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A. F. Ioffe
Oil burning lamp powering a radio using 
the first commercial thermoelectric 
generator containing ZnSb built in 

USSR, circa 1948

semiconductors 

and figure of merit
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OUTLINE

1. General Considerations.

II. Thermopower near the Anderson Transition.

III. Three (special) terminals thermoelectric 
transport in a vibrating molecular junction.  

IV. Hopping thermopower in disordered two-
site, and longer, chains, dominance of edges.
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Long-Range Motivation:

Use understanding of CM physics to achieve:

LARGE THERMOELECTRIC EFFECTS

In the process: info on critical behavior  around 
the Anderson transition, insights on 3-terminal 
and on hopping thermoelectricity.
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Themoelectric energy conversion and manipulation, 
using “nondiagonal” (Onsager-type)

transport to cool, convert heat to energy, etc.

Can use the nondiagonals to convert heat to electricity, 
to make it flow “from cold to hot”  terminals…

Need large thermopower and conductivity, small 
thermal conductivity.

e.g.  Harman and Honig, Thermoelectric…
McGraw-Hill (1967)
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Definitions and simple considerations

• Thermopower, S = voltage/temp difference (I=0). 
• “Fig of merit”, ZT  
                             Z = S2σ/K. 
                    Best current values, ZT ~3.
• Good to increase S! and  reduce K of phonons.
• Without phonons (best) , Wiedemann-Franz gives:
                   ZT = (3/π2) s2,   s = SkB/e
   kB/e = 85-86 µV/K,  natural unit for thermopower
     WF: σT/K = (3/π2) (e/kB)2, roughly valid (for e’s) often.
                        Seek to invalidate WF!!!
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Example: Reduction of thermodynamic 
Carnot efficiency, 1- TC/TH

        For conversion of heat to electricity:

Example: TC/TH =1/2, ZT = 3. Efficiency reduction .4 .

Increasing S by a factor of two makes reduction ~ .63.
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How to get large thermopowers
• Since an electron with energy E carries heat (see later)

                                      E-µ:

Sivan and Imry, 1986, from Landauer 
Electrons and holes contribute opposite signs!
Want sharp, asymmetric 

Choosing µ  = 0:

Mott-Cutler
Phys Rev 181,
1336 (1969)

σ(E)
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II. Thermopower near the 
Anderson Transition

11
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Need sharply changing σ(E)!
and no e-h symmetry

• M-I transition: σ(E) ~ (E – Em)x, near Em1 
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Basic theory: add thermal transport  to the Thouless 
picture of conduction between two “blocks”
Thouless, D. J. (1977) Phys. Rev. Lett. 39, 1167.

µr,Trµl,Tl

I
IQ

eV= µl - µr

ΔT = Tl – Tr, 

Golden rule 
for interblock
electron,
Energy, heat
transfer
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Fundamental result: a particle leaving a 
system at energy E, carries heat (TdS) 

of E-μ
Entropy in that state is:

Bosons
Fermions

when the population, f, changes:

(using equilibrium f, E measured from μ)
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Two connected systems with voltage V and 
temp difference ΔT

   

I and IQ conserved (no inelastic scattering).
But, due to V and ΔT  get entropy production:

             T dS/dT = IV + IQ ΔT/T

Rate of dissipation, generalizing Joule
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Check: for photons/phonons, µ=0.

  Thermal conductance “quantum”, per mode
   in a (ballistic) waveguide is:

Kirczenow and Rego, 1998; cf YI derivation of e2/h 
conductance quantum for electrons (1986).
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• Derived full 2x2 “thermoelectric” matrix,

• Checked Onsager relations (incl magnetic field),
    (follow as identities)

• Wiedemann-Franz for (e’s) low-T thermal conductivity,

• Cutler-Mott for thermoelectric power.
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Evaluating Mott-Cutler expression
near Anderson M-I transition (no serious interactions). 

No inelastic scattering, no hopping cond.

And S Scales (only 
deloc electrons):
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How to determine the critical exponent 
x?

• Usually, low temp σ0 is plotted vs control parameter prop to 
µ-Em (when both are small enough…)

• We suggest looking at low-temp slope of S,
    and eliminating µ-Em between it and σ (no need to know 
    µ-Em) : 
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Applying this to existing data: Ovadyahu, J 
Phys C19, 5187 (1986), on InOx

Get x ~ 1-1.2, need lower T, but good start!
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See also; Lauinger and Baumann, 
J. Phys Cond Matt 7, 1305 (1995) 
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Taken x = 1.
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From exp papers:

Ovadyahu and Tousson Phys. Rev. B 38, 
12290 (1988).

Ovadyahu, J Phys C (1986)
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What about full scaling of S?
Nice, but takes us away from the QPT

and hopping is involved  at the higher temps.

Good fit, but x ~.1 is unacceptable!
We believe that hopping below Em reduces high T values.
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Conclusion: Metal-Insulator Transition
near “mobility edge”:

Many more ideas to increase S!!!

Offers a way to both:

1. Get large S, and at low temps.

2. Obtain valuable info on the critical 
behavior near the Anderson QPT.
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III. Thermoelectric 3-terminal 
Transport in  Molecular 

Junctions.

