%¯¸¤ni%À»lnfntwoHŽ?s=tw¯šg[¤ns

xJsT¤)q/£PoHidh�owvTc�«#rnrntwoHmTq{g9owidfnv�owfnmTtwlnkns?… �)i4iPk—h[owv[Ž�q?v[vjsTv[vj”Ÿs=f0g/’�­)fnq?fnmToHq?t�hjoHvjŽ�”Ÿq?f)q?˜ds=”Ÿs=f0g/’�oHf4‹

v[lWh9q?fnm=s#q{v[v[s=v[vj”Ÿs=f}gT’Wvjs=g[g[oHfn˜]owfnknlnv¹g9h[oHq?tWv[q{§©s=g_¯Zvjg�q{fnk)q?hjknvT’}g9¤ns�rnhjsTknowm=g[oHidfBi?§ s7ˆPg[h[sT”GsYÀzsTq{g9¤WsTh
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mTi?fnknowg[oHidfWvTc�e_fŸg9¤ns+mTidf0g9s\ˆPgYi?§uidlWhztHs=m=g[lnh[s=vT•4À½s#vj¤)q?twtJvjsTs

?

g�q{g[oHvjg[oHm=v½i?§"s7ˆPg9hjsT”GsTvYq?rWr sTq?h[owfn˜�owf

°

¤)q?vjs�g[h9q?fnvjowg[oHidfnv;q?fnk®knowº lnv[owidfšrnhji4m=sTv[vjsTv=c

ž

¤Ws�”Ÿq{g9¤WsT”Ÿq{g9owm/q?t |PlWsTvjg[oHidf®oHvYg[¤ns�§©i?tHtHi%À�owfn˜nca‰us=g2lnv2vjg[lnkW¯®q6v[s=|PlWsTfnm=s

sN � x1; : : : ; xN
i?§�hjs/q?two A/q'g9oHi?fnvbi?§µqLh9q{fnknid” £{q?h[oHq?xntHs

x
À�owg[¤šqLrnhjidx)q?xWoHtHoEg_¯Bknowvjg9hjoHxnl4g9oHi?fŸ§©lnfnm7g9owidf

p(x)
c

¥

q?m�¤

sTf0g[hj¯

x i
oHvYq?f^oHfnkns=r s=fnkns=f}g�owknsTf0g[oHm/q{tHtw¯6kWoHvjg[h[owxnlWg9s=k·h9q{fnknid” f}ln”ZxJsThTca« f)q{g9lWh9q?t |PlWsTvjg[oHidf·g[i

q?vjŽ¸owv2À�¤)q'g�oHv�g9¤nsL”^q'ˆ4ow”Zln” £{q?tHlWs�g9q?Ž?s=f—x}¯

x
•

>OSO�TS

À�¤)q'g�oHv

xmax � max(x1; x2; : : : ; xN )
›

owg�owv�m=tHsTq?hag9¤)q{g

xmax
owvbowg9vjsTtE§uq]h9q?fnkWid” £{q?h[oHq?xntHs�´©v[owfnmTs2ow§ Àzs+knh[s7À²knowº sThjsTf0gzvjsT|}lns=fnmTs=v

sN
À½s

À½idlntHk®idxWg9q?oHfDknoEºMs=h[s=f}g2£{q?tHlWsTv�i?§

xmax ¶

cbÇIs]g9¤ns=f�fns=sTk®g9iGm�¤)q?h9q{m=g9s=h[oCATs

xmax
owf¸rnhjidx)q?xWoHtHoEg_¯

q?fnkDg9¤Ws�|}l)q{f}g[owg_¯·À½s]fnsTs=k¸g[iGkWs=g9s=h[”GoHfns�owvYowg[vYrnh[idxnq?xnoHtwowg_¯ŸknoHv¹g9hjoHxnlWg[oHidfŸ§©lnfnm=g[oHidfM•

q(xmax )
c

ž

¤WoHvYŽ}oHfnkši{§�|}lns=vjg[oHidfšÀzq?vYh9q?owv[s=kšoHf·g9¤Ws�mTidf0g9s\ˆPg�i?§µvjg9lWknoHs=v;§©lnfnkns=k¸x0¯·owfnv[lWh9q?fnm=s�mTid”Gr)q'‹

fnowsTv�oHf—g[¤nsGª+s=g[¤nsThjtŠq?fWknvTcEcwcBoEg�Àzq?v]lnv[s7§©lntag9iDŽ}fni%À ¤ni%À ¤WoH˜d¤—m=idlntHk±oEg�x sGqšh9q{oHv[sBowf�g9¤ns6vjs/q

tHs7£ds=tVcEcwc

¥

”Ÿowt.@�ln”ZxJsTtakns7£dsTtwidrJsTk r)q?hjg�i?§½g9¤nsBg[¤nsTidh¹¯—i?§zs7ˆPg9hjsT”Gs6£{q?twlns6vjg9q{g9owvjg9owmTv=c

„

lni{g9oHfW˜

¤now” ���

(M�%���7FL�;(F;W<?(�( ;)�Y37>@X?�739���'&M$ L (F;)�Y(F;)��$'3KJdS

�

(�$'&)C J]39�7FG<?>@&W�;(_$L*�$'&)X%>@&M*��z( ;)�#�7& M?>@&M���73��2$¡:

(F;)�LX'<?CU>ON?>@(6Jš$¡:�(F;P>H�L<?&J<?C J%�7>H�TS

��idh2q?twv[i����

C����7(½>@F#1)$%���7>65TCH�P4T.-��C�� >@F#1J39$B5�<I5TCH�]&�� <?3\3\>@X?�
	=<?FG<?>H�TS

�

Ç²owg[¤Gg[¤ns#m=id”GrnlWg�q'g9oHi?f)q?t)q?k4£?q{fnmTs=v;q?fnkŸv[i?§@g_Àzq?hjs#kns7£dsTtwidrJsTk^owf^hjsTmTs=f0gz¯dsTq?h[v=•4g[¤ns#q{rnrntHowm/q{g[oHidf

i?§ag[¤nsBvjg9q{g9owvjg9owm/q?t�g9¤WsTidh¹¯�i?§�s\ˆ4g[h[s=”ŸsL£{q?twlnsTv+g9i·À½s/q{g[¤nsTh]q?fWk—mTtHow”^q'g9s�¤)q?v�xJsTm=id”ŸsLh[sTtHq{g9oE£ds=tw¯

vjg[h9q?ow˜d¤0g[§©idh¹À;q{h[k"c�«#fWfPlnq?t¦q?fWk�knoHlWh[f)q?t�m7¯4m=tHs=vT• g[h[s=fnknv6´

�TS M0S

• hjs �)s=m=g9owfn˜·m=tHoH”Ÿq{g[s�m�¤)q?fn˜ds

¶

•Mq?fnk

rn¤0¯Pv[owm/q?twtw¯0‹_x)q{v[sTk^mTi%£{q?h[oHq{g9s=v�´

�TS M0S

•

¥

tMª2o��niLs=£ds=f0g9v

¶

q{tHt-m/q?f^x s�owfnmTi?h[rJidh9q{g[sTkŸoHf·q�vjg9h[q?oH˜?¤}gj§©idh¹‹

Àzq?h[k®”^q{fnfnsTh=c

‰us7g+lWv2mTq?tHt

f (�)
g9¤ns]m=ln”ZlntHq{g9oE£ds�rnhjidx)q?xWoHtHoEg_¯d•

f (�) =
Z �

�1
dx p(x) ;

´8•Wc‡‚

¶

>OSO�TS

g9¤nsDrnhjidx)q?xWoHtHoEg_¯ i?§

x
xJsToHfW˜—v[”Ÿq?tHtwsTh�g[¤)q?f

�
q?fnk

g(�)
g[¤nsDmTln”LlntŠq{g[ow£?s·rnh[i?x)q?xnowtHowg_¯ i?§

xmax
…

g(�) =
Z �

�1
dxmax q(xmax ) :

´O•Wc •

¶

ª+i%À]•)owf®i?h[kns=h�g[i6¤)q/£ds

xmax < �
idfns]fns=sTknv�g9i6¤)q/£ds�q?twt

x
†¢v�vj”^q?twtHs=hzg9¤)q{f

�
c

ž

¤}lnvT•

g(�) = [f (�)] N ´O•Wc••

¶

‰us=g2lnv�m/q{tHt

h(�)
g9¤Ws�rWh[idx)q{xnoHtwowg_¯6g9¤)q'g

x
oHvYtHq?h[˜ds=hzg9¤nq?f

�
•

h(�) = 1 � f (�)
´8•4c

–

¶

e¨§

�
owv�qBtŠq?hj˜ds�f}ln”ZxJsTh=•

h(�)
owvYs7ˆ4r s=m=g[sTk¸g[i6x s]v[”Ÿq?twtV•4q?fnk

g(�) = [1 � h(�)] N � 1 � N h(�) � e� N h(�) ´O•Wc•›

¶

$�fnsBfns=sTknv�g[išs=£{q?tHlnq{g9sLg[¤noHv#s7ˆ4rnh[s=v[vjoHidf±§©idh#kWowº sTh[s=f0g�§©lnfnm=g[oHidfWv

h(�)
c]e¨g�g9lnhjfnv�idlWg#g9¤)q{g#§©idh

q?twt

p(x)
g9¤)q{g�q?h[s�fni?g+x i?lnfnkns=k±q?fnk�g[¤)q{g#§Oq{tHt�i?º±g9i A=sThji^§Oq?vjg[sTh2g9¤)q?f�s7ˆ4r i?fnsTf0g9oHq?tHtE¯Didfns�¤)q?v

g9¤Ws�


.PF�57�7C

knoHv¹g9h[owxnlWg[oHidfši?§µg9¤Ws�”Ÿq'ˆ4oH”Lln”

q(xmax ) = be� b(xmax � s)� e� b( x max � s))
:

´O•Wc•œ

¶

ž

¤ns�g_Àzišr)q{h9q?”Gs=g[sTh[v

b
q?fnk

s
­Wˆ®g9¤ns�”ŸsTq?f�q?fWk�g9¤ns�£{q?h[oHq?fnmTs�i?§

q
q?fWk�knsTrJsTfWk�idf�g[¤nsLidfWsTv

i?§

x
cbª2i?g9s#g[¤)q{g;qLx s7g[g[sThzhjsTrnhjsTvjsTf0g�q{g[oHidfšowvzidx4g�q?owfnsTk·lWv[oHfW˜Lg9¤ns#h[sTkWlnmTs=kD£{q?hjoŠq?xWtHs

b(qmax � s)
q?fnk¸qBtHid˜dq?h[oEg9¤n”GoHm2v[mTq?tHs{c

–
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«Ym7g9l)q{tHtw¯^idfns]m/q{f¸q{tHv[i6kns=h[oE£ds�g9¤ns]rJkW§�i?§�g[¤ns

a
‹¨g[¤®£{q?twlns�oHf·g[¤ns]v[sT|}lns=fnmTs

a = 1
xJsTowfn˜Bg9¤ns

”Ÿq'ˆ4oH”Zln”®•

a = 2
g[¤ns]fns7ˆPg2idfns{•-q?fnk®v[iGidf®q?fnk®v[iB§©idhjg[¤"•ng9iB­)fWk

q(xa) = N e� ab(xa � s)� e� b( x a � s)) ´8•4c ë%•

¶

À�owg[¤

N
g9¤ns]fni?h[”Ÿq?tHoCA/q{g[oHidfŸmTidfnv¹g�q?f0g�g9¤nq{g�knsTrJsTfWknv+i?f

a;b
q?fnk

s
c

$#g[¤nsTh

p(x)
À�oEg9¤šknoEºMs=h[sTf0g�kns=m/q/¯PoHfn˜Z§©i?h[”GvYq{gYowfW­)fnoEg_¯—´©v[tHi%À½sThzg[¤)q?fDs7ˆ4rJidfns=f}g[oŠq?t

¶

§Oq?twt owf0g9i

knoEºMs=h[sTf0g2mTtHq?v[vjsTv�i?§�s7ˆPg9hjsT”Gs�£?q{tHlns�v¹g�q{g[oHvjg[oHm=v�´8Ä)h[y=m�¤ns=gT•-Ç sTowxnlntwt

¶

c

Ç sZvj¤)q?tHt�v[s=sBs7ˆPg9hjsT”GsZ£?q{tHlns�vjg�q'g9oHv¹g9owmTv#rWtŠq/¯�q·hjidtHs�oHf�g[¤nsZm=idf0g9s7ˆPg]i?§�m=h[owg[oHmTq?t�rn¤nsTfWid”Ÿs=f)q

´V¬z¤nq?rWg9s=h+€

¶

q?fnk®v[lnh¹§Oq?mTs]˜dhji%ÀYg9¤I´V¬z¤)q?r4g9sTh+•

¶

c
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‰us=g2lnv�¤ns=h[s]h[s=m/q?twt"v[id”Gs]oH”Gr i?hjg�q{f}g½§©s/q{g[lnh[s=v�i?§

?

g9q{g9owvjg[oHm/q{t

¾

s=m�¤)q?fnowmTv�~äë?•J€4•)•W•)‚'ƒVc

ž

¤WsBvjg�q'g9sZi?§�qŸmTtŠq{v[v[owm/q?tµvj¯Pv¹g9sT” ”^q?kWsLi?§

i = 1; : : : ; N
rnq?hjg[oHmTtwsTv+tHow£Powfn˜Ÿowf

d
‹_know”Ÿs=fnv[owidf)q?t

v[rnq?mTs�owv½§©lntwtw¯6m�¤)q{h9q?m7g9sThjo A=sTkšx0¯·q�r idowf0gzowf^g9¤ns

2dN
knoH”GsTfnvjoHidfnq?t-rn¤)q?vjs�v[r)q{mTs

�
”^q{kns+i{§ug9¤ns

mTiPidhjknoHf)q'g9sTv=•

~q
•0q?fnk6”Gid”GsTf0g�qW•

~p
•di{§Jg[¤nsYr)q?h¹g9owmTtHs=v

(~q; ~p) � (q1
1; q2

1; q3
1;q1

2; q2
2; q3

2;: : : ; q1
N ; q2

N ; q3
N ;

p1
1; p2

1; p3
1;p1

2; p2
2; p3

2;: : : ; p1
N ; p2

N ; p3
N )

c

ž

¤ns D+q?”Ÿowtwg[idfnoŠq{fÃi?§Lg[¤ns vj¯Pvjg[sT” oHv

H (~q; ~p)
q?fnk g9¤ns

g9ow”Ÿs2s=£?idtHl4g9oHi?f·oHv½kns=g[sTh[”GoHfWsTk·x0¯ D#q?”GoHtEg9idf"†‡v�sT|}l)q{g[oHidf·i{§�”Ÿi?g[oHidf�´Os=|}lnow£{q?twsTf0g;g9iZª+s=ÀYg[idfnoHq?f

kW¯Pf)q?”GoHm=vT•�i?§YmTi?lnh[vjs

¶

c®«#v�g9ow”Ÿs6r)q?vjv[s=vLg9¤nsŸh[s=rnh[s=v[sTf0g9q{g9oE£ds·rJidoHf0g

(~q(t); ~p(t))
g[h9q?m=sTvLq¸r)q{g[¤

oHf

�
c

¥

fns=h[˜?¯?•

E
•)oHv�m=idfnv[s=hj£?sTk�oE§�g9¤WsPD+q?”GoHtwg[idfnoHq?f·kniPsTv�fni?g+kns=r s=fnk�idfDg9ow”Ÿs�s\ˆ4rntHowmTowg[tw¯^q?fnk

g9¤}lnv+q?twtMrJidoHf0g9vYowf®q?f0¯·g9h[q��jsTm7g9idh¹¯štHows�idf¸q6m=idfnv¹g�q?f0g2sTfns=h[˜?¯Dvjlnhj§Oq{mTs?•

H = E
c

‰uowidlW£PoHtwtHs?†‡v�g[¤nsTidhjsT” v¹g�q{g[sTvbg9¤)q{g½q�£didtwln”Gs2s=tHs=”Ÿs=f}g�owfGrW¤)q?v[s2v[rnq?mTs+kni4s=vbfni?g�m�¤)q?fn˜?s#oHfBg[¤ns

mTi?lnh[vjsBi?§bg9oH”Gs�ow§bs/q{m�¤ rJidowf}g#oHf�oEg#§©idtwtHi%À�v+g[¤nsB”GoHmThjidv[m=idrnowm�D+q?”Ÿowtwg[idf¸tHq/À�v�i?§�”Ÿi{g9oHi?f"c�e¨g�owv

rnhjs=g[g_¯Ls/q?v¹¯�g[i�v[¤Wi‘À��jlnv¹gax0¯Lm=id”ŸrWlWg9owfn˜+g[¤ns "dq?m=idxnoŠq{fZi?§Jq#m�¤)q{fn˜dsYi?§)£{q?hjoŠq?xntwsTvµmTidhjh[s=v[rJidfnknowfn˜

g9iBg[¤ns]oHfW­)fWowg9s=v[ow”^q?tJs=£?idtHl4g9oHi?f®i{§¦qBtHoEg[g[tHs+£?idtHlW”Ÿs
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Figure 1 http://www.biomagres.com/content/2/1/4/figure/F1?highres=y
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Figure 1 Resolution: standard / high

Magnetization and magnetic phase transition (Curie temperature) of the as-produced, sand grinded and ball-milled copper-nickel alloy (29% wt. copper, 71% wt nickel), from top to bottom, respectively.

Ä�ow˜dlnh[s2€P…

ž

¤ns�”Ÿq?˜dfns7g9o ATq{g9owidf6q?v�q�§©lnfnm7g9oHi?fŸi?§Jg9s=”ŸrJsTh[q{g9lWh[sY§©idh¦g9¤Wh[sTs2”Ÿq?˜dfns7g9oHmzmTid”Gr i?lnfnknv=c

Ç²¤nq{gzowvaidxnvjsThj£?sTkšfnsTq?hbv[lnm�¤·q�m=h[owg[oHmTq?tWg9s=”ŸrJsTh[q{g9lWh[s2q?h[s2m/q{tHtHs=k

*737>@(O>V*[<?C?1 ;)�7&M$'F^�7&J<

c

?

oHfnm=s

g9¤WsšrnoHidfWsTsThjoHfn˜¸ÀzidhjŽ i?§#¬zlnhjoHs?•b‰�q?fW˜ds=£PoHf q{fnk i?g9¤ns=h[v=•bg[¤ns·g_À½i rW¤)q?v[s=vT•½r)q?h9q{”^q?˜?fns=g[oHmŸq?fnk

§©sThjh[id”Ÿq?˜dfWs=g9owmBq?hjs6À½sTtwtE‹¨lnfnkns=h[vjg[i4iPk"c

„

l)q?twowg�q'g9ow£?sBq?hj˜dln”GsTf0g9vŸ´OvjsTs

?

sTm7g/c�‚nc¢•

¶

q?v]Àzs=tHtbq?v�g[¤ns

”Gs/q?f4‹V­)sTtwk—q?rnrWh[i0q?m�¤ ´©v[sTs

?

s=m=gTcu‚nc •

¶

m/q?r4g9lnhjsTv�g9¤nsZg_À½iDrn¤)q?vjsTv�q?fnk—g[¤nsTowh�”^q{oHf�m�¤)q{h9q?m7g9sThjoHv¡‹

g9owmTv=c.D+i%Àzs7£ds=hT•-À�¤)q{g2¤)q?rnrJsTfWv2m=tHidvjs�g9iBg9¤Ws�m=h[oEg9oHmTq?tMrJidowf}g;¤)q?v�h[s=”^q?owfnsTkDkno �GmTlntEg;g9i6kns=v[mThjoHxJs

|}l)q?f0g9oEg�q{g[ow£?sTtw¯Zlnf0g9oHt)g[¤ns+kWs=£ds=tHidrW”Ÿs=f}g½i?§uvjm/q?twoHfn˜�q?fWkŸg9¤Ws+hjsTfnidhj”^q{tHo ATq{g9owidfB˜dhjidlnr�´

?

s=m=g/cP‚nc

–

¶

c

�
� � � ���'$�-��!����+./

‰us=g^v[lÂknowv[mTlWv[všv[i?”Ÿs¸oH”Gr idh¹g�q?f0gGmTi?fnmTs=rWg9v=•#rnowfnfnoHfW˜ ­)s=tHknv=•�xnh[idŽ{sTf²sThj˜diPknoHm=owg_¯ q?fnk xnh[idŽ{sTf

vj¯P”G”Ÿs7g9h¹¯d•WÀ�oEg9¤·g9¤Ws�¤nsTtwrši?§¦qZm=idfnm=h[s=g[s]s7ˆWq?”GrntHs{•4g9¤Ws�e_v[oHfW˜B”ŸiPknsTt¦´8•Wcäë

–

¶

c

ž

¤ns�knowmTlnvjvYoHidfšowv

¤ni%À½s=£ds=h#”ZlWm�¤¸”Gidh[s�˜?sTfns=h9q?t�q?fWk®owf0g9h[iPknlnm=sTvYg9¤Ws�m=idfnm=sTrWg[v+”GsTf0g9owidfns=k¸q{x i%£ds{c

�'���A�! �%-!F:F7-!F���� &15��

e_fLg[¤ns;q?xWv[sTfWmTsYi?§-q+”^q?˜?fns=g[oHma­)sTtwkL§©idhµr)q?owh�owf}g[sTh[q?m=g[oHidfnv�g9¤WszsTfWsTh[˜{¯Lowv�q?fLs=£ds=fZ§©lnfnm7g9oHi?fZi?§ng[¤ns

v[rWoHfnv=•

E(~s) = E(� ~s)
q{fnk"•Wm=idfnvjsT|}lnsTf0g[tw¯d•4g9¤ns+sT|}lnoHtwoHxnhjoHln” ”^q?˜?fns=g[o A/q'g9oHi?fŸkns=fnv[oEg_¯GmTid”GrnlWg[sTk

q?v#q?f—q/£ds=h9q?˜dsLi‘£?sTh

<?C@C

vjrnoHf�mTidfW­n˜dlnh9q'g9oHi?fnv+À�oEg9¤�g[¤nsTowh+mTq?fnidfnowm/q?t�À½sToH˜?¤}gT•

e� � H •J£?q{fnoHvj¤nsTv�q'g

q?twt g9s=”ŸrJsTh[q{g9lWh[sTv=c

«;g�¤noH˜?¤Lg9s=”ŸrJsTh[q{g9lnhjsTv=•

m = 0
m�¤)q?h[q?m=g[sThjo ATs=v¦mTi?”Ÿrntws=g[sTtw¯�g[¤ns;s=|PlWoHtHowxnh[owln” rnhjidrJsThjg[oHs=v�i?§)g[¤ns

vj¯Pv¹g9sT” v[owfnmTs]g9¤WsTh[s�oHv2qŸlWfnoH|}lns�r)q?h[q?”^q{˜dfns=g[oHm]vjg9q{g9s]À�owg[¤¸£{q?fnowv[¤nowfn˜6”^q{˜dfns=g[o ATq{g9owidfDknsTfnvjowg_¯?c

«;g½tHi%ÀÃg9s=”ŸrJsTh[q{g9lWh[sTv½oHfnv¹g9sTq?k^oE§MÀ½s#rJsThj§©i?h[” q?fŸs7ˆ4r s=h[ow”Ÿs=f}g�À½s

NP$6$B57�%�737X?�

q�fns7g;”Ÿq?˜dfns7g9oCA/q'‹

g9owidf�kWsTfnvjowg_¯dc#e_f—rnh9q?m7g9owmTs?•JÀ�¤)q{g#¤)q?rnrJsTfnv#oHv+g[¤)q{g+À�¤nsTf�g[¤nsZs7ˆ4rJsThjoH”GsTf0g9s=h#g�q?Ž{sTv#g[¤nsZv¹¯4v¹g9s=”

g9¤Wh[idln˜?¤�g9¤nsZg[h9q?fnvjowg[oHidf�i?fnsBm/q?fWfni?g�q/£didowk�g9¤ns6q{rnrntHowm/q{g[oHidf¸i?§bg9owf}¯�s7ˆPg9s=h[f)q{t�­)sTtwknv2=®g9¤WsBs7ˆ}‹

rJsTh[ow”Ÿs=f0g�q?tµv[s7gj‹_lWr"•"g9¤ns

¥

q{hjg9¤McwcEcE=®q?fnk�g9¤WsTh[sBowv�q?tEÀ;q/¯Pv�q·v[”Ÿq?twt

1J>@&)&)>@& M�`;�7CEN

g9¤)q'g]q?m=g[l)q?twtw¯

v[s=tHs=m=g9v½idfns+i?§"g9¤Ws+g_À½iZr i?v[v[owxntHs2sT|}lnowtHowxnh[owln” v¹g�q{g[sTvT•4À�owg9¤Ÿr i?v[owg[ow£?s2i{§ufnsT˜dq{g9oE£ds#”Ÿq?˜dfWs=g9oCA/q{g[oHidf

kns=fnv[oEg_¯d•�q?twtHi%Àzs=k�x0¯�v¹¯P”Ÿ”Gs=g[hj¯dc]e_f�g[¤nsZmTi?lnh[vjsBi?§bg9oH”Gs?•-g9¤WsZs7ˆ4rJsTh[ow”Ÿs=f0g�q?twoHvjg+v[¤WidlntHk—vjsTsZg[¤ns

§©lntwt�”Ÿq?˜dfWs=g9oCA/q{g[oHidf±kns=fnv[oEg_¯ h[s=£?sThjv[s?•b¤ni%À½s=£?sThT•ag[¤noHv�oHv�fni?gLv[sTsŸoHf rnh9q?m7g9owmTs^vjoHfnm=s·q?v¹g9hjidfnid”GoE‹

m/q{tzg9ow”Ÿs\‹_v[mTq?tHs=v�À½idlntwkRx s·fWsTsTkWsTk"cIÇ sšv[¤nq?tHt½v[sTs·g[¤noHvLrn¤nsTfWid”Ÿs=fnidf q{gZÀ½idhjŽ À�¤ns=f vjidtw£PoHfW˜

ë%•



�

� � 
 	 � � � �

XT�

� 	�� � 
 ���

�

���2	��W
 ����	 � �'� �
�7�����

”Gs/q?f4‹V­)sTtwkš”ŸiPkns=tHvYs7ˆWq?m7g9tE¯šx s=tHi%À]c

�'���A��� � , �";"&1F &B, � � �7-!9?- G��

e_f0g9hji4knlWmToHfW˜¸kW¯Pf)q{”ŸowmTv]oHf0g9išg[¤ns6rnh[idxWtHsT”��7•µs=h[˜diPknowmTowg_¯�xnh[sTq?Ž}oHfn˜®m/q{f xJs6vjg�q'g9sTkIq?v�g9¤ns6§Oq?m7g

g9¤nq{g�g9¤nsbg9s=”ŸrJidh9q{t}q%£?sTh[q?˜ds�i‘£?sTh�q+twidfn˜�´Oxnl4g�­)fWowg9s

¶

g9oH”Gs¦À�oHfWkni%À oHv�knoEºMs=h[s=f}gµ§©h[i?” g9¤ns�vjg9q{g9owm/q?t

idfns{•4À�oEg9¤^g[¤ns#vjln” hjlnfnfnowfn˜Zi%£ds=hYq?twtJm=idfW­)˜?lnh9q{g[oHidfWv½À�owg[¤Ÿg[¤nsTowh;q?vjv[iPmToŠq'g9sTk	@]owxnxnv¹‹_¿zidtEg AT”Ÿq?fnf

À½sToH˜?¤}gT…

A 6= hA i :
´O‚nc•€

¶

e_f®rnh9q?m7g9owmTs�g9¤Ws]g[sT”Gr i?h9q?tMq%£?sTh[q?˜ds�oHvYknidfWs�oHf®qBtHidfn˜BxWlWg�­)fnowg[s�oHf0g9s=hj£{q?t

� < 1
cbŒ#lnh[owfn˜Bg9¤nowv

g9ow”Ÿs{•dg9¤ns�v¹¯4v¹g9s=” owvbr idvjowg[ow£ds=tw¯LidhafnsT˜dq{g9oE£dsTtE¯B”Ÿq?˜dfns7g9o A=sTk6kns=r s=fnknoHfW˜�idf6À�¤ns7g9¤ns=hzowgbowvaoHf��¡idfWs

idh�g[¤ns�i?g9¤WsThakns=˜dsTfns=h9q{g[s�sT|}lnoHtwoHxnhjoHln”�v¹g�q{g[sTv���c

ž

¤}lnv=•Pg[¤ns;g9s=”ŸrJidh9q{tnq/£ds=h9q?˜ds�i?§-g[¤nsYidh[owsTf0g�q'g9oHi?f

i?§�g[¤ns®v[rnowfnvT•z§©i?hŸowfnvjg9q?fnmTs{•z¯PoHs=tHknvŸq fWidf4‹¨£{q?fWoHv[¤WoHfn˜ h[s=v[lntEg

A = m 6= 0
cÃe¨§¡•;owfnvjg[s/q?kM•;idfns

mTi?”Ÿrnl4g9sTvag[¤ns�vjg�q'g9oHv¹g9owm/q?tWq%£?sTh[q?˜ds�v[ln”G”GoHfn˜�i%£ds=h

<?C@C

m=idfW­)˜dlWh9q{g[oHidfnvai{§ g[¤ns�v[rnowfnvT•0g9¤Ws2hjsTvjlntwgbowv

ATs=h[in•?q?v�idfnsbm/q{fLv[s=s½lWv[oHfW˜ �jlnv¹g�v¹¯P”Ÿ”Gs=g[hj¯]q?hj˜dln”GsTf0g9v=c

ž

¤Wszh[sTq?v[i?f�§©idhug[¤ns½kWoHv[m=h[s=r)q?fnm7¯]oHvug9¤)q'g

À�owg[¤�g9¤ns�g9oH”GsZq/£?sTh9q{˜dsZÀzs6q{h[sBq?m7g9l)q{tHtw¯Dvjln”G”Ÿowfn˜·i%£ds=h�¤)q?tw§bi{§ag9¤ns6q/£{q?oHtHq?xntws�m=idfW­)˜?lnh9q{g[oHidfWv

i?§]g9¤Ws�vj¯Pvjg[sT”®c e¨§]g9ow”Ÿs

�
oHv·fWi?gDq?v·tHq?h[˜?s�q?vDqI§©lnfWm=g9owidfÃi?§

N
•2g[¤ns�g9h[q��jsTm7g9idh¹¯ÃkniPsTvšfWi?g

¤)q/£ds^sTfnidlW˜d¤ g[oH”Gs6g[i¸£PoHvjowgLq?tHtam=idfW­)˜?lnh9q{g[oHidfWv�owfIrn¤)q{v[s^vjr)q?m=s?c%$�fWs^m/q{fIh[s=mTidfWmToHtwsGg[¤nsŸg_À½i

h[s=v[lntEg9v+x}¯?•Mowf®g[¤nsLv¹g�q{g[oHvjg[oHmTq?t�q/£dsTh[q?˜ds{•Mv[lW”Ÿ”GoHfn˜GidfntE¯Di%£dsTh2g9¤ns�mTidf4­)˜dlnh[q{g9owidfnv�À�owg9¤¸r i?v[owg[ow£?s

´Oi?h�fnsT˜dq{g9oE£ds

¶

”^q?˜?fns=g[o A/q'g9oHi?f�kns=fnv[oEg_¯dc�Ç sBv[¤nq?tHt�v[sTsZg[¤noHv�q{g�À½idh[Ž�owf—q·mTi?fnmThjs=g9s6mTq?tHm=lntŠq{g[oHidf

xJsTtHi%À]c

�'���A� � ��@ � FHG / F7& � * � 6:,
�";"&1F �	�'D DE&?G ,
�

e_fŸg[¤ns2q?xnvjsTfnm=s#i?§"q?fŸs\ˆPg9sThjf)q?t)­)s=tHk6g9¤ns2D#q?”GoHtEg9idfWoŠq?f�oHvbvj¯P”G”Ÿs7g9h[owmYÀ�owg9¤6hjsTv[rJsTm7gzg[i

si ! � si
ž

¤ns�rW¤)q?v[s+g9h9q{fnv[oEg9oHi?fŸm=idh[hjsTv[rJidfnkWvzg9iLq

�_1)$'&)(¨<?&M��$'.0��� J{FBF^�7(O3KJ�5T39�[< �'>@& M

xJs=g_À½sTsTfšg[¤ns�vjg9q{g9s=v

i?§arJidvjowg9oE£ds�q?fnk�fWsT˜0q{g[ow£?sL”Ÿq?˜dfns7g9o ATq{g9owidf"c $�fns�m/q?f�kns=g[sTh[”GoHfWs�g[¤nsLidfWs�g9¤nq{g#owv+m�¤Widv[s=f�À�¤nsTf

˜didowfn˜Bg9¤nhjidln˜d¤

Tc
s=owg9¤WsTh�x0¯®q?rnrntE¯4owfn˜GqGvj”^q{tHt

1J>@&)&)>@& M�`;�7CEN

g9¤nq{g2oHv;g�q{Ž?sTf®g9i�ATs=h[iGidfntw¯šq{§@g9s=h

g9¤Ws;g9¤ns=h[”Gi4kW¯Pf)q{”Ÿowm½twoH”Gowg/•‘idh�x}¯ZoH”Gr idvjoHfn˜+q?kns=|}l)q{g9s�xJidlnfnknq?hj¯�mTidfWknowg[oHidfnv�tHowŽ?s?•{§©idh¦oHfWvjg�q{fnmTs{•

q?twt¦v[rnowfnv�r idowf0g9oHfW˜šlnrIidf±g9¤WsŸxJidh[kWsTh[v�i?§½g9¤ns6v9q{”Ÿrntws?c $�fnmTsŸq®v¹¯Pvjg9s=” vjs=g[v�owf}g[i¸i?fns6i?§zg[¤ns

sT|}lnowtHowxnh[owln” vjg�q'g9sTv�g9¤WoHvYoHvYm=id”GrntHs7g9sTtE¯^v¹g�q?xWtHs]oHfšg9¤Ws

N ! 1
tHoH”GowgTc

¥

hj˜di4kWoHmToEg_¯Dxnh[sTq?Ž}oHfn˜ŸfnsTm=sTvjv9q?hjoHtw¯¸q?m=mTid”Gr)q?fWoHsTv2v[rJidf0g�q{fnsTidlWv#vj¯P”G”Ÿs7g9h¹¯¸xWh[s/q{ŽPowfn˜^xWlWg#g[¤ns

h[s7£ds=h[v[s¸oHvBfni{gBg9h[lWs?’�v[s=s ~‡œ{ƒY§©idh6q{f s\ˆnq{”ŸrntwsDq?fnk g9¤nsDknowv[m=lnv[vjoHidf oHf

?

s=m=g/c�•—idf knowv[idhjknsThjsTk

vj¯Pv¹g9sT”GvTcIe_fnknsTs=k"•�v[rJidf0g�q?fns=idlnv6vj¯P”G”Ÿs7g9h¹¯Ixnhjs/q?Ž}owfn˜±˜dsTfns=h9q{g[sTvBknowv �jidowf0gBsThj˜di4kWoHm^hjsT˜dowidfnvZowf

rn¤)q{v[s^vjr)q?m=s?•¦hjsTtŠq'g9sTk x0¯ g[¤nsŸxWh[idŽ{sTfRvj¯P”G”Ÿs7g9h¹¯d•�xWlWgLi?fns^mTq?fnfni?gLrnh[i%£?sŸg9¤nq{g�g[¤nsTvjsšq?hjsGg[¤ns

idfntE¯BsThj˜diPknoHmYm=id”ŸrJidfns=f0g9vboHf6g9i?g9q?tn˜ds=fnsTh[q?tHoEg_¯dc

¾

s/q?fP‹¨­)s=tHkGv[rnowf4‹_˜dtHq?v[va”GiPknsTtwvarnh[i%£PoHkns+q]mTidlnfP‹

g9s=h[s\ˆnq{”Ÿrntws�i?§µg9¤nowvYoH”GrntHowm/q{g[oHidf"c
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‰us=g6lnvB­)hjvjgGlnvjs¸q�g[¤nsThj”ŸiPkW¯Pf)q?”GoHm·q?h[˜dlW”Ÿs=f}gBg[i—knsTvjmThjoHxJsDg[¤nsD¤noH˜?¤ q?fnk tHi%À g9sT”GrJsTh9q'g9lnhjs

rn¤)q{v[sTv=c

ž

¤Ws#§©h[s=s�sTfns=h[˜?¯Ÿi?§µqLv¹¯Pvjg9s=” owvz˜doE£dsTf^x}¯

F = U � kB TS
À�¤nsThjs

U
oHv�g9¤ns�owf0g9sThjf)q?tJsTfns=h[˜?¯?•
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•½q{fnk

S
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¤WsZsT|}lnowtHoHxWh[oHlW” vjg9q{g9sZ”Ÿq/¯®knsTrJsTfnk—i?f�g9s=”ŸrJsTh[q{g9lnhjsZq?fWk�owg+oHv+v[lnm�¤—g9¤nq{g�oEg

”GoHfnow”ŸoCATsTv2owg[v�§©h[s=s7‹_s=fnsThj˜?¯

F
cZ« mTid”GrJs=g9oEg9owidf�xJs=g_À½sTs=fIg9¤nsBs=fnsThj˜ds=g[oHm6mTi?f}g[h[owxnlWg9owidf±q?fnk—g[¤ns

sTf0g[h[idrnowm�idfns2”^q/¯Zg[¤nsTfŸtHs/q{k6g[iLq]m�¤)q?fW˜ds#owfGrW¤)q?v[s+q{g½q]kns=­)fWowg9s�g9s=”ŸrJsTh[q{g9lWh[s?•

>OSO�TS

q]knowº sThjsTf0g

˜dhjidlnr�i?§b”GoHm=h[iPmTidf4­)˜dlnh[q{g9owidfnvT•)m=idfnv¹g9owg[lWg9owfn˜·qŸvjg�q'g9s?•JÀ�owg[¤�knowº sThjsTf0g�”Ÿq?m=h[idvjmTidrnowmLrnhjidrJsThjg[oHs=v

knid”GoHfnq{g9s#g[¤ns�g9¤ns=h[”Gi4k4¯4fnq?”ŸowmTvYq'g+i?fns�v[owkns�q?fnk¸q?fni?g[¤nsThYi?§µg9¤Ws]g[h9q?fWv[owg[oHidfMc

«;g�A=sTh[i6g9s=”ŸrJsTh[q{g9lWh[s�g9¤ns�§©hjsTs7‹¨sTfns=h[˜?¯·oHvYoHkWsTf0g9owm/q?tMg[iGg[¤ns]oHf0g9s=h[f)q{t"sTfns=h[˜?¯

U
cbe_f¸qGv¹¯4v¹g9s=”

À�owg[¤�§©s=h[h[i?”^q?˜?fns=g[oHmamTi?lnrntHowfn˜dv�xJs=g_À½sTsTfB”Ÿq?˜dfWs=g9owmb”Ÿid”GsTf0g[vT•‘g9¤ns½”^q?˜?fns=g[oHmboHf0g9s=h9q?m7g9owidf]oHvµv[lnm�¤

g9¤nq{gzg[¤ns�sTfWsTh[˜{¯^owvz”GoHfnow”ŸoCATsTkBÀ�¤ns=fšfnsTow˜d¤}x i?h[oHfW˜L”Gid”Ÿs=f0g9v;q{h[s#rnq?h9q?twtHs=tVc

ž

¤PlWv;g9¤ns�rWh[s=§©s=h[hjsTk

mTi?fW­)˜dlnh[q{g9owidfDoHvYvjlnm�¤¸g[¤)q{g2q?twtM”Gid”Ÿs=f0g9v�q?hjs�rnq?h9q?twtHs=t"q?fnkšg[¤ns]vj¯Pvjg[sT”ÆoHv;§©lntwtw¯Ÿidh[kWsTh[s=k"c

?

À�owg9m�¤WoHfn˜�idfBg[sT”Gr s=h9q{g[lnh[s;g[¤nsThj”^q?tWq?˜doEg�q{g[oHidf�rnh[i%£di?Ž?sTv�g9¤nsYhjsTidhjoHs=f}g9q{g9owidfZi?§Jg9¤WsY”Ÿid”GsTf0g[v

q?fnkM•MmTi?fnv[s=|PlWsTf0g9tE¯d•u”GoHv9q{tHoH˜?fn”Ÿs=f0g9vTc+‰us=g#lnv#g9¤WsTf—oHf0£?sTvjg[oH˜0q'g9sLg[¤nsLidrWr idvjowg[s?•MowfW­)fnoEg9s]g9s=”ŸrJsTh¡‹

q{g[lnh[s]m/q{v[s?•-owfDÀ�¤WoHm�¤¸g[¤ns]sTf0g9hjidrnowm]g[sThj” knid”GoHf)q{g[sTv�q?fWk®g[¤ns]m�¤nidv[s=f�mTi?fW­)˜dlnh[q{g9owidfnv�q?hjs]v[lnm�¤

g9¤nq{g]sTf0g9hjidr0¯—oHv#”^q'ˆ4ow”ŸoCATsTkMc

ž

¤nowv�oHv�q{m�¤noHs7£dsTk x0¯�g9¤nsB”Ÿq?˜dfWs=g9owmL”Gid”GsTf0g9v�rJidoHf0g[oHfn˜·owf—h9q?fP‹

knid” owfnknsTrJsTfWknsTf0gYknowh[s=m=g9owidfnv=c¦Ä)idh�s7ˆWq?”GrntHs{•P§©idh½q�”GiPknsTt)À�owg[¤

N
e_v[oHfW˜Lv[rWoHfnv=•4g9¤Ws#sTf0g[h[idr0¯^q{g

oHf4­)fnowg[s�g9s=”ŸrJsTh[q{g9lnhjs�oHv

S � N ln 2
c

Œ+sTmThjs/q?vjoHfn˜ g9sT”GrJsTh9q'g9lnhjs¸knowv[idhjknsTh6xJsTm=id”Ÿs=v^twsTv[v6§Oq/£didh[q?xntws?c

ž

¤ns¸s7ˆ4oHv¹g9s=fnmTs�i?hGfWi?g^i{§]q

­)fnoEg9s®g9sT”GrJsTh9q'g9lnhjs�rn¤)q{v[s�g[h9q?fnvjowg[oHidfnvGkns=r s=fnknv·idf À�¤ns=g[¤nsThštwidfn˜{‹¨h9q?fn˜?s®i?h[kns=hT•�q?v^g[¤ns�i?fns

idxnvjsTh¹£dsTkšowfGg[¤ns#twi%À;‹¨g9s=”ŸrJsTh[q{g9lWh[s�rn¤)q?vjs?•4m/q?fŸh[sT”Ÿq?owfŸv¹g�q?xntwsYÀ�owg9¤Ÿh[s=v[rJsTm=g½g9i �)lnm=g[l)q{g[oHidfnv=•4i?h

g9¤Ws�hjs=£ds=h[v[q?t�i?§�v[id”Gs�”Ÿid”GsTf0g[vT•-oHfnkWlnmTs=k�x0¯Dg9sT”GrJsTh9q'g9lnhjs?c "2r¸g9iGg9¤nowv+rJidowf}gT•ng9¤ns�knowv[mTlWv[v[owidf

¤)q?v�xJsTs=f¸˜ds=fnsTh[q?t�q?fnk®oHfWknsTrJsTfnkWsTf0g2i?§�g[¤ns]knoH”GsTfWv[oHi?f

d
c

ž

¤Ws�mTid”GrJs=g9oEg9owidf q?h[˜dlW”Ÿs=f}gŸ”Ÿq?kns�”Gidhjs¸rnhjsTm=oHv[s�q?tHtwi%À�vŸidfWs¸g9i mTidfWmTtHlWkns¸g[¤)q{g^g[¤nsThjs�owv

fniD­)fnoEg9sBg9s=”ŸrJsTh[q{g9lnhjs6rn¤)q?vjsGg[h9q?fnvjowg[oHidf—owf

d = 1
À�¤nowtHsBoEg]v[ln˜d˜?sTvjg[v�g[¤nsThjsŸowv�idfnsGoHf

d > 1
c

ž

q?Ž?sLqŸidfns�know”Ÿs=fnv[owidf)q?t"§©s=h[h[i?”^q?˜?fns=g[oHm�e_v[owfn˜^”GiPknsTtuÀ�owg[¤¸m=tHidvjsTk�xJidlnfWk)q?hj¯Dm=idfnknoEg9owidfnv�´©g[¤ns

m/q{v[sLi{§aidrJsTf�xJidlnfnknq?hj¯®mTi?fnknowg[oHidfWv2mTq?f�xJs�g[h[s/q'g9sTk�oHf¸qŸv[ow”ŸowtŠq?h;Àzq/¯

¶

•

H = � J
P N

i=1 si si +1
•

sN +1 = s1
ca«;g�ATs=h[i6g9sT”GrJsTh9q'g9lnhjs�owg�oHvYi?h[kns=h[sTk¸q?fnk®owg[vYoHf0g9s=h[f)q{t"sTfns=h[˜?¯Dowv �jlnvjg

Uo = � JN
´O‚nc¢•

¶

À�owg[¤

N
g9¤Ws�fPlW”Zx s=hYi?§µtHowfnŽ}vYq?fnkšvjrnoHfnv=c

?

oHfnm=s#g9¤WsTh[s�q?hjs#g_À½iGkWsT˜ds=fnsTh[q{g9s]idhjknsThjsTkDmTidf4­)˜dlnh[q'‹

g9owidfnv;g[¤ns]sTf0g9hjidr0¯DoHv

So = ln 2
´©‚nc‡‚

¶

ž

¤ns�oHf0g[sTh[fnq?t)sTfns=h[˜?¯ZoHvas7ˆPg[sTfnvjow£ds2À�¤noHtwszg9¤Ws2s=f0g9h[i?r}¯6owv �jlnvjg½q�­)fnoEg9s�f}ln”ZxJsTh=c¦«;gbg9sT”GrJsTh9q'g9lnhjs

T
g[¤ns�§©h[s=s7‹_s=fnsThj˜?¯Di?§µg9¤ns]idhjknsThjsTk®vjg9q{g9s]oHv;g[¤nsTf

Fo = Uo � TSo = � JN � T ln 2 :
´O‚nc••

¶
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NP$'FG<?>@&

i?§Mg[¤ns#i?rnr i?v[owg[s�idh[kns=h½owfGg[¤ns2vj¯Pvjg[sT”®•

>OSO�TS

h[s=£?sThjv[oHfW˜

n
v[rnowfnvT•}g_ÀziLx idfWknv

q?hjs�lWfnv9q{g[oHv¹­)sTk¸q?fnkšg9¤Ws�owf0g9sThjf)q?tus=fnsThj˜?¯šxJsTmTi?”Ÿs=v

U2 = � J (N � 2) + 2J = � J (N � 4) ;
´O‚nc¢•

¶

§©idh�q{tHt

n
c

?

oHfnm=sZidfnsBmTq?f—rntHq?mTsLg[¤nsB”GoHv9q{tHoH˜?fnsTk¸v[rnowfnv�q?f0¯}À�¤nsThjsŸowf�g9¤WsBtŠq{gjg9oHm=s?•Jg9¤ns=h[s6q?hjs

N
sT|}lnoE£{q?tHs=f}g�m=idfW­)˜?lnh9q{g[oHidfWv;À�owg9¤šg[¤noHv�oHf0g[sTh[fnq?t"sTfWsTh[˜{¯dc

ž

¤ns�sTf0g9hjidr0¯Di?§�g[¤noHvYv¹g�q{g[s]oHv;g9¤WsTf

S2 = ln(2N ) :
´O‚nc

–

¶

ž

¤ns^§Oq{m=g9i?hLi?§+€¸owfnv[owknsŸg[¤ns·twid˜0q?hjowg9¤W” q?h[owv[s=vLknlnsŸg9i�g[¤ns^§Oq?m7gLg9¤nq{gLÀ½sšmTidfWv[oHkWsThZq¸h[s=£?sThjv[sTk

knid”Ÿq?owfBoHf6s/q?m�¤Gidfns�i?§ g9¤nsYg_À½i�i?h[kns=h[sTkGvjg9q{g9s=vTca«;gbg9s=”ŸrJsTh[q{g9lWh[s

T
g[¤nsY§©h[sTs\‹_s=fnsThj˜?¯Bi?§"q]v¹g�q{g[s

À�owg[¤Didfns]h[s7£dsThjv[s=k�v[rnowf®q?fnkDg_Àzi

NP$'FG<?>@& L�<?C@C•�

oHv

F2 = U2 � TS2 = � J (N � 4) � T ln(2N ) :
´©‚nc•›
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¤Ws+£{q?h[oHq{g9owidf6oHfG§©h[sTs\‹_s=fnsThj˜?¯Gx s7g_Àzs=sTf·g9¤Ws#idhjknsThjsTk·v¹g�q{g[s#q?fWk^g9¤ns+idfns�À�owg[¤^idfns2knid”Ÿq?owfŸowv

� F = F2 � Fo = 4J � T ln N :
´O‚nc¢œ

¶
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¤}lnvT•�s=£ds=f ow§�g9¤WsŸowf}g[sThjf)q?tasTfWsTh[˜{¯ owfnmThjs/q?vjsTv�knlnsGg9iDg9¤nsGrnh[s=v[s=fnmTs·i{§zg9¤WsŸkni?”^q?owf�À;q{tHtV•ug[¤ns

oHfWmTh[sTq?v[sLoHf�s=f}g[h[idr0¯�oHv#vjlnm�¤—g9¤)q'g#g9¤WsL§©h[s=s7‹_s=fnsThj˜?¯�i{§ag9¤nsZv¹g�q{g[sLÀ�owg[¤—q^knhjidrntws=g�owf�owg#oHv+”Zlnm�¤

”Gidh[s;§Oq/£di?h9q?xntws2q{g½q?f0¯Z­)fnoEg9sYg9s=”ŸrJsTh[q{g9lnhjs

T
cµÇIs2mTi?fnmTtwlnknsYg9¤)q'g½vjrnoHf �)owrnv�q?h[sY§Oq/£didh[q?xntws�q?fnk

idhjknsTh�oHvbkns=vjg9hji%¯dsTk·q{g½q?f0¯B­)fnowg[sYg9sT”GrJsTh9q'g9lnhjs?c

ž

¤ns2§©sThjh[id”Ÿq?˜dfns7g9owmYe_v[oHfW˜�m�¤)q{oHfGkni4s=v½fWi?g�¤)q/£ds

qZ­)fnoEg9s�g9s=”ŸrJsTh[q{g9lnhjs�rn¤)q?vjs�g9h9q{fnv[oEg9oHi?f"c

« vjoH”GoHtHq?h#q{h[˜dln”GsTf0g]owf

d > 1
v[lW˜d˜dsTv¹g9v�g9¤nq{g]idfns6m/q{f ¤nq%£?s?•�q?v]oHfnkWsTsTk±¤)q{rnr s=fnvT•�q·­)fnoEg9s

g9s=”ŸrJsTh[q{g9lWh[s�g9h[q?fnvjowg9owidfšoHfšg[¤nsTvjs�mTq?v[s=vZ´©v[sTs{•
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N?39$�1JCH�7(©�

