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Aim of Talk

@ To explain some general constructions of Poisson structures
related to Poisson Lie groups and Lie bialgebras;
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Aim of Talk

@ To explain some general constructions of Poisson structures
related to Poisson Lie groups and Lie bialgebras;

@ To look at one concrete example.
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Review on Lie Bialgebras—Definitions

Definitions:

e A Lie bialgebra is a pair (g,dy), where g is a Lie algebra and
0g: g — A?g is a linear map, such that
1) &g : A2g* — g* is a Lie bracket on g*, and
2) 44 is a 1-cocycle:

Ig[x, y] = [0g(x); ¥] +[x, d6(¥)], X,y €.
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1) &g : A2g* — g* is a Lie bracket on g*, and
2) 44 is a 1-cocycle:

Ig[x, y] = [0g(x); ¥] +[x, d6(¥)], X,y €.

@ a Poisson action of a Lie bialgebra (g, ;) on a Poisson
manifold (X, 7x) is a Lie algebra homomorphism

o: g— VY(X)  (Vector fields on X),
such that
LO‘(X)ﬂ-X = (U A U)(‘Sg(x))7 xXeg.

Example. (g, 0, = 0) for any Lie algebra g.
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Facts:

e Every Lie bialgebra (g, dy) has a dual Lie bialgebra (g*, dg-),
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Review on Lie Bialgebras—Facts

Facts:

e Every Lie bialgebra (g, dy) has a dual Lie bialgebra (g*, dg-),
where dg+ 1 g* — A?g* is dual to the Lie bracket on g;

@ Lie bialgebras are in one-to-one correspondence with Manin
triples via the constructions of their double Lie algebras:

(969) = ((D’<7 >0),g,g*),

where 0 = g @ g* as a vector space, g and g* are Lie
subalgebras, both isotropic w.r.t. the bilinear form

xX+&y+mo=0Gm+(y, §), x,ye€g &neg
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Definitions.

e A Poisson Lie group is a pair (G, 7;), where G is a Lie
group and 7 is a Poisson structure on G, such that

m: (G X Ga e X 7TG) — (Gaﬂ-G)7 (g17g2) > 8182

is a Poisson map.
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Review on Poisson Lie groups—Definitions

Definitions.

e A Poisson Lie group is a pair (G, 7;), where G is a Lie
group and 7 is a Poisson structure on G, such that

m: (G X Ga e X 7TG) — (Gaﬂ-G)7 (g17g2) > 8182

is a Poisson map.

e A Poisson action of a Poisson Lie group (G, ) on
(X, mx) is a Poisson map

o: (Gx X, mgxmyx)— (X, mx)
that is also a group action.
Example. (G, = 0), where G is any Lie group.
Remark. Poisson groups are semi-classical limits of quantum

groups.
6/20
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Review on Poisson Lie groups—Facts

Facts:

@ A Poisson Lie group (G, ) gives the Lie bialgebra (g, dg),
where g = Lie(G), and

0g = delg, 9§ —> /\2g.

@ Have correspondences

Poisson Lie groups <= Lie bialgebras;

Poisson actions of (G,7g) <= Poisson actions of (g, dg).

@ A Poisson Lie group (G, ;) has dual Poisson Lie groups
and (Drinfeld) double Poisson Lie groups



Review on Lie bialgebras—Examples

Complex semi-simple Lie bialgebras.

Let g be a complex semi-simple Lie algebra, t C g a Cartan
subalgebra and b D t a Borel subalgebra. Let g=n_ 4+ t+ n be
the triangular decomposition.

@ The standard Lie bialgebra structure (g, ds;) determined by
the standard Manin triple: ((g ©0, (, )gpg) Hdiag: g;})).
where ((x1,x2), (y1,¥2))gmg = (X1, ¥1)g — (X2, ¥2)q, With (, ),
the Killing form of g, gaias = {(x,x) : x € g}, and

gi = {0 +x0,—x0+x) 1 x_ €n_,x € t,x; €n}.
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Let g be a complex semi-simple Lie algebra, t C g a Cartan
subalgebra and b D t a Borel subalgebra. Let g=n_ 4+ t+ n be
the triangular decomposition.

