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“Makin

(The title of an article by D.S. Wiersma in Photonics Spectra, February 2007)
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Theory of random laser —

Diffusion theory Anomalous states Numerical methods
ldea: Replace intensity | ldea: Study untypical ldea: Study lasing for a
in laser equations by its states (modes) that might | given realization of
average value <| > that be most adapted for disorder, then average
obeys diffusion equation lasing (if computer time allows)
Advantage: Allows for Advantage: Analytical Advantage: Numerically
many analytical results approach beyond the exact, easy to adapt to a
(threshold, dynamics diffusion theory specific system
beyond the threshold, etc.)

Drawback: Replacement Drawback: No guarantee Drawback: Results are

| — <I> not justified of finding the best difficult to interpret and to
states, results generalize, too time
specific for a particular consuming in 3D

system, not always
realizable
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Theory of random ‘ase—r

Need for a simple model
that allows for an
“exact” solution



The simp‘es! W
Pump > 'DD Laser emission
) ,ﬂ:./,
> 70

The same atoms
scatter and amplify light !

3-level atom

\

P \\ Fast relaxation
\ rbc

N\ > b Laser

Pump emission




Random lasing in a cloud o! !W

Dipole approximation for
the field-atom interaction

— e .- relaxation Heisenberg equations for
-—: e ——— Lager £ 1A ,.\,,,,.l T L T
=1 T pume _ _ emizsian field and atomic operators
- — N S?n. L i iy
' _1" Heisenberg-Langevin equations
\— 4 .
~N for atomic operators
N atoms M = [b)(b] — |a)(al, ST = [b)(al:
ds:T r r
io= | 3y st 4+ in, + 1 pter.
i [lwo -5 (14 Wz)] ST+ |§r|Z Zj + F."(r;,t)
J7F1
A [ N 1
AR o A BT ¥ VAN = D I 4 B 7. 720 Y s ] mlh | |0+T‘ —|
_— 1 l\J-_l_VV'I,}||’L—|—\J- VV’L}J P | III|Q q |
dt | p _
L J J
+ F(x;t) | elkolri—r;|
o Pump Green’s matrix G;; =

kolr; — ;]
[Similar approach: Savels, Mosk and Lagendijk (2005)] (scalar model)



Random lasing in a cloua o! W

mmm) | aser threshold:

1
Ap = —
" t The dimensionless scattering matrix
of a single atom:
Hw) 1 y W -1 o 1
. w) = — :
An elgenval.ueA 2 W41 w—wo+§(W+1)
of the matrix G: _ o
G0, = A\, W, The true scattering matrix is ¢ = (4x/kg)t

[see Savels, Mosk and Lagendijk (2005)]

/\: _ W —1

dl. -
— = 2kl Sy In Ynm = Al 3
di nn"‘%’}/nmnm (W +1)
N 2
% Im [/\ Y Va2 (Vi)
T W—1[(W+1)? 1 [ >i=1 Wl
kp=—X —— |———— —ImA\p|
2 ] +1|_ Ww — 1 Jl



Euclidean random ma_

N

4LV

X

N matrix (J.. — (v
(& I O) B | \JIL \.l.

4LV 1 7\ j A

Eigenvalue problem:

[
=

“J An, — eigenvalues
W, = {W!} — eigenvectors

n=1,...,N

: : oFolTi—1;l :
Euclidean matrix G;; = o r— determines
(A

the behavior of our random laser

The notion of Euclidean random matrices was first introduced by
M. Mézard, G. Parisi and A. Zee (1999)



Eigenvalue density of Euclidean maW.

