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Outline
1. Introduction

• Forward production in the Color Glass Condensate: Hybrid 
formalism 

2. The Monte-Carlo event generator
• Perturbative parton production: implementation of DHJ formula 
• Multiple scattering: eikonal model 
• Hadronization: Lund fragmentation model 

3. Results:
• RHIC: d-Au @ 200 GeV 
• LHCf: p-p @ 7 TeV 
• LHCf: p-Pb @ 5.02 TeV 
• LHCf: nuclear modification factor             @ 5.02 TeV  

4. Conclusions, future prospects

Rp-Pb
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Forward particle production in the Color Glass Condensate
• The analysis of the very forward region of particle production in high-energy 

collisions gives us access to the wave functions of colliding objects in the 
extreme limits of phase space.

yh � 0

xp ⇡ ptp
s

e

yh
xt ⇡

ptp
s

e

�yh
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Forward particle production in the Color Glass Condensate
• The analysis of the very forward region of particle production in high-energy 

collisions gives us access to the wave functions of colliding objects in the 
extreme limits of phase space.

yh � 0

xp ⇡ ptp
s
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Dilute Dense

Highly asymmetric collision!
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Forward particle production in the Color Glass Condensate
• The analysis of the very forward region of particle production in high-energy 

collisions gives us access to the wave functions of colliding objects in the 
extreme limits of phase space.

yh � 0

xp ⇡ ptp
s
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Forward particle production in the Color Glass Condensate

d�

dyd

2
k?

⇠ pdf(xp, µ
2)⇥ uGD(xt, k

2
?)

• Hybrid formalism (                                                                                                                           ):A. Dumitru, A. Hayashigaki and J. Jalilian-Marian, Nucl. Phys. A765 (2006) 464
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Forward particle production in the Color Glass Condensate

d�

dyd

2
k?

⇠ pdf(xp, µ
2)⇥ uGD(xt, k

2
?)

• Hybrid formalism (                                                                                                                           ):A. Dumitru, A. Hayashigaki and J. Jalilian-Marian, Nucl. Phys. A765 (2006) 464

xp ⇠ 1
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Forward particle production in the Color Glass Condensate

d�

dyd

2
k?

⇠ pdf(xp, µ
2)⇥ uGD(xt, k

2
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• Hybrid formalism (                                                                                                                           ):A. Dumitru, A. Hayashigaki and J. Jalilian-Marian, Nucl. Phys. A765 (2006) 464

xt ⌧ 1
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Forward particle production in the Color Glass Condensate

d�

dyd

2
k?

⇠ pdf(xp, µ
2)⇥ uGD(xt, k

2
?)

• Hybrid formalism (                                                                                                                           ):A. Dumitru, A. Hayashigaki and J. Jalilian-Marian, Nucl. Phys. A765 (2006) 464

Multiple scattering:
All terms of order 
must be resummed.

A(x) ⇠ 1

g

gA(x) ⇠ O(1)

Strong color field:
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Forward particle production in the Color Glass Condensate

d�

dyd

2
k?

⇠ pdf(xp, µ
2)⇥ uGD(xt, k

2
?)

• Hybrid formalism (                                                                                                                           ):A. Dumitru, A. Hayashigaki and J. Jalilian-Marian, Nucl. Phys. A765 (2006) 464

Multiple scattering:
All terms of order 
must be resummed.

gA(x) ⇠ O(1)

• Resummation to all orders + eikonal 
approximation: Wilson line 

A(x) ⇠ 1

g

Strong color field:

U(z?)
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Forward particle production in the Color Glass Condensate

d�

dyd

2
k?

⇠ pdf(xp, µ
2)⇥ uGD(xt, k

2
?)

