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Abstract

In this thesis, I summarise two main directions of my recent research in the field of 2d
critical phenomena, both related to operators in critical models. The first axis is concerned
with the systematic construction, through the underlying quantum group structure, of
discretely holomorphic parafermions, a class of lattice objects which satisfy a discrete
version of the Cauchy-Riemann equations. The second axis is the development of the
analytic 2d conformal bootstrap in the context of non-rational Conformal Field Theories
with Virasoro or Wy symmetry, which include non-scalar primary operators in their
spectrum.
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Introduction

Since their early developments in the 80’s, the rich algebraic structures of quantum
groups [1I, 2 B, 4, 5], [6] and Conformal Field Theory (CFT) [7, [8, O] have found impor-
tant motivations and applications in the field of two-dimensional (2d) critical phenomena
in Statistical Mechanics. The minimal models of conformal invariance have provided a
classification scheme for 2d phase transitions with a finite number of “basic” local opera-
tors, whereas the notions of quantum groups and quantum inverse scattering [10] (i) have
emerged as a formal framework to describe the exact solutions [I1] of lattice models found
before, especially the Bethe Ansatz [12), [13] [14] [15], 16, 17, 18], (ii) have allowed the sys-
tematic construction of new families of exactly solvable lattice models [19] 20} 2], 22| 23],
and (iii) have provided powerful tools to study correlation functions on the lattice [24].

A particular class of non-local problems, associated to critical interfaces, has led to
interesting developments. Indeed, correlation functions of non-local objects may be con-
sidered even in the context of statistical models with short-range interactions, such as
the Ising model with nearest-neighbour interaction. Typical examples are the geometry
of Ising domain walls, percolation clusters, polymers and self-avoiding walks. All these
examples are encoded in the O(n) loop model [25, 26]. First, on the lattice, the study
of these extended objects has motivated the introduction of diagram algebras, such as
the Temperley-Lieb algebra [27), 28], which turn out to play an important role [2] in the
quantum group underlying the lattice model. Also, they constitute a typical situation
where the (imaginary-time) evolution operator becomes non-diagonalisable, which is the
defining feature of a logarithmic CFT (see the review [29] and references therein). Fi-
nally, they are a well-suited setting where the relation between boundary CFT [30] and
the theory of Schramm-Loewner evolution (SLE) [31] can be established.

In this thesis, I summarise two main directions of my own research in the field of 2d
critical phenomena.

Lattice parafermions. In classical Statistical Mechanics, parafermions are operators
whose correlation functions pick up a non-trivial phase (different from 1 and —1) when one
winds around the other. They where identified in clock models with Zy symmetry [32],
and later, the corresponding critical points were described in terms of a parafermionic
conformal algebra [33]. At the lattice level, it was noticed that, at the critical point, some
of these operators satisfy local linear relations analogous to the Cauchy-Riemann equa-
tions: they are thus called discretely holomorphic operators (see [34]). This observation
dates back to [35] for fermions associated to the Ising model, and it was rediscovered
and extended, in particular, to Ising [36], loop [37] and clock models [38]. The main
motivation for the latter studies was to provide the basic ingredient for rigorous proofs of



the conformal invariance of critical lattice models. The main steps of such proofs are as
follows:

1. Exhibit a discretely holomorphic operator ¢ (z) coupled to a critical interface ~.

2. Prove that the lattice average value (¢)(z)...) converges to a holomorphic function
F(z) in the scaling limit, and solve the boundary-value problem for F'(z).

3. Construct from F(z) a martingale associated to the random curve v, and charac-
terise v as an SLE process (or one of its variants).

This program has been fully realised only for the percolation [39] and Ising [36] models,
where specific additional features are used in the argument. In more general cases, e.g.
clock models with Zy symmetry or the O(n) loop model with n # 1, the main obstruction
to complete this type of rigorous proof can be stated very simply. On a portion of the
square lattice consisting of N faces, the lattice parafermions live on edges, and the discrete
Cauchy-Riemann equations are associated to faces, so we get an underdetermined system
of N equations for 2N unknowns — except for the Ising model and the percolation problem
on the triangular lattice, where additional linear relations hold trivially. The practical
consequence is that one does not control the convergence of (¢ (z)...) well enough to
prove holomorphicity in the scaling limit. Hence, finding the “missing half” of discrete
Cauchy-Riemann equations remains an important open problem, whose solution would
open the way to the completion of the above program for a large variety of 2d critical
models.

The Ising model is certainly the one for which the consequences of discrete holomor-
phicity have been exploited to give the most fruitful studies. This approach was used
to prove rigorously conformal invariance of interfaces [36] and the covariance of spin and
energy correlation functions [40]. Isoradial lattices were first considered, but much more
general lattices can actually be treated, leading especially to the concept of S-embeddings.
This is a currently active subject for the Probability Theory community working on Sta-
tistical Mechanics: see [41] and references therein.

In [42], following [36], 37, 138] we empirically found some new discretely holomorphic
parafermions in a variety of integrable loop models. At that stage it became clear that
discrete holomorphicity was related to integrability. In a subsequent series of papers
[43, 44, [45], we proved that the discretely holomorphic parafermions could be obtained
from the non-local conserved currents of the underlying quantum group symmetry, fol-
lowing a general construction introduced by [46] in a different context. This provides
a systematic way of deriving the discretely holomorphic parafermions in an integrable
model, as opposed to the empirical approach of earlier studies.

The operator algebra in non-rational CFTs. The most studied critical models
(Ising, Potts, RSOS ...) correspond to rational CFTs in the scaling limit [7], i.e. models
with a finite number of primary fields, organised in the Kac table. In contrast, examples
of non-rational CFTs have been known for a long time. Their spectrum of conformal
dimensions may be continuous, as for the Liouville CFT (see [47] and references therein),
or discrete, as in the case of the CFT associated to the O(n) loop model [4§].

The recent renewal of interest for non-rational models in the Statistical Mechanics
community is related to the introduction of the imaginary (or timelike) Liouville CFT [49,

4



50, 51] and its study through the analytical conformal bootstrap [52), 53] 54, [55]: indeed,
the range for the central charge of this model is ¢ < 1, which coincides with the typical
critical lattice models quoted above. Moreover, Delfino and Viti [56] made the important
observation that the three-point amplitude for percolation cluster connectivity is correctly
predicted by the OPE structure constant of imaginary Liouville CF'T at central charge ¢ =
0. This was, in my opinion, a surprising and stimulating result, since the CFT describing
these percolation cluster connectivities is known to have a discrete spectrum [48], and its
conformal bootstrap analysis is clearly not the same as in imaginary Liouville.

The discovery of Delfino and Viti motivated further studies of three- and four-point
correlation functions of cluster connectivities in the Fortuin-Kasteleyn (FK) cluster model
[57], and in the O(n) loop model [58]. Also, the conformal bootstrap approach for the
quantum Liouville CFT was further developped: existence of a solution to crossing sym-
metry equations for complex values of the central charge [59], rigorous construction of
vertex correlation functions for ¢ < 25 [60].

Inspired by some of these ideas, in [61] we studied the operator algebra of the O(n) loop
model for generic values of n: the corresponding CF'T is non-rational, with a discrete, non-
diagonal spectrum: some of the primary operators are non-scalar, 7.e. they have distinct
holomorphic and anti-holomorphic conformal dimensions h # h. Our study shows that
the OPEs are consistent with the presence of a single degenerate operator ®,; at level
two (and not ®1s), as predicted in [48]. As an important consequence, after imposing
crossing symmetry on four-point functions, only one shift equation is obtained for the
OPE coefficients, instead of two equations as in the standard Liouville case. Nevertheless,
we were able to derive analytically some OPE coefficients by adapting the bootstrap
approach to this non-diagonal situation: for a certain class of non-scalar operators, the
OPE coefficients are simply given by the geometric mean of the holomorphic and anti-
holomorphic parts.

Another line of research that we followed, was the investigation of the conformal
bootstrap for abstract CFTs (i.e. possibly not related to a critical lattice model) with
non-diagonal spectra, and as many primary fields as possible. This was initiated in [62] for
the case of the Virasoro algebra, where a classification of primary fields according to their
fusion rules with ®;5 and ®5; was proposed. Considering the case of the W,, algebra, which
encodes an internal &,, permutation symmetry group, we generalised these ideas [63], and
showed that the primary fields are classified by the conjugacy classes of G,,.

Outline. This manuscript is organised as follows. In Chapter [1] are recalled, using
examples, the main elements of formalism that are useful for the rest of the text, namely (i)
quantum groups and the various types of associated lattice models, (ii) the Coulomb-Gas
approach to derive the CFT description of critical models in the scaling limit, and (iii) the
analytical conformal bootstrap to compute OPE coefficients from the crossing symmetry
constraints. In Chapter [2] the construction of lattice parafermions as quantum-group
conserved currents is explained, and the cases of vertex, loop, face and clock models are
treated. In Chapter [3| the study of OPEs in two types of non-rational CFTs is exposed:
the scaling theory of the O(n) loop model, and the non-diagonal imaginary Toda CFT.



Chapter 1

General background

1.1 Lattice models

1.1.1 Vertex models and quantum affine algebras

The six-vertex model
w1 o9 w3 Wy Ws We

Figure 1.1: The configurations of the six-vertex model.

Vertex models are lattice models where the degrees of freedom live on the edges of the
lattice, and the rules (and weights) for the allowed configurations are defined around the
vertices. Let us describe the simplest example: the six-vertex (6V) model [15} 16, 17],
shown in Fig.[I.1} The configurations of a vertex can be encoded in the R-matrix, oriented

from bottom to top, in the basis (| 11),| 1), | 1), | I4)):

wi 0 0 0
0 W3 Ws 0
0 weg ws O
0 0 0 w

R= (1.1)

This matrix is an endomorphism of V; ® V5, where V; and V5 are two-dimensional vector
spaces generated by | 1) and | ). A related object is the R-matrix, given by R = 7R,
where 7 is the permutation of V; and V,. If properly parametrised, this R-matrix becomes
an intertwiner of evaluation representations of the U,(sly) quantum affine algebra [I].



The Uq(;b) quantum affine algebra

The U, (5A[2) is a Hopf algebra, generated by {eq, e1, fo, f1,%0,t1} subject to the relations:

tit;t =t =1, tot1 = tito ,
t; — t_
t €]t_1 qdiAij€j7 tfjt_l _diAijfja [e'wfj] — ’L ﬁ’
q 1 — q (1
1-Ayj 4
> (= [ ’ } e M ey ek =0, (12)
k=0 q‘i
' 1—A
(_1)k { — Ay :| fl Aij— f] fk - 0
k @
k=0 q%
where the Cartan matrix A and the gradation d are
2 =2
A:(_2 9 ), dy=dy =1, (1.3)

and we have used the ¢-binomial coefficients:

1] e

(1.4)

The coproduct in Uq(,;\lg) is given by:

The evaluation representations 7. are a family of two-dimensional irreducible represen-
tations of U,(sly), labelled by a complex number z (the spectral parameter), with the
matrices:

me=(00) . m=(y % ) mw=(% 0)
@@g:(gg), mUﬁz(JﬂS), @ug:(gqﬂ).

We denote by V, the two-dimensional space for the representation .
To describe the intertwining relation, we denote the tensor-product representations
as:
T = (T, @ m,y) 0 A, and o1 = (M, @,y ) 0 A (1.7)

The R-matrix

The R-matrix given by

qz — (qz)7! 0 0 0
y 0 qg—q ' z—z71 0
R(Z) - 0 y— 1 q— q—l 0 (18)
0 0 0 qz — (qz)™!



shall be depicted as

(1.9)

A discussion on the opening angle o can be found in the next paragraph. The R-matrix
satisfies the intertwining relation

Vo € Uy(sly),  R(z1/2) ma(z) = mu(z) R(z1/2) . (1.10)

More generally, for two representations V, V' of Uq(glg), the matrix Ry is the inter-
twiner, with the defining property

Vx € Uq(g[g) s Rvyl [(ﬂ'\/ (%9 WV/)A(I)] = [(Tﬁ// & Wv)A(l‘ﬂ RV,V’ . (111)

Note that this intertwiner does not always exist (for instance, in the case of cyclic repre-
sentations).

An important property of the R-matrix is the Yang-Baxter equation, which is actually
a consistency relation for intertwiners of the quantum affine algebra U,(sls):

(R(z) @ 1)(1 ® R(zw))(R(w) ®1) = (1 ® R(w))(R(zw) ®1)(1 ® R(2)). (1.12)

More general solutions of the Yang-Baxter equation can be constructed from the inter-
twiners of representations of algebras U,(g), where g is a semi-simple Lie algebra, or a Lie
superalgebra.