•�”ŸsTq?fnowfn˜—r)q{g[m�¤nsTvGoHfRÀ�¤nowm�¤ g[¤nsDv[rnowfnv

rJidoHf0g�oHf—g9¤WsŸknowh[s=m=g9owidf i?§zg[¤nsŸi?rnr i?v[owg[s6vjg�q'g9s?•µ¤)q/£dsŸx s=sTf vjg9lWknoHs=kIoHf kns7g�q?owt¦À�owg9¤ f}ln”GsTh[owm/q?t

v[ow”ZlntHq{g9owidfnvTc
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N?39$�1JCH�7(�F^$TNP�7C

§©idh6vj¯Pv¹g9sT”GvŸÀ�oEg9¤ |PlWsTfnm�¤ns=kÂknoHvjidh[kWsThTc «;g^m=h[oEg9oHmTq?tHoEg_¯Ii?fns¸i?xnv[s=hj£ds=v·idhjknsThjsTk
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:\3j<P*7(¨<?C

rnh[i?r s=hjg9owsTv�=šq?fnk

g9¤WsTv[sŸ¤)q/£dsšq{tHv[i®xJsTsTfIvjg9lWknoHs=kIoHf kns=g9q?oHt8cšp�oH˜d¤0g�q?xJi‘£?s
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oHfWknsTs=k i?h[kns=h[sTk±xnl4g�g9¤ns=v[s6kniDfni?g�owfnmTtwlnknsBq·­)fWowg9s�§©h9q?m7g9oHi?f�i?§�g9¤nsBvjrnoHfnv�owf�g9¤nsBv[q?”GrntHsLq?fnk

g9¤Ws+”Ÿq?˜dfns7g9owm2kWsTfnvjowg_¯6£{q?fnoHvj¤nsTv=c*D+i%À½s=£?sThT•4g9¤ns=v[s#rnq{g9m�¤ns=vYq?hjs2s=fnidln˜?¤^g9i�˜dsTfWsTh9q'g9s#fWidf4‹¨g[h[oE£4oHq?t
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2
ln

1 + mi

2
+

1 � mi

2
ln

1 � mi

2

�

:
´O‚Wc ë%œ

¶

ž

¤nsBtwi4mTq?t�”Ÿq?˜dfns7g9oCA/q{g[oHidfnv=•

mi
•�q?h[s�g9¤ns=f kWs=g9s=h[”GoHfns=k±x}¯�h[s=|PlWoHh[owfn˜^g[¤)q{g�g9¤Ws=¯�”GoHfWoH”Go ATs�g[¤ns

§©h[s=s7‹¨sTfns=h[˜?¯�kWsTfnvjowg_¯d•

@f (f mj g)=@mi = 0
q?fnk�q;r i?v[owg[ow£?s¦kns=­nfnowg[s.D+sTvjv[oHq?f"•

@2f (f mj g)=@mi @mj
´

>OSO�TS

À�owg[¤¸q{tHtMs=oH˜ds=f0£?q{tHlns=v2xJsTowfn˜6r i?v[owg[ow£?s�q{g�g9¤ns]s\ˆ4g[h[s=”^q?t £?q{tHlns

¶

c

ž

¤nowv�¯PowsTtHkWv

mi = tanh

0

@p�
X

i 26= :::6= i p

Jii 2 :::i p mi 2 : : : mi p + � hi

1

A ´O‚Wc €?•

¶

e¨§

Ji 1 :::i p = J=(p!N p� 1)
§©i?h�q?twt

p
lnrWtHs=g[v�q{fnkLg9¤Ws;q?rnrWtHoHs=k�­nsTtHkLoHvµlnfnow§©i?h[”®•

hi = h
•?i?fnszmTq?fLg�q{Ž?s

mi = m
§©idhYq{tHt

i
q?fnkšg9¤WsTv[s�s\ˆ4rnh[s=v[v[owidfnv�xJsTmTi?”Ÿs6´©‚nc•€d€

¶

q?fWk ´O‚nc•€{‚

¶

x s=tHi%À]•nh[s=v[rJsTm7g9ow£?sTtE¯dc

ž

¤ns

ë%›
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p = 2

m

f
(m

)
1.50.5-0.5-1.5

-0.8

-1.2

-1.6

p = 3

m
1.50.5-0.5-1.5

0.25

0

-0.25

-0.5

p = 4

m
1.50.5-0.5-1.5

-0.25

-0.3

-0.35

Ä�ow˜dlnh[s^•W…

ž

¤ns·§©h[s=s7‹_s=fnsThj˜?¯ kWsTfnvjowg_¯

f (m)
i?§�g9¤ns

p = 2
´©tHs=§@g

¶

•

p = 3
´Om=sTf0g9s=h

¶

q?fnk

p = 4
´OhjoH˜d¤0g

¶

”ŸiPkns=tHv6q{gBg[¤nh[s=sD£{q?twlnsTvBi{§+g[¤nsšg9sT”GrJsTh9q'g9lnhjs

T < Tc
´OtHow˜d¤0gBk)q?vj¤nsTk tHowfns

¶

•

T = Tc
´Oknq?h[Ž·knq?v[¤ns=k¸twoHfns

¶

q?fnk

T > Tc
´Ov[i?tHoHkštwoHfns

¶

q?fnkšÀ�oEg9¤DfniŸq?rnrntwoHsTk·­nsTtHkMc

”Gs/q?f4‹V­)sTtwk�q?rWrnh[i/ˆ4oH”Ÿq{g9owidf�owv#s\ˆnq{m=g�§©idh+g9¤nsL§©lWtHtw¯0‹¨mTidfnfWsTm=g[sTk�rWlnh[sZe_vjoHfn˜·§©s=h[hjid”^q{˜dfns=gTcZ~‡ª+i?g[s

g9¤nq{g6g9¤nsš§©lntwtw¯0‹_m=idfnfns=m=g9s=k twoH”GowgLi?§#g[¤nsD”ŸiPknsTt;À�oEg9¤ r)q?owhBoHf0g9s=h9q?m7g9owidfnv¸´

p = 2¶

owvBmTidhjh[s=m=g9tE¯

q{gjg�q?owfnsTkDx0¯·g�q{ŽPowfn˜

J ! J=N
q?fWk

2d ! N
oHf ´O‚ncäë%•

¶

tws/q?kWoHfn˜Zg[i

Tc = J
c‡ƒ

‰us7g�lnv;v[i?tw£ds�g[¤ns�§©sThjh[id”Ÿq?˜dfWs=g9owm+”GiPknsTt s7ˆWq?m=g[tw¯?c

ž

¤ns�v[ln” i%£dsTh�vjrnoHfšm=idfW­)˜dlWh9q{g[oHidfnvzoHf^g[¤ns

r)q?h¹g9oEg9oHi?f�§©lnfnm7g9owidfZm/q{fGxJszg[h9q?kns=kB§©idh¦q�vjln” i%£ds=h¦g9¤ns�q2£?q{h[oŠq{xntHs{•

x = N � 1 P N
i=1 si

•{g9¤)q{g�g�q?Ž{sTv

£{q?tHlWsTv

x = � 1; � 1 + 2=N; � 1 + 4=N; : : : ; 1 � 4=N; 1 � 2=N; 1
cDª+s=˜dtHs=m=g9owfn˜®v[lnxJknid”GoHf)q{f}g

g9s=h[”GvYoHf

N
•)idfns�g9¤ns=f®À�hjowg[sTv

Z =
X

x
e� N � f (x) ´O‚Wc €pë

¶

À�owg[¤šg9¤ns]idhjknsTh¡‹_r)q?h[q?”Gs=g9s=hYknsTrJsTfWknsTf0g2§©h[sTs\‹_s=fnsThj˜?¯DknsTfWv[owg_¯

f (x) = �
J
p!

xp � hx + T
� 1 + x

2
ln

1 + x
2

+
1 � x

2
ln

1 � x
2

�

:
´O‚Wc €d€

¶

ž

¤ns2­)h[v¹gzg_À½iLg9s=h[”Gvzq?hjs2g[¤ns#s=fnsThj˜ds=g[oHm2mTidf0g[h[oHxWlWg9owidfGÀ�¤WoHtHsYg[¤ns+g[¤noHhjk^idfns2oHv�i?§MsTf0g9hjidrnoHm+idh[ow˜doHf

v[owfnmTs

N !=(N (1 + x)=2)!(N (1 � x)=2)!
v[rnowf mTidfW­n˜dlnh9q'g9oHi?fnvZ¤)q/£dsšg[¤nsDv9q?”Gs·”Ÿq?˜dfns7g9o ATq{g9owidf

kns=fnv[oEg_¯dc

e_f g[¤ns·tHq?h[˜ds

N
twoH”GowgT•�g[¤ns·r)q{hjg9oEg9owidf §©lWfnm=g[oHidf mTq?f xJs·s=£{q?twl)q{g[sTk lnvjoHfn˜¸g9¤ns·v[q?knkntws7‹¨r idowf0g

”Gs=g9¤Wi4k ´OvjsTs]«#rWr s=fnknoEˆD•

¶

Z �
X

�
e� N � f (m �

sp ) ;
´O‚Wc €?•

¶

À�¤ns=h[s

m�
sp

q?h[s�g[¤ns�q?xnv[i?tHlWg[s�”GoHfWoH”Ÿq�i?§

f (x)
˜dow£?sTf®x}¯šg[¤ns�v[i?tHlWg[oHidfnv;g[i

@f (x)=@xjmsp = 0
•

msp = tanh

 
� J

(p � 1)!
mp� 1

sp + � h

!

;
´O‚Wc €{‚

¶

g9i?˜ds=g[¤nsThYÀ�owg[¤šg9¤ns]mTi?fnknowg[oHidfWv

d2f (x)=dx2jm �
sp

> 0
c

D+ow˜d¤šg9s=”ŸrJsTh[q{g9lnhjs

e_fIq®­)fWowg9sG”Ÿq?˜dfns7g9oHmZ­nsTtHkM•�sT|}f"cz´O‚Wc €{‚

¶

¤nq?vLq®lnfnow|PlWsŸrJidv[oEg9oE£ds�=±fns=˜0q{g[ow£ds =±vjidtHl4g9oHi?f±§©i?h

rJidv[oEg9ow£?s =�fns=˜0q{g[ow£ds =

h
q{g�q?tHt{g9sT”GrJsTh9q'g9lnhjsTvTc

ž

¤ns�”ŸiPknsTt?oHvu§©sThjh[id”Ÿq?˜dfns7g9owmbq{g�q?tHt?g[sT”Gr s=h9q{g[lnh[s=v

q?fnkDg9¤WsTh[s]owvYfni6rn¤)q?vjs�g[h9q?fnvjowg[oHidfšowf·g9¤nowv2rnq?h9q?”Gs=g[sTh=c

€{fnk®idhjknsTh;g[h9q?fnvjowg[oHidf·§©idh

p = 2

ë%œ
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e_fDg9¤Ws]q?xnv[s=fnmTs�i?§�qB”^q?˜?fns=g[oHm#­)s=tHkšg9¤WoHvY”Gi4kns=tM¤)q{v+qBr)q{h9q?”Ÿq?˜dfns7g9owm7‹¨§©s=h[hjid”^q{˜dfns=g[oHm2rn¤)q?vjs

g9h[q?fnvjowg9owidf6q{g�q�­)fnoEg9s

Tc
c

ž

¤ns2idhjknsThai?§Jg9¤Ws2rW¤)q?v[sYg[h9q?fnvjowg[oHidfBkns=r s=fnknv�idfBg9¤nsY£{q?twlnsYi?§

p
c

ž

¤WoHv

m/q{f®xJs�v[s=sTfD§©h[id” g9¤Ws�g9sT”GrJsTh9q'g9lnhjs�knsTrJsTfnkWsTfnm=s�i?§�g[¤ns�§©h[s=s7‹_s=fnsThj˜?¯škns=fnv[oEg_¯ ´O‚Wc €d€

¶

caÄ�ow˜dlnhjs�•

knowv[rntHq%¯Pv

f (x)
owf¸g9¤WsLq?xWv[sTfWmTsZi?§aqŸ”Ÿq?˜dfns7g9oHm�­)s=tHk�q{g+g[¤nh[s=s�£{q?twlnsTv2i?§

T
§©i?h2g[¤ns

p = 2
´Otws=§@g

¶

•

p = 3
´OmTs=f0g9sTh

¶

q?fWk

p = 4
´Oh[ow˜d¤0g

¶

”Gi4kns=tHvG´@ÀzsŸm/q?twt¦g9¤nsGoHfnkWsTrJsTfnkns=f0gL£{q?h[oHq?xntws

m
v[owfnmTs6g9¤ns

vjg9q{g9owidf)q?h¹¯Gr idowf0g9vzi{§

f (x)
q?h[s�twi4mTq{g9s=kšq{g½g9¤ns�”Ÿq?˜dfns7g9oCA/q{g[oHidfGknsTfWv[owg_¯Ÿi?§�g9¤Ws�sT|}lnowtHoHxWh[oHlW” q?fnk

”Gs=g�q{vjg�q{xntHs]vjg9q{g9s=vT•Jv[s=sLxJsTtHi%À

¶

c;«;g#¤WoH˜d¤®g9sT”GrJsTh9q'g9lnhjs]g[¤nsLlWfnoH|}lns�”ŸowfnoH”Lln” owv

m = 0
oHf�q?tHt

m/q{v[sTv=c±Ä)idh

p = 2
•¦À�¤nsTfRidfWs·h[sTq?m�¤nsTv

Tc
•¦g9¤ns

m = 0
”GoHfWoH”Zln” v[rntwowg9v�oHf g_Àzi�g[¤)q{gZvjtHi%À�tw¯

v[s=r)q?h[q{g9s�q?fnkD”Gi%£ds�g9i%Àzq?h[knv�¤now˜d¤ns=h;£?q{tHlns=vYi?§

jmj
À�¤nsTf

T
kWsTmThjs/q?vjsTv+lnf0g9oHtMh[s/q{m�¤noHfn˜

jmj = 1
q{g

T = 0
´©v[sTsZÄ�oH˜nc •'‹¨tHs=§@g

¶

c

ž

¤nsZg9h[q?fnv[oEg9owidf�iPmTm=lnh[v�q'g

Tc = J
q{v�m/q?f—xJsZsTq?v[owtw¯®v[s=sTf—§©h[id” q

˜dh[q?rn¤nowm/q?t�v[idtwlWg9owidf�g9iDs=|PfMc�´O‚nc•€{‚

¶

•"v[s=sŸÄ�oH˜nc ‚{‹_tws=§@g/cL¬ztHi?v[sBxnlWg]xJsTtwi%À

Tc
•"g9¤nsB”Ÿq?˜dfWs=g9oCA/q{g[oHidf

oHfWmTh[sTq?v[s=v®q?v

m � (Tc � T)
1
2

c

ž

¤ns—twoHfnsTq?h^”Ÿq?˜dfns7g9owm�v[lnvjmTs=rWg9owxnoHtwowg_¯ ¤)q?v·g9¤Ws—lnv[l)q{t�¬zlnh[ows

xJsT¤)q/£PoHidhLq{gL£?sTh¹¯ ¤now˜d¤ g[sT”Gr s=h9q{g[lnh[s{•

� � �
•aq?fnkRoEgLkWow£ds=h[˜ds=vBq?v

� � jT � Tcj � 1 idfIx i?g[¤

v[owknsTv+i?§¦g[¤ns�m=h[oEg9oHmTq?turJidoHf0g/c

ž

¤WsLidhjknsTh+r)q?h9q{”Ÿs7g9sTh�owv+m=idf0g9oHf}lni?lnv�q{g

Tc
q?fnk�g[¤ns]g9h9q{fnv[oEg9oHi?f¸owv

i?§�v[s=mTidfnkP‹_idhjknsTh�g9¤ns=h[”Gi4k4¯4fnq?”Ÿowm/q?twtw¯?c

ë/v¹g+i?h[kns=h;g9h9q{fnv[oEg9oHi?f·§©idh

p > 2
Ä)idh

p > 2
g9¤ns^v[owg[l)q{g[oHidf m�¤)q?fn˜ds=vTc Ä)idhLs7£ds=f £{q?twlnsTvLi?§

p
•bq{g

T � g_À½i—”ŸowfnoH”Ÿq ´8q?fnk g_À½i

”Ÿq'ˆ4oH”Ÿq

¶

q{g

jmj 6= 0
q?rnrJs/q?h=c

ž

¤ns=v[s�m=i4s\ˆWowvjgzq?vz”Gs=g9q?vjg9q?xntws2v¹g�q{g[sTv�À�owg9¤Gg9¤ns+vjg9q?xntHs2”GoHfnow”Zln”

q{g

m = 0
lnf0g9owtzq®g9sT”GrJsTh9q'g9lnhjs

Tc
q{gLÀ�¤noHm�¤ g[¤ns^g9¤Wh[sTsŸ§©h[sTs\‹_s=fnsThj˜?¯ kns=fnv[oEg9owsTvLm=idoHfWmToHkWs?•¦vjsTs

Ä�ow˜ncM•‘‹_h[ow˜d¤0g/c]¿zs=tHi%À

Tc
g[¤ns

m = 0
”GoHfnow”Zln” m=idf0g9oHf}lns=v�g9išs\ˆWowvjg]xnl4g�g9¤ns

jmj 6= 0
idfnsTv�q?h[s

§Oq/£didhjsTk v[owfnmTsZg[¤ns=¯—¤nq%£?sGqDtwi%Àzs=h�§©h[sTs\‹_s=fnsThj˜?¯—kns=fnv[oEg_¯dcBÄ)idh�iPknk—£{q?tHlWsTv�i?§

p
g9¤Ws6§©hjsTs\‹_sTfWsTh[˜{¯

kns=fnv[oEg_¯^owvzfni?gzvj¯P”G”Ÿs7g9h[owm2À�oEg9¤·hjsTvjr s=m=g;g[i

m = 0
c¦« vjoHfn˜dtws+”GoHfWoH”Zln” q{g

m� > 0
q{rnr sTq?h[v;q{g

T � q?fnk q{g

Tc
oEg�h[sTq?m�¤ns=v]g[¤nsB§©h[s=s7‹_s=fnsThj˜?¯�kWsTfnvjowg_¯—i?§bg[¤ns6r)q?h9q{”^q?˜?fns=g[oHmLi?fns?•

f (m� ) = f (0)
•

v[s=sBÄ�ow˜ncJ•'‹_m=sTf0g9s=hTc�¿zs=tHi%À

Tc
g9¤ns�sT|}lnoHtwoHxnhjoHln” vjg�q'g9sZowv2g[¤nsL§©sThjh[id”Ÿq?˜dfWs=g9owm]”ŸowfnoH”ZlW”¸c�Ä)idh#q?tHt

p > 2
g[¤nsŸi?h[kns=h�r)q{h9q?”Gs=g[sTh�oHv�knoHvjmTidf0g9owf}lnidlnv�q{g

Tc
•�oEg �jlW”Ÿrnv]§©h[i?” ATsThji�q{g

T+
c

g[i�q®­nfnowg[s

£{q?tHlWsŸq'g

T �
c

c

ž

¤nsŸtHowfns/q?h�”Ÿq?˜dfWs=g9owm6v[lnvjmTsTr4g9oHxWoHtHoEg_¯±q?twv[i �jln”ŸrWvLq{g

Tc
c^Ç²¤noHtws6owg�know£?sThj˜dsTvLq?v

(T � Tc)� 1 idfŸg[¤ns#r)q{h9q?”Ÿq?˜dfns7g9owm2vjoHkns{•4oEg½g9q?Ž?s=v;q]­)fnowg[s+£{q?twlns+˜?ow£ds=f^x0¯ŸsT|}f"cM´O‚nc•€?•

¶

s=£{q?twl)q{g9s=k

q{g

m� idfDg9¤ns�§©sThjh[id”Ÿq?˜dfWs=g9owm�idfns{cbe_f®m=idfnvjsT|}lnsTfWmTs?•Jg9¤ns�g[h9q?fnvjowg[oHidfšowvYi?§�­nh[vjg¹‹_idhjknsTh=c

°

oHfnfWoHfn˜Z­)s=tHk"•)xWh[idŽ{sTf®sTh[˜?i4knowmToEg_¯šq?fnkDvjr idf0g9q?fnsTi?lnv+xWh[idŽ{sTf�v¹¯P”Ÿ”Gs=g[hj¯

ž

¤Wszv9q{knkntHs\‹_rJidoHf0g�s=|Plnq{g9owidf·´©‚nc•€{‚

¶

§©idh

p = 2
~‡i?h�g[¤ns�”ŸsTq?f4‹¨­nsTtHk]s=|Plnq{g9owidf·´©‚ncäë%•

¶

ƒPq{kn”ŸoEgug_Àzi

sT|}lnoE£{q?tHs=f}g¦v[idtwlWg9owidfnv�owfZfni�­)s=tHk"c�Ç²¤)q{gakni�g[¤ns=¯LmTidhjh[s=v[rJidfnkBg9iB›

ž

¤ns7¯Bq?hjs;g9¤ns;”Ÿq?˜dfWs=g9oCA/q{g[oHidf

kns=fnv[oEg_¯ši?§µg9¤ns�s=|PlWoHtHowxnh[owln” §©sThjh[id”Ÿq?˜dfns7g9owm�vjg9q{g9s=v�À�oEg9¤šrJidv[oEg9oE£ds]q?fnkDfns=˜0q{g[ow£ds�£{q?twlns?cae_fWknsTs=k"•

ow§�ÀzsZm=id”GrnlWg9s=k�g9¤WsBq/£dsTh[q?˜ds=k—”^q?˜?fns=g[o A/q'g9oHi?f¸kns=fnv[oEg_¯¸À�oEg9¤�g[¤nsLrnq?hjg[owg9owidf®v[ln” h[s=vjg9hjoHm7g9sTk�g[i

g9¤Ws�m=idfW­)˜dlWh9q{g[oHidfnvYÀ�oEg9¤�rJidvjowg9oE£dsŸ´Oi?h2fWsT˜0q{g[ow£?s

¶

£?q{tHlns]i?§

x
Àzs]­)fnk

m = msp
cYÄ)idh

T < Tc
oE§

idfns�m=id”GrnlWg9s=kšg9¤nowv;h[s=v[lntEgY§©h[id”

m = N � 1 P N
i=1 hsi i =

P
x e� � N f (x)x

v[ln”G”GoHfn˜Zi%£?sThYg9¤ns�g_À½i

”GoHfnow”^q�i?§�g[¤ns�§©h[s=s7‹_s=fnsThj˜?¯Dkns=fnv[oEg_¯šidfns�­)fnkWv

m = 0
q?v�s7ˆ4rJsTm7g9sTk¸x0¯Dvj¯P”Ÿ”Gs=g[hj¯?c

e_f—rWh9q?m7g9oHm=s?•Jg9¤nsZhjsTv¹g9h[owm=g[sTk—v[lW” owv#rJsThj§©i?h[”GsTk�x0¯—q{rnrntw¯Powfn˜·q^vj”^q{tHt�”^q{˜dfns=g[oHm�­)sTtwk"•Mm=id”6‹

rnlWg[oHfn˜Ÿg9¤nsZv¹g�q{g[oHv¹g9oHmTq?t�rnh[i?r s=hjg9owsTv+oHf�g[¤ns

N ! 1
tHoH”GowgT•)q?fnk�g[¤nsTf�v[s=gjg9owfn˜^g9¤WsL­)sTtwk�g9i ATsThjinc
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rnhji4m=sTv[vjsTv+oHfDq?fnk®idlWg�i{§�s=|PlWoHtHowxnh[owln” ´Ov[s=s

?
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§©i?hZg9¤nsšm=idh[hjsTtŠq'g9oHi?f §©lnfnm=g[oHidf q{fnk

�
§©idhZg[¤nsDmTidhjh[s=tŠq{g[oHidf twsTfn˜{g9¤
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c
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�%*[<?CU>@& M]:/$'3\F
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oHf®q?f0¯šxJiPidŽ^idf®mThjowg[oHm/q{tMrn¤ns=fnid”GsTf)q4•nv[s=s
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� �
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kns=fnv[oEg_¯®q?fnkDvjg[oHtHtMtHi%À g[sT”Gr s=h9q{g[lnh[s{•-q{gYg9¤Ws�hjoH˜d¤0g�i?§µg9¤Ws�m=lnhj£?s�g[¤ns]vj¯Pvjg[sT” oHv2qBtHow|}lnoHk"c�e_f®g[¤ns

h[s=˜doHi?f^xJsTtHi%ÀÃg[¤ns#m=lnhj£?s#g9¤WsTh[s+oHv�mTiPs7ˆ4oHv¹g9s=fnmTs�i{§u˜0q?vzq?fnk^twoH|}lnowk"c�«+x i%£ds+g9¤ns+mTlnh¹£ds#g[¤ns#v¹¯4v¹g9s=”

˜diPsTv�mTidf0g9owf}lnidlnvjtw¯ §©h[id” q�˜dq?vLg9i�q�tHow|}lnoHk À�¤nsTfRowfnmThjs/q?vjoHfn˜®g9¤ns·kWsTfnvjowg_¯dc

ž

¤ns·mThjowg[oHm/q{t�twoHfns

xJsT¤)q/£ds=v#q{v

j� l � � gj � jT � Tcj �
À�oEg9¤

� � 0:327
m=tHidvjs�g9iZg[¤ns�”^q‘ˆWow”Zln”®c¦ª2i?g9s�g[¤)q{gYvjm/q?twoHfn˜

¤nidtwknv�q?vY§Oq?h�q?v

T=Tc � 0:55
I

ž

¤nowv�q/£ds=h9q?˜dsLv[o A=sZm/q{f�x s�g�q?Ž{sTf±q?v#q^|}l)q?tHoEg�q{g[ow£?s�owfnknoHmTq{g9owidfDi?§ag9¤WsL£{q?tHlns�i?§ag[¤nsLm=idh[hjsTtŠq'g9oHi?f

tHs=fn˜?g[¤—´©À½s�vj¤)q?tHt-˜doE£ds#q�”Gidh[s2rnh[s=mTowv[s�kns7­)fnoEg9oHi?fŸxJsTtwi‘À

¶

q?fnk·i?fns+s\ˆ4r s=m=g9vYoEg½g[iLxJs+£?sThj¯Ÿv[¤WidhjgT•

i?§ g9¤ns2idh[kWsThbi?§Mg[¤ns2tŠq{gjg9oHm=s;v[rnq?mTowfn˜n•Pq{gb£ds=hj¯GtHi%À g[sT”Gr s=h9q{g[lnh[s{•0g9i�oHfnm=h[s/q{v[s�À�¤nsTf^q?rnrnhji0q?m�¤nowfn˜

Tc
•uq?m=g[l)q?twtw¯®g9išknoE£dsThj˜ds6q{g

Tc
•uq?fWk±g[¤nsTf—g[išknsTm=h[s/q{v[sŸq?˜0q?owf�oHf�g[¤nsZ¤now˜d¤�g9s=”ŸrJsTh[q{g9lnhjsBrn¤)q?vjs

À�¤ns=f�˜ds7g[g9owfn˜6q/À;q/¯š§©hjid” g[¤ns]mTh[oEg9owm/q?t r idowf0g/c

?

s=s�Ä�oH˜ncW•Wc

ž

¤Ws�§Oq?m7g�g9¤)q{gµidfWs�­)fWknv�m=id¤ns=h[sTf0g�vjg9hjlnm=g[lnh[s=v¦q{gµq{tHt0tHs=fn˜?g[¤nvµq{g�g9¤nsbmThjowg[oHm/q{tdr i?oHf0g�”ŸsTq?fnv�g9¤)q'g

g9¤WsTh[s�oHv2fni^vjr)q{g[oŠq?t�v[mTq?tHs�tHs7§@g+owf¸g[¤nsLrnhjidxntwsT”Æq?fnk®g9¤ns=f—q?twtµvjm/q?twsTv2r)q?h¹g9oHm=oHr)q'g9s]oHf®g9¤ns�mTh[oEg9owm/q?t

xJsT¤)q/£PoHidlWhTc

ž

¤ns—v¹¯Pvjg9s=” xJsTm=id”Ÿs=v

�%*[<?CH�¸>@&)X'<?3\>O<?&)(

q?fWk"•�ow§]idfns�tHiPidŽ}v^q{g·owgGÀ�owg9¤ knowº sThjsTf0g

”GoHmThjidv[m=idrJsTvYidfns]s=v[v[s=f0g9oŠq{tHtw¯^v[s=sTv�g9¤ns]v9q{”Ÿs{c

ž

¤WsZq?m7g9l)q?t�kns7­)fnoEg9oHi?f�i?§�g9¤ns�mTidhjh[sTtHq{g9owidfDtHs=fn˜?g9¤¸oHv�x)q?vjsTk—idf®g9¤ns�lnvjsLi?§¦g[¤ns

�7(V<?(O>V*��7.)*��_1 �

(O>65T>@CU>@(NJB�7.4F 3\.PCH�

cb‰us=g2lnv�kns=­nfns�g[¤ns�g_Àzi'‹_rJidoHf0g�mTi?fnfnsTm7g9s=k�mTi?h[h[s=tŠq{g[oHidf·§©lWfnm=g[oHidf

G(~r i ;~r j ) � hsi sj i � hsi ihsj i
´O‚Wc••d›

¶

À�¤ns=h[s

~r i
owv]g[¤nsGv[r)q{g[oŠq?tarJidvjowg9owidf±i?§zg[¤nsGv[rnowf

si
c·« vjoH”GrntHsBmTq?tHm=lntŠq{g[oHidf q?twtHi%À�v�idfns6g9i®v[¤Wi‘À

€d•
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Ä�ow˜dlnh[sZ•W…

ž

À½i®v[f)q?rWv[¤ni?g[v�i{§½g[¤nsBv[rnowf m=idfW­)˜?lnh9q{g[oHidf—owf q

2d
e_vjoHfn˜D”Gi4kWsTtVcL‰us=§@g/…�xJsTtwi%À

Tc
’

h[ow˜d¤0g/…bq{g

Tc
c

g9¤nq{gYg9¤ns]twoHfnsTq?h;v[lWv[mTs=rWg9owxnoHtwowg_¯^h[s/q{knv

� �
@mh

@h
= �

@2f
@h2

�
�
�
�
�
h=0

=
�
N

X

ij

G(~r i � ~r j ) :
´O‚Wc••dœ

¶

‰us=g�lnv�rnhji%£dszg[¤noHv�vjg�q'g9sT”GsTf0gTc¦ª+i{g9¤nowfn˜#owfnknoHmTq{g9s=vµg[¤)q{g�v[r)q'g9oŠq{t}g[h9q?fWv[tŠq'g9oHi?f)q?t0oHf0£{q?hjoŠq?fnm=s½vj¤nidlntwk

xJs#£PoHidtHq{g9s=k"•4g[¤PlWvT•Wg[¤ns�mTidhjh[s=tŠq{g[oHidfŸv[¤nidlWtHkšxJs]qL§©lnfnm=g[oHidf^i?§�g9¤ns�knowvjg9q?fnmTs#x s7g_Àzs=sTfDg9¤ns�rJidoHf0g[v

~r i
q?fnk

~r j
idfntw¯J…

G(~r i ;~r j ) = G(~r i � ~r j ) :
´O‚Wc¢‚0•

¶

$�fns�g9¤ns=f¸¤nq?v

� �
@m
@h

= �
X

i

G(~r i ) =
�
ad

Z

V
ddr G(~r ) :

´©‚nc‡‚së

¶

ž

¤nowvY”ŸsTq?fnv;g9¤nq{gYg9¤ns�kWow£ds=h[˜ds=fnmTs�i?§�g9¤Ws�v[lnvjmTsTr4g9oHxWoHtHoEg_¯šq{gzg9¤ns]mThjowg[oHm/q{t rJidoHf0gY”Llnvjg�xJs�q?mTm=id”6‹

r)q?fWoHsTkDx0¯®qBv[rJsTm=oŠq?t"xJsT¤nq%£Powidh�i?§�g[¤ns]mTidhjh[s=tŠq{g[oHidf^§©lWfnm=g[oHidf"cae_fWknsTs=k"•-idfns�­)fnknv�g9¤nq{g

G(~r ) �
e� r =�

r d� 1� (d� 3)=2
;

§©idh

r � � :
´©‚nc¢‚0€

¶

ž

¤nowv¦s7ˆ4rnhjsTv[vjoHidf6owv¦oHf0g9s=˜dh9q{xntHs�i%£dsTh¦g[¤ns;§©lntwtP£?idtHln”GszlWfntHs=v[v�g[¤nsYs7ˆ4rJidfnsTf0g[oŠq?tP§Oq?m=g[idh�knowv9q?rWr sTq?h[v=c

ž

¤nowv�owvaoHfnkWsTsTk6À�¤)q{g½¤)q?rWr s=fnv�q{g

Tc
À�¤nsThjs+g[¤ns�mTidhjh[sTtHq{g9owidfBtHs=fn˜?g[¤GkWow£ds=h[˜ds=vT•4q?˜0q?owf6q?v�q�rJi%Àzs=h

tŠq/À i?§µg9¤ns]knowvjg�q{fnmTs�g9iBg[¤ns]mTh[oEg9owm/q?t r idowf0g

� � jT � Tcj � � :
´O‚Wc¢‚0•

¶

Ä�owf)q?tHtE¯d•0idfWs�idxnvjsThj£?sTvYg9¤nq{gzg[¤ns�mTi?h[h[s=tŠq{g[oHidfG§©lnfnm7g9oHi?f·h[ow˜d¤0gYq{g½g9¤ns�m=h[oEg9oHmTq?t-r i?oHf0gYq?twv[iZkWow£ds=h[˜ds=v

q?v2qBr i%À½sTh�tŠq/À]…

G(~r ) � r � (d� 2+ � ) ;
´O‚Wc¢‚d‚

¶

À�owg[¤

�
q?fni?g[¤nsTh�m=h[owg[oHmTq?tMs\ˆWrJidfWsTf0g/c

€?•
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‰us7gzlnv�knowv[mTlWv[v½g[¤ns#m=idh[hjsTtHq{g9owidfBtHs=fn˜?g9¤ŸoHfŸq�vjoH”GrntHsYvjidtw£{q?xWtHs�m/q?vjs?•}g9¤ns2e_v[owfn˜L”GiPknsTt)owf

d = 1
À�owg[¤"•2v9q/¯d•2idrJsTf²x i?lnfnk)q?h¹¯Ãm=idfnknoEg9oHi?fnvTcÁe_fÃg9¤WoHv·mTq?v[s{•+g9¤Ws�­)fnowg[s�g9s=”ŸrJsTh[q{g9lWh[s�m=idh[hjsTtŠq'g9oHi?f

§©lnfnm7g9owidfDoHv

Gkl = hsksl i � hsk ihsl i = hsksl i
´O‚Wc¢‚}•

¶

v[owfnmTs

hsk i = 0
q{g�q{f}¯

T > 0
cBe_f0g9hji4knlWmToHfW˜n•u§©idh�mTidf0£?sTfnowsTfnm=s?•�kWowº sTh[s=f0g�m=idlnrntwoHfn˜šm=idfnv¹g�q?f0g9v

K i = � Ji
i?fDg[¤ns]tHowfnŽ}vT•

Gkl
hjs/q?kWv

Gkl = Z � 1
X

f si = � 1g

e
P

i
K i si si +1 sksl = Z � 1 @

@K k

@
@K k+1

: : :
@

@K l � 1
Z :

´O‚Wc¢‚0•

¶

«;gag9¤Ws;sTfnk6i?§-g[¤nsYm/q?twmTlntHq{g9owidfLi?fnszg�q{Ž?sTv

K i = K = � J
§©idhaq?twt

i
c

ž

¤}lnvT•4q{g¦­nfnowg[szg9s=”ŸrJsTh[q{g9lnhjs

g9¤Ws#mTi?fnfnsTm7g9s=kšmTidhjh[sTtHq{g9owidfGx s7g_Àzs=sTf®q?f0¯Ÿg_À½iZvjrnoHfnv½m/q?f^x s+mTid”GrnlWg[sTkšq?vzq�f}ln”ZxJsTh½i?§�kns=h[ow£{q'‹

g9oE£ds=v#´©knsTrJsTfWknoHfn˜]idf6g9¤Ws2kWoHvjg9q?fnm=sYx s7g_Àzs=sTf^g[¤ns�v[rnowfnv

¶

i?§Jg9¤Ws2rnq?hjg[owg9owidfL§©lnfWm=g9owidf6mTidf0£?sTfnowsTf0g9tE¯

fnidhj”^q{tHo A=sTk"c "+vjoHfn˜6g9¤ns�m�¤nq?fn˜ds�i?§µ£?q{h[oŠq{xntHs=v

� i = si si +1
•)idfns�­)fnkWv

Z =
X

f � i =1 g

e
P

i
K i � i = 2

N � 1Y

i =1

2cosh(K i ) ! 2(2cosh� J )N � 1 :
´O‚Wc¢‚

–

¶

ž

q?Ž}oHfn˜šg9¤WsGkWoHvjg9q?fnm=sGxJs=g_À½sTs=fIg9¤WsGm�¤Widv[s=f v[rnowfnv

sk
q?fnk

sl
g9iDx s

k � l = r
g[¤ns6mTidhjh[sTtHq{g9owidf

§©lnfnm7g9owidfDoHv;g9¤WsTf®˜dow£?sTf®x}¯

G(r ) = [tanh(� J )]r = er ln[tanh( � J )] = e� r =� ´O‚Wc¢‚0›

¶

À�owg[¤

� =
1

ln coth(� J )
� e4J=(T � Tc ) ; T � 0 :

´©‚nc¢‚dœ

¶

e_f g[¤noHv�idfnsGknow”Ÿs=fnv[owidf)q?tas\ˆnq{”ŸrntwsBÀzsG§©idlnfnkIq¸sTvjv[s=f}g[oŠq?t�v[owfn˜dlntHq?h[oEg_¯d•µq?f s7ˆ4rJidfnsTf0g[oŠq?t�know£?sTh¡‹

˜ds=fnmTs{•4i?§ g9¤ns2mTi?h[h[s=tŠq{g[oHidf6twsTfn˜?g[¤GÀ�¤WsTf·q{rnrnh[idq?m�¤noHfW˜

Tc = 0
c¦e_fŸ˜dsTfns=h9q?t8•}oHf6¤noH˜?¤nsTh

d
•}idfns2¤)q?v

qBr i%À½sTh2tŠq/À know£?sTh[˜?sTfnm=s�i?§µg9¤Ws]§©i?h[” ´©‚nc‡‚d‚

¶

c

�'�	� � � � - F7- G & � -��?& &���&19�G
�

«�h[sTq?t"v¹¯4v¹g9s=” oHv;tHq?h[˜ds#xnlWgY­)fnoEg9s{•

1 � NA � 1023 < 1
cbÄ�owfnowg[s#v[oCATs�s7ºMs=m=g9vYÀ�owtHt g[¤nsTfDrntHq/¯šq

h[i?tHs]oHfDg9¤ns�rn¤)q{v[s�g[h9q?fWv[owg[oHidfšg[¤)q{g+oHv�h[idlWfnknsTk¸x0¯®g[¤ns]§Oq?m=g2g9¤)q'g

NA < 1
c;Ä�oHfnoEg9s�vjo ATs�s=º sTm7g9v

xJsTmTi?”Ÿs�oH”Gr i?hjg�q{f}g�À�¤ns=f

� � L
•Jg[¤nsLtwoHfnsTq?h�v[oCATs�i?§¦g9¤WsLvj¯Pv¹g9sT”®•Jv9q/¯

L � 1
mT” §©idh2q?f�q?m=g[l)q?t

v9q{”Ÿrntws?c6« h[idlW˜d¤ s=vjg[oH”Ÿq{g9owidf—i?§;¤Wi‘À mTtHi?v[sBg9i

Tc
idfns6fns=sTknv]g9i®˜ds=g]g[i¸vjsTsGkns=£PoŠq'g9oHi?fnv�§©h[id”

mThjowg[oHm/q{t�vjm/q?twoHfn˜¸v[¤ni%À�vZg[¤)q{gL­nfnowg[s^v[oCATs·s7ºMs=m=g[v6q?h[sŸ|PlWowg9s^fnsT˜dtwoH˜dowxntHsBowf s7ˆ4rJsThjoH”GsTf0g9vZxWlWgBq?hjs

mTs=hjg9q?oHfntE¯�fWi?g�oHf—f}ln”GsTh[owm/q?t�v[oH”LlntŠq{g[oHidfWv�q?fnk±¤)q/£?sGg[i®xJsZg�q{Ž?sTf oHf0g[i¸q{mTmTi?lnf0g�£?sTh¹¯±m/q?hjs=§©lntwtw¯

À�¤ns=f¸g9h¹¯PoHfn˜Bg9i6m=id”Ÿrnq?h[s�f}ln”GsThjoHm/q{t"k)q{g9qBg[iGq?f)q?tE¯Pg[oHmTq?tMrnhjsTknowm=g[oHidfnv=c

Ä�oHfnoEg9sšv[oCATsDs=º sTm7g9v^q?h[sšg�q{Ž?sTf oHf0g9i q?m=mTidlnf0gŸx0¯ oHf0g9hji4knlWmToHfW˜ m=idh[hjsTm7g9oHfW˜±§©lWfnm=g[oHidfnvGoHfRg[¤ns

v[mTq?tHowfn˜BtŠq/À�v=•n§©idhYs7ˆWq?”GrntHs{•

� L � jt j � 
 g

 
L
�

!
´O‚Wc •?•

¶

À�owg[¤

g(x ! 1 ) ! 1
q?fnk

g(x ! 0) ! x 
 =� •)q{fnk

m � L � =� :
´O‚Wc •pë

¶

€
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ž

¤ns±kns7£dsTtwidrn”GsTf0gDi?§�g9¤ns—hjsTfni?h[”Ÿq?tHoCA/q{g[oHidf ˜dh[i?lnr²x}¯ÃÈBczÇ²oHtwv[idfÂowfÃg9¤ns—sTq?h[tE¯

–

•{vš˜0q/£ds q

g9i{g�q?twtw¯ÃfWs=À Àzq/¯ i{§ZlnfnkWsTh[v¹g�q?fWknoHfn˜ mTidfWknsTfnvjsTk4‹¨”^q'g[g9s=h�q{fnk r)q{hjg9owmTtws—rn¤0¯4vjoHm=v�rn¤ns=fnid”GsTf)q4c

D+s®g9h[q?fnvj§©i?h[”GsTk g[¤ns�rWoHm=g[lnh[s¸i?§�rn¤nq?v[s®g9h9q{fnv[oEg9oHi?fnvGg[¤)q{gŸkns=£?sTtwidr s=kÃoHf g9¤ns�•d•?v�=RÀ�owg[¤ g[¤ns

lnfnkWsTh[v¹g�q?fWknoHfn˜Li?§umTi?fnmTs=rWg9v;twoHŽ{s+vjm/q?twoHfn˜n•}lnfWow£ds=h[v[q?tHoEg_¯Gq?fnk·m=idh[hjsTtŠq'g9oHi?fnv =6oHf0g[iZq�mTq?tHm=lntŠq'g9oHi?f)q?t

g9iPidtuq{fnkD˜di?gYg9¤Ws�ª2idxJsTt

°

h[oCATs]oHf

°

¤0¯Pv[oHm=v#owf<ë%œd›0€4c

‰us7gLlnv�kns=v[mThjoHxJs^¤ni%À g[¤nsŸp�@ Àzi?h[Ž}vLidf idfnsGs7ˆWq?”GrntHs{•µq?˜0q?owf g[¤nsŸi?fnsŸkWoH”GsTfnvjoHidf)q{t¦e_v[owfn˜

”Gi4kns=t4À�oEg9¤

N
´©s=£ds=f

¶

v[rnowfnvaoHfZg[¤ns�q?xnvjsTfnm=s�i?§"q{f6q?rnrntwoHsTkZ­nsTtHkMc

ž

¤nsYr)q{hjg9oEg9owidfL§©lnfnm7g9owidfBh[sTq?knv

Z(N; J ) =
X

si = � 1

e� J
P N � 1

i =1
si si +1

´O‚Wc •d€

¶

Ç s�vj¤)q?twt"m/q?twt

K � � J
c

ž

¤ns]v[ln” owfšg9¤ns]s7ˆ4rJidfns=f}g[oŠq?tMoHv

s1s2 + s2s3 + s3s4 + s4s5 + : : :
´©‚nc •{•

¶

e¨g�oHvzmTtHsTq?h;g9¤nq{g

s2
sTf0g9s=h[v2idfntw¯ŸoHf·g[¤ns�­)hjvjg�g_ÀziBg[sTh[”GvT•

s4
s=f}g[sThjv+idfWtw¯Ÿidfšg9¤ns�g[¤noHhjkDq?fnkš§©idhjg[¤
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q?fDs=£?sTf�tHq?xJsTtVc�Ä)idhYs7ˆWq?”GrntHs{•Wg9¤Ws�vjln” i%£ds=h

s2 = � 1
¯PoHsTtwknv

eK (s1+ s3) + e� K (s1+ s3) :
´O‚Wc •{‚

¶

$�fns�g9¤ns=f¸i?xWg�q?owfnvT…

Z(N; K ) =
X

si = � 1;i odd

N � 1Y

i =1

[eK (si + si +2 ) + e� K (si + si +2 ) ]
´O‚Wc •d•

¶

�

:

À½s�­)fnk®q�§©lWfnm=g[oHidf

� (K )
q?fnkšqZfWs=À mTidlnrWtHoHfW˜LmTi?fnvjg9q?f0g

K 0 v[lnm�¤Dg9¤)q'g;s/q{m�¤®i{§ug9¤ns=v[s�g9s=h[”Gv

m/q{f¸xJs�À�h[owgjg9s=f¸q{v

eK (si + si +2 ) + e� K (si + si +2 ) = � (K )eK 0si si +2 ;
´O‚Wc •?•

¶

g9¤Wszh[ow˜d¤0gj‹¨¤)q?fnk4‹¨v[owknsboHfLs=|-c)´O‚Wc •d•

¶

À½idlntwkZxJszrnhjidr i?hjg9owidf)q?tdg[i+g[¤nszr)q{hjg9oEg9owidf�§©lnfnm=g[oHidf�i?§-q?fWi?g9¤ns=h

idfns]know”Ÿs=fnv[owidf)q?t e_v[owfn˜6”ŸiPknsTt À�owg9¤

N=2
v[rnowfnv2q?fnk¸q6kWowº sTh[s=f0g+m=idlnrntwoHfn˜Bm=idfnv¹g�q?f0g

K 0…

Z(N; K ) = � (K )N=2Z(N=2; K 0) :
´O‚Wc •

–

¶

e_fnkns=sTk"•ug[¤nsBv[idtwlWg9owidf�g9i ´©‚nc••?•

¶

mTq?f±x sBsTq?v[owtw¯®§©idlnfnk"’�oEg�oHv�s=fnidln˜?¤±g[išmTidfWv[oHkWsTh]q?twt�g9¤WsBm/q?vjsTv

si = � 1
q?fnk

si +2 = � 1
g9i6idxWg9q?oHfM…
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1
2

ln cosh(2K ) ;
´©‚nc••?›

¶

� (K ) = 2cosh1=2(2K ) :
´©‚nc •{œ
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ln Z
•)vj¤nidlntwk®xJs]tHowfns/q?hzoHf

N
’

� � F (N; K ) = ln Z (N; K ) = N � (K ) :
´©‚nc••?•

¶
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¤}lnvT•)g9q?Ž}oHfn˜Bg9¤Ws�twfDi?§�s=|-cµ´O‚nc¢•0€

¶

q?fWk®lWv[oHfW˜�´©‚nc••?•

¶

ln Z (N; K ) =
N
2

ln � (K ) + ln Z (N=2; K 0) ;
´O‚Wc••Ðë

¶

� (K ) =
1
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ln � (K ) +
1
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� (K 0) :
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� (K 0) = � ln[2cosh1=2(2K ) + 2� (K )]
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e_fnvjsThjg[oHfn˜·qŸ£{q?tHlns�i?§

K
idf�g[¤nsZhjoH˜d¤0gj‹¨¤)q?fnkP‹_v[owkns�idfnsZidx4g�q?owfnv2g[¤nsZfns7À»mTidlnrWtHoHfW˜^mTi?fnvjg9q?f0g

K 0
q?fnkDg9¤Ws�fWs=À §©hjsTs\‹_sTfWsTh[˜{¯

� (K 0)
c
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|}l)q{g[oHidfWv6´O‚nc••?›

¶

q?fnk ´©‚nc¢•d•

¶

rnh[i%£PoHknsLh[sTm=lnh[vjoHidf�h[sTtHq{g9owidfnv�§©idh+g[¤nsLm=idlnrntwoHfn˜ŸmTidfWvjg�q{f}g�q?fnk

g9¤Ws�rnq?hjg[owg9owidf^§©lnfWm=g9owidf"cbª2i?g9s�g9¤nq{g

K 0 oHv�q?tEÀ;q/¯Pv�v[”Ÿq?tHtwsTh½g[¤)q?f

K
c $�fns]m/q?f¸q?tHvji6v[idtE£ds�§©idh

K
q?v2qZ§©lnfnm7g9oHi?f®i{§

K 0…

K =
1
2

cosh� 1(e2K 0
)

´O‚Wc••?‚

¶

� (K ) =
1
2

ln 2 +
1
2

K 0+
1
2

� (K 0) ;
´O‚Wc••0•

¶

idxWg9q?oHfWoHfn˜ZfWi‘À�q?fDoHfnm=h[s/q{v[oHfW˜ �ni‘À

K (K 0)
c

$�fnsGm/q{f lnv[sGg9¤ns=v[sŸh[sTvjlntwg[v�g[i�m=id”ŸrWlWg9s6g9¤ns6£{q?tHlWsGi{§;g9¤nsGr)q?h¹g9oEg9oHi?f±§©lWfnm=g[oHidf±§©idh�q?f0¯

K
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ž
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q?hjs;x)q?vjoHm/q{tHtw¯�owfnknsTrJsTfWknsTf0g½q?fnk

Z(K 0) � 2N q{fnk

� (K 0) = ln 2
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¶
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idfnsŸmTid”GrnlWg[sTv
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c $�fns6g9¤WsTf oEg9sTh[q{g9s=v�lWv[oHfW˜¸g9¤WsTv[sG£{q?tHlns=vZq?v�vjg9q?hjg[oHfn˜®rJidoHf0g9v

K 0
q?fnk

� (K 0)
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�TS M

~·ë%•{ƒ

¶

c

ž

¤WsLrnhji4m=sTv[v+knsTvjmThjoHxJsTk�owf¸g[¤ns�rWh[s=£Powidlnv2r)q?h9q{˜dh9q?rW¤¸owv#q
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oHfDg9¤ns�v[r)q{mTsLi{§ar)q?h[q?”Ÿs7g9s=h[vTc
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g9q?hjg[oHfn˜R§©h[i?” q?f0¯²fnidf4‹ ATs=h[i £?q{tHlns±i?§�g9¤ns±mTi?lnrntHowfn˜ mTidfWvjg�q{f}g®g9¤Ws oEg9sTh[q{g9owidfÂmTi?f}£?sThj˜dsTv�g[i

K ! 1
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K ! 1
´@g9i±À�¤noHm�¤

g9h[q��jsTm7g9idhjoHs=v·q?hjs�q{gjg9h9q{m=g9s=k
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q?fWkÂq?f
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K = 0
§©hjid” À�¤noHm�¤ g[h9q��js=m=g[idh[owsTv

kns=r)q?hjgTc
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¤nsYv¹g�q?xntwsz­Wˆ4sTkGrJidoHf0gaowv�g9¤nsYm=h[oEg9oHmTq?tPr idowf0g¦idfnsYowv¦tHiPidŽ}oHfW˜+§©idh=c
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¤ns�mThjowg[oHm/q{t4xJsT¤)q/£PoHi?h

m/q{f®g[¤nsTf®x s]idx4g�q?owfnsTkš§©h[i?” g9¤Ws�kWsTrJsTfnkns=fnmTs�i?§
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idfDg9¤Ws�rnq?h9q?”Gs=g[sTh

K � K c
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« vjoH”GoHtHq?h�rnh[iPmTs=knlnh[s6mTq?f—x s6q{rnrntHowsTk�g[i·g9¤ns
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d = 1
•�q{fnkIidfWsGowv�§©idh[m=sTk g9i®lnv[sGv[id”Gs

q?rnrWh[i/ˆ4oH”Ÿq{g9owidf"c

ž
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q?hjs�fWi?gE@]q?lnvjv[oHq?f"c

ž

¤nsLhjs/q?vjidf¸owv�v[oH”Grntws?•)ow§

L < �
• q6˜dtwidx)q?t"”Gs/q{v[lnhjsT”GsTf0g#owvYfni?g2g9¤ns�h[s=v[lntEg

i?§µq?f·q%£?sTh[q?˜ds�i%£ds=h;”Ÿq?f0¯^lnfWmTidhjh[sTtHq{g9s=k·h[s=˜doHi?fnvzq{fnk"•4g[¤}lnvT•ni?fns�m/q{f·fni?gzlnv[s#g[¤ns�m=sTf0g9h[q?tMtwoH”Gowg

g9¤WsTidhjsT” g[iBq?hj˜dlns#§©idh;qLfnidhj”^q?tJknowvjg9hjoHxnl4g9oHi?f^i?§ �)lnm7g9l)q'g9oHi?fnvTcbp�sTm=sTf0g9tE¯d•Wg[¤ns�vjg[lnkW¯^i?§µmTh[oEg9owm/q?t

�)lnm7g9l)q'g9oHi?fnv¦i?§J”Ÿq?mThjidv[m=idrnoHmzidxnv[s=hj£{q?xntwsTvahjsTmTs=ow£?sTkG”Zlnm�¤Gq{g[g[sTf0g9owidf"c

ž

¤nsYx s=vjg�q?knq?rWg9s=k6”ŸiPknsTt

§©idh2g9¤nowv�q?f)q?tE¯Pv[oHv+oHv#g[¤ns

2d
� � ”Gi4kns=tV•Jg9¤)q{g#oHv�m=h[oEg9oHmTq?t�idf±q^­)fnoEg9s�oHf0g9s=hj£{q?t�i{§ag9sT”GrJsTh9q'g9lnhjsTv

´8q{fnk fWi?g]idfntE¯—q{g�qDv[owfn˜dtHsLrnh[s=mToHvjsB£?q{tHlnsBi?§

Tc ¶
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–
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ž

¤nowv�”GiPknsTt8•"oHf q?f q?rnrWh[i/ˆ4oH”Ÿq{g9owidf"•"owv

”Ÿq?rnrJsTkRidf0g9i q?f owf}g[sTh¹§Oq?mTs·”GiPknsTt8•¦g9¤ns
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L
oHv½­)fnowg[s#À�owg[¤šh[s=v[rJsTm=g�g[i

�
q?fnk·­nfnowg[s�v[o A=s�s=º sTm7g9v
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�
L

!