• Hybrid formalism (                                                                                                                           ):A. Dumitru, A. Hayashigaki and J. Jalilian-Marian, Nucl. Phys. A765 (2006) 464

Multiple scattering:
All terms of order 
must be resummed.

gA(x) ⇠ O(1)

• Resummation to all orders + eikonal 
approximation: Wilson line 

• Unintegrated gluon distribution:

A(x) ⇠ 1

g

Strong color field:

uGD(x0, kt) = FT


1� 1

N

c

htr(UU

†)i
x0

�

{

Dipole scattering amplitude

U(z?)
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Forward particle production in the Color Glass Condensate

d�

dyd

2
k?

⇠ pdf(xp, µ
2)⇥ uGD(xt, k

2
?)

• Hybrid formalism (                                                                                                                           ):A. Dumitru, A. Hayashigaki and J. Jalilian-Marian, Nucl. Phys. A765 (2006) 464

Non-linear small-x evolution: 
BK-JIMWLK equations:

@uGD(x, kt)

@ln(x0/x)
⇠ K ⌦ uGD� uGD2

BK: evolution of 2-point function 
JIMWLK: (coupled) evolution of 

all n-point functions

{ {

Radiation Recombination
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Forward particle production in the Color Glass Condensate

d�

dyd

2
k?

⇠ pdf(xp, µ
2)⇥ uGD(xt, k

2
?)

• Hybrid formalism (                                                                                                                           ):A. Dumitru, A. Hayashigaki and J. Jalilian-Marian, Nucl. Phys. A765 (2006) 464

Non-linear small-x evolution: 
BK-JIMWLK equations:

@uGD(x, kt)

@ln(x0/x)
⇠ K ⌦ uGD� uGD2{ {

Radiation Recombination

Q

2
s(x) Signals when radiation and 

recombination terms become 
parametrically of the same order

:
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Forward particle production in the Color Glass Condensate

d�

dyd
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⇠ pdf(xp, µ
2)⇥ uGD(xt, k

2
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• Hybrid formalism (                                                                                                                           ):A. Dumitru, A. Hayashigaki and J. Jalilian-Marian, Nucl. Phys. A765 (2006) 464

Non-linear small-x evolution: 
BK-JIMWLK equations:

@uGD(x, kt)

@ln(x0/x)
⇠ K ⌦ uGD� uGD2{ {

Radiation Recombination

LHCf:

Q

2
s(x) Signals when radiation and 

recombination terms become 
parametrically of the same order

:

Qs & 1 GeV
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Forward particle production in the Color Glass Condensate
• Previous approaches:
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Figure 1: Negatively charged hadron and π0 yields in proton-proton (at pseudo-rapidities (2.2,
3.2) and (3.3, 3.8 and 4)) and deuteron-gold (at pseudo-rapidities (2.2, 3.2) and 4) collisions at√
sNN = 200 GeV. Data by the BRAHMS and STAR collaborations.

Following [31], we regulate the running coupling in Eqs. (3) and (4) by freezing it to a constant
value αfr

s = 0.7 in the infrared. A detailed discussion about the different prescriptions proposed
to define the running coupling kernel and of the numerical method to solve the rcBK equation can
be found in [29]. The only piece of information left to fully complete all the ingredients in Eq. (1)
are the initial conditions for the evolution of the dipole-nucleus(proton) amplitude. Similar to
previous works, we take them from the McLerran-Venugopalan (MV) model [39]:

NF (r, Y = 0) = 1− exp

[

−r2Q2
s0

4
ln

(

1

Λ r
+ e

)]

, (5)

where Q2
s0 is the initial saturation scale (probed by quarks), and we take Λ = 0.241 GeV. Contrary

to studies of e+p data, we have discarded initial conditions a la Golec-Biernat-Wüsthoff [40], since
their Fourier transform result in an unphysical exponential fall-off of the ugd, and therefore of the
hadron spectra as well, at large transverse momenta. Finally, in the large-Nc limit which we have
implicitly assumed in order to use the rcBK equation, the gluon dipole scattering amplitude can
be expressed in terms of the quark amplitude as

NA(r, Y ) = 2NF (r, Y )−N 2
F (r, Y ) . (6)

With this setup, we obtain a very good description of RHIC data. Fig. 1 shows the comparison
of our results with data for the invariant yield of different hadron species in p+p and d+Au
collisions at