26
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Molecular Junctions

• with Ora Entin-Wohlman, Amnon Aharony. 
PRB (2010)

• Including molecular vibrations and coupling 
to “substrate phonons” 
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thermoelectric transport through molecular bridges

Tp

TL
ΜL

TR
ΜR

TdS = dE − µdN

dissipation at reservoirs:
ṠL(R) =

1
TL(R)

�
ĖL(R) − µL(R)ṄL(R)

�

entropy production of phonon 
bath:

ṠP =
1

TP

ĖP

TL(R) = T ± ∆T
2

TP = T + ∆TP

µL(R) = µ± ∆µ
2
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Transport relations and entropy production
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linear-response thermoelectric transport



I
IQ

IQP



 =M




∆µ/e
∆T/T
∆TP/T





M =




G K SP

K K2 + KP
2

�SP

SP �SP CP





Tp

TL
ΜL

TR
ΜR

TL(R) = T ± ∆T
2

TP = T + ∆TP

µL(R) = µ± ∆µ
2

4

Eq. (9)] is shown in Appendix A to be

IE =

∫
dω

2π
|Gr

00(ω)|2ωΓL(ω)ΓR(ω)
(
fL(ω) − fR(ω)

)

+ γ2

∫
dω

2π
|Gr

00(ω+)|2|Gr
00(ω−)|2

×
(ω0

2
[ΓR(ω+)ΓR(ω−)FRR(ω) − (R → L)]

+ ω[ΓR(ω+)ΓL(ω−)FRL(ω) − (L ↔ R)]
)

, (22)

where again the first and second terms pertain to the
elastic and inelastic contributions to the electronic energy
current. The energy current carried by the phonons [see
Eqs. (4) and (10)] is

IQP =

∫
dω

2π
|Gr

00(ω+)|2|Gr
00(ω−)|2

× γ2ω0

∑

α,α′=L,R

Γα(ω+)Γα′(ω−)Fαα′(ω) . (23)

In the next section we examine these currents in the
linear-response regime.

III. THE LINEAR-RESPONSE REGIME

The temperatures and the chemical potentials of the
three-terminal junction are given by Eqs. (5) and (6).
In the linear-response regime, one expands the currents
[see Eqs. (8), (9), and (10)] to first order in ∆µ, ∆T ,
and ∆TP. In order to express the resulting transport co-
efficients in a convenient form, we note that all integrals
resulting from the elastic processes include the function

F el(ω) = βf(ω)[1 − f(ω)]|Gr
00(ω)|2 , (24)

where f(ω) is the thermal-equilibrium Fermi distribu-
tion of temperature T . The transport coefficients com-
ing from the inelastic processes include in their integral
forms the function

F inel(ω) = γ2|Gr
00(ω+|

2|Gr
0(ω−)|2

× NTβf(ω−)[1 − f(ω+)] , (25)

where NT is the thermal-equilibrium Bose distribution
function of temperature T .

The relations between the currents and the driving
forces in the linear-response regime can be written in the
matrix form




I
IQ

IQP



 = M




∆µ/e
∆T/T
∆TP/T



 , (26)

where the matrix of the transport coefficients, M, is

M =




G K SP

K K2 + KP
2 S̃P

SP S̃P CP



 . (27)

Let us first describe the conventional transport coeffi-
cients, pertaining to the transport by the electrons. In
Eq. (27), G is the electrical conductance,

G = Gel + Ginel , (28)

which consists of the contribution of elastic processes,

Gel =
e2

2π

∫
dωF el(ω)ΓL(ω)ΓR(ω), (29)

and the contribution of the inelastic ones

Ginel =
e2

2π

∫
dωF inel(ω)

×
(
ΓL(ω+)ΓR(ω−) + ΓL(ω−)ΓR(ω+)

)
. (30)

Clearly, Eq. (30) corresponds to the two inelastic pro-
cesses by which the transport electron excites or de-
excites the phonon upon moving between the reservoirs.
The transport coefficient yielding the thermopower and
the Seebeck effect, K, and the one giving the main con-
tribution to the electric thermal conductance, K2, also
consist of two contributions each,

K = Kel + Kinel ,

K2 = Kel
2 + Kinel

2 , (31)

with

Kel =
e

2π

∫
dωF el(ω)(ω − µ)ΓL(ω)ΓR(ω),

Kinel =
e

2π

∫
dωF inel(ω)(ω − µ)

×
(
ΓL(ω+)ΓR(ω−) + ΓL(ω−)ΓR(ω+)

)
, (32)

and

Kel
2 =

1

2π

∫
dωF el(ω)(ω − µ)2ΓL(ω)ΓR(ω),

Kinel
2 =

1

2π

∫
dωF inel(ω)(ω − µ)2

×
(
ΓL(ω+)ΓR(ω−) + ΓL(ω−)ΓR(ω+)

)
. (33)

All other coefficients appearing in Eq. (27) result from
the inelastic processes. One of them, KP

2 , just augments
the (conventional) ratio K2 between the heat current car-
ried by the electrons and the temperature gradient ∆T
across the junction,

KP
2 =

ω2
0

8π

∫
dωF inel(ω)

×
(
ΓR(ω+)ΓL(ω−) + ΓL(ω+)ΓR(ω−)

)
. (34)

It therefore follows that the electron-phonon interaction
just renormalizes slightly the conventional transport co-
efficients of the two-terminal single dot junction, but does
not lead to novel effects (see also Sec. IV below).
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All other coefficients appearing in Eq. (27) result from
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It therefore follows that the electron-phonon interaction
just renormalizes slightly the conventional transport co-
efficients of the two-terminal single dot junction, but does
not lead to novel effects (see also Sec. IV below).