@ The standard Lie bialgebra structure (g, ds;) determined by
the standard Manin triple: ((g ©0, (, )gpg) Hdiag: g;})).
where ((x1,x2), (y1,¥2))gmg = (X1, ¥1)g — (X2, ¥2)q, With (, ),
the Killing form of g, gaias = {(x,x) : x € g}, and

ga = {(x= +x0, —x0 + x) 1 x_ €n_,x0 € t, x4 € n}.

o Every parabolic subalgebra p of g containing b or b_ is a
sub-Lie bialgebra of (g, dst);

@ Other (quasi-triangular) Lie bialgebra structures on g
classified by Belavin-Drinfeld.
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Review on Lie bialgebras—Examples

Real semi-simple Lie bialgebras.

Fix a complex semisimple Lie algebra g. Let gg be a real form of g,
e.g., g =sl(n,C), go =sl(n,R) or go = su(p,q). Let Gy be the
adjoint group of go. Let B be the variety of all Borel subalgebras
of g.

@ (Well-known fact in Lie theory) There are finitely many
Gg-orbits on B;

Each open Gp-orbit in B gives a Lie bialgebra (go, dg,);

Up to conjugations, theses are all the real forms of the
complex Lie bialgebra (g, dst);

@ Their dual Lie bialgebras are solvable; Their double Lie
algebras are g.



Review on Poisson Lie groups—Examples

Poisson Lie groups related to a complex semi-simple Lie
group G:

@ The standard complex semi-simple Poisson Lie group (G, my)
with Lie bialgebra (g, dst), where G is complex semi-simple;
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Review on Poisson Lie groups—Examples

Poisson Lie groups related to a complex semi-simple Lie
group G:

@ The standard complex semi-simple Poisson Lie group (G, my)
with Lie bialgebra (g, dst), where G is complex semi-simple;

e (Standard) parabolic subgroups of (G, st);
@ Belavin-Drinfeld Poisson Lie groups (G, mgp);

e (Go,7mg,), Go real semi-simple Lie group, one for each open
Go-orbit on B. (There are 135 for the split real form of Eg);

@ The dual Poisson Lie groups and double Poisson Lie groups of
the above.
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Three Constructions of Poisson structures

Construction I: using actions of the double:

Let (9,(, ),) be the double Lie algebra of a Lie bialgebra (g, d;)
and its dual (g%, dg+). Let {x;} be a basis of g and {¢;} the dual
basis of g*. Let

1
A:§Z§;/\X,'€/\20.
1
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Three Constructions of Poisson structures

Construction I: using actions of the double:

Let (9,(, ),) be the double Lie algebra of a Lie bialgebra (g, d;)
and its dual (g%, dg+). Let {x;} be a basis of g and {¢;} the dual
basis of g*. Let

1
A:§Z§;/\Xi€/\20.
1

Lemma (Yakimov-L. Li-Bland-Meinrenken)

Ifo 0 — VYY) is a Lie algebra action of d on Y s.t. the
stabilizer subalgebra of every y € Y is coisotropic w. r. t. (, ),,
then

m 2 a(h) =5 3 a(6) Aolx)

is a Poisson structure on Y, and o restricts to Poisson actions of
(,05) and (", 05+) on (¥, ).
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Three Constructions of Poisson structures—Cont’'d

Constructing Poisson structures Il: taking quotients

Lemma

Let (G, m¢) be a Poisson Lie group and H C G a closed
coisotropic subgroup. /f

o: (Y,my) x(G,m¢) — (Y,7y)

is a Poisson action, then m, projects to a well-defined Poisson
structure on Y /H (if exists).
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Constructing Poisson structures Il: taking quotients

Lemma

Let (G, m¢) be a Poisson Lie group and H C G a closed
coisotropic subgroup. /f

o: (Y,my) x(G,m¢) — (Y,7y)

is a Poisson action, then m, projects to a well-defined Poisson
structure on Y /H (if exists).

Example. If (G, ) is a Poisson Lie group and H C G a closed
Poisson Lie subgroup, then 7w, projects to a well-defined Poisson
structure on G/H.

12/20
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Constructing Poisson structures Il1l: mixed products:

Given manifolds X1, X5, ..., X, a Poisson structure myx on
X=Xy xXo x---xX,

is called a mixed product if p;(7x) is a well-defined Poisson
structure on X; for each i, where

pi: X —Xi, (x1,x2, ..., Xn) — X;.