1
Hermitian matrices: p(A\) = ——ImG(z = X+ i¢)
s

Green's function (resolvent):

) = ~(m = (m(ietely )=

N z— G N z z—2(2)
. A - G O
Non-Hermitian matrices: Gyypn Go = ~
0 Gt), .
X2N
ﬁ:/ 1 \:/Aqq Aa\ ;:/Z i€
Y = = B 11 where  Ze _
\ze— G2/ \Ya Yaq) \le Z)
Green’'s function (resolvent):
1 /T 7 GT \ 1T§
— r _ _ = —1Ir
9(z,2) N< (z—G)(E—G"‘)—I—ezl) N T
10 , _
p(A) = — ——9(z,2)
T 0Z 2=\




Eigenvalue density of the matrix W

(.6

i N = 104
4 pA3 = 0.01
0.2 '
- Z A
E 0.0/ Density of eigenvalues of GG
il (numerical)
o Borderline of the
_I:Ifll.h-t;:;-;i.!.-l-;I.-J:THHU-_H. 02 04 06 domain of existence N > 1 atoms

Re A of eigenvalues of

N in a sphere:
G (analytical) P

R
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N = 10%
pA3 = 0.01 :
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Im A

15

Domain spanned
by 1/t(w) when w
and the pump W
are varied

Laser threshold:

—-10 -5 0 5 10
Re \



P>\8 — 15 Domain spanned
N =104 by 1/t(w) when w
and the pump W
~< 10 are varied
=

Eigenvalues of G
(numerical)

Borderline of the
domain of existence
of eigenvalues of

G (analytical)

Laser threshold:

0 N, =1
t
Well below
_5 threshold...
-10 -3 0 5 10



Random lasing in a cloud of 3-Ieve| a!o$
p)\8=51?"“"""""'””_Domainspanned
N =10% | { by 1/t(w) when w

and the pump W
are varied

T

~< l(}.
= i

=

Eigenvalues of G
(numerical)

Borderline of the

AAAimnatiimn ~AF A~ AN~~~
UOIlTlidill O CSXISLElICC
of eigenvalues of

G (analytical)

Laser threshold:

Approaching
threshold...

—-10 -3 0 b 10



Random lasing in a cloud of 3-level atom—s

P>\8 =10 Dpmmmmmrrrmmrmreee "/-\Domain spanned
N = 10% - / " by 1/t(w) when w
' | and the pump W
~< 10F 4 are varied
g

Eigenvalues of G
(numerical)

Borderline of the

A~~~ tin ~FE A AANA—~A

of eigenvalues of
G (analytical)

Laser threshold:

i 1
(}u . A, = -
Threshold
S N R reached!
—10 -5 0 5 10



Random lasing in a cloud of 3-level atom—s

P>\8:20 & ='/-\Domain spanned
N =104 / 1 by 1/t(w) when w
| | and the pump W
~< 10F 4 are varied
E | -

Eigenvalues of G
(numerical)

Borderline of the

A~ S N s AN~ Y eV are

~ ~ £ f et
Aoflridlirl Ol ESXISLEllCce

of eigenvalues of
G (analytical) J| Laser threshold:
] 1
- An:_
Far above
el | threshold...
—10 -5 0 5 10



And what about the “standara’! HIW

R Scattering mean free path: ¢ = 4T

Macroscopic absorption/amplification length:

Ensemble of N L2 = %
randomly
distributed point-like | Diffusion equation for the average intensity:
scatterers with a - 1
. ] T2/T(+ N\ T Tl !\ — S+
scattering matrix ¢ viouibL by — s by = 0X r)
~a
Rniindarv conditinnge in o enhoroe-
Luulivudl y LCUliIviILIVIIo 111 a opliIcl .
(I(r,v))) =0 for r = gé L
Y
31+25
3R




And what about the “standaraII W

R The laser thereshold is reached
when (I(r,r")) diverges:

2
3b2 1
1= Ot (Jt|* — Imt) (1 + )

(2m) 1+ 3bolt[2
Ensemble of N bop = 2R /¢ — optical thickness at resonance
randomly without pump

distributed point-like
scatterers with a
scattering matrix ¢



Link between random matrix ana scaW

Resolvent of the random matrix theory:

