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Vortex Interactions
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Random Pinning
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Vortex dynamics model
frictionz }| {

η
∂rlz(t)

∂t
=

interactionsz }| {
f int
lz (t) + felast

lz (t) +

randompinningz }| {
fP
lz(t) +

thermalnoisez }| {
fT
lz(t) , (1)

• rlz: 2D position of l-th vortex in z-th plane.

• Friction force: η =
Φ0Hc2d

c2ρn

• In-plane interaction force: f int
lz = −∇rlzU

p[{rlz(t)}] with

U
p
[{rlz(t)}] =

X
l′6=l

U

„|rlz′ − rlz|
λ

«
, (2)

with

U(x) =
Φ0

8π2λ2
K0(x), (3)
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• Elastic (inter-plane) force: felast
lz = −∇rlzU

e[{rlz(t)}] with

U
e
[{rlz(t)}] = V

„|r(z+1)l − rlz|
2rg

«
+ (4)

V

„|r(z−1)l − rlz|
2rg

«
,

V (|x|) = 2cj(|x| − 1) for |x| ≥ 1 (5)

cj(|x|2 − 1) for |x| < 1,

with x = |rz′l − rlz|/2rg, z′ = z ± 1,
rg = dξab/ξc, d interplane distance, and

cj =
ε0a

πd

„
1 + ln

λ

a

«
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• Random pinning force:

fP
lz = −∇rlz

Z
d

2r′u(r′, z)p(|rlz − r′|), (6)

〈u(r, z)u(r′, z
′
)〉 = γδ(r− r′)δzz′,

and

p(r) =
2ξ2

r2 + 2ξ2
.



• Random pinning force:

fP
lz = −∇rlz

Z
d

2r′u(r′, z)p(|rlz − r′|), (6)

〈u(r, z)u(r′, z
′
)〉 = γδ(r− r′)δzz′,

and

p(r) =
2ξ2

r2 + 2ξ2
.

• Thermal (Langevin) force:

〈fT
lz,µ(t)〉 = 0,

〈fT
lz,µ(t)f

T
z′l′,µ(t

′
)〉 = 2ηkBTδ(t− t

′
)δzz′δll′δµµ′,

µ, µ′ = x, y
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Vortex Phase diagram without disorder
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Vortex Phase diagram with disorder

From experimental data in BiSrCaCuO
Schematic Phase Diagram
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Vortex Glass transition

van Otterlo et al, PRL 1998

Reichhardt et al, PRL 2000

• C(t) = e−〈[rlz(t)−rlz(0)]2〉/a2
∼ e−t/tpl

• Scaling theory : ρ ∼ |T − Tg|ν(z−1)

ν = 1.3− 2, z = 3.1− 6.5

• Volger-Fulcher law : ρ ∼ e−1/(T−Tg)
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Out of equilibrium systems

• Out of equilibrium:

? Very slow relaxation τequilibration � τobservaiion

? External forces: f(x) 6= −∂V/∂x, f(x, t)

• Examples: spin glasses, window glasses polymers, colloids, gels, dense liquides, granular
matter, sheared fluids, etc,.....Vortex Matter?
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Out of equilibrium dynamics of glasses
Energy flow, partial equilib ration, and effective temperatures in systems with slow dynamics,
Cugliandolo, Kurchan, Peliti, PRE, 1997.

• Fluctuations: C(t + tw, tw) = 〈O(t + tw)O(tw)〉, 〈O(t)〉 = 0

• Response: χ(t + tw, tw) = limε→0
〈O(t)〉ε−〈O(t)〉0

ε , (Hε = H − ε(t)O)

• Equilibrium: Fluctuation - dissipation theorem ( tw � τeq)

χ(t) =
1

kBT
[C(0)− C(t)]
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Out of equilibrium dynamics of glasses
Energy flow, partial equilibration, and effective temperatures in systems with slow dynamics,
Cugliandolo, Kurchan, Peliti, PRE, 1997.

• Fluctuation - dissipation relations
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Simulations

• 56 pancakes per plane

• 50 planes

• Quench from Tstart = 0.3 > Tg to T
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Correlation functions measured

• Dynamic wandering

W (z, t, tw) =

〈
1

Nxy

X
l

|[rlz(t)− rl0(t)]− [rlz(tw)− rl0(tw)]|2〉

• Mean square displacement (MSD)

B(t, tw) = 〈
1

N

X
lz

[xlz(t)− xlz(t)]
2〉
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Single Vortex Line wihout disorder (Vortex Liquid)
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Finite Size effect

τ = t− tw

W (z, τ) ∼


τ τ < t1,(z)

z2ζT τ > t1,(z)

ζ = ζT = 1/2 (thermal line wandering)

For t > t1,(z=Nz) finite size effect



Finite Size effect

τ = t− tw

W (z, τ) ∼


τ τ < t1,(z)

z2ζT τ > t1,(z)

ζ = ζT = 1/2 (thermal line wandering)

For t > t1,(z=Nz) finite size effect

B(τ) ∼

8<:
τ τ < t1,(z=1) single pancake

τ1/2 t1,(z=1) < τ < t1,(z=Nz) elastic line
τ t1,(z=Nz) < τ center of mass
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Single Vortex Line with Disorder: Aging
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Response Function

• Integrated Response



Response Function

• Integrated Response

Random force for t ≥ tw: flz = εslzx̂,
ε : perturbation strength, slz = ±1 , random

χ(t, tw) =

˙
1
N

P
lz slzxlz(t)

¸
ε
−

˙
1
N

P
lz xlz(t)

¸
ε=0

ε

xlz, x-component of vortex position,
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Single Vortex Line with Disorder: Aging
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Multiplicative Scaling

Yoshino, PRL 1998, Directed Polimer in Random Media (1+1)

Define
B(t, tw) = B̃(t̃)t

−α

2kTχ(t, tw) = χ̃(t̃)t
−α

with t̃ = t/tw and

B̃(t̃) =

(
c1(T )(t̃− 1)−α(T ) t̃ � 1

c2(T )(t̃− 1)−α(T ) t̃ � 1

χ̃(t̃) =

(
c1(T )(t̃− 1)−α(T ) t̃ � 1

y(T )c2(T )(t̃− 1)−α(T ) t̃ � 1
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Single Vortex Line with Disorder: Scaling

27



Violation of FDT
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Violation of FDT

χ(t, tw) =
y(t, tw)

2T
B(t, tw)

with y(t, tw) = T
Tef(t,tw)

• for t < tw,
χ̃ = B̃

• for t > tw

χ̃ = y(T )B̃

• Effective temperature:

y(T ) =
T

Teff
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Single Vortex Line with Disorder: Violation of FDT
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Vortex Glass: Aging and Scaling
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Scaling Exponents α(T )
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Vortex Glass: Violation of FDT
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Effective Temperature

y(T ) =
T

Teff(T )
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Conclusions

• Slow dynamics dominated by elastic line relaxation

• Aging : multiplicative scaling (as polimers in random media)

• Violation of FDT after a quench to the vortex glass
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