Finally, let us mention the “crossing symmetry” under z — —(¢qz)~!. The weights of
the transformed matrix

z— 271 0 0 0
P TV T 0 ¢—q' qz—(¢z)7" 0
T R IR B TR U (113)
0 0 0 z—z1

correspond to those of the original matrix R(z), rotated by 90°. The corresponding picture

1S
—w/q

(1.14)

z N —w/q

The K-matrices

Integrable boundary Boltzmann weights are encoded by K-matrices [64]. In this thesis,
we shall only consider diagonal K-matrices of the form

1
2+ bz 0 ) | (1.15)

K(z;b) = ( 0 2V 4+ bz



where z is the spectral parameter and b is an external boundary parameter. We shall
depict it on the left and right boundary, respectively, as

Ky(zb) = (1.16)

This matrix is not an intertwiner between representations of U, (;[2) Indeed, the general
property defining a K-matrix is that it should intertwine between representations of a
coideal subalgebra of U,(sly). A subalgebra B of a Hopf algebra A is a left (resp. right)
coideal iff it satisfies the stability property A: B — B® A (resp. A: B —- A® B). In

the case of A = Uq(sAIQ), the subalgebras B,SZ), BIST) generated by

{to, ti, pe=-er+bgtofo, [e=qtifi+beg},

1.17
{to, t1, p=ber+q 'tifo, fr=0bg 'tofi+eo}, (L17)
are, respectively, left and right coideals. The intertwining properties then read:
‘v’xGB(e), K(z;b)m,—1(x) =7, (x) K(2;0),
b (35) mos(a) = ma(a) K (1) s,

Vo € BIST) : K(z;b)m,(x) = m-1(x) K(2;b) .

Rhombic embedding

The relation between the spectral parameters and opening angle o defining the rhombic
embedding is fixed by demanding that the YBE equation be represented by
adjacent rhombi, and by the crossing symmetry described above. The YBE equation can
be depicted as:

: (1.19)

which imposes a relation of the form z/w = exp(u«), where u is some constant. Crossing
symmetry under z — —(gz)~! in turn yields the correct value of u. As a results, one gets
for the opening angle corresponding to R(z/w) ({1.9)):

2w = e (1.20)
where we have set ¢ = —e™ with 0 < A < 7.

Relation with U,(sl;) and the Temperley-Lieb algebra

When ¢ is generic (i.e. ¢ is not a root of unity), the R-matrix (1.8)) can also be analysed
in terms of the underlying U,(sl;) quantum group symmetry as follows. Let us recall first
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the defining relations of U,(slz), with generators {e, f,t}:

ttt=t1tt=1, tet ' = ¢,
_ _ t—t! (1.21)
tftt=q7%f, le, f] = —
q—q

and the coproduct:
Ale)=e@1+t®e, Alf)=ft'+1af, AT =tTot". (1.22)

For generic g, the irreducible representations and the fusion rules of U,(sly) are the same
as those of sly, but they are not unitary. Denoting by V; the (2¢ + 1)-dimensional repre-
sentation of U, (sly), we have:

Vi®Ve=Vit ® Vi1 @ @ Viy - (1.23)
In particular, the two-dimensional representation V5 is given by the matrices:
m1/2(e) =ot, Tip(f) =07, mpt) =q . (1.24)
The product of two representations Vi, decomposes as
Vip®@WVip=Vo® Vi, (1.25)

and we denote the corresponding projectors as |0)(0| and P;. The “singlet” state |0) and
its dual are:

1
q+q!

0) =11 —d 1), 0] = (@ = D), (1.26)

and the projector onto the Vj part reads, in the basis (| 11), | T4), | 1), | 44)):
g+qgt 0 0 0
1 0 ¢ 1 0
Pi= 0 14t 0 (1.27)
0 0 0 q+qt

After a change of basis U;; = U, ® U.,, where U, = w?/? on each rapidity line, the
R-matrix takes the form:

qz — (qz)™! 0 0 0
1z 0 q—q Yz  z—27! 0
L[211R(2)U12 = 0 ( o Z_l) (q . q_1)2_1 0 , R = 21/22 .
0 0 0 qz — (qz)7!
(1.28)
In this form, it admits the decomposition:
Uy R(2)Uho = (g2 — (¢2) ") 1 = (2 — 27 )(q + ¢~ 1)[0){0] . (1.29)
An interesting fact is that, on a chain of L “spins” in representation V¥~ the operators

/2

e; acting as e; = —(¢ + ¢ 1)|0)(0| on spins j and j + 1 obey the Temperley-Lieb (TL)
algebra [27]:

ef =—(q+q ey,

€i€j+1€; = €5, (130)

ejer = exe; if |j — k| > 1.
As we shall see below, the TL algebra is an example of a diagram algebra, naturally
associated to a loop model.

10



Figure 1.2: (a) An example configuration of the Temperley-Lieb loop model, with reflect-
ing boundary conditions. (b) The two types of elementary plaquettes of the Temperley-
Lieb loop model.

1.1.2 Loop models

Loop models [26] are lattice models of closed polygon configurations satisfying certain
local rules, and with Boltzmann weights associated to the number of polygons. The
simplest example is the Temperley-Lieb (TL) loop model, and it is related to the six-
vertex model. The TL loop model is defined on the square lattice, with two possible
elementary plaquettes: see an example configuration in Fig. [[.2 The Boltzmann weight
of a lattice configuration is given by:

pitclosed loops o No Ny 7 (1.31)

where n is the loop fugacity, a and b are the local Boltzmann weights, and N, (resp. NNy)
denotes the number of plaquettes of type a (resp. b). It will be convenient to introduce
the parameterisation of the loop model weights:

n=2cos\, q=—e ", a=qz—(qz)7", b=z—2"". (1.32)

The direct relation [I1] between the TL loop model and the 6V model works on a
rhombic embedding of the square lattice on the plane: see (1.20). We start from the
TL loop model with the above weights. Each loop may be oriented independently anti-
clockwise or clockwise, and we give it the corresponding factor e* or e=**, respectively, so
that the total loop weight is indeed n = 2 cos A. These turning factors can be distributed
locally : any left (resp. right) loop turn with angle 27§ is assigned the factor e (resp.
e~™). Each plaquette then carries a configuration of the 6V model, together with a
pairing of the midedges. When summing over these pairings, and keeping track of the
turning factors, one obtains exactly the 6V model with weights . Note that we
have taken the convention that the loop lines enter/leave orthogonally to the sides of the
rhombus.

11



1.1.3 Face models
Unrestricted Solid-On-Solid models

Face models [also known as Interaction-Round-a-Face (IRF) or Solid-On-Solid (SOS) mod-
els| are lattice models with spins (or heights) living on the sites of a square lattice, and
Boltzmann weights are defined around the faces [65], 66, 67, 68, [69, 22]. The allowed
height configurations are given through an adjacency graph G: two heights sitting on
neighbouring sites of the square lattice must take two adjacent values on G. The face

u) = U (1.33)

weights
a b
W(d c
d c

are then chosen in such a way that they satisfy the Yang-Baxter equation:

a b ¢
Zg:W(é §‘0>W<f u+v)W(g d u)
a c a b
:Zq:vv(f J u>W<g 0 u—l—v)W(g .

where the sums run over the allowed heights, i.e. the vertices of G. The Yang-Baxter
equation may be depicted as:

b c b c
\/
/ e f e

The simplest choice for the adjacency graph is G = ag + Z, where ag is an arbitrary
complex number. This gives rise to the unrestricted SOS models. A solution of (|1.34)
with trigonometric functions is then given by [22]

a a=xl .
W(aﬂ:l S u>—sm(u+n),
w( @ atl 0 = sin u s%n[(a

a¥Fl a sin(an

w( @ atl " :sinns.in(cmq:u).
atl a sin(an)

a b

v) . (1.34)

, (1.36)

+ 1)n)
)

These weights are related to the 6V ones through the vertez-IRF' correspondence. The
central objects for this correspondence are the Baxter’s intertwiners [70] and their duals
(see also [71]):

| exp %(—u + an)
o(a,a+ 1|u) = [ exp i (+uFan) | (1.37)
¢*(a,a £+ 1ju) = Ysinan {exp %(—i—zu +ian) —exp %(—zu Fian)| . (1.38)
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If we set ¢ = ¢ and z = €™, the six-vertex R-matrix related to (1.8) and the Baxter
intertwiners obey the following relations

R(u — v) [B(a, blu) @ 6(b, c|v)] = 3 [6(d clu) ® B(a, d|v)] w(; '

u— v) , (1.39)

[6*(d, clu) ® ¢*(a, d|v)| R(u —v) = Y W(Zz ﬁ

u— v) [0"(a,blu) ® ¢*(b, c|v)] . (1.40)

Restricted Solid-On-Solid models

In the case n = wp’/p, where p, p’ are coprime integers, if we set ap = 0 the weights
vanish if 1 < a,¢,d <p—1and b =0 or b = p. Hence, if the boundary heights are fixed
in the interval {1,...,p — 1}, all the heights on the lattice also have this property: this
is the restriction mechanism. Then the weights also provide a solution to the YBE
for the adjacency graph G = A,_; :

Ap—l = @ ° ° ° ° °

1 2 p—1

The corresponding face model is known as the Andrews-Baxter-Forrester (ABF) model
[65], or A,_1 Restricted Solid-On-Solid (RSOS) model. However, the intertwining rela-

tions ((1.39H1.40]) do not hold for this RSOS model.

Cyclic Solid-On-Solid models

Still in the case n = wp’/p, if we keep ag nonzero, we can notice that the weights are
periodic under a — a4+ p. Thus, an SOS model may be defined on a circle a € ag+ Z/pZ,
with the Boltzmann weights given by the same expression as . This defines the
Cyclic Solid-On-Solid model (CSOS) [72].

Relation to the TL algebra

This paragraph summarises the Pasquier construction [60] [67]. Face models can also be
used to construct representations of the TL algebra. Consider a generic, finite adjacency
graph G, and denote by A its adjacency matrix:

A, = {1 if a and b are adjacent on G, (1.41)

0 otherwise.

Since A is a real, symmetric matrix, it admits an orthogonal basis of eigenvectors {S®"},
and we denote by 3, the corresponding eigenvalues:

S Ay S =6, 80 (1.42)
b

If G is the Dynkin diagram of an algebra in the ADE family, then the eigenvalues take

the form: .

By = —2cos . , (1.43)
p

13



where p is associated to the rank of the algebra, and p’ can only take integer values. If
we choose an eigenvector S®) and define the face “operator” E as

oy P
E =04 ————, (1.44)
d c SC(LP)

then it is easy to show that the E’s acting at various locations on the lattice generate a
TL algebra with loop fugacity [,:

So(e 0)ei ) -meil)
2e(ee) (e 5)eat) 1
() e(e 1) t) oee i )
We introduce the parameterisation 7 = wp’/p. Then, the face weight is defined as

a b
W(dc

u) = sin(n + u) 5bd+sinuE(?Z g) , (1.46)

and it satisfies the YBE . Thus, any choice of a finite graph G and an eigenvector of
its adjacency matrix A defines an RSOS model with an underlying TL algebra. In other
words, the graphical cluster expansion of the RSOS model following gives rise to
the TL loop model.

1.1.4 Summary of equivalences

The 6V, loop and face models all provide representations of the TL algebra: this is
apparent in expressions and . Note that these equivalences are strictly valid
only on planar domains, but may become more complicated or even invalid on curved or
higher-genus surfaces.

The direct equivalences between these three models can be summarised as follows:

vertex-IRF
<] >

turning factors restriction

cluster
expansion

14



1.1.5 Clock models and the chiral Potts model

Clock models and the Kramers-Wannier duality

Generically, a Zy clock model [32] is a lattice model where the spins n; € Zy live on the
sites of the lattice, and the Boltzmann weights are given by the interaction functions (or
edge weights) W, on the edges of the lattice:

[T Wit —ny),
(ig)

and the edge weight W;; is N-periodic. In the simplest case, W;; is taken as an even
function, and the model is defined on any unoriented lattice. The local symmetry of
Boltzmann weights is then enhanced to the dihedral group Dy. However, the case when
the W;;’s are not even functions is also interesting, since it describes phase transitions
with intrisically chiral degrees of freedom.

We introduce the notation: w = exp(2iw/N), and the discrete Fourier transform:

N—-1 N—
Wk W (n Z kW (k (1.47)
=0 k:

3

Consider for simplicity the case of the square lattice £. One can show that the following
partition functions are equal:

ZHVVW(nZ ZHWZJ i) s (1.48)

{ni} (@) {ki} (i5)

where the spins n; (resp. k;) live on the sites (resp. dual sites) of L.

The ﬁq(glg) algebra and its cyclic representations

The underlying symmetry of the chiral Potts model [73] [74, [75] is the U, (57[2) quantum
affine algebra [76]. More precisely, it is a slight generalisation [23], called the U, (5[2) with
the deformation parameter

q=—exp(im/N).
It is a Hopf algebra generated by {ey, e1, fo, f1, to, t1, 20, 21} with multiplication rules (|1.2))

from the standard Uq(sA[g), and where zj, z; are two central elements, and the coproduct
is

Ale) =6, @1+ zit; Qe
Alf)=fiot7!' +5' fi,
Alt) =t @t

Alz) =2 ® 2z .

(1.49)

Note that the evaluation representatlon associated to the 6V model can be promoted
to a representation of U, (5[2) by taking WZ(ZZ) = ¢;1, where ¢; is any constant.

