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The Classical Gysin Sequence

Projective spaces CP™ = S2"*+!/U(1) and lens spaces L™ = §2"*1/7, give
principal bundles §2"+1 — () Iy CP™,

This yields an exact sequence in topological K-theory,
0— KNL™) S KO(CP™) & KO(CP™) = KO(L™)) = 0,
the classical Gysin sequence,

@ where ¢ is a “connecting homomorphism” and « is multiplication by the Euler class

x(O(=7)) :=1—=[O(=7)].
o From this we find that K*(L(™") = Ker(a) and K°(L™"™) = Coker(a).
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Quantum Projective Spaces

@ The algebra of coordinate functions .A(Sg"'*'l) on quantum odd-dimensional spheres
(a la Vaksman-Soibelman) is generated by {z;, 2 }i=o,....n subject to the relations
ZiZ; = q_lszi etc. and the sphere relation

2020 + 2121 + ...+ znz, = 1.
@ There is a U(1)-action z; — Az; for A € U(1); define the invariant subalgebra
A(CP}) := A(S2™ YD
to be the coordinate algebra of the quantum projective space (generated by
functions z;z}, 4,5 = 0,1,...,n). The fibration S;"*' — CP} is a quantum

principal bundle with structure group U(1).

o Define C(S2"*") and C(CP}) to be the universal enveloping C*-algebras generated
by these coordinate algebras: the C*-algebras of continuous functions.
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K-Theory of Quantum Projective Spaces

Prop (d'Andrea-Landi ‘10)

There exist projections Px € Mg, (A(CPy)), N =0,1,...,n, such that [Pxn] generate
the theory Ko(C(CPy)) (algebraic generators!).

o Indeed we have A(CPy)-bimodules Ly := Py A(CPy)*~ for all N € Z obeying
Ly ®accey) Ly~ LNyw, LM ~ Lyw

@ Chern numbers coming from pairing with K-homology:
co(Ln) =1, ca(Ln)=—N, N € Z,

i.e. Ly is the space of sections of a line bundle over CPy with winding number —N.

Theorem (d'Andrea-Landi ‘10)
With the Euler class u = x(£-1) := 1 — [£_1] we have

Ko(C(CP})) =~ Z[u]/(u™ ") ~ 2",
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Quantum Lens Spaces

Definition
For » > 2 we define the algebra

Lnr - @ LrN

NezZ

of coordinate functions on the quantum lens space Lg". Write C(Ly’") for the universal

enveloping C*-algebra.

This is the x-algebra of all elements of A(S.™"") invariant under the Z,-action
zj > ez”i/sz, j=0,1,...n. Thus we have algebra inclusions

A(CP) < A(LP") < A(S;™).

Proposition

The algebra inclusion j : A(CPy) < A(Lg’") is a quantum principal bundle with
structure group U(1) = U(1)/Z, under the action ¢ : U(1) — Aut(A(L7"")).
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Towards an Exact Sequence in K-Theory

@ For each L we define its pull back Ly :=LnN ®.a(cen) A(Lg™).
@ This induces an obvious map in K-theory:
je : Ko(C(CBY)) = Ko(CULE™),  j-((Lw]) = L.
@ Note that Ly is not free when N # 0 but
Lo,=L_r®ry ALV") ~ AL = Lo,

so L_, is free. Thus for example E‘%; ~ Lo and so £_, is torsion.

@ There is also a natural map
a: Ko(C(CPy) — Ko(C(CPy)

given by multiplying by the Euler class x(£_,) :=1—[£_,].

@ So we are looking for a sequence

0 — K1 (C(L{™™)) — Ko(C(TPL)) 2 Ko(C(CP)) 255 Ko(C(L™™)) — 0
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Hilbert C*-Modules and KK-Theory

o Let us write A := C(L{"") and F := C(CP?), with F the fixed point subalgebra of

A under the U(1)-action o : U(1) — Aut(A).

@ There is a conditional expectation
2w
T7:A— F, 7(a) := / o¢(a)dt
0

and hence a Hilbert C*-module A — X = F coming from the F-valued inner
product (a,b)r := 7(a™d).
o Let
D:Dm(D)C X - X

be the infinitesimal generator of the action o : U(1) — Aut(A).

Theorem (Carey, Neshveyev, Nest, Rennie ‘11)
The pair (X, D) determines a class A in the bivariant KK-theory KK (A, F').
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The Kasparov Product

@ We use the internal Kasparov product
—®a4 —: K1(A) X KKl(A,F) — K()(F)
to define a map

Indo IKl(A) —)Ko(F), |nd@(—):—®A A.
@ Putting this all together yields a sequence
0 = K1(C(L{™)) %25 Ko(C(CPy)) % Ko(C(CPL)) 2% Ko(C(LE™™)) — 0.

Theorem (Arici-B-Landi '14) J

This quantum Gysin sequence is exact.
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The Quantum Gysin Sequence
@ The proof uses the mapping cone exact sequence

0— S(A) 5 M(F,A) <% F 0,

where S(A) = Cy(0,1) ® A and
M(F,A) ={f € C([0,1],A) | £(0) =0, f(1) € F},

o together with the six-term exact sequence

Ko(S(A)) —— Ko(M(F,A)) ——— Ko(F)

| |

Ki(F) = 0=<—— K1 (M(F,A)) = 0~ K1(S(A))

@ to get a commutative diagram
0 —— Ko(S(A)) —> Ko(M(F, A)) —> Ko(F) —2> K, (S(A)) — 0

o e

— M2 Ko (F) — s Ko(F) —2 > Ko(A) 0.

0*>K1(A)
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