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Plan

Coupled logistic deterministic maps

The Kardar-Parisi-Zhang (KPZ) stochastic growth equation
Are they connected ?
cfr. space and time dependent properties :

tests on the CML and its Lyapunov vector

In coupled map lattices



First part

CMLs & KPZ



The logistic map

Ty =0(Tn 1) =12y 1 (1 —2,1), plzg) = 0(20)0(1 — 20)

T = Fxol (L =3 y)

0<r</4

S. Ulam and J. von Neumann, Bull. Am. Math. 53, 1120 (1947).

Proposal for a random number generator.



Coupled logistic maps (CLM)s
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\

d-dimensional lattice of logistic maps with nearest-neighbour coupling

x:z — 9(5’3;—1) + 5 [9(33;_—11) _29@%—1)4‘9(%?—11)] :
g(z') = ra' (1 —2')  inthe chaotic regime
Small  Individual chaotic trend —  Inhomogeneity ,

Large  Locking of neighbouring maps =  Homogeneity .

Characterization of the phase diagram (7, /)

see, e.g., K. Kaneko, Physica D 34, 1 (1989).



CLMs : space-time maps

Increasing 1 at fixed v = 0.2 :
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After a transient :



Surface growth
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KPZ equation



The KPZ eguation

Oh(Z,t) b Ao -
surface tension nonlinear term noise
(growth along the local normal)
v elastic coefficient % non-linear parameter
Typically, Gaussian white noise 7 = bath at temperature /'

(n(z,t)) = 0,
(n(@Z, )@, t)) = 2kgT 6T —T)6(t—1t).

M. Kardar, G. Parisi and Y-C Zhang, Phys. Rev. Lett. 56, 889 (1986).



KPZ : focusond =1
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Family-Vicsek scaling

t u << 1 growth .

VAT ~ 12 () o S~

ct u>1 saturation .

Do

Exactin d = 1 : roughness exponent ov = % ; dynamic exponent z =
Ballistic deposition : v = 0.47 4 0.02; 2/z =0.33 +0.006

Also interesting : P (w?) = (w?*) ®(w*/{w?)). Z. Récz et al.



Continuum (‘hydrodynamic’) limit

e.g., stochastic crystal growth modelling

coarse-graining = continuum limit

discrete stochastic eq. = continuous stochastic eq.

usual trick to derive a field theory for, in particular, non-equil. processes
see, e.g0. R. K. Zia et al
Observations at large distances ([, =>> a) and long times (1, > to)
We apply the same trick here

Deterministic chaotic evolution = continuous stochastic eq. ?



CLMs : continuum limit

Calling 0f (= 1) the time-step and 0 (= 1) the lattice spacing and

using
oh MW o KR
ot ot ’ or Ox ’
I
or? (0x)? ’

the CML model becomes

oh vr 0*h Oh\ *
oh o%h N /Oh\?
il v(h) 9.2 T (@) +n(h)



CML to KPZ but

(i) field-dependent viscosity v/() = % (1 — 2h)

(i) negative non-linear coupling
(i) Does local chaos become a stochastic noise ?
Statistical properties of n(h) = (r — 1)h — rh??

(iv) 1! < [0, 1] implies h(x,t) € [0, 1] too.

oV (h)

?
Ooh °

Thus, KPZ-like with a hard confining potential : n(h) = —

Let’s explore these points one by one.



The elastic coefficient

v(h) = =4%(1—2h)

(i) The bare v(h) has a weak dependence on the field /.
(i) The bare v/(h) is bounded (since /1 is bounded).

(i) (h) < Owhen i > 1/2 : Instability. In the Kuramoto-Sivashinsky

equation
oh __ , Oh_9'h . Oh
ot ox2 9zt oz
with 2 and  real, a similar instability — plus — generates

‘noise’ and allows for a link with the KPZ eq. in d = 1.