The representations relevant to the chiral Potts model are N-dimensional cyclic rep-
resentations [23] denoted V,, and parametrised by a pair of points (a,a’) € C x Cy. Here
Cy is the algebraic curve given by a = (z,y, ) € C? such that

1 — kN ko

ey = k(1 +2NyY), (1.50)
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where k? + k? = 1. If a = (z,y,p) and o’ = (2,4, i//) are two elements of Cy, then the
representation on V. is given by

q - Yy - / 1 1
Taa (€ —X — 7t 21, Taa (to) = Z
()= @1y (uu ) (o) = ot
2
ﬂ'aa’(fO) = COM/M Z — q-].) X ﬂ'aa/(z(]) = Co]_,
z CoY (1.51)
q
7T-aa’(el) = W(xﬂﬂlz - yl]-)Xa Taa’ (tl) = COMM/Z7
Co _ — _
ﬂ-aa’(fl) frnd ZBZL‘,MM/ l(yZ 1 _ I/IJ/ILL,]_) , 7Taa/(z:l> = CO 11,
where ¢y = ¢ . Here, the objects X and Z are N x N matrices, such that
N N 2
ZX =wXZ, X =7"=1, w = exp ~ )
We shall fix X and Z as
1 0 0 0 0 010 0 0
0 w O 0 0 001 O 0
X=10 0 w? 0 0 7 Z=1|:: : Do (1.52)
R : : : Ooo0o0 -+ 0 1
00 0 -+ 0 V! 100 -+ 0
The intertwiner between two representations V,, and Vj, has the factorised form
R(CLCL/, bb/> = Sa’b(Ta’b’ &® Tab>Sab’ R (153)
where
S . ‘/aa’ ® ‘/bb’ — ‘/b’a’ ® ‘/ba T, - ‘/ba — Vab
ab ) ab e
[m) @ [n) = Wap(n —m) [m) @ [n) [m) = 32050 Wa(m — n)ln)
(1.54)

and

[ta Y — TaW' TaW — Tpw
Wan)= (=) x|, Wau atn)” < [ - 1.55
(7 (ub) gya—xbw’f (1) = () ZHI Yo — Yaw (1.55)

Graphically, we represent them as:

(1.56)
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The R-matrix (|1.53)) is depicted as:

R(ad',bb) = (1.57)

Parameterisation of the spectral curve

A convenient parameterisation of a triplet a = (x,y, u) on the curve Cy ([1.50) is given by:

i(ut¢)/N

7z = i i(u—gtm)/N o= ei(¢_>*¢)/N’ (1.58)

y==e
where the variables ¢, ¢, u are now related by
" )
sing = —ksinu, sin ¢ = —Zk—/ cosu, cosp =k’ cosg. (1.59)
The isotropic, critical case
In the case k = 0, we have ¢ = ¢ = 0, and the curve Cj—o = C. If we write z, = ™/~
and z;, = /N, then the Boltzmann weights take the form:

" gin (2-)r+u—v 1)7r+u v W " gin (25722);7u+v X
H (20— 17ru+v’ (n)_HW (1.60)
¢y Sin T =1 2N

These are the weights of the Fateev-Zamolodchikov Zy model [77]. They are self-dual
under Kramers-Wannier transformation, and reflection symmetric [W(—n) = W(n)]. The
continuum limit of this model is described by the Z y-parafermionic CFT [33], with central
charge ¢ = 2(N — 1)/(N + 2). Together with the stress-energy tensor 7'(z), this CFT
possesses (N —1) additional holomorphic currents v, ... 1x_1, with fusion rules reflecting
the Zy symmetry:

o if ' £0 d N
Up X thy — {w”ﬂ’ tp+p#0 mod N, (1.61)
1 otherwise,

and the conformal dimension of 1, is p(N — p)/N.
1.2 The Coulomb-Gas approach
1.2.1 The compactified boson and the 6V model
Compact boson action
We take the 6V model with weights (1.8):

wy = wy = sin(A — u), ws =wy =sinu, ws = wg = sin A, (1.62)
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and embed it on the rhombic lattice as in ((1.20)). To any vertex configuration, we associate
a height configuration {¢;} living on face centers, such that two neighbouring heights vary
by £mb according to the arrow between them. In the scaling limit, the discrete height ¢
renormalises [78] to a free compactified boson ¢(r) governed by the action[l]:

_ i 2 v
Aofd] = 27T/d BB 9,60,6, o
o= ¢+ 2nh,

where h*" is the metric. This model has central charge ¢ = 1. The value of b is not fixed
by the present argument. By comparing, e.g. the energy exponent with exact lattice
computation of the singular part of the free energy [11], one obtains the relation:

T—A
v = — (1.64)
Operator content
We denote by V,, the vertex operators, and by A, their conformal dimensions:
Vo = 1exp(2iag): A, =a?. (1.65)

Due to the compactification condition, the vertex charges (or spin-waves) which are al-
lowed in the spectrum of the transfer matrix are of the form V. 5, with e € Z. A vortex
of charge m € 7Z placed at position r is a winding configuration where the field under-
goes a shift ¢ — ¢ + 2mmb around r, and the corresponding operator has dimension
A, = m?b? /4.

A generic primary operator, denoted W.,,,, is given by the combination of a spin-wave
of charge e and a vortex operator of charge m, and has conformal dimensions:

App = % (g - mb>2 . A= 411 (% + mb>2 . (1.66)

The full operator content of the 6V model in the continuum limit is

{Wem, (e,m) € Z%}. (1.67)
This operator content is similar to that of the XY model at the Kosterlitz-Thouless
transition point: see [7§].
Fractional vertex charges

The fractional vertex charges o = k/2b with K ¢ 7Z do not appear in the spectrum.
However, in the 6V model, they are generated non-locally by inserting a twist line made
of a chain of €™ operators. Consider for instance the two-point function of these
operators:

(Vie/2o(0)V_ey2n(r))o -

Due to the commutation relation:

(™" ® ™) R(u) = R(u) (€™ @ &™), (1.68)

!The elementary defect is produced by flipping a single arrow, and hence it has an amplitude §p = 27b.
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the correlation function is independent of the choice of path joining 0 and r. More
generally, any correlation function of the form:

(Vier j26(11) Vi y26(12) -+ Vi y26(rn ) o (1.69)

with the neutrality condition k1 + ko +...xky = 0 can be represented by a configuration of
twist lines in the 6V model. Note that the lattice operator *¥/? inserting the endpoint
of a twist line only depends on mx modulo 7. Hence, in the scaling limit, it generates all
the vertex operators with charge o € (k + Z)/20.

1.2.2 The Coulomb-Gas formalism for the loop model
Coulomb-Gas action

On a planar domain, the TL loop model is equivalent to the 6V model through the
turning factor trick (see Sec. . Hence, the compactified boson action ((1.63|) captures
correctly the loop fluctuations on a flat surface. However, on a generic surface, any loop
enclosing a non-trivial curvature R is associated to a turning factor e**(=) rather than
the wanted factor e*. This discrepancy can be corrected by inserting a factor

exp[iAR(r) ¢(r)]

into the Boltzmann weight. Moreover, a generic 2wb-periodic potential on the lattice
generates vertices of the form V,cz/9 in the action. In the scaling limit, one obtains the
action [8] [79]

_1 [ v iQ 26 /b
ALle] = ZW/dr\/ﬁ (h“ u 0u6 + — RO+ e ) : (170
o= ¢+ 2mh,

where 11 is a non-universal coupling constant. The term e/ is the called a screening
charge, and should be marginal (the other possible terms V,ez/o are either relevant, in
which case their critical coupling constant is zero, or irrelevant — in both cases, they are
not included in the action). The model has central charge

c=1-24Q*. (1.71)
The vertex operators and their conformal dimensions read:
Vo = 1exp(2iag): he = a(a —20Q). (1.72)
The screening charge V /, is marginal under the condition:
2Q0=b"1—b, (1.73)
and b is given by (1.64).

Operator content of the loop model

Because of the compactification condition in (1.70]), the spectrum of primary operators
is discrete, like in the 6V model. Let us use the Kac notations for vertex charges and
conformal dimensions:

N _(1=r) (-—sp 5 _ (r/b—sb)*— (1/b—b)?
rSs 2b 2 bl TS 4 .

The spectrum of primary operators of the TL loop model is given by [4§]:

(1.74)
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e Vertex operators V,, , where r € Z, with dimensions (A, 1, hy.1).

r,1

e Mixed operators, W, with dimensions (hem, he—m), where the vortex charge is
m € {1,2,3,...} and the spin-wave (or vertex charge) is e € Z/m.

Let us discuss the case of vertex operators V, which do not belong to the above
spectrum. Let us denote the lattice vertex operators as

v, = exp(irep/b) .

Through the turning factor argument, one sees that v,(r) changes the turning factors of
any loop surrounding r to exp[ti(A — k)], instead of exp(£iA). Hence, this class of loops
has a modified fugacity 2 cos(A — 7k). Since this effect is unchanged (up to a sign) under
k — k + 1, in the scaling limit v, generates all the vertex operators V,, with charges

K+7
20

o =

leZ. (1.75)

Note that the lattice operators v, and vs)/r—, have the same effect on the Boltzmann
weights, consistently with the invariance of h, under a — 2Q) — a.

1.2.3 RSOS models and minimal models

The Virasoro minimal model M(p,p), with p’ < p coprime integers, is realised on the
lattice by the A,_; RSOS model with weights and parameter n = 7p'/p. This is
nicely seen from the Pasquier construction [66] 67, [68] described in the end of Sec. .

First, for the partition function, the graphical expansion of this RSOS model is a TL
model with loop weight n = —2cos7p’/p (see Sec. [1.1.2)), whose scaling limit is a CFT
with central charge ((1.71)):

6(p —p')?
pr’
where we have used b = /p'/p. Let us now look at the operator content of the RSOS
model. A basis of local operators acting on a single site of the RSOS model is given by:

c=1-

, (1.76)

Sy
== (1.77)

(
v S(gp/)

a

The key identity satisfied by these operators is:

a b a e a b
E(e C)'Ue E(l C)—ﬁk/l}a E<7 C) . (1(8)

This means that, in the loop expansion, any loop enclosing an operator v*) gets a modified
fugacity B, = —2cos(mk/p). Thus, in terms of the Coulomb-Gas action ([L.70)), v®) acts as
a vertex operator Vo with K = 14k/p: see . Since p and p’ are coprime, from the
Bézout theorem, one may write the integer k as k = (s — 1)p’ — rp, with r and s integers.
The associated vertex charge is a,,: this shows that the local operators v scale to the
degenerate fields @, of the minimal model M(p,p’).
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1.2.4 The Coulomb Gas on Riemann surfaces
The Riemann sphere and the cylinder

For a compact Riemann surface X of genus g, the Gauss-Bonnet theorem relates the total
curvature to the Euler characteristics y = 2(1 — g):

1
— | &rVhR=1-g. (1.79)
87T »

Hence, a vertex correlation function (Vi (r1)Va,(r2) ... Vo (rn)) in the imaginary Liou-
ville model must satisfy the neutrality condition:

N
D aj+2-1)Q=0, (1.80)

where 2(g — 1)@ is the “background charge” corresponding to the total vertex charge
generated by the term iQR¢/2 in the CG action ((1.70)).

In the case g = 0, the surface X is conformally equivalent to a sphere, and the back-
ground charge is —2¢). The partition function is obtained by inserting the operator
Visg = 1 with dimension i = 0 at any point, e.g. at the origin:

Zy. = (Viag(0)) (genus zero) . (1.81)

More specifically, if we start from the Riemann sphere with a metric such that \/ER(Z) =
8m0(z — 25 ), Where zy, is the point located at infinity, and we apply the change of variable
2w = % log z, we obtain the infinite cylinder, with curvature limp;_,[47d(w — M) +
4nd(w + M)], corresponding to vertex charges —@Q at £M. The operator Visg(z =
e~?™M/L _ 0) is mapped to w = —M, and hence the partition function on the cylinder
reads:

Zeyt ~ (Vo(=M)V_o(M))o (1.82)

where £ M are the endpoints of the cylinder, and (... )q denotes the averaging with respect
to the free boson action ([1.63)). On the lattice, this corresponds to the six-vertex model
with twisted boundary conditions k = \/.

The torus

In the case g = 1, the surface ¥ is conformally equivalent to a torus, and the background
charge is zero. If we consider the torus of periods 1 and 7, with the flat metric, the
curvature and screening terms in do not contribute, and the partition function
with periodic boundary conditions simply reads:

b
ZO(b) N /¢ periodic[D¢] eXp(_AO) - \% Ian(q) 77(5() .

To take the compactification condition ¢ = ¢ + 27b into account, one needs to sum over
the possible windings of ¢ around the two periods of the torus:

Zo®) = 3 Zuw®)s Zorl®)i= [ DO (A0,

m,m/ €Z2 ¢(z+7)=p+2mm'b
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A Poisson summation gives:

Zc(b) =

> gt

(e,m)€Z?

(1.83)

.Q I

n(q (

where A, and A, have been defined in (1.66). This is the toroidal partition function
of the imaginary Liouville model with compactified ¢.

Consider the loop model on the torus, with loop fugacity n = —¢ — ¢! = 2cos \ for
contractible loops, and n = 2 cos wk for non-contractible loops. To find the loop partition
function, it turns out that one needs to insert a “topological factor” cos[rr(m A m’)],
where

ged(|a], |yl) if 2 # 0 and y #0,
TANy=<uw ify=0,
Y if x =0.

The loop partition function reads [48]:

Zioop(A, K) Z Zymme (b) cos[mr(m Am')], b= /= A . (1.84)

™

m,m’ €72

The Poisson summation is now much more involved. It reproduces the spectrum of the
loop model exposed in Sec. [1.2.2] and takes the form:

1 _ _
Zioop(A, K) = e @+ D D Newd gl (1.85)

r€ZL meZ\{0} e€Z/m

where the conformal dimensions he,, are given in (1.74). The coefficients N,,, have a
complicated expression in terms of 3 = 2coswk, and in general N, is not an integer.
The coefficient N, should thus be interpreted as the “quantum multiplicity” of the
module with dimensions (hep,, he,—m) in the Hilbert space of the loop model. In fact, the
structure of these modules, even for generic A, is quite involved, due to the fact that the
evolution operator Ly + Lo is not diagonalisable (see [80]).