:
´O‚Wc••d•

¶

ž
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?
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ž
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i?§µg9¤ns=v[s�fnidf4‹�@�q{lnv[vjoŠq?f �)lWm=g9lnq{g9owidfnv�oHfšg9¤Ws�tHq?fn˜dlnq?˜ds�i?§�oHf0g[sThj§Oq{mTsTv=c

•d•



� �0� �"�Y����
b�+
.� ��������
�
 �

� � � �u�]� �š�;���>� ��� �:����� �

ª+iD”Ÿq{g9s=h[oHq?t�owv�r s=hj§©s=m=g9tE¯�¤ni?”Ÿid˜?sTfns=idlnvT…�ow”ŸrWlnh[oEg9oHs=v+i{§zknoEºMs=h[s=f}g]Ž}owfnknv]q?hjsGkWoHvjg[h[owxnlWg9s=k—h9q?fP‹
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ln cosh(� J i ) + N ln 2 :
´V•4c‡‚

¶

ž

¤ns·rnq?hjg[owg9owidf±§©lnfnm=g[oHidf oHv�q

1J39$TN?.-*7(

i?§

>OSH>OS@N0S

h[q?fnkni?” £{q?hjoŠq?xWtHsTv�q?fnkIowg�oHv�owg9vjsTtE§�q¸h[q?fnknid”

£{q?h[oHq?xntws�À�oEg9¤Bq�twid˜{‹_fWidh[”Ÿq?t0knowvjg9hjoHxnl4g9oHi?f"c

ž

¤ns;§©h[s=s7‹_s=fnsThj˜?¯�oHfnv¹g9s/q{kBoHv

�7.PF

i?§

>OSH>OS@N0S

q?fnk"•?lnv[owfn˜

g9¤WsYmTsTf0g[h9q?t)twoH”Gowgµg9¤ns=idh[s=”¸•0oEgax s=mTid”GsTvbqQ@]q?lnvjv[oŠq{fGh[q?fnkni?”Ê£{q?h[oHq?xntws½g9¤nq{gboHv¦fnq?h[hji‘À�tE¯ZrJs/q?Ž{sTk

q?xJidlWg½owg[v½”Ÿq'ˆ4oH”ZlW” oHfŸg[¤ns#tHq?h[˜?s

N
tHow”ŸoEg/c

ž

¤ns#g_¯Prnowm/q?t-£{q?tHlWs?•Pkns=g[sTh[”GoHfWsTk^x0¯Gg9¤ns+”^q‘ˆWow”Zln”

oHfšg[¤ns]knoHv¹g9h[owxnlWg[oHidf·m=idoHfWmToHkWsTvYÀ�owg[¤Dg[¤ns�q/£dsTh[q?˜ds{c

«²vjoH”GrntHs�q?hj˜dln”GsTf0gbg9¤)q'g#�jlnvjg[ow­)s=v�g[¤ns�v[sTtE§Š‹¡q/£ds=h9q?˜?sTfns=v[vzi{§Mg9¤Ws�§©hjsTs\‹_sTfWsTh[˜{¯6oHfG˜dsTfns=h[owm�­nfnowg[s

know”Ÿs=fnv[owidf)q?t�vj¯Pv¹g9sT”GvšÀ�owg[¤Ãv[¤ni?hjgj‹¨h9q?fW˜ds�oHf0g[sTh9q{m=g9owidfnvŸoHvŸg[¤ns�§©idtwtHi%À�oHfn˜Wc ‰us=g·lnvšknow£Powkns¸g[¤ns

vj¯Pv¹g9sT” i?§½£didtwln”Gs

V
oHf

n
v[lnxWvj¯Pvjg[sT”GvZi?§�£didtwln”Ÿs

v
À�owg9¤

V = nv
cŸe¨§zg[¤nsŸowf0g9sTh[q?m=g[oHidfWv]q?h[s

v[¤Widhjg¹‹_h9q{fn˜dsTkM•"g9¤nsBg9i{g�q?t�sTfns=h[˜?¯±owv#g9¤ns6vjln” i?§�g_Àzišg[sTh[”GvT•µqšmTi?f}g[h[owxnlWg9owidf�§©hjid” g[¤ns6xnlntHŽ¸i?§

g9¤Ws^v[lWxnvj¯Pvjg[sT”GvBq?fnk q¸mTi?f}g[h[owxnlWg9owidf±§©h[id” g[¤ns^owf}g[sTh¹§Oq?mTs=vLxJs=g_À½sTsTf g[¤ns^vjlnxnv¹¯4v¹g9s=”Ÿv=c�e_fIg[¤ns

g9¤WsTh[”GiPkW¯Pf)q?”GoHmGtHoH”GowgT•µg[¤ns·tHq{g[g[sThLowvZfns=˜dtHow˜doHxntwsBÀ�owg9¤RhjsTvjr s=m=gBg9i¸g9¤ns·§©idhj”Ÿs=hTc

ž

¤nsškWoHv[i?h[kns=h

kns=r s=fnknsTf0g+§©h[sTs\‹_s=fnsThj˜?¯®knsTfnvjowg_¯Dowv�g[¤nsTf�qGi{§¦h9q{fnknid” f}ln”ZxJsThjvT•-s/q{m�¤�idfns�xJsToHfW˜Gg[¤ns�kWoHv[i?h[kns=h

kns=r s=fnknsTf0g�§©h[s=s7‹¨sTfns=h[˜?¯^i?§�g9¤ns�xnlWtHŽGi?§µs/q?m�¤Dv[lWxnvj¯Pvjg[sT”®c½e_fšg[¤ns�tHow”ŸoEgbi?§�qL£dsTh¹¯štŠq{h[˜ds+fPlW”Zx s=h

i?§+v[lnxWvj¯Pvjg[sT”Gv—´

V � v ¶

g9¤nsDmTs=f0g9h9q{t2twoH”Gowg�g9¤ns=idh[s=” oH”GrntwoHsTv�g9¤)q'gGg[¤nsšg9i?g9q?tz§©hjsTs7‹¨sTfns=h[˜?¯ owv

@]q?lnv[vjoŠq?f knowvjg9hjoHxnl4g9sTk±À�owg[¤ g[¤nsG”^q'ˆ4ow”Zln” hjs/q?m�¤ns=kRq{g�qš£?q{tHlns

F �
J

g9¤nq{g�mTidowfnmTowknsTv]À�owg[¤ g[¤ns

q/£ds=h9q?˜ds#i?§µq?tHt-hjs/q?two A/q'g9oHi?fnvbi?§ug9¤ns#h9q?fnkWid”ŸfWsTv[v

[FJ ]
c

ž

¤}lnv=•Wg9¤Ws#g_¯PrnoHmTq?t

FJ
oHv½oHkns=f}g[oHmTq?t)g9iLg[¤ns

q/£ds=h9q?˜ds=k

[FJ ]av
c $�fnsLmTq?f¸g[¤nsTf�mTid”GrnlWg[s�g[¤nsLtHq{g[g[sThYg9iŸlnfnkns=h[vjg9q?fnk�g[¤ns�v¹g�q{g[oHm�rnh[i?r s=hjg9owsTv2i?§

g9¤Ws]g_¯Prnowm/q?tuv¹¯Pvjg9s=”¸c

$�fnm=szidfWsz¤)q?v

[FJ ]
•?idfns�kns=h[ow£?sTvaq{tHt0knowv[idhjknsThjsTkBq/£ds=h9q?˜?s½g9¤WsTh[”Ÿq?tPq/£ds=h9q?˜ds=v¦x0¯]g�q?Ž}oHfW˜#kns=h[ow£{q'‹

g9oE£ds=v·i?§�g[¤ns�knowv[idhjknsThjsTk²q/£ds=h9q?˜?sTkÃ§©h[s=s7‹¨sTfns=h[˜?¯ À�owg[¤ h[s=v[rJsTm7gšg9iIvjidlnhjmTsTvšowf0g9h[iPknlnm=sTkÃowf g[¤ns

r)q?h¹g9oEg9oHi?f^§©lnfnm7g9oHi?f"cbÄ)idhYs7ˆWq?”GrntHs{•

[ hsi i ]av = �
@[FJ ]av

@hi

�
�
�
�
�
h i =0

;
´8•4c •

¶

[ hsi sj i � hsi ih sj i ]av = T
@[FJ ]av

@hi hj

�
�
�
�
�
h i =0

;
´8•4c••

¶

À�owg[¤

E ! E �
P

i hi si
c

��� 
 � +�1 �A� �

e_f®s/q?hjtw¯

–

•{v

3;NBL�<?3jN'�L<?&JN��#&JNP�739�%$'&

rnh[idrJidvjsTk�q6h9q'g9¤ns=h2vjoH”GrntHs�”GiPknsTtMg[¤)q{g2v[¤WidlntHk®m/q{rWg9lnhjs

g9¤Ws�”Ÿq?owfD§©sTq{g9lWh[sTv2i?§�v[rnowf4‹_˜?tŠq?vjv[sTv=c

ž

¤Ws�owf}g[sTh[q?m=g[oHidfnv�´8•4cäë

¶

knsTmTq%¯šÀ�oEg9¤¸qBmTlnxnowm�rJi%Àzs=h+i{§�g[¤ns

knowvjg�q{fnmTs^q?fnk ¤ns=fnmTsŸg9¤ns7¯Iq{h[s^hjsTtHq{g9oE£dsTtE¯±v[¤ni?hjgj‹¨h9q?fW˜dsTk"c

ž

¤nowvLvjln˜d˜ds=vjg9v�g9i�rWlWgLg[¤ns·v[rWoHfnv�idf

q·h[s=˜dlntHq?h+m=lnxnowmZtŠq{gjg9owmTsL”GiPknsTt�q?fnk�g[i·g9h9q{knsLg9¤WsZh9q?fWknid”GfnsTvjv�oHf�g[¤nsBrJidv[oEg9oHi?fnv+owf0g9i·h[q?fnknid”

fnsTq?h[s=vjg2fnsTow˜d¤}x i?h;s7ˆ4m�¤)q?fW˜dsTv�g�q?Ž{sTfD§©h[id” q�@�q?lWv[v[oHq?f ´Oi?hYxnoH”Gi4knq?t

¶

rnh[i?x)q?xnowtHowg_¯6kWoHvjg[h[owxnlWg9owidf"…

Eea = �
X

hij i

Jij si sj
À�owg[¤

P(Jij ) = (2� � 2)� 1
2 e�

J 2
ij

2� 2 :
´8•4c

–

¶

«�fnq{g9lnh[q?tMs\ˆPg9sTfWv[oHi?f¸i?§�g[¤ns

¥

«�”ŸiPknsTt oHf·À�¤nowm�¤®q?tHt v[rnowfnvYoHf0g9s=h9q?m7gY¤)q?vYxJsTs=fDrnh[idrJidvjsTk®x}¯

?

¤ns=h[hjoHfn˜?g[idf®q?fnk¸È�oHh[Ž}r)q'g9h[owm�Ž

E = �
X

i 16= j

Jij si sj �
X

i

hi si
´8•4c•›

¶

•d•



�
� � 
 
���� ��� � �0� �"�Y����
b�+
.� ��������
�
 �

q?fnk owg�oHv�m/q{tHtHs=k�g9¤ns

7��ÆF^$TNP�7C

c

ž

¤WsGowf0g9sTh[q?m=g[oHidf—v¹g9hjsTfn˜?g[¤nv

Jij
q?hjsZg�q?Ž{sTf §©h[id” q @]q?lnvjv[oHq?f

rJkW§¦q{fnk®g[¤ns=¯·v[m/q{tHs�À�owg[¤

N
owfDv[lnm�¤�qBÀzq/¯šg9¤)q'gYg9¤ns�g9¤WsTh[”GiPkW¯Pf)q?”GoHm�owvYfnidf4‹Vg9h[oE£PoŠq?t8…

P(Jij ) = (2� � 2
N )� 1

2 e
�

J 2
ij

2� 2
N � 2

N = � 2N :
´8•4c¢œ

¶

ž

¤nowv2owv�qBm/q?vjs]§©i?h;À�¤noHm�¤¸qG”Gs/q{f4‹¨­)s=tHkDq?rWrnh[i/ˆ4oH”Ÿq{g9owidf·owvYs7ˆ4r s=m=g[sTk�g[iGxJs]s7ˆWq?m7g/c

«�§©lnh¹g9¤ns=h�s7ˆPg9s=fnv[owidf¸i{§�g[¤ns

¥

«Á”Gi4kWsTt"owvYm/q?twtHsTk·g[¤ns

p
�_1J>@&�F^$TNP�7C

E = �
X

i 16= :::6= i p

Ji 1 :::i p si 1 : : : si p �
X

i

hi si
´V•Pc ë%•

¶

À�owg[¤

p � 3
c

ž

¤ns�s7ˆ4m�¤)q?fn˜?sTv+q?h[s]fni%À g9q?Ž?s=f¸§©hjid” q�@]q?lnv[vjoŠq?fDrnhjidx)q?xWoHtHoEg_¯GknoHv¹g9h[owxnlWg[oHidf·À�oEg9¤

[Ji 1 :::i p ]av = 0 ; [J 2
i 1 :::i p

]av =
J 2

2N p� 1
:

´V•Pc ë¶ë

¶

e_fnkns=sTk"•"q?f�oHf0g[sTh[s=vjg[oHfn˜Gg9¤ns=h[”Gi4kW¯Pf)q{”Ÿowm�twoH”GowgYowv�q?m�¤WoHs=£?sTk—x0¯®v[mTq?tHowfn˜

Ji 1 :::i p

À�oEg9¤

N � (p� 1)=2 c

ž

¤nowvYv[m/q{tHoHfW˜ZoHv��jlWvjg9oE­)sTk®q?v;§©i?tHtHi%À�v=c

ž

¤ns �_§©idhjmTs��

Fi �
P

ii 26= i p
Jii 2 :::i p mi 2 : : : mi p

v[¤ni?lntHkšxJs�i?§

idhjknsTh�idfns{ca«;g2tHi%À g[sT”Gr s=h9q{g[lnh[s=v;g9¤ns

mi
†‡vYg�q?Ž{s]rntHlnv�q{fnk¸”GoHf}lnvYvjoH˜dfMc¦e_f¸rnq?hjg[oHmTlWtŠq?h=•4À½s�mTq?f

sTv¹g9ow”^q{g[s�g9¤ns�idh[kns=h+i{§a”^q{˜dfnowg[lnkns]i?§�g9¤nowv2g[sTh[” À½idh[Ž}owfn˜·q{g

T = 0
q?fWk¸g�q{ŽPowfn˜

mi = �
À�oEg9¤

rnhjidx)q?xnowtHoEg_¯ 1
2

cDe_f idh[kWsTh�g[i�”Ÿq?Ž?sGg9¤nsŸknoHvjmTlnvjv[owidf v[ow”ŸrWtHs?•�tws=g�lnvLg�q{Ž?s

p = 2
cDe_fIg[¤noHv�m/q?vjs?•

ow§½g9¤nsŸvjg[h[sTfW˜?g9¤nvLq?h[sŸi?§YidhjknsTh�idfns{•

Fi
oHv�q¸vjln” i?§

N
oHfnkWsTrJsTfnkns=f0g/•¦owknsTf0g9owm/q?twtw¯�knoHv¹g9h[owxnlWg[sTk

h9q{fnknid” £{q?h[oHq?xntwsTvT•)À�oEg9¤ A=sThjiš”ŸsTq?f�q?fWk�£{q?h[oHq?fnmTs�sT|}l)q{t�g9i�ëdc

ž

¤PlWvT•

Fi
¤)q?v2ATsThji·”Gs/q?f�q?fnk

£{q?h[oHq?fnm=sLsT|}l)q{t�g9i

N
c

ž

¤}lnvT•ui?fnsZm/q{f—q?h[˜?lnsLg9¤nq{g

Fi
oHv#i{§bidh[kns=h

p
N

c

ž

iš”^q?Ž{sZowg2­)fnoEg9s�Àzs

g9¤WsTf·m�¤ni?v[s

Jij
g[iLxJs#i?§"idh[kns=h

1=
p

N
idhT•PoHfGi?g9¤WsTh½À½idhjknvT•PÀzs�ow”ŸrJidvjs

[J 2
ij ]av = J 2=(2N )

c

ž

¤ns

˜ds=fnsTh[q?tHoCA/q{g[oHidf^g[i

p � 2
owvYvjg[h9q?ow˜d¤0g[§©idh¹À;q?hjk"c

¬;q{v[sTv;g[¤)q{g;­nfnkDq?fšq?rWrntHowm/q{g[oHidfGoHf·m=id”GrnlWg9s=h;v[m=oHs=fnmTs�q{h[s�kns7­)fns=k®i?f·h9q?fWknid” ˜dh9q?rW¤nvzÀ�owg[¤

­Wˆ4sTkÂi?h �)lWm=g9lnq{g9owfn˜ ­)fWowg9s®mTi?fnfnsTm7g9oE£4oEg_¯dc²e_f g[¤ns�tHq{g[g[sTh6m/q?vjs�idfns®rntHq?mTs=vŸg9¤Ws�v[rWoHfnvŸidf g[¤ns

£ds=hjg[oHmTs=v�i?§nqY˜dh[q?rn¤�À�owg[¤]tHoHfWŽPvMx s7g_Àzs=sTfLm=idlnrntwsTv�idhu˜dhjidlnrnvui{§

p
vjrnoHfnvum�¤Widv[s=f�À�owg[¤�q�rWh[idx)q{xnoHtwowg_¯

c
c

ž

¤nsTvjsZq?hjs�m/q?twtHsTk

N?>@CU.P(¡���_1J>@&	�6M?CE<'���%���

c

‰us7gBlnvZfni%À knoHvjmTlnvjvZv[i?”Ÿs{•

<·1J3\>V$'3\>

v[ow”ŸrntwsTh�m/q?vjsTvTc±«+fRs7ˆWq?”GrntHsŸoHv�g[¤ns

¾

q'g[g9owvLh[q?fnknid”

”Ÿq?˜dfns7g9vYoHfšÀ�¤nowm�¤®g[¤ns]oHf0g9s=h9q?m7g9owidfšvjg[h[sTfW˜?g9¤nv+q?hjs�˜?ow£ds=fDx}¯

Ji 1 :::i p = � i 1 : : : � i p

À�owg[¤

� j = �
À�owg[¤

p = 1=2 :
´V•4cäë‘€

¶

e_f�g9¤WoHv�mTq?v[s6q·vjoH”GrntHs

M0<?. MP�Z(83j<?&W�©:/$'3\FG<?(O>V$'&

•

� i � � i si
•uq?twtHi%À�v#i?fnsLg9i·g[h9q?fWvj§©idhj” g[¤nsBknoHvjidh¹‹

kns=h[sTk®”Gi4kns=t"oHf®qZ§©sThjh[id”Ÿq?˜dfWs=g/•Wv[¤ni%À�oHfW˜Gg[¤)q{gYg9¤WsTh[s�Àzq?v2fniBg9h[lWs]§©hjlnvjg[h9q{g[oHidfDowf·g9¤ns]vj¯Pv¹g9sT”®c

p2q?fnkWid” §©sThjh[id”Ÿq?˜dfWs=g9v�q?hjs6vj¯Pvjg[sT”Gv�owf À�¤nowm�¤ g[¤nsGvjg9hjsTfn˜{g9¤nv�i?§zg[¤ns6oHf0g9sTq?h[m7g9owidfnv�q?h[s6fni{g

q?twtMoHkWsTf0g9owm/q?t"xWlWg�g9¤ns=oHhYv[ow˜dfDoHv=c

ž

¤PlWvT•)g9¤ns=h[s]oHv�fniB§©hjlnvjg[h9q{g[oHidfšowfDg[¤noHvYv¹¯Pvjg9s=”Ÿv2sToEg9¤ns=hTc

‰uowfnŽZh9q{fnknid”GfnsTvjvboHvafni?gbg[¤ns�idfntw¯�g_¯Pr s2i?§ knoHvjidh[kns=hbsTfnm=idlnf0g9s=h[sTkŸs7ˆ4rJsTh[ow”Ÿs=f0g�q?twtw¯dc�p+q{fnknid”

­)s=tHknv=•Pg[¤)q{g½mTidlnrWtHs2tHoHfWs/q?hjtw¯Zg[i�g9¤Ws+”Ÿq?˜dfns7g9owm2”Gid”GsTf0g9v=•Wq{h[s+q?tHvji�|}lnoEg9s2mTid”G”Ÿi?f"’0g9¤ns+mTtŠq{v[v[owm/q?t

”Gi4kns=t"oHv;g[¤ns�§©sThjh[id”Ÿq?˜dfns7g9owm�h9q?fWknid” ­nsTtHk®e_v[owfn˜6”ŸiPkns=tV…

Er f im = � J
X

hij i

si sj �
X

i

si hi
À�oEg9¤

P(hi ) = (2� � 2)� 1
2 e�

h 2
i

2� 2 :
´V•Pc ë%•

¶

¾

iPknsTtwv;À�owg[¤¸vjowg9s�i?hYtHoHfWŽŸknowtHlWg[oHidf·q?h[s�q?twv[i6oHf0g9s=h[s=vjg9owfn˜n…

Esite dil = � J
P

hij i si sj � i � j ; E l ink dil = � J
P

hij i si sj � ij ; :
´V•Pc ë/‚

¶

•?‚



�
�

�

��� �6� ����� � ��� �#� � � � � �0� �"�Y����
b�+
.� ��������
�
 �

À�owg[¤

P(� i = 0; 1) = p;1 � p
oHf�g9¤Ws6­nh[vjg]mTq?v[sGq?fWk

P(� ij = 0; 1) = p;1 � p
oHf—g[¤nsBv[s=mTidfnkMc

ž

¤ns]knowtHlWg[s]q?f0g9ow§©s=h[hjid”^q{˜dfns=gzoHf®qBlnfnoE§©idh[” ”^q?˜?fns=g[oHm#­)s=tHkDoHvYxJsTtwoHs7£dsTkDg9i6xJsT¤)q/£?s�vjoH”GoHtŠq{h[tw¯Bg[i

g9¤Ws�§©sThjh[id”Ÿq?˜dfWs=g9owm�h9q?fWknid” ­)sTtwk�e_vjoHfn˜Ÿ”ŸiPknsTt8c

¥

ˆ4r s=h[oH”GsTf0g9q?t�h[s/q{tHo ATq{g9owidfnvYi?§�g9¤ns]§©idh[”GsTh2q?hjs

mTi?”Ÿ”GidfDq?fnk®”Gs/q?vjlnh[s=”Ÿs=f}g[v�¤)q/£ds�x s=sTf®r s=hj§©idhj”Ÿs=k®owfDv9q?”GrntHs=vYtHowŽ?s]p�x

2
¬zi

0:7
¾

˜

0:3
Ä

4
c

$�fnm=s·q?˜dq?oHf"•�knowv[idhjknsTh�oHv�fni?g�idfntE¯±rnh[s=v[s=f}gLoHf ”^q?˜?fns=g[oHm6vj¯Pvjg[sT”GvTcD«#fIs7ˆWq?”GrntHsBg9¤nq{gL¤nq?v

h[s=mTs=ow£ds=kR”Zlnm�¤ q{gjg9s=f}g[oHidf oHv�g9¤nsŸm/q?vjs·i?§2q

d
kWoH”GsTfnvjoHidf)q{t�kWoHh[s=m=g[sTk ”Ÿq?fnoE§©idtHk±”Gi‘£Powfn˜�owfRq?f

sT”Lx s=knknoHfW˜

N + d
kWoH”GsTfnvjoHidf)q{t4vjr)q?mTsYlWfnknsTh¦g[¤ns;s7ºMs=m=gbi?§ q#|}lns=fnm�¤nsTkŸh9q?fWknid”»r i?g[sTf0g9oHq?tVc

ž

¤ns

v[ow”ŸrWtHsTv¹g]m/q?vjsBÀ�owg9¤

d = 0
m=idh[hjsTv[rJidfnkWv�g[i¸qDr)q?h¹g9owmTtHsL”Ÿi%£PoHfn˜Dowf q{f s=”Zx s=knknowfn˜Dv[r)q?m=sGÀ�oEg9¤

N + d
know”Ÿs=fnv[owidfnvTcae¨§¡•P§©idhYoHfWvjg�q{fnmTs

N = 1
•Wg9¤Ws�r)q?hjg[oHm=tHs#”Gi%£ds=v2i?fDq6twoHfns{•4oE§

N = 2
owg;”Ÿi%£ds=v

idfšq�rntŠq{fns#q{fnk·v[i�idfšq?fWk·v[i�§©idhjg[¤"c¦e¨§

d = 1
i?fns#¤)q{v;q�twoHfns�g9¤nq{gzmTq?f·hjsTrnhjsTv[s=f0g�qLrJidtw¯P”GsThT•Pq

£di?hjg9s\ˆštwoHfns{•4s7g9m?c

ž

¤Ws�§Oq?m=g½g9¤)q{g½g9¤ns#tHoHfWs#oHv½knoHhjsTm7g9sTkš”Gs/q{fnv½g[¤)q{gYoEg;kniPsTv;fWi?g;¤)q/£?s�i‘£?sThj¤)q?fn˜dv=c

e¨§ug9¤Ws#tHowfns�”Ÿi%£?sTvzowf·qLrWtŠq?fns{•0g9¤ns+sT”ZxJsTknkWoHfn˜Zvjr)q?m=s#¤)q?v

(N = 1) + (d = 1)
know”Ÿs=fnv[owidfnvTc

ž

¤ns

|}lnsTfWm�¤nsTk—h[q?fnknid” r i?g[sTf0g9oHq?t"owvT•

�T<BJ

•

V(~x)
•nÀ�owg9¤

~x
g9¤ns�mTiPidh[kWoHf)q{g[s�idfDg9¤ns�sT”ZxJsTkWknoHfn˜6vjr)q?mTs

q?fnk®idfns�m�¤nq?h9q?m7g9s=h[oHvjsTv2owgYÀ�oEg9¤Dowg[vYrnh[idxnq?xnoHtwowg_¯Gknowvjg9hjoHxnl4g9oHi?f·§©lnfnm=g[oHidf

P(V)
c

��� � ������� )���� ����� �	�2" ���

ž

¤nsZs7ºMs=m=g[v�i?§b|}lnsTfWm�¤nsTk knoHvjidh[kWsTh#vj¤ni%À�v�lnr±q?twh[sTq?kW¯DoHf¸g9¤ns�r)q?h9q{”^q?˜?fns=g[oHm]rn¤)q?vjsZi?§�qŸ­nfnowg[s

know”Ÿs=fnv[owidf)q?ta”Gi4kWsTtV•�q?v�g[¤ns^i?fnsTvZowf0g9h[iPknlnm=sTkRq{x i%£ds{c—¿zs=tHi%À g9¤nsŸmThjowg9owm/q?tbrJidoHf0g�i?§;g[¤ns·rnlnhjs

vj¯Pv¹g9sT” ´©fni�kWoHv[i?h[kns=h

¶

idfns�vjsTsTv�­)fnoEg9s�h[s=˜doHidfWvai?§ g[¤ns2vj¯Pvjg[sT” g9¤)q'gbidh[kns=hbknlns�g9i �)lnm7g9l)q{g[oHidfWv�owf

g9¤Ws�mTidlnrWtHoHfW˜dv½g[¤)q{gYmTq?fD”^q?Ž{s�mTs=hjg9q?oHfšr)q{hjg9vYi{§µg[¤ns�v9q{”Ÿrntws#”Gidh[s+§©sTh[hjid”Ÿq?˜dfns7g9oHm�g9¤nq?fDi?g9¤ns=h[v=c

ž

¤ns=v[s—rnhjidr s=hjg[oHsTvŸ”^q{fnow§©s=vjgŸoHfÃfni?f4‹¡q?fnq?tw¯}g9owmToEg9oHs=vBi?§�g9¤Ws�§©h[s=s7‹_s=fnsThj˜?¯ g9¤)q{g·q?rnrJs/q?hŸoHf q §©lntHt

oHf0g[sThj£{q?t)i{§ g[sT”Gr s=h9q{g[lnh[s=vzq?xJi%£dsYg9¤Ws+m=h[owg[oHmTq?t4g[sT”Gr s=h9q{g[lnh[s�i?§ g9¤ns�knowv[idhjknsThjsTk^”GiPknsTt8•0q?vbv[¤ni%À�f

x0¯ @�h[o��6g[¤nvTc¦Ç s]v[¤)q?twt"fni?g2knowv[m=lnv[vYg9¤WsTv[s]§©s/q'g9lnhjsTv�oHfDkns7g�q?owt"¤nsThjs?c

����� ����� �B�	��/ � (�� " �!�E� ),"./��!������+./

‰us=g�lnvbfni%ÀÂknowv[m=lnv[v½q�rWh[idxntwsT”ÊoHfBÀ�¤noHm�¤ŸknoHvjidh[kWsThaoHvbvji�v¹g9h[i?fn˜Lq{vbg[i]”ŸiPknow§@¯�g9¤Ws+f)q'g9lnhjs2i{§ g[¤ns

tHi%À g9sT”GrJsTh9q'g9lnhjs�rW¤)q?v[s{cze¨§�g9¤nowv2owv�v[in•)idfWs�fns=sTknv�g9iGkns7­)fnsZq6fns7À�idh[kWsTh�r)q?h[q?”Ÿs7g9s=hT•)m/q{r)q?xntws

i?§�oHkns=f0g9ow§@¯Powfn˜Bidh[kWsTh�oHf·g[¤noHv�rn¤)q{v[s?c

�����A�! #%$'& �", �'&B,�@7/ ,</ DE&?G &B,

ž

¤ns�v[rnowf4‹_˜dtHq?v[v�s=|PlWoHtHowxnh[owln” rW¤)q?v[s�oHv2idfns�oHfDÀ�¤noHm�¤�v[rnowfnv(�¨§©h[s=s ATs���oHf¸h9q?fnkWid”ŸtE¯0‹_tHiPidŽ}oHfW˜ZmTidfP‹

­)˜dlWh9q{g[oHidfnv=c#e_f�­)fWowg9s�knoH”GsTfWv[oHi?fnv2g[¤nsTvjsBmTidf4­)˜dlnh[q{g9owidfnv�q{h[sLvjr)q{g[oŠq?twtw¯šowh[h[s=˜dlntHq?hTc2« v[fnq?rnv[¤Wi?g

tHiPidŽ}vµvjg�q'g9oHv¹g9owm/q?t}oHkWsTf0g9owm/q?t0g9i�q+¤now˜d¤Lg9s=”ŸrJsTh[q{g9lWh[s�r)q?h9q{”^q?˜?fns=g[oHm�mTidfW­n˜dlnh9q'g9oHi?fLoHf�À�¤noHm�¤Lv[rnowfnv

rJidoHf0g2oHf®x i{g9¤�kWoHh[s=m=g[oHidfnv=c�D+i%À½s=£?sThT• À�¤noHtws�q'g#¤now˜d¤Dg9sT”GrJsTh9q'g9lnhjsTv�g9¤ns�v[rnowfnv �noHr�h[q?rnowkntw¯·q?fnk

q?fni{g9¤ns=h#v[fnq?rnv[¤Wi?g�g�q{Ž?sTf—ow”Ÿ”GsTkWoŠq{g[sTtw¯^q{§@g[sTh+À½idlntwk�tHiPidŽšm=id”ŸrWtHs=g[sTtE¯šknowº sThjsTf0g�§©hjid” g9¤nsLrnh[s\‹

£PoHidlWvYidfns?•-q'g+twi%À g[sT”Gr s=h9q{g[lnh[s=v;g_ÀziŸv[f)q?rWv[¤ni?g[v2g9q?Ž?s=f�q'g�mTtHi?v[s�g9ow”Ÿs=vYq?h[s]¤now˜d¤ntE¯^m=idh[hjsTtŠq'g9sTkMc

e_f qRv[rWoHf4‹¨˜dtŠq?vjv·vjg9q{g9s—g[¤ns—tHiPm/q?t+”^q{˜dfns=g[o ATq{g9owidf owvšs7ˆ4r s=m=g[sTk g[i g�q?Ž{s q fWidf4‹ A=sThji £{q?twlns?•

mi = hsi i 6= 0
•JÀ�¤nsThjsLg9¤WsBq/£dsTh[q?˜dsZowv#owf}g[sThjrnh[s7g9sTk—owf�g9¤WsZh[s=vjg9hjoHm7g9sTk�v[sTfWv[s6knoHvjmTlnvjv[s=k q{x i%£ds{•

>OSO�TS

À�oEg9¤nowf q®rnlnh[sŸvjg9q{g9s{c®e_fWvjg9sTq?k"•�g[¤ns^˜?tHidx)q{ta”^q?˜?fns=g[o A/q'g9oHi?f kWsTfnvjowg_¯d•

m = N � 1 P N
i=1 mi

•

£{q?fnowv[¤ns=vŸvjoHfnm=s�idfns®s7ˆ4rJsTm7g9vŸg[iI¤)q/£?s�q?vG”^q{f}¯ v[rnowfnv^rJidoHf0g[oHfn˜—lnrÃq?vŸvjrnoHfWvŸrJidoHf0g[oHfn˜±kni%À�f

À�owg[¤±s/q?m�¤±rJidv[vjoHxntwsL£{q?tHlnsBi{§

jmi j
c

ž

¤}lnvT•ug9¤Ws

(_$'(V<?C¦FG< M?&M�7(8>��%<?(O>V$'&

•

m = N � 1 P N
i =1 mi

•ui?§zq

v[rWoHf4‹¨˜dtŠq?vjvz£{q?fnowv[¤ns=v#q{g2q{tHt g[sT”Gr s=h9q{g[lnh[s=v2q?fnk®owgYowvYfni?g+qB˜di4iPkšidhjknsTh�r)q?h[q?”Gs=g9s=hTc

•0•



�
��� ��� �	���#� 	�� ��� � ��� � � � 	���� � � 

	 � �0� �"�Y����
b�+
.� ��������
�
 �

ž

¤WsGvjrnoHfP‹_˜dtHq?v[v2g9h9q{fnv[oEg9oHi?f�oHv�m�¤nq?h9q?m7g9s=h[o A=sTk±x0¯±q^­)fnoEg9sZrJs/q{Ž�oHf�g[¤nsBtHowfns/q{h#”Ÿq?˜dfns7g9oHm�v[lnv¡‹

mTs=rWg9owxnoHtwowg_¯¸q?fnk±qšknoE£ds=h[˜dowfn˜·fnidfP‹_tHowfns/q{h#”Ÿq?˜dfns7g9oHm�v[lnvjmTs=rWg9owxnoHtwowg_¯dc�‰us=g]lnv�kWoHv[m=lnv[v�g[¤nsZ§©idhj”Ÿs=h

­)hjvjg2q?fnkšvj¤ni%À ¤Wi‘À owg½¯PoHsTtwknv;s7£4owknsTfWmTs�§©idh½g[¤ns�§©h[s=s A=oHfn˜Bi?§ug[¤ns�tHiPm/q{t ”Ÿq?˜dfns7g9owm#”Gid”Ÿs=f0g9vTc¦Ä-i?h

qŸ˜?sTfns=h[oHm]”Ÿq?˜dfns7g9owm�”GiPknsTtuvjlnm�¤�g9¤nq{g+g[¤ns�”^q?˜?fns=g[oHm�­)s=tHk�m=idlnrntwsTv2tHowfns/q?hjtw¯Gg9iGg9¤ns�e_v[owfn˜^vjrnoHf"•

E ! E �
P

i hi si
•Wg9¤ns#tHoHfWs/q?h½v[lnvjmTsTr4g9oHxWoHtHoEg_¯GoHvzhjsTtHq{g9s=k"•4£PoŠq�g9¤ns�v¹g�q{g[oHm

�

.)*7(8.W<?(8>V$'&	�¹N?>H���7>•1W<?(O>V$'&

(F;)��$'3��7F

g9iBg[¤ns �)lnm=g[l)q{g[oHidfnv�i?§µg9¤Ws�”Ÿq?˜dfWs=g9oCA/q{g[oHidfM…

� ij �
@hsi i h

@hj

�
�
�
�
�
h=0

= � h(si � hsi i )(sj � hsj i ) i :
´8•4c ë%•

¶

ž

¤nowv�hjsTtHq{g9owidfZoHvarWh[i%£ds=f^x0¯6lnv[owfn˜�g9¤ns�kns7­)fnoEg9oHi?fGi{§

hsi i
q{fnkŸvjoH”Grntw¯�mTi?”Ÿrnl4g9oHfW˜�g9¤ns�kns=h[ow£{q{g[ow£?s

À�owg[¤Dh[sTvjr s=m=g2g9i

hj
cae_f®r)q?h¹g9owmTlntHq?hT•

� ii = �
�
1 � m2

i

�
� 0 ;

´8•4c ë/•

¶

À�owg[¤

mi = hsi i
c

ž

¤Ws6g[i?g�q{t¦v[lnvjmTs=rWg9owxnoHtwowg_¯¸”ŸsTq?v[lnhjsTk s7ˆ4rJsTh[ow”Ÿs=f0g�q?twtw¯¸oHv

� � 1
N

P
ij � ij

c $�f

g9¤Ws�s7ˆ4rJsTh[ow”Ÿs=f0g�q?t v[oHkWs#Àzs�kWiBfni?gYs\ˆWrJsTm7gYg9iZvjsTs�idhjknsThzidfns�v9q{”Ÿrntws7‹Vg9i{‹¨v9q?”GrntHs �nlnm=g[l)q{g9owidfnv;owf

g9¤WoHv�˜dtHidxnq?ta|}l)q?f0g9oEg_¯dc $�f g[¤ns·q?fnq?tw¯}g9owm/q?t�v[oHkWs^idfnsGm/q{fIlnvjs·q¸vjoH”GoHtHq?h�q?hj˜dln”GsTf0g�g[i¸g[¤nsŸi?fns

rnhjsTv[s=f0g9sTk6owf

?

sTm7g/cd•4c €Pc €Yg9i�q?hj˜dlns�g9¤)q{g

�
v[¤nidlWtHkZxJszvjsTtw§Š‹_q/£dsTh[q?˜dowfn˜nc

ž

¤PlWvT•dg9¤Ws;s7ˆ4rJsTh[ow”Ÿs=f0g�q?twtw¯

idxnvjsTh¹£dsTk¸v[lnvjmTs=rWg9owxnoHtwowg_¯·vj¤nidlntwk¸xJs�˜doE£dsTf®x0¯

[ � ]av = N � 1
X

ij

[ � ij ]av � N � 1
X

i

[ � ii ]av = N � 1
X

i

�
�
1 � [ m2

i ]av

�
;

´V•Pc ë

–

¶

v[owfnmTsbÀ½s½mTq?f�s\ˆ4r s=m=gµg9¤)q{gµm=h[idvjv¹‹¨g[sThj”Ÿvµm/q?fWmTsTt}lnfWknsTh�g9¤nsbknowv[idhjknsThµq/£ds=h9q?˜?s?c

ž

¤nsb§Oq?twt?i?§

�
q{gµtHi%À

g9s=”ŸrJsTh[q{g9lWh[sTv�À�owg[¤�hjsTvjr s=m=g�g[i#oEg9vu£{q?tHlns�q{g

Tc
v[ow˜df)q?twvug9¤nsb§©h[s=s ATowfn˜2i?§ng9¤Ws

CH$%*[<?C}FG< M?&M�7(O>��%<?(8>V$'&W�

•

mi
•boHf fni?f4‹ A=sTh[i—£{q?twlnsTv=c ª+i?g[sDg[¤)q{gBg[¤noHv6q?hj˜dln”GsTf0g6oHvBxnq?v[s=k idfRg[¤ns®q?v[vjln”Ÿr4g9oHi?f g[¤)q{gBg[¤ns

”Gs/q?vjlnh[s=”Ÿs=f}g2owvYknidfns]oHfDs=|PlWoHtHowxnh[owln”®c

ž

¤}lnv=•ng9¤ns#f)q{g9lWh9q?t

M?CH$B5�<?C

idh[kns=h;r)q?h[q?”Gs=g9s=hzg9¤nq{g;m�¤)q{h9q?m7g9sThjo A=sTv;g9¤Ws�v[rnowf4‹_˜dtHq?v[v�g9h[q?fnv[oEg9owidf^owv

qea � N � 1
X

i

[ m2
i ]av

´V•Pc ë%›

¶

q?vZrWh[idrJidv[s=k oHfIg[¤nsšv[s=”Ÿowf)q?t

¥

k4À;q?hjknv¹‹¨«#fnkWsTh[vjidf r)q?rJsThTc

q
£?q{fnoHvj¤nsTvBowfIg9¤ns^¤noH˜d¤ g[sT”Gr s=h9q'‹

g9lWh[s6rn¤)q?vjs6v[oHfWmTsGq?tHt

mi
q{h[s�ATs=h[i®xnlWg�owg�kni4s=v]fni?g�oHf�g[¤ns6tHi%ÀÊg[sT”Gr s=h9q{g[lnh[s6rn¤nq?v[s6v[owfnmTsBg[¤ns

v[|}l)q{h[s�rJi‘À½sTh;g9q?Ž?s=vYm/q?hjs�i?§�g9¤Ws�knowº sThjsTf0gYvjoH˜dfnv=ca«µ£?sTh[q?˜doHfW˜Bi‘£?sThYknowv[idhjknsThzsTtHow”Ÿowf)q{g[sTvag9¤ns�vjowg[s

kns=r s=fnknsTfWmTs?c

ž

¤}lnvT•-oHv�q{tHv[i6˜doE£ds=f®x0¯

qea = [ m2
i ]av :

´V•Pc ë%œ

¶

e_f^q?tHt4g9¤nowv�kWoHv[m=lnv[vjoHidf6g9¤Ws+v¹g�q{g[oHvjg[oHmTq?t)q/£ds=h9q?˜ds2¤)q?vbg9i�xJs2owf0g9sThjrnh[s7g9s=k^oHfBg[¤ns+v[q?”Gs2hjsTv¹g9h[owm=g[sTk

v[s=fnv[sIq?všg9¤ns idfns knowv[mTlWv[v[s=k oHfÂg[¤ns rnq?h9q?”Ÿq?˜dfWs=g9owm�§©sThjh[id”Ÿq?˜dfWs=g9owm�g9h[q?fnv[oEg9owidfÂi?§Lg[¤ns lnv[l)q{t

e_v[owfn˜ ”Gi4kWsTtL´Ov[s=s

?

s=m=g/cz‚

¶

c Ç²¤ns=g[¤nsTh·g[¤nsThjs—q?h[s®g_ÀziRs=|}lnoHtwoHxnhjoHln” v¹g�q{g[sTv±´Oq?v^owf g9¤ns�lnv[l)q{t

§©sThjh[id”Ÿq?˜dfWs=g9owm�rn¤)q?vjs

¶

idh+”Ÿq?f0¯D”Gidh[sŸ´8q{v+À½sLv[¤nq?tHtuvjsTsBq?rWr sTq?h�oHf¸§©lWtHtw¯0‹¨mTidfnfWsTm=g[sTk¸v[rnowf4‹_˜dtHq?v[v

”Gi4kns=tHv

¶

g[¤ns�q/£ds=h9q?˜ds#oHv½g9q?Ž?s=fDoHf^i?fns�i?§ug[¤nsT”®c

?

owfnmTs�owfŸg[¤ns�tŠq'g[g9s=hzmTq?v[s�oEgzowv½§©idlWfnk·g9¤)q'g;s=£?sTf

ow§�g9¤ns�oHfWknow£PoHkWl)q?t

mi
g�q?Ž{sLknoEºMs=h[sTf0g+£?q{tHlns=v+owf¸knoEºMs=h[s=f}g+vjg9q{g9s=vT•

q
oHv]Å•v¹g�q{g[s7‹_owfnkns=r s=fnknsTf0gT†w•Jg9¤nowv

kns7­)fnowg[oHidfškWi4s=v2fWi?g+q?tHtwi‘À²g[iGkWoHvjg[oHfn˜?lnoHvj¤šx s7g_Àzs=sTf�g[¤ns�g_ÀziGv[m=sTf)q?hjoHidv=c

Ç sYv[¤nq?tHtnvjsTs�xJsTtHi%À q�”Ÿi?h[sYrJsThjg[oHfns=f0gbkns=­)fWowg9owidfZi?§Mq?f6idhjknsThar)q{h9q?”Gs=g[sTh�g[¤)q{g�q?twtHi%À�v¦idfns;g[i

knowvjg9owfn˜dlnowv[¤šxJs=g_À½sTs=f¸g9¤Ws�v[oH”Grntws?•4g_À½i{‹¨vjg�q'g9s?•nq?fnkšg9¤ns]”Ÿq?f0¯·v¹g�q{g[s�v[mTs=f)q?hjoHidv=c�e_fDrnh[q?m=g[oHm=s�owgYowv