Onsager relations OK
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Thermoelectric transport coefficients (like 2-t)

F el(ω) = β|G(ω)|2f(ω)[1− f(ω)]

F inel(ω) = β γ2

eβω0−1
|G(ω+)|2|G(ω−)|2f(ω−)[1− f(ω+)]

ω± = ω ± ω0
2

4
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All other coefficients appearing in Eq. (27) result from
the inelastic processes. One of them, KP

2 , just augments
the (conventional) ratio K2 between the heat current car-
ried by the electrons and the temperature gradient ∆T
across the junction,

KP
2 =

ω2
0

8π

∫
dωF inel(ω)

×
(
ΓR(ω+)ΓL(ω−) + ΓL(ω+)ΓR(ω−)

)
. (34)

It therefore follows that the electron-phonon interaction
just renormalizes slightly the conventional transport co-
efficients of the two-terminal single dot junction, but does
not lead to novel effects (see also Sec. IV below).
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On the other hand, keeping the phonon bath to which
the molecule is attached at a temperature different from
those of the electron reservoirs leads to new thermoelec-
tric effects. We find that there is an electric current flow-
ing in response to the temperature difference ∆TP with
the phonon bath, with the novel transport coefficient

SP =
eω0

2π

∫
dωF inel(ω)

×
(
ΓR(ω+)ΓL(ω−) − ΓL(ω+)ΓR(ω−)

)
. (35)

The same coefficient controls the heat current be-
tween the junction and the phonon bath in response to
the chemical potential difference between the electronic
reservoirs. Likewise, there is a heat current flowing be-
tween the electronic reservoirs in response to ∆TP, which
is governed by a coefficient analogous to Eq. (35),

S̃P =
ω0

2π

∫
dωF inel(ω)

[
(ω − µ)

(
ΓR(ω+)ΓL(ω−) − ΓL(ω+)ΓR(ω−)

)
+

ω0

2

(
ΓR(ω+)ΓR(ω−) − ΓL(ω+)ΓL(ω−)

)]
, (36)

with the same coefficient governing the heat current from
the phonon reservoir in response to the electronic temper-
ature difference ∆T . Thus, the matrix of coefficients M
obeys the Onsager symmetry relations also in the three-
terminal situation with the two types of carriers and their
interaction.

Finally, the coefficient CP gives the response of the
heat current carried by the phonons to the temperature
difference ∆TP,

CP =
ω2

0

2π

∫
dωF inel(ω)Γ(ω+)Γ(ω−) , (37)

where we have used Eq. (20).

IV. DISCUSSION

Using a simple model, we have considered the ther-
moelectric and thermal transport of electrons through
a molecular bridge, in particular the subtle effects of
the inelastic electron-vibrational mode processes. Of a
paramount importance is the mechanism by which the
vibration population is determined.

When the molecule is not attached to any heat bath,
the phonon population is determined by the voltage and
the temperature difference across the junction. We show
in Appendix A that in this case [see Eq. (A16)] the heat
current between the vibrations and the transport elec-
trons is

IQP = ω0
dN

dt
, (38)

where N denotes the vibrational mode population. At
steady-state that population does not vary with time,
and consequently the heat current between the molecule
and the junction vanishes. This requirement, in turn,
fixes ∆TP in terms of ∆µ and ∆T , and consequently
determines the vibration population [see Fig. 1 and Eqs.

(5) and (6)]. In other words, the requirement that IQP =
0 yields

SP ∆µ

e
+ S̃P ∆T

T
= −CP ∆TP

T
, (39)

and hence transforms the three-terminal junction into a
two-terminal one, with

[
I
IQ

]
=

[
G − (SP)2/CP K − SPS̃P/CP

K − SPS̃P/CP K2 + KP
2 − (S̃P)2/CP

] [
∆µ/e
∆T/T

]
.

(40)

In this situation we find that the inelastic processes mod-
ify the transport coefficients, but do not give rise to any
intriguing effects.

On the other hand, when the molecule is attached
(strongly) to its own thermal bath, see Fig. 1, such
that the system becomes a three-terminal junction, the
vibrational modes and the transport electrons may ex-
change heat, and a temperature difference between the
phonons and the transport electrons can induce an elec-
tron current between the electronic reservoirs. Likewise,
a voltage between the latter can induce a heat current
to the phonons. These two new transport coefficients,
having two types of carriers and including inelastic pro-
cesses, are related by Onsager symmetry. This situation
is characterized by the appearance of new transport co-
efficients that result solely from the inelastic transport
processes [see Eqs. (26) and (27)], and requires the
breaking of spatial symmetry between the two sides of
the junction, ΓL #= ΓR. Note in particular the change
of the relative sign of the combinations ΓR(ω+)ΓL(ω−)
and ΓL(ω+)ΓR(ω−) between the expressions for the usual
thermoelectric coefficients, Eqs. (32), (33), and (34), and
the new three-terminal ones, Eqs. (35) and (36). This
change occurs because the latter expressions are for the
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IV, Hopping 3t Thermoelectrity

• Two-site case

• Longer chains, dominance of 
edges
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to force electrons transported through a 
junction, e.g., one-dimensional nanosystems,  to 
take relatively large and well-defined energy 
from the phonons and deliver it to another 
bath or to an electronic reservoir, as a heat or 
as a (charge) current.

