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1 Fractal dimension of Ising domain walls

1.1 Preliminary example: the Koch snowflake

Let us start with a simple example of a deterministic fractal: the Koch snowflake, defined
by the following sequence of polygons:

We consider the limit of this curve after an infinite number of iterations. The fractal
dimension of a curve is defined as follows. For any ε > 0, let N(ε) be the minimum
number of disks of radius ε needed to cover the curve. If there exists a constant A > 0
and an exponent df > 0 such that N(ε) ∼ Aε−df , then we say that the curve is a fractal
of dimension df . Show that the Koch snowflake is a fractal, and compute its fractal
dimension.

Answer: ε ∼ 3−n and N ∼ 4n, hence df = log 4/ log 3.

1.2 Relation to connectivity exponents

We consider the critical Ising model on a square lattice of mesh size a, in a box of size
R × R. For any even integer k, let φk(r) be the operator which generates k “legs” of
domain walls in the vicinity of r. More precisely, φk inserts k marked paths which are
not allowed to connect with each other, except in the vicinity of another operator φ`. For
instance, the two-point function 〈φ2(r)φ2(r′)〉 gives the probability that r and r′ sit on
the same domain wall. We call xk the scaling dimension of φk.

Let r1 and r2 be two given boundary points, and fixed boundary conditions σ = +1 on
the left boundary, and σ = −1 on the right boundary. These boundary conditions force
the existence of an open domain wall γ joining the points r1 and r2.
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Show that the length of γ scales as N ∝ (R/a)df , where df is related to the scaling
dimension x2. The exponent df is the fractal dimension of critical Ising domain walls.

1.3 Coulomb-Gas approach

The dimensions xk can be computed exactly through the heuristic method called the
“Coulomb-Gas approach”. The idea is to consider the statistics of domain walls, and
relate them to a local height model. Each domain wall is a closed curve, which can be
oriented clockwise or anticlockwise, and we give a Boltzmann weight e−iπ/3 or eiπ/3 to the
oriented curve, respectively. These phases can be distributed locally, by assigning a factor
eiα/6 to each turning angle α of an oriented curve. As a result, we get for the partition
function

ZIsing ∝
∑

DW config C

e−2J`(C) =
∑

DW config C

e−2J`(C) × (eiπ/3 + e−iπ/3)

=
∑

oriented DW config C′

e−2J`(C′)
∏

turn α∈C′

eiα/6 .

These oriented closed polygons, weighted by local but complex Boltzmann weights, can
be viewed as the contour lines of a height variable ϕ on the dual lattice. It can be argued
that, in the scaling limit, on the complex plane with a flat metric, the renormalised height
variable ϕ is described by an action of the form:

A[ϕ] =
1

2π

∫
d2r
[
[∇ϕ(r)]2 + 4iQϕ(∞) + µ e2iϕ(r)/b

]
,

where the term 4iQφ(∞) accounts for the singularity of curvature at ∞.
For the free-field action A0[ϕ] = 1

2π

∫
d2r[∇ϕ(r)]2, one has

〈e2iα1φ(r1) . . . e2iαnφ(rn)〉0 =
∏
i<j

|ri − rj|4αiαj ,

provided α1 + · · ·+αn = 0. For the action A[ϕ], and the vertex operators Vα(r) = e2iαϕ(r),
compute the two-point function 〈Vα(r1)V2Q−α(r2)〉, and find the scaling dimension xα of
Vα(r).

Determine the relation between b and Q by imposing that the periodic potential be
exactly marginal. We admit that, for the Ising model, the value of b is b =

√
4/3.

Consider the field theory defined by the action A[ϕ], on the domain a < |r| < R, with
R→∞. In order to give to proper weight to a loop encircling the origin, vertex operators
should be inserted, and we have Z ∼ 〈V−Q(a)V−Q(R)〉. Consider a field configuration
with a vortex of charge m ∈ Z/2, namely with ϕ(r)→ ϕ(r)+2πmb as r winds around the
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origin in the anti-clockwise direction. Find a field configuration ϕcl(r) with this property,
and satisfying the equation of motion associated to A0, namely ∆ϕcl = 0. Using this field
configuration, compute the value of the action, and then the scaling exponent associated
to the insertion of a vortex.

Finally, argue that the connectivity exponent xk is the scaling exponent of a vortex of
charge m = k/2, and use this to obtain the fractal dimension of Ising domain walls.

Answer:

• The conformal dimension of Vα is hα = α(α− 2Q).

• We have 2Q = 1/b− b.

• The conformal dimension of a vortex is ĥm = b2m2

4
−Q2.

• For Ising we have b =
√

4/3, and ĥm = m2/3− 1/48. For m = 1 we get x2 = 2ĥ1 =
5/8, and hence df = 11/8.

2 Three-point function of primary operators

Consider the correlation function of three primary operators φ1, φ2, φ3 on the domain Rd:

G(r1, r2, r3) = 〈φ1(r1)φ2(r2)φ3(r3)〉Rd .

Apply a translation r 7→ r−(r3−ε), followed by an inversion. [Use the notationR = ε/|ε|2].
Apply a scale transformation by the proper factor, and finally let R tend to ∞. Find the
expression of G(r1, r2, r3), up to a multiplicative constant.
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