•d•



�
��� ��� ��� � � ��

� � 
 ��� � � � � � � � � � 
 	����
����
�� ��� � � �0� �"�Y����
b�+
.� ��������
�
 �

h[s=tŠq{g[sTkGg9i�g[¤ns#kWs=­)fnoEg9owidfŸi{§"g9¤ns

$'X?�73\CE<71

=6idh�mTi?h[h[s=tŠq{g[oHidf =6xJs=g_À½sTs=f·g_ÀziBvjrnoHfŸmTidf4­)˜dlnh[q{g9owidfnvT•

v9q/¯

f si g
q?fWk

f � i g
•nkns=­nfnsTk�q?v

qs� = N � 1
X

i

si � i :
´V•Pc €?•

¶

qs�
g9q?Ž?s=v^£{q?tHlWsTv^xJs=g_À½sTs=f

O
q{fnk

1
c e¨gšsT|}l)q?twv^idfWs�ow§

f si g
q?fnk

f � i g
knowº sThGoHf qIf}ln”ZxJsTh

v[rWoHfnvBg9¤nq{gGoHv6v[”Ÿq?tHtwsThLg[¤)q?f $6´8ª

¶

•aoHvBs=|Plnq?tHv

� 1
À�¤ns=f g[¤nsšg_Àzi mTidfW­n˜dlnh9q'g9oHi?fnv6q?h[sšg[i?g�q?twtw¯

q?f0g9owmTidhjh[s=tŠq{g[sTk�=�À�owg9¤6g9¤Ws2v[q?”Gs2rWh[i%£PoHv[i�mTi?fnmTs=h[fnowfn˜Lq�f}ln”ZxJsThbi?§Mv[rnowfnvag9¤)q'g½owvafni?g $6´8ª

¶

q?fnk

owg½sT|}l)q{tHv�A=sThjiLÀ�¤nsTf

f si g
q?fnk

f � i g
q?hjs#mTi?”Ÿrntws=g[sTtw¯ZlnfnmTi?h[h[s=tŠq{g[sTk"cbª2i?g9s2g9¤)q'g½g[¤ns

�%�7C : �[$'X?�73\CE<71

i?§�qBmTidfW­n˜dlnh9q'g9oHi?fDÀ�oEg9¤Dowg[v[s=tw§µoHvYowknsTf0g9owm/q?twtw¯Ÿidfns�§©idhYe_vjoHfn˜6v[rWoHfnv=c

�����A��� 2 - � &B, �"&1FHG � * � 9 &B@7G -!6:- 5!- G��

e_f q±rWlnh[s®”^q{˜dfns=g[oHm·v¹¯Pvjg9s=” À�owg[¤ q—v[s=mTidfWk4‹_idhjknsThGrn¤)q{v[sšg9h[q?fnv[oEg9owidf"•bv[s=sDg[¤nsDknoHvjmTlnvjv[owidf owf

?

s=m=g/c�‚n•zg[¤ns®v[lnvjmTsTr4g9oHxWoHtHoEg_¯Ri?§�g[¤ns®idh[kns=hŸrnq?h9q?”Gs=g[sTh6g9i q ­)s=tHk g9¤)q{gŸmTi?lnrntHs=vŸtwoHfnsTq?h[tE¯Ig[iIowg

knoE£dsThj˜dsTvZq{gLg[¤ns^g9h[q?fnvjowg9owidf"c®ª+i%À]•

X%>O<

g[¤ns^v¹g�q{g[oHm �nlnm=g[l)q{g9owidf4‹¨knoHvjv[oHrnq{g9owidf g[¤nsTi?h[sT”®•�g[¤ns^g[¤ns

£{q?h[oHq{g9owidfDi?§bq?f�idxnv[s=hj£{q?xntws�À�oEg9¤�hjsTvjr s=m=g�g[iŸg9¤Ws�­)s=tHk¸g[¤)q{g#mTidlnrWtHsTv+tHowfns/q?hjtw¯Ÿg9i·oEg+owv+s=|}l)q?t�g[i

g9¤Ws�m=idh[hjsTtHq{g9owidfši?§µg9¤ns]idxnvjsTh¹£?q{xntHs�À�oEg9¤Dowg[v[sTtE§¡…

@hOi i
� hj

�
�
�
�
�
h=0

= hOi Oj i :
´V•Pc €pë

¶

D#q/£PoHfW˜ owknsTf0g9oE­)sTk g9¤Ws®vjrnoHfP‹_˜dtHq?v[v6idhjknsTh6r)q?h[q?”Gs=g9s=h

q = [m2
i ]av

g9¤)q'gŸowv6tHoHfWs/q?hjtw¯ h[sTtHq{g9s=k g[i

[� ii ]av
i?fns]m/q?f®kns=­nfns�g[¤ns

�_1J>@&	�6M?CE<'���#�7.0�%*��_1J(8>65T>@CU>@(6J

q?v

� SG �
1
N

X

ij

� 2
ij =

1
N

X

ij

(hsi sj i � hsi ihsj i )2 ´V•Pc €d€

¶

q?fnkLidfns�m/q?fZm�¤WsTm�Ž�À�¤Ws=g9¤WsTh�oEg�kWow£ds=h[˜ds=v¦q{g

Tc
q?v�s\ˆ4r s=m=g9s=k6oHf�q+v[s=mTidfWk4‹_idhjknsTh�rn¤)q?vjs½g9h[q?fnvjowg9owidf"c

$�fnsGm/q?f v[¤ni%À g9¤nq{g]g9¤nsGknow£?sThj˜dsTfnm=s^i?§

� SG
oHv]h[s=tŠq{g[sTk g[i®g[¤nsGknow£?sTh[˜?sTfnm=s^i?§½g9¤nsGfnidf4‹¨tHowfns/q?h

lnvjl)q?tu”Ÿq?˜dfns7g9oHm#v[lnvjmTsTr4g9oHxWoHtHoEg_¯

� (3) �
1
N

X

i =1

@3hsi i
@h3

�
�
�
�
�
h=0

´V•Pc €?•

¶

g9¤nq{gZmTq?f xJs·q?m=mTsTvjv[s=k s\ˆWrJsThjoH”GsTf0g�q{tHtw¯?cD« m/q{h[s=§©lWtzs7ˆ4rJsThjoH”GsTf0g�q?t�”Gs/q?vjlnh[s=”Ÿs=f}gLi?§

� (3) •

� (5)
q?fnk

� (7) kWsT”Gidfnvjg[h9q{g[sTkšg9¤nq{g+q?tHtJg9¤ns=v[s�v[lnvjmTsTr4g9oHxWoHtHoEg9owsTv;knoE£ds=h[˜ds�q{g

Tc
c

����� �+� "�����$#� +�� � +�1��A��� � ����� �?� ),+./0( 1 � � +*),1 �:)

‰us=g]lnv�kWoHv[m=lnv[v�owf�g9¤nowv�r)q?h¹g�g9¤WsBvjg�q'g9oHm=v�i?§�v[rWoHf4‹¨˜dtŠq?vjv�”Gi4kns=tHv#q?fnk�g9¤WsZg_ÀziD”Ÿq?oHf�m=id”Gr s7g9oHfW˜

kns=v[mThjoHrWg[oHidfWv^i?§]oEg/c

?

oH”GoHtŠq{h6q?h[˜dlW”Ÿs=f}g[v^mTq?fÂx s¸lnv[s=kÂg9i v¹g9lnkW¯ i?g[¤nsThŸ”ŸiPknsTtwvŸÀ�oEg9¤ v¹g9hjidfn˜

knowv[idhjknsTh=•)q?v2qB”^q?fWow§©idtwk·oHf®qBh9q?fWknid” rJi?g9s=f0g9oŠq{tVc

�����A�! �A9 / 5!-!F�� / , �H*7DE&1FHG
� / F��
G<$'& �', �"@:5!&?G G<$'& �",&�

ž

¤ns�knh[idrWtHs=g�g[¤nsTidh¹¯®oHv2qŸrn¤WsTfnid”GsTfWidtHid˜?oHm/q{t"”ŸiPkns=t"g9¤)q{g#q?vjv[ln”GsTv2g9¤)q{g2g9¤Ws�twi‘À g9sT”GrJsTh9q'g9lnhjs

rn¤)q{v[s#i{§uq]v[rnowf4‹_˜dtHq?v[vb”Gi4kWsTt)¤)q?v�idfntE¯Zg_À½iLsT|}lnowtHowxnh[owln” v¹g�q{g[sTv�h[sTtHq{g9s=k^x0¯Gq?fŸi‘£?sTh[q?tHt)vjrnoHf �)oHr"c

e¨g�oHv�g9¤WsTfIh[q{g9¤WsTh]v[ow”ŸowtŠq?h2g9i¸qD§©s=h[h[i?”^q?˜?fns=gT•µi?fntw¯�g[¤)q{g]g9¤WsŸf)q'g9lnhjsŸi?§�g9¤WsŸidhjknsTh�oHf—g[¤nsGg_À½i

•

–



�
��� ��� ��� � � ��

� � 
 ��� � � � � � � � � � 
 	����
����
�� ��� � � �0� �"�Y����
b�+
.� ��������
�
 �

sT|}lnowtHowxnh[owln” vjg9q{g9s=v�oHv+fni?g�sTq?vj¯®g9i·vjsTs{•uowg�owv#fni{g �jlnv¹g�”Ÿi?vjg�vjrnoHfWv�r i?oHf0g9owfn˜^lnr—i?h#”Gidvjg#v[rnowfnv

rJidoHf0g9owfn˜Zkni%À�fDÀ�owg[¤šv[id”Gs�g9¤ns=h[”Ÿq?t �nlnm=g[l)q{g9owidfnv;À�oEg9¤nowf"c¦«;g+qZ˜dtŠq{fnmTs{•nidfns�vjsTsTv2qBknowv[idhjknsThjsTk

r)q?h[q?”Ÿq?˜dfns7g9oHm�tHowŽ?s½mTidfW­n˜dlnh9q'g9oHi?fZq?fnk6q+”Ÿidhjszs=tŠq?xJidh9q'g9s�idh[kns=h�r)q{h9q?”Gs=g[sTh�¤nq?v�g9i#x s;”Gs/q{v[lnhjsTk

g9iDidxWv[sTh¹£ds6g9¤nsBi?h[kns=hTc

ž

¤ns6vjrnoHf4‹¨˜dtŠq{v[v�rn¤nq?v[s6oHv�g[¤nsTf m/q{tHtHs=k±q

N?>H� M?.4>H�%�[N]:/�73739$'FG< M?&M�7(

q?fnk q

lnvjl)q?tbv[rJidf0g�q?fWsTidlnv�vj¯P”G”Ÿs7g9h¹¯—xnh[sTq?Ž}oHfn˜I´OxJs=g_À½sTs=fIg9¤WsGg_À½i�s=|PlWoHtHowxnh[owln” vjg�q'g9sTv�h[s=tŠq{g[sTk v[rnowf

h[s7£ds=h[v9q{tµv¹¯P”Ÿ”Gs=g[hj¯

¶

tHs/q{knoHfn˜Zg[i6lnv[l)q{tusTh[˜?i4knowmToEg_¯^xnhjs/q?Ž}owfn˜ŸowvYv[lnrWr idvjsTk®g9iBg�q?Ž{s]rntŠq?m=s�q{g

Tc
c

$�fnm=s®g[¤noHvGq?vjv[ln”GrWg[oHidf ¤)q?vGxJsTsTf knidfns{•zhjsTfnidhj”^q{tHo ATq{g9owidf ˜dhjidlnr q?h[˜?ln”Ÿs=f0g9vGq?h[sDlnvjsTk g[i

kns=v[mThjoHxJs�g9¤ns#v[m/q{tHoHfW˜Zx s=¤)q/£PoHidh½i?§µv[s=£?sTh[q?tMg9¤WsTh[”GiPkW¯Pf)q?”GoHm#|}l)q{f}g[owg[oHsTv=c

ž

¤ns�hjsTv[lWtwg9v½§©idlnfnkDq?hjs

g9¤WsTf®|Plnq?f0g9owg9q{g9oE£ds=tw¯·kWowº sTh[s=f0g2§©hjid” g[¤ns]idfns=v�§©i?h�qB§©s=h[hjid”^q{˜dfns=g�xWlWg2fni

&M$'X?�7CU(8>V���

q?rnrJs/q?h=c

‰us7gBlnvBfni%À �jlnvjg6knowv[m=lnv[vBidfWs·v[ow”Ÿrntws·q?hj˜dln”GsTf0gZg[¤)q{gBowvZq{gZg[¤nsšx)q?vjoHvZi{§2À�¤nq{gBoHvLfnsTs=knsTk

g9iGkns=h[ow£?s�g[¤ns]h[s=v[lntEg9v2i?§�g[¤ns]knh[idrWtHs=g�g[¤nsTidh¹¯šÀ�owg[¤nidlWg2sTf0g[sTh[owfn˜GoHf0g9iBg9¤Ws�m=id”ŸrWtHoHmTq{g9owidfnv½i?§�g[¤ns

m/q{tHmTlWtŠq{g[oHidfnv=c

ž

¤ns]e_”Ghj¯0‹

¾

q6q?hj˜dln”GsTf0g

ž

q?Ž{s—q §©s=h[h[i?”^q?˜?fns=g[oHmDe_v[owfn˜I”Gi4kWsTt�oHf q h[q?fnknid” ­)s=tHk"•zkns=­)fWsTkÂoHf sT|-c#´V•4cäë%•

¶

cÂe_f ATs=h[i

q?rnrWtHoHs=k—­)sTtwk q?fnk tHi%À s=fnidln˜?¤ g9s=”ŸrJsTh[q{g9lWh[s?•µow§

d > 1
g[¤nsThjs^owv�rW¤)q?v[s6g9h[q?fnvjowg9owidf±x s7g_Àzs=sTf q

r)q?h[q?”Ÿq?˜dfns7g9oHmŸq?fnk q�§©s=h[h[i?”^q?˜?fns=g[oHmGrn¤)q?vjs?c e¨§+i?fnsšmTidfWv[oHkWsTh[vZg[¤ns·s7ºMs=m=g6i?§+q�h9q{fnknid” ­)sTtwk

À�owg[¤ £?sThj¯ vjg[h[idfW˜¸g_¯PrnoHmTq?tbvjg[h[sTfW˜?g9¤"•�g9¤ns6g9¤nsŸv[rnowfnv�À�owtHtbq?twoH˜df—À�oEg9¤±g9¤nsŸtHiPm/q?tas\ˆ4g[sThjf)q?tb­)sTtwknv

q?fnk—g[¤nsBvj¯Pvjg[sT” À�owtHt�xJsBr)q?h[q?”Ÿq?˜dfns7g9oHm{cQD+i%Àzs7£ds=hT•�e¨g]owvT•"¤Wi‘À½s=£?sTh=•�fnidfP‹¨g9hjow£PoŠq{t�g[iDkns=g[sTh[”GoHfWs

g9¤Ws�s=º sTm=g�i{§�qZhjsTtHq{g9oE£dsTtE¯6ÀzsTq?Ž·h9q{fnknid” ­)sTtwkšidf·g9¤Ws�§©sTh[hjid”Ÿq?˜dfns7g9oHm+rn¤)q?vjs]q{gYvjl �GmToHs=f0g9tw¯^tHi%À

g9s=”ŸrJsTh[q{g9lWh[s?c

ž

¤ns½tHidfn˜'‹_h9q{fn˜ds¦§©sThjh[id”Ÿq?˜dfWs=g9owmbidh[kns=h�m=idlntwk�xJs½rWh[sTvjsTh¹£dsTkBi?h�s=tHv[sbg9¤Ws�­)s=tHk�mTidlntwk

xJs�sTfnidlW˜d¤®g[i6xnh[sTq?Ž·lnrDg9¤ns�v¹¯Pvjg9s=”ÆoHf0g9iBtHq?h[˜ds#xnlWg�­)fnoEg9s�knid”Ÿq?owfnv;i?§�g9¤Ws]g_À½i6§©sTh[hjid”Ÿq?˜dfns7g9oHm

rn¤)q{v[sTv=c

« |}l)q?twowg�q'g9ow£?sBq?hj˜dln”GsTf0g]g9i®sTvjg[oH”Ÿq{g9sBÀ�¤ns7g9¤ns=h�g[¤nsB§©sTh[hjid”Ÿq?˜dfns7g9oHmBrW¤)q?v[sŸv[lnh¹£Pow£ds=vLidh]fni{g

oHf�rnh[s=v[sTfWmTs6i?§ag9¤WsZs7ˆPg9s=h[f)q{t¦h9q?fWknid”Æ­)sTtwk�oHv�mTq?tHtwsTk®g9¤nsZe_”Ghj¯0‹

¾

qšq?h[˜?ln”Ÿs=f0g�oHf¸g9¤nowv#mTi?f}g[s7ˆPg

q?fnkšoEgYoHv;qZv[oH”Grntws#s7ˆPg[sTfnvjoHidfDi?§�g9¤Ws�knoHvjmTlnvjv[owidfDoHf

?

s=m=g/cW‚nc••4ca‰us=g�lnv;­Wˆ

T = 0
q?fnkDvjÀ�oEg9m�¤Didf

q·h9q{fnknid”Æ­)sTtwk"c�e¨§zq·kWid”^q{oHf

D
i{§zq^g[¤nsBidrnrJidvjowg9s�idh[kWsThG´Ov[q/¯�kni%À�f

¶

owv�mThjs/q{g[sTk—À�owg[¤noHf�g[¤ns

xnlntwŽ^i?§�g[¤ns]idh[kns=h[s=k®v¹g�q{g[sŸ´Ov9q/¯šlWr

¶

g9¤ns�v¹¯Pvjg9s=” r)q/¯Pv+q{f®s=fnsThj˜?¯šknlWs]g[iZg9¤ns]lnfWv9q{g[oHvj­nsTkDtHowfnŽ}v

tw¯Powfn˜BidfDg9¤ns]xJidlnfnk)q{hj¯^g[¤)q{g2oHv

� Eborder � 2JLd� 1 ´V•Pc €{‚

¶

À�¤ns=h[s

L
oHv�g9¤nsŸtHowfns/q?h]twsTfn˜?g[¤Ii?§Yg[¤ns^xJidhjknsThLq?fnk

d � 1
owv�g[¤ns^kWoH”GsTfnvjoHidf i?§;g9¤Ws^xJidh[kns=hLi?§

q¸kWid”^q{oHf±sT”ZxJsTkWknsTk owf

d
q¸know”Ÿs=fnv[owidf)q?t�£?idtHlW”Ÿs{•�q?vjv[ln”GoHfW˜�owg�owv�m=id”Gr)q?m=gTc

ž

¯Prnowm/q?twtw¯�g[¤ns

”Ÿq?˜dfns7g9oHm#sTfns=h[˜?¯DowfDg[¤ns�oHf0g[sTh[owidhYi?§µg9¤ns]kni?”^q?owf·knlns]g9iBg[¤ns]s7ˆPg9s=h[f)q?t"­nsTtHk®oHv

� Er f � � hL d=2 ´V•Pc €d•

¶

v[owfnmTs]g9¤WsTh[sLq?h[s

N = Ld v[rWoHfnv2oHfnvjoHkns�g[¤ns�kWid”^q{oHfDi?§atwoHfnsTq?hYtHs=fn˜?g9¤

L
q?fnkM• lnvjoHfn˜6g9¤WsLmTs=f0g9h9q{t

tHow”ŸoEg6g9¤ns=idh[s=”¸•

� h
P

j 2D si � � h
p

N = � hL d=2 c

ž

¤ns±m=id”Ÿrnq?h[owv[idfÃxJs=g_À½sTs=f g[¤nsTvjs±g_À½i

sTfWsTh[˜{¯Dv[m/q{tHsTvY¯PoHs=tHknv

JLd� 1 � � hL d=2
� J

h

� 2
2� d

� L
´8•4c €{•

¶

ž

¤nowv;oHfnkWoHm/q'g9sTvbg9¤nq{g;g9¤Ws#mThjs/q{g[oHidf^i?§�knid”Ÿq?oHfWvzq{g�ATs=h[iZg9s=”ŸrJsTh[q{g9lWh[s�owv½§Oq/£didh[q?xntws#oHf

d < 2
q?fnk

owgZoHvZfni{gZ§Oq/£didh[q?xntHs^oHf

d > 2
c ´

ž

¤nsD”Ÿq?h[˜dowf)q?tbm/q{v[s

d = 2
owvZ”Gidh[s·vjlnxWg[tHsDq?fnk À½sDkni±fni?g

knowv[mTlWv[v2owgY¤ns=h[s{c

¶

ž

¤ns�v[o A=s]i?§�g[¤ns]knid”Ÿq?oHf^oHv�˜dow£?sTfDx0¯šg9¤ns]s\ˆWrWh[sTvjv[owidf�q{x i%£ds{c

« £?sTh¹¯�v[ow”ŸowtŠq?h�hjs/q?vjidfnoHfW˜šoHv�lnvjsTk±g9iDq?hj˜dlnsLg[¤)q{g�g[¤nsThjsBm/q?fWfni?g]xJsZv[rnowf4‹_˜?tŠq?vjv�idh[kWsTh�owf±q?f

¥

kWÀzq?h[knv¡‹_«+fnknsThjv[idfŸ”ŸiPkns=tnoHf6q?f6s\ˆ4g[sThjf)q?tn­)s=tHk"c

ž

¤ns�idfntw¯Lknowº sThjsTfnm=s�oHv�g[¤)q{gag9¤Ws2kWid”^q{oHfLÀzq?tHt

•d›



�
��� ��� ��� � � ��

� � 
 ��� � � � � � � � � � 
 	����
����
�� ��� � � �0� �"�Y����
b�+
.� ��������
�
 �

sTfWsTh[˜{¯�owv#¤ns=h[sBq?vjv[ln”GsTk�g[išx s�rnh[i?r idh¹g9owidf)q?tug9i

L y À�owg[¤—q?f

<Z1J3\>V$'37>

lnfnŽ}fni%À�f

d
‹_kns=r s=fnknsTf0g

s7ˆ4rJidfns=f}g

y
g[¤)q{g�oHvYhjsTtHq{g9s=kDg[iBg9¤ns]˜ds=id”Gs=g9h¹¯ši?§µg9¤ns]kni?”^q?owfnvTc

�����A��� #%$'&)F7/ -�� & D &1/ FA0 � &15�� / @7@:,
��>A- DE/�G<- � F

Œ#owv[idhjknsThjsTk�”Gi4kWsTtHv2¤)q/£dsL|PlWsTfnm�¤ns=k±h9q?fnkWid”ÆoHf0g9s=h9q?m7g9oHi?fnvTc2Œ#lns�g9iŸg[¤ns �nlnm=g[l)q{g9owfn˜Ÿ£{q?twlnsTv+i?§

g9¤Ws¸s\ˆWm�¤nq?fn˜ds=vT•Yidfns®s7ˆ4rJsTm7g9vŸg[¤)q{g6g9¤Ws¸s=|PlWoHtHowxnh[owln” mTidfW­n˜dlnh9q'g9oHi?fnv6x sDv[lWm�¤ g9¤)q'gGg[¤ns®v[rnowfnv

§©h[s=s A=s2owf6knowº sThjsTf0g�knoHhjsTm=g[oHidfWvTc

ž

¤Ws2twi4mTq?tnq/£?sTh9q{˜dsTkŸ”^q?˜?fns=g[o A/q'g9oHi?fnv�fns=sTkGfni?g�xJsYoHkns=f}g[oHmTq?tVcµ«;g

tHi%À;‹Vg9sT”GrJsTh9q'g9lnhjsTvT•¦q?fnk |}lnoEg9s^vjlnh[rWh[oHvjoHfn˜?tw¯

<^1J37>V$'3\>

g[¤ns^f)q{ow£ds^”ŸsTq?f4‹¨­nsTtHk sT|}l)q{g[oHidfWvš´O‚Wc €?•

¶

¤)q/£ds�q?f

���=1)$'&M�7&)(8>O<?C->@&

N
&).4F�57�73]$¡:�FB>@&)>@FG<

c

ž

¤nsTvjs�m/q?f·xJs�owknsTf0g9oE­)sTk·q?v

N?> ���739�7&)(

sT|}lnoHtwoHx4‹

h[owln” vjg9q{g9s=v;g9¤)q{gzmTidlWtHkšxJs�q?mTm=sTvjv[sTk®x0¯šq?rWrntw¯PoHfW˜�g9¤Ws�mTidhjh[s=v[rJidfnknowfn˜Bv[oEg9s7‹¨knsTrJsTfWknsTf0g�rnowfnfnoHfW˜

­)s=tHknv=c

¥

£?sTf�oE§�oEg�¤)q?v2x s=sTf�vj¤ni%À�f�x0¯

ž

¤nidlntwsTvjv¹‹_«+fnkns=h[v[i?f4‹

°

q?tH”GsTh�~·ë%•W•gë

–

ƒug[¤)q{g�g9¤WsTv[s�sT|}l)q'g9oHi?fnv

q?hjs#fni?g;mTidhjh[sTm7gYoHfGg9¤ns+§©lntHtE¯}‹¨mTidfWfnsTm7g9sTk^knoHvjidh[kns=h[s=kšm/q?vjs?•)q�g[sThj” À�¤nowm�¤šoHv½m/q?twtHsTkGg9¤ns $�fWv9q?˜ds=h

h[sTq?m=g[oHidf g9s=h[” oHv�”Ÿowv[vjoHfn˜n•�g9¤WsŸ§Oq?m7gLg9¤nq{g�g[¤ns·f}ln”ZxJsTh�i?§Ys=|PlWoHtHowxnh[owln” v¹g�q{g[sTvLkWow£ds=h[˜ds=vBq?vLq?f

s7ˆ4rJidfns=f}g[oŠq?t�i?§

N
oHf g[¤nsŸg[¤nsThj”ŸiPkW¯Pf)q?”GoHmGtHow”ŸoEg�h[s=”^q{oHfnv]g9hjlns^§©idh]g9¤ns=v[sš”Gi4kWsTtHv=cšÇIs·vj¤)q?twt

fni?g�knsThjow£dsZg[¤nsZm=idh[hjsTm=g

ž

«

°

sT|}l)q{g[oHidfWv�¤nsThjsBxnlWg�À½sBv[¤)q{tHt�kWsTv[m=h[owx sZg[¤nsZ”Ÿq?oHf�§©sTq{g9lWh[sTv�g[¤ns=¯

rnhjsTknowm=g/c

ž

¤WsŸ§©h[s=s7‹¨sTfns=h[˜?¯ kns=fnv[oEg_¯Iq{vZqš§©lnfnm=g[oHidf i?§;g[¤nsŸtwi4mTq?ta”Ÿq?˜dfns7g9o ATq{g9owidfnv

mi
kns=­)fWsTvLÀ�¤)q'gLowv

lnvjl)q?tHtE¯ m/q?twtHsTk

( ;)�L:\3���� �[�7&M�73NMBJ CE<?&JN'�%*[<71)�

cÁª+i?g[s�g9¤)q'g·g9¤nowv^§©lnfnm7g9owidfÂknsTrJsTfWknvDidf

N � 1
£{q?h[oHq?xntwsTvT•

mi
•µg[¤)q{g�q?h[s6fni{gLq{tHt¦owknsTf0g9owm/q?taowf—g9¤nsGknoHvjidh[kWsTh[s=k mTq?v[sGoHf±À�¤nowm�¤ g9¤WsGowf0g9sTh[q?m=g[oHidfWv

xJs=g_À½sTsTf�knowº sThjsTf0g�˜dh[i?lnrnv�i?§�v[rnowfnv2q?h[s]knoEºMs=h[sTf0gTc

Ä)idh;q?tHt ”ŸiPknsTtwvT•Wq{gY¤now˜d¤·g9s=”ŸrJsTh[q{g9lnhjsTv

f (mi )
owgzoHvYm�¤)q{h9q?m7g9sThjo A=sTk®x}¯·qBv[oHfW˜dtHs�”GoHfWoH”Zln” owf

À�¤nowm�¤�q?twtMtwi4mTq?t"”Ÿq?˜dfns7g9o ATq{g9owidfnv�£?q{fnoHvj¤"•)q?v�s7ˆ4rJsTm7g9sTkM’Jg[¤noHvYowv;g9¤ns]r)q?h[q?”Ÿq?˜dfns7g9oHm#vjg�q'g9s?c

«;gY£?sTh¹¯štHi%À g9sT”GrJsTh9q'g9lnhjs#g9¤ns=h[s�q?hjs�”^q?f0¯ŸsT|}lnowtHoHxWh[oHlW” v¹g�q{g[sTv�´8q{fnkšfni?g �jlnv¹gYg_ÀziŸq?vYowfDq?f

e_v[owfn˜·§©sThjh[id”Ÿq?˜dfWs=g9owmL”Gi4kWsTt

¶

q?fnk�g[¤ns=¯±q{h[sZfni{g�h[s=tŠq{g[sTk—x0¯±q·vj¯P”G”Ÿs7g9h¹¯R´Oq?v�v[rnowf—h[s7£dsThjv9q?taowf

g9¤WsŸe_vjoHfn˜D§©sThjh[id”Ÿq?˜dfns7g]idh�q®hji?g�q{g[oHidfnq?t�v¹¯4”G”Gs=g9h¹¯±oHf±g9¤ns�D2sToHvjsTf}xJsTh[˜¸§©sTh[hjid”Ÿq?˜dfns7g

¶

c

ž

¤ns=v[s

q?hjsLm�¤)q?h[q?m=g[sThjo ATs=k—x0¯�fni?f4‹ A=sTh[i·£{q?twlnsTv+i?§¦g[¤nsZtHiPm/q{tµ”Ÿq?˜dfWs=g9oCA/q{g[oHidfWv

mi
g9¤)q{g�q?h[s�knowº sThjsTf0g�owf

knoEºMs=h[sTf0g2vjg9q{g9s=vTc

$�f m/q?f q?twv[i®q?mTm=sTvjv�g[¤ns6v9q?knkWtHs7‹¨r i?oHf0g9v�i?§½g9¤nsB§©hjsTs7‹¨sTfns=h[˜?¯±tHq?fnknvjm/q?rJsBx0¯±tHiPidŽ}oHfn˜·§©i?h�vjg�q‘‹

g9owidf)q?h¹¯�r idowf0g9v¦i?§

f (mi )
g[¤)q{gbq?hjs;fni?gag[¤nsYq?xWv[idtwlWg9sY”GoHfnow”^q�idh¦¤nq%£?sYlnfnv¹g�q?xntwsYknoHhjsTm7g9oHi?fnvTc

ž

¤ns

f}ln”ZxJsTh]q?fWk—vjg9hjlnm=g[lnh[s6i?§�v[q?knkntws7‹_rJidowf}g[v�oHv#r)q?hjg[oHm=lntŠq?hjtw¯Dowf}g[sThjsTvjg[oHfn˜šowf�g9¤ns

p � 3
m/q?vjsTv]q?fnk

owgzoHv;owfnkns=sTk·g9¤Ws�h[s/q{v[idfšÀ�¤0¯^g[¤nsTvjs�”GiPknsTtwvT•}À�owg9¤DqZh[q?fnkni?” ­)hjvjg�idhjknsTh½g9h9q{fnv[oEg9oHi?f"•4¤nq%£?s]x s=sTf

rnhjidr i?v[sTkDg9i6”GoH”GoHm2g9¤ns]vjg[h[lnm7g9lnh[q?tu˜dtHq?v[v�q?hjh[s=vjg/c

ž

¤Ws�kWsTh[oE£{q{g9owidfšq?fnkDlnfWknsThjvjg�q{fnknoHfW˜Ÿi?§�g[¤nsTvjs�hjsTvjlntwg[v2owv;|}lnowg[s�v[lnx4g9tHs]q{fnkD˜di4s=vYx s7¯didfWk®g[¤ns

v[m=idrJs#i?§ug[¤nsTvjs�‰usTm=g[lnh[s=vTc

?

g[oHtHt8•?À½s�v[¤)q{tHt-xnh[ows �n¯GrnhjsTvjsTf0g;g9¤Ws�rn¤ns=fnid”GsTfnidtwid˜?¯6i?§Mg9¤ns=v[s�”Gi4kWsTtHv

¤ns=h[s?•#�jlnvZg[i—˜dow£?sšq%�-q/£di?hBi?§�g9¤ns=oHhZm=id”ŸrWtHs7ˆ4oEg_¯dc ¿zsTtwi%À q�g[sT”Gr s=h9q{g[lnh[s

Tc
•�q?fRs\ˆWrJidfns=f0g9oŠq{t

´Oowf

N ¶

f}ln”ZxJsTh6i?§#”Ÿs7g�q?v¹g�q?xntwsšvjg9q{g9s=vGm=idf0g9hjoHxnlWg[sšg9i±g9¤nsšg9¤WsTh[”GiPkW¯Pf)q?”GoHmTvBowf v[lnm�¤ q fni?f4‹

g9hjow£PoŠq{t¦À;q/¯Ig[¤)q{g�g9¤ns=oHh�mTid”ZxWoHfns=k mTidf0g[h[oHxWlWg9owidf g[i�g9¤nsŸidxnvjsThj£{q?xWtHsTvL”^q?Ž{sTvLg[¤nsT” g[¤nidv[s^i?§2q

r)q?h[q?”Ÿq?˜dfns7g/c

¥

£ds=f—ow§¦sTq?m�¤�i?§�g9¤ns=v[sZv¹g�q{g[sTv#owv+fWidf4‹¨g[h[oE£4oHq?tb´@g9¤ns

mi
†‡v�q?hjsLknoEºMs=h[sTf0g2§©h[id”8A=sThji

¶

g9¤Ws v¹g�q{g[oHv¹g9oHmTq?t�q/£ds=h9q?˜?s i%£?sTh¸q?tHt�i{§�g[¤nsT” ¯PowsTtHkWv®hjsTvjlntwg[vDg[¤)q{g®q?hjs±oHkns=f}g[oHmTq?t#g9iRg[¤nidv[s i?§Lq

r)q?h[q?”Ÿq?˜dfns7g/ca«;g2q6tHi%Àzs=h;g9s=”ŸrJsTh[q{g9lnhjs

Ts
´

Ts < Tc ¶

g[¤nsThjs�owv�q?f®sTf0g9hjidr0¯DmTh[owv[owvT•ntwsTv[vYg[¤)q?f¸q?f

s7ˆ4rJidfns=f}g[oŠq?t f}ln”ZxJsThzi{§�”Ÿs7g�q?v¹g�q?xntws#v¹g�q{g[sTv;vjlnhj£Pow£?s?•)q{fnk^g9¤WsTh[s#oHv;q�vjg�q'g9oHm+rn¤)q?vjs#g9h[q?fnvjowg9owidfŸg[i

qB˜dtŠq{v[vj¯·vjg�q'g9s?c

•dœ



�
��� ��� ��� � � ��

� � 
 ��� � � � � � � � � � 
 	����
����
�� ��� � � �0� �"�Y����
b�+
.� ��������
�
 �

�����A� � #%$'& ,<&1@:5!- 9 / DE&?G<$ � �

« rnoHm7g9lnhjs2g[¤)q{g½oHv�mTidfnvjoHv¹g9sTf0g½À�owg9¤6g9¤Ws#idfns+q?hjoHv[owfn˜�§©h[id” g[¤ns#fnq?ow£?s+”Gs/q?fP‹¨­)s=tHkŸq?rnrnhji%ˆ4ow”^q{g[oHidf

xnlWg;mTidf0g9h[q?knowm=g9v½g9¤ns�owfnowg[oŠq?tJq?vjv[ln”GrWg[oHidf·i{§ug9¤ns�kWh[idrntws=gY”GiPknsTt q?h[owv[s=vz§©h[id” g[¤ns

���}<P*7(

vjidtHl4g9oHi?f

i?§�§©lntwtw¯0‹_m=idfnfns=m=g9s=kDv[rnowf4‹_˜dtHq?v[vz”ŸiPknsTtwvTc

ž

¤WsTv[s�h[s=v[lntEg9v�q?hjs�idxWg9q?oHfns=kšlnv[owfn˜GqZ”Ÿs7g9¤niPkšÀ�¤noHm�¤Dowv

m/q{tHtHs=k·g9¤ns

39�_1JCU>V*[<Ÿ(O3\>V* �

q?fnkšg[¤)q{g�Àzs]vj¤)q?tHtMxnh[ows �n¯šrWh[sTvjsTf0g+x s=tHi%À]c

e_f

?

sTm=gTcY•4c•€4c•€ À½s±q?h[˜dlWsTk g[¤)q{g^g[¤ns�g_¯Prnowm/q?t+rnh[idrJsTh¹g9owsTv^i{§�qIknoHvjidh[kWsTh[s=kÂvj¯Pvjg[sT” mTq?fÃxJs

mTi?”Ÿrnl4g9sTkD§©h[i?” g9¤Ws�kWoHv[i?h[kns=h�q%£?sTh[q?˜dsTk®§©h[s=s7‹_s=fnsThj˜?¯

[ FJ ]av �
Z

dJP(J )FJ :
´V•Pc €

–

¶

ž

¤ns�hjsTrntwoHm/q�”Ÿs7g9¤niPkšq?twtHi%À�vzidfWs#g9iBm=id”ŸrWlWg9s

[ FJ ]av
§©idhz§©lntwtw¯0‹_m=idfnfns=m=g[sTk·”Gi4kWsTtHv=c¦e¨gYowv;x)q?vjsTk

idfšg9¤Ws�vj”^q{hjg�lnvjs�i?§µg9¤Ws�owknsTf0g[owg_¯

ln Z = lim
n! 0

Z n � 1
n

:
´V•Pc €?›

¶

ž

¤}lnvT•

� � [ FJ ]av = �
Z

dJP(J ) ln ZJ = � lim
n! 0

1
n

� Z
dJP(J )Z n

J � 1
�

;
´V•Pc €?œ

¶

À�¤ns=h[sZÀ½sB¤)q/£ds6s7ˆ4m�¤)q?fW˜dsTk±g9¤nsLtHoH”Gowg

n ! 0
À�owg9¤�g[¤nsZowf}g[sT˜dh[q{g9owidf�i%£ds=h�g9¤nsLs7ˆ4m�¤)q?fn˜?sTvTcLÄ)idh

>@&)(_� MP�73

n
g9¤ns

39�_1JCU>V*[<?(_�[N

rnq?hjg[owg9owidf·§©lnfnm7g9owidf"•

Z n
J

•nhjs/q?knv

Z n
J =

X

f sa
i g

e� � [E J (f s1
i g)+ :::+ E J (f sn

i g] :
´V•Pc••d•

¶

D+s=h[s
P

f sa g �
P

f s1= � 1g : : :
P

f sn = � 1g
c

Z n
J

mTidhjh[s=v[rJidfnknv#g[i

n
oHkns=f}g[oHmTq?t�mTidrnowsTv+i?§¦g9¤WsLidhjoH˜dowf)q?t

vj¯Pv¹g9sT”®•ug9¤)q'g�oHv#g[iDv9q/¯d•µq?twt�i?§bg[¤nsT” À�oEg9¤�g[¤nsBv9q?”GsBh[sTq?tHoCA/q{g[oHidf¸i?§bg9¤nsBkWoHv[i?h[kns=hTc

¥

q?m�¤±m=idr0¯

oHvDm�¤)q{h9q?m7g9sThjo A=sTk x0¯ q?f sTfWv[sT”LxntHs i?§

n
vjrnoHfnv=•

f sa
i g

•#g9¤)q'g®À½s tŠq?xJsTt�À�oEg9¤ q hjsTrntwoHmTq owfnkns\ˆ

a = 1; : : : ; n
c

Ç²oEg9¤6g9¤nowvb”Ÿs7g9¤niPk6idfns2m/q?fGvjg[lnkW¯

p
v[rnowfŸknowv[idhjknsThjsTkŸv[rnowfŸ”Gi4kWsTtHv=c�§©idhaÀ�¤nowm�¤

Z n
J

g9q?Ž?s=v�g[¤ns

§©idhj”

Z n
J =

X

f sa
i g

e
�

P n
a=1

h P
i 16= ::: 6= i p

J i 1 :::i p sa
i 1

:::sa
i p

+
P

i
h i sa

i

i

:
´V•Pc••Ðë

¶

ž

¤ns�q/£ds=h9q?˜ds]i%£ds=h�knoHvjidh[kns=hYq?”Gidlnf0g9v;g[i6mTid”GrnlWg[oHfn˜Bq�@]q?lnvjv[oŠq{fšoHf0g9s=˜dh9q?tJ§©idhYs/q{m�¤¸vjs=g�i?§�v[rnowf

oHfWknoHm=sTv

i1; : : : ip
c $�fns�­)fnknv

[ Z n
J ]av =

X

f sa
i g

e
� 2J 2

2N p� 1

P
i 1 6= ::: 6= i p

(
P

a
sa

i 1
:::sa

i p
)2+ �

P
a

P
i

h i sa
i

�
X

f sa
i g

e� � F (f sa
i g) :

´V•Pc••0€

¶

ž

¤nsb§©lnfnm7g9oHi?f

� F (f sa
i g)

oHv�fni?gµh9q{fnknid”®c�e¨g�kns=r s=fnknv�idf�g[¤ns�v[rnowf�£{q?hjoŠq?xntwsTvuidfWtw¯�xnl4g�oEgµoHfnm=tHlnkns=v

g9s=h[”Gv;g9¤)q'g+m=idlnrntws�knowº sThjsTf0g2h[s=rntHowm/qZoHfWknoHm=sTvT…

F (f sa
i g) = �

� 2J 2

2N p� 1

X

i 16= :::6= i p

X

ab

sa
i 1

: : : sa
i p

sb
i 1

: : : sb
i p

� �
X

a

X

i

hi sa
i

� �
N � 2J 2

2

2

4
X

a6= b

 
1
N

X

i

sa
i sb

i

! p

+ n

3

5 � �
X

a

X

i

hi sa
i :

´V•Pc••d•

¶

‚0•



�
��� ��� ��� � � ��

� � 
 ��� � � � � � � � � � 
 	����
����
�� ��� � � �0� �"�Y����
b�+
.� ��������
�
 �

e_f]À�h[owg[oHfn˜;g[¤ns�tŠq?v¹g�s7ˆ4rnh[s=v[vjoHidf�Àzs�¤)q/£ds�knh[i?rnr s=k�g[sThj”Ÿvug9¤nq{g�q?h[sbv[lWxntHsTq?knoHfW˜2owf

N
´OoHf]m=id”ŸrWtHs=g[s

q?f)q{tHid˜?¯�À�owg9¤ À�¤)q{g�ÀzsŸ¤)q/£ds·kni?fnsŸ§©idh]g9¤Ws^rnlnhjs

p
v[rnowf §©s=h[h[i?”^q?˜?fns=g

¶

c

ž

¤ns·m=idfnv¹g�q?f0gLg[sThj”

� N n� 2J 2=2
idh[ow˜doHfnq{g9s=v;oHfšg9¤Ws�g9sThj”ŸvYÀ�oEg9¤

a = b
•n§©idh;À�¤WoHm�¤

(sa
i )2 = 1

c

ž

iLvjln”G”^q?hjo A=s?•0Àzs+vjg9q?hjg[sTk^À�oEg9¤Ÿq?f^owf}g[sTh[q?m=g[oHfn˜�v[rnowf^”Gi4kWsTtVc�ª+s\ˆ4gT•4À½s#s=fntŠq?hj˜dsTkGg9¤ns2f}ln”B‹

xJsThYi?§�£{q?h[oHq?xntwsTvz§©hjid”

N
vjrnoHfWv;g9i

N � n
h[sTrWtHoHmTq{g9s=kšv[rnowfnv�x0¯·oHf0g[h[iPknlnmTowfn˜

n
fnidfP‹_oHf0g[sTh9q{m=g9owfn˜

mTi?rnoHs=v�i{§ g[¤ns+v¹¯Pvjg9s=”¸cb¿�¯BoHf0g9s=˜dh9q'g9oHfW˜�idlWgbg9¤ns�knowv[idhjknsThaÀ½s+kWsTmTi?lnrntHs=kGg[¤ns2v[owg[sTvbxnlWgbÀ½s+rnq%¯?sTk

g9¤Ws·rnh[owmTsŸi?§2mTidlnrWtHoHfW˜¸g9¤Ws·h[s=rntHowm/q?v=c D+oEg9¤ns=hjg9i®g9¤ns^h[sTrWtHoHmTq�oHfWknoHm=sTvZq{m=g6q?vLq�§©idh[”Ÿq?tag9iPidt�oHf4‹

g9hji4kWlnmTs=k±g[išmTid”GrnlWg[sLg9¤WsBq/£dsTh[q?˜dsBi%£ds=h�g9¤nsZxJidfnk—kWoHvjg[h[owxnlWg9owidf"c]ª2i?g9¤nowfn˜·knowvjg[oHfn˜dlWoHv[¤WsTv#i?fns

h[s=rntHowm/q�§©hjid” q{fni?g9¤WsTh6q?fnkM•�owfRmTidfWv[sT|}lns=fnmTs{•zg9¤Ws �¨§©h[s=s7‹_s=fnsThj˜?¯ �

F (f sa
i g)

owvZoHf0£{q?h[oHq?f0gBlnfnkWsTh

rJsTh[”LlWg�q{g[oHidfWvYi?§�g[¤ns]h[s=rntHowm/qZoHfWknoHm=sTvTc

ž

¤Ws¸fns\ˆPgŸv¹g9s=r g9i—§©idtwtHi%À oHvBg9i±owknsTf0g9oE§@¯Ig[¤nsDidh[kns=h6r)q?h9q{”Ÿs7g9sThjvGq?fnk g9h9q{fnvj§©idhj” g[¤ns®§©hjsTs\‹

sTfWsTh[˜{¯ oHf0g[i±q?fRidh[kWsTh¹‹¨r)q?h[q?”Ÿs7g9s=hZknsTrJsTfWknsTf0gGs7ˆ4rnhjsTv[vjoHidfRg[i—x sšhjsTfnkns=h[s=k s\ˆ4g[h[s=”^q?tzq{gZg[¤nsTowh

sT|}lnowtHowxnh[owln” £{q?twlnsTv=cbe_f�qBv[rWoHf4‹¨˜dtŠq?vjvYrnh[i?xntHs=” À½sLq?twh[sTq?kW¯·Ž}fni%À g[¤)q{g�g9¤Ws�i?h[kns=h2rnq?h9q?”Gs=g[sThYowv

fni?gbg[¤ns+˜?tHidx)q{tn”^q{˜dfns=g[o ATq{g9owidf6q?v�oHfŸq�rnlWh[s2”^q?˜?fns=g[oHmYvj¯Pv¹g9sT” xnlWg�g9¤Ws+r)q{h9q?”Gs=g[sTh

q
=Bi?h�”Gidhjs

˜ds=fnsTh[q?tHtE¯®g[¤nsZi%£ds=h[tHq?r�xJs=g_À½sTsTf vjg9q{g9s=vTc�Ç²oEg9¤nowf�g9¤nsLh[sTrWtHoHmTqŸmTq?tHm=lntŠq{g[oHidf¸q?f—i%£ds=h[tHq?r�xJs=g_À½sTsTf

h[s=rntHowm/q?v

qab � N � 1
X

i

sa
i sb

i
´V•Pc••?‚

¶

f)q{g[lnh9q{tHtw¯Zq?rnrJs/q?hjsTk·owfŸs=|-c"´8•4c••?•

¶

c�e¨g;m/q{f^xJs+vj¤ni%À�f^g9¤)q'g½g[¤noHv�s7ˆ4rnhjsTv[vjoHidf^rntŠq/¯Pv�g[¤ns#hjidtHs�i?§uq?f

i%£ds=h[tŠq{r¸xJs=g_À½sTs=f�vjg9q{g9s=v+tHq?xJsTtHs=k"•Wv[q/¯d•)x0¯

�
q?fnk

�

q�� � N � 1
X

i

hsi i � hsi i � ´V•Pc••0•

¶

ž

¤ns]vjg9q{g9owvjg[oHmTvYi{§¦rJidv[vjoHxntws�i%£dsThjtŠq?rWv2owvYg9¤ns=f¸m�¤)q{h9q?m7g9sThjo A=sTk®x}¯šqGrnhjidx)q?xWoHtHoEg_¯6§©lnfnm=g[oHidf

P(q) �
X

��

� (q � q�� )
´V•Pc••d•

¶

q?fnk®owg�owvYg9¤ns�§©lnfnm7g9owidfšg9¤)q{g2s\ˆ4g[sTfnkWv+g9¤Ws�m=idfnm=sTrWg+i?§�g[¤ns]idh[kWsTh�r)q?h[q?”Ÿs7g9s=h+q{fnk�q{tHtHi%À�vYidfWs]g[i

knowvjg9owfn˜dlnowv[¤šxJs=g_À½sTs=f�g9¤ns]knhjidrntws=g�rnowm=g9lWh[s�rnhjsTknowm=g9owidfšg9¤)q'g�mTidhjh[sTvjr i?fnknv�g9i

P(q) =
1
2

(� (q � qea) + � (q+ qea))
´8•4c••

–

¶

q?fnk®qZ”Gidh[s#mTid”GrntHowm/q{g[sTkŸv[owg[l)q{g[oHidf·owf·À�¤noHm�¤

P(q)
¤nq?v;g9¤ns�g_À½i6knsTtEg�qL§©lnfWm=g9owidfnvYq'g

� qeq
rntHlWv

qBfnidf4‹ ATs=h[i6£?q{tHlns�idf®qBmTi?f}g[oHf}lnidlWv+vjlnrnrJidhjg�owf®xJs=g_À½sTs=f"c

ž

¤Ws�owkns/qZowvzg9iZÀ�hjowg[s�qZ§©h[sTs\‹_s=fnsThj˜?¯·kns=fnv[oEg_¯Dq?vYqZ§©lnfWm=g9owidfši?§�g9¤Ws�idh[kns=hYr)q?h[q?”Ÿs7g9s=h

qab
q?fnk

g9¤WsTf tHiPidŽ §©idhZg[¤nsDs7ˆPg9hjsT”Gsšg9¤)q{g6”GoHfWoH”Go ATs=vLoEg/•boHf mTi?”Ÿrntws=g[sšq?f)q?twid˜?¯ À�owg9¤RÀ�¤)q'gŸ¤nq?v6x s=sTf

knidfWsL§©idh�g9¤nsL§©lWtHtw¯0‹¨mTidfnfWsTm=g[sTk�§©s=h[hjid”^q{˜dfns=gTc

ž

¤nowv#owvT•Mi{§amTidlWh[v[s{•uqŸg[h[oHm�Ž0¯¸xnlnvjoHfns=v[vT•Mv[oHfWmTsLg[¤ns

idhjknsTh+r)q?h9q{”Ÿs7g9sTh+oHv2¤nsThjsBqŸ”Ÿq{g[h[oEˆDÀ�oEg9¤¸fPlW”Zx s=h�i?§as=tHs=”Ÿs=f}g[v

n
˜?idoHfn˜6g9i ATsThji I#«Êh[s=mToHrJs�§©i?h

oHkWsTf0g9oE§@¯4owfn˜Dg9¤nsG§©idh[” i?§;idh[kns=h�rnq?h9q?”Gs=g[sTh^´Oidh]g9¤Ws^mTi?h[h[s=m=gLv9q?knkWtHs7‹¨r i?oHf0g�v[idtwlWg9owidf

¶

¤)q?v�x s=sTf

rnhjidr i?v[sTkBx0¯ @6c

°

q{h[oHvjoWowfLg9¤ns½tŠq{g[s

–

•{v¦q?fnkBsTq?h[tE¯�›d•?vTc

ž

¤noHv�v[idtwlWg9owidfL¤)q{v¦x s=sTfBhjsTmTs=f0g9tw¯�rnhji‘£?sTf

g9išxJsBs7ˆWq?m7g�§©idh�”Gs/q?fP‹¨­)s=tHk�”Gi4kWsTtHv+x0¯�g_À½i®”Ÿq{g[¤nsT”Ÿq{g9owm/q?t�rn¤0¯Pv[owmTv=• @�lns=h[h9qšq{fnk

ž

q?tHq?˜dh[q?fnk"c

Ç²¤ns7g9¤ns=h6g[¤nsš£ds=hj¯ h[owm�¤ rn¤0¯4vjoHmTq?tYvjg[h[lnm7g9lnhjs®g[¤)q{g6kns=h[ow£?sTvB§©h[i?” g9¤WoHvBh9q'g9¤ns=hZ§©idh[”Ÿq?tzvjidtHl4g9oHi?f

v[lWhj£Pow£?sTv2oHfš­)fnoEg9s�know”Ÿs=fnv[owidf)q?t vj¯Pvjg[sT”Gv+hjsT”Ÿq?oHfnv�qBvjlnx!�jsTm7g#i{§�kns=x)q{g[s?c

?