√
sNN = 200 GeV and rapidities yh = 2.2 and 3.2 for negative-charge hadrons (data

by the BRAHMS collaboration [1]) and yh = 3.3, 3.8 and 4 for neutral pions (data by the STAR
collaboration [2]). The only free parameters adjusted to the d+Au data are x0, the value of x
which indicates the start of the small−x evolution, and Qs0, the value of the saturation scale at
x = x0. For the gold nucleus we obtain a quark saturation scale Q2

s0 = 0.4 GeV2 at x0 = 0.02.
Values of x0 between 0.015 and 0.025 are allowed within error bands, they are used to generate
the yellow uncertainty band in Fig. 1. A few comments are in order. First, the parameters
Qs0 and x0 are obtained from minimum-bias data, and therefore Q2

s0 should be considered as an

4

Albacete, Javier L. et al. Phys.Lett. B687 (2010) 174-179 arXiv:1001.1378 [hep-ph]

pt � 1 GeV

d�hadrons

d2k?dy
=

d�partons

DHJ

d2k?dy
⌦D

h/p
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Forward particle production in the Color Glass Condensate
• Our approach: 

Monte-Carlo implementation of
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Hybrid formalism + Lund string fragmentation
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Forward particle production in the Color Glass Condensate
• Our approach: 

Monte-Carlo implementation of

Hybrid formalism + Lund string fragmentation

+ Multiple parton scattering

Not to be confused 
with multiple gluon 
scattering encoded 
in uGD’s
!
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Perturbative parton production: implementation of DHJ formula
• Hybrid formalism (                                                                                                                           ):A. Dumitru, A. Hayashigaki and J. Jalilian-Marian, Nucl. Phys. A765 (2006) 464

d�

h1h2!(q/g)X

dyd

2
kt

=
K

(2⇡)2
�0

2
xpf(q/g)/h1

(xp, µ
2)N(F/A),h2

(xt, k
2
t )
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Perturbative parton production: implementation of DHJ formula
• Hybrid formalism (                                                                                                                           ):A. Dumitru, A. Hayashigaki and J. Jalilian-Marian, Nucl. Phys. A765 (2006) 464

d�

h1h2!(q/g)X

dyd

2
kt

=
K

(2⇡)2
�0

2
xpf(q/g)/h1

(xp, µ
2)N(F/A),h2

(xt, k
2
t )

Proton PDF: CTEQ6 LO set (                                    ) 

Default factorization scale:

J. Pumplin et. al., JHEP 07 (2002) 012

µ = max{kt, Qs}
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Perturbative parton production: implementation of DHJ formula
• Hybrid formalism (                                                                                                                           ):A. Dumitru, A. Hayashigaki and J. Jalilian-Marian, Nucl. Phys. A765 (2006) 464

d�

h1h2!(q/g)X

dyd

2
kt

=
K

(2⇡)2
�0

2
xpf(q/g)/h1

(xp, µ
2)N(F/A),h2

(xt, k
2
t )

Proton PDF: CTEQ6 LO set (                                    ) 

Default factorization scale:

J. Pumplin et. al., JHEP 07 (2002) 012

µ = max{kt, Qs}

Qs & 1 GeVLHCf:
RHIC: Qs < 1 GeV µ = 1.5 GeV
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Perturbative parton production: implementation of DHJ formula
• Hybrid formalism (                                                                                                                           ):A. Dumitru, A. Hayashigaki and J. Jalilian-Marian, Nucl. Phys. A765 (2006) 464to the default one, ml = 140 MeV. This gives us confidence that the good agreement with

data is indeed driven by the small-x dynamics encoded in the rcBK equation rather than

being due to a fine tuning of the remaining parameters. Importantly, the fits parameters

are similar, in all cases, to those obtained in our previous work [25].
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Figure 1: Comparison of experimental data for the reduced cross sections (black squares) in
different Q2 bins with our results (red circles). The results in the left plot correspond to a fit with
only light flavors and GBW initial condition, entry (a) in Table 1. The results in the right plot
include the contribution of charm and beauty quarks and correspond to fit (a’) in Table 2.

