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@ Supergeometry: anticommuting variables
— fermions, BRST, SUSY,...

@ Noncommutativity: quantum effects

— Heisenberg uncertainty, quantum Hall effect,...

@ NC supergeometry: fermionic or SUSY on NC space-time, NC
BRST formalism,...

ReSU|t (A.G. '10, Bieliavsky A.G. Tuynman '12)

Renormalization is natural for the deformed NCSG of R;ll.
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@ Noncommutative Supergeometry

© Deformation quantization of the Heisenberg supergroup

© Construction of Fréchet quantum supergroups
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R by a real supercommutative algebra
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flat Supergeometry

(Kostant, Leites, DeWitt, Rogers, Tuynman,...)

@ Essence of concrete approach to supergeometry: replace field
R by a real supercommutative algebra
A=Ay ® A1~ AV = R @ nilpotents ab = (—1)!21181 b

@ Superspace of dim m|n: R™I" := (Ag)™ x (A1)"
with “body” map B : R™" — R™  (drop nilpotents)

e DeWitt topology: U C R™" open if BU is open and
U=B"1BU)
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flat Supergeometry

(Kostant, Leites, DeWitt, Rogers, Tuynman,...)

@ Essence of concrete approach to supergeometry: replace field
R by a real supercommutative algebra
A=Ay ® A1~ AV = R @ nilpotents ab = (—1)!21181 b

@ Superspace of dim m|n: R™I" := (Ag)™ x (A1)"
with “body” map B : R™" — R™  (drop nilpotents)

e DeWitt topology: U C R™" open if BU is open and
U=B"1BU)

@ Smooth superfunction f : R™" — A if 3 € C®(R™)
(/ C {1,..,”}) \V/(X,g) Elen, (5I:er/5i)

f(x, €)=Y h(x)¢
i
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a collection of charts (in R™") st. transition superfunctions
are smooth and BM is a usual manifold.
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Supergeometry

@ Supermanifold M of dim m|n: topological space endowed with
a collection of charts (in R™") st. transition superfunctions
are smooth and BM is a usual manifold.

@ Trivial supermanifold: with global odd coordinate system

e Complex smooth superfunctions: C>°(M) ~ C>°(BM) @ \R"
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Supergeometry

Supermanifold M of dim m|n: topological space endowed with
a collection of charts (in R™") st. transition superfunctions
are smooth and BM is a usual manifold.

Trivial supermanifold: with global odd coordinate system

Complex smooth superfunctions: C>°(M) ~ C>°(BM) @ \R"

Product: £'¢? = e(1, )¢/ = (—1)lMIgle!
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Supergeometry

Supermanifold M of dim m|n: topological space endowed with
a collection of charts (in R™") st. transition superfunctions
are smooth and BM is a usual manifold.

Trivial supermanifold: with global odd coordinate system

Complex smooth superfunctions: C>°(M) ~ C>°(BM) @ \R"

Product: £'¢? = e(1, )¢/ = (—1)lMIgle!

Berezin integration: [d¢ f(x,&) = fi1, m(X)
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(Gelfand-Naimark point of view)

NC Supergeometry Deformation quantization Quantum supergroups

@ Supermanifold M: C*°(M) is Z>-graded commutative

@ NC superspaces: given by NC Zy-graded associative algebras
@ Supergeometrical tools (a.c. Masson wallet '12)

e vector fields

e de Rham forms

e connections, curvature,...
e gauge theory
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@ NC superspaces: given by NC Zy-graded associative algebras
@ Supergeometrical tools (a.c. Masson wallet '12)
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Philosophy of NC Supergeometry

(Gelfand-Naimark point of view)

NC Supergeometry Deformation quantization Quantum supergroups

@ Supermanifold M: C*°(M) is Z>-graded commutative

NC superspaces: given by NC Zy-graded associative algebras

Supergeometrical tools (a.c. Masson Wallet '12)

vector fields

de Rham forms
connections, curvature,...
gauge theory

Analytical objects: Hilbert superspaces, C*-superalgebras

Symmetries: quantum supergroups



Quantum supergroups

NC Supergeometry Deformation quantization

Hilbert superspaces

Deﬁn't'on (Bieliavsky A.G. Tuynman '12)