Equivalently, if p7 C*°(X;) is a Lie subalgebra of (C*(X),{, }x).
Locally, for X x Y,

0
Txxy = Za’f 3XJ + Zﬁkl (9 8y/

i<j Yk
. 7/\7
+ Izk:%k(xay)axl ay

13 /20
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Three Constructions of Poisson structures—Cont'd

Lemma (L.-Mouquin)

Assume that we are given
® ((g,0q), (9%,04+)): a dual pair of Lie bialgebras;
e (X,7mx) and (Y, my): two Poisson manifolds;

@ two Poisson actions of Lie bialgebras:
p: gt —V3X) and X: g— V3(Y).

Let {x;} be a basis of g and {&;} the dual basis of g*. Then

Tx X (o) Ty 2 (mx, 0) + (0, 7y +Z (&), 0) A (0, A(xi))

is a mixed product Poisson structure on X X Y.

14 /20



Examples of Poisson spaces with Poisson actions

For a complex semisimple Lie group G, have naturally defined
Poisson structures on the following manifolds:

15/20



Examples of Poisson spaces with Poisson actions

For a complex semisimple Lie group G, have naturally defined
Poisson structures on the following manifolds:

@ G as Poisson Lie group with 7g or mgp;

15/20



Examples of Poisson spaces with Poisson actions

For a complex semisimple Lie group G, have naturally defined
Poisson structures on the following manifolds:

@ G as Poisson Lie group with 7g or mgp;

® G = (G x G)/Ggiag with Poisson actions by (G, 7Bp);

15/20



Examples of Poisson spaces with Poisson actions

For a complex semisimple Lie group G, have naturally defined
Poisson structures on the following manifolds:

@ G as Poisson Lie group with 7g or mgp;

® G = (G x G)/Ggiag with Poisson actions by (G, 7Bp);

e G, the wonderful compactification of G;

15/20



Examples of Poisson spaces with Poisson actions

For a complex semisimple Lie group G, have naturally defined
Poisson structures on the following manifolds:

@ G as Poisson Lie group with 7g or mgp;
® G = (G x G)/Ggiag with Poisson actions by (G, 7Bp);
e G, the wonderful compactification of G;

@ Conjugacy classes of G;

15/20



Examples of Poisson spaces with Poisson actions

For a complex semisimple Lie group G, have naturally defined
Poisson structures on the following manifolds:

@ G as Poisson Lie group with 7g or mgp;

G = (G x G)/Ggiag With Poisson actions by (G, mgp);

e G, the wonderful compactification of G;
@ Conjugacy classes of G;

Flag variety G/B with the quotient Poisson structure of mg;



Examples of Poisson spaces with Poisson actions

For a complex semisimple Lie group G, have naturally defined
Poisson structures on the following manifolds:

@ G as Poisson Lie group with 7g or mgp;

G = (G x G)/Ggiag With Poisson actions by (G, mgp);

e G, the wonderful compactification of G;

@ Conjugacy classes of G;

Flag variety G/B with the quotient Poisson structure of mg;

Symmetric spaces G/K and their wonderful compatifications;



Examples of Poisson spaces with Poisson actions

For a complex semisimple Lie group G, have naturally defined
Poisson structures on the following manifolds:

@ G as Poisson Lie group with 7g or mgp;

G = (G x G)/Ggiag With Poisson actions by (G, mgp);
e G, the wonderful compactification of G;

@ Conjugacy classes of G;

Flag variety G/B with the quotient Poisson structure of mg;

Symmetric spaces G/K and their wonderful compatifications;

@ Real symmetric spaces G/ Gy, Go/Ko, U/Ko.
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Examples of Poisson Spaces with Poisson Actions—Cont'd

Common feature of these Poisson structures:

@ Invariant under action by the maximal torus T;

@ Have finitely many T-orbits of symplectic leaves:

TY = U t¥, (X one symplectic leaf).
teT

Basic problems:

@ Describe the T-leaves;
@ Find log-canonical coordinates on each T-leaf;

@ Cluster structure on each T-leaf?

16 /20



One Specific Example: Products of Flag Varieties

Most basic example: the flag variety G/B with the quotient
Poisson structure 7,5 of st on G. In general, define

n

Fn:GXB~--XBG/B,

where F, is the quotient manifold of G” under the action of B”

(gl) "')gn) . (b17 ceey bn) — (glblv b]__lglb27 ceey b;_l]_gnbn)

@ The product Poisson structure (ms,)" on G" projects to a
well-defined Poisson structure 7, on F,.

e Have diffeomorphism I, : F, — (G/B)":

[81,82,---,8n] — (&1B, g182B, ..., g1& - - gaB).