1.3 Structure constants of the operator algebra

1.3.1 The Operator Product Expansion (OPE) in CFT

In a CFT, the Operator Product Expansion of the primary operators {®,} takes the form,
as z — O

,(0)Dy(2, 2) Z zha=lwthe z=ha=lothe @ (0 0) + descendants. (1.86)

The structure constants C¢,, together with the set of conformal dimensions (hq, h,), con-
stitute the basic data from which all the correlation functions may be reconstructed. The
C¢’s are related simply to the three-point functions. Let us denote by ®! the charge-
conjugate of ®,: )

(B (0)Dy(2,2)) = 2 2ha z72ha

a
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Then we have:
CS, = (Pa(0)Dp(1)P(00)) := C(Dy, Dy, D), (1.87)

and the above quantity is symmetric under any permutation of {a, b, c}. The standard way
to derive the structure constants is to consider a four-point function of primary operators
including one degenerate operator, and exploit the constraints imposed by the invariance
under a monodromy transformation. This procedure is called conformal bootstrap.

1.3.2 The conformal bootstrap in 2d CFT

Since the 1990’s, an important activity was devoted to the full determination of structure
constants of the Liouville CFT: see [52, 53], 54, 55]. In particular, it was shown in [55]
that a careful analysis of four-point correlation functions through the conformal bootstrap
yielded enough constraints to determine completely these constants. In this section, we
review the approach of [55], but we adapt it to (rational and non-rational) CFTs with
¢ < 1. In the rational case, this coincides with the early work of [8], whereas in the
non-rational case, we recover the results on the imaginary Liouville CFT [49] 50, 51].

The Coulomb-Gas parameterisation of a CFT

Consider a generic CF'T, where the spectrum-generating algebra is simply the Virasoro
algebra, so that a primary field is specified by its conformal dimensions h,h. Scalar
primary fields will be denoted as ®,. When studying the correlation functions, it will
be convenient to use the CG parameterisation [§] of the central charge and conformal
dimensions:

Q= %(b—l —b), c=1-24Q%, he = a(a —2Q) . (1.88)

The charges « associated to degenerate dimensions are given by the Kac formula:

. — (1 —27")17_1 B (1—23)b’ (1.89)

and we denote by ®,(z, Z) the corresponding scalar primary field.

Four-point function satisfying a differential equation

We assume that the CFT under consideration contains the degenerate field ®5. We
consider the correlation function of ®,5 with three scalar primary operators:

G(z,2) = (P1(00)Po(1)P3(2, 2)P12(0)) , (1.90)

and we denote by hq, hs, hg the conformal dimensions and oy, as, a3 the parameters asso-
ciated to @1, Py, P3 respectively. The primary field @1, is degenerate at level 2:

(Lo —b 2L )P, =0, (1.91)

and, for any four-point function (®;(00)®s(1)P3(2, 2)P4(0)) where ®5 and P53 are primary
operators, the Virasoro modes act as differential operators:

(@1(00)P2(1)P3(2, 2)(Ln®P4)(0)) — ((L—nP1)(00)Po(1)P3(z, 2)P4(0))
- {(1 — 2")[20; + (n + 1)hg]

+ (hy — hy) — nlha + hg)}(@l(oo)(IDQ(l)CI)g(z, 2)®4(0)) . (1.92)
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Thus, we get the second-order differential equation for (|1.90)):

(2 — 1)202G + 2(2 — 1)[(24; + 1)z — ?]0.G + (A32® — b*h3)G =0, (1.93)
where 2 21y
A1:h2+h3—h1+z, AQ:Af—thQ—(%,

and a similar equation with (z, d,) replaced by (z, 0s).
As a guide to simplify the calculation, we can use the expected fusion rule:

Py x q)ha — (I)ha + & (194)

—b/2 hato/2 -

Moreover, we have the simple identity hq4s = ho+hg+2a3. Hence, in the limit = — 0, we
expect one of the solutions to behave as z~ M2~ +has o2 — 2bes - Similarly, the behaviour
(1 — z)~h2mhatharsorz — (1 — z)mz—he—hathitber ig expected. We thus introduce:

G(z,2) = |23 |1 — z[hz—he—hsthitbar) g5 7y (1.95)
The function g(z, z) satisfies the hypergeometric differential equation:
2(1—-2)02g+[C — (A+ B+1)2]0.g — ABg =0, (1.96)

with parameters
A= 2h12 + b(Oél + g + 053> s

B = 2h12 + b[Oél + (2@ — CYQ) + Oég] s (197)
C = b2 —f- 2bOé3 .

Conformal blocks

The space of holomorphic solutions to (1.96]) has basis:

[1(2) = 2F1(A>B; C’Z) J

1.98
[2(2’):Zl_c2F1(1+A—C,1+B—O,2—C‘2), ( )
where oF(a, b; ¢|2) is the hypergeometric series
= n bn
(b =3 Dol w1 a1 (1.99)

“— nl(c)n

After a change of variables z — 1 — z, one gets a different basis of solutions to (|1.96))

Jl(Z) ZQFI(A,B7A+B_C+1|]. —Z),

1.100
Jo(2) = 2974 F(C - B,C—A,C—A—-B+1[]1—2). ( )

The change of basis between {Iy, I} and {.J;, Jo} is well known:

Ii(z) = Zpij Ji(2), (1.101)
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where the p;;’s are the entries of the fusion matrix:

L(Cr(D) LON(=D)
P-| TGy 0, | (L102)
TA—AT(1-B) T(I-C+A(I—C+B)
with inverse:
I(1-C)I(1-D) I(C—1)I(1-D)
P - | RIS R, | L3)
T(1—A)T(1-B) T(C—A)T(C—B)
and where D :=C — A — B =1— 1% — 2ba;.
Crossing symmetry
The physical solution g(z, Z) must be a bilinear combination of the form:
9(2,2) = > X Li(2) I;(2). (1.104)
.3

This expression corresponds the conformal-block decomposition of G(z, Z) in the channel
z — 0. Similarly, in the channel z — 1, we have

9(2,2) = Vi Ji(2) Ju(2). (1.105)

From these two decompositions, and using ({1.101)), one gets the matrix relation ¥ =
PTXP. Imposing a diagonal form for X and Y, and using the fact that the entries of P
are real, one gets the linear relation for X; := Xy and Xy := Xy

p1ip12 X1+ paipae Xo = 0. (1.106)

Similarly, one gets a linear relation between Y; := Yj; and Y5 := Ya,. Finally, one obtains
the ratios:

%?;ﬁ%%DXMM%BWW—AMW—B%

po(on, s, ag) = 1k = 11+ D) 7(A)y(B)

X .
Y 2(1=D) ~(C—-An(C-B)
where y(z) = I'(x)/T'(1 — x). After proper substitution of (1.97) into (1.107)), one finds:

V(2= 0% — 2baz) (2% — 14 baaz)y(b* + bady)y(b* + bad,)

>< b
V(b2 + 2ba) v(baty)
(1.108)
where we have used the short-hand notations ay93 := a1 +as+agz, and @fj = ot oy — .

l’b(Oél,Oéz,Oés) =
(1.107)

fEb(Oél, Qg, O3 + b/2) =

Shift equations
The ratios (|1.107)) are related to the structure constants by

xp(0n, g, arg) = C (P12, P3, P34) C(Ps4, P2, P1)
plaa, o, a3 C(®yy, B3, B3 ) C(P3_, Dy, ®y) (1.109)
(0, e, a3) = C(P12, @1, P14) O (P14, P2, P3) |

Yo\ 1, O, O3 C’(CI)12,(I>17(I)1—) C(®1—7q)27®3) ;



where we have used the short-hand notation ®;; = &, By combining appropriately

aj:I:b/2'
the ratios, we obtain the shift equation for the structure constants:
C(®q, Dy, ®ha3+b> a0, g, a3 + b/2)
= (1.110)
C (D1, Py, Pyy) Vy(aia, a3 + /2,03 + b/2)
202 —1+b b + ba,)y(b* + bad
— Kb(O[g) X ’7( + 06123)7( 3+ 0613)7( + a23) , (1111)
v (bas,)
where we have gathered the factors depending only on a3 into the function
2—02—2b 2—30>—2b
Kya) = Al ah @) (1.112)

Y(0? + 2ba)

1.3.3 Structure constants of minimal models

In the minimal model M(p,p’), the spectrum is discrete, and hence the shift equa-
tion ((1.111]) can be considered as a recursion equation, and solved completely [8]. Let
us discuss it in the case of the subalgebra of operators ®:

Crin(P1s, Pisgs Prsyt2) o 7[%(5123 +1) — 1]'7[%(5%3 + 1)]7[%(5%3 +1)]

— X Ky(as,) ,
Cmin(q)lsla q)lsga (1)153) 7[%(8?2 - 1)] b( 1 3)
(1.113)
where s193 = 51 + S + 3 and Sfj = 5; + Sj — Sk
For example, the coefficients in the OPE:
(I)ls X (I)ls — Z(I)LQ]C,l (1114)

k=1

are determined by the initial condition Cp, (P15, P15, P11) = 1, and the recursion relation:

Cnin (P15, P1s, P12k41) _ 72 (b%k) \/’Y[Q —0%(2k — 1)]v[2 — b*(2k + 1)] (1.115)

Cmin(q)137 CI)ls, @1’2]@_1) 7[2 — b2(8 + k?)] ’}/[b2(8 — k)] ’Y[b2(2k — 1)] . )
More general structure constants can be obtained by using also the shift equation associ-
ated to ®o;.

1.3.4 Structure constants of the imaginary Liouville CFT
The imaginary Liouville CFT

The imaginary Liouville theory is defined [50] as the CFT with a given central charge
¢ < 1, whose spectrum is generated by the Virasoro algebra from all the scalar primary
fields ®j,,) with real parameter o.

Expression of the structure constants

In the context of the imaginary Liouville CFT, the shift equation (1.111]) should be con-
sidered as a functional equation for the structure constant. To solve this problem, the
main tool is the special function Yy, defined for 0 < Re(z) < b+ b~! as

= (b+b—1 )2 |, sink® (B —a) 4

Ty(z) = exp/O ; 5 (1.116)

: bt _: t
sinh 5 sinh %
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It satisfies the functional relations for any real z:
Ty(z + b) = y(bx) b 2" Ty(z),

To(x +b7Y) = ~(x/b) b2/ 1y (2), (1.117)
Tb(b + bil - 33) = Tb<£L') .

A solution to ((1.111]) can be obtained from the following product of T functions:
U(Oéh g, 063) = Tb(Qb — b_l + Oéug)Tb(b + Oéil))2>Tb(b + 04%3)Tb(b + 0453) s (1118)

which obeys the relation:

U(ay, o, a3 + b) _ pi1-20*—2bas) 7(20% — 1 + baigg)y(b° + bads)y (b + bags)

1.119
Ulay, g, ag) v(bad,) ( )

Note that U(aq, az, a3) is invariant under any permutation of the a;’s. It is natural to

look for a solution to ([1.111)) of the form

U(Oél, a9, 043)

W (o )WV ()W () (1.120)

CrL(ay, g, a3) =
where W («) is chosen to ensure the correct as-dependent normalisation as in (1.111]).
This is equivalent to the condition:
Ci(a,a,0) =1, (1.121)
which fixes the function W:

To(20 — b1 4 2a)T 2 — b
_ V(260 Jlrsa) b(b+ a)) A, = Lo(20—b71) (1.122)
Ab/ Tb(b)3

W(«)

The final expression for the imaginary Liouville structure constant is [49, 50, [51]:
Ab Tb(2b — b_l + 06123) H(zgk) Tb(b + OCZ)
[T, VTo(b+ 20;) Tp(2b — b1 + 2a;)

where the product in the numerator is over the cyclic permutations of {1,2, 3}.

CIL(OQ,CY%OZ:%) = ) (1'123)

Unicity of the solution

The shift equation (1.119)) only determines the function U(a, as, a3) up to a b-periodic
multiplicative factor. The existence of the degenerate operator ®5; = V_-1,5 produces a
second shift equation, obtained from ((1.119)) by the change b — —b~!:

OZ2 — Oél
Ulon, oz, a3 — b1 _ b4(71+2b_272a3/b)7(2b72 — 1R y(b = (0 - ) .
Ulon, oz, 3) Y(—aiy/b)

Using ({1.117]), one can rewrite ((1.118)) as:
Ulay, g, as) = Tp(2071 — b — ao3) T (b7 — @) Ty (b7 — ad) To(b — ags),  (1.125)

and it is straightforward to check that U satisfies both shift equations (1.119) and ((1.124]).
For generic values of the central charge, b? is not rational, and the periods b and b~! of
the shift equations are incommensurate, which ensures the unicity of the solution (|1.118
1.123)).

(1.124)
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1.4 The W3 extended conformal algebra

1.4.1 Motivation from Statistical Mechanics

In the description of 2d critical models, the symmetry under the Virasoro algebra expresses
the conformal covariance of correlation functions. The series of CFT models M(p,p’),
which are rational with respect to the Virasoro algebra, enjoy a Zs symmetry for their
primary operators ®,; = ®,,_, ,_, and a Zy conservation rule in their operator algebra.
From the lattice point of view, this can actually be traced back to the Z, symmetry
a — p — a in the Boltzmann weights of the corresponding A, ; RSOS models. (In the
simple case of the Ising model Aj, this symmetry corresponds to spin reversal.)