A Hilbert superspace of parity n is a Zy-graded Hilbert space

(H =Ho @ H1,(-,-)) with (Ho, H1) = 0, endowed with a unitary
operator J € B(H) of degree n, s.t. J?(x) = (—1)("t1lx.
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Deﬁn't'on (Bieliavsky A.G. Tuynman '12)

A Hilbert superspace of parity n is a Zy-graded Hilbert space
(H = Ho ® H1, (+,-)) with (Ho,H1) = 0, endowed with a unitary
operator J € B(H) of degree n, s.t. J?(x) = (—1)("tDIxIx,

@ Superhermitian scalar product: (x,y) := (J(x),y)
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Hilbert superspaces

Deﬁn't'on (Bieliavsky A.G. Tuynman '12)

A Hilbert superspace of parity n is a Zy-graded Hilbert space
(H = Ho ® H1, (+,-)) with (Ho,H1) = 0, endowed with a unitary
operator J € B(H) of degree n, s.t. J?(x) = (—1)("tDIxIx,

@ Superhermitian scalar product: (x,y) := (J(x),y)
e Superadjoint: VT € B(H), 3Tt € B(H), Yx,y € H,

(TH(x),y) = (=1 T™x, ()
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Hilbert superspaces

Deﬁn't'on (Bieliavsky A.G. Tuynman '12)

A Hilbert superspace of parity n is a Zy-graded Hilbert space
(H = Ho ® H1, (+,-)) with (Ho,H1) = 0, endowed with a unitary
operator J € B(H) of degree n, s.t. J?(x) = (—1)("tDIxIx,

@ Superhermitian scalar product: (x,y) := (J(x),y)
e Superadjoint: VT € B(H), 3Tt € B(H), Yx,y € H,
(TT(x),y) = (=1)IT¥(x, T(y))

o H= LZ(X), for X a trivial supermanifold of dim m|n, with
Hodge operation: J(¢') = (I, Cl)ﬁc’, and scalar products
(f.g) = [ydzf(z)g(z), (f,g) = [},dzf(z)J(g)(z)
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C*-superalgebras

Superinvolution on a Zy-graded algebra A: antilinear T : A — A of
degree 0 s.t. (af)f = a and (a-b)T = (—1)l2llblpf. 5t
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C*-superalgebras

Superinvolution on a Zy-graded algebra A: antilinear T : A — A of
degree 0 s.t. (af)f = a and (a-b)T = (—1)l2llblpf. 5t

Déf'n't'on (Bieliavsky A.G. Tuynman '12)

A C*-superalgebra is a superinvolutive Z,-graded algebra A
faithfully represented on a Hilbert superspace #H, and closed for the
operator norm topology:

0:A <= B(H)
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C*-superalgebras

Superinvolution on a Zy-graded algebra A: antilinear T : A — A of
degree 0 s.t. (af)f = a and (a-b)T = (—1)l2llblpf. 5t

Déf'n't'on (Bieliavsky A.G. Tuynman '12)

A C*-superalgebra is a superinvolutive Z,-graded algebra A
faithfully represented on a Hilbert superspace #H, and closed for the
operator norm topology:

0:A <= B(H)

@ Example: A = [>°(X) is a C*-superalgebra for the complex
conjugation: £/¢J = ¢l¢d = (—1)1MIgJ¢!  represented by
multiplication on H = L2(X).



NC Supergeometry
00000e

o Categories: direct sum, tensor product, morphisms,...



NC Supergeometry
00000e

o Categories: direct sum, tensor product, morphisms,...

@ Harmonic analysis of Heisenberg and Poincaré supergroups
(Kirillov, Stone-von Neumann)



NC Supergeometry Deformation quantization Quantum supergroups
00000e 00 OC

o Categories: direct sum, tensor product, morphisms,...