   Generalization of Mahan-Sofo!

role of inelastic interactions
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three-terminal realization of Mahan-Sofo 

new element:  inelastic processes

σ =

�
dEσ(E)[−∂f(E)/∂E]

TσS =
1

e

�
dEEσ(E)[−∂f(E)/∂E]

Tκ2 =
1

e2

�
dEE2σ(E)[−∂f(E)/∂E]

κe = κ2 − σS2T

κe → �E2� − �E�2

ZT = TσS2/(κe + κph) → TσS2/κph

limited by thermal conductivity of the phonons, 
Wiedmann-Franz law not in action; fails totally, Ke=0, 

with very narrow transport energy-band
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Kharpai,Ludwig,Kotthous,Tra
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Ratchet converting phonon-
induced excitations into dc 
current in QPCʼs

Prance,Smith,Griffiths,Chorley,And
erson,Jones,Farrer,Ritchie, Phys. 
Rev. Lett. 102, 146602 (2009): 
Cooling 2DEG using Qdots, cool 
eʼs in hot eʼs out

Electronic Refrigeration of a Two-Dimensional Electron Gas

J. R. Prance,* C. G. Smith, J. P. Griffiths, S. J. Chorley, D. Anderson, G.A. C. Jones, I. Farrer, and D.A. Ritchie
Cavendish Laboratory, J. J. Thomson Avenue, Cambridge CB3 0HE, United Kingdom

(Received 12 November 2008; published 6 April 2009)

Measurements are presented of a device designed to cool a 6 !m2 region of 2D electron gas using

quantum dots. Electrostatic effects are found to be significant in the device, and a model that accounts for

them is developed. At ambient electron temperatures above 120 mK the results are consistent with the

model and the base temperature of the cooled region is estimated. At an ambient electron temperature of

280 mK, the 6 !m2 region is found to be cooled below 190 mK. Below 120 mK the results deviate from

predictions, which is attributed to reduced electron-electron scattering rates.

DOI: 10.1103/PhysRevLett.102.146602 PACS numbers: 72.20.Pa, 73.23.Hk, 73.63.Kv

Extreme cooling of 2D electron gases (2DEGs) is nec-
essary to study many fundamental physical phenomena,
such as the Kondo effect or fractional quantum Hall states.
However, cooling such electron gases is problematic since
the dominant mechanism for thermalizing with the host
lattice, acoustic-phonon scattering, is weak. The 2DEG is
commonly found to be heated above the lattice temperature
by electrical noise introduced via measurement wiring.
The lowest reported electron temperatures when cooling
with a dilution refrigerator are around 10 mK [1,2] and
achieved by carefully filtering all electrical connections to
the sample. Temperatures as low as 4 mK have also been
obtained in a lattice cooled to 2 mK using a nuclear
demagnetization refrigerator [3]. While successful, such
arrangements are complex and limited to cooling the elec-
trons only to the lattice temperature.

Edwards et al. [4] suggested a scheme for electronic
refrigeration of a 2DEG—the ‘‘quantum dot refrigerator’’
(QDR)—that allows cooling even below the lattice tem-
perature. In achieving this, the weak electron-phonon cou-
pling is an asset rather than a limitation. The QDR uses
energy dependent tunneling through two quantum dots
with well-resolved single-particle states to cool an isolated
2DEG (see Fig. 1). Previously, the superconducting energy
gap has been used in a similar way to cool electron gases in
metals [5,6], heavily doped silicon [7], and metal charge
islands [8]. It has also been suggested that low-dimensional
electron gases could be used to increase the efficiency of
thermionic cooling [9]. Previous experiments on thermal
effects in semiconductor quantum dots have largely fo-
cused on thermopower and self-heating measurements
[10–12]. The QDR has the potential to achieve efficient
refrigeration using similar and relatively well-established
experimental techniques.

In this Letter we present measurements of a QDR de-
signed to cool a 6 !m2 electron gas. Significant electro-
static interactions are observed in the device, which were
previously neglected [4]. We develop a model to account
for these and, by comparing its predictions to the results,
we infer the temperature of the cooled 2DEG.

Figure 2 shows a device lithographically identical to the
one measured. NiCr=Au gates were patterned on the sur-
face of a GaAs=AlGaAs heterostructure using electron
beam lithography. A 2DEG 90 nm below the surface,
with a carrier density of n ¼ 1:37" 1011 cm#2, is con-
tacted by annealed AuGeNi contacts. The surface gates can
define an enclosed, central 2DEG region with quantum
dots to the left (dot A) and above (dot B). The right dot
is unused in this experiment. The central region, of area
A $ 6 !m2, is expected to hold nA $ 8000 electrons. The
energy separation between their states will be approxi-
mately ð2"@2=Am&Þ ¼ 1:2 !eV. This is always less than
kBTE (TE is the ambient electron temperature in the de-
vice), so this region can be treated as a Fermi gas.
The device was cooled in a dilution refrigerator with a

base temperature of 40 mK. All electrical connections pass
through 100 kHz low-pass RC filters thermally anchored to
the mixing chamber. The current from the source was
measured with an electrometer. The ambient electron tem-
perature (TE) was determined at various mixing chamber
temperatures by fitting to nonlinear measurements of
Coulomb blockade in dot A [13].
The central region and two quantum dots were charac-

terized separately. Both dots were found to have charging

FIG. 1 (color online). QDR energies in the cooling regime.
Thermal broadening in the three 2DEGs (source, center and
drain) is shown by the light shading around their electrochemical
potentials (!S, !C, !D). The net flow of an electron from source
to drain removes an energy EB # EA from the center. EA (EB) is
the ground state addition energy of dot A (B).
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Sanchez and Buttiker, Phys. Rev. 
B 83, 085428 (2011):Optimal 
conversion of heat into electric flow 
by coupling to quantized levels

PHYSICAL REVIEW B 83, 085428 (2011)

Optimal energy quanta to current conversion

Rafael Sánchez and Markus Büttiker
Département de Physique Théorique, Université de Genève, CH-1211 Genève 4, Switzerland

(Received 3 December 2010; published 28 February 2011)

We present a microscopic discussion of a nano-sized structure which uses the quantization of energy levels
and the physics of single charge Coulomb interaction to achieve an optimal conversion of heat flow to directed
current. In our structure the quantization of energy levels and the Coulomb blockade lead to the transfer of
quantized packets of energy from a hot source into an electric conductor to which it is capacitively coupled. The
fluctuation-generated transfer of a single energy quantum translates into the directed motion of a single electron.
Thus in our structure the ratio of the charge current to the heat current is determined by the ratio of the charge
quantum to the energy quantum. An important novel aspect of our approach is that the direction of energy flow
and the direction of electron motion are decoupled.