For lattice models with a different symmetry group, in the scaling limit, one naturally
expects a CF'T description with a spectrum-generating algebra larger than Virasoro, i.e.
the algebra should include additional holomorphic currents: this is called an extended
conformal algebra. In this text, we review one of the simplest examples of such an object,
namely the W3 conformal algebra [81], which relates to lattice models with Z3 symmetric
Boltzmann weights.

1.4.2 Basic representation theory of the sl; Lie algebra

Roots and weights. Let us first fix some conventions for the roots and weights of the
sl3 Lie algebra. The root vectors {+e;, eq, (e;+es)} are the shifts associated to raising
and lowering operators. The simple roots are {e;, es}. The positive roots {e;, e, e +es}
are obtained by summing one or several distinct simple roots. The dual basis of (e, ez)
is given by the fundamental weights (w1, ws). We have the relations:

2 1
2 2
W =ws5; = —, Wi wy = —, 1.126
—wi=D, wiwn-g (1.126)
el =er=2, el ey =—1, (1.127)
e = 2&11 — W2, €y — 2(4}2 — Wi, € W; = 51']' . (1128)

The Weyl vector is p = e; + es = w; + wy. We shall denote by R and R* the root and
weight lattices, respectively:

R:Z61+Z€2, R* :Zw1+Zw2. (1129)

Irreducible representations. An irreducible representation (irrep) [A] is specified by
a highest weight vector

A= ()\1,)\2) :A1w1+/\2w2, Al,/\g :0,1,2,... (1130)

The set of weight vectors of [A] is constructed recursively, starting from the highest weight
A, by the algorithm:

VX = (X, A,) € [A], if A >O0then N —e;,..., N — Ne; € [A]. (1.131)

The multiplicity of the weight A’ in [A] is denoted mx(A"), and is obtained by the Freuden-
thal recursion.
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Conjugation. The conjugate of an irrep is obtained by the reflection around p, i.e. the

exchange of w; and ws:
()\1, )\2>* == ()\2, )\1) . (1132)

Some simple representations. The representations associated to the fundamental
weights are three-dimensional. One has

[wi] ={h1,hy b3},  [wo] = {—hi,—hs,—hs}, (1.133)

with
h,l = wi, hg =Wy — Wi, hg = —Ws. (1134)

Let us describe two other simple irreps:

[p] = {ielai627ip70}a (1135)
[2(.01] = {2h172h’272h’37_h17 _h27_h3}‘ (1136)

The representation [p| has one non-trivial multiplicity: m,(0) = 2, whereas the weights
of [2w1] have no degeneracy.

The Weyl group. The Weyl group W is generated by the reflections about the vectors
h;. It preserves the set of root vectors. It acts on the h;’s as the symmetric group &;.

Fusion. The tensor product of two irreps can be decomposed as a direct sum of irreps:

A @ =N, - v, (1.137)
where the fusion coefficients Ny, denotes the multiplicity of [v] in the decomposition.
The Z3 charge of an irrep is defined as the difference:

=AM — A2 (1.138)
The fusion coefficient obey a Z3 symmetry:
if NY,#0 then gx+¢g,=¢q mod3. (1.139)

Let us give some fusion rules between simple irreps:

(1,0) ® (1,0) = (2,0) & (0,1),

(1,0) ® (0,1) = (0,0) & (1, 1),

(L) ®(1,1)=(0,00® (1,1)® (1,1) ® (2,2) ® (0,3) & (3,0), (1.140)
(2,0) ®(2,0) = (4,0) @ (2,1) @ (0, 2), '
(2,0) ®(0,2) = (0,0)® (1,1) ® (2,2),

(1,0) ® (2,0) = (3,0) & (1,1).
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1.4.3 The Wj algebra

The W3 algebra is generated by the modes of the stress-energy tensor T'(z), together
with an additional holomorphic current W(z) of dimension three [82 8I]. The mode
decomposition reads

+o0o +o0
T(z)= > Lz, W)= > W,z (1.141)

and the W3 commutation relations are given by:

[Lna Lm} = (m - n)Ln—l—m + 1—02(713 - n)5n+m,0 y
(L, W] = 20— m)W i,
(W Wl = 5 XC (77 =)0 = 1) + (0 = m) A
1 1
+ (n —m) [E(n+m+2)(n+m+3) — 6(n+2)(m+2)] Lysm,
(1.142)
where
16
=\ +5c’
—+00 ;
Ty, LyLp itn<m (1.143)
A, = cLyLy_p: +—1L,, Ly L=
k:zjoo ek Ty {Lan ifn>m

$2(:(1+€)(1_€), $gg+1:(2—|—€)(1—€).

A Coulomb-Gas parameterisation of the W3 algebra, similar to the Virasoro case but
based on a two-dimensional bosonic field, is provided by the relations:

Q="' —bp, c=2-12Q°, f=——> (1.144)

V8 —15Q°%
1.4.4 Primary fields

The representation theory of the W3 algebra is expressed in terms of the sl3, and hence
we shall use many notations from Sec. in the subsequent discussion.

A primary field @}, is a highest-weight state for the algebra:
Ly>0®Phw = Wiso®Phw =0, Lo®pw =hPpw , WoPhw = w Py - (1.145)

In the CG parameterisation, a primary field is represented as the vertex operator V,
defined by two-dimensional vertex charge a, with the relations:

1

A primary field is completely degenerate if it has a two-dimensional space of primary
descendants [81]. The corresponding vertex charges are of the form:

a ( e ) = [(L=n)p™" = (L= ma)b] wi + [(1=m2)b™" = (1 = ma)b] wa, (1.147)

Ng Mg
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with nq, no, my, ms positive integers. It will be convenient to introduce the pair (X, p) of
highest-weight vectors of sl3 irreducible representations associated to a degenerate primary
field, and to denote:

d ( R ) =Dy, where A\, =n;—1, p=m;—1. (1.148)
The fusion rule of a degenerate primary field with a generic one is given by:
Oap X Vo= > maN)mu(l)  Vacpixinw (1.149)
Ne], pwelp

where mx(X'), m, (@) are the weight multiplicities. The fusion rule of two completely
degenerate fields has the form [81]

Dy p X Dy — NY N¥ @ (1.150)
A7IJ‘ Al?“l AA/ “”/ : A”v""’” ) :
A”7IJ//
" " . . .
where N2, and N* , are the fusion coefficients of sl representations.
AA iy

1.4.5 Correlation functions

In the original paper [81], a Coulomb-Gas formalism similar to the Virasoro one exposed in
Sec. was developed. It provides an integral representation of the four-point conformal
blocks of fully degenerate primary operators, and it allows for the computation of the
structure constants of these operators.

For the study of correlation functions in non-rational W5 CF'Ts, such as the Toda CFT,
the bootstrap program involves the knowledge of conformal blocks of one fully degenerate

1 . . .
operator, say ® ( ), with generic primary operators:

1 1
F(z) = <<1>1<oo><1>2<1><1>3<z><1>< ) (0)). (1.151)

11

In contrast with the Virasoro case, the presence of a single fully degenerate operator
is not sufficient to infer an ordinary differential equation (ODE) for F(z). However,
such an ODE can be obtained [83] when one of the fields ®;, ®,, ®3 is semi-degenerate,
i.e. it admits at least one primary descendant under the W-algebra: in this case, the
function F'(z) satisfies the generalised hypergeometric ODE of order three. This property
of conformal blocks was then used to apply the conformal bootstrap program, and obtain
a formula for the three-point amplitudes [84], 85]. It was derived in the context of Wj
CFTs with central charge ¢ > 50, where the relevant parameterisation is

c=2+240b+b"")

and Q = (b+ b~ ')p (in contrast with the above discussion for ¢ < 2). The result for the
three-point amplitude is [85]:
A(ay)A(an)B
OToda(al, a27 IQWQ) — - (al) (a2) (f{) —, (1152)
[Tioi To (1 = Q) - by + (@2 — Q) - by + 5]

where A(a) and B(k) are some appropriate normalising factors. This formula is the direct
higher-rank analog of the DOZZ one [52, 53], 54, 55]. Note that a similar approach was
used for the Wy algebra in [86].
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Chapter 2

Lattice parafermions

2.1 Introduction: parafermions from spin and disor-
der operators

Parafermions are operators which obey a non-trivial monodromy with each other:

D(r)(0) — e 1 (r)(0) (2.1)

when r is taken along a continuous anti-clockwise circuit around 0, and where s is called
the conformal spin. A simple way to construct such operators in a lattice model is by
using spin and “disorder” operators. Let us describe this construction in the context of
Zy clock models (see Sec. for notations). The spin operators are simply given by:

o,(r;) = exp (zi?\‘;nj) , (2.2)

where r; is a lattice site, and n; is the Zy variable assigned to this site. The disorder
operators p, are defined [32] through their correlation functions:

<up(5’1)up(5’2)X>=%Z [T W —ny) [T W —n;+p) | X[{ndl,

{ni}t \ (i) gv+ (ijyert
(2.3)

where 77 and 73 are two points on the dual lattice, 7 is an oriented path from 77 to 75 on
the dual lattice, and X is any function of the spin variables. By convention, in the
condition (ij) € v* means that the edge (ij) crosses 7, and n; is the spin sitting on the
left of ~.

Let us consider the typical case when X is a product of spin operators:

X =04(r1)...00,(Tm). (2.4)

From the Zy symmetry of Boltzmann weights, we see that is invariant under a
deformation of 7, unless one of the r;’s is crossed. So the correlation function is a well-
defined function of rq, ..., r,, on the N-sheeted covering of the lattice, with branch points
at 1 and rp. The n-point functions of the operators {y,} are defined in an analogous way,
and the correlation function (p,, ...y, X) is nonzero only if py+- - -+p, = g1+ +¢n =0
mod N.

32



o |0 e e e e
¥ » o —o o .
o | el | R e R el e )y ()
B A ? SR . - / \
S S N q o
o o} o} ey o} ey ,jo . ///
R . e e e e SRR CO RN
I N N L N DNV LNV N .

(a) (b)

Figure 2.1: (a) The spin lattice (full lines) and its covering lattice (dotted lines). The spin
variables (resp.) are represented as black (resp. white) dots. (b) A face of the covering
lattice, and the corresponding locations (indicated by crosses) of parafermionic operators

Yp(x1), ... Yp(z4) in discrete Cauchy-Riemann equations (2.7H2.8)).

Discrete parafermions are defined on the covering lattice, defined in Fig. 2.1p. For
any spin and disorder variables o(r;) and p(7;) adjacent to a given edge of the covering
lattice, we denote by x;; the midpoint of this edge and 6;; its angle with the horizontal
axis, and we define the operator:

Vp(Tij) = et op(ri) pip(T5) @p(miﬁ = el op(ri) ph—p(T5) - (2.5)

From the definition of the spin and disorder operators, the conformal spin s, appearing
in the monodromy is always of the form s, € Z — p?/N.

Let us now specialise the discussion to the case of the critical, integrable Zy clock
model: the Fateev-Zamolodchikov model [77]. The analysis of the scaling limit [33] shows
that the spin of 1, is

(2.6)

In [38] it was shown that for p = 1, if one inserts the value s = 1 —1/N in ({2.5), then the
lattice parafermions defined above satisfy simple linear relations around any face of the
covering lattice (see Fig. [2.1)):

wl('xl) (521 + ”¢1 (.CCQ) (522 + ”¢1 (333) (523 + ¢1 (%4) (524 =0 , 27)
@El(xl) 0z + 77[711(1'2) 0Zy + @El (xg) 0Z3 + 77/;1 ($4) 0z, =0, (28)

where 0z, ... 024 are the anticlockwise complex displacements along the edges of the face.
These equations are a lattice version of the Cauchy-Riemann equations, and hence v ()
and 11 () can be identified as the lattice analogs of the (anti-)holomorphic currents ()
and 11 (2) in the Zy-parafermion CFT.

In the following we will show how to use the quantum affine symmetry underlying
integrable lattice models (see Sec. [1.1.1)), to construct systematically this type of discrete
holomorphic parafermions.
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2.2 Bernard-Felder conserved currents

2.2.1 Basic assumptions and graphical notations

The fundamental ingredient for the construction of discrete holomorphic parafermions is
given by the Bernard-Felder (BF) currents associated to a quantum algebra [46]. One
considers a vertex model defined by the R-matrix between representations of a Hopf
algebra A, and one assumes that the generators of A are {J,, 0, 0ap }, with the following
specific form of the coproduct, antipode and co-unit:

AJ) =Je @1+ Y @y, SCI) == by, e(Ja) =0,
b
Oun) = D Buc @ e S(0un) = Our (ar) =0, (2.9)

~

= Z é\cb ® é\ac s S(é\ab) = eab 5 E(eab) - 5ab .

As a consequence of (2.9) and the defining relations of a Hopf algebra, one gets the
inversion relations N N
> Ol = Oea e = 6a 1. (2.10)
C C
Moreover, one assumes the commutation rulesﬂ

Zé\ab Jb - Zaab Jc/g\bc; Zeacacb - Zaacgcba (211)
b b,c c c

where « is some given matrix with complex entries. In the following, we represent the
generators as blue objects, while a black oriented line carries a representation of A:

Ja: @W¢ 3 eab: a%b, é\ab: Clgﬁ/\/\/\b

For instance, the inversion relations (2.10|) are drawn as:

and the commutation rules:
( “ = Z Qtab b
b

where the internal indices are summed over, and not depicted.