¯P”G”Ÿs7g9hj¯·q?fnk®sThj˜di4kWoHmToEg_¯^xWh[s/q{ŽPowfn˜

‰us7g�lnvYv[ln”G”Ÿq?h[oCATs#vjid”Gs�i?§�g9¤ns�”Ÿq?owf^§©s/q{g[lnh[s=vYi?§�g9¤ns�vjidtHl4g9oHi?f^g9iZg[¤ns

?

ÈÁ”ŸiPknsTt idxWg9q?oHfns=k

À�owg[¤�hjsTrntwoHm/q{vTc

ž

¤ns=h[sZowv2qŸrn¤)q{v[s�g[h9q?fWv[owg[oHidf¸q{g+qG­nfnowg[s

Tc
q{g2À�¤noHm�¤¸g9¤ns

39�_1JCU>V*[<^� J'FBF^�7(O3 J

owv

‚së



�
��� ��� ��� � � ��

� � 
 ��� � � � � � � � � � 
 	����
����
�� ��� � � �0� �"�Y����
b�+
.� ��������
�
 �

xnhjidŽ?s=f"c

ž

¤WoHv�oHv2qBh9q{g[¤nsTh2q?xWvjg9h[q?m=g2v¹¯4”G”Gs=g9h¹¯dc

ž

¤noHv�v¹¯4”G”Gs=g9h¹¯šxnhjs/q?Ž}oHfW˜Gowv2q?mTm=id”Ÿrnq?fnoHs=kDx}¯

sThj˜diPknoHm=owg_¯Ÿxnh[sTq?Ž}oHfn˜Ÿq?vYoHfšg[¤ns]lnv[l)q{tum/q?vjs?c

p�oH˜?¤}g�xJsTtwi%À

Tc
q{f¸s\ˆWrJidfns=f0g9oŠq{tuoHf

N
f}ln”ZxJsTh�i?§�sT|}lnowtHoHxWh[oHlW” v¹g�q{g[sTv2q?rnrJs/q?h=c

ž

¤ns]g9h9q{fnv[o ‹

g9owidf·owvzmTi?f}g[oHf}lnidlWvT•Wg[¤ns�idhjknsTh;rnq?h9q?”Gs=g[sThYq{rnrnh[idq?m�¤nsTv�A=sThjiBh[oH˜?¤}gzx s=tHi%À

Tc
cb‰�i%À½sThjoHfn˜Z§©lnh¹g9¤ns=h

g9¤Ws6g[sT”Gr s=h9q{g[lnh[s6sTq?m�¤ s=h[˜diPknowmBmTid”Gr i?fnsTf0g�xnh[sTq?Ž}v�owf±”^q?f0¯�i?g9¤ns=h]idfnsTv=cŸe_f±g9¤WoHv�v[s=fnv[s{•�g[¤ns

§©lntwt"v[rnowf4‹_˜?tŠq?vjv;rn¤)q?vjs?•

T < Tc
•nowv�Å•m=h[oEg9oHmTq?tV†4q?fnk®fni?g�i?fntw¯·g[¤ns�v[owfn˜dtws�r idowf0g

Tc
c

‚}€



� �H�z�Q
 �2	����
� 
Ã�b��� 
¦
 � �W
 �

� ������� �D� �H��� ���š�����z� �'��� �

?

ow”Zlntwg9q?fns=idlnv[tE¯�g[i¸g9¤Ws^kns7£dsTtwidrn”GsTf0gZi{§YsT|}lnowtHoHxWh[oHlW” vjg9q{g9owvjg[oHm/q{ta”Ÿs=m�¤)q?fnowmTvT•µÀ�¤noHm�¤ q?v[vjln”Ÿs=v

g9¤nq{g�vj¯Pvjg[sT”Gvzm/q{f^xJs+kns=v[m=h[oHxJsTkŸoHfBg9s=h[”Gv½i{§u¿zidtEg A=”^q?fWf4‹ @�oHxnxWv¦rnh[i?x)q?xnowtHowg_¯�knowvjg9hjoHxnl4g9oHi?fnvT•dg[¤ns

|}lnsTv¹g9owidf i?§�¤ni%À g9¤WoHv�sT|}lnoHtwoHxnhjoHln” oHvLhjs/q?m�¤WsTk Àzq?vZh9q{oHv[s=k²´Oowf §Oq?m7gZx0¯I¿zidtwg AT”Ÿq?fnf ¤noH”Gv[s=tw§

¶

•

q?fnk—twsTk�g[i^g9¤WsLÀzs=tHt�ŽPfWi‘À�f±kns=x)q{g[sBq?xJidlWg�owh[hjs=£ds=h[vjoHxnowtHowg_¯®q{fnk�g9¤WsBq?h[hji%ÀÊi{§ag9oH”Gs?c+«#tEg9¤nidlW˜d¤

g9¤Ws�mTidfnm=sTrWg[l)q?t�oHvjv[lns=v2q?h[s�§©idhj”Ÿowk)q?xntws?•}idfns�mTq?fDg�q?Ž{s�qZrW¤nsTfni?”Ÿs=fnidtHi?˜doHmTq?t rJidowf}g�i{§µ£Pows=À q?fnk

rJidvjg[lntŠq{g[s^g9¤Ws·f)q{g[lnh[sši?§�g[¤nsšmTidlWrntHowfn˜�xJs=g_À½sTs=fÃq�˜doE£dsTfRv¹¯Pvjg9s=” q?fnk q�g[¤nsThj”^q?t½x)q{g[¤Rv[lnm�¤

g9¤nq{g6sT|}lnowtHoHxWh[oHlW” owvT•�q{g6tws/q?v¹g6oHfRrnhjoHfnm=oHrntws?•ah[sTq?m�¤ns=k q{g6twidfn˜�g[oH”GsTvTc

ž

¤noHv6owvZŽ}fni%À�fÃq?vZg[¤ns

‰�q?fn˜ds7£PoHf q?rnrnhji0q?m�¤"•�À�¤noHm�¤ rnh[i%£PoHkWsTv�q®m=idfnv[owvjg[sTf0gZkns=v[m=h[oHr4g9oHi?f i{§zg9¤Ws

NBJ'&J<?FB>V*��

i{§;vj¯Pv¹g9sT”Gv

v[lWx!�jsTm7gGg[i�g9¤ns=h[”Ÿq?tzfWidoHvjs?•av[lWm�¤ g[¤)q{gZg[¤nsšvjg9q{g9owidf)q?h¹¯ vjidtHl4g9oHi?f h[s=rnh[iPknlnm=sTvBg9¤ns·¿zidtwg AT”Ÿq?fnf4‹

@�oHxnxnvYkWoHvjg[h[owxnlWg9owidf"c

$�f m/q?f xJsŸowf}g[sThjsTvjg[sTk oHf±v[oEg9l)q{g[oHidfWv�v[lnm�¤ g9¤)q{g]g[¤ns6kW¯Pf)q?”GoHmTv]vj¤nidlntwk tws/q?k q{g�tHi?fn˜·g9ow”Ÿs=v

g9i sT|}lnowtHowxnh[owln”¸•�xnlWg6g9¤nsDg9ow”Ÿs^fnsTs=knsTk g[i kWi vjiIowvBsTowg[¤nsTh6owfW­)fnoEg9sšidhZ£?sThj¯ tHq?h[˜dsšm=id”Gr)q?h[s=k

g9i^s7ˆ4r s=h[ow”Ÿs=f}g9q?t�g[oH”Gs�vjm/q?twsTv=c��

ž

¤nsTvjsBvj¯Pvjg[sT”Gv]q?h[s�lnv[lnq?tHtE¯¸hjs=§©s=h[h[s=k�g9išq{vLÅ•˜?tŠq?vjvj¯J†wc#e_f�g9¤ns=v[s

m/q{v[sTv=•4s=|}lnoHtwoHxnhjoHln”ÁmTi?fnmTs=rWg9v½q?h[s

<21J3\>V$'3\>

lnv[s=tHs=v[vT’Pg9¤nsYkWsTv[m=h[owrWg9owidf6i?§ g[¤ns�vj¯Pvjg[sT” owv¦oHfn¤WsTh[s=f0g9tw¯

i?§bkW¯Pf)q{”Ÿowm/q?t�f)q{g[lnh[s{c

ž

¤ns�g9¤ns=idh[s7g9oHmTq?tu§©h9q?”Gs=À½idhjŽ¸q/£{q?owtŠq?xntws�g9i^kWsTv[m=h[owx sLg[¤nsLk4¯4fnq?”ŸowmTv+i?§�q

vj¯Pv¹g9sT” vjlnx!�js=m=g#g[iBg9¤ns=h[”Ÿq?t"fnidowv[s�owvY˜di4iPkš§©idhYxJi?g9¤Dm/q{v[sTv=c

«+tH”GidvjgBq?f0¯Rrn¤0¯Pv[oHmTq?t�vj¯Pvjg[sT” owvBv[lnx!�js=m=gGg9i �)lnm7g9l)q{g[oHidfWvZg9¤)q{g6¤nq%£?s�q{f lnfWŽPfWi‘À�f idh[ow˜doHf

q?fnk �{idh^mTq?fÃidfWtw¯ x s¸m�¤)q?h[q?m=g[sTh[oCATs=kÂidfntw¯ v¹g�q{g[oHvjg[oHmTq?tHtE¯dc

ž

¤nowv·fnidowv[s�owvŸi?fns�i?§�g[¤ns�”Ÿq?fnoE§©sTv¹‹

g�q'g9oHi?fnvŸi{§�g9¤ns¸s7ˆ4m�¤)q?fW˜ds�i?§�s=fnsThj˜?¯ x s7g_Àzs=sTfÂg9¤ns¸vj¯Pvjg[sT” q?fnkÃoEg9vGsTf0£PoHhjidfn”GsTf0g/’2g9¤ns¸i?g9¤ns=h

q?m=mTid”Gr)q?f0¯PoHfn˜�§©s/q{g[lnh[s2oHv=•Wq{v�À½s+À�owtHt)v[s=s�oHfG”Gidh[s2kns=g9q?oHt)xJsTtwi%À]•

N?>H���7>•1W<?(O>V$'&

c

ž

¤ns2g9ow”Ÿs�s=£?idtHlP‹

g9owidf6i?§uq]vj¯Pv¹g9sT” m=idlnrntwsTk6g9i�owg9vbs=f}£Powh[idfn”GsTf0g�m/q{f^xJs2kWsTv[m=h[owx s=k^oHf6g_À½i�s=|PlWow£{q?tHs=f0g�Àzq/¯PvTc $�fns

oHv½g9¤ns�‰�q?fW˜ds=£PoHfDq{rnrnh[idq?m�¤šg9¤)q{g;mTidfnvjoHv¹g9vYoHf^vjg9lWkW¯PoHfn˜Gª+s7ÀYg9idfM†¢vYs=|Plnq{g9owidfnv;À�owg[¤·g9¤ns�q?knknoEg9oHi?f

i?§ng_À½i#g[sTh[”Gv�hjsTrnhjsTvjsTf0g9owfn˜�§©h[owm=g9owidf�q?fnkLg[¤nsThj”^q{tPfWidoHvjs?c

ž

¤Wszi?g[¤nsTh�knsTvjmTh[owrWg9owidfLowv�rWh[idx)q{xnoHtwoHvjg[oHm

q?fnkŸoHv�mTidfWmTsThjfnsTk·À�oEg9¤Gg9¤ns+s=£di?tHlWg[oHidfGi?§"g[¤ns#rnhjidx)q?xWoHtHoEg_¯Zknowvjg[h[oHxWlWg9owidf6i?§"g9¤Ws#h[s=tHs7£?q{f}g½kns=˜dh[s=sTv

i?§�§©h[sTs=knid” i?§�g9¤ns]v¹¯4v¹g9s=”¸cY¿½i?g9¤¸q?rnrnhji0q?m�¤ns=v2g[lnh[f¸idlWg�g9iGxJs]£?sTh¹¯¸lWv[s=§©lWtµg[iGlWfnknsThjvjg9q?fnk�g[¤ns

kW¯Pf)q?”GoHm=vYi?§�”ŸiPknsTtMvj¯Pvjg[sT”GvTc

ž

¤Ws�sTf0£PoHhjidfn”GsTf0gYoHv½i?§@g9s=fšq?vjv[ln”GsTk·g[iZx s�qL¤ns/q'g;x)q{g[¤šoHfŸsT|}lnoHtwoHxnhjoHln” q'gYqL˜doE£ds=f^g9s=”ŸrJsTh¡‹

q{g[lnh[s{c�e_f�g9¤WsTv[sLmTidfnkWowg9owidfnv=• ”Ÿq?f0¯�v¹¯Pvjg9s=”Ÿv#kni·sT|}lnowtHowxnh9q{g[s�À�oEg9¤�vjlnm�¤±q?f�s=f0£4owh[idfW”Ÿs=f}g�q{§@g9s=h

qBv[¤ni?hjg�g9h[q?fnv[owsTf0g/c

ž

¤ns]kW¯Pf)q{”ŸowmTv�i?§�sT|}lnoHtwoHxnh[q{g9s=kšvj¯Pvjg[sT”Gv+¤nq?v�v[s=£?sTh[q?t�v[rJsTmToHq?tM§©sTq{g9lnhjsTv�g9¤)q'g

À½sLq?twv[i6h[s7£PoHs=À oHfšg9¤nowv+¬z¤)q?rWg[sThTc�D+i%À g[¤nsTvjs�rWh[idrJsTh¹g9oHs=v2q?h[s]”Gi4knoE­)sTkDowf®v¹¯Pvjg9s=”Ÿv�g9¤nq{g2fns=£?sTh

h[sTq?m�¤�s=|}lnoHtwoHxnhjoHln” oHv2qGrWh[idxntwsT” i{§¦mTlWh[h[s=f0g�oHf0g[sTh[s=vjg+oHf®h[s=v[s/q{h[m�¤�xnl4g2À½sLvj¤)q?twtufni?g2kns=£?sTtwidr�owg

¤ns=h[s?c

�>� � ��������"%/2( �	� ��/ ��
�-2"�����+./

ž

¤ns�‰�q?fW˜ds=£PoHf^sT|}l)q{g[oHidf·owv;qLv¹g9iPm�¤)q?v¹g9oHm+knowº sThjsTf0g9oHq?tJsT|}l)q{g[oHidf^g[¤)q{gzknsTvjmTh[owx s=v;rn¤ns=fnid”GsTfni?tHid˜{‹

oHmTq?tHtE¯Zq]tŠq{h[˜dsY£{q?h[ows=g_¯Bi{§"rnhjidxntHs=”Ÿv=c�e¨g½knsTvjmThjoHxJsTvbg9¤ns�g9ow”ŸsYs7£didtwlWg9owidfŸi{§uq]v[s=g½i?§Mv[tHi%ÀÃ£{q?hjoŠq?xWtHsTv

mTi?lnrntHs=k g[i�qD”Zlnm�¤ tŠq?hj˜dsTh�vjs=g�i?§z§Oq?v¹g�£{q?hjoŠq?xWtHsTv�g[¤)q{g�q?hjsGlWv[l)q?twtw¯ ´©xnlWg�fni?g�fns=mTsTvjv9q?hjoHtE¯

¶

q?v¡‹

v[lW”Ÿs=k�g9iŸx s�oHfDg9¤ns=h[”Ÿq?t�sT|}lnoHtwoHxnhjoHln” q{g#q^˜dow£?sTf®g9sT”GrJsTh9q'g9lnhjs?cYÇIs�­)h[v¹g�owf}g[h[iPknlnm=s�oEg+owf¸g[¤ns

mTi?f}g[s7ˆPg+i?§¦¿½h[i%À�fnoŠq{f®”Gi?g[oHidfDq?fWk®tHq{g9s=hYknsThjow£?s�oEgYoHfD”Gidh[s�˜?sTfns=h9q?twowg_¯dc

��
 �&�,7��)')!G%	�	�N��Q ;,��6&7 �"�:P �)��9
� ���,'(�����M����#&�/2��,7 7��/�	; �I�����,7�')��+ ���L6&!$+G!$P&7�!G6�'����"6�; �����N*&7�!$2��/#E*
!<����!$R�����!G2	�

��9.�"���/'(� Q ��7O���&��':R�+G�	?

‚0•



� �E� ��� ��� � 	������ � 	 ��������� � 

	 � �H�z�Q
 �2	����
� 
Ã�b��� 
¦
 � �W
 �

���! "�! � , ��� F:- / F D � G<- � F

ž

¤ns ¿zhji‘À�fWoŠq?fÂ”Gi?g9owidfÃowv·g9¤ns—s=h[h9q'g9oHm�”Ÿi?g[oHidf i?§Zq ”GsTvjidv[m=idrnowm—mTidtwtHidowk)q?t�r)q?h¹g9oHm=tHs ´©oHfÃg[¤ns

”GoHmThjid”Gs=g9s=h;h9q{fn˜ds

¶

ow”Ÿ”GsThjv[s=kšoHf®q?fDsT|}lnowtHoHxWh9q{g[sTk �)lnowk®”Ÿq?kns�lWr®i{§�”ZlWm�¤¸twoH˜d¤0g9s=hY”Ÿi?tHsTm=lntHs=vTc

ž

¤ns �jsTh[Ž0¯±”Gi?g9owidf±i?§zg[¤ns^m=idtHtwidoHknq?t�rnq?hjg[oHmTtws6oHv]knlnsGg9iDg9¤nsGmTidtwtHowv[oHi?fnv#À�owg[¤ g[¤ns^”GidtwsTmTlWtHsTv�owf

g9¤WsBtHoH|}lnowk"c�È�fni%À�oHfn˜šg9¤nq{g�s/q{m�¤ owfnknow£Powknl)q?tµmTidtwtHowv[oHi?f¸kns �)sTm7g9v]g9¤nsZg[h9q��js=m=g[idhj¯�i?§½g[¤nsBr)q?h¹g9owmTtHs

x0¯¸qGg9owf0¯®q?”Ÿi?lnf0g/•J‰�q?fn˜ds7£4owf�rnhjidrJidv[s=k¸g9iŸmTidtwtHs=m=g�g9¤ns�s=º sTm7g�i?§aq?tHtu”GidtHs=mTlntwsTv�oHfDg9¤Ws �)lnowk¸owf

q·g9ow”Ÿs\‹_kns=r s=fnknsTf0g]h[q?fnknid” §©idh[m=s?cBe¨§�g9¤ns6r)q?h¹g9owmTtHsL”Ÿi%£ds=v�owf

d
kWoH”GsTfnvjoHidfnv=•u¤)q?v]”Ÿq?v[v

m
•�owg[v

mTs=f0g9sTh6i?§�”Ÿq?vjvZr i?v[owg[oHidf q{gZg9ow”Ÿs

t
oHvZhjsTrnhjsTv[s=f0g9sTk x0¯

~x = (x1; : : : ; xd)
q?fnkRowg[vL£ds=tHiPmToEg_¯Iowv

~v = _~x
•-ª+s7ÀYg9idf"†‡v2sT|}l)q{g[oHidfDh[sTq?knv

m _~v(t) = ~F (~x; t) + ~f (t) :
´O•Wcäë

¶

ž

¤ns±§©idh[m=s ~F
knsTvjoH˜df)q'g9sTv®q?twt�s7ˆPg[sTh[fnq?t]kns=g[sTh[”GoHfWoHvjg[oHm�§©i?h[mTs=vT•�q{fnk kWsTrJsTfnknv¸oHf²˜ds=fnsTh[q?t]q?tHvji

idfÂg9¤Ws—r idvjowg[oHidfÃi{§�g[¤ns—r)q?h¹g9owmTtHs

~x
•+À�¤nowtHs ~f

hjsTrnhjsTv[s=f0g9vDg9¤ns—fns7gš§©idh[m=s—s7ˆ4s=hjg9s=k x0¯Âq{tHt+g[¤ns

oHfWknow£PoHkWl)q?t)”GidtHs=mTlntwsTvboHf6g9¤ns �)lnowk^idfGg9¤ns+”^q?vjv[oE£ds#rnq?hjg[oHmTtws?c

ž

¤ns#tHq{g[g[sThbknsTrJsTfWknv;idf^g[¤ns�g9oH”Gs7‹

kns=r s=fnknsTf0g½r i?v[owg[oHidfWv¦i?§ q?tHtPg9¤ns�”GidtHs=mTlntwsTvaq{fnk6oHvbq�h9q?rWoHkntE¯ �nlnm=g[l)q{g9owfn˜�§©lnfnm7g9oHi?fGi{§Jg[oH”Gs?c

ž

¤ns

m�¤)q?h[q?m=g[sThjoHvjg[oHmZg[oH”GsL§©idh�g9¤WsZ£?q{h[oŠq'g9oHi?f�i?§�g9¤nowv�§©idh[m=sBoHv�h[s=tŠq{g[sTk—g9išg[¤nsBg9oH”GsZowf}g[sTh¹£?q{t�xJs=g_À½sTsTf

v[lWmTmTs=v[vjow£ds mTidtwtHowv[oHi?fnvT•;g[¤)q{gšÀ½s mTq?tHt

� c
•#q?fnk²m/q{f xJs—sTv¹g9oH”Ÿq{g[sTkÃg9i xJs—i?§�g9¤ns—idhjknsThši{§�g[¤ns

rnowmTi{‹¨v[sTm=idfnk®idhYs=£?sTf¸v[¤nidh¹g9s=h�§©i?h�qBg_¯Prnowm/q?tutwoH|}lnowk"c	�

Œ+lnsLg9iŸowg[v+h[q?rnoHk �)lnm7g9l)q{g[oHidfWvT• g[¤ns�g[oH”Gs7‹¨knsTrJsTfnkWsTfnm=sLi?§¦g[¤ns�§©i?h[mTs ~f
m/q{fnfni?g#x s�v[rJsTmToE­)sTkMc

$�fns�m/q{f"•)oHfnv¹g9sTq?k"•n”Ÿq?Ž?s�hjs/q?vjidf)q?xWtHs�q?vjv[ln”GrWg[oHidfnv�q{x idl4gYowg[v�q%£?sTh[q?˜ds�i%£ds=h+qBtHq?h[˜ds#fPlW”Zx s=hYi?§

oHkWsTf0g9owm/q?t¦”Ÿq?m=h[idvjmTidrnowmBv[oEg9l)q{g[oHidfWv�q?fnk m�¤)q?h[q?m=g[sTh[oCATs6owg]owf±vjg�q'g9oHv¹g9owm/q?tµg9sThj”Ÿv=c

¾

idh[s6rnhjsTm=oHv[s=tw¯?•

idfns#mTidfnvjoHkns=h[vYq{fšsTfnvjsT”Zxntws�i?§

n
v¹¯Pvjg9s=”ŸvY”Ÿq?kns+i?§�idfns+g9h9q{mTsTh½r)q?h¹g9oHm=tHs+”Ÿi%£PoHfn˜�oHfšq �)lnoHk·q?fnk

g9¤nq{g2q?h[s]rnhjsTr)q{h[sTk®oHfDowknsTf0g9owm/q?tMmTidfnkWowg9owidfnv=•nq?fnk®kns7­)fnsTv2sTfWv[sT”LxntHs\‹¡q/£ds=h9q?˜ds�|}l)q?f0g9oEg9owsTv

hO(t) i =
1
n

nX

k=1

O(k)
~f

(t) ;
´O•Wc•€

¶

À�owg[¤Bg9¤ns�tŠq{x s=t

k
oHkns=f}g[ow§@¯PoHfW˜�g9¤ns�mTi?r}¯6owfZg9¤ns�s=fnv[s=”ZxntHs+q?fnk

O
owvbq?fŸi?xnv[s=hj£{q?xntws�g[¤)q{gbkns=r s=fnknv

idf�g[¤nsL§©idhjmTs ~f
cG´

¥

|PlWow£{q?tHs=f0g9tw¯?•MidfWsZm/q?f—m=idfnvjoHkns=h�q^vjoHfn˜dtwsLs\ˆWrJsThjoH”GsTf0g�owf�À�¤noHm�¤—i?fnsZlnvjsTv

n
oHkWsTf0g9owm/q?tufni?f4‹_owf}g[sTh[q?m=g[oHfn˜Zg[h9q?m=sTh2r)q?hjg[oHm=tHsTvY”Gi%£PoHfn˜6oHfDg9¤Ws�”GsTkWoHln”®c

¶

¥

|}l)q{g9owidfI´8•Wcäë

¶

oH”GrntHowsTv

g9¤nq{gYg9¤ns�rJidvjowg9owidfDq?fnkš£?sTtHiPmToEg_¯·i?§�g[¤ns]r)q?hjg[oHm=tHs�q{h[s�xJi?g9¤ �)lnm7g9l)q'g9oHfW˜G|}l)q{f}g[owg[oHsTv;g[¤)q{gYkWsTrJsTfnk

idf ~f
c

ž

¤Ws^q?ow” oHv�g[¤nsTf g9i®rnh[s=knoHm7g]g9¤nsŸq/£dsTh[q?˜dsGh[s=v[lntEgš´Oq?fnk±g9¤ns �)lnm7g9l)q{g[oHidfWv

¶

i%£dsThLq®tHq?h[˜?s

f}ln”ZxJsTh·i{§]s7ˆ4r s=h[ow”Ÿs=f}g[v·rJsThj§©i?h[”GsTkÃowf oHkWsTf0g9owm/q?t2mTidfWknowg[oHidfnv=•Yidh^s=|}lnow£{q?twsTf0g9tE¯ i%£?sThšq tHq?h[˜ds

f}ln”ZxJsTh�i?§�r)q?h¹g9oHm=tHs=vYrnh[i%£PoHkns=k®g[¤nsTvjs�q?h[s]fnidf®oHf0g[sTh9q{m=g9owfn˜nc

e_fÂg[¤ns±q?xnvjsTfnm=s i?§�s\ˆ4g[sThjf)q?t�§©idhjmTsTv=•+g[¤ns—rnh[i?xntHs=” oHvŸ§©lntHtE¯ owv[i?g[h[idrWoHm�q{fnkÂg9¤ns—s=fnv[s=”ZxntHs\‹

q/£ds=h9q?˜ds=k�£?sTtHiPmToEg_¯�mTq?f]idfntw¯+£{q?fnoHvj¤"cµe¨§W¤ni%À½s=£?sTh�g[¤nsbr)q?h¹g9oHm=tHsaq{mT|}lnoHhjsTvµqYfnidf4‹V£{q?fnoHvj¤noHfW˜;£dsTtwi4m=owg_¯

~v
•}g9¤ns=f^g9¤ns2sTf0£PoHhjidfn”GsTf0gzÀ�owtHt)hjs/q?m7gYq?fnkŸoHfnkWlnmTs#q�fnidf ATs=h[iL§©idhjmTs�À�¤noHm�¤M•Wx0¯Gvj¯P”Ÿ”Gs=g[hj¯?•4”ZlWvjg

xJs�owfšg9¤ns�knowh[s=m=g9owidfDi?§

~v
c

ž

¤PlWvT•-idfns]m/q{f¸rnhjidrJidv[s�g9¤Ws]§©i?tHtHi%À�owfn˜Lkns=mTid”GrJidv[oEg9oHi?f"…

~f = f 1(v)~v + � ;
´8•Wc¢•

¶

À�¤ns=h[s

f 1
owv�vjid”Gs6§©lWfnm=g[oHidf i?§zg[¤nsG”ŸiPknlntwlnv�i?§

~v
•�q?fnk

�
oHv�q?f oHv[i{g9h[i?rnoHmBh[q?fnknid” §©i?h[mTs{•µg[¤ns

(F;)�737FG<?C½&M$'>H�%�

•¦g9¤)q'gBŽ?s=sTrnv6g9¤nsDq{˜dowg9q{g9owidf i{§+g[¤ns·r)q?h¹g9owmTtHs—´©g9¤WoHvZf)q{”Ÿs·¤nq?vBowg[vZidh[ow˜doHf oHf g[¤ns


�
 �&!<�4*
�.�/�4#&����')�@��# �-�&��J �,2	�,7 � ������������� ;��	7�7��,+<����!G�	# Q 6&#M;F��!$��# ��Q ���&!<��7 ��#�*&��' Q �	7�;,�(!$�C�"����7���7���#&%��)!$#

��!$')��?�� �/;/��6����O��Q ')��')�,#L��6&' ;,��#����,7�2�����!G�	#:!$#)�����1��6&7�7���6�#�*
!$#&%�
�6&!<* �����&�,7��0��R&RM�@��7 � �N#&��J J �,+$+��.#&��JO#�� +$��#�%

��!$')� ����!G+��&!$#=���&��Q ��7 ;��N;��	7�7��,+<����!G�	#5Q 6&#M;F��!$��# �&��#&+$9 *
�@;,�39.!$#&%:�	�

t � 3=2
!G# ����7��/� *&!G')�,#M�"!$��#��/?

‚d‚



� �E� ��� ��� � 	������ � 	 ��������� � 

	 � �H�z�Q
 �2	����
� 
Ã�b��� 
¦
 � �W
 �

h9q{fnknid” fnidowv[sLg[¤)q{g�idfWsZm/q?f q?m7g9l)q{tHtw¯D¤Ws/q?h�owf�sTtwsTm=g[h[owmLmTowh[m=lnowg[v

¶

c

�
¤)q?v�£{q?fnowv[¤nowfn˜^s=fnv[s=”ZxntHs\‹

q/£ds=h9q?˜dsLq{g+s/q?m�¤—owfnvjg9q?f0g

t
…

h~� i (t) i = 0
•)§©idh#q{tHt

i
q{fnk—q?twt"g9oH”GsTv=c

ž

¤nsBq/£ds=h9q?˜?sLi%£ds=h#knoEºMs=h[sTf0g

h[sTq?tHoCA/q{g[oHidfWv�i?§zg[¤ns6¤noHv¹g9idh¹¯—i?§½g9¤ns6vj¯Pv¹g9sT” owf}g[h[iPknlnm=sTkIowf±sT|}fÂ´O•Wc €

¶

m=idh[hjsTvjr idfWknv�fWi‘À g9i¸q?f

q/£ds=h9q?˜dsbi%£ds=h�¤noHv¹g9idhjoHsTvMi?§}g9¤nsag9ow”Ÿs\‹_kns=r s=fnkns=f}g�h[q?fnkni?” §©idhjmTs{• ~�
c

ž

¤}lnv=•?¤ns=fnmTs7§©idhjg[¤�g[¤nsbq?fn˜?lntŠq?h

xnh[q?m�Ž?s7g9v#hjsTrnhjsTvjsTf0g/…

hO(t) i =
Z 1

1

N tY

j =0

dY

i =1

d� i (t j ) P[� i (t j )] O~� (t j ) �
Z

D� P(~� ) O~� (t) ;

À�¤ns=h[s

P[� i (t j )]
oHv�g9¤ns�rnh[idxnq?xnoHtwowg_¯ši{§ai4m=mTlnhjh[s=fnmTsZi{§

� i
q{g2g9oH”Gs

t j = j �
•-À�owg[¤

j = 1; : : : ; N t
•

q?fnk

�
q?fšoHfW­nfnowg[sTv[ow”^q{t-g[oH”Gs7‹¨oHf0g9s=hj£{q?tVcµe_fšg9¤ns�vjsTm=idfnkšg9s=h[” q{x i%£ds�À½s�À�h[i?g[s�owg;s7ˆ4rntHowmToEg9tw¯?•Pq?fnk

oHf®g9¤ns�g9¤nowh[k®g9sThj” ÀzsZlWv[sTk±qGv[¤ni?hjgj‹¨¤)q?fnk�fni?g�q'g9oHi?f®g[¤)q{g2ÀzsBq{knidrWg+¤nsThjs/q{§@g[sTh=c

ž

¤ns�v[lnxnowfnkns\ˆ

~�
oHf

O
owfnknoHmTq{g9s=v2g[¤)q{g#owg2oHv+s=£{q?tHlnq{g9s=k�oHf®g9¤ns�v[idtwlWg9owidf¸g[iŸg[¤nsZ‰�q?fn˜?s=£PoHf�s=|}l)q{g9owidf�q{fnk�¤ns=fnmTs

kns=r s=fnknv2idf®g[¤ns�g9¤ns=h[”Ÿq?t"fni?oHv[s�hjs/q?two ATq{g9owidf"c

ž

¤Ws^v[ow”ŸrWtHsTv¹g�q?v[vjln”Ÿr4g9oHi?f §©idh

f 1(v)
oHv�g9¤nq{gLoEg]g9sTfWknv�g[i�q®mTidfnv¹g�q?f0g�§©idh]v[”Ÿq?tHt�£?sTtwi4m=owg9owsTv=•

tHsTq?knowfn˜Zg9iBg9¤Ws]§Oq{”ŸowtHoŠq{h

:\3\>V*7(O>V$'&Z:/$'39*��

…

f 1(v ! 0)~v = � 
 ~v 
 > 0 ;
´8•Wc‡‚

¶

g9¤nq{gYidrnrJidvjsTv;g9¤Ws�”Ÿi{g9oHi?f^i?§�g9¤Ws�r)q?h¹g9oHm=tHs{c

ž

¤ns

:\3\>V*7(8>V$'&±*�$%���Â*7>V�7&)(

•



•noHv½rnh[i?r idh¹g9owidf)q?t)g9iZg[¤ns

�<;)�[<?3�X%>H�%*�$%�7>@(NJ

�
i?§¦g[¤ns�”Ÿs=knoHlW”��/•


 = c� > 0
•)À�oEg9¤

c
qGmTidfnv¹g�q?f0g+i?§a˜ds=id”Gs=g9hjoHm]idhjoH˜dowfDg[¤)q{g

kns=r s=fnknvLi?f g[¤ns6v[o A=sGq?fnk v[¤)q?rJsGi?§½g[¤nsGmTidtwtHidowk)q?tµr)q?hjg[oHm=tHs?cBÇ²¤ns=f g[¤nsG”Ÿs=knoHln” oHv�qDfnidh[”Ÿq?t

�)lnowk"•nq{fnk^g9¤Ws�r)q?h¹g9oHm=tHs2oHvzqZv[rn¤ns=h[s�i?§�h[q?knowlnv

a
g[¤)q{gYowvz”Zlnm�¤štHq?h[˜?sThbg9¤)q?f·g[¤ns�”Gs/q?fŸ§©h[sTs\‹_r)q'g9¤

i?§µg9¤ns�”GidtHs=mTlntwsTv;idfWs�¤nq?v

c = 6� a
q?fnk®idfns]h[s=mTi%£ds=h[v+g[¤ns

7-(¡$ �0����CE<BL

§©idh�q6v[rn¤WsTh[owm/q?turnq?hjg[oHmTtws

oHf¸qB£4owv[m=idlnv �nlnoHk"c

ž

¤ns�§©hjoHm7g9oHi?fšmTiPs �GmTowsTf0g



oHv�i?§¦g[¤ns�i?h[kns=h2i{§

np`� cT
À�owg9¤

np
g9¤ns�knsTfWv[owg_¯

i?§�r)q?h¹g9oHm=tHs=vYoHfšg9¤ns �)lWoHk"•

`
g9¤ns]”Gs/q?fš§©h[s=s�rnq{g9¤"•

� c
g9¤ns�q/£ds=h9q?˜ds]g9ow”Ÿs#x s7g_Àzs=sTf�m=idtHtwoHv[owidfnv=•Pg[¤ns

g9s=”ŸrJsTh[q{g9lWh[s

T
owvz”Gs/q?vjlnh[s=kšoHf^lWfnowg[vzi?§ug[¤ns�¿zidtEg A=”^q?fWf"†¢v�mTi?fnvjg9q?f0g

kB
c¦Ä-i?h;q�g_¯Prnowm/q?tJtHow|PlWoHk"•

tHowŽ?s^Àzq{g[sTh6oHf fnidhj”^q{tzmTi?fnknowg[oHidfWvT•¦g9¤WsD£Powv[mTi?v[owg_¯IoHvBi?§2g9¤Wsšidh[kns=hBi?§

0:01
°

idowv[s{c�� Ç²oEg9¤ g[¤ns

m�¤nidowmTsŸ´8•4c¢‚

¶

s=|}f ´O•Wc ë

¶

x s=mTid”GsTv

m _~v(t) = � 
 ~v(t) + ~F (~x; t) + ~� (t) :
´O•Wc••

¶

?

i�§Oq?h�À½sY¤)q/£ds�m�¤)q?h[q?m=g[sTh[oCATs=k6g[¤nsYh9q{fnknid”Á§©idh[m=s;s7ˆ4s=hjg9s=kŸx0¯�g9¤ns �)lWoHkBx0¯Z˜doE£PoHfn˜�oEg9vaq/£?sTh9q{˜ds

£{q?tHlWs?•dg9¤Ws2§©hjoHm=g[oHidfZ§©i?h[mTs{c¦e_f^i?h[kns=h�m�¤nq?h9q?m7g9s=h[o A=s+”GidhjsYmTid”GrntHs7g9s=tw¯Lg[¤ns2”Ÿi?g[oHidfBi{§ g[¤ns+rnq?hjg[oHmTtws?•

idfns�q?twv[i6fnsTs=knv+g[iŸŽ}fni%À�¤Wi‘À g9¤ns�h9q?fWknid” §©idhjmTs �)lnm7g9l)q{g[sTv+oHfšg9ow”Ÿs{c

ž

¤nowv�oHfW§©idhj”^q'g9oHi?f·oHv�´Oowf

r)q?h¹g

¶

mTi?f}g9q?oHfWsTk^owf6owg9v

*�$'3\39�7CE<?(8>V$'&�:\.P&M*7(8>V$'&

•}kns7­)fns=k^x0¯GmTid”Gr)q?hjoHfn˜�g9¤Ws�g[¤nsThj”^q{t)fnidoHvjs#q'g�g_À½i

v[lWxnv[s=|PlWsTf0g6g9oH”GsTv

t
q?fnk

t0•�À�owg9¤

t = t0 + �
c

?

oHfnm=s·mTi?tHtHowv[owidfnv�q?h[sG£ds=hj¯ owh[hjsT˜dlntHq?hT•µidfns^m/q?f

q?vjv[ln”GsYg9¤)q{gbg[¤nsY§©idh[m=sTv�q{gbg_Àzi�knoEºMs=h[sTf0gbg9ow”Ÿs=vbq?h[sYv¹g�q{g[oHv¹g9oHmTq?tHtE¯Lowfnkns=r s=fnknsTf0gb§©idhbtHi?fn˜�sTfni?ln˜d¤

g9ow”Ÿs\‹_vjsTr)q?h[q{g9owidfnv;rJsThjoHiPk ´Oxnl4g+vjsTs�§©iPi?g9fni{g9s]•

¶

•noVc‡s?c

h� i (t)� j (t0) i = h� i (t) ih � j (t0) i = 0
oE§

� � t � t0 � � c 8 i; j; = 1; : : : ; d :
�


 �&�5���&�/��7�2.!<��;,�	��!>� 9 ��Q � ��9.�"���/' ')�/�	�"6&7��/��!G��� 7��/��!$�"����#�;��C����
���JN?�� 
���J
	��,+<*E;/��#BPM�(�@� � ��P&+$!<�"�&�@* P.9

R&+<��;,!G#&%I���&� �"9
�"���,' P ��� J �,�,# � J � R&+<�����/�:��#�*�R�6&+G+$!$#&%I���&�,' ��RM��7���!G# �	R&R �	��!>��� *
!$7��@;F��!$��#M�4;�7��/����!$#&% ����
������

���

�����,? 
 �&�:7������:��� JO�&!$; �I���&�:R&+<�����@� ��7��4R&6&+$+$�/* ��R���7��1!<��;,��+$+$�/* ���&����
���������������?! 0���&�,7�%��/��')����7�!$�/�1��7��C��+$���

R �	���"!$P&+$��?

"�
 �&� Q 7�!$;���!$��# ;��.��#5;�!$�,#L� ��#M* ���&� 2.!$��;��L�"!G� 9 ��7��K':�@����6&7��/* !G# 6&#&!G��� ��Q%$ '(������&(')$ ��!$')��&I��#M*+*-�	!$���

�
$ �,#&�/7�%	9

�
��!G')�,&-'.$ 2	��+$6&')��& !G# �����!/1032 ��9
� ���,' �
7��@�"R �/;���!$2��/+G9	?

‚}•



� �E� ��� ��� � 	������ � 	 ��������� � 

	 � �H�z�Q
 �2	����
� 
Ã�b��� 
¦
 � �W
 �

ž

¤ns�mTidhjh[sTtHq{g9owidf®x s7g_Àzs=sTf—g9¤ns�v9q?”Gs�mTid”Gr i?fnsTf0g�i{§¦g9¤ns�h9q?fWknid” §©idhjmTsLs7£{q?tHl)q'g9sTk�q{g+knowº sThjsTf0g

g9ow”Ÿs=vBoHv=•zx0¯ kns=­nfnowg[oHidf"•½q±vj¯P”Ÿ”Gs=g[h[owmD§©lWfnm=g[oHidf i?§#g[oH”GsTv=•

h� i (t)� i (t0) i = h� i (t0)� i (t) i
c e_f

q?knkWowg9owidf"• idfns6q?vjv[ln”GsTv�g9¤nq{g�g9¤nsBm=idh[hjsTtHq{g9owidf�xJs=g_À½sTsTf g9¤nsBv[q?”GsBmTid”Gr i?fnsTf0g]i?§bg9¤Ws6§©i?h[mTs6q'g

g_À½i�knoEºMs=h[s=f}gag[oH”GsTv¦owv

�7(¨<?(O>V$'&J<?3KJ

•dg[¤)q{gbowv�g9i]v9q/¯?•}g[¤)q{gboEgaidfntE¯Zkns=r s=fnknvbidfBg9¤nsYg[oH”Gs7‹_kWowº sTh[s=fnmTs

�
c

ž

¤noHvµoHvµq�rnh[i?r s=hjg_¯�i?§Wg[¤ns�h[sTvjsTh¹£didowh;´@g9¤ns �)lnowkLoHf�idlnh�mTq?v[s

¶

oHf]g9¤WsTh[”Ÿq?t0s=|PlWoHtHowxnh[owln”®cuÄ�oHfnq?tHtE¯d•

v[owfnmTsYÀ½s#q{v[v[lW”ŸsYg9¤nq{g½q?tHtnkWoHh[s=m=g[oHidfnvai{§Mvjr)q?mTs+q?hjs2s=|}lnow£{q?twsTf0g/•dg[¤ns+m=id”Gr idfWsTf0g9vbi?§Jg9¤ns�h[q?fnknid”

§©idhjmTs®oHf knowº sThjsTf0g·knowh[s=m=g9owidfnvGq?hjs¸lnfWmTidhjh[sTtHq{g9s=k�´©s=£ds=fÂq{gGg9ow”Ÿs\‹_knoEºMs=h[sTfWmTsTvBg[¤)q{g^q?h[s®v[¤ni?hjg9s=h

g9¤nq?f

� c ¶

…

h� i (t)� j (t0) i = � ij g(j� j) ; 8 i; j = 1; : : : ; d :
´8•Wc¢•

¶

ž

¤nowv�mTid”GsTv2§©h[id” g[¤nsL§Oq?m7g#g9¤nq{g

� ij
owv+g9¤WsLidfntE¯®h[i?g9q{g9owidf)q?twtw¯·owf0£?q{h[oŠq{f}g2g9s=fnv[i?hTc�e_f�g9¤WsBq?xJi‘£?s

sT|}l)q'g9oHi?f"•

h� 2
i (t0)i = g(0) > 0

q?fnk

g(j� j)
v[¤nq?h[rntE¯�rJs/q{Ž?sTk q?hjidlnfnk

� = 0
À�owg[¤±q^v[lnrWr idh¹g�i?§

g9¤WsGi?h[kns=h�i?§

� c
cZ«;g]”Ÿq?mThjidv[m=idrnowmZg9oH”Gs7‹¨v[mTq?tHs=vT•

�
owv]q?m=g[l)q?tHtE¯�”Llnm�¤±tHidfn˜?sTh#g[¤)q?f

� c
•�q?fWk i?fns

m/q{f�q?rWrnh[i/ˆ4oH”Ÿq{g9s

g(j� j)
x0¯Dq6knsTtEg�qL§©lnfWm=g9owidfDi?§µÀzs=oH˜d¤0g

2A

h� i (t)� j (t0) i = 2A� ij � (� ) ; 8 i; j = 1; : : : ; d :
´8•Wc

–

¶

ž

¤ns�Ä)idlnhjoHs=hµg[h9q?fnv¹§©idh[”»i?§)g[¤ns;vjg9q{g9owidf)q?h¹¯�mTidhjh[sTtHq{g9owidf�i?§-g9¤ns;fWidoHvjszkns7­)fnsTvboEg9v

�_1)��*7(O3j<?C)NP�7&W�7>@(6J

•

S(! )
c¦e_fDg9¤nowvYm/q?vjs?•

S(! )
owv�oHfnkns=r s=fnkns=f}g2i?§µg9¤Ws]§©hjsT|}lns=fnm=¯

!
•nkns7­)fnowfn˜Gq

L ;P>@(_��&M$'>H�%�

c

ž

À½i{‹¨g[oH”GsamTidhjh[sTtHq{g9owidfnv"kWi+fni{g�m�¤)q?h9q{m=g9s=h[oCATsbg9oH”Gs7‹¨knsTrJsTfWknsTf0g�h9q{fnknid” £{q?hjoŠq?xWtHsTvum=id”GrntHs7g9sTtE¯dc

ž

¤nowvµowv�q?m�¤nows=£ds=kLs=owg9¤WsTh�x0¯]˜dow£PoHfW˜�q?tHtd¤WoH˜d¤ns=h¹‹¨idh[kns=h"mTi?h[h[s=tŠq{g[oHidfWvuidhT•‘sT|}lnoE£{q?tHs=f}g[tw¯?•'x0¯]vjr s=mTow§@¯Powfn˜

owg[vu§©lntHt0”ZlWtwg9oE£{q?h[oHq{g9s¦rWh[idx)q{xnoHtwowg_¯�kWoHvjg[h[owxnlWg9owidf�§©lnfnm7g9oHi?f"c

ž

¤Wszv[ow”ŸrWtHsTv¹g�m�¤nidowmTszowvµq+”ZlntEg9oE£?q{h[oŠq'g9s

@]q?lnv[vjoŠq?f�knoHv¹g9h[owxnlWg[oHidf®mTid”Gr)q{g[oHxntws�À�oEg9¤�g[¤nsBq?xJi%£dsLg_À½i{‹Vg9oH”Gs�mTidhjh[sTtHq{g9owidf"c+e_f—knoHvjmTh[s7g9sLg[oH”Gs?•

À½s�À�hjowg9s{…

P(~� ) =
1
N

exp

0

@�
1

4A

N tX

j =0

dX

i =1

� 2
i (t j )

1

A ;
´O•Wc•›

¶

À�owg[¤

N
g9¤nsYfni?h[”Ÿq?tHoCA/q{g[oHidf�m=idfnvjg9q?f0g/c

ž

¤Ws�@�q?lWv[v[oHq?fZ¤0¯Pr i{g9¤ns=v[oHvaowv�x)q{v[sTk6idf�g9¤nsYm=sTf0g9h[q?tWtwoH”Gowg

g9¤WsTidhjsT”®cze_fnkns=sTk"•Jow§�idfns�idxnvjsThj£?sTv2g9¤ns]g9¤ns=h[”Ÿq?t"§©idhjmTs�q?m=g[oHfn˜Gidf¸qGvjl �GmToHs=f0g9tw¯DtHq?h[˜?s�rnq?hjg[oHmTtws?•

À�owg[¤�q6g9ow”Ÿs\‹_˜dhjoHk^g[¤)q{g+oHv�”Zlnm�¤¸tŠq?hj˜dsThYg9¤nq{g

� c
• ~�

oHvYg9¤WsLh[s=v[lntEg2i?§aqGtŠq?hj˜ds�f}ln”ZxJsTh2i?§¦h[q?fnknid”

§©idhjmTsTv�À�oEg9¤�­)fnoEg9s6q/£ds=h9q?˜?sŸq{fnk—£?q{h[oŠq{fnmTs{•uq?tHt�v[¤)q{h[oHfW˜Dg[¤nsBv9q{”ŸsBknowvjg[h[oHxWlWg9owidf�tŠq/À]c�D+i%Àzs7£ds=hT•

idfnsYm=idlntwkBoH”Ÿq?˜doHfWs2Å¢v[rJidh9q{knoHm{†?g9¤ns=h[”Ÿq?tWxnq{g9¤nv¦g[¤)q{g¦À½idlntwk6tHs/q{kZg9i�kns7£4oHq{g9owidfnv�§©hjid” q @]q?lnvjv[oHq?f

knowvjg9hjoHxnl4g9oHi?fši?§�h[q?fnkni?” §©idhjmTsTv=•)oHfDr)q?h¹g9owmTlntHq?h;oHfšg[¤ns�g�q?owtHvTc

