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Topological states of matter: bulk and boundary

Surface excitations: fermionic and bosonic descriptions
Quantization of the (2+1)d non-local Abelian gauge theory
Self-duality and conformal invariance

Bosonization from the bulk-boundary correspondence



Quantum Hall effect: edge fermions

Filled Landau level: bulk gap w o< B > kT, but edge can fluctuate
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edge ~ Fermi surface: linearize energy  ¢(k) = %(k —kr), k€Z
m==d chiral massless fermion in (1+1) dimensions  ¥(r,0,t)|,=r

m==p fractional filling ==ssp interacting fermion === bosonization

mmmp conformal field theory (Luttinger liquid)




Bosonic description: bulk
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gt = 27T€“ *d,a, matter fluctuations

a = a,dz"  hydrodynamic gauge field

* bulk theory is Topological at energies below the gap, no local degrees of freedom
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* Hall current
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* sources of a, field are anyons w. Aharonov-Bohm phases .~ = =1,



Bosonic description: boundary

/ QO(U, t)v ai‘@/\/l - 0290 (1+1)d scalar field
—

/ \ === Hall current
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boundary d.o.f.'s are dynamic: add Hamiltonian

_ k p 2 _
Shary ] = ijdu <8us0 ¢ — (Oup) ) — p=p(u+t)
chiral boson, conformal field theory with (c,¢) = (1,0); k spans critical line
chiral anomaly matches the Hall current dQ;tdry — %dazieikjk anomaly inflow

anyon at the boundary described by CFT vertex operator

V() = e'a#(%) q= %,n € Z charge

== | Exact bosonization of (1+1)d fermion ) = e'¥




Topological Insulators in (3+1)d

_— bulk theta term w. @ =7 ~ —7

for Time-Reversal invariance
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massless (2+1)d fermion at the surface

* quick fermionic description: take a Dirac fermion in (3+1)d with mass -m

* chiral rotation ¥ — exp(iay®)y in —L<z<0 w. a= —g
SDiraC[w7 —m, A] — SDiraC[wamaA] + 871-? /F27 F = dA m(z)
* theta term in the low-energy limit W\

=P bulk: Topological Insulator
m==p surface: massless (2+1)d fermion e k
1

* parity anomaly Spary[A] = = AdA compensated by bulk
oM



Bosonic description: bulk

(Cho, Moore, '11)
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JW = —el"P70,b,4 matter current
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Aif—‘/ JHY = i5“”’”"(‘%@0 vortex current
— 27

ay one-form, by, two-form hydro fields
Soala b, Al = [ Zbda+ —bdA + " dads b Spu[A] = —— [ F?
bulk |, U, - M 9 9 87'('2 bulk — 87T]€2

* k=1 theory reproduces fermionic theta term

* k>1 describes the braiding of particles and vortex lines in 3d 2 Y
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Bosonic description: (2+1)d boundary

Shuik|a, b, A] = / —bda + —bdA + —dada
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* (Gauge invariance ===p surface tferm blom = dC, alom = a
k k 3 i
Sswrtla, (,A=0] = — (da = — [ d°x €Y (;a;, (ag = (o =0)
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* add dynamics: nonlocal Abelian gauge theory

Ssurf - /a _Cda + _CdA + —— J fm/(x) ful/(y>a f,ul/ — a,uafz/ T 8yau
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(z —y)?
Ssurt[A] reproduces the fermionic effective action to O(A?)

m==p k=1 bosonization of massless fermions in (2+1)d (semiclassical approx.)