4.2 Inclusion of heavy quarks in the fits.

In this section we present the fits performed including the contribution of charm and

beauty quarks into Eq. (2.4). As discussed earlier, we find that in order to obtain a good

description of data while keeping the stability of the fit parameters for light quarks it

is necessary to assume that the overall normalization of the heavy quark contribution to

the reduced cross section is different to the one for light quarks. This translates into the

introduction of a new free parameter, σheavy
0 , which turns out to be smaller than σ0, the

corresponding normalization for light quarks. This can be interpreted as the average radius

of the heavy quark distribution being smaller than the one for light quarks. In principle,

there is no reason a priori why such average radius should be the same for charm and

beauty quarks. On the contrary, one may expect a smaller size of the effective beauty

distribution on account of its larger mass. This would suggest the introduction of two

different normalization parameters for charm and beauty σ0c and σ0b, as well as, maybe,

different initial conditions for the evolution for each heavy quark flavor. However, the

paucity of data on F2b or related observables able to independently constrain the free

– 11 –

d�

h1h2!(q/g)X

dyd

2
kt

=
K

(2⇡)2
�0

2
xpf(q/g)/h1

(xp, µ
2)N(F/A),h2

(xt, k
2
t )

uGD’s: Fourier transforms of dipole 
scattering amplitudes. 

Small-x evolution: We take parametrization 
of                     from the AAMQS fits to data 
on the structure functions measured in      
e+p scattering at HERA:       

J. L. Albacete, N. Armesto, J. G. Milhano and C. A. Salgado, Phys. Rev. D80 (2009) 034031 . 
J. L. Albacete, N. Armesto, J. G. Milhano, P. Quiroga-Arias and C. A. Salgado, Eur.Phys.J. C71 (2011) 1705  

NF (A)(x, kt) =

Z
d

2r e

�ikt·r
⇥
1�NF (A)(x, r)

⇤
.

NF (A)(x, r)

rc-BK evolution
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Perturbative parton production: implementation of DHJ formula
• Hybrid formalism (                                                                                                                           ):A. Dumitru, A. Hayashigaki and J. Jalilian-Marian, Nucl. Phys. A765 (2006) 464

d�

h1h2!(q/g)X

dyd

2
kt

=
K

(2⇡)2
�0

2
xpf(q/g)/h1

(xp, µ
2)N(F/A),h2

(xt, k
2
t )

Initial conditions for evolution: 

NF (x0, r) = 1� exp

"
�
�
r

2
Q

2
s0

��

4

log

✓
1

⇤r

+ e

◆#

x0 = 10�2 � = 1.101 Q2
s0 = 0.157 GeV2

rc-BK evolution
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Perturbative parton production: implementation of DHJ formula
• Hybrid formalism (                                                                                                                           ):A. Dumitru, A. Hayashigaki and J. Jalilian-Marian, Nucl. Phys. A765 (2006) 464

d�

h1h2!(q/g)X

dyd

2
kt

=
K

(2⇡)2
�0

2
xpf(q/g)/h1

(xp, µ
2)N(F/A),h2

(xt, k
2
t )

Q2
s0,nucleus = A1/3Q2

s0,proton

Oomph factor

Initial conditions for evolution: 

uGD’s for nuclear target: 

NF (x0, r) = 1� exp

"
�
�
r

2
Q

2
s0

��

4

log

✓
1

⇤r

+ e

◆#

x0 = 10�2 � = 1.101 Q2
s0 = 0.157 GeV2

rc-BK evolution
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Perturbative parton production: implementation of DHJ formula

• Degree of accuracy of our approach: 

DHJ formula                                             leading logarithmic (LL) 

Scale dependence of PDF’s                    LO DGLAP evolution 

Scale dependence of UGD’s                   rc-BK evolution

• State-of-the-art degree of accuracy: 

