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● in dimensions d=1 and 2, localized for arbitrary weak disorder
(exceptions in d=2 in presence of topology or...)

● d=3: disorder induced metal-insulator transition                         
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Existing proposals10-fold way classification (periodic table)

Schnyder, Ryu, Furusaki, Ludwig (2008) 
Kitaev (2009) 

2d Quantum Hall insulator
or Chern insulator

chiral mode

2d Quantum Spin Hall insulator
(WTe2, HgTe wells)

helical mode

2d chiral superconductor
(UTe2)

chiral Majorana 
mode
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1d Kitaev chain
(InAs poximitized with SC)

Majorana fermions
3d topological insulator

(Bi2Se3)

helical surface mode

Tenfold-way

Topological quantum material
↕

(robustly) quantized obeservable
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(only for superconductors)

Type A Type B

...the title of the talk says «insulators»!
(insulators & superconductors)

Quantum Hall insulator Quantum Spin Hall insulator

3d topological insulator

cannot
localize!

⇒
some bulk states
cannot localize
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Quantum Hall/Chern insulator Quantum Spin Hall insulator
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a single energy with 
σxy=e2/h

(thermodynamic limit)

a finite energy window of delocalized states
(in thermodynamic)

limit with quantized Spin Hall conductance

«pair annhilation»

a single energy
with σxy=-e2/h
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a finite energy window of delocalized states
(in thermodynamic)

limit with quantized Spin Hall conductance

«pair annhilation»
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Quantum Hall/Chern insulator Quantum Spin Hall insulator
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broadening of 
Landau levels

a single state with 
gxy=e/h in

thermodynamic limit

a single energy
with σxy=-e2/h

DOS

a single energy
with σxy=e2/h

Chern 
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Anderson localization
& no topology

topology
& no Anderson localization

Anderson localization
& no topology

topology
& no Anderson localization
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Tenfold-way Topologically localized insulators
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Anderson localization 
& topology

Applies to insulators, i.e., σxx=0 
(for fixed filling υ=υ0)

Applies to fully localized insulators, 
i.e., σxx=0 (for all υ)

Phase transition: σxx≠0 
(for fixed filling υ=υ0)

Phase transition: σxx≠0 (for any υ)
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Topologically localized insulators
delocalized states at a 

single energy
(per surface)

OBC in z-direction

«half» of Chern insulator

⇒no full Anderson localization for an arbitrary W!

Bulk αME quantized to 
an integer value

Fully localized

Not fully localized

Not fully localized

Delocalized

Tenfold way TLI

Bulk

Boundary
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z=4

t t t

Interlayer coupling t:

● on-resonant coupling

● off-resonant coupling

- - - - + + + + «dimers»                            :

● two-dimensional
● zero net Hall conductance σxy=0
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Bulk is fully localized for 

arbitrarily weak disorder W!

pair-annihilation

1) 
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t t t

Interlayer coupling t:

● on-resonant coupling

● off-resonant coupling

Chern 
insulator

Streda formula:
+ +
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Quantized bulk 
magnetolectric polarizability!
2) 
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t t t

Interlayer coupling t:

● on-resonant coupling

● off-resonant coupling
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Remove bulk!

3) Delocalized states at a single energy with 
quantized surface Hall conductance:
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t t t

Interlayer coupling t:

● on-resonant coupling

● off-resonant coupling

- - - - + + + +

- - - - + + + +

- - - - + + + +

2d «dimer»
- - - - + + + + gets extended in z-direction

(3d «object»)
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for finite disorder W!

1) 

W↑

Numerically difficult problem



σxy=e2/h

σxy=-e2/h
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Hilbert space of 
2d lattice

z=1 z=2 z=3

projector onto

projector onto

disorder 
(onsite + interlayer hopping)

with
(a) (b)

1 Nz

z
x

y

ln |t~R1
~01

|
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TLI to metal transition: n.n. hopping

Level spacing statistics (localization/delocalization):
Level spacing ratio

Poisson GUE
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Bulk & boundary topological invariants 

Fully localized phase: eigenstates |ψn⟩ can be labeled by lattice vectors |ψRα⟩

Unitary: U|Rα〉=|ψRα⟩
2) bulk topological invariant is the third winding number of U, αME=υ[U] 

if
if fully localized

E. Prodan, J. Phys. A: Math. Theor. 44, 113001 (2011)

3) boundary topological invariant is given by Chern number, σsurf
xy=Ch[P]e2/h 

projector onto d.o.f. on the surface
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TLI to metal transition: n.n. hopping
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How to measure Hall conductance?

Quantized charge transfer (via bulk)

Corbino disk
(Laughlin's pump)

Adiabatic 
flux insertion:

Four-terminal measurement

Only edges contribute to the transport



bulk fully 
localized
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TLI: σsurf
xy is guaranteed to be quantized only for fully filled boundary 

Adiabatic flux insertion

Doping only 
boundary

steady-state charge 
distribution

empty

full
Charge transfer of e*σsurf

xy from S to D



Outlook 

1) Better understanding of the model

2) Field theory for TLI? Critical exponents for TLI to metal transition?

3)  

tenfold-way TLIs


