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Statistical Physics
Description

Probability theory and statistics methods to deal with large populations of components.

In its origins, its main purpose was to clarify the macroscopic properties of matter.

Successes:

crystals, liquids, liquid crystals, superconductivity, superfluidity, etc.

Since then, methods applied beyond physics:

biology, chemistry, neuroscience, social sciences, computer science, etc.

The aim is to describe the global properties of large ensembles of objects.

Microscopic rules not necessarily the physical ones.
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Introduction
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Classical Mechanics
Newton - Hamilton - Lagrange

Newton’s 2nd law (Physics 101) m~a = ~F

• Solve simple problems especially for gradient forces ~F (~r )=−~∇U(~r ) e.g.

•What happens if instead of one single particle there are many in interaction ?

~̇pi ≡ m~ai = ~Fi({~rj}) i, j = 1, . . . , N � 1

Very hard to solve.

Approximations & numerics

Collective phenomena

Interest in macroscopic behavior
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Dynamics
Newtonian classical mechanics

i = 1, . . . , N identical particles with mass m moving in d dimensional space

m~̈ri︸ ︷︷ ︸
inertia

= ~Fi︸︷︷︸
force

= − ~∇i

∑
j(6=i)

U(rij)︸ ︷︷ ︸
inter-particle interactions

U(rij) potential energy

of inter-particle interactions

rij inter-particle distance

Lennard-Jones potential

Molecular dynamics
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Large ensemble of particles
Collective behaviour?

Confocal microscopy image of a colloidal suspension in a liquid - Weeks group
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Dynamics
A single free colloid immersed in liquid

the Langevin stochastic equation

m~̈r︸ ︷︷ ︸
inertia

+ γ~̇r︸ ︷︷ ︸
friction

dissipation

= ~ξ︸︷︷︸
random force
white noise

Coupling to the bath

the liquid

U = 0 Langevin 08
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Dynamics
Brownian motion

m~̈r︸ ︷︷ ︸
inertia

+ γ~̇r︸ ︷︷ ︸
friction

dissipation

= ~ξ︸︷︷︸
random force
white noise

Many rapid collisions

water molecules on colloid

⇒ random force & friction

Einstein 05, Smoluchowski 06, Langevin 08, Fokker-Planck 14-17
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Brownian Motion
Proof of molecular nature of matter

Trajectories of three tracers embedded in a shallow molecular liquid

Perrin 1909 “Brownian motion and molecular reality”
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Dynamics
Many interacting colloids in a bath

m~̈ri︸ ︷︷ ︸
inertia

+ γ~̇ri︸ ︷︷ ︸
friction

dissipation

= − ~∇i

∑
j( 6=i)

U(rij)︸ ︷︷ ︸
inter-particle interactions

+ ~ξi︸︷︷︸
random force
white noise

Coupling to the bath

the liquid
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Statistical Physics
Advantage

No need to solve the dynamic equations!

Under the ergodic hypothesis, after some equilibration time teq, macro-

scopic observables can be, on average, obtained with a static calcula-

tion, as an average over all configurations in phase space weighted with

a time-independent probability distribution function P ({~pi, ~ri})

〈A〉 =

∫ ∏
i

d~pid~ri P ({~pi, ~ri}) A({~pi, ~ri})

〈A〉 should coincide with A ≡ lim
τ→∞

1

τ

∫ teq+τ

teq

dt′A({~pi(t′), ~ri(t′)})

the time average typically measured experimentally

Boltzmann, late XIX
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Statistical Physics
Ensembles: recipes for P ({~pi, ~ri}) according to circumstances
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r(0)

r(tw)

tr( )

ε=ct

Isolated system

E = H({~pi, ~ri}) = ct

Microcanonical distribution

P ({~pi, ~ri}) ∝ δ(H({~pi, ~ri})− E)

Flat probability density

SE = kB ln g(E) β ≡ 1
kBT

= ∂SE
∂E

∣∣∣
E

Entropy Temperature

E = Esyst + Eenv + Eint
Neglect Eint (short-range interact.)

Esyst � Eenv β =
∂SEenv

∂Eenv

P ({~pi, ~ri}) ∝ e−βH({~pi,~ri})

Environment

System

Interaction

Canonical ensemble
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Statistical Physics
Accomplishments

• Microscopic definition & derivation of thermodynamic concepts

(temperature, pressure, etc.) and laws (equations of state, etc.)