DHJ formula                                             NLO 

Scale dependence of PDF’s                    DGLAP NNLO 

Scale dependence of UGD’s                   BK NLO

1, 2
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Implicit integration in impact parameter    : 

 Free fit parameter of AAMQS fits: 
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Perturbative parton production: implementation of DHJ formula
• Hybrid formalism (                                                                                                                           ):A. Dumitru, A. Hayashigaki and J. Jalilian-Marian, Nucl. Phys. A765 (2006) 464

d�

h1h2!(q/g)X

dyd

2
kt

=
K

(2⇡)2
�0

2
xpf(q/g)/h1

(xp, µ
2)N(F/A),h2

(xt, k
2
t )

�0

2
= 16.5 mb

~b �0/2

[

J. L. Albacete, N. Armesto, J. G. Milhano and C. A. Salgado, Phys. Rev. D80 (2009) 034031 . 
J. L. Albacete, N. Armesto, J. G. Milhano, P. Quiroga-Arias and C. A. Salgado, Eur.Phys.J. C71 (2011) 1705  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Implicit integration in impact parameter    : 

 Free fit parameter of AAMQS fits: 

   -factor: not the result of any calculation. May account for: 
- Higher order corrections 
- Non-perturbative effects 
- (…)

26

Perturbative parton production: implementation of DHJ formula
• Hybrid formalism (                                                                                                                           ):A. Dumitru, A. Hayashigaki and J. Jalilian-Marian, Nucl. Phys. A765 (2006) 464

d�

h1h2!(q/g)X
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2
kt

=
K

(2⇡)2
�0

2
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(xp, µ
2)N(F/A),h2

(xt, k
2
t )

�0

2
= 16.5 mb

~b �0/2

[
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Multiple scattering: eikonal model
• Number of independent hard scatterings according to Poisson probability 

distribution of mean    , where:n

n(b, s) = Tpp(b)�DHJ(s)
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Multiple scattering: eikonal model
• Number of independent hard scatterings according to Poisson probability 

distribution of mean    , where: 

•     randomly generated between 0 and          : 

• Spatial overlap: convolution of two Gaussians.

n

n(b, s) = Tpp(b)�DHJ(s)

Tpp(b) =
1

4⇡B
exp

✓
� b2

4B

◆

b
max

=

r
�
nd
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b b
max
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Multiple scattering: eikonal model
• Number of independent hard scatterings according to Poisson probability 

distribution of mean    , where: 

•     randomly generated between 0 and          : 

• For a nuclear target of mass number    :

n

n(b, s) = Tpp(b)�DHJ(s)

b b
max

b
max

=

r
�
nd

⇡

A

R2
A = R2
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String Break
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leftover string,
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Figure 30: a) Illustration of string breaking by quark pair creation in the string field. b)

Illustration of the algorithmic choice to process the fragmentation from the outside-in, splitting
off a single on-shell hadron in each step.

until only ordinary hadrons remain. (We will give more details on the individual string breaks
below.)

Since the string breaks are causally disconnected (as can easily be realized from space-time
diagrams like the one in figure 30, see also [135]), they do not have to be considered in any
specific time-ordered sequence. In the Lund model, the string breaks are instead generated
starting with the leading (“outermost”) hadrons, containing the endpoint quarks, and iterating
inwards towards the center of the string, alternating randomly between fragmentation off the
left- and right-hand sides, respectively, figure 30 b. One can thereby split off a single well-
defined hadron in each step, with a mass that, for unstable hadrons, is selected according to a
Breit-Wigner distribution.

The details of the individual string breaks are not known from first principles. The Lund
model invokes the idea of quantum mechanical tunneling, which leads to a Gaussian suppres-
sion of the energies and masses imparted to the produced quarks,

Prob(m2
q , p

2
?q) / exp

 
�⇡m2

q



!
exp

 
�⇡p2?q



!
, (79)

where mq is the mass of the produced quark and p? is the transverse momentum imparted to
it by the breakup process (with the q̄ having the opposite p?).