IThe relations (2.11)) do not appear in [46]. We have added this assumption in order to ensure the
parafermionic nature of the currents in a general way.
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2.2.2 Intertwiners

To simplify the discussion, we consider the situation of a lattice where the lines can carry
one of the two representations V, V' of the algebra A, with corresponding homomorphisms
my, Ty We represent the associated R- and K-matrices as:

V/
Ryyr = . Kyyr = . Ky = (2.12)
| v
The R-matrix intertwines between tensor-product representations of A:
Vx € A, RVV’ (7TV & WV/)A<JI) = (7TV/ X 7Tv>A(l’) RVV’ s (213)

whereas the K-matrices are the intertwiners of a left and a right coideal subalgebra (B,

and B,, respectively) — see Sec. ;

Vx € B@, KVV’ 71'\//(1') = 7Tv(£l?) KVV/ s

2.14
Vx € Br, Ky 71‘\/(1') = 7TV/(:B) Ky . ( )

In the following, we shall choose boundary conditions so that the “tail operators” 6, and
04 belong respectively to the left and right coideal subalgebra By,. In contrast, the J,’s
do not belong to B, in general.

In the following, to ligthen the notations, we shall sometimes write R := Ry v/, Ky :=
Kyy: and K, := Kyy. Similarly, for any element x of the algebra A, we shall write x
instead of 7y (x) or my(z) whenever the space on which x acts is clearly specified by the
context.

From (2.13H2.14)), we get the commutation relations in the bulk:

R(J, 214042 J,) = (J, @1+ 0,4 J,)R, (2.15)
R(eab ® Hbc) = (eab & eb(:)R, (216)

At the boundary, only the tail operators commute with K-matrices:
Kb = 00Ky, KOu = 0K, . (2.17)

The J,’s do not commute in general with the K-matrices, so we introduce two families of
matrices K, and K, ,, defined as:

Ko = [Ki, Ja), K, .= [K, J.]. (2.18)
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2.2.3 “Conserved” charges

The simplest formulation of the associated conserved currents appears in the context of
the diagonal-to-diagonal transfer matrix, which builds the lattice for a vertex model:

(2.19)

The diagonal-to-diagonal transfer matrix is
t(V,V') = [Kyyr @ (Ryv)®EY @ Ky ] (Ryvn)®F, (2.20)
acting on the space (V @ V')®L.

By iterating the coproduct (12.9)), one constructs the representation of J,, 6, and é\ab
on the tensor-product space:

2L
Q. = A?L—l(Ja) = Zeabl & 9b1b2 X ... 617;‘72171@71 X kafl RKI®...1,
k=1

L1 (2.21)
@ab =A (‘gab) - eaq X c1co ®... QCQL,lby
E':)ab - AQL_I(eab) — Vac, & 90102 ®... 902L71b7
where the summation of {b;} and {c;} is implied.
The local commutation relations yield:
t(V, V) Qo= Qut(V, V) + t0o(V, V) 4+ 1, 0(V, V'), (2.22)
t(V, V') Oup = Oup t(V, V'), (2.23)
t(v7 V/) éab = éab t(‘/: V,) ) (224)
where / H@(L—1) HRL
teo(V,V") i= | Ky @ RV @ K| RT™,
alV. V') i= [ ] (2.25)

tra(V,V') = [K, @ RV @ K, R®".

In the scaling limit L — oo, the terms t,,(V, V') and ¢, ,(V, V') in (2.23) may be considered
as boundary contributions. In this sense, (), can be considered as a conserved charge, up
to boundary terms.
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2.2.4 Disorder operators

The BF analog of the Zy disorder operators of Sec. is given by the family of operators
{pav} (resp. {fiap}) which insert a “tail”of 6 operators:

Nab(k):Zﬁacl®9€102®...®00k_1b®1®...®17
{ej}

ﬁab(k):Z@clb®§cm®...®§a0k71®1®...®1.
{ej}

(2.26)

Extending the notation, we may write fiq,(7) [resp. fiqs(7)] for the action of i (resp. fig)
on the face at position 7. Using the inversion and intertwining relations for the 6’s, we
see that the two-point function of the disorder operators consists in inserting an arbitrary
path between the two points:

Z(ﬁac(?l):ucb(FQ» =

c

2.2.5 Discrete parafermions
Now we notice that each term in the sum for @, (2.21)), which we depict as

g b3 11T

has a form very similar to the lattice Zy parafermions constructed as ¢» = p X ¢ in
Sec. [2.1] This suggests the following construction of discrete parafermions in the vertex
model associated to A. The local representation of the J,’s play the role of spin operators:

ok)=1 210 J, 1---31. (2.27)
(k-th)

We consider a rhombic embedding of the square lattice, defined by the angle « as follows:

(2.28)

We denote by a(z;) the angle between the horizontal axis and the dual edge (dotted lines)
passing through z;, and oriented to the right. In (2.28)), we have:

a(xy) = alxs) = 5 a(xg) = a(xy) = —5- (2.29)
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With these conventions, the lattice parafermions operators {1, } are defined on the edges

of the lattice as .
Yalz) = e " oy (75) 0 (ry) | (2.30)
b

where r; and 7; are site and dual site adjacent to ;. The conserved charges (), are simply
recovered by “integrating” 1), along a horizontal line:

Qa = Z ¢a(x) 6£x )

x € horizontal row

where 0/, stands for the complex displacement along the dual edges, oriented from left
to right [the dotted lines in (2.28)].

The intertwining relation for x = J, yields the discrete Cauchy-Riemann equa-
tion around a face of the dual lattice:

wa(xl) (521 + Iba(iﬂg) 52’2 + wa(ﬂﬁg) 523 + wa(m) (524 =0 , (231)
where the dz;’s are the anti-clockwise displacements along the dual edges.

The parafermionic nature of 1, is a consequence of the commutation rules (2.11),

which yield:
=> aw b WQ . (2.32)
a b

Hence the matrix « in (2.11)) is nothing but the monodromy matrix of the “disorder”
operators fi,,’s around a “spin” operator oy.

Thus, the Bernard-Felder construction [46] naturally produces discretely holomorphic
operators 1, for integrable vertex models. Due to the identity , these operators are
parafermionic, i.e. they transform with a monodromy matrix «,, when one operator is
moved around another one within a correlation function.

2.2.6 Application to the six-vertex model

Let us describe explicitly the BF construction in the simple example of the six-vertex
model. The six-vertex model (1.8) with ¢ = e is based on the U, (sl,) algebra (1.2) and its
two-dimensional representation ([1.6)). On the lattice (2.19)), we take the representations:

V = ‘/e—iu/Q ; V/ = ‘/e-&-iu/Q . (233)

The Uq(ﬁAlg) algebra satisfies the BF requirements 1 ) if we organise the gener-
ators as:

Ji=e;, Ji =& = qtif;, (2.34)
0, =0, =t b =0, =t7", (2.35)

for i = 0,1. The “tail operators” take the simple form:
pik) =t;®---® t; ®1®---®1. (2.36)

k—th
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The BF commutation rules (2.11]) are given by ([1.2)):
tile; =q Zet;t, tile; = qeit; . (2.37)

A A
It turns out that it is convenient to associate the generators e; to holomorphic operators,
and the e;’s to anti-holomorphic operatorﬂ. Hence, we write:

i) = e pi(7) ei(r) bi(x) = e (M) &(r) (2.38)
with the same conventions as in (2.30)). From the commutation rules (2.37)), their respec-
tive internal spins satisfy:

exp(2ims;) = exp(2in) exp(2ims;) = exp(—2in) . (2.39)
Let us describe the explicit form of g:

€+laxq—()’z®_-®q—02®6—lu/20—®1®®1
(k—th)

Yo(k) = (2.40)

X7 R R @M 9191
(k—th)

if the edge k carries the representation V =V, 2 or V' = V_jiu2, respectively. We can

use the relation between the spectral parameter and the opening angle: o« = wu/\. Hence
we can write

wo(k) — e—isoak % q—az R--® q—az ® (ko_;h) RIR---®1 , (241)

where sq = 1 —% = 1. This is compatible with the monodromy property (2.39). Similarly,

we have
Sozslzﬂ, §0:§1:_E' (242)
s T
Finally, let us discuss the interpretation of the parafermionic operators in the scaling
limit of the 6V model, i.e. the compactified boson theory ([1.63)). Since e, €; (resp. ei, €o)

lower (resp. raise) the magnetisation by one unit, the parafermions g, 1; (resp. 11, 1)

carry a vortex charge m = —1 (resp. m = +1). Due to the non-local nature of the y;
operators, the vertex charge e for these parafermions is allowed to be non-integer. The
internal spin is given by s = em, which yields the value of the “electric charge” e = —n/7

and e; = +n/n for the operators W, ,, (1.66]) corresponding to the parafermions:

We -1 ) We )
oy o 0,—1 1/_10 X 0,41 (2.43)
¢1 X W61,+1 3 wl X Wel,—l .

In the subsequent sections, we shall use the 6V conserved currents ([2.38)) to construct
discretely holomorphic parafermions in loop and face models, by applying the exact map-

pings of Sec.

2.3 Discrete parafermions in integrable lattice mod-
els

2.3.1 Loop models

The Temperley-Lieb (TL) loop model with loop weight n = —2cosn is related to the
6V model by the exact mapping described in Sec. Let us use this mapping to

ZNote that this is a matter of convention, since the discrete Cauchy-Riemann relations (2.31)) actually
form an underdetermined linear system for the v,’s on the full lattice.
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Figure 2.2: The one-point function of the parafermionic current vy in the TL loop model
with reflecting boundary conditions.

translate the 6V conserved currents into discrete parafermions for the TL loop
model. For simplicity, we describe the one-point function of parafermions in a simply-
connected domain, but the construction extends naturally to n-point correlation functions,
and more general surfaces.

We consider the TL loop model on a domain of the square lattice, with reflecting
boundary conditions everywhere, except at two given boundary points a and b, where a
single path v is inserted: see Fig. By applying the mapping of Sec. the following
correlation function can be shown [43] to correspond to the one-point function (¢ (z)) in
the 6V model with appropriate boundary conditions:

<77Z)0( loop == Z W #1=2n/m)6:(C) 3 (244)

C’\xEv

where the sum is over every loop configuration C' such that the path 7 (in red and green
in Fig. passes through z, W(C) is the Boltzmann weight (1.31]), and 6,(C) is the
winding angle of the path v from the boundary point a to x. Similarly, the average value
of the discrete parafermions associated to €y, e1, €1 are:

<1Eo( Nioop := = Z w(C e t{(1=2n/m)bs (C)

C|:Jc€7
<1/}1< loop CIZ W —102(0 (245)
TEY
<7E (2)oop : Z w(C eTi0:(C)
C|x€’y

In a general correlation function, one may define (1;(z)...) and (¥;(z)...) as the inser-
tion of two open paths starting at x, with a phase factor associated to the winding of
these paths. These objects satisfy the discrete Cauchy-Riemann equations (2.7 as
operators. The internal spins of these operators are, respectively:

2n 2n

0'0—1—? 0'1:—14—?, 5’0:+1, 5’1:—1. (246)
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In terms of the CG action ([1.70]) associated to the loop model in the scaling limit,
one can identify the parafermionic operators with the chiral degenerate operators and
screening charges:

o o< P13(2), Yo x ¢13(2)
1 o< gr,-a(2), U1 o d1,-1(Z) .

Interestingly, the parafermions 1y and v, have the conformal dimension of the boundary
two-leg operator, i.e. the operator inserting two open paths at a boundary point. This
is easy to interpret, from the basic principles of boundary CET [30]. Let us consider
the half-plane geometry to simplify this argument. The correlation functions of the bulk
operator 1o(z,z) = ¢13(z) x 1(Z) on the upper half-plane H are obtained through the
method of images:

(o(2,2) ... )m = (d13(2)1(Z) ... )c = (¢13(2) ... )¢ -

As we approach z to a boundary point z — zp € R, the operator 9y (z, Z) thus behaves like
¢13(zp). Consistently, on the lattice, as z approaches the boundary, the phase factors in
(2.44) are all fixed to the same value, and 1y(x) reduces to the boundary two-leg operator.

(2.47)

2.3.2 Face models

In this section, we explain the construction [45] of discrete parafermions in unrestricted
SOS models, by applying the vertex-IRF correspondence (|1.39H1.40)) to the BF conserved
currents of the 6V model. At this point it is convenient to introduce a graphical convention
for the Baxter’s intertwiners [70), [71]:

u u
o(a,blu) = T (a,blu) = a,_J7_,b " (a,blu) = a.JZ,b :

The building blocks for discrete parafermions in the SOS model will then be the “dressed”
Chevalley generators defined as:

@ ﬁ u) — ¢~ (a,clu) f; 6(a, bu) (2.43)

@ =F l; u> = ¢ (a,clu) f; ¢(a, blu) (2.49)
a N\JW = T?(?l ’ U> — ¢+ (d, clu) t; ¢(a, blu) (2.50)
a ) b =1 (Z U> = ¢ (d, clu) t;* ¢(a,blu), (2.51)
d ¢
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where f; = e;t; .