Y. Yakhot, Phys. Rev. A 24, 642 (1981).
V. L'vov and I. Procaccia, Phys. Rev. Lett. 69, 3543 (1992).

(iv) v(h) should be renormalized by the non-linearity



The non-linearity

2 (@—Z)Qwith A= —vr <0

() The non-linearity is identical to the one in the KPZ eq. :

it favors growth along the parts with high curvature.

(i) A negative )\ in the KPZ eq. is not important.

h — —h A — — A\



1 . a stochastic noise ?

An isolated logistic map

(a) | | —— analytical | (@) ‘ ‘ ‘ 0
6 - -~ numerical | (b)
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p(x) = = p(n);  No obvious time-correlations




1 . a stochastic noise ?

Coupled logistic maps
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1 . a stochastic noise ?

Short-range correlations in space and time;
central limit theorem

Gaussian pdf's of [ 7)) | = SN cos(2mki)n) and

. T i
772 - % Zn:l 77n

(a) | | " “Simulation (b) ‘ Simulation (©) ‘ ‘ : k=10
Fo - Gaussian Fit 12! O . Gaussian Fit | ke
4k |
10r 3r
3 QC 87 X’\C
= £ 2
ot a 6f o
4r A
1r ol
0 ‘ _,/".‘: ‘ - "».,\ ‘ 0 ‘ ‘ ‘ 8 | |
002 001 0 j 001 002 -002 001 [0 001 0.02 =01 -005 .k 0 0.05 01
n n

Asymmetric non-Gaussian p(7)" ) with supportin [—1, 0.56] for = 4.

Short-range correlations in space and time.



Surfaces
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Scaling — exponents
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Time correlations
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Stretched exponential relaxation even in the most chaotic regime !

As in KPZ . Colaiori & M. A. Moore (01) ; M. Schwartz & S. F. Edwards
(02) ; E. Katzav & M. Schwartz (04)

Not necessarily related to trapping times : N. Mousseau et al (02)



Second part

Effective temperatures and fluctuation relations



What i1s the FDT ?

In equilibrium

the dynamics is stationary, A ap(t,t,) = ((A(t) — B(ty))?) = f(t —
tw),

and the fluctuation (F) dissipation (D) theorem (T) relates

spontaneous A 4 &induced R 4p(t, t,) = <%> ‘h ; fluctuations :

1 0Aa(t 1)
k5T Oty

Aup(t,t) — At t,)] 0t —ty,) .

RAB(tatw) — e(t o t’w) )

L1,)) = —
Xas(t tw) 2T

Model independent relations, Einstein, Nyquist, etc.



Response to perturbations

tlo tll tlg tlg tlo tll tIQ tl3
The perturbation couples linearly to the observable /5
E — E—-hB({ri})

The linear instantaneous response of another observable A is

Rap(t, tw) = <§/iii)) h0>

The linear integrated response or dc susceptibility is

t
XAB(tatw)E/ dt,RAB(t,t,)
tw



and out of equilibrium ?

Can one identify a “family” of non-equilibrium systems for which the

modification of

1 dAAB(T)

RAB(T) B 2]CBT dT

0(1) , T=1t—t,
IS
— Easy;

— of the same form within the family.

— Can we understand what it might mean ?



Where to look for ?

There is a wide variety of non-equilibrium systems.
Focus on those with

— Slow dynamics
say, slower than exponential decay of correlation functions
e.g. glasses,
weakly driven complex liquids, weakly tapped granular matter,
driven vortices, etc.

— Coupled maps?



The case of glasses

Times
0 dt
i i ; |
t=0 Tty t . =dt+{, time
preparation waiting measuring
time time time

Ly > leq > equilibrium relaxation
Ly < leq :out of equilibrium dynamics

Stationarity is lost : Aging



Fluctuation-dissipation

Dynamics of high dimensional disordered models : limt,twﬁoo limy oo

separation of time-scales A(t,1,,) = Ag(t — ty) + Agy(t, ) and

X(t, tw) — Xst(t — tw) + Xag(ta tw)
For non-equilibrium systems, relaxing slowly towards an “asymptote”

(cfr. the threshold in p spin models) such that one-time quantities ap-

proach a finite value [in particular, lim; ... limy .. (1) = E.]

lim X(&tw) = [y (D)

ty—00,A(t,ty)=D

For weakly forced (¢) non-equilibrium systems in the limit of small work

lim X(& tw) = [y (D)

e—0,A(t,tw)=D

LFC & J. Kurchan, PRL 71, 173 (93); J. Phys. A (94).