@ Harmonic analysis of Heisenberg and Poincaré supergroups
(Kirillov, Stone-von Neumann)

@ Non-formal deformation quantization of Heisenberg and
Poincaré supergroups (star-product xg, quantization map,
pseudodiff. calculus)
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o Categories: direct sum, tensor product, morphisms,...

NC Supergeometry Deformation quantization Quantum supergroups

@ Harmonic analysis of Heisenberg and Poincaré supergroups
(Kirillov, Stone-von Neumann)

@ Non-formal deformation quantization of Heisenberg and
Poincaré supergroups (star-product xg, quantization map,
pseudodiff. calculus)

e C*-Universal deformation formula (UDF) for Heisenberg
supergroup G:

Theorem (Bieliavsky A.G. Tuynman '12)

Let A be a C*-superalgebra acted by G. Then x4 permits to
deform the structure of A into a new C*-superalgebra Ay.
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Quantization
(Bieliavsky Gayral '12, Bieliavsky A.G. Tuynman '12) 0 Im 0
o Symplectic superspace R2™" with w = | =/, 0 0
0 0o I,

@ Heisenberg supergroup G = R2mIn x R0 with

1
(z1,t1) (22, ) = (21 + 22, t1 + 2 + Ew(zl,zz))
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@ Kirillov's orbit method: Schrodinger representation
Ug: G = B(L2(R™") ® A superunitary
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Quantization
(Bieliavsky Gayral '12, Bieliavsky A.G. Tuynman '12) 0 Im 0
o Symplectic superspace R2™" with w = | =/, 0 0
0 0o I,

@ Heisenberg supergroup G = R2mIn x R0 with

1
(zi,t1) (22, 0) = (z1 + 22, t1 + B2 + EW(21,22))

e Coadjoint orbit M ~ G /R0 ~ R2mIn
@ Kirillov's orbit method: Schrodinger representation
Ug: G = B(L2(R™") ® A superunitary

o Weyl-type quantization map Qp : LY(M) — B(L?(R™™))
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(Bieliavsky Gayral '12, Bieliavsky A.G. Tuynman '12) 0 lm 0
@ Symplectic superspace R2m" withw= | -/, 0 0
0 0 I,

Heisenberg supergroup G = R2™" x R0 with

1
(zi,t1) (22, 0) = (z1 + 22, t1 + B2 + EW(21,22))

Coadjoint orbit M ~ G /R0 ~ R2mIn
Kirillov's orbit method: Schrodinger representation
Ug: G = B(L2(R™") ® A superunitary

Weyl-type quantization map Qg : L}(M) — B(L2(R™I"))

BY(M) = {f € C(M), VD*, ||fll, = sup Y |D*fi(x)| < oo}
xeBM
EXtensiOn Q() . BI(M) — B(L2(Rm‘n)) (<I>sci||atory integral)



NC Supergeometry Deformation quantization Quantum supergroups

Star-product
Product on M given by (fixpf2)(z) = Tr(Qy()Q()Q(2))
_ / dzdz; Ky(z1, 22) R (2)RE (2)
M

2i

with kernel Ky(z1,z) ox e gw(21,22) 3nd Rif(Z") = (' + 2)
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Product on M given by (fixpf2)(z) = Tr(Qy()Q()Q(2))

= / , d21d22 K@(Zla ZZ)R;: fi(Z)R;zf'Z(Z)
M

2i

with kernel Ky(z1,z) ox e gw(21,22) 3nd Rif(Z") = (' + 2)

Proposition (Bieliavsky A.G. Tuynman '12)

("] Qe(fl *0 fz) = Qe(fl)Qg(fQ)
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Product on M given by (fixpf2)(z) = Tr(Qy()Q()Q(2))

= / , d21d22 K@(Zla ZZ)R;: fi(Z)R;zf'Z(Z)
M

2i

with kernel Ky(z1,z) ox e gw(21,22) 3nd Rif(Z") = (' + 2)
Proposition (Bieliavsky A.G. Tuynman '12)