DOI: 10.1103/PhysRevB.83.085428 PACS number(s): 73.23.−b, 72.70.+m, 73.50.Lw

I. INTRODUCTION

Recently thermal and thermoelectric transport phenomena
have found increasing attention in the scientific community. A
particularly interesting task is the harvesting of energy from
fluctuating environments to gain power for devices which are
not permanently coupled to power sources. Our interest is in
small mesoscopic structures which are well controlled and can
be used to investigate basic aspects of thermoelectric transport
phenomena. In small-scale systems fluctuations are always
present and significant compared to the average behavior.
Channeling environmental fluctuations in a controlled way
allows for instance to generate an electric current by converting
environmental energy into directed motion.

When the components of circuits are reduced to the
nanoscale, quantum physics becomes important. For instance,
energy is discrete in quantum dots so transport spectroscopy
shows narrow resonances. In the mesoscopic regime, a set
of pioneering thermoelectric experiments came with the
work of Molenkamp et al.1–3 There, the transport response
to temperature gradients created through a quantum point
contact1,2 and quantum dot3 is measured. Recently circuit
elements that manipulate heat flows rather than electric
currents have been proposed or demonstrated in systems of
reduced dimensionality,4 including rectifiers,5–7 pumps,8–10 or
refrigerators11,12 that can approach the quantum limit.13,14

We consider a conceptually simple system which however
turns out to be a laboratory for many (even counter intuitive)
thermoelectric effects depending only on how different param-
eters are chosen. Importantly among them, our device allows
energy to work conversion at the highest efficiency. A quantum
dot is coupled to two reservoirs via two tunnel contacts which
permit carrier exchange and is coupled capacitively to a gate
such that there is only energy exchange between the conductor
and the gate but remarkably no particle exchange. The gate
is itself structured into a quantum dot that permits carrier
exchange with its reservoir. Thus there are two islands (dots)
which interact only through the long-range Coulomb force
(see Fig. 1). To be specific, here we take the transmission
through the tunnel barriers to be sufficiently small such that
transport is defined by sequential tunneling of single electrons.
Then, the dynamics of the system can be described by a
master equation.15,16 If intradot Coulomb repulsion is strong
enough, the number of extra electrons in each quantum dot

fluctuates between zero and one. The probability to find two
extra electrons in one quantum dot is negligible. In such a
configuration, the spin of the electron can be ignored.

Quantum dots with the required properties17 have been
explored in metallic grains, semiconductor two-dimensional
electron gases and recently in nanowire heterostructures where
the charging energy and the level spacing can be controlled.18

These two energy scales constitute an upper bound to the
temperature range for other thermoelectric quantum dot
devices where heat is transported together with charge.11 Our
mechanism depends on the charge occupation of the quantum
dots, so only charging energy is a relevant scale. Semiconduc-
tor quantum dots have typically charging energies which are
an order of magnitude larger than the level spacing. Larger
charging energies can be obtained in molecular structures.

If the two dots are far from each other, they can be bridged
to nevertheless obtain a strong coupling19,20 at the same time
ensuring good thermal isolation between the system and gate
reservoirs. Effectively we have a three-lead system with three
independent reservoirs. The case of a four-terminal structure in
which each dot is coupled to two reservoirs has been the subject
of a separate work by the two authors in collaboration with
R. López and D. Sánchez.21 Such a four-terminal configuration

V1, T1 V2, T2

Vg, Tg

I

Jg

gate quantum dot

charge conducting
quantum dot

C1 C2

Cg

V1 V2

Vg

C

FIG. 1. (Color online) Energy to current converter. The con-
ductor, a quantum dot open to transport between two fermionic
reservoirs at voltages V1 and V2 and temperatures T1 and T2, is coupled
capacitively to a second dot which acts as a fluctuating gate coupled
to a reservoir at voltage Vg and temperature Tg . Here we discuss the
case T1 = T2 = Ts .
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extended states in the left (right) lead, of energies �k (�p)

(all energies are measured from the common chemical

potential). The matrix element coupling the localized

states to each other is Ji,i+1, and those coupling them to

the lead states are Ji,k(p). All are exponentially decaying,

with a localization length ξ, e.g.,

Ji,k(p) = αe exp

�
−
|xi − xL(R)|

ξ

�
, (2)

with xi and xL(R) being the coordinates of the center of

the localized states and the left (right) boundary, and αe

yielding the coupling energy. The e-ph interaction is

He−ph =

�

q

Mq,ijc
†
i cj(aq + a

†
−q) + H.c. , (3)

where the phonon modes, of wave vector q and frequency

ωq, are described by the operators a
†
q, aq. Their Hamil-

tonian is Hph =
�

q ωqa
†
qaq (we use units where � = 1).