ž

¤Ws @�q{lnv[vjoŠq?fŸ¤}¯PrJi?g9¤WsTv[owv;oH”GrntwoHsTv¦g[¤)q{gzq?tHt-¤now˜d¤ns=h¹‹_i?h[kns=h½m=idh[hjsTtŠq'g9oHi?fnvbm/q?f·xJs#s\ˆ4rnh[s=v[v[s=k®q?v

§©lnfnm7g9owidfnvYi?§µg9¤ns�g_À½i{‹¨g[oH”Gs�mTi?h[h[s=tŠq{g[oHidf ´O•Wc¢•

¶

c

ž

¤nowvYoHv;g[¤ns]mTidf0g9s=f0g#i?§�Ç²owm�ŽJ†‡v�g9¤ns=idh[s=”¸•WÀ�¤WoHm�¤

vjg9q{g9s=vYg9¤)q{gT…

h� i 2n (t2n ) : : : � i 1 (t1) i =
X

pair s

h� i 2n (t2n )� i 2n � 1 (t2n� 1) i : : : h� i 2(t2)� i 1 (t1) i ;

À�owg[¤Ÿg[¤ns+vjln” h[lnfWfnoHfn˜�i%£dsThzq?tHtng[¤ns2knowº sThjsTf0gzÀzq/¯4v½i?§uvjsTr)q?h[q{g9owfn˜]g9¤ns+rnh[iPknlnm7gzi?§

2n
£?q{h[oŠq{xntHs=v

oHf0g[i

n
r)q?owh[vTc

ž

¤Ws]q%£?sTh[q?˜ds�i?§�qBrnh[iPknlnm7gYi?§�q?fšiPknkDf}ln”ZxJsTh;i?§µfni?oHv[s�§Oq{m=g9i?h[vz£{q?fnowv[¤ns=vYoHkns=f0g9oE‹

m/q{tHtw¯GvjoHfnm=s#g9¤ns�g[¤nsThj”^q{t fni?oHv[s#¤)q?v�A=sTh[i'‹¡q/£ds=h9q?˜dsG´©h[s=”Ÿs=”Zx s=h½g[¤)q{g;g[¤ns]q/£dsTh[q?˜ds�i?§ug[¤ns�h[q?fnknid”

§©idhjmTs?•}f)q{”Ÿs=tw¯�g9¤nsY§©h[owm=g[oHidfL§©i?h[mTs{•}¤)q?vaxJsTsTfŸv[lnx4g9h9q{m=g9s=kŸi{º

¶

c

?

i�§Oq?h¦g9¤nsY£{q?hjoŠq?fnm=s?•

2A
•0oHvbq�§©hjsTs

r)q?h[q?”Gs=g9s=hTc¦Ç s�v[¤)q{tHtMvjsTs]tŠq'g9sThzidfšg9¤)q{g;ow§�g9¤ns�s=f0£4owh[idfW”Ÿs=f}g�owv�q?v[vjln”GsTkšg9i6xJs�oHfšsT|}lnowtHowxnh[owln”

q{g2qZg9s=”ŸrJsTh[q{g9lWh[s

T
•Wg9¤ns=f

A
”Llnvjg2oHf·§Oq{m=g2h[s=tŠq{g[s�g9i



q?fWk

T
c

e_h[hjs=£?sTh[vjoHxnowtHoEg_¯šq?fnkDknowv[vjoHr)q{g[oHidfMc

‚0•



� �E� ��� ��� � 	������ � 	 ��������� � 

	 � �H�z�Q
 �2	����
� 
Ã�b��� 
¦
 � �W
 �

ž

¤Ws�§©hjoHm=g[oHidf�§©idhjmTs

� 
 ~v
oHf]g9¤ns½‰�q?fn˜ds7£PoHf�sT|}l)q{g[oHidf^´8•Wc••

¶

s7ˆ4rntwoHm=owg9tE¯#xWh[s/q{ŽPvµg9¤nsbg9ow”Ÿs\‹_hjs=£ds=h[v[q?t

´

t ! � t ¶

oHf0£{q?hjoŠq?fnm=s?•'qYrnh[i?r s=hjg_¯�g9¤nq{g�¤)q?vug9i�xJsbh[sTvjr s=m=g[sTkZx0¯]q?f0¯]vjs=gµi?§4”ŸowmTh[i?v[mTi?rnoHm¦k4¯4fnq?”Ÿowm

sT|}l)q'g9oHi?fnvTc

ž

¤noHv�oHv�g9¤ns�Àzs=tHtPŽPfWi‘À�fBrnq?h9q?kWi%ˆ�h[q?oHvjsTkLx0¯�g9¤ns½oHhjh[s=£?sThjv[oHxWoHtHoEg_¯�i?§)g[¤nsThj”ŸiPkW¯Pf)q?”GoHm=vTc

D+i%À½s=£?sThT•"g[¤nsB‰�q?fn˜?s=£PoHf�s=|}l)q{g9owidf—oHv#q?f�s7ºMs=m=g9oE£dsZs=|}l)q{g9owidf�g[¤)q{g�idfWtw¯®knsTvjmThjoHxJsTv#g[¤nsZr)q?h¹g9owmTtHs

q?fnk

&M$'(

g9¤Ws owfnknow£Powknl)q?t+”Ÿi?g[oHidfÂi{§Lg9¤Ws ”GidtwsTmTlWtHsTvši{§Lg9¤Ws vjlnh[hjidlnfnkWoHfn˜ �)lnowk"c $#§�mTidlWh[v[s{•

ª+s7ÀYg9idfM†¢v2sT|}l)q{g[oHidfDkns=v[m=h[oHxWoHfn˜Bg9¤Ws]À�¤WidtHs]vj¯Pv¹g9sT”®•ng9¤Ws�rnq?hjg[oHmTtws�q?fnk¸q?twtMg9¤ns]”GidtHs=mTlntwsTv;i{§�g[¤ns

�)lnowk"•?”Llnvjg�x s�g9oH”Gsbh[s7£dsThjv9q?tWoHf0£{q?h[oHq?f0g/c
D+i%À½s=£ds=hT•0g9ow”Ÿs\‹_hjs=£ds=h[v[q?t4mTq?fZxJszxnhjidŽ?s=fBoHf�g9¤ns

3��[N?.)*��[N

sT|}l)q'g9oHi?f"•4À�¤ns=h[s�g9¤Ws�q?xnowtHowg_¯Gi?§ug[¤ns�g9¤WsTh[”Ÿq?t x)q{g9¤·g[iBh[sTq?m�¤DsT|}lnoHtwoHxnhjoHln” owvYq?vjv[ln”GsTkš§©h[i?” g[¤ns

vjg9q?hjgTc

ž

¤ns2‰�q?fn˜ds7£PoHf6q?rnrWh[i0q?m�¤GoHv¦q]m=tHs7£dsThaÀzq/¯Zg9i]¤nowkns;g9¤nsYowh[hjs=£ds=h[vjoHxnowtHowg_¯�rnhjidxntwsT” lWfnknsThag[¤ns

h[lW˜�´©x}¯šg[h9q?fWvj§©sThjh[owfn˜Gg[¤ns]mTidfWmTsTr4g9l)q?tµkno �Ÿm=lntwg[oHs=v;g9i6g9¤ns]h[s=v[s=hj£di?oHh

¶

q?fnk�q?tHtwi%À�v;g9iGoHf0£ds=vjg9ow˜0q{g[s

oHf±qšrn¤WsTfnid”GsTtwid˜dowm/q?t�À;q/¯�g[¤nsBkW¯Pf)q?”GoHm=v�i?§bg9¤ns6r)q{hjg9owmTtwsZq?twidfns?c�e_f

?

sTm7g/c ���DÀ½s6v[¤)q{tHt�v¹g9lnk4¯

q�v[ow”ŸrWtHs·”Gi4kWsTt½À�¤WsTh[sšg[¤nsDq?v[vjln”GrWg9owidfnvZxJsT¤nowfnk ‰�q?fn˜ds7£4owf"†‡vBsT|}l)q{g[oHidfRmTq?f x sš”Ÿq?kns·”Gidhjs

g9h[q?fnvjr)q?h[s=f0g/c

ª2i?g9s+g9¤)q{g½g9¤ns#sTfns=h[˜?¯^i?§ug9¤ns#r)q?hjg[oHm=tHs2oHv;fni{g;mTi?fnv[s=hj£ds=k�q{fnk"•Wowf·˜ds=fnsTh[q?tV•
�)i%À�v;g9iLg[¤ns�x)q'g9¤

tHsTq?knowfn˜·g9i

N?>H���7>•1W<?(O>V$'&

cZ«;g�£ds=hj¯±tHi?fn˜·g9ow”Ÿs=v�¤ni%Àzs7£dsTh=•�g[¤ns6r)q?hjg[oHm=tHsZ”Ÿq/¯�h[sTq?m�¤ qDv¹g�q{g[oHidfnq?hj¯

h[s=˜doH”GsYoHf6À�¤nowm�¤^g9¤ns2s7ˆ4m�¤)q{fn˜ds#i{§usTfns=h[˜?¯6xJsTm=id”GsTvzv¹¯P”Ÿ”Gs=g[h[oHmYi?f·q/£ds=h9q?˜ds{…¦g9¤ns2r)q?h¹g9owmTtHsY˜?ow£ds=v
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@�sTfns=h9q{g[oHidfDi?§�”Ÿs=”Ÿi?hj¯dc
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ž
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t
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t
c
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•ug9¤)q{g�owv
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v[owfn˜dtws�v[s=mTidfnkP‹_idhjknsTh2knowº sThjsTf0g9oHq?t"s=|Plnq{g9owidf"…

m•~x(t) + 
 _~x(t) = ~F (~x; t) + ~� (t) :
´O•Wc¢œ
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§©h[s=sTkni?” idfns�˜dsTfWsTh9q'g9sTv�”GsT”Gidhj¯#oHf�g9¤Ws½s7£didtwlWg9owidf"cR@]s=fnsTh[q?tHoCA/q{g[oHidfWv"i?§Pg9¤ns�‰�q?fn˜ds7£PoHf�sT|}l)q{g[oHidf"•

v[lWm�¤6q?vµg[¤nszi?fns�g[¤)q{gµÀzs½rnh[s=v[s=f}g¦oHf

?

sTm=gTc?•4c ëd•{q?fnk�g9¤ns½idfns=v�g9¤nq{g�À�owtHt0xJs½˜?sTfns=h9q{g[sTkLg[i#kns=v[mThjoHxJs

g9¤Ws�vjtHi%À s7£didtwlWg9owidfši?§�v[lnrJsTh¡‹_m=i4idtwsTkDtHow|}lnoHknv;q?fnk®˜dtŠq?vjv[s=vT•)kni6¤)q/£ds�”GsT”Gidhj¯?c

Ä�twlnm=g[l)q{g9owidf =^knoHvjv[owr)q{g9owidfšh[s=tŠq{g[oHidf^i?§�g[¤ns]v[s=mTidfnk¸Ž}oHfnk"c

e_fDg9¤Ws�¤ns=lnh[owvjg[oHm�kns=h[ow£{q{g[oHidfši{§�g9¤Ws�‰�q?fW˜ds=£PoHf®sT|}l)q'g9oHi?fDg[¤)q{g�À½s�rnhjsTvjsTf0g9s=k—q?xJi‘£?s�g9¤ns�mTidfP‹

vjg9q?f0g

A
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g9¤Ws6£?sTtwi4m=owg_¯%�nlnm=g[l)q{g9owidfnv]i?§zqD¿zh[i%À�fnoHq?f±r)q?hjg[oHm=tHsZowf qšm=idfnvjg9q?f0g�s7ˆPg9s=h[f)q?ta§©idhjmTs{c
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kns=r s=fnknsTf0g2£ds=tHiPmTowg_¯^§©idtHtwi‘À�v½§©h[id” g9¤ns]oHf0g[sT˜dh[q{g9owidfši%£dsThYg[oH”Gs�i?§�s=|}f ´O•Wc •
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~v(t) = ~v0e� 

m t +

1
m

Z t

0
dt0 e� 


m (t � t0) [ ~F + ~� (t0) ] ;

À�owg[¤

~v0
g9¤WsBoHfnoEg9oŠq{t�£?sTtwi4m=owg_¯�q{g

t = 0
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•-q{fnk�vjs=g[g[oHfn˜

~v0 = ~0
§©idh�v[oH”GrntwoHmToEg_¯d•4idfns
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(t) � h(vi (t) � hvi (t)i )2 i
•

� 2
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1
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Z t

0
dt0

Z t

0
dt00e� 
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�
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�
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sT|}lnowtHowxnh[owln”¸•aÀ½s�”ZlWvjgŸoH”Gr idvjsš§©idh6mTidfnvjoHv¹g9sTfWm=¯ g9¤)q{gGg9¤Ws�q?xJi%£ds¸|Plnq?f0g9owg_¯ v[q{g9lnh[q{g9s=vGg[i g[¤ns

s7ˆ4rJsTm7g9sTk®£{q?tHlns�mTq?tHm=lntŠq'g9sTkšÀ�oEg9¤šg9¤ns]mTq?fnidfnowm/q?tMknoHv¹g9h[owxnlWg[oHidfDq{gYg[sT”Gr s=h9q{g[lnh[s

T
c
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t � tv

c
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vi
(t) =

A

 m

= h(vi � hvi i )2i eq =
T
m

;

À�¤ns=h[s

h i eq
knsTfni{g9sTvŸq?f q/£dsTh[q?˜dsDg�q?Ž{sTf À�owg9¤

¾

q'ˆPÀ½sTtwtV†‡vG£?sTtHiPmToEg_¯Rknowvjg9hjoHxnl4g9oHi?f"c Ä)idhBg9¤nowv

sT|}l)q{tHowg_¯Ÿg9i6¤nidtwkDidfns]sTfW§©i?h[mTs=v2g[¤)q{gT…

A = 
 T :
´O•Wcäë%•
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i?§zg[¤ns

Å¢v[sTm=idfnk Ž}oHfnkM†¦oHfRÈ�lnxJin†‡vZfnid”GsTfWmTtŠq'g9lnhjs?c ´

ž

¤ns¸Å¢­)hjvjg6Ž}oHfWk"†�À�owtHt�x s·kWoHv[m=lnv[vjsTk x s=tHi%À]’bg9¤ns=v[s

f)q?”GsTv2q?hjs�¤nsThjs�qGtwowg[g[tHs+lnfW§©idh¹g9lnf)q'g9s

¶

c

e¨g�oHv#ow”ŸrJidh¹g�q?f0g�g9išfni{g9s�g[¤)q{g�g[¤noHv������ m�¤nq?h9q?m7g9s=h[o A=sTv#g[¤nsZvjlnh[hjidlnfnknowfn˜ �)lnowk—q?fnk—fWi?g#g[¤ns

r)q?h¹g9owmTtHs{•-v[oHfWmTs�owg+h[sTtHq{g9s=v2g[¤nsLfWidoHvjs7‹_fWidoHvjs�m=idh[hjsTtHq{g9owidfšg9i^g[¤ns�§©hjoHm7g9oHi?f¸m=i4s �Ÿm=oHs=f}gTc�e_f�g9¤ns�m/q?vjs

i?§2g9¤nsD¿½h[i%À�fnoŠq{f rnq?hjg[oHmTtws^g9¤WoHvZhjsTtŠq'g9oHi?fRsTfnvjlnh[s=vGg[¤)q{gGq{§@g[sThBq�g9h[q?fnvjoHsTf0g6i?§2g9¤Ws®i?h[kns=hBi?§
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•

g9¤Ws�x)q{g[¤Â”^q?owf0g�q?owfnvGg[¤ns�”Gs/q?f ŽPowfns=g[oHm�s=fnsThj˜?¯ i?§]g9¤ns�rnq?hjg[oHmTtws¸m=idfnv¹g�q?f0g®q?fnkÂs=|}l)q?t#g[i owg[v

sT|}lnowtHowxnh[owln” £{q?twlns?c

ž

¤ns @�q{lnv[vjoŠq?f®knoHv¹g9hjoHxnlWg[oHidfDi?§�g9¤ns�fnidowv[s�q?fnk¸g[¤nsLtwoHfnsTq?hYh[s=tŠq{g[oHidf®tHowfnŽ}oHfn˜

owg�g[i®g[¤nsB£ds=tHiPmTowg_¯�oH”Grntw¯®g9¤)q'g�g[¤ns6£dsTtwi4m=owg_¯—i{§½g[¤nsŸrnq?hjg[oHmTtwsBoHv�owfnknsTs=kIknowvjg[h[oHxWlWg9s=k q{mTmTi?h[knowfn˜

g9i

¾

q'ˆPÀ½sTtHt8†¢v+knoHv¹g9hjoHxnlWg[oHidfMc;ÇIs�v[¤)q?twt�v[sTsLtŠq{g[sTh�g9¤)q{g+s=£?sTf—À�¤ns=f�g9¤nsLsTf0£PoHh[i?fn”Ÿs=f0g#v[q{g9owvj­)s=v�q

�)lnm7g9l)q'g9oHi?f =6kWoHv[vjoHr)q'g9oHi?fGhjsTtHq{g9owidf¸´������

¶

g9¤Ws#vj¯Pv¹g9sT” oHfGmTi?f}g9q?m=g½À�owg[¤^owg�kniPsTv½fni?g½fnsTm=sTvjv9q?hjoHtw¯

§©idtwtHi%À q?fnkGv9q{g[oHvj§@¯Bq?f	�
���®oEg9vjsTtw§¡c

ž

¤noHvbowvaidfns�i?§Mg[¤ns�”^q{oHfBm�¤)q?h[q?m=g[sThjoHvjg[oHm=v½i?§ fnidfP‹_sT|}lnowtHowxnh[owln”

vj¯Pv¹g9sT”Gv2oHfDmTidf0g9q?m=g�À�owg[¤DsT|}lnoHtwoHxnh[q{g9s=kšsTf0£PoHhjidfn”GsTf0g9v=c

Œ#oEºMlnvjoHidfDowf·£dsTtwi4m=owg_¯švjr)q?m=s?c

Ä)idh�g[¤ns^v[q?Ž?sŸi?§Yv[ow”ŸrWtHoHm=owg_¯�tHs=g�lnv�§©i4m=lnv�oHf g[¤noHv]vjsTm=g[oHidfIidf q®idfnsGknoH”GsTfnvjoHidfnq?tarnh[i?xntHs=”¸c

ž

¤ns·g_À½i{‹¨g[oH”GsŸ£?sTtHiPmToEg_¯0‹¨£ds=tHiPmToEg_¯ Å‡£{q?h[owid˜dh[q?”¸†E•µkns=­)fWsTk q?vT…

� vv(t; t0) � h(v(t) � v(t0))2 i =
Cvv(t; t) + Cvv(t0; t0) � 2Cvv(t; t0)

oHv�q¸v[ow”ŸrWtHsB§©lnfnm7g9oHi?fIi?§;g[¤nsŸg_À½i{‹Vg9oH”Gs6mTidhjh[s=tŠq{g[oHidf i?§;g[¤ns

£ds=tHiPmToEg_¯

Cvv(t; t0) = hv(t)v(t0) i
g9¤)q'g+oEg9vjsTtw§µowvYs/q?vjoHtw¯^m/q?twmTlntHq{g9s=k·g9iGx s{…

Cvv(t; t0) = v2
0 e� 


m (t+ t0) +
T
m

�
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m j t � t0j � e� 

m (t+ t0)

�
:
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t + t0 � tc
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jt � t0j
idfWtw¯d•
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À�¤nsTf
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t
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¬z¤niPidv[owfn˜
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À�¤nowm�¤Zidfns�mTidlWrntHs=vµg[¤nszm=i4idhjknoHfnq{g9s=vµi{§ng9¤ns�idvjmToHtwtŠq{g[idh[v"g[i�q�˜dsTfWsTh[owm½§©lnfWm=g9owidf�i?§ng9¤Ws½m=i4idhjknoHfnq{g9s=v

i?§µg9¤ns]v¹¯4v¹g9s=”¸c

Œ+owº sTh[s=f0gYidv[m=oHtwtŠq{g[idhah[s=v[sTh¹£didowh[v�q?hjs#m�¤)q{h9q?m7g9sThjo A=sTkšx0¯^kWowº sTh[s=f0gYŽ?s=h[fns=tHv


 (t � t0)
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ž

¤ns�v[rJsTm\‹

g9h[q?tM§©lnfWm=g9owidfDi?§µg9¤ns]mTi?tHidhjsTkDx)q{g[¤¸owvYlnv[l)q{tHtw¯·q?v[vjln”GsTkDg9i6¤)q/£ds]g9¤ns�§©idhj”

S(! ) = T~
 (! ) = 2T
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! � � 1
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j! j
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!

:
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¶

ž

¤nsG§©lnfnm=g[oHidf

f c(x)
owvLq�¤WoH˜d¤4‹V§©h[s=|PlWsTfnm7¯ m=lWgj‹¨i?º i?§;g_¯Prnowm/q?tbÀ�oHkWg[¤

�
q?fnk owv�lWv[l)q?twtw¯±m�¤ni?v[sTf

g9išxJsBq?f±s\ˆWrJidfns=f0g9oŠq{tVc

ž

¤nsZ§©h[s=|}lnsTfnm7¯

~! � �
oHv�q·h[s=§©s=h[s=fnmTsB§©h[s=|}lnsTfnm7¯�g9¤nq{g]q?twtHi%À�v#i?fnsZg9i

¤)q/£ds·q¸mTi?lnrntHowfn˜�v¹g9hjsTfn˜?g[¤



À�owg[¤ g[¤ns^know”Ÿs=fnv[owidfnv�i?§�qD£4owv[m=idv[oEg_¯dc�e¨§

� = 1
•µg9¤nsG§©h[owm=g9owidf oHv

v9q{oHkšg9iGx s��

;PFB>V*

•

S(! )
oHvYm=idfnvjg9q?f0g+À�¤WsTf

j! j � �
q?fWk¸idfWs�hjsTm=i‘£?sThjv�qZÀ�¤nowg[s]fnidoHvjs?cbÇ²¤nsTf

� > 1
´

� < 1¶

g9¤ns6x)q'g9¤±oHv

�7.%1)�73

�

;PFB>V*

´

�7.,5

�

;PFB>V*

¶

c

ž

¤ns6s7ˆ4rJidfnsTf0g

�
oHv�g9q?Ž?s=f g[i®£{q?h¹¯�oHf

g9¤Ws�owf0g9sTh¹£{q?t

[0; 2]
g9iGq/£didowk¸knoE£ds=h[˜ds=fnmTowsTvTc

ž

ow”Ÿs\‹_kns=r s=fnkns=f}gT• ~f (t)
•µq?fnk mTidfnv¹g�q?f0g�fnidfP‹_rJi?g9s=f}g[oŠq?tµ§©idh[m=sTv=• ~f np •µq?v�g9¤ns6idfWsTv�q?rnrntwoHsTk�g[i

˜dh[q?f}lntŠq?ha”Ÿq{gjg9sTh�q?fWk^oHf6hj¤nsTidtwid˜dowm/q?tn”Gs/q{v[lnhjsT”GsTf0g9v=•4hjsTv[rJsTm7g9oE£dsTtE¯d•Wq?h[s�v[ow”ŸrWtw¯ZowfnmTtwlnkns=kŸowfGg[¤ns

h[ow˜d¤0gj‹¨¤)q?fnk4‹¨v[owknsš´ �����

¶

q?v�r)q?h¹g�i?§�g9¤nsBkWs=g9s=h[”GoHfnowvjg[oHm�§©i?h[mTs{cLÇ²¤ns=f g[¤nsZ§©idh[m=sBknsThjow£?sTv�§©h[id” q

rJi?g9s=f}g[oŠq?t8•

Fi (t) = � @x i V(~x(t))
c

e_f®v[i6§Oq?h;À½s�¤nq%£?s�kWoHv[m=lnv[vjsTk¸vj¯Pvjg[sT”Gv2À�oEg9¤®r idvjowg[oHidfDq?fWk®”Gid”GsTf0g9lW” knsT˜?h[sTs=v+i{§�§©hjsTsTkWid”¸c

$#g9¤ns=h�£{q?hjoŠq?xWtHsTva”GoH˜?¤}gbxJs�i?§"owf0g9sThjsTv¹g½g[i�kns=v[m=h[oHxJs�g9¤ns2kW¯Pf)q?”GoHm=v�i{§"knoEºMs=h[sTf0g½Ž}oHfnkGi?§"v¹¯Pvjg9s=”Ÿv=c

e_f±r)q?h¹g9oHm=lntŠq{hT•"q·m=idf0g9owfPlWidlnv]‰�q?fn˜ds7£PoHf±sT|}l)q{g[oHidf�§©i?h�mTtHq?v[vjoHm/q{t�v[rWoHfnv�mTq?f q?tHvji·x sBlWv[sTk ow§bi?fns

h[s=rntŠq{mTsTv+g9¤nsB¤)q{h[k—e_v[owfn˜šmTi?fnvjg[h9q?owf}gT•

si = � 1
•"x0¯—q·vji?§@g�idfnsLoH”GrntHs=”Ÿs=f}g[sTk�À�oEg9¤—q·rJi?g[sTf0g9oHq?t

g9s=h[” i?§#g9¤nsD§©idh[”

V(si ) = u(s2
i � 1)2 À�owg9¤

u
q±mTidlnrWtHoHfW˜ v¹g9h[s=fn˜?g[¤�´©g[¤)q{gŸidfns®s=£?sTf0g9l)q{tHtw¯

g�q{Ž?sTv2g9iŸoHfW­)fWowg_¯šg9iŸh[s=mTi%£ds=h�qŸ¤nq?h[k¸mTidfnv¹g9h[q?oHf0g

¶

c
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¤nsLvji?§@g#vjrnoHfWv#q?hjs�m=idf0g9owfPlWidlnv#lWfPxJidlnfWknsTk
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•)xWlWg+g[¤ns�r i?g[sTf0g9oHq?tusTfWsTh[˜{¯®§Oq/£?idh[v�g9¤ns�mTi?fW­)˜dlnh[q{g9owidfnvYÀ�owg[¤

si
m=tHidvjs

g9i

� 1
c

¥

£?sTfGv[oH”GrntwsTh¦”Gi4kWsTtHv¦q?h[sYm=idfnvjg[h[lnm7g9s=kGÀ�oEg9¤6v[rn¤WsTh[owm/q?tWv[rnowfnvT•0g9¤nq{g�q?h[s�q{tHv[i�m=idf0g9owfPlWidlnv

lnf}xJidlnfnkns=k¸£{q?hjoŠq?xntwsTv;˜?tHidx)q{tHtw¯Gm=idfnvjg[h9q?owfnsTkšg[iŸv[q{g9owvj§@¯ P N
i=1 s2

i = N
c
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�
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e_f

?

sTm7g/c-•Wcäë�À½s�q{f)q?tw¯ A=sTkDv[s7£dsTh[q?tµq/£dsTh[q?˜ds=k¸rnhjidrJsThjg[oHs=vYi?§�¿zh[i%À�fnoHq?fD”Ÿi?g[oHidfMc�e_fšg9¤nowv

?

sTm7g9owidf

À½s^oHf0g[h[iPknlnmTs6g9¤Ws^q/£ds=h9q?˜?sTk idxWv[sTh¹£{q?xntHs=v�i?f À�¤nowm�¤IÀzsŸv[¤)q{tHt¦§©iPmTlnv�oHf±g9¤nsŸh[s=vjg�i?§;g9¤WsŸxJi4i?ŽJc

Ç s�lnv[s]qZ£ds=m=g[idh

~x
g9iBsTfWmTiPkns]q?tHt kW¯Pf)q?”GoHm�kWsT˜dhjsTsTvYi{§�§©hjsTsTkWid” owf^g9¤ns�v¹¯Pvjg9s=”¸c

ž

¤ns=v[s�m/q?fšxJs

rJidv[oEg9oHi?f¸q{fnk¸”Gid”GsTf0g�qZ§©idh2q6r)q?h¹g9oHm=tHs�v¹¯4v¹g9s=”¸•Jv[rnowfnv�§©idh2qG”Ÿq?˜dfns7g9owm�v9q?”GrntHs{•)idh�s=£?sTf—qB­)sTtwk

v[lWm�¤�q?vYg9¤Ws�twi4mTq?t"q{fnk®g[oH”Gs7‹¨knsTrJsTfnkWsTf0g�knsTfWv[owg_¯?c

�����A�! � F7& 0 G<-!DE& � *7F79�G<- � F �

ž

¤ns]v[ow”ŸrWtHsTv¹g�kW¯Pf)q?”GoHm�idxWv[sTh¹£{q?xntHs=v�knsTrJsTfnk®idfntE¯·idf®idfns�g[oH”Gs�q?fnk®q?hjs�kWs=­)fns=k�x0¯

hA(~x; t) i =
Z

D~� P(~� ) A(~x � ; t) ;
´8•4c €?•

¶

À�¤ns=h[s ~�
vj¯P”ZxJidtHowm/q?twtw¯�knsTfni{g9sTv�g9¤nsŸfnidoHvjs^q'gBq?twt¦g9oH”GsTv=c

ž

¤Ws^oHf0g[sT˜dh[q?tboHfnknowm/q{g[sTv�q�v[lW” i%£?sTh

q?twtur idvjv[owxntHs]fnidowv[s�¤noHv¹g9idh¹¯Dh[sTq?tHoCA/q{g[oHidfnv=•)s/q?m�¤�mTidlnf0g[sTk�À�oEg9¤�oEg9v�Àzs=oH˜d¤0g

P(� )
c

ž

¤nowv+owv#q
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>@&)(_� M?3[<?C

q?fWk�ÀzsBvj¤)q?tHt�fni?g�kWoHv[m=lnv[v]oEg�¤ns=h[s?c

¥

£ds=f oE§

A
m/q?f±owf�rnh[owfnmTowrntHs�x sZq?f0¯�mTi?”ŸrWtHoHmTq{g9s=k

§©lnfnm7g9owidf)q?t2i?§�g9¤Ws�vj¯Pv¹g9sT”®†‡všknsT˜dhjsTs=vši?§�§©h[s=sTknid”®•YoHf ”Ÿidv¹g^mTq?v[s=vši?§]oHf0g[sTh[s=vjgšoEg^owv·qIvjoH”GrntHs

v[mTq?tŠq{hb§©lWfnm=g[oHidfGi?§"g[¤nsTvjs+£{q?h[oHq?xntwsTvTc

ž

¯Prnowm/q?t-s\ˆnq{”ŸrntwsTvbÀzs+v[¤)q{tHt)s7ˆWq?”GoHfWs+tHq{g9s=hbq?h[s�g9¤ns2sTfWsTh[˜{¯

kns=fnv[oEg_¯d• g[¤nsL”Ÿq?˜dfWs=g9oCA/q{g[oHidf®kns=fnv[oEg_¯¸owf�q^”Ÿq?˜dfWs=g9owm]vj¯Pvjg[sT”®•Mg9¤ns�r)q?h¹g9oHm=tHs]kns=fnv[oEg_¯�owf�qŸtwoH|}lnowk

idh�qB˜dtHq?v[v=•)s=g9m{c

�����A��� #%$'&)9��",.,<&15 / G<- �HF � *7F:9�G - � F �

@�ow£ds=fZq?f0¯�g_À½i+§©lnfWm=g9owidf)q?twv�i?§

~x
•{v9q/¯

A(~x; t)
q?fnk

B(~x; t)
•{idfns�kns=­)fWsTv�g[¤ns

*�$'3739�7CE<?(O>V$'&Y:\.4&M*7(O>V$'&

xJs=g_À½sTsTf

A
q?fnk

B
q{g�g_ÀziGv[lnxWv[sT|}lns=f0g#g9ow”Ÿs=v

t
q?fWk

t0 q?v

CAB (t; t0) � hA(~x; t)B (~x; t0) i =
Z

D~� P(~� ) A(~x � ; t)B (~x � ; t0) :

ª+i{g9s#g[¤)q{gzg[¤ns

<?.P(¡$ �[*�$'3\39�7CE<?(O>V$'&W�

q?h[s{•Wx0¯·kWs=­)fnoEg9owidf"•}vj¯P”G”Ÿs7g9h[owm#lnfWknsTh;s\ˆ4m�¤)q?fn˜ds=v�i?§

t
q?fnk

t0•

CAA (t; t0) = CAA (t0; t)
c

e_f q ˜ds=fnsThjoHm�vjowg[l)q{g9owidf

CAB (t; t0)
oHvšqI§©lWfnm=g[oHidfÂi?§

57$'(F;

g9oH”GsTv

t
q?fnk

t0cÁÇIs—vj¤)q?twt+vjsTs

g9¤nq{g+À�¤WsTf¸g[¤nsLv¹¯Pvjg9s=”Æh[s/q{m�¤nsTv�q6vjg[s/q?k4¯¸v¹g�q{g[s?• q?fnk®oHf®r)q?h¹g9oHm=lntŠq{h;g9¤ns�sT|}lnowtHoHxWh[oHlW” ”Gs/q?vjlnh[s{•

CAB (t; t0)
xJsTm=id”Ÿs=vavjg9q{g9owidf)q?h¹¯Bq?fnkGq�§©lnfnm7g9owidfBi?§Jg9oH”Gs7‹¨knowº sThjsTfnm=sTv¦i?fntw¯

CAB (t; t0) = Cst
AB (t �

t0) = Cst
AB (� )

À�oEg9¤
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CAB (t; t0) = CAB (� ; t0)
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�
…

~CAB (! ; t0) �
Z 1
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Z d!
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¶

q?fWk�qBvjg[sTr ´Oh[ow˜d¤0g

¶

c

e_fDg9¤ns]vjg9q{g9owidf)q?h¹¯·twoH”Gowg�g9¤ns=v[s]x s=mTid”Gs�g9¤ns]lnvjl)q?tus\ˆWrWh[sTvjv[owidfnv
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Z 1

�1
d� Cst
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Z 1
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q?fnk ~CAA (! )
owv;g9¤ns]v[rJsTm7g9h[q?tuknsTfWv[owg_¯·i?§

A
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?
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A
q?fnk

B
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Cc
AB (t; t0) � h(A(~x; t) � hA(~x; t)i ) (B (~x; t0) � hB(~x; t0)i ) i :

$#g[¤nsTh;ow”ŸrJidh¹g�q?f0g
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v[owidf®q?h[s�g[¤ns
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…

� (1)
AB (t; t0) �

D
(A(~x; t) � B (~x; t0))2

E
= CAB (t; t) + CAB (t0; t0) � 2CAB (t; t0) ;

q?fnkDg9¤Ws
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�
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i?§µg9¤WsTv[s�idxnvjsTh¹£?q{xntHs=vT•

� (2)
AB (t; t0) �

D
(A(~x; t) � hA(~x; t)i � B (~x; t0) + hB(~x; t0)i )2

E
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AB (t; t) + Cc

AB (t0; t0) � 2Cc
AB (t; t0) :
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0
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e¨g�owvYoH”Gr i?hjg�q{f}g½g9i6fni?g[oHm=s�g9¤)q{gzg9¤ns]rJsThjg[lnh[xnq{g9owidfšm/q?f®”Gi4knoE§@¯6g9¤ns�r)q{hjg9owmTtws?†‡vYr idvjowg[oHidf·i?fntw¯

q{g2§©lWg9lWh[s�g[oH”GsTv=c

ž

¤noHv+oHv�g9¤ns�h[s/q{v[idf�À�¤0¯®g9¤ns�oHf0g9s=˜dh9q'g9oHi?f¸owf ´O•Wc €më

¶

mTq?f�idfWtw¯Dv[rnq?f�g9¤Ws�g9ow”Ÿs

oHf0g[sThj£{q?tJ˜didowfn˜�§©hjid” g9¤ns#oHfnoEg9oŠq{tng9oH”Gs

t0 = 0
g9i�g9¤ns�”Gs/q{v[lnhjoHfn˜�g9oH”Gs

t0 = t
c $�g[¤nsTh¹À�oHvjs�vjg9q{g9s=k"•

•?•
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¦
 � �W
 �

g9¤WsZoHfnv¹g�q?f0g9q?fnsTi?lnv�tHowfns/q?h2h[s=v[rJidfnvjsGowv

*[<?.0�T<?C

q?fnk—¤ns=fnmTsBrnhjidrJidhjg[oHidf)q{tµg[i^g9¤ns D2s/q/£PoHkns�g9¤ns7g�q

§©lnfnm7g9owidf"…

RAB (t; t0) �
� hA(t)i
� h(t0)

�
�
�
�
�
h=0

= rAB (t; t0) � (� ) � � t � t0 :
´8•4c €d€

¶

¥

|}l)q{g9owidfŸ´8•Wc•€pë

¶

g[¤nsTf�”ŸsTq?fnv"g[¤)q{g�g9¤nsbm�¤)q{fn˜dsboHf�g9¤Ws½q/£?sTh9q{˜dsTk�§©lnfnm=g[oHidf

A
knlnsag[i2g[¤nsbmTidlWrntHowfn˜

i?§

B
g[iDg[¤ns6§©idh[m=s

h
s7ˆ4sTh¹g9s=k knlnhjoHfn˜®qš­)fnowg[sBg9oH”Gs7‹¨oHf0g9s=hj£{q?t�oHv]qDtHoHfWs/q?h�vjlnrJsTh[rJidvjowg9owidf±i?§zg[¤ns

m�¤)q?fW˜dsTvYknlWs�g9iZvjrnoHŽ{s7‹_twoHŽ{s#rJsThjg[lnh[xnq{g9owidfnvYq?rWrntHowsTk·q'gYs/q?m�¤šowfnvjg9q?f0gYoHfŸg9¤ns�v[q?”Gs#g9ow”Ÿs\‹_oHf0g[sThj£{q?t8c

« £ds=hj¯ lnv[s7§©lntzs\ˆWrWh[sTvjv[owidf §©idh]g9¤nsŸtHoHfWs/q?h]h[s=v[rJidfnvjsši?§�q�‰�q?fW˜ds=£PoHfIrnh[iPmTs=v[vLÀ�oEg9¤ q{knknowg[ow£?s

fnidowv[s�oHvµq+m=idfnvjsT|}lnsTfWmTsYi?§nª+i%£PoHŽ?i%£J†‡v�§©idh[”LlntŠqW•/À�¤WoHm�¤Bq?rWrntHowsTvug9i2˜dsTfWsTh9q{tP§©lnfWm=g9owidfnvµi?§ @]q?lnvjv[oHq?f

h9q{fnknid” £{q?hjoŠq?xWtHsTv½À�owg9¤�A=sTh[iG”Gs/q?f®q?fnk®vjg9q{g9s=vYg9¤)q{g

hx(t)� (t0) i =
Z 1

0
dt00h� (t00)� (t0) i

*
� x(t)
� � (t00)

+

:
´8•4c €?•

¶

"+vjoHfn˜�g9¤Ws½fni?oHv[s\‹_fni?oHv[sam=idh[hjsTtHq{g9owidfŸ´8•Wcäë%›

¶

q?fWk�g[¤ns�§Oq{m=g�g9¤)q'gµg[¤ns�v[sTm=idfnkL§Oq{m=g9i?hµowf�g9¤ns�oHf0g9s=˜dh9q{fnk

sT|}l)q{tHvYg9¤ns]twoHfnsTq?h;h[s=v[rJidfnvjs�idfWs�­)fnknv

hx(t)� (t0) i = T
Z 1

0
dt00
 (t0; t00) R(t; t00) :

´8•4c €{‚

¶

Ä)idh"qzÀ�¤nowg[safnidoHvjs


 (t0; t00) = 2
 � (t0� t00)
q?fnk�g9¤Wsah[sTtHq{g9owidf�xJsTm=id”Ÿs=vT…

2
 TR(t; t0) = hx(t)� (t0) i
c

ž

¤nsZe¨g��šmTidf0£?sTf0g9owidf±q?v[vjln”GsTv�g9¤nq{g#g[¤nsZfnidowv[sLg[sThj”

� (t)
¤)q?v�q·v¹g9hjoHm=g[tw¯�A=sTh[išm=idh[hjsTtHq{g9owidf¸g[oH”Gs

q?fnkIoHv�q?twÀzq/¯4v�v[twoH˜d¤0g9tE¯�rJidvjg[sThjoHidh]g9i ´8q?fnk g9¤ns=h[s=§©i?h[s^owfnkns=r s=fnknsTf0gLi?§

¶

q?f0¯±§©lnfnm7g9oHi?f

G(x; t)
•

rJidv[vjoHxntE¯ŸkWs=g9s=h[”GoHfns=kšx0¯šq?twt rnhjs=£PoHi?lnvz£{q?tHlWsTv;i?§

� (t0)
•

t0 < t
c

ž

¤nsThjs=§©idhjs?•

h� (t)x(t) i
£{q?fnowv[¤ns=vTc

ž

¤ns

?

g9h[q{g9idfWi‘£Powm�¤Ih[lWtHs?•�idf g9¤nsGi?g[¤nsTh�¤)q?fnkM•¦q?vjv[ln”GsTv�g9¤)q{g]g[¤nsŸfWidoHvjsGg[sTh[”

� (t)
¤)q{vZqš£dsTh¹¯

v[”Ÿq?twtV•'xnlWgbfnidf�A=sThji�m=idh[hjsTtHq{g9owidf�g[oH”Gs?•?À�¤nowm�¤BoHv�g9q?Ž?s=fGg[iEATs=h[i

<j:\(_�73

g[¤nsYmTidf0g[oHf}lnidlnv¦g[oH”GsztwoH”Gowg

i?§�g9¤Ws�‰�q?fW˜ds=£PoHfšs=|}l)q{g9owidfD¤)q?vYxJsTs=fDg9q?Ž?s=f"c

ž

¤noHvYow”ŸrntwoHs=v�g[¤)q{g;g[¤ns]tHoHfWs/q?h½h[sTvjr i?fnv[s=v�g9q?Ž?s�g[¤ns

xJidlnfnk)q{hj¯·£{q?twlnsTv=…

?

g[h9q{g[idfni%£PoHm�¤

R(t; t) = 1=2
 ; R(t; t � ) = 1=
 ;
e¨g��

R(t; t) = 0 ; R(t; t � ) = 1=
 :
«Æ§©lnfnm7g9owidfRg9¤)q{g6À½s�vj¤)q?tHtYs\ˆ4rntHidhjsDoHf ˜dh[sTq{gGkns=g9q?oHt;owf §©l4g9lnhjs¸m�¤)q{rWg9s=h[vGoHvBg9¤ns

>@&)(_� M?3[<?(_�[N

CU>@&M�[<?3�39���_1)$'&W�%�

� AB (t; tw) �
Z t

tw

dt00RAB (t; t00) :
´8•4c €d•

¶

e¨g+h[sTrWh[sTvjsTf0g9v�g[¤nsLowf��)lns=fnmTs�idf¸g[¤ns�idxnv[s=hj£{q?xntws

A
i?§bqGr s=hjg9lWh[x)q{g[oHidf¸q?rnrWtHoHs=k¸q{g+g[¤ns

L�<?>@(8>@& M �

(O>@F^�

tw
q{fnk±¤nsTtwk m=idfnv¹g�q?f0g]lnf0g9owt�g9¤WsG”Gs/q{v[lnhjoHfn˜·g[oH”Gs

t
•µq?v�g9¤WsBidfns6v[Ž{s=g9m�¤ oHf±Ä�ow˜nc"›‘‹_h[ow˜d¤0g/•

fnidhj”^q{tHo A=sTk·x0¯šg[¤ns]vjg9hjsTfn˜{g9¤®i?§�g[¤ns�q?rnrntwoHs=kD­nsTtHkMc

ž

¤Ws^Ä)idlnhjoHs=h�g9h9q{fnvj§©idhj” À�owg[¤ hjsTvjr s=m=g�g9iDg9¤nsBg9ow”Ÿs\‹_knoEºMs=h[s=fnmTs

�
i?§�g9¤nsGh[s=v[rJidfnv[s6§©lnfnm7g9owidf

q{gY­Wˆ4s=k¸g9ow”Ÿs

t0 hjs/q?kWv

~� AB (! ; t0) �
Z 1

�1
d� rAB (t0+ � ; t0) � (� ) ei! � ;

´8•4c €?•

¶

q?fnkÂkWs=­)fns=v®q

MP�7&M�73[<?CU>��'�[N <P* �V�7.0�%*��_1J(8>65T>@CU>@(6J

c

ž

¤Ws—h[s/q{t�q?fnkÂow”^q{˜doHf)q{hj¯ r)q?h¹g9v·i{§

~� AB
•2q?hjs

m/q{tHtHs=k

� 0
AB

q?fnk

� 00
AB

•-h[s=v[rJsTm=g[ow£?sTtw¯?c

ž

¤ns�˜dsTfWsTh9q{tHo A=sTk®q?m\‹_v[lWv[mTs=rWg9owxnoHtwowg_¯šv[q{g9owvj­)s=v

~� �
AB (! ; t0) =

� ~� AB (� ! ; t0)
q?fnk

� 0
AB

q?fnk

� 00
AB

q{h[s?•)hjsTvjr s=m=g9oE£ds=tw¯d•)s7£ds=f�q?fnk®iPknkš§©lnfnm=g[oHidfWv2i{§

!
…

� 0
AB (! ; t0) = � 0

AB (� ! ; t0) ; � 00
AB (! ; t0) = � � 00

AB (� ! ; t0) :
e_f—sT|}lnowtHowxnh[owln”

~� AB (! ; t0) ! ~� AB (! )
v[owfnmTs

� AB (t; t0) ! � st
AB (� )

§©i?h#q?twt�idxnv[s=hj£{q?xntwsTv

A
q?fnk

B
c

•{‚
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�����A� � � *75 G<- 9��",<,<&�5 / G<- � F � / F � ,<&!� @ � F �J&��

¾

idhjsz˜ds=fnsTh[q?tPmTidhjh[sTtHq{g9owidfnvµq?fnkLtHoHfWs/q?h�h[s=v[rJidfnvjsTv¦owf}£?idtw£?sz”Ÿq?f0¯]g9oH”Gs�q?fnkZrJidvjv[oHxWtw¯]”Ÿq?f0¯]r idowf0g

§©lnfnm7g9owidfnvTc

¾

idh[s]rnhjsTmTowv[s=tw¯d•)i?fns]kns=­)fWsTv

CA n A n � 1 :::A 1 (tn ; : : : ; t1) = hAn (~x; tn ) : : : A1(~x; t1) i ;
´O•Wc €

–

¶

q?fnk—g[¤ns6h[s/q{m=g9owidf—i?§½”^q{f}¯�idxnvjsThj£{q?xWtHsTv�g[i®vjs=£?sTh9q{tb­nsTtHkWv�tHoHfWs/q?hjtw¯®mTidlWrntHs=k±g[išg9¤ns6vj¯Pv¹g9sT” q'g

knoEºMs=h[sTf0g�g9ow”Ÿs=vT’

>OSO�TS

ow§

H ! H � h(tk)Ak(tk)
idh

H ! H � h(tk)Ak(tk) � h(tk� 1)Ak(tk� 1)
•

RA n :::A 1 ;A k (tn ; : : : ; t1; tk) =
� hAn (tn ) : : : A1(t1)i

� hk(tk)

�
�
�
�
�
h=0

´8•4c €?›

¶

RA n :::A 1 ;A k ;A k � 1 (tn ; : : : ; t1; tk ; tk� 1) =
� 2hAn (tn ) : : : A1(t1)i
� hk(tk)� hk� 1(tk� 1)

�
�
�
�
�
h=0

´8•4c €?œ

¶

�����A��� � 6 � �",<@'G<- � F
/ F � �7-�� � -!@7/ G<- � F

ž

¤ns�r i%À½sTh

<I57�%$'3 57�[N

x0¯®q6vj¯Pvjg[sT” oHv �jlnv¹g�g9¤ns]Àzi?h[ŽšknidfWs�x0¯®qB§©idh[m=s�q?rnrntwoHsTkDidf®owg�”Gs/q{v[lnhjsTk

x0¯ lnfnowg�i?§½g9ow”Ÿs{c

¾

idhjsŸrWh[sTm=oHvjsTtw¯?•�g[¤nsŸkWowº sTh[s=f0g9oŠq{t¦ÀzidhjŽ±knidfnsGidf g[¤nsGvj¯Pvjg[sT” x}¯ qD§©idh[m=s ~F
g9¤nq{g�oHvYm=idlnrntwsTkDg9iGq?f®idxnv[s=hj£{q?xntws ~O

À�¤ns=f¸g9¤Ws�tŠq{gjg9sThYm�¤nq?fn˜ds=v+x0¯Dq?f¸q?”Gidlnf0g

d ~O
oHv

dW = � ~F � d ~O ;

q?fnkDg9¤Ws�q{xnv[idhjx s=k¸rJi%Àzs=h2q{gYg9ow”Ÿs

t
oHv

P(t) =
dW(t)

dt
= � ~F (t) � _~O(t) = � Fi (t)

d
dt

Z 1

0
dt0RO i O j (t; t0)Fj (t0) :

e_f¸Ä-i?lnh[owsTh;hjsTrnhjsTv[s=f0g�q{g[oHidf"•ng[¤noHvY§©idhj”ZlntHqLx s=mTid”GsTv

P(t) =
Z 1

�1

d!
2�

Z 1

�1

d! 0

2�

Z 1

�1

d! 00

2�
(� i! ) ~Fi (! 00) ~Fj (! 0)e� i (! + ! 00)t

�
Z 1

0
dt0 ei (! � ! 0)t0 ~Rij (! ; t0) ;

À�¤ns=h[s]Àzs�¤)q/£ds�v[¤nidh¹g9s=f®g[¤ns�fWi?g�q{g[oHidf

Rij � RO i O j

c½e_f¸qGv¹g9sTq?kW¯Dvjg9q{g9s]À�¤ns=h[s ~Rij (! ; t0)
kni4s=v

fni?g�kWsTrJsTfnk�q?f0¯4”Gidhjs�i?f

t0•

P(t) = � i
� 1

2�

� 2 Z 1

�1
d!