1N /A A (g go)
g = (/—J- V= (Z99 a7 A—iTr =
= \z. _ O/ \G7q 933) >n o 9 = 7y ' block
\T e 9 “499/ 2Nx2N \g2 ¢

correlation of yields
left and right p(A)
eigenvectors

e — 0t




Link between random matrix ana Ws

Resolvent of the random matrix theory:

1N /A A (g go)
= \z _ ./ \g,,,, G—)_ 97 7 'block
\~ 2 q4q 499/ YON 2N \9"2 g

correlation of yields
.o+ .
¢V left and right p(A\)
eigenvectors

1 N 1 1
] = Ez Ii; = YT <[,t - G- (G 1)+]>



Eigenvalue domain from tHeW

“.f': o S Il_q...._ I ey’ ey’ el gy’ ey’ e g ety Sy T e R [T L R PR

| pA3 =0.01 | PAZ =01

0.4 o _- : .

Borderline of
the domain of
existence of
eigenvalues
found from
the diffusion
theory

-5




(max(ImA))

Minimal optical thickness !o_

=1 T L] L] T [ L] T L L] I L] T T L] 1

- Numerical results:
O N= 103
A 5x103

(1) optical thickness at resonance,
in the absence of pump



Random laser beyonW

Field: Q = S an(t)Wpe iwnt
mn

Intensity of n-th mode: I,(t) x |an(t)|?

I, R

E = —2rnIn + %:'Ynmfnlm Tnm — (W + 1)3 | |
x  Im {/‘\ iz [Vl (V)7
_ 2 n N '
NP VR U N (U R VR [ SN w2
2 W+1 W —-1

Total intensity: I = > I,
n



Random laser beyonW

0.7 e _
b.= 40 ® numerical
0 .
- 0.6} ,.+— ~ solution
— 0.5 : *"’ *\ of coupled
— W / equations
= 03| \lbo =41 analytical
.ﬂ:-" i \ result
= \ .
0.2 * ------- analytical
I result
0.1 | A for a
0.0 L S ——— . larger
2 3 4 5 6 optical
thickness
threshold Pump W



A universal resu_

mmm) | aser threshold:

1
)\ = —
*n t = The dimensionless scattering matrix

| of a single scatterer (atom)

An eigenvalue
of the matrix G:
G, = A\,
Recipe to find the laser threshold:
e Draw the domain of existence of complex eigen-
values \ of G on the complex plane z = \

1/t on the

e Draw the region spanned by z
same complex plane

e Find the values of parameters for which the two
above 2D regions touch



An even simpler laser: W

0 =w—wp

Two-level atom | »
A = wp — wq

Probe w n b
—
wo

‘V

Pump wp

Transition

frequency wq
Pump wp
Frohe w

Dimensionless scattering matrix:
1 1+ 4A2

HAGS) = =5 T AAZ 1202
(6+i)(5—A+%)—%QQAL_%.
G+ -—AD+5E+A+3)—-Q2(6+3)
A, 9, Q2

in units of I [B.R. Mollow, Phys. Rev. A 5, 2217 (1972)]




Scattering and amplification by

1 0.25
=] / o]
\ —

= , '2=0 th
o 4 0.2
éﬂ 0.1 I;L:_'"
=t =
2 o 0.15
+ 0.01 : =
2 2
e @ 0.1
o 2]
S 0.001 2
o 0.05
£ 5
= 0.0001 : S
£ =
5 3

L o]
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Mollow random laser at a fixed pump Wr

p)\8=103(] T Domain spanned
— 104 | il

N =10 : { by 1/t when § and

A=1 I | the pump €2 are

varied

Borderline ofo'_
the domain
of existence
of eigenvalues

of G 10F
(analytical) < |
£

it " {}_ [ I ] . Ee.s - [~ N
Laser” of / 1 Eigenvalues of ¢

the 1st kind.—F | (numerical)