17 /20



A Class of Examples

In general, let (G, m¢) be a Poisson Lie group and K1, Ka, ..., K,
closed Poisson Lie subgroups. Let

Y=G X Ky G XKy " XKp_1 G/Kn,
the quotient of G" by Ky x --- X K, by

(gl,gz, . ,g,,) . (kl, kz, ceey kn) = (g1k1, kl_lgsz, cey kn_lg,,k,,).
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In general, let (G, m¢) be a Poisson Lie group and K1, Ka, ..., K,
closed Poisson Lie subgroups. Let

Y = GXKl GXKz"'XK,,,l G/Kn,

the quotient of G" by Ky x --- X K, by

(gl,gz, . ,g,,) . (kl, k2, ceey kn) = (g1k1, kl_lgsz, cey kn_lg,,k,,).

The product Poisosn structure (m¢)" on G" projects to a
well-defined Poisson structure wy on Y.

Have diffeomorphism Iy : Y — G/Ki x -+ x G/Kp:

(81,82,---,8n) — (81K1,818K2, ..., 818 - 8 Kn),

so Iy(my) is a Poisson structure on the product manifold
G/Ki x - x G/Kp.

18 /20



A Class of Examples—Cont'd

Theorem (L.-Mouquin)

Iy(my) is both a mixed product Poisson structure on
G/Ki x -+ x G/K, and can be defined using a Manin triple.
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A Class of Examples—Cont'd

Theorem (L.-Mouquin)

Iy(my) is both a mixed product Poisson structure on
G/Ki x -+ x G/K, and can be defined using a Manin triple.

Application to the case of flag manifolds: Recall the
diffeomorphism

I, : GXBGXB---XBG/B—>(G/B)n.

@ I,(mp) is a mixed product Poisson structure. The projection
pi: ((G/B)", In(mn)) — (G/B, m¢/e)
to each factor is Poisson. The mixed terms well-undertood;
@ Expressing I,(7,) using a Manin triple reveals the

“symmetries” of the Poisson structure 7w, and can apply the

general theory.
19/20
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The Poisson manifold (F,, 7,)

Define pn : Fn — G/B, [g1,81,---,8n] /> 8182 - &n-B.

Theorem (L.-Mouquin)

1) The T-leaves of (F,, 7,) are non-empty intersections
4, (B_vB/B) N (BwB/B),
where v e W, w = (wy,...,w,) € W", and
BwB/B = (BwmB) xg - -- x5 (Bw,B/B).

2) Over this intersection, T, has corank

dimker(1 4+ wy - - anfl).

20/20



The Poisson manifold (F,, 7,)—Cont’d

Theorem

Have a decomposition
5 = |_| O,  (disjoint union)
acA

where A is a finite set and each O, is a Poisson submanifold of
(Fn,mn) with natural isomorphism to C™> for some integer m,,.

Call the O,'s the pieces of (Fp,7p).
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The Poisson manifold (F,, 7,)—Cont’d

Theorem

Have a decomposition

5 = |_| O,  (disjoint union)
acA

where A is a finite set and each O, is a Poisson submanifold of
(Fn,mn) with natural isomorphism to C™> for some integer m,,.

Call the O,'s the pieces of (Fp,7p).

Can compute 7, in each piece explicitly.
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The Poisson manifold (F,, 7,)—Cont’d

Example. G = G,. A piece in Fy3 is the following Poisson
structure on A = C[xy, x2, X3, Xa, X5, X6, X7, Xg, X9].