("] Qe(fl *0 fz) = Qe(fl)Qg(fQ)

o (BY(M),p) is a Fréchet associative algebra and *g is
G-invariant.
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Product on M given by (fixpf2)(z) = Tr(Qy()Q()Q(2))

= / , d21d22 K@(Zla ZZ)R;: fi(Z)R;zf'Z(Z)
M

2i

with kernel Ky(z1,z) ox e gw(21,22) 3nd Rif(Z") = (' + 2)
Proposition (Bieliavsky A.G. Tuynman '12)

("] Qe(fl *0 fz) = Qe(fl)Qg(fQ)

o (BY(M),p) is a Fréchet associative algebra and *g is
G-invariant.

o (BY(M),9) ~ Ci(n,C) ® R2""
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UDF for Fréchet algebras

Non-graded (Rieffel '92, Bieliavsky Gayral '12)
o Let (A, ||-[|;) be a Fréchet algebra.
— Product g can be extended to Bj(M).
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UDF for Fréchet algebras

Non-graded (Rieffel '92, Bieliavsky Gayral '12)
o Let (A, ||-[|;) be a Fréchet algebra.
— Product g can be extended to Bj(M).

o Let p: M x A — (A® A) be an action of M on A:
Pz1zy = Pz1Pzy5 pPo = |d7 pZ(ab) = pz(a)pz(b)a

@ Space of smooth vectors A is dense in A

A* ={acA, p?:zw ps(a)e (M)}
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UDF for Fréchet algebras

Non-graded (Rieffel '92, Bieliavsky Gayral '12)
o Let (A, ||-[|;) be a Fréchet algebra.
— Product g can be extended to Bj(M).

o Let p: M x A — (A® A) be an action of M on A:
Pz1zy = Pz1Pzy5 pPo = |d7 pZ(ab) = pz(a)pz(b)a

@ Space of smooth vectors A is dense in A

A* ={acA, p?:zw ps(a)e (M)}
Theorem (Bieliavsky A.G. Tuynman '12)

o Va€ A®, p?:z 5 p,(a)is in Bi(M).
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UDF for Fréchet algebras

Non-graded (Rieffel '92, Bieliavsky Gayral '12)
o Let (A, ||-[|;) be a Fréchet algebra.
— Product g can be extended to Bj(M).

o Let p: M x A — (A® A) be an action of M on A:
Pzizo = PzPz, PO = |d7 pZ(ab) = pz(a)pz(b)7

@ Space of smooth vectors A is dense in A

A* ={acA, p?:zw ps(a)e (M)}
Theorem (Bieliavsky A.G. Tuynman '12)

o Va€ A®, p?:z 5 p,(a)is in Bi(M).
@ Univ. deform. formula:

axg b:= (p? %9 p°)(0) = [dz1dzs Ky(z1, 22)pz (3)pz(b)
turns A into a Fréchet associative algebra.
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Fréchet quantum supergroups

Definition (ac. 14)

A Fréchet quantum supergroup is a Zp-graded Fréchet space with
graded topo. tensor product and continuous homogeneous of
degree 0 Hopf algebra structure.
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Fréchet quantum supergroups

Definition (ac. 14)

A Fréchet quantum supergroup is a Zp-graded Fréchet space with
graded topo. tensor product and continuous homogeneous of
degree 0 Hopf algebra structure.

ex: H := B'(M) without deformation

e Product 1 : HOH — H, pwh ® £)(z ) f(z)h(z)
o Unit 1:C — H, 1(\)(z) =

e Coproduct A : H — H®H, A(f)(Z]_,ZQ) = f(z122)

e Counite: H — C, e(f) = £(0)

@ Antipode S: H — H, S(f)(z) = f(z7Y)
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Fréchet quantum supergroups

Definition (ac. 14)

A Fréchet quantum supergroup is a Zp-graded Fréchet space with
graded topo. tensor product and continuous homogeneous of
degree 0 Hopf algebra structure.