Consider the SOS model on a simply-connected domain with fixed boundary condi-
tions. The one-point function of lattice parafermions v;(r) (resp. ¥;(r)) are defined by
the insertion of an F; (resp. F;) plaquette at position r, together with a path of T
connecting r to a reference point on the boundary:

—Yv VvV VvV 4
vV VvV ¥V 4
/ 1 1
(Wo(x))sos =  $r—%—9—9—9 ;, . (2.52)
vV VvV ¥V % 4
vV VvV ¥V 4

Through the vertex-IRF correspondence, this one-point function can be shown to corre-
spond to () in the 6V model. Analogous arguments can be made to construct multi-
point correlation functions of the v;’s and ¢;’s in the unrestricted SOS model. The internal

spins for 1y, ¥, 1,11 are, respectively:

To=1, To=—1, m=1-— To=—-14+—. (2.53)
T T

The general CF'T interpretation of these operators is quite a subtle issue, in particular
because the CFT describing the scaling limit of unrestricted SOS models is not well
understood. In the rational case when n = 7p’/p, where p and p’ are coprime integers,
the Boltzmann weights become periodic under a — a + p, and one obtains the Cyclic
Solid-On-Solid (CSOS) model: see Sec. [1.1.3] The latter has a finite number of height
configurations, and a well-defined scaling limit, with the same central charge as the RSOS
model (see Sec. , but a different operator content. In this context, the operators
1 and 1, have conformal dimensions corresponding to the degenerate operators ¢3 and

P13, similarly to g, 4 in the loop model.

N.B. : The above construction does not extend directly to the case of RSOS models,
because the vertex-IRF local relations (1.39H1.40)) are only valid for the unrestricted SOS
models.

2.3.3 Clock models

Unlike the Temperley-Lieb loop and the SOS models, the chiral Potts model is not based
on the evaluation representation of the U, (sly) algebra, but on the cyclic representa-
tion (T.51)), which only exists at roots of unity ¢ = —e’™/N. The construction of lattice
conserved currents associated to the Chevalley generators in this family of representa-
tions, even though it is more technical, is very similar to that of 6V conserved currents
explained in Sec. 2.2.6] Let us outline the main results of this construction [44].

Due to the form of the operators e;, f;,t; in the cyclic representation ((1.51)), when
applying the BF construction, the “tail” operators associated to the t;’s insert a Zy defect
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path of matrices Z ({1.52)), precisely like the Zy disorder operators described in Sec. ,
whereas the e;’s and f;’s measure the local spin through the matrix X, and correspond to
spin operators (and they also include a defect contribution Z corresponding to the end of
the “tail”).

At the isotropic critical point, where the chiral Potts model reduces to the critical FZ
lattice model [77], the parafermions obtained by the BF procedure from the generators e;
and e; are exactly the ¢,’s and @p’s with p = 1. Hence, the discrete Cauchy-Riemann
relations , which were observed empiricAally in [38], are in fact a consequence of

the intertwining relations of the underlying U,(sl;) algebra.

An interesting feature of the chiral Potts model is that it remains integrable and Zy
invariant outside the critical point £k = 0. However, outside criticality, the embedding
of star-triangle relations into adjacent rhombi, which relies on the additivity of spectral
parameters, does not hold anymore. Let us extend the rhombic embedding from the
critical FZ model to a generic value of k: a plaquette with incoming spectral parameters
a and b has an opening angle o = u, — u,. In [44], we proposed the following definition
of off-critical parafermions:

Yix) = e TN (P ei(r),  dix) = e () er) (2.54)

for ¢+ = 0,1, and where ¢, = 41, depending on the parity of the edge x. With this
definition, the overall dependence on spectral parameters reduces to a factor e***®= where

s =1 —1/N is the internal spin of the parafermion (2.5)) with Zy charge p = 1. These
off-critical lattice parafermions then obey twisted discrete Cauchy Riemann relations:

ot Yi(w1) 621 + et Yi(w2) 020 + e N Vi(3) 023 + e N Vi(4) 624 =0, (2.55)
e ¥ i) 621+ € N i(12) 67 + "R i(23) 67 + €PN Gy(wa) 62 = 0. (2.56)

At the critical, isotropic point k = 0, we have ¢ = ¢ = 0, and we recover the discrete
Cauchy-Riemann equations (2.7H2.8]).

For small deviations from criticality, in the scaling limit, the chiral Potts model can be
shown [87] to correspond to a perturbation of the FZ parafermionic CFT by the energy
operator ¢ with conformal dimension h. = 2/(N +2) and its descendants W_,e and W_,¢
under the Wy algebra :

S = SFZ + /d27“ (908 + g1 W_16 + ?]1 V_V_1€> s (257)

where ¢o, g1, g1 are some effective coupling constants.
From a general perturbation theory argument (see [88]), one expects the off-critical
currents to satisfy the massive Cauchy-Riemann equations:

O = mgox + T W_ix + TG W_1x (2.58)
where x is the operator in the 1/z term of the OPE ¢(z)e(0) in the unperturbed FZ CFT:

0
»(2)e(0) =+ g + ... (2.59)
By a simple dimensional analysis, we see that this operator must have conformal dimen-

sions:

hy=hy+h:—1,  hy=h.. (2.60)
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In particular, x should have conformal spin s, = h, — h, = hy, —1 = 1/N. Hence, in
the RHS of , we expect primary operators with conformal spins 1/N, 1/N + 1 and
1/N —1. It can be checked explicitly that the twisted CR relations , when expanded
around k = ¢ = ¢ = 0, produce lattice operators with exactly these three values of the
internal spin. Hence, can be considered as a lattice analog of the massive CR
equation ([2.58]).
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Chapter 3

Operator algebra of non-rational
CFTs

3.1 The operator algebra for loop models

3.1.1 The conformal bootstrap for non-scalar operators

Loop models such as the Temperley-Lieb and O(n) model have a discrete, infinite spec-
trum of conformal dimensions: see Sec. This spectrum includes non-scalar opera-
tors, namely the mixed operators W,,, with dimensions (h,h) = (hem, he,—m), Where m
is a positive integer, and e € Z/m. Let us examine the consistency of the bootstrap
approach in this context [61].

From the chiral fusion rules of the degenerate field @91, with the Coulomb Gas param-
eterisation h(a) = a(a — 2Q), we can a priori expect four terms in the OPE:

Dy X (I)h(a),h(d) — Z (I)h(a_eﬁ)’ h(a—eb2ty (31)
(e,6)e{—-1,1}2

In the OPE ®41(0)®p(a)n(a) (2, 2), as z — 0, the term (¢, €) comes with a factor:

Z—hgl—h(a)—&-h(a—eb’l/Z) g—hgl—h(o’z)-i—h(o’c—Eb*l/Z) _ (3.2)

2 —m 5

The factor picked by this term under the monodromy (z,2) — (e*7z,e *"2) is e
where the monodromy exponent 7 is given by:

n(e,€) = [ — eb™'/2) — h(e)] — [h(a — &' /2) — h(a@)] (3.3)

= —b"[ela - Q) —&a - Q). (3.4)

Inside a correlation function (®51(0)®;, 7(2,2) .. .), if several terms from the RHS of (3.1
are included, they should have the same monodromy factor €%, so that the correlation

function has a well-defined monodromy around z = 0.
In the loop model, we shall parameterise the primary fields as:

2i7n(e,€)
)

D1 = Piap) o) s Wem = Phiaem) hloe,m) - (35)
We obtain the monodromy exponents:

e—ELQ_l or 1,
n(e,a:{( 3 for (3.6)

(e—L" —(e+8)2 for W,
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We restrict to the case of a generic central charge, i.e. when b? is not a rational. For
the “energy-like” operators ®,; with r = 2,3,4... and for mixed operators W,,, with
both e and m nonzero, only the terms with € = € can coexist in a correlation function,
corresponding to the fusion ruled'}

Qo1 X Ppp = Ppy1+ Pryn, (3.7)
@21 X Wem — W€,17m + We+1,m (6 7é O, m % O) . 38)
3.1.2 Non-scalar shift equation
We consider the four-point function:
G(z,2) = (P1(00)Po(1)P3(2, 2) P21 (0)) (3.9)

where &1, &, 3 can be any (scalar or non-scalar) primary fields of the loop model, except
those of the form Wy,,. The analysis of is similar to the case of scalar operators
developed in Sec. [1.3.2] except that the holomorphic and anti-holomorphic parts may
carry distinct exponents [61]. First, the null-vector equations for ®o; are:

(L_y—b*L* )Py =0, (L_g —b*L?)®gy = 0. (3.10)
After the rescaling:

a

(1 — z)hrha=ha=5h (1 _ gyha—he=ha=5 o g5 5 (3.11)

|
|3

G(z,2) = 2 hET
we obtain the hypergeometric equations:

2(1—-2)0%g+[C — (A+B+1)2]0.g — ABg =0,

_ _ _ 3.12
2(1—-2)02g+[C — (A+ B+1)2]0:g — ABg =0, (3.12)

with parameters

A:2h21—(041+042+043)/b, A:2h21—(@1+d2+@3)/b,
B = 2h21 — [O[l + (2@ — OéQ) —f-Oég]/b, B = 2h21 - [@1 + (2@-072) —f—dg]/b, (313)
C:b72—2043/b, C’:b72—20_43/b.

We denote by {1y, I} and {Iy, I} the holomorphic and anti-holomorphic bases of solutions
converging on the disc |z| < 1, and {J;, Jo} and {J;, Jo} the analogous solutions for
|z — 1] < 1: see ([1.98H1.100). The physical correlation is given by the bilinear forms:

g(z,%) = Z Xij L(2) Li(2) = ) Y Ju(2) Jo(2) . (3.14)

In the limiting case of mixed operators W, with m = 1,2,3... all the terms (¢,€) in the OPE
®9; X Wy, have integer monodromy exponent 7. This suggests the presence of unconventional terms in
the fusion rule:

DPo1 X Wom = Wim +W,1’m + ...

The logarithmic nature (i.e. the non-diagonalisable nature of the evolution operator Lo + Eo) should be
taken into account to properly analyse this particular fusion rule, which goes beyond the scope of the
present study.
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Denoting by P (resp. P) the change of basis from {I1, Iy} to {.J;, Jo} (vesp. from {1, I}
to {J1, J2}), we have: )
Y=PXP. (3.15)

From the above analysis of OPEs (3.7H3.8]), only the diagonal terms ¢ = j and k = ¢ are
allowed. This yields the linear system for X; := Xy and X5 := Xoo:

puipi2 X1 + PaipeXe =0,

Pr2p11 X1 + Paopar Xo = 0. (3.16)
The determinant of this system is
det = gg [s(C — A)s(C — B)s(A)s(B) — s(A)s(B)s(C — A)s(C — B)] , (3.17)
where s(z) := sin(nz) /7 and
g=rare-ormyI(-D), g:=rre-Cc)rOdIr(-D). (3.18)
For any j = 1,2, 3, we introduce the integer number
O a1
We get:
A=A+mi+mg+mg, B=B+m; —ms+ms, C=C+2msz, (3.20)
and hence the determinant vanishes, and we can write the solution as:
e - T A
where
rplon,anas) = L2 2 (B — Ao - B),
1(C). (3.22)
ez ) = 22 (A(BI(C - A(C - B).

This leads to shift equations where the RHS is the geometric mean of the holomorphic
and anti-holomorphic contributions:

C(Py, Do, DY)
C(@l, (P27 ¢3)

where we have used the CG parameterisation:

= \/u—1/b(041, vy, c3) Ky () uyp(Qu, o, ai3) K1 p(i3) (3.23)

D91 if Py=D,,

We+2,m if (1)3 = Wem> € 7& _17
(3.24)

and the functions u_,, and K_;;, are obtained from Sec. by the change b — —1/b.

We have

O3 = Dy ay),n(as) > Cblg = Cp(ag—b-1)h(az—b-1) = {

V(272 — 1 — 0n23/b)y(b™2 — a3 /b)y(b™* — g4/b)

u_q (1, g, 03) = Y=ot h) , (3.25)
V(@2 =072+ 2a/b) y(2 — 3b=2 4 2a/b)
K_yp = 07— 2Tl , (3.26)

where 93 := ay + ag + a3, and O‘i'cj =y — Qg
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3.1.3 Expression of the structure constants

First, the energy-like operators ®,; are all scalar and form a closed subalgebra. Their
structure constants can be treated like for the case of minimal models: see Sec. [L.3.3l

One has the fusion rules
r4r'—1

@rl X (I)r’l — Z q)kl . (327)

k=|r—r'|+1
k=r+r—1]2]

In particular, for r = 7/, the structure constants are given by:

(00) \/~[2 — 0(20 —1)] 7[2 — 0(20 + 1)]
Y2 = o(r + O)]y[o(r — O)] v[e(2¢ = 1)]

k
C(P@r1, Pr1, Pogr11) H L (3.28)
=1

where ¢ := b2,

Through a similar argument, by solving the recursion equation (3.23)), one gets the
structure constants of the form:

k
C(Wenu W—e,ma (I)2k+1,1) - H vV Hem b l—em, 0 , (329)
/=1

P v(lo —m)y(Lo+m)y/~4[2 — 020 — 1)]7[2 — 0(20 + 1)]
et Y2 = (e+ 0)d[(e — O] 7[e(2f — 1)) '

(3.30)

3.1.4 Generalised three-point amplitudes

Although the vertex operators in the CG description of the loop model are restricted to
the set of “energy-like” operators ®,; by the compactification condition in ([1.70)), it is
possible to define two- and three-point correlation functions in the lattice model, which
relate to vertex operators with generic vertex charge.