Due to the factorization of the p?and m dependence implied by equation (79), the p?spectrum
of produced quarks in this model is independent of the quark flavor, with a universal average
value of ⌦

p2?q

↵
= �2

= /⇡ ⇠ (240MeV)2 . (80)

Bear in mind that “transverse” is here defined with respect to the string axis. Thus, the p?in a
frame where the string is moving is modified by a Lorentz boost factor. Also bear in mind that
�2 is here a purely non-perturbative parameter. In a Monte Carlo model with a fixed shower
cutoff Qhad, the effective amount of “non-perturbative” p?may be larger than this, due to
effects of additional unresolved soft-gluon radiation below Qhad. In principle, the magnitude
of this additional component should scale with the cutoff, but in practice it is up to the user
to enforce this by retuning (see section 5.4) the effective � parameter when changing the
hadronization scale. Since hadrons receive p? contributions from two breakups, one on either
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Figure 31: Normalized Lund symmetric fragmentation function, for fixed m? = 1 GeV. Left:

variation of the a parameter, from 0.1 (blue) to 0.9 (red), with fixed b = 1 GeV�2. Right:

variation of the b parameter, from 0.5 (red) to 2 (blue) GeV�2, with fixed a = 0.5.

string picture is substantially more predictive than for the flavor selection. Firstly, the require-
ment that the fragmentation be independent of the sequence in which breakups are considered
(causality) imposes a “left-right symmetry” on the possible form of the fragmentation function,
f(z), with the solution

f(z) / 1

z
(1 � z)a exp

✓
�b (m2

h + p2?h)

z

◆
, (82)

which is known as the Lund symmetric fragmentation function (normalized to unit integral).
The a and b parameters, illustrated in figure 31, are the only free parameters of the fragmen-
tation function, though a may in principle be flavor-dependent. Note that the explicit mass
dependence in f(z) implies a harder fragmentation function for heavier hadrons (in the rest
frame of the string).

For massive endpoints (e.g., c and b quarks), which do not move along straight lightcone
sections, the exponential suppression with string area leads to modifications of the form [142],
f(z) ! f(z)/zb m2

Q , with mQ the heavy-quark mass. Strictly speaking, this is the only fragmen-
tation function that is consistent with causality in the string model, though a few alternative
forms are typically provided as well.

As a by-product, the probability distribution in invariant time ⌧ of q0q̄0 breakup vertices,
or equivalently � = (⌧)2, is also obtained, with dP/d� / �

a
exp(�b�) implying an area law

for the color flux [143], and the average breakup time lying along a hyperbola of constant
invariant time ⌧0 ⇠ 10

�23
s [135].

We may also ask, e.g., how many units of rapidity does the particle production from a
string span? Measuring pz along the string direction and defining rapidity by

y =

1

2

ln

✓
E + pz

E � pz

◆
, (83)

the absolute highest rapidity that can be reached, by a pion traveling exactly along the string
direction and taking all of the endpoint quark’s energy, is ymax = ln(2Eq/m⇡). I.e., the rapidity
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Figure 32: Iterative selection of flavors and momenta in the Lund string-fragmentation model.

region covered by a fragmenting string scales logarithmically with the energy, and since the
density of hadrons produced per unit rapidity is roughly constant (modulo endpoint effects),
the average number of hadrons produced by string fragmentation likewise scales logarithmi-
cally with energy.

The iterative selection of flavors, p?, and z values is illustrated in figure 32. A parton
produced in a hard process at some high scale QUV emerges from the parton shower, at the
hadronization scale QIR, with 3-momentum ~p = (~p?0, p+), where the “+” on the third com-
ponent denotes “light-cone” momentum, p± = E ± pz. Next, an adjacent d ¯d pair from the
vacuum is created, with relative transverse momenta ±p?1. The fragmenting quark combines
with the ¯d from the breakup to form a ⇡+, which carries off a fraction z1 of the total lightcone
momentum p+. The next hadron carries off a fraction z2 of the remaining momentum, etc.