ex: H := B'(M) without deformation

e Product 1 : HOH — H, w(h ® R)(z) = A(2)h(2)
e Unit1l:C — H, 1N (z) =

e Coproduct A : H— H&H,  A(f)(z1,2) = f(z122)

e Counite: H — C, e(f) = £(0)

@ Antipode S: H — H, S(f)(z) = f(z7Y)

Representation: Fréchet comodule-algebras with continuous
homogeneous coaction
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Solvable examples of FQSG

Non-graded (Rieffel '92)
o Action 7 : RY0 — Sp(M, w)
Supergroup G’ := R x_ M with
(a,2)(d,Z)=(a+3d,n(d)z+ Z)
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Solvable examples of FQSG

Non-graded (Rieffel '92)
o Action 7 : RY0 — Sp(M, w)
Supergroup G’ := R x_ M with
(a,2)(d,Z)=(a+3d,n(d)z+ Z)

@ M acts on the Fréchet algebra H := C>°(RY%)&BY(M)
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Solvable examples of FQSG

Non-graded (Rieffel '92)
o Action 7 : RY0 — Sp(M, w)
Supergroup G’ := R x_ M with
(a,2)(d,Z)=(a+3d,n(d)z+ Z)

@ M acts on the Fréchet algebra H := C>°(RY%)&BY(M)

— UDF with parameter a:

(fl * f2) f d21d22 K (21, 22)/'-\’>k

(o,zl)fl(aa Z)R

(0722)6(3, z)
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Solvable examples of FQSG

Non-graded (Rieffel '92)

o Action 7 : RY0 — Sp(M, w)
Supergroup G’ := R x_ M with
(a,2)(d,Z)=(a+3d,n(d)z+ Z)

@ M acts on the Fréchet algebra H := C>°(RY%)&BY(M)
— UDF with parameter a:

(fl * fg) f d21d22 K (21, 22)R6<07zl)f1(a, Z)REKO,Q)fQ(a, Z)
Proposition (ac 1)

Endowed with standard other structures, (H,x, 1, A 2, S) is a
Fréchet quantum supergroup.

In particular, A(f; * ) = A(f) * A(f)
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Multiplicative superunitary

Non-graded (Baaj-Skandalis, Woronowicz, Rieffel,...)

e Operator W : H&OH — H&H associated to the FQSG, defined
by W(hi ® ) = (Ah) * (1® f2)
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Multiplicative superunitary

Non-graded (Baaj-Skandalis, Woronowicz, Rieffel,...)

e Operator W : H&OH — H&H associated to the FQSG, defined
by W(hi ® ) = (Ah) * (1® f2)

e Expression W(F)(a,z,a',z') =

deleZ Ka/(Zl,ZQ) (a,z, a’,z’)

(a’,21,0,22)
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Multiplicative superunitary

Non-graded (Baaj-Skandalis, Woronowicz, Rieffel,...)

e Operator W : H&OH — H&H associated to the FQSG, defined
by W(h @ f2) = (Ah) * (1 ® f)

e Expression W(F)(a,z,a',z') =
fd21d22 Ka/(Zl,ZQ) (a/,21,0,25)

@ W is continuous homogeneous of degree 0 and satisfies
Wi WisWaz = WaszWhs.

F(a,z,4d,2")
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Multiplicative superunitary

Non-graded (Baaj-Skandalis, Woronowicz, Rieffel,...)

e Operator W : H&OH — H&H associated to the FQSG, defined
by W(h @ f2) = (Ah) * (1 ® f)

e Expression W(F)(a,z,a',z') =
fd21d22 Ka/(Zl,ZQ) (a/,21,0,25)

@ W is continuous homogeneous of degree 0 and satisfies
Wi WisWaz = WaszWhs.