As explained in Sec. for the case of the 6V model, the two-point function of
vertex operators corresponds to the insertion of a twist line. For the loop model on the
sphere, the two-point function:

(Vie2o(r1) Vag—r/2v(r2)) cc (3.31)

changes the fugacity of non-contractible loops on the sphere punctured at r; and ro to
the value
n' = 2cos(\ — k) . (3.32)

We denote by Z, (71, 72) the corresponding modified loop partition function. In particular,
the charge ay29 corresponds to 7k = A — 7/2 and n’ = 0. In this case, the two-
point function only counts the configurations with contractible loops on the punctured
sphere. In terms of the related Fortuin-Kasteleyn cluster model, these are the cluster
configurations where r; and 79 sit on the same connected component.

In [56] it was suggested to extend these ideas to three-point functions, in the case of
critical percolation. Consider the three-point connectivity, i.e. the probability that three
given points 71, ry, 3 sit on the same percolation cluster. Naively, this should correspond
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to the CG three-point function of Vj,, , ,, but, since it is impossible to obtain any neutral
combination of three charges a2 (even by introducing screening charges Vi), this
three-point function does not make sense in the CG formalism. Nevertheless, there is
strong numerical evidence that the three-point amplitude of connectivities coincides with
the imaginary Liouville OPE coefficient:

Pc(T1,7‘2,7"3)
\/ P.(r1,79) Pe(ra, m3) Pu(r1,73)

= Cr(a1)2,0, 01 /2,0, 1 /20) 5 (3.33)

where P.(ry,...,r,) is the probability that rq,...,r, sit on the same percolation cluster,
and Cfy, is the ¢ = 0 imaginary Liouville OPE coefficient (1.123]).

Using the transfer-matrix approach, we have given further numerical evidence [5§]
that this result generalises to the O(n) and TL loop models with any loop fugacity in the
critical regime —2 < n < 2, and for any triplet of modified loop fugacities. We introduce

nj = 2cos(A — mK;), j=1,2,3, (3.34)

and we define Z,,, ,, n, (71,72, 73) as the partition function where the loops which separate
one point r; from the other two gets a modified fugacity n;. If we denote

R
J
ij -

=g hi=ailey —2Q), (3.35)

our numerical studies on infinite cylinders show that, in the scaling limit

an (7”1, T2) o A(TL])
7 |T1 - 7’2|4hj ’
an,nQ,ng(Tl,Tzﬂ“:s) . A(nl)A<n2)A(n3) X CIL(alaa27043)
Z |y — g 2(hatha=ha) gy — pg|2(haths=h1) | — pg|2(haths—h2) ’

(3.36)

(3.37)

where A(n;) is the non-universal two-point amplitude associated to Z,, .

3.2 Non-diagonal imaginary Liouville and Toda mod-
els

3.2.1 The Virasoro case
Consistency conditions on OPEs

We consider the non-diagonal imaginary Liouville CFT, i.e. the CFT with central charge
¢ < 1, where the spectrum is generated by the Virasoro algebra acting on all possible
scalar or non-scalar primary operators, which we parameterise as vertex operators. It
contains, by assumption, the two degenerate fields ®15 and ®5;. The central charge is
written as ¢ = 1 — 6(1/b — b)?, with b? irrational. We want to examine the consistency of
OPEs of these degenerate fields with generic non-scalar vertex operators (see [62]). For
OPEs with ®1,, the possible terms are

(I)12 X Va@ — E Va—‘,—%b,&—}-

e,ee{—1,1}2

(3.38)

wld
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The monodromy exponent associated to the term (e, €) is

n(e,€) =ble(a —Q) —ela-Q)] . (3.39)
For a given value € € {—1,1}, we have
n(e, 1) —nle,—1) = —2b(a — Q) . (3.40)

If the two terms (¢,1) and (e, —1) coexist in an OPE, then the difference of their mon-
odromy exponents should be an integer, which forces & to be of the form a = ag, with
s € Z. Similarly, the terms (1,€) and (—1, €) can only coexist if @ = a,¢. In the following,
we shall consider generic vertex operators, whose vertex charges «, & are not of the form
Qs OF Q.

Under this condition, the only possible coexisting terms in the RHS of are
Vato/2,.a+b/2 T Va-v/2,a—/2 and Vagproa—b/2 + Va—s/2,a+b/2- The first possibility implies that
the difference (n(1,1) —n(—1,—1)) is an integer, which yields the condition « — & € Z/2b.
The second possibility can be reparameterised by using the identity h(2Q) — «) = h(«a) :

D1y X Voo = Vassz.a-b/2 + Va—vjzats/2 = Voga—b/2.a-b/2 + Vag-atijzatsz,  (341)

which amounts to the previous case, with «a replaced by @ = 2Q) — «. Hence, without loss
of generality, we shall always consider the case:

Do X Vg = Vagz,arsy2 + Va—b/2,.a-b/2 5
7 (3.42)

—ae —.
a—a€
Once the conventional choice between o and 2() — o has been made, the OPE with
the second degenerate field ®5; has two genuinely different possible forms:

Va,bfl/Q’d,bfl/z + Va+b*1/2,d+b*1/2 ifa—ae Zb/2

, B (3.43)
Vav-1/2.arb-172 + Vasp-1/2a--172 if 2Q —a —a € Zb/2

@21 X Va@ — {

Spectrum of primary fields

The above argument leads to a classification of the primary fields of the model into two
classes VCS;_;), according to their OPEs with ®15 and ®q;:
(e) (e) (e)
P12 X Vaa = Voipeaise T Vasooa—ia:

(¢) (¢) (¢)
Pa1 X Va,a — Vafb—l/Z,&feb—l/Q + Va+b—1/2,&+eb—1/2 :

(3.44)

The charges for Va(;) satisfy a — @ € Z/2b N Zb/2. Since b? is irrational, this means
that o = &, and hence the operator is scalar. The charges for ch;i) satisfy
04—072—%, 2QQ —a—a=—mb, (e,m) € (Z/2)?, (3.45)

which gives, in Kac notations:

= Qe , O=CQ_gp. (3.46)

)

The dimensions of operators VOE;—Y) have a form similar to the “mixed” operators W,,, in
the loop model. However, the range of indices is quite different. In particular, for m # 0,
the fractional values e € Z/m are not allowed in the non-diagonal imaginary Liouville
model.
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Structure constants

The structure constants of vertex operators satisfy two shift equations:

C(%, ‘/27 Vo;i-)b a3+b)
C(‘/l, ‘/27 Vag ag)
C(Vh, Va, Va3 e3/b,aiz— 63/17)

C(Vi, Va, Vis2,)

= \/ub(al, ag, a3) Ky(ag)up(ag, ag, az) Ky(as) , (3.47)

= \/ufl/b(ala g, oug) Ky pp(0e3)u—y 0 (0ur, o, ai3) Ky (@i3)
(3.48)

where the functions uy, K are defined in Sec. [1.3.2]
In the case e3 = +1, ag = &g, the operator VOS;&?) is a scalar vertex operator with
unconstrained real vertex charge. The unique solution of the shift equations is then [62]

C(Vl, Va, ‘/3(+)) = \/CIL(Oél, g, 043) CIL<O_517 Qa, 063) ) (3-49)
where Cfy, is the imaginary Liouville OPE coefficient (({1.123)).

3.2.2 The W3 case
The imaginary Toda CFT
The imaginary Toda CFT is defined by the action:

2
Alp] = Cé—:\/ﬁ [8,@ '+ 2iR(2)Q - d+ ceter /b, 4 :eiez"i’/b:} , (3.50)

where ey, e; are the sl3 roots, p = e; + ey, and Q = (1/b—b)p. It was shown in [81] that
the conserved currents for this action generate the W5 algebra.
The central charge is given by

c=2-12Q*. (3.51)
The vertex operator Vi, = :e'*?: has eigenvalues for L, and Wj:
1
ha = — 2Q) (3.52)

/ 48
22+ 5c | ' (3:53)

We let the Weyl group W act on vertex charges as

Ve e W, rrxo:=Q+zr(aa—Q). (3.54)
The eigenvalues are then invariant under this action of W:

Vee W, (haxas Wara) = (Pas Wey) - (3.55)

The vertex charges associated to degenerate fields are of the form:

* ( Z; 2; ) = [(1=n)b™" = (1 —m)b] wi + [(1 = n2)b™' — (1 — ma)b] wa, (3.56)

with ny,ng, my, my positive integers.
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Structure constants for scalar operators

Consider the correlation function of scalar operators

<Va1(OO)Va2(1)Va3(va)‘I>< - > (0)) - (3.57)

11

If one of the vertex charges, say au, is of the form a3 = kw1, then the null-vector condition
on <I>< 1 f ) translates into a generalised hypergeometric differential equation on (3.57)),
and the conformal bootstrap approach can be applied [83, 84, 85]. The same can be done
with <I>< f 1 > Combining the resulting shift equations, one gets the unique solution [63]:

Crr(ur, s, kw) = M(k) x Hi,e:1 Tolo — (@1 — Q) - hy, — (s — Q) - hy + /3]

K
VI Teso Yolb + (0 — Q) - e]Tufb — (c; — Q) - €]
(3.58)
where the product in the denominator is over positive roots e € {ej,es, p}, and the
normalising factor is

Y

1 Ty(b)TH(3b=1 — 2b)
M(x) = 7,07 \/Tb(b 41—) /-@)T:(Sb—l 2 — k) (3:59)

Consistency of non-scalar OPEs

Like in the case of imaginary Liouville, one may consider non-scalar vertex operators

Va,a, and examine the consistency of their OPEs with the degenerate operators <I)< i f )

and <I>< f 1 ) Following an analogous argument to Sec. [3.2.1, we find that the vertex

operators are labelled by a pair of vertex charges (o, &), together with a permutation
o € B3, subject to the constraints:

a—acR/b, a—oc*xa€bR", (3.60)

where R* is the sl3 weight lattice defined above. The permutation o characterises the
fusion rules as follows:

3
1 2 - "
¢ ( 11 ) X Vo(u% - Z Vo(é+)bhj,a+bhj ; (3.61)
=1
2 1 3
(o) _ (o)
(I) < 1 1 ) X Va,d o Z Va—ha(j)/b,&—h]‘/b : (362)
=1

The reparameterisation (o, &, ) — (u* o, px &, pop ') leaves the constraint (3.60) and
the rules (3.6113.62) invariant, so the vertex operators are classified by the conjugacy
classes of o in G3:

e The case o = 1 corresponds to scalar operators o = & € R2.
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e When o is a cyclic permutation, say o = (123), we get vertex charges of the form:

a:a(nl ml), dza( "2 ml), (3.63)
No Mo —np —Ng My
where (n1, ny, my, my) € (Z/3)*, with ny — my € Z and ny — my € Z.

e When ¢ is a transposition, say o = (12), the constraints (3.60) translate into

a=Q+hs+ (—r/b+sb)ey, (3.64)
a=Q+fhs+ (+r/b+ sb) ey, (3.65)

with 8 € R and (r,s) € (Z/2)%. This is a mixed situation, where the h3 component
of the charge is unconstrained, whereas the e; component is quantised.

Structure constants of non-scalar operators

From the analysis of the four-point functions

<Va1,5c1va2,52va37d3q) ( 1 f )> and <Va1,541 Va2,5é2 Vas,d:;q) ( ? 1 )> ) (366)
with a3 = kw1, &3 = Kwq, one gets shift equations on the structure constants
C(Vahén Va2,d27 Vﬁw1,f?w1) : (367)

Like in the non-diagonal imaginary Liouville case, if we further impose that one of the
fields is scalar, we get the simple result:

C(Val,OLl? VOLQ,&Q? Vnwl,ﬁwl) = \/CIT(a]J a27 le)OIT(alﬂ a27 Rwl) . (368)
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Conclusion

On the lattice, as far as discrete holomorphic parafermions are concerned, the series of pa-
pers [43], [44] 45] introduced a generic method for constructing these objects in many types
of integrable lattice models, using the underlying quantum group symmetry. This was an
important improvement over previous studies, where the lattice holomorphic parafermions
were found empirically by several authors [39, 36, 37, 38, [42] [89] ©O0]. It is a also a poten-
tial starting point for the systematic construction of more general discrete parafermions
in integrable lattice models. However, despite some substantial effort, the “missing half”
of the Cauchy-Riemann equations (see discussion in the Introduction), which would open
the way to mathematical proofs of convergence and conformal invariance in a variety of
lattice models, has not yet been found. One promising direction for solving this problem
could be to generalise the notion of S-embedding [41] to other models than Ising.

For the problem of scaling correlation functions in critical models, with the works
[611, 58, 9T, [63], 2], we have contributed to a better understanding of the operator algebra
in non-rational CFTs. Some major aspects of these works are: the adaptation of the
analytical conformal bootstrap approach [55] to the case of non-scalar primary operators.
This applies particularly to the O(n) loop model, which has an infinity of such operators.
The major remaining challenge is to take into account the indecomposability of Virasoro
modules associated to some sectors of the O(n) model — leading to Logarithmic Conformal
Field Theory (LCFT): see [93] for a review. Some work in this direction has been initiated
in [94) [95] for Ising and critical percolation in the case of boundary correlation functions;
the logarithmic behaviour of bulk correlation functions has also been addressed recently
in [96], O7.

Another interesting perspective would be to describe systematically the operator alge-
bra and the related structure constants for the replicated CFTs [08] arising in the study
of entanglement entropies [99]. Indeed, in this context we have shown [I00] how to ex-
ploit the null-vector equations to apply the conformal bootstrap and derive the four-point
functions related to Rényi entropies in minimal models. I think a more thorough analysis
of the operator algebra for these theories is possible, and would yield interesting results
on these entropies.
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