PV = nRT
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Statistical Physics
Accomplishments

• Theoretical understanding of collective effects⇒ phase diagrams

Phase transitions : sharp changes in the macro-

scopic behavior when an external (e.g. the tem-

perature of the environment) or an internal (e.g.

the interaction potential) parameter is changed

The states of matter have uniform physical properties in each phase. During a

phase transition certain properties change, often discontinuously, as a result of

the change of an external condition, such as temperature, pressure, or others.

• Calculations can be difficult but the theoretical frame is set beyond doubt
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Phases of Matter
Solid, liquid and gas equilibrium phases in a volume

Typical & simple (P, T ) phase diagram
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Equilibrium Phases
Macroscopic properties

• A gas is an an air-like fluid substance which expands freely to fill any

space available, irrespective of its quantity.

• A liquid is a substance that flows freely but is of constant volume, ha-

ving a consistency like that of water or oil. It takes the shape of its

container

• A solid is a material with non-vanishing shear modulus.

• A crystal is a system with long-range positional order.

It has a periodic structure and its ‘particles’ are located close to the

nodes of a lattice.
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Statistical Physics
Applies to all physical microscopic dynamics

From N. Miller - “A crash course in Statistical Mechanics”
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Space dimension
two dimensions is special

d = 3

d = 2

d = 1

d = 0

18



Freezing/Melting
Three dimensions vs. two dimensions

Image from Pal, Kamal & Raghunathan, Sc. Rep. 6, 32313 (2016)

T = 0 Position & orientation order lost

Orientation order preserved also lost

T, 1/φ
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Crystals vs. Solids
Three dimensions vs. two dimensions

• A solid is a material with non-vanishing shear modulus.

• A crystal is a system with long-range positional order.

It has a periodic structure and its ‘particles’ are located close to the

nodes of a lattice.

The position fluctuations are bounded ∆2 = 〈(~ri − ~r latt
i )2〉 <∞

• 2d solids exist but have a weaker ordering than 3d ones.

− Oriented crystals with no positional order at T > 0.

−Critical phase with algebraic relaxation of position correlations.

− Phase transition à la Kosterlitz-Thouless
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Beyond equilibrium
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Out of equilibrium
Three possible reasons

• The equilibration time goes beyond the experimentally accessible times in

macroscopic systems in which teq grows with the system size,

lim
N�1

teq(N)� t

e.g., Critical slowing down, coarsening, glassy physics

• Driven systems Energy injection

~Fext 6= −~∇V (~x) e.g., active matter

• Integrability Iµ({~pi, ~xi}) = ct, µ = 1, . . . , N

Too many constants of motion inhibit equilibration to the Gibbs ensembles.

e.g., 1d bosonic gases
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Active matter
Definition

Active matter is composed of large numbers of “agents”.

Each agent consumes energy in order to move or exert mechanical forces.

These systems are intrinsically out of equilibrium.

Energy injection “uniformly” within the samples (not from the borders).

Coupling to a bath allows for the dissipation of part of the injected energy.
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Natural systems
Birds flocking

Cavagna, Giardina, Parisi et al. in Roma
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Natural systems
Bacteria

Escherichia coli - Pictures borrowed from the internet
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Natural systems
Cellular motion

Collective cell migration induced by cell-environment interactions and cell-cell commu-

nication. Energy injection & dissipation. Image from IBEC Barcelona
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Artificial systems
Janus particles

Colloidal particles with two faces (Janus God)

e.g. Bocquet & Cottin-Bizone groups ENS Paris-Lyon, di Leonardo group Roma
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Artificial systems
Granular walkers

e.g. Dauchot’s group at ESPCI Paris, Menon at Amherst
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Artificial systems
Nano HexBugs on a table

Propulsion: batteries

e.g., Ciliberto’s group ENS-Lyon
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Dynamics
Active particles - the standard model

Spherical particles with diameter σ

Environment =⇒ Langevin dynamics

Scales =⇒ drop inertia

Self-propulsion =⇒ active force ~Fact along ~ni = (cos θi(t), sin θi(t))

γ~̇ri︸︷︷︸
friction

= Fact~ni︸ ︷︷ ︸
propulsion

− ~∇i
∑
j(6=i)

U(rij)︸ ︷︷ ︸
inter-particle repulsion

+ ~ξi︸︷︷︸
translational
white noise

θ̇i = ηi︸ ︷︷ ︸
rotational

white noise

2d packing fraction φ = πσ2N/(4S) Péclet number Pe = Factσ/(kBT )

Bialké, Speck & Löwen, Fily & Marchetti 12

31



Active Particles
Typical motion

The activity induces a persistent motion

Long running periods `p ∝ Pe σ and

sudden changes in direction due to the angular noise
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Two questions
– dilute active systems

the Perrin experiment

– dense active systems
collective effects
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A dilute active bath
The Perrin experiment - to characterize the bath