Always exist, |

even for i l {} :_L__.l._._]‘.._J._._l..__L._.l._.J.__l._.l._.J. SN T (RN T SN (R [ N T
2 atoms —-20 —10 0 10 20
Re A




Mollow random laser at a fixed pump freqM

p>\8 = 50 30 T T Laser of
N =104 | | the 2nd Kind.
A= I Requires
20 “ sufficiently
I large
optical
-~ thickness
=10
“Laser” of D'_
the 1st kind.—F |
Always exist, | ]
even for _ b v L
2 atoms —20 —10 0 10 20

Re \



Two types of emission mecﬁam

“Laser” of the 1st kind N AAAAAASSSASARRARAN _— Laser of the 2nd kind

- Emission by pairs of
very closely situated
atoms

- Not a true collective effect

- Does not require many - -
atoms: also exists for ST mea
2 atoms

- Typical mode localized
on 2 atoms:

- Emission by all atoms

- A true collective effect

- Requires multiple
scattering by many atoms

- Typical mode delocalized:

This is a true
random laser

0.0
Fig

Long-lived sub-radiant states



Domain spanned Diffusion theory
by 1/t when §, A

and the pump 2
are varied

20

10

Im A

-10
=20 -10 0 10 20
Re A\
Minimal optical thickness needed to realize random lasing:
bo ~ 200




s the Mollow random laser realizagle—.

Our Euclidean random matrix theory Diffusion theory

0O

] max(ImA\) ~ 22

_lU-: [ TR T T T | —| 1 1 L P L L1 td _I[.}-I_

PR S [ S T SN [N SN S T TR EY SR S TS N
- 20 —10 0 10 20 =20 -10 0 10 20
Re A\ Re A

Minimal optical thickness needed to realize random lasing:
bo ~ 110 bo ~ 200




Why does the diffusion theory not ap“.

Im &

3-level atoms 2-level atoms
Threshold reached for Threshold reached for
bg ~ 35, 1/t ~ 8i bo ~ 110, 1/t ~ 22i
15 p — - e | 30p f
| !
10} 1| 204 J
| | : '
ol 0, .
g | : ]
| [
5 REECRESA, P - B —10" ] : -
=10 -5 0 5 10 -20 —10 ] 10 20
e A e &

T he actual optical thickness at threshold
b=bglt|2 < 1




Application to a mo

Green’'s matrix

matrix:

t_
1/t

Passive
scatterers

(i+a)kp|ri—r;|

€

(optical theorem)

Amplifying

matrix

Laser threshold

.
|3

(KL

ns

L

1%

=1 %

=] 0 =
3
0

=] %

1%

" a=0.01

1/t

=] %

.
|3

(KL

-
ns

Re A

1%

=05

=1 %

=] %



Conclusions —

Finding the domain of existence of eigenvalues of the Green’s matrix
IS mathematically equivalent to finding the threshold of a random laser

In a cloud of 3-level atoms, random lasing should be realizable
starting from optical thickness b, ~ 35 (instead of 50 in diffusion
theory)

In a cloud of 2-level atoms, Mollow random laser should be realizable
starting from optical thickness b, ~ 110 (instead of 200 in diffusion

theory)

* Euclidean matrix approach applies to passive scatterers in an
amplifying matrix as well

Much remains to be done: lasing beyond threshold,
guantum statistics, etc.

Find details in our papers:
- Physical Review E 84, 011150 (2011)
- Europhysics Letters 96, 34005 (2011)

This work was supported by the French ANR (project no 06-BLAN-0096 CAROL)



Announcemen—s

CNRS research group
€S0 coryms
fMIm@ge
IS organizing
a special session
“Wave propagation in disordered media”
(JMC13, Montpellier, August 27-31, 2012)

... and a workshop B === —

“Recent developments in wave propagation 7 il
and imaging in complex media” __

(IHP, Paris, November 7-9, 2012)

mesoimaage.grenoble.cnrs.fr



http://mesoimage.grenoble.cnrs.fr/
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