Z 1

�1
d! 00! ~Fi (! 00) ~Rij (! ) ~Fj (! ) e� i (! + ! 00)t :

´8•4c••d•

¶

!�>H���7>•1W<?(8>V$'&

h[s=rnh[s=v[sTf0g[vzg9¤ns�g9h[q?fnv¹§©sTh�i?§"s=fnsThj˜?¯B§©h[id” g[¤ns2vj¯Pvjg[sT” g9i]g9¤ns2oHfWmTid¤ns=h[s=f}g½kns=˜dh[s=sTv

i?§ §©h[sTs=knid” g[¤)q{gb§©idhj” owg[vasTf0£PoHh[i?fn”Ÿs=f0g/c

ž

¤ns2v[ow˜df6i?§Mg[¤nsY§©h[oHm7g9owidfZg9s=h[” oHfBg[¤ns#‰�q?fW˜ds=£PoHf6s=|Plnq'‹

g9owidf®v[s=g[v#g9¤Ws�knowh[s=m=g9owidf�i{§¦sTfWsTh[˜{¯¸g[h9q?fnv¹§©sTh�§©h[id” g[¤nsLv¹¯Pvjg9s=” g[iŸg[¤nsLx)q'g9¤�lWf}g[oHt�sT|}lnowtHowxnh9q{g[oHidf

v[s7g9v2oHf"c

ž

¤ns=f"•)g9¤ns�q/£ds=h9q?˜ds=k�sTfWsTh[˜{¯Dvjg�q{xnoHtwo ATs=vYq?fnk¸owg[v �)lnm=g[l)q{g[oHidfnv2q?hjs]idfntw¯·kns=g[sTh[”GoHfWsTk®x}¯

g9¤WsZsT|}lnowtHoHxWh[oHlW” ”ŸsTq?v[lWh[s?c�e_f¸g9¤nowv#tHow”ŸoEg/•)lnvjoHfn˜^sT|}f ´8•Wc¢•d•

¶

§©idh+g[¤nsZrJi%Àzs=h�q?fnk—vjs=g[g[oHfn˜·q?˜0q?owf

g9¤Ws �_oHfnoEg9oHq?t)g9oH”Gs��+g9i

�1
•)idfns�­)fWknvYg9¤)q{g�g[¤ns�g9i?g9q?tMs=fnsThj˜?¯DknoHvjv[owr)q{g9s=kDoHv

E1 =
Z t

�1
dt0P(t0) = Fi Fj

Z 1

�1

d!
2�

! � 00
ij (! ) ;

•d•
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À�¤ns=f¸g9¤Ws�q{rnrntHowsTk·§©idhjmTs]oHv�qBrJsThjmTlnvjv[oHi?f"•

Fi (t) = Fi � (t)
§©idh�q?twt

i
•-q{fnk

E1 =
! 0t
2

Fi � 00
ij (! 0) Fj ;

§©idh�q{f—idv[m=oHtHtHq{g9i?hj¯š§©idhjmTs

Fi (t) = Fi cos(! 0t)
g9¤)q{g�oHv�q?rWrntHowsTk�§©h[i?” g[oH”Gs

t = 0
g9i·g9ow”Ÿs

t
c�e_f

g9¤WsTv[s�g_À½iZg_¯PrnoHmTq?tJm/q?vjsTv;g9¤Ws#g9i?g9q?tJsTfns=h[˜?¯ŸknoHvjv[owr)q{g9s=k·kns=r s=fnknvYidfntE¯Gidf^g9¤Ws�oH”Ÿq?˜dowf)q?hj¯Zr)q?hjgzi?§

g9¤Ws�Ä)idlnh[owsTh�g9h9q{fnvj§©idhj” i{§ug9¤ns�hjsTvjr idfWv[s�§©lnfnm7g9oHi?f"•

� 00
ij

c

ž

¤noHv;owvzg9¤Ws�h[sTq?v[idf·À�¤0¯

� 00 oHvzlWv[l)q?twtw¯

m/q{tHtHs=k·g9¤ns]knowv[vjoHr)q{g[ow£?s�r)q?hjg�i{§�g9¤Ws�hjsTvjr idfWv[s?c

�����A��� #%$'&�� ,</ DE&B, � 0�� ,�� F:- � ,.&15 / G<- � F ���

ž

¤ns È�h9q?”GsThjv¹‹_È]h��dfnow˜ h[s=tŠq{g[oHidfnv^mTidfnfWsTm=gDg[¤ns±h[s/q{t�q?fnk²oH”Ÿq?˜dowf)q?h¹¯ rnq?hjg[vši?§�g[¤ns�§©h[s=|}lnsTfnm7¯

kns=r s=fnknsTf0g2tHowfns/q{hzh[s=v[rJidfnvjs

~� AB
c "2v[l)q{tHtw¯Gg9¤Ws=¯Dq?hjs�kns=h[ow£?sTk®oHfDqZv¹g�q{g[oHidf)q{hj¯Ÿh[sT˜?oH”Gs#oHf·À�¤WoHm�¤

g9¤Ws^h[s=v[rJidfnvjs·oHv�oHf0£{q?h[oHq?f0g�lnfnkns=hLg9h[q?fnv[tHq{g9owidfnv]i?§;g[oH”Gs?c

¾

i?h[s^˜?sTfns=h9q?t�h[s=tŠq{g[oHidfnv]m=idfnfns=m=g9owfn˜

g9¤WsGg[oH”GsBknsTrJsTfnkWsTf0gBqWc‡m?c^v[lnvjmTsTr4g9oHxWoHtHoEg9owsTv

� 0(! ; t0)
q?fnk

� 00(! ; t0)
m/q{fIq?twv[i®x sGkns=h[ow£?sTk"c

ž

¤ns

rnhji4i?§Yg[¤)q{gZÀ½sšrnhjsTv[s=f0gŸxJsTtwi%À ˜?sTfns=h9q?two ATs=vLg9¤Ws·idfnsšowfRp2s7§¡c;~��dƒ½g9i�g9¤Wsšfnidf4‹¨vjg�q'g9oHi?f)q?hj¯ mTq?v[s{c

ž

¤ns

L�<?>@(8>@& MZ(O>@F^�

t0 owfŸg9¤Ws+kns7­)fnoEg9oHi?f�´O•Wc €{•

¶

À�owtHt)owfG§Oq?m7gzxJs�q�knln”G”L¯B£{q?h[oHq?xntws;g9¤)q{g½rntHq%¯Pv½fni

h��?tHs�oHf·g[¤ns]knsThjow£{q{g[oHidf"c

ž

¤nsLÄ)idlWh[oHs=hzg9h[q?fnv¹§©idh[” mTidf0£di?tHlWg[oHidfšg9¤WsTidhjsT” oH”GrntwoHsTv

~� AB (! ; t0) =
Z 1

�1

d! 0

2�
~rAB (! � ! 0; t0) ~� (! 0) ;

~rAB (! � ! 0; t0) =
Z 1

�1
d� ei (! � ! 0)� rAB (t0+ � ; t0) ;

q?fnkDg9¤Ws�Ä)idlWh[oHs=hzg9h[q?fnv¹§©idh[” i?§�g[¤nsQD+sTq%£Powv[oHkWs]g[¤ns=g9q'‹¨§©lWfnm=g[oHidfDoHv

~� (! 0) =
Z 1

�1
d� ei! 0� � (� ) = lim

� ! 0+

i
! 0+ i�

= P
i
! 0

+ � � (! 0) ;

À�owg[¤

P
oHfnkWoHm/q'g9oHfW˜Lg9¤ns]rnhjoHfnm=oHr)q{t"r)q?h¹g�i?§�g[¤ns]oHf0g9s=˜dh9q{tVc*D2sTfnm=s?•

~� AB (! ; t0) =
1

2�
P

Z 1

�1
d! 0 i ~rAB (! 0; t0)

w � w0
+

rAB (! ; t0)
2

:
´8•4c••Ðë

¶

Œ+lns�g9i mTq?lnv[q?tHoEg_¯d•;g9¤Ws�§©lnfnm=g[oHidf

rAB (� + t0; t0)
owv^fni{gškns=g[sThj”ŸowfnsTk §©i?h

� < 0
´Ov[owfnmTs—oEg

˜ds7g9v^”Llntwg[oHrntwoHsTkRx0¯

� (� ) = 0¶

c $�fWs¸mTq?f g�q{Ž?s—q?k4£?q{f}g9q?˜ds®i?§�g[¤noHv6§©h[s=sTknid” q?fWkÃm�¤niPidv[s�oEg

q{gšm=idf0£ds=fnoHs=fnmTs{c e_fnkns=sTk"•+ow§�i?fns—m�¤niPidv[s=v

rAB
g9iRxJs�v¹¯4”G”Gs=g9hjoHm¸oHf

�
•

rAB (� � + t0; t0) =
rAB (� + t0; t0)

•"g[¤nsTf

~rAB (! 0; t0)
owv�h[sTq?taq?fWk s=|}f ´O•Wc¢•Ðë

¶

ow”ŸrntwoHs=v

~rAB (! 0; t0) =2
p2s ~RAB (! ; t0)

g9¤nq{g�oHfnvjsTh¹g9sTk®x)q?m�ŽšowfDsT|}f ´O•Wc¢•Ðë

¶

¯PoHs=tHknv

� 00
AB (! ; t0) = �

1
�

P
Z

d! 0 � 0
AB (! 0; t0)
! 0� !

:
´8•4c••0€

¶

e_fnv¹g9s/q{k"•]ow§Zi?fns m�¤Wi4idvjsTv

rAB
g[i xJs q?f0g9oHv¹¯P”Ÿ”Gs=g[h[oHm±owf

�
…

rAB (� � + t0; t0) = � rAB (� +
t0; t0)

•

~rAB (! 0; t0)
owv�oH”Ÿq?˜doHfnq?hj¯·q?fnk�s=|}f ´8•Wc¢•Ðë

¶

oH”GrntwoHsTv

i ~rAB (! 0; t0) = � 2
e_” ~RAB (! ; t0)

g9¤)q'g

v[lWxnvjg[owg9l4g9sTk®oHfDs=|Pf ´8•Wc¢•Ðë

¶

¯4owsTtwknv

� 0
AB (! ; t0) =

1
�

P
Z

d! 0 � 00
AB (! 0; t0)
! 0 � !

:
´8•4c••d•

¶

¥

|}l)q{g9owidfnv ´8•Wc¢•0€

¶

q?fnk ´O•Wc••?•

¶

q{h[s g[¤nsRÈ�h9q{”Ÿs=h[v¹‹_È�h��dfnow˜ hjsTtHq{g9owidfnvT•�˜?sTfns=h9q?two ATs=k g[iÂq fnidfP‹

vjg9q{g9owidf)q?h¹¯#vjowg[l)q{g9owidf"c�¬ztHsTq?h[tE¯d•%oE§

RAB
h[s/q{m�¤nsTv�qYvjg�q'g9oHi?f)q?hj¯+h[s=˜doH”Gs?•/g[¤nsas7ˆ4rntwoHm=owg

t0 kns=r s=fnkns=fnmTs

knowv9q?rnrJs/q{h[v2q?fnkšg9¤Ws�lWv[l)q?tuhjsTtHq{g9owidfnvYq?hjs]h[sTm=i%£dsThjsTk"c

•?•
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 �
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e_f^g[¤noHv

?

sTm7g9oHi?f^Àzs#h[sTmTq?tHt-vjid”Ÿs2§©s/q{g[lnh[s=v;i?§"g[¤ns�q{twg9s=h[f)q'g9ow£?s#q{rnrnh[idq?m�¤·g9i�vjg9iPm�¤)q?v¹g9owm�rnh[iPmTs=v[vjsTv

g9¤nq{g�m=idfnv[owvjg[v#oHf¸vjg[lnkW¯PoHfn˜Ÿg9¤ns�s=£di?tHlWg[oHidf¸i?§¦g9¤WsLg9ow”Ÿs\‹_kns=r s=fnknsTf0g+rnh[i?x)q?xnowtHowg_¯·knoHv¹g9h[owxnlWg[oHidf®i?§

g9¤Ws®v¹¯Pvjg9s=”¸†‡v6knsT˜?h[sTs=vŸi{§+§©hjsTsTkWid”¸•bowfnvjg[s/q?k i?§2À�h[oEg9oHfW˜—q—vjg9iPm�¤)q?v¹g9owm®s7£didtwlWg9owidfRsT|}l)q'g9oHi?f §©i?h

g9¤WsToHhYk4¯4fnq?”ŸowmTv=c

��� �A�! #%-!DE& 0 �'&B@�&�F��'&�F G�@7,
� 67/ 6:- 5!- G<-!&!�

‰us=g�lnvLm=idfnvjoHkns=hLq®vjg9iPm�¤)q?v¹g9owmŸrnhji4m=sTvjv[sTvLm�¤)q?h9q{m=g9s=h[oCATsTkIx}¯ q®kW¯Pf)q?”GoHmB£{q?h[oHq?xntHs

~x
cDÄ)idh]vjoH”B‹

rntwoHmToEg_¯¸À½sGlnv[sŸqšfni?g�q'g9oHi?f—oHf—À�¤noHm�¤±À½sŸs=fnmTiPknsŸq?tHt�kW¯Pf)q?”GoHmZ£{q?h[oHq?xntwsTv�oHf±qDv[owfn˜dtwsZ£dsTm7g9idhjoŠq?t

kns=˜dh[s=sši?§Y§©h[s=sTknid”

~x = (x1; x2; : : : ; xd)
c ‰�q{g9s=h�À½sšv[¤)q?twtz”Ÿq?Ž?s^s7ˆ4rntHowmToEgLg9¤Ws·m/q?vjsšoHfIÀ�¤WoHm�¤

idfnsD¤)q{vGrJidvjowg9owidf4‹¨tHoHŽ{s^q{fnk ”Gid”GsTf0g9lW”6‹¨tHoHŽ{sŸ£{q?hjoŠq?xntwsTv=c

ž

¤nsšg9ow”Ÿs\‹_kns=r s=fnknsTfWmTsDi?§

~x
mTq?f xJs

knowm=g�q'g9sTk¸x0¯�qŸ‰µq{fn˜ds=£Powf�sT|}l)q'g9oHi?f�i?§¦g[¤nsLŽ}owfnk�knowv[m=lnv[vjsTk—oHf®g9¤ns�rnh[s7£PoHidlnv

?

sTm7g9owidfnv#i?h+oEg+mTq?f

xJs#kns7g9sThj”ŸowfnsTkŸx0¯^i?g[¤nsTh½vjg[i4m�¤)q{vjg9owm#kW¯Pf)q{”Ÿowm2hjlntHs=vTc

?

owfnmTs+owg[v½s7£didtwlWg9owidf^owv½fni{gzkns7g9s=h[”GoHfnowvjg9owm?•

owg#m/q?f—xJsZŽ}fni%À�f±idfntE¯¸owf�rnhjidx)q?xnowtHowvjg9owm�v[s=fnv[s{c

ž

¤nsBŽ}fni%À�twsTkn˜dsLi?§bg9¤ns �ji?oHf0g#g[oH”Gs7‹_kWsTrJsTfnkns=f0g

rnhjidx)q?xnowtHoEg_¯ŸkWsTfnvjowg_¯

P(~xn ; tn ; ~xn� 1; tn� 1; : : : ; ~x0; t0) ;
m�¤)q?h[q?m=g[sThjo ATs=v�g[¤nsGrnh[iPmTs=v[v�mTid”GrntHs7g9s=tw¯ ´@ÀzsGlnvjs^qšknowv[mThjs=g[o ATs=kIkns=v[m=h[oHr4g9oHi?f i{§Yq?twt�g9ow”Ÿs=vT•

t0 �
t1 � : : : � tn

•

tn
xJsTowfn˜�g[¤ns#g[i?g�q?t-g9ow”Ÿs

¶

c�e_f ���ZÀ½s�v[¤nq?tHtJlnv[s�qZv[¤nidh¹gj‹¨¤)q?fnk·fWi?g�q{g[oHidfŸknsTfWi?g9owfn˜

~X
g9¤ns]m=id”ŸrWtHs=g[s�g9h[q��jsTm7g9idh¹¯ši?§µg9¤ns]rnhji4m=sTv[v=• ~X � (~xn ; tn ; : : : ; ~x0; t0)

c

ž

¤Ws�m=idfnknoEg9oHi?f)q?tJrnh[idxnq?xnoHtwowg_¯ŸknsTfWv[owg_¯

P(~xn ; tn ; ~xn� 1; tn� 1; : : : ; ~xk+1 ; tk+1 j~xk ; tk ; ~xk� 1; tk� 1; : : : ~x0; t0)

=
P(~xn ; tn ; ~xn� 1; tn� 1; : : : ; ~xk+1 ; tk+1 )

P(~xk ; tk ; ~xk� 1; tk� 1; : : : ; ~x0; t0)
´O•Wc ë

¶

q?twtHi%À�v½i?fns#g9iLŽPfWi‘À g9¤Ws�rnh[i?x)q?xnowtHowg_¯Zi?§u­)fnknowfn˜Z§©lWg[lnh[s+mTidfW­n˜dlnh9q'g9oHi?fnvz˜doE£ds=f·g9¤)q{g½g9¤ns#rnh[iPmTs=v[v

g9iPidŽŸv[id”Gs]v[rJsTmToE­)sTk®rnhjs=£PoHidlWv�£{q?twlnsTv=c

$�fns�mTq?fšknowvjg9owfn˜dlnowv[¤·xJs=g_À½sTs=f�rnhji4m=sTvjv[sTvY§©idh½À�¤noHm�¤šg9¤WsToHh�§©lntHt ¤noHv¹g9idh¹¯^owv;fns=sTkns=k®g[iBrnh[s=knoHm7g

g9¤WsToHh�§©lWg9lnhjs]´Oowf6q�rnh[i?x)q?xnowtHoHv¹g9owm�vjsTfnvjs

¶

q?fnk6rnhji4m=sTvjv[sTva§©idh�À�¤noHm�¤Zg[¤nsYŽ}fni%À�tHsTkW˜dsYi?§-g9¤nsYrWh[sTvjsTf0g

oHv2sTfWidln˜d¤®g9i^kWi^v[iWc

ž

¤Ws�§©idhj”Ÿs=h+q{h[s�m/q?twtHsTk

&M$'&	� 9—<?3 �0$'X

À�¤noHtws�g[¤ns�tŠq{gjg9sTh2q?hjs

9—<?3 �0$'X

c

ž

¤ns

vjg9q?fnk)q{h[k�s7ˆWq?”GrntHsai?§Wq

¾

q?hjŽ?i%£]m�¤)q?owf�owv�q�h[q?fnkni?” À;q{tHŽ#i?fLq

d
‹_kWoH”GsTfnvjoHidf)q{t{vj|Plnq?h[s�tŠq{gjg9owmTs?…"q{g

s/q{m�¤�g[oH”Gs7‹_v¹g9s=r]g[¤nsaÀ;q{tHŽ?s=h�m/q?f �jln”Gr]g[i2q?f0¯�i?§4owg9v

2d
fns=oH˜d¤}xJidh[owfn˜Yv[oEg9s=v�À�oEg9¤]sT|}l)q{tPrWh[idx)q{xnoHtwowg_¯

1=(2d)
g9¤)q'g�oHv#g[i?g�q{tHtw¯Dowfnkns=r s=fnknsTf0g�i?§b¤ni%À»g9¤nsZÀzq?twŽ?sTh�˜?i?g�g9išoEg9v+rnh[s=v[sTf0g�rJidv[oEg9oHi?f"c�« v[s=tw§Š‹

q/£didowknoHfW˜Zh9q?fWknid” Àzq?twŽŸidf·g[¤ns�v9q{”Ÿs�tHq{g[g[oHm=s#oHvzoHfnv¹g9s/q{kDqZfnidf4‹

¾

q?h[Ž{i%£4oHq?fDvjg[i4m�¤)q{vjg9owm�rnhji4m=sTv[v=…

v[owfnmTsŸg9¤nsŸm�¤)q?oHfRmTq?fnfni{gZmThjidv[vLidfIg9¤Ws·tŠq{gjg9owmTsGidfns^fWsTsTkWvZg9i�Ž}fni%À g9¤nsŸr idvjowg[oHidfnv]g9¤Ws^À;q{tHŽ?s=h

iPmTmTlWrnoHs=k�q{g2q{tHtMrWh[s=£PowidlnvYg9ow”Ÿs=vTc��Ÿe_f®”Ÿi?h[s�g9s=m�¤nfnowm/q?t"g[sTh[”GvT•-q

¾

q{h[Ž?i%£Drnhji4m=sTvjv2owvYv[lnm�¤®g9¤)q'g

P(~xn ; tn ; : : : ; ~xk+1 ; tk+1 j~xk ; tk ; : : : ~x0; t0) = P(~xn ; tn ; : : : ; ~xk+1 ; tk+1 j~xk ; tk) :
ž

¤nowv^rnhjidr s=hjg_¯ oH”GrntwoHsTvZg[¤)q{g·q?f0¯��ji?oHf0gGrnh[idxnq?xnoHtwowg_¯RkWsTfnvjowg_¯ m/q?f x s¸s7ˆ4rnh[s=v[vjsTk oHf g9sThj”ŸvŸi?§

mTi?fnknowg[oHidfnq?tzrnhjidx)q?xWoHtHoEg9owsTv]g9¤)q{g6kWsTrJsTfnk idfntw¯IidfRg9¤nsDrnhjsTvjsTf0g·q{fnk oH”G”Ÿs=knoŠq{g[sTtE¯±v[lnxnvjsT|}lns=f}g

mTi?fW­)˜dlnh[q{g9owidfnv=•nm/q?twtHs=k

(83j<?&W�7>@(O>V$'&^1J3�$B5�<I5T>@CU>@(O>V���

•

T(~xk ; tk j~xk� 1; tk� 1) � P(~xk ; tk j~xk� 1; tk� 1) :
�

������� �&��J �,2��/7 ������� J ��7���Q �,7 �&�/7��1���)*
9.#���':!<;,��+G+$9)%��/#&�,7 �����/*5���,+GQ�� �32	��!<*
!$#&%4J ��+ �
� �LJO�&!<; �=*
�.�/� #&��� *&��	�#&�

�����1����')��� � ����!$�"��!<;,��+��,#M�"�/'4P&+$�0��� ������� 7��,+$�,2���#L� Q �	7 R ��+$9L')�/7�� !$#(���&�,7�'(��+�� �L6&!G+$!$P&7�!$6&' ?  1#(���&!<� R ��!$#L���.�"�/� $�� & ?

•

–
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D+s=fnmTs{•

P(~xn ; tn ; : : : ; ~x0; t0) = T(~xn ; tn j~xn� 1; tn� 1) : : : T(~x1; t1j~x0; t0)P(~x0; t0) :

¬ztHsTq?h[tE¯d•Wg[¤ns�g9h[q?fnv[oEg9owidf·rnhjidx)q?xnowtHoEg9oHs=vzv[q{g9owvj§@¯

Z
d~xk T(~xk ; tk j~xk� 1; tk� 1) = 1 ; T(~xk ; tk j~xk� 1; tk� 1) � 0 :

¬z¤)q?rW”^q?fP‹¡È+i?tH”Gid˜didhji‘£Gowf}g[sT˜dh[q?t"s=|Plnq{g9owidfnvTc

ž

¤Ws#rnhjidx)q?xnowtHoEg_¯Zkns=fnv[oEg_¯

P
i{§uq�˜?sTfns=h[oHmL´8q{fnk^fni{gzfns=mTs=v[v9q{h[oHtE¯

¾

q?hjŽ?i%£

¶

vjg[i4m�¤nq?vjg[oHm2rnh[iPmTs=v[v

s=£{q?twl)q{g[sTk®q{g

t2
owvYh[s=tŠq{g[sTkšg9iBg9¤Ws�i?fns�q{g

t1
x0¯·g[¤ns]oHf0g9s=˜dh9q{t"sT|}l)q{g[oHidf

P(~x2; t2) =
Z

d~x1 P(~x2; t2; ~x1; t1) =
Z

d~x1 P(~x2; t2j~x1; t1)P(~x1; t1)

À�¤ns=h[sDg9¤nsDoHf0g[sT˜dh[q{g9owidfRh[lnfWvŸi%£ds=h^q{tHtzrJidvjv[oHxWtHs·£{q?tHlWsTv6i?§

~x1
c ª2i?g9s·g[¤)q{g

t1
q?fWk

t2
q?h[sDfni{g

fns=mTsTvjv9q?hjoHtE¯šoHfW­nfnowg[sTv[ow”^q{tHtw¯6m=tHidvjs�g9i6s/q{m�¤�i?g[¤nsTh=c

ž

¤Ws�m=idfnknoEg9oHi?f)q?tJrnh[idxnq?xnoHtwowg[oHsTv½v9q{g[oHv¹§@¯DqBv[oH”GoHtHq?h�oHf0g9s=˜dh9q?tMsT|}l)q{g[oHidf"cae_fWknsTs=k"•

P(~x3; t3; ~x1; t1) = P(~x3; t3j~x1; t1) P(~x1; t1) =
Z

d~x2 P(~x3; t3; ~x2; t2; ~x1; t1)

=
Z

d~x2 P(~x3; t3j~x2; t2; ~x1; t1)P(~x2; t2; ~x1; t1)

=
Z

d~x2 P(~x3; t3j~x2; t2; ~x1; t1)P(~x2; t2j~x1; t1)P(~x1; t1) ;
´O•Wc €

¶

§©h[i?” À�¤ns=h[s]Àzs�˜ds=g

T(~x3; t3j~x1; t1) =
Z

d~x2 T(~x3; t3j~x2; t2)T(~x2; t2j~x1; t1) ;
´O•Wc••

¶

ow§µg9¤Ws�rnhji4m=sTvjv#oHv

¾

q{h[Ž?i%£Jc

ž

¤nowv+owvYg9¤ns��

;W<71JFG<?&	� �B$'CUF^$ MP$'39$'X

sT|}l)q{g[oHidf®g9¤)q'g+twoHfnŽ}v;g[¤ns�g[h9q?fP‹

v[oEg9owidfšrnh[i?x)q?xnowtHowg[oHs=vTc

@�sTfns=h9q{g[oHidf®q?fnkDs=tHoH”GoHfnq{g9owidf^i?§�”GsT”Gidhj¯?c

ž

À½i�rJidoHf0g[vaq?xJidlWgag9¤WsYknowº sThjsTfnm=sTv�x s7g_Àzs=sTf

¾

q?h[Ž{i‘£Bq?fnk6fnidf4‹

¾

q?hjŽ?i%£Brnhji4m=sTv[vjsTv½q?h[s;À½idh¹g9¤

knowv[mTlWv[v[owfn˜Gx s7§©idh[s�˜di?oHfn˜BidfMc

Ä�oHh[v¹g/•Jg9¤nsB”GoHfnow”Zln” g[oH”Gs7‹¨v[sTrnq?h9q{g[oHidfM•

� = tk+1 � tk
•Mg9¤nq{g�oHv+rn¤0¯Pv[oHmTq?tHtE¯�i?xnv[s=hj£{q?xntwsZ”^q/¯

rntHq%¯¸q^hjidtHs�oHf¸g9¤ns�mTtŠq{v[v[oE­)m/q'g9oHi?f�i?§�q^rWh[iPmTsTvjv�q?v

¾

q?h[Ž{i%£�idh+fnidf4‹

¾

q?h[Ž{i%£ c#e_f—”Ÿidv¹g#hjs/q?twoHv¹g9oHm

v[oEg9l)q'g9oHi?fnvT•}ow§Midfns+oHf0£ds=vjg9ow˜0q{g[sTkŸg[¤ns#k4¯4fnq?”ŸowmTvbÀ�owg[¤·q�vjl �GmTowsTf0g9tE¯G­nfns+g[oH”Gs2˜?h[oHkM•PfWidf4‹

¾

q?h[Ž{i‘£

s=º sTm7g9v�À½idlntwk�x sLidxnv[s=hj£{q?xntws?cED2i%Àzs7£dsTh=•"§©idh#”Ÿq?f0¯®rnh9q{m=g9owm/q?tµrnlnhjr i?v[sTv�i?fnsLmTq?f±q?v[vjln”GsLg9¤)q'g

g9¤WsTv[s½­)fns;kns7g�q?owtHv�q?h[s½i%£dsThjtHiPidŽ?s=kZx0¯Zq+v[r)q?hjv[szg[oH”Gs7‹¨˜dh[owk]g[¤)q{g�oHvµtHidfn˜?sTh�g9¤)q?f�g9¤ns;m�¤nq?h9q?m7g9s=h[oHv¹g9owm

”GsT”Gidhj¯�g[oH”Gs?c

ž

¤PlWvT•0g9¤ns½rnh[iPmTs=v[vjsTvbm/q?fLx s;m=idfnvjoHkns=h[sTkZg[i�xJs;s=º sTm7g9ow£?sTtE¯

¾

q{h[Ž?i%£J•0oHf�g9¤ns;v[q?”Gs

Àzq%¯�q?v�g9¤ns�fnidowv[s7‹¨fnidowv[s�mTidhjh[sTtHq{g9owidfnv�oHfDg9¤WsZ‰�q?fn˜ds7£PoHf�q{rnrnh[idq?m�¤�m/q{f�lnv[lnq?tHtE¯šx s�g�q?Ž{sTf�g[i^xJs

kns=twg�qZ§©lnfWm=g9owidfnv�´©oHfšg9ow”Ÿs

¶

c

¿½sTv[owknsTv=•aq?v�Àzs·¤nq%£?s·q?twh[sTq?kW¯±fni?g[oHm=sTkIÀ�¤ns=fIÀ½s·h[s7À�h[i?g[sŸg9¤Ws·‰�q?fn˜ds7£PoHfIs=|}l)q{g9owidf §©i?h�g[¤ns

¿zhji‘À�fWoŠq?f r)q?h¹g9oHm=tHsBq{v�qš§©lnfnm7g9owidf±i?§½g[¤nsGmTiPidh[knowf)q{g[sBidfntw¯?•"g9¤ns6s=tHoH”GoHfnq{g9owidf�i?§½v[i?”Ÿs6kns=˜dh[s=sTv

i?§"§©hjsTs=knid” oHf6g9¤ns+vj¯Pvjg[sT”®•Wx0¯GoHf0g9s=˜dh9q'g9oHfW˜]g[¤nsTowh½k4¯4fnq?”Ÿowm�sT|}l)q{g[oHidfnvzq?fnkŸh[sTrWtŠq?m=oHfn˜]g9¤ns+h[s=v[lntEg

oHfRg[¤nsDh[sT”Ÿq?owfnoHfn˜�idfnsTv=•;”Ÿq%¯ g9h[q?fnvj§©i?h[” q

¾

q?hjŽ?i%£ rnhji4m=sTv[vGoHf0g[i q±fnidfP‹

¾

q?hjŽ?i%£RidfWs?c

ž

¤ns

•?›
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v9q{”Ÿs�mTq?f¸iPmTm=lnh2q{g�g9¤ns]tws=£ds=tui?§µg9¤ns]rnhjidx)q?xnowtHowvjg9owm#kns=v[m=h[oHr4g9oHi?fDg[¤)q{g�À½s�q{h[s]knoHvjmTlnvjv[owfn˜Ÿowfšg9¤nowv

?

s=m=g9owidf"c

ž

¤}lnv=•WÀ½s�mTidfnm=tHlnkWs+g9¤nq{gzg[¤ns

¾

q?hjŽ?i%£Ÿidhzfni?f4‹

¾

q{h[Ž?i%£Ÿm�¤)q?h[q?m=g[sTh;i?§µq�rnh[iPmTs=v[v;”Ÿq/¯ŸkWsTrJsTfnk

idfšg9¤Ws�tws=£?sTt�i?§�knsTvjmTh[owrWg9owidfšÀzs�Àzq?f0g+g[i6idxWg�q{oHfDq?fnk®idfšg9¤Ws�q{rnrnh[idq?m�¤®À½s�q?knidrWgTc

?

g9q{g9owidf)q?hjowg_¯^q?fnkDsThj˜di4kWoHmToEg_¯dc

« v¹g9iPm�¤)q?v¹g9oHmBrWh[iPmTsTvjv]oHv

�7(V<?(8>V$'&J<?3KJ

À�¤WsTf±g9¤ns �jidowf0gj‹_rWh[idx)q{xnoHtwowg_¯šknowvjg[h[oHxWlWg9owidf�oHv

>@&)X'<?37>O<?&)(

.P&JNP�73�(O3j<?&W�7CE<?(8>V$'&W�L$¡:�(8>@F^�

´ � ���

¶

…

P(~xn ; tn ; : : : ; ~x0; t0) = P(~xn ; tn + �; : : : ; ~x0; t0 + �) :
´O•Wc‡‚

¶

e_fšr)q?h¹g9owmTlntHq?hT•}g9¤nowvzow”ŸrntwoHs=vbg[¤)q{g;g[¤ns�idfWs7‹¨g[oH”Gs+rWh[idx)q{xnoHtwowg_¯6oHv½oHfnkWsTrJsTfnkns=f0g�i?§ug9ow”Ÿs{•

P(~x; t) =
Pst (~x)

•‘q?fnk�g9¤Ws¦g_Àzi{‹Vg9ow”Ÿs �ji?oHf0gurnhjidx)q?xnowtHoEg_¯�knsTrJsTfnkWvµi?f]g[¤ns¦g9ow”Ÿs\‹_knoEºMs=h[s=fnmTs¦i?fntw¯?•

P(~x1; t1; ~x2; t2) =
Pst (~x1; t1 � t2; ~x2; 0)

c

ž

¤WoHvYoH”G”GsTknoHq{g9s=tw¯Bow”ŸrntwoHs=v½g9¤nq{g;g9¤Ws�m=idfnknoEg9owidf)q?tJrnh[i?x)q?xnowtHowg[oHs=vzq?hjs�q?twv[i

§©lnfnm7g9owidfnv�i?§Mg[¤ns2g[oH”Gs7‹¨knowº sThjsTfnm=sYidfntw¯J…

P(~x1; t1j~x2; t2) = Pst (~x1; t1 � t2j~x2; 0)
caÄ)idh�q

¾

q?hjŽ?i%£

rnhji4m=sTv[vZg[¤ns·tHq{g[g[sThLrWh[idrJsTh¹g9oHs=vZq?hjs·v[l �Ÿm=oHs=f}gBg[i�kns7g9sThj”ŸowfnsŸg[¤ns·v¹g�q{g[oHidf)q{hj¯ m�¤)q?h[q?m=g[sThBi?§Yg[¤ns

rnhji4m=sTv[v#v[oHfWmTsZq{tHt��jidoHf0g+rnh[i?x)q?xnowtHowg[oHs=vYm/q?f—xJsLs\ˆWrWh[sTvjv[s=k owf¸g[sTh[”Gv#i{§bidfns7‹Vg9ow”Ÿs�q?fnk¸g9h9q{fnv[oEg9oHi?f

rnhjidx)q?xnowtHoEg9oHs=vzidfWtw¯dc

°

hjidr s=hjg_¯ ´8•4c¢‚

¶

oH”G”GsTknoHq{g9s=tw¯ ow”ŸrWtHoHs=vLg9¤nq{g·owf q vjg�q'g9oHi?f)q?hj¯ rWh[iPmTsTvjv^g9¤Ws¸g9¤Ws¸m=idh[hjsTtŠq'g9oHi?f

xJs=g_À½sTsTfŸq?f0¯Zf}ln”Lx s=h¦i?§JidxnvjsThj£{q?xWtHsTv=•

A1; : : : ; An
•ds=£{q?twl)q{g9s=k6q{g¦kWowº sTh[s=f0g¦g9ow”Ÿs=v

t1 � : : : � tn
•

oHv]owf}£{q?hjoŠq?f0g�lWfnknsTh]g9h[q?fnvjtŠq{g[oHidfnv�i{§½g[oH”Gs?•uoHhjh[s=v[rJsTm=g[ow£?sŸi?§�g9¤WsG£{q?twlnsTv]i?§�g9¤ns6g9ow”ŸsLknowº sThjsTfnm=sTv

t2 � t1; : : : ; tn � tn� 1
•

CA n A n � 1 :::A 1 (tn + � ; : : : ; t1 + �) = CA n A n � 1 :::A 1 (tn ; : : : ; t1) :

e_f�rnq?hjg[oHmTlWtŠq?h=•nidfns]¤)q?v

CAB (t; t0) = Cst
AB (t � t0)

c

?

ow”ŸowtŠq?hjtw¯d•Pidfns]rnhji%£dsTv2g9¤)q'g+g[¤ns�”Llntwg[oE‹¨g[oH”Gs

tHowfns/q{h;h[s=v[rJidfnv[s=v#q{h[s�q?tHvjiBvjg9q{g9owidf)q?h¹¯^À�¤ns=fR´8•4c¢‚

¶

¤WidtHknv=c

«+f

�73NMP$TN?>V*½¾

q?hjŽ?i%£·m�¤)q{oHf·owvzv[lWm�¤Dg[¤)q{g;q?tHtJr i?v[v[owxntHs2mTi?fW­)˜dlnh[q{g9owidf"•

>OSO�TS

q?twt-r idvjv[owxntHs2£?q{tHlns=v

i?§

~x
•)q?hjs�q{mTmTs=v[vjoHxntws]§©hjid” q{f}¯·oHfnoEg9oŠq{t m=idfnknoEg9oHi?f"c

�>�
�

� " �?���:) ��
�-2"�����+./

‰us=g½lnvzfWi‘À §©i4m=lnv½i?f·q

¾

q?h[Ž{i‘£Gm�¤)q{oHf"c

ž

¤Ws#s=£?idtHl4g9oHi?fŸi?§ g9¤ns+mTidfWknowg[oHidf)q{tnrnh[i?x)q?xnowtHowg_¯LknsTfWv[owg_¯

P(~x; tk j~x0; t0)
idfšg9¤ns�g9ow”Ÿs#v[sT|}lns=fnmTs

t0; : : : ; tn
•noHvYkns7g9s=h[”GoHfns=k¸x0¯·g[¤ns

FG<'�7(¡�73Z� 4T.W<?(8>V$'&

P(~x; tk+1 j~x00; t0) � P(~x; tk j~x00; t0) = �
X

~x0

T(~x0; tk+1 j~x; tk)P(~x; tk j~x00; t0)

+
X

~x0

T(~x; tk+1 j~x0; tk)P(~x0; tk j~x00; t0) :
´O•Wc •

¶

?

id”Gs=g[oH”GsTv=•'i?fnsbv[oH”Grntwow­)s=vMg9¤nsbfni{g�q{g[oHidf]q?fWk�À�hjowg9s=v

P(~x; t)
§©idh"g[¤ns½lWfnŽ}fni%À�fLoHf�g[¤noHv�sT|}l)q'g9oHi?f"•

À�owg[¤�g9¤WsZoHfnoEg9oHq?tumTidfWknowg[oHidf

P(~x; t0)
Ž{sTrWg]ow”ŸrWtHoHm=owgTc

ž

¤Ws�� ���ZoHv2g9¤nsZkWs=­)fnoEg9owidf�i?§ag[¤nsZm�¤)q?fW˜ds

oHf¸g9¤nsBrnhjidx)q?xWoHtHoEg_¯DknsTf0g[oHvjg_¯�x s7g_Àzs=sTf±g9¤nsBvjlnxnvjsT|}lnsTf0g�g9ow”Ÿs=v

tk
q?fWk

tk+1
c

ž

¤ns � � �Z¤)q?v�g_À½i

mTi?f}g[h[owxnlWg9owidfnv=…µg[¤ns2­nh[vjg#´©fnsT˜0q'g9ow£?s

¶

g9s=h[” hjsTrnhjsTvjsTf0g9vzg[¤ns�rnh[iPmTs=v[v�i?§ tHs/q/£PoHfW˜]g[¤ns�mTidf4­)˜dlnh[q{g9owidf

~x
•ng[¤ns]v[sTm=idfnk ´OrJidv[oEg9ow£?s

¶

g[sThj” h[s=rnh[s=v[sTf0g[v+g9¤Ws�rWh[iPmTsTvjv+i{§�hjs/q?m�¤nowfn˜6g9¤ns]mTi?fW­)˜dlnh[q{g9owidf

~x
c

ž

¤Ws#”Ÿq?vjg[sTh�sT|}l)q{g[oHidf�´8•Wc••

¶

m/q?fŸx s�À�h[oEg[g[sTf^owf·q

FG<?(83\>V*7>O<?C

§©i?h[”®c�e_fnkns=sTk"•4idfns2h[s=m/q?v¹g9vzoEg½q?v

P(~x; tk+1 j~x00; t0) =
X

~x0

W(~x; tk+1 j~x0; tk)P(~x0; tk j~x00; t0)
´O•Wc••

¶

•?œ
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À�owg[¤šg9¤ns]”Ÿq{g9hjoEˆ

W
À�h[oEg[g[sTf®oHf·g9s=h[”Gv�i?§�g[¤ns�g9h[q?fnv[oEg9owidfšrnh[i?x)q?xnowtHowg[oHs=vT•

T
c

¿;q?tHq?fnm=s]q?fnk®kns=g9q?oHtwsTkšx)q?tHq?fnm=s?c

«+f0¯Dvjg�q'g9oHi?f)q?hj¯Ÿv[i?tHlWg[oHidf·g[iGg[¤ns]”^q?v¹g9s=hYsT|}l)q{g[oHidfDv9q'g9oHv¹­)sTv

X

~x0

T(~x0; tk+1 j~x; tk)Pst (~x) =
X

~x0

T(~x; tk+1 j~x0; tk)Pst (~x0) 8 ~x:
´O•Wc

–

¶

ž

¤nowv;sT|}l)q{g[oHidfšowv;m/q{tHtHs=k

5�<?CE<?&M*��

q?fnkDoEg;oHv;qZfnsTm=sTv[v[q?hj¯·mTidfnkWowg9owidf^g[i6q?tHtwi‘ÀÂ§©i?hYqZvjg[s/q?kW¯^vjg9q{g9s{c

ž

¤nsŸx)q?tŠq{fnmTs6mTi?fnknowg[oHidf±”Ÿq/¯ q?kn”Gowg]”Ÿq?f0¯±v[idtwlWg9owidfnvTc

!Z�7(V<?>@CH�[N 5�<?CE<?&M*��

owv�q®h[s=vjg�q'g9sT”GsTf0g�i?§

g9¤Ws+owf}£{q?hjoŠq?fWmTs�i?§Mg[¤ns2kW¯Pf)q?”GoHmTv�lnfnkWsThbg9oH”Gs7‹¨h[s7£dsThjv9q?t-owf^q]rnh[i?x)q?xnowtHoHv¹g9owm;v[s=fnv[s{c�e¨g½vjg9q{g9s=v½g[¤)q{g/•

oHfšg[¤ns]vjg9sTq?kW¯šv¹g�q{g[s?•-q?f0¯šg[h9q?fnvjowg[oHidf·owv�x)q?tŠq{fnmTs=k®x0¯šoEg9v;g[oH”Gs7‹_hjs=£?sTh[vjsTk"•

T(~x0; � j~x; 0)Pst (~x) = T(~xR ; � j~x
0R ; 0)Pst(~x

0R ) ;
´O•Wc•›

¶

q?fnkDg9¤Ws�v¹g�q{g[oHidfnq?hj¯Ÿ”ŸsTq?v[lWh[s]oHv�q?twv[i6oHf0£{q?hjoŠq?f0gYlnfWknsThYg9ow”Ÿs\‹_hjs=£ds=h[v[q?tV•

Pst (~x) = Pst (~xR ) :
´O•Wc•œ

¶

Ç s®m=tŠq?vjv[oE­)sTkRg9¤Wsšvjg9iPm�¤)q?v¹g9owmD£{q?hjoŠq?xWtHsTv�i?§#q±v¹¯Pvjg9s=” knsTrJsTfWknoHfn˜±idfRg[¤nsTowhBr)q?h[oEg_¯ rnhjidrJsThjg[oHs=v

lnfnkWsThYg9ow”Ÿs\‹_h[s7£ds=h[v9q{t

xR
i (t) � x i (� t) = � i x i (t)

À�oEg9¤

� i = � 1 ;
§©idh6s=£?sTfÂq{fnk iPknk £?q{h[oŠq{xntHs=vT•�h[sTvjr s=m=g[ow£ds=tw¯?c $�fns¸mTq?f m�¤WsTm�ŽRg9¤)q'gŸkWs=g�q{oHtHs=k xnq?tŠq?fWmTsDoH”GrntHowsTv

x)q?tHq?fnm=s?c

Ç²¤WsTfÃg9¤Ws�f}ln”ZxJsThŸi?§�rJidv[vjoHxntws Å¢”ŸowmThjidvjg9q{g9s=vT†

~x
oHv6­)fnoEg9s{•;kns=g9q?oHtwsTk x)q?tŠq{fnmTs®oHvGv[l �Gm=oHsTf0g

´©g[¤nidln˜?¤ fWi?g6fnsTm=sTvjv9q?h¹¯

¶

g9i±s=fnv[lnhjs®g[¤)q{gBg[¤nsšvjg[i4m�¤)q{vjg9owmDrnh[iPmTs=v[vGq?rnrnhji0q?m�¤ns=vŸoEg9vZv¹g�q{g[oHidfnq?hj¯

knowvjg9hjoHxnl4g9oHi?f·§©lnfnm=g[oHidfš§©idhYtwidfn˜Zg[oH”GsTvTc

«+vGq?f s\ˆWq?”ŸrWtHsštHs7g6lnvGmTidfnvjoHkns=hGq±rnq?hjg[oHmTtwsšvj¯Pvjg[sT” m�¤)q?h[q?m=g[sThjo ATs=k x0¯Rg[¤nsDr idvjowg[oHidfnvZq?fnk

”Gid”Ÿs=f0g�qši?§;sTq?m�¤Irnq?hjg[oHmTtws?c6« g9h[q?fnv[oEg9owidf±mTidhjh[sTvjr i?fnknv]g9i®”ŸiPknow§@¯Powfn˜·g9¤ns6rJidv[oEg9owidf q?fnk ”Ÿi{‹

”GsTf0g9ln” i{§zidfWsŸr)q{hjg9owmTtwsZ§©h[id”

(~r ;~v)
g9i

(~r 0;~v0)
c

?

owfnmTsBg[¤ns6x)q?m�Ž0À;q{h[knvZ”Gi?g[oHidf�§©hjid”

~r 0 g[i

~r
iPmTmTlWh[vaoHf�g9¤ns;i?rnr i?v[owg[s;knowh[sTm7g9owidf"•{g[¤nsYh[s7£ds=h[v[s=kGg[h9q?fWv[owg[oHidf�mTidhjh[s=v[rJidfnknv¦g[i�”ŸiPknow§@¯Powfn˜

(~r 0; � ~v0)
oHf0g[i

(~r ; � ~v)
caŒ+s=g�q{oHtHs=k6x)q?tŠq{fnmTsYhjsT|}lnoHhjsTvag9¤nq{gag9¤ns=v[s�g_Àzi�rnhji4m=sTv[vjsTv½x sYs=|PlWoHrnhjidx)q?xntws;À�¤nsTfGg9¤ns

vj¯Pv¹g9sT”Æq'g[g�q{oHfns=k®oEg9vYv¹g�q{g[oHidf)q{hj¯·v¹g�q{g[s?•

>OSO�TS

Pst (~r 0;~v0; � ;~r ;~v; 0) = Pst (~r ; � ~v; � ;~r 0; � ~v0; 0)

T(~r 0;~v0; � j~r ;~v; 0)Pst (~r ;~v) = T(~r ; � ~v; � j~r 0; � ~v0; 0)Pst(~r 0; � ~v0) :
´8•4c ë%•

¶

ª2i?g9s�g9¤)q'g#g9¤WsTv[sLmTidfnkWowg9owidfnv2sTfnvjlnh[sZg[¤)q{g+g9¤ns�”^q?v¹g9s=h#sT|}l)q'g9oHi?f—q?kn”Gowg[v+qŸvjg�q'g9oHi?f)q?hj¯®vjidtHl4‹

g9owidf"c�ÇIszvjg9owtHt0kni#fni?gaŽ}fni%À ow§ng[¤noHv�v[idtwlWg9owidf�oHv�g[¤ns;idfWtw¯]idfnszidh�À�¤ns7g9¤ns=h�g9¤Ws;rnh[iPmTs=v[v¦m=idf0£ds=h[˜ds=vT•
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ž

¤ns�v[oH”GrntwsTh�idfns=v#¤)q/£ds�mTidfWvjg�q{f}g#mTlnhjh[s=f}g

Ji (~x) = J i
­Wˆ4sTkRx0¯ g9¤ns^x idlWfnk)q?h¹¯ m=idfnknoEg9owidfnvTc�ª#q{g[lnh9q{t½xJidlnfnknq?hj¯ mTi?fnknowg[oHidfWv�kns=”^q{fnk
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=
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�
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R
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0(~x) = c2e� � V (~x) =

e� � V (~x)

R
d~x e� � V (~x)

À�¤ns=h[s^À½s·lnvjsTk g9¤Ws^mTi?fnv[s=hj£{q{g9owidfIi{§�rnh[idxnq?xnoHtwowg_¯¸g9i�m=id”ŸrWlWg9s

c� 2 c

ž

¤}lnv

Peq
owv�owfnkns=sTkIg[¤ns

q?v¹¯4”GrWg[i?g9owm�v[idtwlWg9owidf·g9iBg9¤Ws�Ä)idŽ}Ž{sTh¹‹

°

tŠq?fnm�Ž^sT|}l)q{g[oHidf"c

ª2i?g9s;g[¤)q{gag[¤noHvaq{h[˜dln”GsTf0g�q?vjv[ln”GsTv¦g[¤)q{g�q�v[l �Ÿm=oHs=f}g[tw¯LtHidfn˜

t
´

t > teq ¶

oHv�h[s/q{m�¤nsTkGv[lnm�¤Gg9¤)q'g
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m/q{fnfni?g2oHf0g[sTh[rWh[s=g

 0 n
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ž

¤ns �)lnm7g9l)q'g9oHi?f4‹_knowv[vjoHr)q{g[oHidf�g9¤ns=idh[s=” ´ �����

¶

hjsTtHq{g9s=v¦g9¤nsYm=idh[hjsTtŠq'g9oHi?fnv�i?§ v[rJidf0g�q{fnsTidlWv�s=|}lnoHtwoHx4‹

h[owln” �nlnm=g[l)q{g9owidfnvYg9i6g9¤Ws�hjsTvjr idfWv[s�oHfnknlWmTsTk®x0¯®q?f®s7ˆPg9s=h[f)q?tu­)s=tHk"cbe¨g2oHv�q

F^$TNP�7C">@&JNP�_1)�7&JNP�7&)(

h[s=tŠq{g[oHidf xJs=g_À½sTs=fÃg9¤ns®tHowfns/q?hBhjsTvjr idfWv[s�q{fnk oEg9vŸq?v[vji4m=oŠq{g[sTk mTidhjh[sTtHq{g9owidfR§©lnfnm7g9oHi?f g9¤nq{g6g�q?Ž{sTv

v[i?”Ÿs7À�¤)q{gBknoEºMs=h[s=f}gL§©idh[”Gv�§©idh�mTtHq?v[vjoHm/q{tzq?fWkR|Plnq?f0g9ln” vj¯Pvjg[sT”®c