The e-ph coupling energy is Mq,ij = αe−ph exp(−|xi −
xj |/ξ), with αe−ph = λαe where λ is a dimensionless e-

ph coupling constant. The transport through the system

is governed by hopping when the temperature is above a

crossover temperature, Tx, estimated below for the most

important two-site case. At lower temperatures the dom-

inant transport is via tunneling. The two-site example of

our system is depicted in Fig. 1a.

Hopping and interface resistors. The system described

above bridges two electronic leads, held at slightly differ-

ent temperatures and chemical potentials, TL, µL, and

TR, µR, such that the common temperature is T ≡
(TL+TR)/2. The golden-rule transition rate Γij , between

two localized states, located at xi and xj and having en-

ergies Ei < 0 < Ej [13], necessitates the inelastic e-ph

interaction (3), and reads

Γij = 2πΓinfi(1− fj)NB(Eji) , (4)

where Eji ≡ Ej − Ei, the carriers’ local Fermi function

is fi = [exp

�
Ei−µi
kBTi

�
+1]

−1
, and NB is the Bose function

is NB = [e
ωq/(kBTph)− 1]

−1
, determined by Tph, the tem-

perature of the phonon bath (see Fig. 1). In Eq. (4),

Γin = |Mq,ij |2νph(|Eij |), where νph is the phonon den-

sity of states. The linear hopping conductance at long

distances (|xi − xj | ≡ |xij | � ξ) and high energies (|Ei|,
|Ej | � kBT ) of such a “bond” is [13]

Gij ∼ e
2|αe−ph|2νph(|Eij |)/(kBTηij) ,

ηij = exp

�2|xij |
ξ

�
exp

� |Ei|+ |Ej |+ |Eij |
2kBT

�
. (5)

As opposed to Eq. (4), the tunneling conduction from,

say, site i to the left lead can be accomplished by elastic

processes with a transition rate ΓiL = γiLfi[1− fL(Ei)],

where γiL = 2π|Jik|2νL(Ei) and fL and νL are the Fermi

distribution and density of states of the left lead. The

corresponding linear interface conductance is then GiL �
e
2|αe|2νL(Ei)(kBT )

−1
exp[−2|xiL|/ξ− |Ei|/(kBT )]. This

conductance (and the interface conductance at the right

lead) will be assumed to be much larger than the hopping

conductance between the two localized states.
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FIG. 1: (Color online) a. A two localized-state (i and j,
gray points) system coupled to two leads, of temperatures TL

and TR, and chemical potentials µL and µR (with the choice
µL > µR and TL > TR). The phonon bath temperature is
Tph. The localized states are coupled (dotted lines) to the
continuum of states in the leads, and are also coupled (the
wavy line) to the phonon bath; b. The effective resistors rep-
resenting the system: The straight (blue) arrows indicate the
net electronic currents and the wavy (brown) one the phonon
heat current, with G1L, G2R, and G12 being the conductances
of the tunneling and the hopping resistors, respectively.

Nanosystems with two localized states. The ther-

mopower in the hopping regime has been discussed by

Zvyagin [14]. The simplest example is that of a two-site

system (i, j = 1, 2) depicted in Fig. 1, which describes,

e.g. a diatomic molecule [8] or a series-connected dou-

ble quantum dot [7]. As site 1 (2) is in a good con-

tact with left (right) lead, we may assume that the lo-

cal chemical potential and temperature there are µL(R)

and TL(R). The transport is dominated by the hop-

ping from 1 to 2 when the temperature is higher than

Tx. This temperature is estimated from the requirement

that the elastic tunneling conductance across the system,

Gtun, is comparable to the hopping one. The former is

given by the transmission
�

i=1,2 ΓiL(E)ΓiR(E)/[(E −
Ei)

2
+ (ΓiL(E) +ΓiR(E))

2
/4], where the tunneling rates

are ΓiL(R)(E) = 2π|Ji,k(p)|2νL(R)(E). Since site 1

(2) is coupled mostly to the left (right) lead, we use

their perturbation-theory mixtures, governed by the

Gij � e2|αe−ph|2νph(|Eij |)

× 1

kBT
e−2|xij |/ξe−(|E|i+|Ej |+|Eij |)/(2kBT)hopping

 conductance: 

Gtun

� e2
1

E2
i E

2
j

νLνR|αe|6e−2W/ξ

tunneling 
conductance: 
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golden-rule transition rate (inelastic transitions): 

Γij = 2πΓinfi(1− fj)NB(Eji)

distributions: fi =
1

exp
�

Ei−µi
kBTi

�
+ 1

NB =
1

exp
�

ωq

kBTph

�
+ 1

currents: I = e(Γ12 − Γ21)

IeQ = E(Γ12 − Γ21)

IphQ = E21(Γ12 − Γ21)

E = (E1 + E2)/2

E21 = E2 − E1

the two-site case 
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2

extended states in the left (right) lead, of energies �k (�p)

(all energies are measured from the common chemical

potential). The matrix element coupling the localized

states to each other is Ji,i+1, and those coupling them to

the lead states are Ji,k(p). All are exponentially decaying,

with a localization length ξ, e.g.,

Ji,k(p) = αe exp

�
−
|xi − xL(R)|

ξ

�
, (2)

with xi and xL(R) being the coordinates of the center of

the localized states and the left (right) boundary, and αe

yielding the coupling energy. The e-ph interaction is

He−ph =

�

q

Mq,ijc
†
i cj(aq + a

†
−q) + H.c. , (3)

where the phonon modes, of wave vector q and frequency

ωq, are described by the operators a
†
q, aq. Their Hamil-

tonian is Hph =
�

q ωqa
†
qaq (we use units where � = 1).