{x1,x} = —3x1x2

{x1,x3} = 2x0%5 + x1x3

{x1,xa} = —4xax3x4 — x1Xa — 2x2

{x1, x5} = —6x3%; — 6x2x3x5 — 67

{x1, X6} = 6x3X3X2 + 2x0x3X6 + 4XaXg — X1X6

{x1,x7} = —12X3xfx6X7 — 2XoX3X7 — 6X3xf — 8xaxpx7 + X1x7 — 4x4

{Xl, Xg} = 12X3X§X6X8 + 2X2X3X8 + 8X4X6X3 — X1Xg



The Poisson manifold (F,, 7,)—Cont’d

{x1,%0} = —6x3x53g X3x3x4 + 18x33x4x2 X3 X354 + 18x3X5 X3 X2 X554

— 18x3xX5 X2 X2 X35 — 5AX3XaXg X2 x3XG + 36X3Xa X6 X2 X3 Xe
+ 652 x3x3x3 — 18x3X5Xg X7 X8 X3 + 36X3X5XE X7 XE X3

— 18X3X5X6X7X8X9 + 54X3X4X62X7X8X9 — YZX3X4X6X7X§X92
+ 18X3X4X7X8 x9 18x6 x7 X3 xg + 12x6x72x§]x92

+ 6X3X5xg’x9 — 18X3X5xgx8xg + 18X3X5X6x§x§

— 6X3X5x§’x92 — 18X3X4X62X92 + 3GX3X4X6ng3 — ISX3X4x§x92
+ 18ng7x8x§ — 24-X6X7X82X92 + 6X7X§’X92 — 18X3x§x6Xg

— 6X62X92 + 12X6X8X92 — 6X82X92 — bxox3X9 — 12X4XpX0
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The Poisson manifold (F,, 7,)—Cont’d

{XQ,X3} = 3X2X3

{x2,xa} = —3x2x4

{x2, x5} = —6xf — 3x0x5

{x2,x6} = 65352

{x2,x7} = —12xZxex7 — 6x7

{x2,xg} = 12xZxgxg

{x2, X0} = —6x532x3x3x3 + 18X 33 x3 x5 + 18x5 X X2 X5 X3
— 18x5Xg X2 X3 X5 — SAxaxEXIXEXS + 36X4X6XTXgXE
— 18X5Xg’X7x8X92 + 36X5x62X7X§X92 — ISX5X6X7X§’x92
+ 54X4x62X7x8x92 - 72X4X6X7X82X92 + ISX4X7X§’x92
+ 6x5Xg X3 — ISX5X§X3X92 + 18x5X6Xa X5 — BX5X3Xa
— ISX4XgX§ + 36X4X6X3X92 — 18X4x§x§ — 18xfx6X9

- 3X2 X9
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The Poisson manifold (F,, 7,)—Cont’d

{x3,xa} = —2x3x4
{x3,x5} = —3x3x5
{x3, %6} = x3%6
a3}t = —x3x7
{x3,x8} = x3xg
{x3,X%0} = —3x3x9
{Xa,x5} = —3xax5

{xa,x6} = 2X5X62 + XaXg

{Xxa,x7} = —4xsx6x7 — Xax7 — 2X5

{xa,x8} = dxsx6xg + Xaxg

{xa, x0} = 6x6x3x3x3 — 18xX2 x3x5 + 6x2xgx3 + 18xpx7XgX3

— 12X7x§x92 — bXgXpX9 — 6x6x§ + 6X8X92 — 3xax9
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The Poisson manifold (F,, 7,)—Cont’d

{x5,x6} = 3x5x6
{x5,x7} = —3x5x7
{x5,x8} = 3x5x8

{x5,%0} = 633353 — 18x2x3x3 + 18x7x3x3 — bx5%0 — 653

{6, X7} = —2x6x7
{x6, X8} = 2x6x8
{x6, X0} = —3x6x9
{x7,x8} = 2x7xg — 2
{x7,%9} = —3x7x0

{x8, X9} = 3x8x9
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The Poisson manifold (F,, 7,)—Cont’d

{X17 {X57 Xg}}
3 6,3 3,5,5.3
= —T2x3x5XX3XE X3 + 216x33x0 3 X xE x5 + 432x3X5 X3 X2 X5 X3

— 216x3X5 XX Xg X3 — 1296x3 x4 Xg X2 X5 X3 + A32X3X4 X635 XGXG

+ 72x@x8xEx3 — 1080x3x5 X3 x5 x5 X3 + 10803558 X9 X3 X3
— 216x3x5X6X7 X4 X5 + 3240x3x4 X3 X5 Xg x5 — 2160x3X4X6X5 Xg X5