ž

¤ns^tŠq{gjg9sTh�h[s=knlnmTs=vBg9i�g[¤ns

§©idhj”Ÿs=h�À�¤WsTf—|}l)q?f0g9lW” �)lWm=g9lnq{g9owidfnv2x s=mTid”GsLowh[h[s=tHs7£?q{f}gTcYe_f�g9¤WoHv

?

sTm7g9oHi?f¸À½sZrnh[s=v[s=f}g�v[s=£?sTh[q?t

rnhji4i?§©vzi?§ug9¤ns �
���¦c�Ç²¤ns=fšg9¤ns�v¹¯4v¹g9s=” oHv;i?lWgYi?§µsT|}lnowtHowxnh[owln” ¤0¯4rJi?g[¤nsTvjoHvT•Widf·g9¤ns�i{g9¤ns=h;¤)q?fnkM•

g9¤WoHv�h[s=tŠq{g[oHidf—owf—˜dsTfWsTh9q{takni4s=v]fni?g]¤nidtwk"•�q?tEg9¤nidlW˜d¤±qš˜dsTfns=h9q?two A=sTk—£ds=h[v[owidf i?§½g[¤ns ����� m/q{f owf

v[i?”Ÿs�mTq?v[s=v+xJs]sTvjg9q?xntwoHv[¤WsTk"c

•d•
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¾

q?f0¯^h[sTtHq{g9owidfnv�x s7g_Àzs=sTf®mTidhjh[s=tŠq{g[oHidfnv�i?§ �)lWm=g9lnq{g9owidfnvYq?fWkšv[lnvjmTsTr4g9oHxWoHtHoEg9owsTv½q?h[s�Ž}fni%À�fDoHf^vjg�q‘‹

g9owvjg[oHm/q{tM”GsTm�¤)q?fWoHmTv=cb«#tHt g9¤ns=v[s�q?h[s�knoEºMs=h[s=f}g2v¹g�q{g[sT”GsTf0g9v�i?§µg9¤ns

�7(V<?(8>V*

�����¦c

ž

q?Ž{sG§©idh�owfnvjg9q?fnm=s6q®rJsTh¹§©sTm=g�˜0q{vTc

ž

¤ns �)lnm7g9l)q{g[oHidfWv�oHf—g9¤ns6kns=fnv[oEg_¯

� = n=~V
À�¤nsThjs

n
owv

g9¤Ws�f}ln”Lx s=h2i{§�r)q{hjg9owmTtwsTv;À�owg[¤noHfDq6v[lWx4‹¨£?idtHln”Gs ~V
i?§�qGv¹¯4v¹g9s=” À�owg9¤

N
r)q?h¹g9owmTtHs=vYq?fnkD£di?tHln”Gs

V
•Jq?hjs�kWs=­)fns=k—q?v=…

� 2
� � h(� � h� i )2i

c;e_f®g9¤ns]g9¤WsTh[”GiPkW¯Pf)q?”GoHm�tHow”ŸoEg

N ! 1 ; V ! 1
À�owg9¤

N=V = �
­Wˆ4sTkM•Mg9¤ns=v[sBq{h[sLhjsTtHq{g9s=k�g9iGg9¤nsZowv[i?g[¤nsThj”^q{tumTid”Grnh[s=v[vjoHxnowtHowg_¯

� T = � V � 1@V=@PjT
£PoŠq

� 2
� = T� 2� T =~V

c

ž

¤nowv�h[sTtHq{g9owidf·owv�q6§©idhj” i?§ �����¦c

Ä)idh�qBv¹¯4v¹g9s=” owfšsT|}lnowtHoHxWh[oHlW” À�oEg9¤®qZg9¤ns=h[”Ÿq?t"h[s=v[s=hj£di?oHh2q{gYg9s=”ŸrJsTh[q{g9lWh[s

T
idfWs�¤nq?v

� �
� hAi h

� h

�
�
�
�
�
h=0

= � h(A � hAi )2i
´8•4c €{‚

¶

§©idh�q?f0¯Li?xnv[s=hj£{q?xntws

A
c

ž

¤nsYq/£ds=h9q?˜?s

h i h
owv�mTq?tHm=lntŠq{g[sTk�À�owg9¤�g9¤nszr)q?hjg[owg[oHidf�§©lnfnm7g9owidfZi?§ng[¤ns;v¹¯4v¡‹

g9s=” owfZg9¤nsYrnhjsTvjsTfnm=s+i?§ q�v[”Ÿq?twtP­)s=tHk6mTi?lnrntHs=kBg9i

A
oHfBvjlnm�¤Ÿq#À;q/¯Zg[¤)q{gag9¤Ws>D#q?”GoHtEg9idfnoHq?f�h[sTq?knv

H = H0 � hA
c½Ä)idh½qL”Ÿq?˜dfns7g9owm2v¹¯Pvjg9s=” g[¤noHv�sT|}l)q{g[oHidf^h[sTtHq{g9s=v�g[¤ns�”Ÿq?˜dfns7g9owm2vjlnv[m=sTrWg[oHxnowtHoEg_¯Bg9i

g9¤Ws�”Ÿq?˜dfWs=g9oCA/q{g[oHidf �)lnm=g[l)q{g[oHidfnv=c

Ç²¤WsTf^g[¤ns#idhjknsTh½r)q?h[q?”Ÿs7g9s=h�owvzq]­)sTtwk"•}§©idh½owfnvjg9q?fnm=s�q�vjm/q?tHq?hbidfns{•Wkns=v[mThjoHxJsTk·x0¯Ÿq�D+q?”GoHtwg[i{‹

fnoHq?f¸i?h#qŸ‰µq{fnk)q?l4‹Vg_¯Pr s�§©h[sTs\‹_s=fnsThj˜?¯Dg9¤)q{g+oHv2tHowfns/q{h[tw¯^”ŸiPknoE­)sTk®x0¯�q{f�s7ˆPg[sTh[fnq?t�rJsTh¹g9lnhjx)q{g[oHidf"•

F [� ] ! F [� ] �
R

ddx h(~x)� (~x)
•ng[¤ns]vjg�q'g9oHm �
��� ´8•Wc•€{‚

¶

˜ds7g9v�˜ds=fnsTh[q?tHoCATsTk·g[i

� (~x; ~x0) �
� h� (~x)i
� h(~x0)

�
�
�
�
�
h=0

= � h� (~x)� (~x0) i c � � C(~x; ~x0) :

���	� ��� 2 �AF7/ DE- 9
�����

ž

¤ns=h[sŸq?h[s6v[s7£ds=h9q?tbrnhji4i?§©v�i{§½g[¤noHv�g9¤WsTidhjsT”®cZÇIs6rnhjsTv[s=f0gLg_À½i¸i?§�g9¤WsT” g9¤nq{g�q?h[s6r)q{hjg9owmTlntHq?h[tE¯

oHfWvjg9hjlnm=g[ow£?s—v[oHfWmTs—g9¤ns7¯Âlnvjs?•+£?sTh¹¯²s7ˆ4rntHowmToEg9sTtE¯d•Yg9¤Ws�g_Àzi fnsTm=sTvjv9q?h¹¯²¤}¯PrJi?g9¤WsTv[owvšÀ�¤noHm�¤ q?h[s

>

c

kns7g�q?owtHsTkšxnq?tŠq?fWmTs?•-q{fnk

>@>OS

sT|}lnowtHowxnh9q{g[oHidfMc

Ä¦Œ

ž

§©h[id” g9¤ns]”Ÿq?vjg[sTh�sT|}l)q'g9oHi?f"c

Ä)idh]g9¤Ws^v9q{Ž?sši?§YvjoH”GrntHowmToEg_¯d•�tHs7gLlnvLmTidfnvjoHkns=hZq�v¹¯Pvjg9s=” À�oEg9¤Rq®v[owfn˜dtHsGkW¯Pf)q?”GoHmTq?ta£{q?h[oHq?xntHs

x
g[¤)q{g�s=£?idtw£?sTv�q?mTm=idh[kWoHfn˜Dg9i®q

¾

q?h[Ž{i%£±rnh[iPmTs=v[v�idfIqDknowv[mThjs=g[s6g[oH”Gs7‹¨˜dh[owk

tk = k�
cGe_f±À�¤)q{g

§©idtwtHi%À�v+À½sBv[ow”Ÿrntwow§@¯šg[¤nsBfni?g9q{g9owidf—q?fnk�À½sBsTtwoH”GoHf)q'g9s]g9¤nsLg[oH”Gs7‹¨knsTrJsTfnkWsTfnm=sZ§©h[id”Æg9¤nsZg[h9q?fWv[oE‹

g9owidf®rnh[idxnq?xnoHtwowg[oHsTv=•

Th(xk jxk� 1) � Th(xk ; tk jxk� 1; tk� 1)
c

ž

¤ns�v[lnxnowfnkns\ˆ

h
owfnknowm/q{g[sTvYg9¤)q'g+g[¤ns

rJsThjg[lnh[xnq{g9owidfŸowv½rWh[sTvjsTf0gYknlWh[oHfW˜�g[¤ns+g[oH”Gs7‹_v¹g9s=r

tk� 1 ! tk
c¦e¨§"g[¤ns#v¹¯Pvjg9s=” hjs/q?m�¤WsTkšsT|}lnowtHowxnh[owln”

q{gYg[oH”Gs

tk� 1
idfns]¤)q?v

X

x l ;1� l � k� 1

Y
T(x l jx l � 1)P(x0; t0) = Peq(xk� 1) :

´8•4c €d•

¶

Ç sLÀ�oHtwtµlWv[sBq^vjlnrJsTh[vjmThjoHrWg

h
À�¤ns=fns=£?sTh�sT|}lnowtHowxnh9q{g[oHidf®¤)q?v#x s=sTf±q?m�¤nows=£?sTk—oHf¸g9¤nsZrWh[sTvjsTfnm=sBi?§

qZ­)sTtwk"•

Ph
eq(xk� 1)

c

ž

¤Ws�m=idh[hjsTtHq{g9owidf·xJs=g_À½sTsTf®g_ÀziGidxnvjsTh¹£?q{xntHs=v

A(x)
q{fnk

B(x)
owf·g9¤ns�q?xnvjsTfnm=s]i?§¦q{f}¯·r s=hjg9lWh¹‹

x)q{g[oHidfšowvY˜dow£?sTf®x0¯

hA(x j )B (xk)i =
X

x l

A(x j )T(x j jx j � 1) : : : T(xk+1 jxk)B (xk)T(xk jxk� 1)Peq(xk� 1) :

•

–
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ž

¤nsG£?q{h[oŠq'g9oHi?f�À�owg9¤ h[s=v[rJsTm7gLg9i

h
i?§zg[¤nsG”ŸsTq?f £{q?twlns6i?§

A(x)
s=£{q?twl)q{g9s=k q{g]g[oH”Gs

t j
q{§@g[sTh�q

vjg[sTr4‹¨tHowŽ?s�r s=hjg[lnh[x)q'g9oHi?fGi{§Mv¹g9h[s=fn˜?g[¤

h
g[¤)q{g�”ŸiPknoE­)sTkBg9¤Ws2s=fnsThj˜?¯Gq?v

H ! H � hB(x)
xJs=g_À½sTs=f

tk� 1
q?fnk

tk
oHv

� hA(x j )i h

� hk
=

X

x l

A(x j )T(x j jx j � 1) : : : T(xk+1 jxk)
� Th(xk jxk� 1)

� h

�
�
�
�
�
h=0

Peq(xk� 1)

‰us=g�lnv2q?vjv[ln”Gs�g9¤)q'g;g9¤ns�£{q?hjoŠq?xntws

x
oHv;s7£dsTf®À�owg[¤®hjsTvjr s=m=g�g9iBg9ow”Ÿs\‹_hjs=£ds=h[v[q?tVc¦e_fšg[¤noHvYmTq?v[s{•-q?fnk

ow§µkns7g�q?owtHs=k®xnq?tŠq?fWmTs�¤nidtwknvT•

Th(xk jxk� 1)Ph
eq(xk� 1) = Th(xk� 1jxk)Ph

eq(xk)
•nq?fnk

� Th(xk jxk� 1)
� h

=
�

� h

 
Ph

eq(xk)
Ph

eq(xk� 1)

!

Th(xk� 1jxk) +
Ph

eq(xk)
Ph

eq(xk� 1)
� Th(xk� 1jxk)

� h
´8•4c €?•

¶

g9¤nq{g®¤)q?všg9i x s±s7£?q{tHl)q{g[sTk q{g

h = 0
c

ž

¤ns±­)hjvjgDg9s=h[” oHvšsTq?v[owtw¯ m/q?twmTlntHq{g9s=k x0¯²hjsTrntHq?mTowfn˜

Ph
eq(xk) = exp(� � V (xk) + � hB(xk)) =Zh

q{fnkš¯4owsTtwknv

� (B (xk) � B (xk� 1))
Peq(xk)

Peq(xk� 1)
T(xk� 1jxk) :

´8•4c €

–

¶

ž

¤nsŸv[sTm=idfnk g[sTh[” owfIsT|}f ´O•Wc €{•

¶

£?q{fnoHvj¤nsTv�oHkns=f}g[oHmTq?tHtE¯ ’�oHfnkWsTsTkM•aq{§@g9s=h�vjoH”GrntHoE­)m/q'g9oHi?f"•

xk� 1
owv

v[s=sTfLg[i#q{rnr sTq?h�idfntE¯]oHf�g9¤ns�kns=h[ow£{q{g[ow£?s�i{§Wg9¤Ws�g[h9q?fnvjowg[oHidf]rnhjidx)q?xnowtHoEg_¯dc "+vjoHfn˜�g9¤ns

h
owfnknsTrJsTfWknsTf0g

fnidhj”^q{tHoHv[q{g9owidf—mTi?fnknowg[oHidfM• P
xk � 1

Th(xk� 1jxk) = 1
idfnsG­)f)q?twtw¯—­)fnkWvLg9¤)q'g�g[¤noHv�g9sThj” owvPA=sThjinc

ž

¤}lnv

� hA(x j )i h

� hk

�
�
�
�
�
h=0

= � hA(x j ) (B (xk) � B (xk� 1)) i ; j � k :
´O•Wc•€?›

¶

ž

¤nowv�h[sTtHq{g9owidf�s\ˆ4rnh[s=v[v[s=v�g[¤ns ����� owf—knoHvjmThjs=g9sZg[oH”Gs?c�e_f0g9s=h[s=vjg9owfn˜dtE¯�sTfWidln˜d¤"•"À½sBknowk—fni?g�fns=sTk

g9iLv[rJsTmToE§@¯6g9¤ns

h
kWsTrJsTfnkns=fnmTs�i{§ug9¤ns2g9h9q{fnv[oEg9oHi?fŸrnhjidx)q?xWoHtHoEg9owsTv

T
•4rWh[i%£PoHkns=k^g9¤nowvzkns=r s=fnkns=fnmTs�owv

mTi?”Ÿr)q'g9oHxWtHs+À�oEg9¤®kns=g9q?oHtwsTkšx)q{tŠq?fnm=s?c

ª2i?g9s�g9¤nq{g�v[oHfWmTs�oHfGsT|}lnowtHoHxWh[oHlW”»g[¤ns#q/£?sTh9q{˜dsTv½i?§Mi?fns7‹Vg9oH”GsY|}l)q?f0g9oEg9owsTv�q?h[s2mTi?fnvjg9q?f0gzidfWs2mTq?f

h[s=rntŠq{mTs

hA(x j )B (xk)i
x0¯ g[¤ns·m=idfnfns=m=g9s=k mTidhjh[sTtHq{g9owidf

hA(x j )B (xk )i � hA(x j )ihB(xk)i
q?fnk

g9¤Ws �
��� q?tHvjiBh[s/q{knv

� hA(x j )i h

� hk

�
�
�
�
�
h=0

= � hA(x j ) (B (xk) � hB(xk)i � B (xk� 1) + hB(xk� 1)i ) i ; j � k :

e_f®owg9vYowf0g9sT˜?h9q{g[sTkš§©idh[”

� j l �
jX

k= l

� hA(x j )i h

� hk

�
�
�
�
�
h=0

= � (hA(x j )B (x j ) i � hA(x j )B (x l ) i ) :
´O•Wc €{œ

¶

ž

¤ns � � �]m/q?f¸q?twv[i6x s�À�hjowg[g[sTfDoHfšg[sTh[”GvYi?§�mTidfWfnsTm7g9sTk¸mTidhjh[s=tŠq{g[oHidfnv=c

ž

¤Ws � ���6owf—sT|}fÃ´O•Wc•€?›

¶

owv �jlnvjg�g[¤nsBtHowfns/q{h#h[s=v[rJidfnvjs?•

RAB (t j ; tk)
•MÀ�¤WoHtHs�g9¤ns � ���GoHv�q·knoHv¡‹

mThjs=g[o ATs=k g[oH”Gs7‹¨knsThjow£{q{g9oE£dsGi?§2g9¤nsDmTi?h[h[s=tŠq{g[oHidfM•

CAB (t j ; tk)
•bÀ�owg[¤Rh[sTvjr s=m=gGg9i—g9¤Wsšs/q?hjtHoHs=hLg9ow”Ÿs

tk
c ÇIs®¤)q/£ds—q{tHh[sTq?kW¯ q{v[v[lW”Ÿs=k g9¤nq{gŸg[¤ns®vj¯Pvjg[sT” oHvGsT|}lnoHtwoHxnh[q{g9s=k q{g6g9oH”Gs

tk� 1
c

ž

¤}lnv=•2q?tHt

mTi?h[h[s=tŠq{g[oHidfWvYq?fnk®h[s=v[rJidfnv[s=v#q{h[s]vjg9q{g9owidf)q?h¹¯·q?fWk®À½s�¤nq%£?s?…

Rst
AB (t j � tk) = � ( Cst

AB (t j � tk) � Cst
AB (t j � tk� 1) ) ; j � k :

•d›
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g9¤nq{g�oHfšg9¤Ws�m=idf0g9owfPlWidlnv�tHow”ŸoEg

tk � tk� 1 ! 0
x s=mTid”GsTv

Rst
AB (t � t0) = � @t0Cst

AB (t � t0) ; t � t0 :
´8•4c••d•

¶

$�fnsZmTq?f—q?twv[i·s\ˆWrWh[sTvjv�g9¤ns �����Iowf—q?f�s=|}lnow£{q?twsTf0g#§©idhj”ÆoHf�À�¤nowm�¤�g9¤WsZmTidhjh[s=tŠq{g[oHidf¸oHv2h[sTrWtŠq?m=sTk

x0¯·g9¤Ws�kWoHv[rWtŠq?m=sT”GsTf0g/…

Rst
AB (t � t0) = �

�
2

@t0� st
AB (t � t0) :

e_f qDrnhjidxntHs=” g9¤)q'g�lWfnknsThj˜diPsTvLfWidh[”Ÿq?taknoEºMlnvjoHidf—g[¤noHv]s7ˆ4rnhjsTvjv[oHi?f oH”GrntHowsTv#g[¤ns

¥

owfnvjg[sToHf h[s=tŠq'‹

g9owidf ´8•4c ë%•

¶

c

e¨§-i?fns½kWs/q?twv�À�owg[¤Zq2”Ÿidhjs½m=id”GrntHowm/q{g[sTk

¾
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i?§bg9¤WsGv¹¯Pvjg9s=” q?v�g[¤nsZÀ;q{fnknsThjoHfn˜Di?§zq·h[s=rnh[s=v[s=f}g9q{g9oE£dsGr i?oHf0g�oHf±q·rW¤)q?v[s6vjr)q?mTs6m�¤)q{h9q?m7g9sThjo A=sTk

x0¯±qšh[idlW˜d¤ ´©§©h[s=s
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‹_sTfWsTh[˜{¯—tŠq?fWknv[mTq?r s{c

ž

¤nowv�£4ows=À�rJidoHf0g]mTq?f±x sZ£?sThj¯±lWv[s=§©lWtaow§�mTidhjh[s=m=g9tE¯�lnvjsTk

xnlWg2oEgYm/q?f¸q?twv[i6x s�”GoHvjtHsTq?knoHfW˜nc

e_fWknsTs=k"•?rn¤nq?v[s�v[r)q{mTs�ow§4qY¤noH˜d¤Wtw¯�kWoH”GsTfnvjoHidf)q{t)´

2N oHf�q�v[rnowf�v¹¯Pvjg9s=”

¶

v[rnq?mTs�q?fnk�idfnsbmTq?f�i?fntw¯

M?3j<'�_1

g9¤Wh[sTs2know”Ÿs=fnv[owidf)q?t)˜ds=id”Lg[h[oHs=vTc

ž

iLvj¤ni%ÀÂg9¤nowv½rWh[idxntwsT”®•}tHs=g�lnv½mTid”Gs2x)q?m�ŽBg9iLq�”Ÿq?˜dfns7g9oHm

vj¯Pv¹g9sT”GvBg9¤)q'g6oHvB|}lnsTfWm�¤nsTk g9i±owg[vZtHi%À g9sT”GrJsTh9q'g9lnhjsšrn¤)q?vjs?c

ž

¤nsDoHfWowg9oHq?tV•µ¤now˜d¤Rg9sT”GrJsTh9q'g9lnhjs

mTi?fW­)˜dlnh[q{g9owidf"•µoHv�fni?gL”^q?˜?fns=g[o ATs=k"cše¨g�mTidhjh[sTvjr i?fnknvLg[i¸g9¤Ws^lnfnv¹g�q?xWtHs^”Ÿq'ˆ4oH”Lln” i?§;g[¤nsŸ§©hjsTs\‹

sTfWsTh[˜{¯DknsTfnvjowg_¯

f (m)
czª#q?oE£ds=tw¯d•)i?fns�ÀzidlWtHk®oH”Ÿq?˜doHfWs#g9¤)q'g+owf®g[oH”Gs#g9¤Ws�rJidoHf0gYg[¤)q{g2v[oEg9v2idf®g[idr

i?§+g9¤nowvBx)q?h[hjoHs=h6£?sTh¹¯ |PlWoHm�Ž}tw¯R§Oq?twtHvLg[i i?fnsDi?§#g[¤nsšg_Àzi ”Ÿow”Ÿow”^q®mTidhjh[sTvjr i?fnknoHfW˜ g[i
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•zg[¤ns

sT|}lnowtHowxnh[owln” £{q?tHlns=vTc�e_fnvjg[s/q?k"•"À½s6Ž}fni%À g9¤nq{g�g9¤WoHv�¤)q{rnr s=fnv]oHf—qšh[q{g9¤ns=h�v[twi%ÀÊg[oH”GsLv[mTq?tHsZq?fnk

§©idh�q?twt g[oH”GsTv

t < L2 g9¤Ws�v¹¯Pvjg9s=” oHvYfni{g+”Ÿq?˜dfWs=g9oCATs=kDq?fnk �jlnvjg2v[oEg9vYidfDg9i?r®i{§�g[¤ns]”^q'ˆ4ow”Zln”®c

¾
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§©h[s=s7‹¨sTsTfWh[˜?¯±kns=fnv[oEg_¯±oHv�fni{gLq·§©lnfWm=g9owidf i?§ �jlWvjg�idfns6r)q?h[q?”Ÿs7g9s=h�xnlWg

N
i?§½g[¤nsT”®•ug9¤ns
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tHiPm/q?t

”Ÿq?˜dfns7g9o ATq{g9owidfnv=c
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¤ns�kW¯Pf)q?”GoHmTvYowvYfni?g �jlnv¹g+˜?ow£ds=f¸x0¯ �jln”Grnv;§©hjid” idfns]”GoHfnow”Zln” g9iGq?fWi?g9¤ns=h

q?fnkIv9q?knkWtHs7‹¨r i?oHf0g9v]g�q?Ž{sšq?f lWfns7ˆ4rJsTm=g[sTk oH”GrJidhjg9q?fnmTs6g9¤nq{gL”GoH˜?¤}g�˜di¸x s7¯didfnkRg[¤nsTvjs·v[idtE£{q?xntHs

xnlWg2lnfWh[s/q{tHoHv¹g9owm�”ŸiPkns=tHvTc
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 ��-2) �<".$ � (.) + � ���

«#fWi?g9¤ns=h#owf}g[sThjsTvjg[oHfn˜Ÿrnh[i?xntHs=” mTidfnvjoHv¹g9v�owf�m�¤)q?h[q?m=g[sThjo ATowfn˜Ÿg[¤nsL˜?h[i%ÀYg9¤¸i?§�qŸvjlnhj§Oq?m=sLidf�qŸv[lWx4‹

vjg[h9q{g[sŸkWlnsŸg[i¸”Ÿq{g9s=h[oHq?t¦kns=r idvjowg[oHidf mTid”LxnoHfns=k À�oEg9¤Iq®g9h[q?fnv¹£dsThjv[s·kWowº lnv[owidf±i?§Y”Ÿq{g9s=h[oŠq{t�g9¤)q'g

h[sTq?m�¤ns=v2g[¤ns]v[lnh¹§Oq?mTs{c

ž

¤WsLv[ow”ŸrWtHsTv¹g2”ŸiPknsTt"§©i?h�g[¤nsL˜?h[i%ÀYg9¤�q?fnk�hjs/q?hjh9q?fW˜dsT”GsTf0g+i?§aqGv[lnh¹§Oq?mTs�oHv2knlns]g9i

¥

k4À;q?hjknv

q?fnk—Ç²owtHŽ}oHfnvjidf�À�¤ni®v[¤Wi‘À½sTk g9¤)q'g�g9¤ns6m=idf0g9oHf}lnlW” tHow”ŸoEg#i{§�g[¤ns6rnh[iPmTs=v[v]i?§�v[s=knoH”GsTf0g9q{g9owidf—i?§

˜dh[q?f}lntŠq?hzr)q?hjg[oHm=tHsTvYlWfnknsTh�˜dh[q/£4oEg_¯·idf¸q?fDoHfWowg9oHq?t �-q{g�v[lWxnvjg[h9q{g[s�q{fnk®g[¤nsTowh;§©lnhjg[¤nsThYkWowº lnv[owidfDidf

g9¤Ws�vjlnhj§Oq{mTs]tHsTq?knvYg9i

@h(~x; t)
@t

= � r 2h(~x; t) + � (~x; t) ;
´

–

c¢•

¶

À�¤ns=h[s
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oHvLq

d
‹¨knoH”GsTfWv[oHi?f)q?tbv[r)q'g9oŠq{t�£?sTm=g[idhBkns=fni?g9owfn˜�rJidv[oEg9owidfIidf g[¤nsšv[lWxnvjg[h9q{g[s?•

t
oHvLg[oH”Gs

q?fnk

h
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h� (~x; t)� (~x0; t0) i = 2T� (~x � ~x0)� (t � t0) :
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ž
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•�À�oEg9¤Rg9¤Ws®fWidoHvjs·g9sThj” kns=v[mThjoHxnowfn˜—g9¤nsšg[¤nsThj”^q?t

�)lnm7g9l)q'g9oHi?fnvTc
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oHvŸtHoHfWs/q?hŸq?fnkÃmTq?fÂxJs�s/q{v[oHtE¯ v[idtE£dsTkÂlWv[oHfW˜Rq

Ä)idlnhjoHsTh½g9h9q{fnvj§©idhj” i?§µg9¤ns]vjr)q?mTs]m=i4idhjknoHfnq{g9s
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rJi?g9s=f}g[oŠq?t-xJs=g_À½sTs=f®g[¤ns+g_À½iBv[owknsTv;i{§ug9¤ns+oHf0g9s=hj§Oq?m=s
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�L<?3jN0<?3 �

G

<?3\>H�7> ���:;W<?& M6� 4T.n<?(O>V$'&
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L
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x0¯J…

W 2(L; t) � h(h(~x; t) � hh(~x; t) i )2 i = L � F (tL z) ;
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owfnknowm/q{g[sTk�x0¯
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vjg[s/q?k4¯Dvjg�q'g9sTv
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g9¤ns]vjm/q?twoHfn˜Z§©lnfWm=g9owidf"…
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?
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� � ”Gi4kns=t�owf—v[rnowf4‹
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¤Ws—q?xJi‘£?s�kns7­)fnowg[oHidf tHsTq?knvGg9iIÀ�¤)q'g·m/q{fÃx s¸m/q?twtHs=kÃq �_˜dtHi?x)q?t �·m�¤)q?h[q?m=g[sTh[owv9q{g[oHidf i?§�g[¤ns

h[i?ln˜d¤nfns=v[v�i?§�g9¤Ws�oHf0g9s=hj§Oq?m=s?•)q/£?sTh9q{˜dsTk®i%£dsTh;g[¤ns�À�¤nidtws�v[lWhj§Oq?m=s?cb«#fni{g9¤ns=hT•n”Gidh[s#tHiPm/q?t8•Pm�¤nq?h9q?m\‹

g9s=h[owv9q{g[oHidfši?§µg9¤Ws�hjidln˜d¤WfnsTvjv+i?§µg9¤Ws�vjlnhj§Oq{mTs?•)owvYkns=­nfnsTk�q?v

�( ~x; ~x0; t; t0) � h(h(~x; t) � h(~x0; t0) )2i = j~x � ~x0j � F (jt � t0jj~x � ~x0jz) ;
´

–
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� � 1 � j~x � ~x0j � L
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mTidowfnmTowkns�À�owg[¤
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v[lW˜d˜dsTv¹g9owfn˜ g[¤)q{gG˜di%£ds=h[fn”GsTf0g[vŸlnvjsTkÃv¹g�q{g[oHv¹g9oHmTq?tzm=idfnm=sTrWg[v^v[owfnmTsDtwidfn˜ q?˜dinc e_f q±§©s7À À½idh[knv=•
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e¨§ug[¤ns�rnhjidx)q?xnowtHoEg_¯Bi?§�iPmTmTlWh[h[s=fnmTs]i?§µq{f·s=£?sTf0g/•

E
•Wowv

P(E)
•Jg9¤nsBrnhjidx)q?xWoHtHoEg_¯Di?§bfnidfP‹_iPmTmTlWh[h[s=fnmTs6i?§ag[¤nsBv9q{”ŸsZs7£ds=f}g^´©owg9v

*�$'F#1JCH�7F^�7&)(¨<?3KJ¸�7X?�7&)(

•

E¶

oHv

P(E) = 1 � P(E) :
´¬ë?c•›

¶

ž

¤nowv2owv �jlnvjg+qBmTi?fnv[s=|PlWsTfnm=sLi?§µg9¤ns]fni?h[”Ÿq?tHoCA/q{g[oHidfŸi?§�g[¤ns]rnh[i?x)q?xnowtHowg[oHs=vTc

Ä)idhŸs7ˆWq?”GrntHs{•;À�¤nsTfÂÀ½s�oHf0g[h[iPknlnmTs=kÃg9¤ns�mTidowf g9idvjv·rnhjidxntHs=” x s7§©idh[s�À½s�v[q?oHk g[¤)q{gŸÀ�¤nsTf

g9i?v[v[owfn˜BqZfni?h[”Ÿq?t-mTidowfšidfns+­nfnknv>D idfWs�¤)q?tE§ui?§�g9¤ns+g9oH”GsTvzq?fnk

ž

g[¤ns�i?g9¤WsThz¤nq?tw§�i?§ug[¤ns#g[oH”GsTvTc

e_fRg9id¤WsThLÀ½idh[kWvT•bÀzs

<'���7.PF^�[N

g9¤)q'gZg9¤nsšrWh[idx)q{xnoHtwowg_¯±i?§2˜ds7g[g9owfn˜ D owfRq�g9idvjvBoHv

1=2
q?fWk g9¤ns

rnhjidx)q?xnowtHoEg_¯Ÿi{§�­)fnkWoHfn˜Bg9¤Ws�m=id”GrntHs=”Ÿs7g�q?h¹¯^s7£dsTf0g

ž

owv

1 � 1=2 = 1=2
g[i4inc

�2N0N?>@(O>V$'&^1J37>@&M*7>•1JCH�TS

Ä)idhYq?f0¯Dr)q{oHh;i?§�s=£?sTf0g9v

E1
q?fnk

E2
•

P(E1

_
E2) = P(E1) + P(E2) � P(E1

^
E2) :

´©ëdc•œ

¶

ž

¤nsGvj¯P”ZxJidt W hjsTrnhjsTv[s=f0g9vLg[¤nsŸtwid˜dowm/q?t;´Ofni?g�s\ˆWm=tHlnvjow£?s

¶

�_idh,�LÀ�¤noHtwsBg9¤nsGvj¯P”ZxJidt V hjsTrnhjsTvjsTf0g9v

g9¤Ws�tHid˜?oHm/q{t��¹q?fnk8��c

ž

¤ns�”Gs/q{fnoHfn˜�i?§ug9¤Ws�tHid˜?oHm/q{tJi?hzoHv�g9¤)q'gzg9¤Ws�s=£ds=f0g

E1
W

E2
owv½g9hjlns#À�¤ns=fns=£?sTh

E1
oHv+g[h[lns{•

E2
oHv+g[h[lns�idh#xJi?g[¤

E1
q?fWk

E2
q{h[sLg[h[lns{c

ž

¤nsZ”Gs/q?fWoHfn˜Ÿi?§ag9¤ns�tHid˜?oHm/q{t�q{fnk�oHv2g9¤)q'g

g9¤Ws�s7£ds=f}g

E1
V

E2
owv;g9h[lWs�i?fntw¯^ow§

E1
q?fnk

E2
q?hjs]g[h[lns{c

‰us7g+lWv+owtHtHlWvjg9h[q{g9s+g9¤nowv2rWh[idrJsTh¹g_¯·À�owg[¤�q?f®s7ˆWq?”Grntws?c�e_”^q?˜?oHfns#g[¤)q{g2idfns�oHvYrWtŠq/¯PoHfn˜BÀ�owg[¤®g_À½i

knowmTsTv=•"q^hjsTk±q?fWk—q^xntwlnsLidfWsš´©g[i·”Ÿq?Ž?s�g9¤ns=” knowvjg[oHfn˜dlWoHv[¤nq?xntHs

¶

cYÇ²¤)q{g#oHv�g9¤nsLrnh[idxnq?xnoHtwowg_¯·§©i?h

˜ds7g[g9owfn˜

1
À�owg[¤Dg[¤ns]h[s=k¸idfWs�i?h

2
À�oEg9¤Dxntwlns]idfns ›

ž

¤WoHvYrnhjidxntHs=” owv;h[s=rnh[s=v[sTf0g[sTk�”Ÿq{g9¤WsT”Ÿq{g9owm/q?twtw¯6q?v;§©i?tHtHi%À�v=c

ž

¤ns]s=£?sTf0g

E1
oHv;˜ds7g[g[oHfn˜

1
À�oEg9¤

g9¤Ws�hjsTk�knoHm=s?c

ž

¤nsbs=£ds=f0g

E2
oHvu˜?s=g[g[oHfn˜

2
À�owg[¤�g9¤nsbxntwlnsbknoHm=s?c

ž

¤nsThjszq?hjs

6� 6 = 36
rJidv[vjoHxntwsaidlWgj‹

mTi?”Ÿs=vui?§}g9¤nhji‘À�owfn˜;g9¤Ws¦g_Àzi2knoHm=sTv=•'o8c¢s{c�˜?s=g[g[oHfn˜½g9¤nsar)q{oHh[v

(1; 1); (1; 2); : : : ; (2; 1); (2; 2); : : : ; (6; 6)
À�¤ns=h[s½g[¤nsb­)h[v¹g�s=tHsT”GsTf0gµoHf�s/q{m�¤Lr)q?owhuoHvug9¤Ws½hjsTv[lWtwg�i?§Wg[¤ns½hjsTk�knoHm=szq{fnk�g[¤ns�v[sTm=idfnkZi?fns½owvug9¤ns�h[s\‹

v[lWtwgui?§Pg9¤WsaxntHlns�knoHm=s?c

ž

¤nsbs=£ds=f0g

E1
W

E2
oHvMg[h[lnsbowf#g9¤nsbmTq?v[s=v

(1; 1);(1; 2);(1; 3);(1; 4);(1; 5);(1; 6);
(2; 2);(3; 2);(4; 2);(5; 2);(6; 2)

•dvjiZg9¤ns=h[s�q?hjs

11
g9h[lWs�h[sTq?tHoCA/q{g[oHidfnv�q?fWk"•WvjoHfnm=s#g9¤ns#knoHm=sTvYq?hjs�fni?g

xnoHq?v[s=k"•)q{§@g[sTh

n ! 1
hjsTrJs=g[owg9owidfnv;i{§�g[¤ns�s7ˆ4rJsTh[ow”Ÿs=f0g:�_g9¤Wh[i%À�oHfn˜Zg[¤ns�g_À½iŸknowmTs=v,��À½s]s7ˆ4r)q?m7g�g9i

­)fnk

11=36
vjlnmTm=sTvjvj§©lntµg9h[owsTv=c

ž

¤PlWvT•)g9¤ns]rnhjidx)q?xWoHtHoEg_¯Gi?§�g[¤noHvYs7£dsTf0g+oHv

P(E1
W

E2) = 11=36
c

ª2i%À]•bg[¤ns·f}ln”ZxJsThLi?§�r i?v[owg[ow£?s^idlWg[mTid”GsTv�§©idh�g[¤ns·s=£?sTf0g

E1
owv �jlnv¹g

6
c

ž

¤nsšv[q?”Gs·q?rnrWtHoHs=v

g9i g[¤ns�s7£dsTf0g

E2
c

ž

¤Ws�v[ln” i?§]g9¤ns=v[s�g_À½i fPlW”Zx s=h[v·owv

12
q?fnkÂowg^kniPsTvšfni?g·mTidowfnmTowkns¸À�oEg9¤

h[s=v[lntEg�q?xJi%£ds?c

ž

¤ns#h[s/q{v[idfšÀ�¤0¯·owvzg9¤)q'gzg9¤Ws�s=£ds=f0g

(1; 2)
•Pg9¤)q'gYv[idtE£ds=vzg9¤ns�rWh[idxntwsT”®•4owvzm=idlnf0g9s=k

g_À�oHm=s?c $�fnm=s+owfGg[¤ns+f}ln”Lx s=h½i?§"r idvjowg[ow£ds�idl4g9mTi?”Ÿs=vb§©i?h

E1
q?fWk^idfnm=s#owfGg[¤ns+f}ln”Lx s=h½i?§Mr i?v[owg[ow£?s

idlWg[mTid”GsTv+§©idh

E2
c $�fnsZfns=sTknv�g[i·mTi?h[h[s=m=g�g[¤noHv+knidlnxWtHsZm=idlnf0g9owfn˜šq?fnk�g[¤noHv+oHv2À�¤}¯¸g9¤ns=h[sZowv+g[¤ns

tŠq{vjgLg[sThj” oHf ´©ëdc¢œ

¶

c

ž

q?Ž}oHfn˜�g[¤noHvLoHf0g9i±q?m=mTidlWf}gT•bidfns^­)fWknvBg9¤)q{gLg9¤ns·hjoH˜d¤0g¹‹_¤)q?fWk4‹_vjoHknsŸi?§�g9¤nowv

sT|}l)q'g9oHi?f®rWh[sTkWoHm=g[v

P(E1
W

E2) = (6 + 6 � 1)=36= 11=36
À�¤noHm�¤®oHv;g[¤ns]mTidhjh[sTm7g2h[sTvjlntwgTc
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Ç²¤ns=f g[¤nsBs=£?sTf0g9v

E1
q?fnk

E2
q?hjsB”ZlWg[l)q?tHtE¯®s7ˆ}‹

mTtwlnv[oE£ds{•

E1
V

E2 = 0
q?fnkšg[¤ns�§©idh[”ZlWtŠqD´¬ë?c•œ

¶

vjoH”GrntHoE­)sTv½g9i

P(E1

_
E2) = P(E1) + P(E2) :

´¬ë?c ë%•

¶

Ç idhjŽPowfn˜Zq{˜0q?oHf6À�owg[¤·knowmTsTv=•W”Zl4g9l)q?twtw¯Bs\ˆ4mTtHlWv[ow£?s�s=£?sTf0g9v�q{h[s]Å•˜ds7g[g[oHfn˜

1
q?fnk

2
À�owg[¤·idfns+knoHm=s

q{§@g[sThYidfns�g[¤nh[i%À]c

ž

¤nsThjsLq{h[s�rntwsTf0g_¯Di?§�i?g9¤ns=hYs7ˆWq?”GrntHs=v�i?§�g[¤noHvYvjidhjgTc

�)$'>@&)(�1J39$B5�<I5T>@CU>@(6JdS

$�fns^m/q?twtHvLowfIg9¤WoHv�Àzq/¯Ig[¤ns·rnhjidx)q?xnowtHoEg_¯±i?§�v[ow”Zlntwg9q?fns=idlnvLiPmTm=lnh[hjsTfnm=sši?§+q

f}ln”ZxJsTh�i?§�s=£?sTf0g9v=•

P(E1; E2; : : : ; En) :
´¬ë?c ë¶ë

¶

ž

¤ns]mTi?”Ÿ”ŸqZ”ŸsTq?fnv�¤ns=h[s�g9¤ns]v[q?”Ÿs�q?v;g[¤ns]vj¯P”ZxJidt

V
oHf ´¬ëdc¢œ

¶

c

�

&JNP�_1)�7&JNP�7&M*���1J3\>@&M*7>•1JCH�TS

e¨§+g_À½i±s=£?sTf0g9vGm/q?f iPmTm=lnhBoHfnkWsTrJsTfnkns=f0g9tw¯Ii?§�g9¤nsšhjs/q?twoHv[q{g9owidfIi?§�g[¤ns

i?g[¤nsTh=•}g[¤ns�rnh[i?x)q?xnowtHowg_¯�i?§Jg9¤ns�vjoH”ZlntEg�q?fWsTidlnvaiPmTm=lnh[hjsTfnm=s+i{§ g[¤nsT” owvbv[oH”GrntE¯�g[¤ns�rnh[iPknlnm7g½i{§ g[¤ns

oHfWknow£PoHkWl)q?tMrWh[idx)q{xnoHtwowg9owsTv=…

P(E1; E2) = P(E1)P(E2) :
´¬ë?c ë‘€

¶

ž

¤ns]˜ds=fnsTh[q?tHowv9q{g[oHidf·g[i

n
owfnknsTrJsTfWknsTf0g2s=£?sTf0g9v+oHvYvjg[h9q?ow˜d¤0g[§©idh¹À;q{h[k"…

P(E1; E2; : : : ; En) = P(E1)P(E2) : : : P(En) :
´¬ë?c ë%•

¶

«+v�q?f�s\ˆWq?”ŸrWtHsLi?fnsLmTq?f—oH”Ÿq?˜dowfns�rntŠq/¯PoHfW˜ŸÀ�owg[¤�knowmTsZq{fnk�m/q{h[knv�q{fnk±q?v[Ž}owfn˜šq?xJidlWg+s=£?sTf0g9v

g9¤nq{g2q?h[s�q?vjv[iPmToHq{g9s=kDg[iBg9¤ns]knowmTs�q?fnkšg9i6g9¤Ws�mTq?h[kWvT•)oHfWknsTrJsTfnkWsTf0g9tE¯dc

�

$'&JN?>@(O>V$'&J<?CP1J39$B5�<I5T>@CU>@(NJ?S ž

¤ns½rnh[i?x)q?xnowtHowg_¯�i?§ng9¤WsziPmTmTlWh[h[s=fnmTs½i?§-q?fLs=£ds=f0gas=£?sTf0g

E1
mTidfWknowg[oHidfns=k

g9iBg[¤ns]i4m=mTlnhjh[sTfWmTs�i?§¦q{fni?g9¤WsTh�s=£?sTf0g

E2
owv

P(E1jE2) =
P(E1; E2)

P(E2)
:

´¬ë?c ë/‚

¶

¬ztHsTq?h[tE¯d•noE§

E1
q?fnk

E2
q?h[s�owfnkns=r s=fnknsTf0g+s=£?sTf0g9v=•

P(E1jE2) = P(E1)
e_fDg9¤Ws

ž

Œ+v2À½s]v[¤)q?twtuv[s=s�rWtHsTf0g_¯ši{§¦s7ˆWq?”GrntwsTv;g9¤nq{g�oHtwtHlnv¹g9h9q'g9s#g[¤nsTvjs�rWh[idrJsTh¹g9oHs=vTc
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�
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« m/q{h[s=§©lWtYs7ˆ4r s=h[ow”Ÿs=f}g9q?tHowvjgLr s=hj§©idhj”Ÿv6q�”Gs/q?vjlnh[s=”Ÿs=f0gŸ”Ÿq?f0¯Ig[oH”GsTvZowfRoHkns=f0g9oHmTq?tzm=idfnknoEg9owidfnvT•

g9¤WsTf m/q?twmTlntHq{g9s=v�g9¤nsZ§©hjsT|}lnsTfWm=¯ i?§½s/q?m�¤ h[s=v[lntEg�q?fnk—§©h[id” g9¤ns=”¸•�owf�g9¤ns6tHow”ŸoEg#i{§;q·£ds=hj¯±tHq?h[˜ds

f}ln”ZxJsTh½i?§�”ŸsTq?v[lWh[sT”GsTf0g[v]´©g[¤)q{g½oHf·hjs/q?tJtHoE§©s+q{h[s#fWs=£ds=hYoHfW­nfnowg[s�I

¶

���7(8>@FG<?(_���

g9¤Ws#rnhjidx)q?xnowtHoEg_¯Bi?§

s/q{m�¤¸hjsTv[lWtwg/caÇ s]m/q?twt

3j<?&JNP$'F X'<?3\>O<I5TCH�

g[¤ns]h[s=v[lntEg�i?§�g[¤ns]s7ˆ4rJsTh[ow”Ÿs=f0g/c

Ä)idh^oHfnv¹g�q?fnm=s?•+oHfÃg9¤Ws—mTidowfÃg9idvjvšrnh[idxWtHsT” g9¤ns—h[q?fnkni?” £{q?h[oHq?xntws?•YtHs7gšlnvDm/q{tHt#oEg

x
•2g�q?Ž{sTv

idfntE¯^g_À½i^rJidv[vjoHxntws�£{q?tHlns=vT• D�q?fWk

ž

c)Ç s�mTq?f¸q?v[vji4m=oŠq{g[s�g9¤ns=v[s]g_ÀziŸs7ˆ4mTtwlnv[oE£ds�h[sTvjlntwg[vYÀ�owg9¤šg[¤ns

f}ln”ZxJsThjv;•�q?fnk)ë+q?fnkGg9¤ns=f·m/q{tHtng9¤Ws+h[q?fnknid”Ê£?q{h[oŠq{xntHs

x
5T>@F^$TN0<?C

c�¿zoH”GiPk)q?tnh[q?fnknid” £{q?hjoŠq?xWtHsTv

q?hjs

N?>H�%*739�7(_�

vjoHfnm=s�g9¤ns7¯Dm/q?f®idfntE¯^g9q?Ž?s�£{q?tHlWsTvYidf¸qBknoHvjmTh[s7g9s]v[s7gB´

0; 1
owfšg9¤nowvYm/q?vjs

¶

c

$#g[¤nsTh�h[q?fnkni?” £{q?hjoŠq?xntwsTv2m/q?f�g9q?Ž?s�£?q{tHlns=v#idf—m=idf0g9oHf}lni?lnv�v[s7g9v=•�q?v+g[¤nsZh[sTq?t�f}ln”Lx s=h[vT•"q?fnk

q?hjs+¤ns=fnmTs+m/q?twtHs=k

*�$'&)(O>@&).)$'.}�

h[q?fnkni?” £{q?h[oHq?xntHs=vTc�e_”^q?˜?oHfnsYg9¤nq{gbÀzs+tHiPidŽZq{g�g9¤Ws#q?xWv[idtwlWg9sY£{q?tHlWs

i?§ g9¤ns�£ds=tHiPmTowg_¯

v
i?§�q]r)q?hjg[oHm=tHs�”Ÿi%£PoHfW˜]À�oEg9¤nowf^q]˜0q?v=c¦e_f^rWh[owfnmTowrntHs{•dg9¤nowv�£{q?twlns�m/q?fŸx s+q?f0¯6h[sTq?t

f}ln”ZxJsTh�´O”Gidv¹g�rnh[idxnq?xntw¯^x i?lnfnkns=k"cwcEc

¶

q?fWk¸¤ns=fnmTs

v
owv�qBmTidf0g9owf}lnidlnv�h[q?fnknid” £?q{h[oŠq{xntHs{c

Ç²¤WsTfZknsTq?tHowfn˜�À�owg9¤�mTidf0g[oHf}lnidlnv�h9q?fWknid”�£{q?h[oHq?xntHs=vuÀzs½¤)q/£dszg[i#xJsz”Gidh[sbrnhjsTmTowv[szq?x i?lWg�À�¤nq{g

À½sz”Gs/q?f�x0¯�g[¤nszrWh[idx)q{xnoHtwowg_¯+i?§-q?f�s=£ds=f0g/c¦e_f�g9¤nowv�mTq?v[s{•{g9¤Wsz|}l)q?f0g9oEg_¯�g9¤)q'g�owv�À½sTtwt}kns=­)fWsTkBoHvug[¤ns
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rnhjidx)q?xnowtHoEg_¯L§©idhbg9¤ns+s=£?sTf0gYg9i�g�q?Ž{s+£{q?tHlWsTvbÀ�owg9¤WoHf·q�˜dow£?sTf·owf0g9sTh¹£{q?tVc�e_fŸg9¤Ws#m/q{v[s�i?§Mg9¤ns2£dsTtwi4m=owg_¯

i?§bqŸr)q?hjg[oHm=tHs�oHf¸g[¤nsL˜dq?vT•JÀzsBq{v[ŽšÀ�¤)q{g#oHv+g[¤nsLrWh[idx)q{xnoHtwowg_¯·g[¤)q{g#g[¤nsLrnq?hjg[oHmTtws�¤nq?v�q?f�q?xnv[i?tHlWg[s

£ds=tHiPmToEg_¯—mTid”GrnhjoHv[s=k±x s7g_Àzs=sTf

v1
q{fnk

v1 + � v
c6e_f±g9¤nsGtHow”ŸoEg#owf—À�¤noHm�¤

� v
oHv�owfW­)fnoEg9sTvjoH”Ÿq?twtw¯

v[”Ÿq?twt¦´

� v ! dv ¶
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