The e-ph coupling energy is Mq,ij = αe−ph exp(−|xi −
xj |/ξ), with αe−ph = λαe where λ is a dimensionless e-

ph coupling constant. The transport through the system

is governed by hopping when the temperature is above a

crossover temperature, Tx, estimated below for the most

important two-site case. At lower temperatures the dom-

inant transport is via tunneling. The two-site example of

our system is depicted in Fig. 1a.

Hopping and interface resistors. The system described

above bridges two electronic leads, held at slightly differ-

ent temperatures and chemical potentials, TL, µL, and

TR, µR, such that the common temperature is T ≡
(TL+TR)/2. The golden-rule transition rate Γij , between

two localized states, located at xi and xj and having en-

ergies Ei < 0 < Ej [13], necessitates the inelastic e-ph

interaction (3), and reads

Γij = 2πΓinfi(1− fj)NB(Eji) , (4)

where Eji ≡ Ej − Ei, the carriers’ local Fermi function

is fi = [exp

�
Ei−µi
kBTi

�
+1]

−1
, and NB is the Bose function

is NB = [e
ωq/(kBTph)− 1]

−1
, determined by Tph, the tem-

perature of the phonon bath (see Fig. 1). In Eq. (4),

Γin = |Mq,ij |2νph(|Eij |), where νph is the phonon den-

sity of states. The linear hopping conductance at long

distances (|xi − xj | ≡ |xij | � ξ) and high energies (|Ei|,
|Ej | � kBT ) of such a “bond” is [13]

Gij ∼ e
2|αe−ph|2νph(|Eij |)/(kBTηij) ,

ηij = exp

�2|xij |
ξ

�
exp

� |Ei|+ |Ej |+ |Eij |
2kBT

�
. (5)

As opposed to Eq. (4), the tunneling conduction from,

say, site i to the left lead can be accomplished by elastic

processes with a transition rate ΓiL = γiLfi[1− fL(Ei)],

where γiL = 2π|Jik|2νL(Ei) and fL and νL are the Fermi

distribution and density of states of the left lead. The

corresponding linear interface conductance is then GiL �
e
2|αe|2νL(Ei)(kBT )

−1
exp[−2|xiL|/ξ− |Ei|/(kBT )]. This

conductance (and the interface conductance at the right

lead) will be assumed to be much larger than the hopping

conductance between the two localized states.
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FIG. 1: (Color online) a. A two localized-state (i and j,
gray points) system coupled to two leads, of temperatures TL

and TR, and chemical potentials µL and µR (with the choice
µL > µR and TL > TR). The phonon bath temperature is
Tph. The localized states are coupled (dotted lines) to the
continuum of states in the leads, and are also coupled (the
wavy line) to the phonon bath; b. The effective resistors rep-
resenting the system: The straight (blue) arrows indicate the
net electronic currents and the wavy (brown) one the phonon
heat current, with G1L, G2R, and G12 being the conductances
of the tunneling and the hopping resistors, respectively.

Nanosystems with two localized states. The ther-

mopower in the hopping regime has been discussed by

Zvyagin [14]. The simplest example is that of a two-site

system (i, j = 1, 2) depicted in Fig. 1, which describes,

e.g. a diatomic molecule [8] or a series-connected dou-

ble quantum dot [7]. As site 1 (2) is in a good con-

tact with left (right) lead, we may assume that the lo-

cal chemical potential and temperature there are µL(R)

and TL(R). The transport is dominated by the hop-

ping from 1 to 2 when the temperature is higher than

Tx. This temperature is estimated from the requirement

that the elastic tunneling conductance across the system,

Gtun, is comparable to the hopping one. The former is

given by the transmission
�

i=1,2 ΓiL(E)ΓiR(E)/[(E −
Ei)

2
+ (ΓiL(E) +ΓiR(E))

2
/4], where the tunneling rates

are ΓiL(R)(E) = 2π|Ji,k(p)|2νL(R)(E). Since site 1

(2) is coupled mostly to the left (right) lead, we use

their perturbation-theory mixtures, governed by the

Onsager
matrix: 
 




I
IeQ
IphQ



 = G




1 E/e E21/e

E/e E
2
/e2 EE21/e

2

E21/e EE21/e
2 E

2
21/e

2








V

∆T/T
∆Tph/T





“ordinary” figure of merit:
 limited by phonon heat conductivity

“new” figure of merit for the efficiency 

η = IphQ /(eIV )

�ZT → ∞
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“new” figure of merit for the efficiency--more realistic case 

η = IphQ /(eIV )

wasted work due to parasitic heat diffusion from the leads to 
the system being cooled, and elastic tunneling conductance 

�ZT =
�Gel

G
+

Kpp

Kpe

+
GelKpp

GKpe

�−1

Kpe =
G

e2
E2

21
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should not contribute to other currents beside IQ. Finally, there
are phononic heat flows from the two leads to the system
being cooled. Hence the numerator of Eq. (16) is replaced
by I

pe
Q − Kpp!T/T , where Kpp describes the phononic heat

conductance in such processes.
Following the same procedure as above, the efficiency is

optimized by adjusting δµ at δT = 0. The result is similar,
except that the figure of merit is modified,

Z̃T = L2
2

(G + Gel)(Kpp + Kpe) − L2
2

=
[

Gel

G
+

Kpp

Kpe

+
GelKpp

GKpe

]−1

. (19)