Multiple passive tracers

in a double bath

bacteria suspension (active)

in liquid with food (passive)

A few tracers • embedded in a dilute active bath

Wu & Libchaber 00, ..., Loi, LFC & Mossa 12, ..., Solon & Horowitz 22
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A dilute active bath
Enhanced diffusion

Tracers’ mean-square displacement

∆2(t) = 〈(~r(t)− ~r(0))2〉
∼ Dtα

super-diffusion α = 2

crosses over to

diffusion α = 1 but with an

enhanced diffusion constant D(Pe)

A few tracers • embedded in a dilute active bath

Wu & Libchaber 00, ... , Loi, LFC & Mossa 12, ... , Solon & Horowitz 22
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Collective behaviour
Non-equilibrium Steady States

The condition of a system or process that does not change in time

Merriam Webster dictionary

An example of steady state can be found in a bathtub with the drain open and

water being added. If water is leaving the tub at the same rate that water is being

added, the state variable volume will be constant over time

Google

P ({~pi, ~ri})?

is not the one of Boltzmann but is independent of time
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Active Particles
Steady State complex Phase Diagram

Motility induced

phase separation

(MIPS)

gas & dense

co-existence

Cates & Tailleur 12

From virial pressure P (φ), translational and orientational correlations GT and G6,

distributions of local density and hexatic order φi and ψ6i, at fixed kBT = 0.05

Digregorio, Levis, Suma, LFC, Gonnella & Pagonabarraga 18
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Active Particles
Mechanism for melting transition First question (out of many !)

Free dislocation:
a 7-5 neighbor

6= from4 lattice

Solid - Hexatic transition at φsh, driven by unbinding of dislocation pairs

as in Berezinskii-Kosterlitz-Thouless-Halperin-Nelson-Young universality ?

ρdisloc ' a exp
[
−b
(

φsh
φsh−φ

)ν]
ν ∼ 0.37 ∀Pe ?
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Bacteria colony
Phase segregation - clustering

A. Bright-field microscopy image of a motile bacteria-polymer mixture

B. Snapshot of simulation of active dumbbells with parameters chosen to be

similar to the experiments shown in A.
Schwarz-Linek et al 12
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Active Particles
Motility Induced Phase Separation: the mechanism

Particles collide heads-on

and cluster even in the

absence of attractive forces

→ blue 0 ← red π

The colours indicate the direction along which the particles are pushed by the active force Fact
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Active Particles
Steady State Phase Diagram So many questions !

Very similar to

phase separation

in conventional

passive cases

Is it really the same?
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Phase separation
Quench below the binodal: universality

Microscopic details are irrelevant

but conservation laws, space dimension &

dimension of order parameter fix the

Dynamic universality class

t1 < t2 < t3 < t4 < . . .

Coarsening process classified according to R(t) ' t1/z
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Active Particles
Out of equilibrium phase diagram So many questions !

Dynamics of formation of the dense phase? but bubbles, hexatic order, ...

Universality with the Lifshitz-Slyozov law R(t) ' t1/3 ?

Redner et al 13, Stenhammar et al 14, ... , Caporusso et al 20, Caprini et al 20, ...
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Formation of dense clusters
Ostwald ripening vs. cluster-cluster aggregation - videos

Passive Active

Parameters such thatR(t) is the same
Instantaneous configurations (DBSCAN)

Caporusso, LFC, Digregorio, Gonnella, Levis (Barcelona) & Suma, soon in arXiv
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One thermodynamic notion
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Active Particles
effective temperatures in stationary MIPS: dense & dilute

Integrated linear response & mean-square displacement: their ratio (FDR) t− t′

Linear response computed with Malliavin weights (no perturbation applied) as proposed by Warren &

Allen 12 and Szamel 17 for active matter systems.

Co-existence of

– fast and hot particles in the dilute phase with T dil
eff

– slow and cold particles in the dense phase with T dense
eff

Petrelli, LFC, Gonnella & Suma 20
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Conclusions
The talk started from a recap of the end of the 19th - 20th Century

Statistical Physics development & achievements

proof of molecular nature of matter, understanding of phase transitions, ...

It then focused on one out of equilibrium macroscopic situation:

driven interacting systems with energy injection active matter

Some basic questions discussed concerned

phase diagrams, universality, dynamics, ...

Thermodynamic concepts out of equilibrium?

Effective temperatures (heat flows, entropy production, partial equilibrations,

fluctuations,...)

There is much more to be done and understood Thanks !
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