+ 216x3x4x3 X0 x3 — 432x2x3xg x5 + 144x6x3 XS xS

+ 36x3x2Xg X x5 Xg + 1440x3x5 X8 X3 x5 Xg — 2160X3X5X2 X3 Xg X5

6 26,6

+ 864X3X5x6x73 X3 x9 72X3X5x73 xg Xy — 108X3X4X5X§x73 xg x92

— 4320x3x0 X2 X3 X3 x5 + 4320x3 X0 X6 X5 X5 X3 — 864x3 X003 X5 X3

+ 1080xgx?x§x9 720x6x7x8><9 + 7254 x8 xg — 216X3x4x6x$’x§’x9

— 108x3x2x3x2x3x3 + 108x3x2x2x2 x3x3 — 1080x3x5 X8 X2 X3 X3
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The Poisson manifold (F,, 7,)—Cont’d

+ 2160X3X5X§X72X§’X3 - 1296X3X5x6x72><§xg + 216X3X5x72x§’x§’

+ 324X3X4X5x62x72x§X§ — 216X3X4X5X6X72X§X§ + 324OX3X4XgX72X§Xg

— 43205334 X6 X2 X355 + 1296x3X432 x5 X3 — 36X5X8 X3 X3 X4

— 14405253 x353 + 1440x653 x§ x5 — 288x3 x5 X3 — T2X0X35X3 X3 X3

+ 648X3XZX6X72X§X92 — 108X3XZX72X§’X92 + 108X3x52xg’X7X3X92

— 216X3x52x62X7x§x92 + 108X3X52X6X7X§X92 + 432X3X5xg’X7x8X93

— 1080X3X5X62X7X§XS + 864X3X5XGX7X§’XS’ — 216X3X5X7X§XS

— 144X4x6x73x§’x92 — 324X3X4X5X62X7X3X92 + 432X3X4X5X6X7X82X92

— IOSX3X4X5X7X§’><3 — 1296X3X4x62X7x8xg’ + 216OX3X4X6X7X§XS’

- 864X3X4X7x§’x§’ + 108X5X§X72X82X92 - 72X5X6X72X§’X92 + 1080x62x72x§xg’

— 1440X6X72X§’X93 + 432x72X§X§’ + 216X2X3X72X82Xg2 — 648X3X42_X6X7X8X92
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The Poisson manifold (F,, 7,)—Cont’d

+ 216x3x2 x7 x5 x5 — 36x3XaXg x5 + 108x3x2 X2 xgXg — 108X3XZ X6 X3 X5

+ 36x3x2Xg X3 — T2x3X5X3Xs + 216X3X5 X2 XaXe — 216X3X5X6 X0 Xa

+ T2x3x5 X3 X5 + 432xa X6 X2 x5 X5 — T2xax3x3 X3 + 108x3x4 X5 X2 X3

— 216X3X4X5x6x8xg + 108X3X4X5X82X92 + 216X3X4x62xg’ — 432X3X4X6X3x§’
+ 216X3X4X82X9 108X5X6 X7X8X9 + 144X5X6X7X82X9 36X5X7X83X92

— 432X6 X7X8X9 + 720X6X7X8 x9 - 288X7X8 X9 — 216X2X3X7X8X9

+ 108X3X£X5X6X9 + 216X3Xfx6xg — 108X3X‘%X8X92 — 432X4x6X7X8X92

+ 144x4 3733 x5 + 36x3X3 X9 + 36X5X5X5 — T2X5X6X8X5 + 36X5X3 X3

+ 72x2x3 — 144x6xex3 + T2xE X3 + T2x0x3X5X0 + T2X0X3X3

+ 72x4X5X5X9 + 144X4X6X§ — 72X4X8X92 + 36XEX9
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The Poisson manifold (F,, 7,)—Cont’d

{X97 {le X5}}

= —36X3X§X§X?X§’X92 + 108X3X4X5X62X?X§X92 + 108X3Xfx6x73xg’xg
+ 1083332 X3 x2 xE x5 — 108x3x2 xZ X3 xg X3 — 328X3X4 X5 Xg X3 Xg X4
+ 216x3X4 X5 X6 X2 Xg X5 + 36x0X333 X35 — 324X3XF X6 X3 XE XS