This has a straightforward physical interpretation: The wasted
work is due to the elastic conductance and the unwanted
heat diffusion, and Z̃T is limited by the ratio of the waste
to the useful powers. In nanosystems Kpp can be limited
by the contact between the system and the leads. Hence the
ratios can be made small, and Z̃T can still be large. The
three-terminal device can also serve as a heater and as a ther-
moelectric battery, where the same figure of merit describes the
efficiency.4

D. Longer 1D systems

For a chain of localized states, the picture is similar,
though slightly more complex. Consider first nearest-neighbor
hopping, where the system is a chain of resistors. The
same considerations as in the two-site case [in which the
energy transferred is determined by site 1 (2) and the left
(right) lead] hold here for the leftmost, # (rightmost, r),
localized state and the left (right) lead. Hence the thermo-
electric transport is described by Eqs. (11)–(14), with E1
(E2) replaced by E# (Er ). In particular, the thermopower
coefficients S and Sp are completely determined at the left and
right boundaries, despite the fact that transport coefficients
are usually determined by both the boundaries and the
“bulk.”

In the variable-range hopping regime, the result is similar:
S and Sp are determined by the resistors closed to the left
and right boundaries, within a distance comparable to the
Mott length. This observation is confirmed by numerical
simulations. In Fig. 2(a) we plot the thermopower S and the
conductance G for different random configurations in which
the energies Ei and locations xi of the sites are random: Ei are
chosen from a uniform distribution in the range [−Emax,Emax],
with Emax = 545 (units are defined in the Fig. 2 caption)
being larger than the hopping energy, ∼ (T0T )1/2, determined
by the Mott22 temperature T0, which is of the order of the
level spacing on scale ξ . The locations xi are chosen from a
uniform distribution in the range [0,W ], where W is the length
of the sample in units of the nearest-neighbor distance. The
conductance of the whole network is calculated by solving
Kirchhoff’s equations,22 which yields the currents through
each bond for a given source-drain bias. The thermopower
S is obtained from the particle current IN and the heat current
I e
Q via the relation S = I e

Q/(INeT ).
The heat current I e

Q (particle current) is calculated by
summing over the heat currents (particle currents) flowing

-5

-4

-3

-2

-1

 0

 1

 2

 3

 0  2  4  6  8  10  12  14  16

ln
(G

/G
0)

  a
nd

  e
S/

k
B

Ncom(a) (b)

 
S

ln(G/G0)+10

10-4

10-3

10-2

10-1

100

 1  1.5  2  2.5

R
el

at
iv

e 
ch

an
ge

 in
 S

W / ( 4 LM )

FIG. 2. (Color online) (a) The conductance ln(G/G0) and ther-
mopower eS/kB; the abscissa gives the number of computations Ncom.
The parameters are W = 800,LM = 20,ξ = 3.3, in units of average
nearest-neighbor distance, T0 = 3000, T = 20, and the energy-band
width is 1090 (T0 and LM are the Mott19 temperature and length,
defined in the text). (b) The relative change in S as a function of
the system length W/(4LM), obtained by averaging over 106 random
configurations. Parameters (except W ) are the same as in (a).

through all the bonds connected with the leads. In each
such bond (iL) [(iR)], which connects the ith localized
state to the left (right) lead, the heat current flow is I

(iL)
Q =

EiI
(iL)
N [I (iR)

Q = EiI
(iR)
N ], with I

(iL)
N [I (iR)

N ] being the particle
current in that bond. The total heat and particle currents
are I e

Q = 0.5
∑

i(I
(iL)
Q + I

(iR)
Q ) and IN =

∑
i I

(iL)
N =

∑
i I

(iR)
N ,

respectively.
At each Ncomth computation, with Ncom being an odd

number, a new random resistor network is generated. At the
subsequent (Ncom + 1)th computation only the middle part
[W/4,3W/4] of the network is replaced by a new random
configuration, while the parts close to the left and right bound-
aries, [0,W/4] and [3W/4,W ], are not modified. It is seen
from Fig. 2(a) that the conductance G changes dramatically
when the central part is modified, whereas the thermopower
is practically immune to modifications of the central part. To
further study the sensitivity of the thermopower to the sites that
are a distance larger than W/4 away from the two interfaces as a
function of W , we plot the relative change of the thermopower
S as a function of W in Fig. 2(b). This relative change is
defined as |S2n+1 − S2n+2|/|S2n+1 + S2n+2|, where S2n+1 and
S2n+2 denote the thermopowers calculated in the (2n + 1)th
and (2n + 2)th computations, respectively. The results are
obtained by averaging over 106 random configurations. It is
seen that the relative change in S decays exponentially with
increasing W , implying that sites located several Mott hopping
distances LM away from the boundaries have a negligible
effect on the thermopower S. The Mott length LM is of the
order of [ξ/(νkBT )]1/(d+1), where ν is the density of states at
the Fermi level.

IV. SUMMARY AND CONCLUSIONS

In this work we studied the three-terminal thermoelectric
transport and thermopower mainly in simple 1D hopping sys-
tems in the linear-response regime. We worked out the figure
of merit for the three-terminal thermopower and expressed
it as a function of the three-terminal thermoelectric transport
coefficients. We obtained expressions for the thermoelectric

075412-4

the conductance is sensitive to changes in the 
configuration within the sample, the 

thermopower is not!
41Thursday, April 26, 2012



Ongoing and future Work 
Effect of breaking of time-reversal symmetry

S below mobilty edge and in Anderson
Insulator

Sxy(B)  (Nernst-Ettinghausen)

Phonon (and other bosons) drag

Effect of electron correlations.
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