FDT In relaxing glasses

Simulations : Vortex glass
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Disp & int. response Reduced time & parametric plot

S. Bustingorry, LFC & D. Dominguez, Phys. Rev. Lett. (2005)



FDT In driven systems

Simulations : driven Bragg glass
10 1000

= 1.0 1 /
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A. Kolton, R. Exartier, LFC, D. Dominguez, Grénbech-Jenssen, PRL (2003)



FDT & effective temperatures

Can one interpret the slope as a temperature ?

LFC, J. Kurchan & L. Peliti, PRE (97)

Thermometer

Observable A Coupling constant k

M copies of the system

Thermal bath (temperatureT)

The “thermodynamics” of a glass can be described by the temperature
of the bath and the effective temperature 7. ¢ ¢(C') (98).

Terr =~ T, :the glass remembers the structure it had when 7" ~ 7.

Similar interpretation as 1 ;.; (40s) but /.. » has concrete definition.

Link with microcanonical definition from configurational entropy (95).



Fluctuation theorems

Non-equilibrium steady states

The fluctuations of entropy production
2
p=(r04)"" fT/ dt o(Sy)
where .S, is trajectory of the system starting from a given initial condition,

o(S;) = T~ "W (S,) is the entropy production, with o, its average, 1’
the temperature of the environment and 117(S;) the work done by the

external forces, satisfy :

E(p) — &(—p) = poy with &(p) = lim 7' In7.(p)

T—00

and 7 the probability density of p.

Cohen, Morriss & Evans (90) ; Gallavoti & Cohen (93) ; Kurchan (98)



Fluctuation theorems

In driven glassy systems ?

Remember that there is no meaning to /" but thereisto /. 7 ;.

What is (.5, ) ? Proposal : T’ fT/Z dt W (S;) replaced by

T/2
[ b
—7/2 Teff(st)

with /. f f(St) the effective temperature of the unperturbed relaxing sys-

tem.
With this definition the fluctuation theorem should hold.

NB : when there is separation of time-scales (/. takes two values /'

and /™) this reduces to the proposal by Sellitto (99)

F. Zamponi, F. Bonetto, LFC, J. Kurchan, J Stat (05)



Fluctuation theorems

Driving glassy systems
Check
A (harmonic & anharmonic) oscillator coupled to two baths with

different time-scales and temperatures.
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F. Zamponi, F. Bonetto, LFC & J. Kurchan J Stat (05)



Fluctuation theorems

Question :

Is /. s+ appearing in the fluctuation relation as applied to other non-

equilibrium systems ?
Conjecture :

it should, in those in which the unperturbed relaxing system is far from

equilibrium, in a ‘state’ with a non-trivial Teff.
F. Zamponi, revisiting simulations of Lennard-Jones mixtures.
Is 1. playing a role in CMLs ? Hohenberg & Shraiman (89)
Does Teff appear in a fluctuation relation applied to CMLs ?

LFC, E. Katzav & F. Zamponi, work in progress.



Conclusions

CMLs and glassy systems :
Kaneko, Shraiman, Mousseau, Manrubia, Vulpiani, Robledo,...

We plan to revisit the connection,

focusing on dynamical non-equilibrium aspects of glasses, e.g. Teff.
CMLs and KPZ :

For CML itself : confined KPZ growth with slow stretched exponential

relaxation in time but trivial spatial depedence.

For the Lyapunov vector : KPZ with a noise with a large distribution,

change in exponents ! Prikovsky, Politi,...



Conclusions — suite

Fluctuation relation :
a way to test metastable non-equilibrium states ?

a way to measure /s

Sellitto ; Crisanti & Ritort; Semerjian, LFC & Montanari