+ 108x3x2 x2xg x5 — 108x3x2xg x7X8X3 + 216X3X2 X2 X7 X5 X4

— 108X3x52x6X7xgx§ + 7QX4X6X73X§’X92 + 324X3X4X5X62X7X8X92

— 432X3X4X5X6X7X§X92 + IOSX3X4X5X7X§’XQ2 — 108X2X3X72X82X92

+ 324X3X3X6X7X8X§ — 216X3X3X7X§X§ + 36X3x52xg’x92 — 108X3X52X62X3X§
+ 108x3x2 X6 Xg X5 — 36x3Xa x5 X8 — 216X4X6X2 X3 Xg + T2Xa X3 Xg X3
— 108X3><4X5x§x92 + 216X3X4X5X6X3X92 — 108><3X4X5x§x§

+ 108X2X3X7X8X92 — 216X3XEX5X6X9 — 108X3XZX6X92 + 1OSX3xfx8x§
+ 216X4X6X7X8X92 — 144X4X7X82X92 — 72X3X2X9 — T2Xx5X3X5X0

— 36X2X3X92 — 12X4X5X6X9 — 72X4X6X92 + 72X4X8x§ — 36X2Xg 30/20



The Poisson manifold (F,, 7,)—Cont’d

{X57 {X97 Xl}}

= T2x3x5 35 XX x5 — 216x3x 52 X2 x§ x5 — 432x3X65 X353 X5 X3
+ 216x3x5 X2 X3 X5 x5 + 12963334 X353 X5 x5 — 432x3%X4 X632 X5 X3
— T2x3x8xEx3 4 1080x3x5x8 x5 xg X3 — 1080x3 X552 X9 X5 X3
+ 216x3x5X6X7 X5 X5 — 3240x3X432 X5 Xg X5 + 2160X3X4X6 X7 Xg X5

— 216x3x0X5 X{x§ + 432X x2 x5 X3 — 14dxex2xExs

— 1440X3X5X2X$X§’XS + 216OX3X5X62X?X§1XS — 864X3X5X6x73x§xg

+ YZX3X5X$’x86xg’ + 43QOX3X4X62X;’X§’X§°’ - 4320X3X4x6x?x§xg’

+ 864X3X4x73x§’xg - 1O8Ox62x?xgxg + 72OX6X?X85><93 - 72x?x86xg’

+ 108x3x3 X6 X3 xg X3 + 1080x3x5 X3 X2 X3 X3 — 2160X3X5 X0 X2 X3 X5

+ 1296X3X5x6x72x§x§’ — 216X3X5X72X§)X3 — 3240X3X4xgx72x§x3

+ 4320x3 x4 X632 X3 X3 — 1296x3X453 X5 X3 + 36X65X3 55 X3 X3

+ 1440x2 X3 x3x3 — 1440x653 xg x5 + 288X3 x5 X3 + 36X0X3X3 Xg X5 31/ 20



The Poisson manifold (F,, 7,)—Cont’d

— 324X3xfx6x72xgx§ — 432X3X5xg’X7XgXS’ + 1080X3X5X62X7X82XS

— 864X3X5X6X7X§X3 + 216X3X5X7X§X93 + 72X4X6X?X§X92

+ 1296X3X4X§X7X8xg — 2160X3X4X6X7X82Xg + 864X3X4X7X§'X3

— 108x5 X253 X3 X3 + T2x5x6x3xg x5 — 1080x2 X3 X3 x5

+ 1440x65x3 x5 x5 — 43253 x5 x3 — 108x0x3X2 x5 X3 + 324x3X3 X X7 X855

+ 72X3X5x63xg3 — 216X3X5X62X8x93 + 216X3X5x6x82X93 — 72X3X5X§’X93

— QIGX4X6X72X§XQ2 — 216X3X4x62x93 + 432X3X4X6X3X3 — 216X3X4x§x93

+ 108X5X62X7X3X92 — 144X5X6X7x§x92 + 36X5X7x§’x92 + 432x62X7x8x5’

— 720x6X7x§X5’ + 288)<7x§x93 + 108X2X3X7X8X92 + 1OSX3XEX5X6X9

— 108X3xfx6xg + 216X4X6X7x8xg + 36X3xf)<9 — 36X5x62x§ + 72X5X6X3X92
— 36X5X82X92 — 72x§xg + 144X6x8xg — 72X§X3 — 36X2X3Xg2 — 72X4X6X92.
One has

{Xla {X57X9}} + {Xga {X17X5}} + {X5> {Xg,X1}} =0. 32/20
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