=) L > 1 bosonization of anyons



Properties of nonlocal Abelian theory
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(Fradkin, Kivelson, '96)

electric and magnetic monopoles corresponding to bulk excitations

1 Ny 1

electric — dC = — magnetic —
2T S
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critical line g > g. where neither monopole condenses (NOT as compact YM)

it matches QED in d=3&4 (Hsiao, Son, '17) for large number of fermions

Ny =00, A= €2Nf finite, Ao g

explicit electric-magnetic (particle-vortex) duality

(semiclassical limit)

(Geraedts, Motrunich '12)
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Quantization by adding one dimension

theory becomes local once the gauge interaction is rewritten in (3+1)d

Sla, (] = /d3a:dz [%Cda] d(z) — % (0,6, — 8ydﬂ)2, a,(z =0)=ay, = (%, 2)

k2 —5a5 — 6a85 1 1 1 1
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do canonical quantization: solitonic and oscillator modes

Z — Z e_S[dSOI7<SOI]/ D&DC 6_5[&osc;<osc]
No,Mo€7Z No,Mo

classical solutions of magnetic (a,) and electric (¢,.) monopoles in (3+1)d
determinant of oscillator modes evaluated by zeta-function regularization

partition function computed for torus T? and S! x S? geometries



Partition function on S' x S*and CFT

R3 e=» R x S?

* Conformal map 7 = Rexp(u/R)
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* 71 dilatations match u time translations f / 1 U
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ENg. My = EANO,MO scale dimensions ‘ ‘ '
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* Spectrum is manifestly self-dual: Ny <— My, g <«— 1/g,

* checks of conformal invariance at the quantum level:

- no Casimir effect in the energy spectrum <===p no conformal anomaly in (2+1) d

- integer-spaced dimensions of descendant (derivative) fields



Bosonization in topological states

Bulk theory tell us how to bosonize boundary fermions: ex. (1+1)d

k
Shulkla] = in /ada
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* introd n Wilson loops y
INTroduce open Vviison loop Wy (z, 2,)] = exp (@’q/daz“au) ~ W (x)

* their bulk correlator is just
the A-B phase

(Wi(@)Wa(y) ~ exp (2052 ) (@ —y) = €2 —y)

* bring point to the edge: flat connection determined by boundary field a = dy
W(z)loam = €' = Vy(u)

* edge dynamics implies a nontrivial edge correlator (Vi (u1)Vg,(u2)) = (21 — o) 122/

m==p | chiral fermion field is represented by end point of Wilson loop




Bosonization in (2+1)d

X

Wiy(, 20)] = exp (z'q / d:c) bulk Wilson line

,
Y (E(7,7)] = exp (ip/ dxH” buu) bulk Wilson surface
Yo

===m=p bring operators to boundary

=== vortex line hits the surface

mmp Do\ = dC, alom = a

Y[S] - exp (z'p [c-in [ yc) — Wh(y)] x (TAIL)

the vortex line remains in the bulk

> " . o
as a "topological tail




Wilson loop/surface brought to boundary

o) = exp (i3 )

Yy, T'] = exp (z‘MO / ’ g) exp (—iMo /F ’ g) = W(y) x (TAIL)
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they create (topological) charges: W{z] electric, W[y] magnetic
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QW (z) = NoW(z),  QumW(y) = MoW (y), Q.= — /E 99,6, Qm
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the two-component spinor is obtained by multiplying these loop operators

[T . Ising model
_ (exp(i [T ay) _a o cf g
\Ij(x)_(exp(ifxa)>’ CL:|:—2:|:C, k—No—M()—l O'\IJN,LL

with correct T, P transformations
(2+1)d nonlocal dynamics gives power-law correlator for (¥ (z)¥(y))

bosonization dictionary in progress (AC, Maffi, in preparation)



Remarks on (2+1)d bosonizaton:

bulk vortex line attached to fermion (anyon) does not affect the dynamics
but is there =P bosonic description needs one extra dimension

Hints:
- vortex lines in superconductors are known to be "fermionic”

- modern view of anomalies requires a topological theory in one extra dimension



Conclusions

* the non-local Abelian gauge theory provides an interesting semiclassical
bosonic description of massless free and interacting fermions in (2+1)d

== critical g line, manifest self-duality, conformal invariance

* bosonization in higher dimensions can be understood using the bulk-boundary

correspondence of topological states:
- needs higher-rank gauge fields and (d+1) bulk topological actions

- bosonization of (3+1)d fermions: chiral anomaly from hydrodynamics,

(4+1)d TI, geometrical effective theory
(Abanov, Wiegmann; Monteiro, Abanov, Nair)
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