F(a,z,4d,2")

Proposition (ac 1)

W is superunitary on the Hilbert superspace
[2(G' x G',dRg @ dRg):

(W(F1), W(F2)) = (F1, F2)
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Examples of FQSG with supertoral subgroup

Non-graded (Rieffel '93)

@ G’ compact connected Lie supergroup
with [ = T2mIn — eM gypertoral subgroup
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Examples of FQSG with supertoral subgroup

Non-graded (Rieffel '93)
@ G’ compact connected Lie supergroup
with [ = T2mIn — eM gypertoral subgroup

® M x M acts on H :=C>(G') by p(, .nf(g) = f(e ?ge”)
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Examples of FQSG with supertoral subgroup

Non-graded (Rieffel '93)

@ G’ compact connected Lie supergroup
with [ = T2mIn — eM gypertoral subgroup

® M x M acts on H :=C>(G') by p(, .nf(g) = f(e ?ge”)

— UDF with parameter (6, —0): (f1 ¢ 12)(g) =
[ dz1dzodz3dzg Ko (21, 22) K_0(23, 22) P(21,23) F1(€) P(22,24) 2 (&)
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Examples of FQSG with supertoral subgroup

Non-graded (Rieffel '93)

@ G’ compact connected Lie supergroup
with [ = T2mIn — eM gypertoral subgroup

® M x M acts on H :=C>(G') by p(, .nf(g) = f(e ?ge”)
— UDF with parameter (6, —0): (f1 ¢ 12)(g) =
[ dz1dzodz3dzg Ko (21, 22) K_0(23, 22) P(21,23) F1(€) P(22,24) 2 (&)
Proposition (ac 1)

Endowed with standard other structures, (H, %y, 1, A.£,S) is a
Fréchet quantum supergroup, with undeformed subgroup T.

In particular, A(f; %¢ f2) = A(f) g A(F2)
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Multiplicative superunitary 2

e Operator W : H&OH — H&H associated to the FQSG, defined
by W(fi ® ) = (AR) %o (1 ® )
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Multiplicative superunitary 2

e Operator W : H&OH — H&H associated to the FQSG, defined
by W(fi ® ) = (AR) %o (1 ® )

e Expression W(F)(g,g’) =
[ dz1dzdz3dzs K9(21,22)K79(237Z4)P(21,23722,24)F(gg/’g/)
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Multiplicative superunitary 2

e Operator W : H&OH — H&H associated to the FQSG, defined
by W(fi ® f) = (Afi) x (1® f)

e Expression W(F)(g,g’) =
[ dz1dzodz3dzy Ky(21, 22) K 0(23, 22) 021,23, 20,20) F (88" + &)

@ W is continuous homogeneous of degree 0 and satisfies
Wi WisWaz = WaszWhs.
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Multiplicative superunitary 2

e Operator W : H&OH — H&H associated to the FQSG, defined
by W(fi ® f) = (Afi) x (1® f)

e Expression W(F)(g,g’) =
[ dz1dzodz3dzy Ky(21, 22) K 0(23, 22) 021,23, 20,20) F (88" + &)

@ W is continuous homogeneous of degree 0 and satisfies
Wi WisWaz = WaszWhs.

Proposition (ac 14)

If G" is unimodular, W is superunitary on the Hilbert superspace
L?(G' x G'):
(W(F1), W(F2)) = (F1, F2)
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Conclusion

Results:
@ Natural definition of Fréchet Quantum Supergroups.
@ Def. quant. of the Heisenberg supergroup and its UDF.

@ With UDF, construction of solvable FQSG and FQSG with
supertoral subgroups.

o Kac-Takesaki operators W satisfy pentagonal equation and
are superunitary.
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Conclusion

Results:
@ Natural definition of Fréchet Quantum Supergroups.

@ Def. quant. of the Heisenberg supergroup and its UDF.

@ With UDF, construction of solvable FQSG and FQSG with
supertoral subgroups.
o Kac-Takesaki operators W satisfy pentagonal equation and
are superunitary.
Perspectives:

@ Extension of the framework to C*-superalgebras, Haar
measure, representations,...

@ Symmetries of UDF of other supergroups.

@ Quantum (super)-symmetries of physical systems
(renormalizable NCQFT...)
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