5.2 Soft Hadron-Hadron Processes

The total hadron-hadron (hh) cross section is around 100 mb at LHC energies [144], growing
slowly with the CM energy, �tot(s) / s0.096 [145]. There are essentially four types of physics
processes, which together make up �tot:

1. Elastic scattering: hh ! hh;

2. Single diffractive dissociation: hh ! h+gap+X, with “gap” denoting an empty rapidity
region, and X anything that is not the original beam particle;

3. Double diffractive dissociation: hh ! X + gap + X (both hadrons “blow up”);

4. Inelastic non-diffractive scattering: everything else.

In principle, higher “multi-gap” diffractive components may be defined as well, the most im-
portant one being central diffraction: hh ! h + gap + X + gap + h, see the discussion of
diffraction in section 5.2.1 below.

Some important differences exist between theoretical and experimental terminology[146].
In the experimental setting, diffraction is defined by an observable rapidity gap, with |�y|gap ⇠>
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Hadronization: Lund fragmentation model
• Simple but powerful picture of hadron production based on the breaking of 

strings between partons: 

• Probability of string breaking by quark pair with                            :

String tension:

m2
? = m2

q + p2?q

As implemented in: PYTHIA 8 
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Hadronization: Lund fragmentation model

String tension:

m2
? = m2

q + p2?q
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Figure 30: a) Illustration of string breaking by quark pair creation in the string field. b)

Illustration of the algorithmic choice to process the fragmentation from the outside-in, splitting
off a single on-shell hadron in each step.

until only ordinary hadrons remain. (We will give more details on the individual string breaks
below.)

Since the string breaks are causally disconnected (as can easily be realized from space-time
diagrams like the one in figure 30, see also [135]), they do not have to be considered in any
specific time-ordered sequence. In the Lund model, the string breaks are instead generated
starting with the leading (“outermost”) hadrons, containing the endpoint quarks, and iterating
inwards towards the center of the string, alternating randomly between fragmentation off the
left- and right-hand sides, respectively, figure 30 b. One can thereby split off a single well-
defined hadron in each step, with a mass that, for unstable hadrons, is selected according to a
Breit-Wigner distribution.

The details of the individual string breaks are not known from first principles. The Lund
model invokes the idea of quantum mechanical tunneling, which leads to a Gaussian suppres-
sion of the energies and masses imparted to the produced quarks,

Prob(m2
q , p

2
?q) / exp

 
�⇡m2

q



!
exp

 
�⇡p2?q



!
, (79)

where mq is the mass of the produced quark and p? is the transverse momentum imparted to
it by the breakup process (with the q̄ having the opposite p?).

Due to the factorization of the p?and m dependence implied by equation (79), the p?spectrum
of produced quarks in this model is independent of the quark flavor, with a universal average
value of ⌦

p2?q

↵
= �2

= /⇡ ⇠ (240MeV)2 . (80)

Bear in mind that “transverse” is here defined with respect to the string axis. Thus, the p?in a
frame where the string is moving is modified by a Lorentz boost factor. Also bear in mind that
�2 is here a purely non-perturbative parameter. In a Monte Carlo model with a fixed shower
cutoff Qhad, the effective amount of “non-perturbative” p?may be larger than this, due to
effects of additional unresolved soft-gluon radiation below Qhad. In principle, the magnitude
of this additional component should scale with the cutoff, but in practice it is up to the user
to enforce this by retuning (see section 5.4) the effective � parameter when changing the
hadronization scale. Since hadrons receive p? contributions from two breakups, one on either
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Figure 31: Normalized Lund symmetric fragmentation function, for fixed m? = 1 GeV. Left:

variation of the a parameter, from 0.1 (blue) to 0.9 (red), with fixed b = 1 GeV�2. Right:

variation of the b parameter, from 0.5 (red) to 2 (blue) GeV�2, with fixed a = 0.5.

string picture is substantially more predictive than for the flavor selection. Firstly, the require-
ment that the fragmentation be independent of the sequence in which breakups are considered
(causality) imposes a “left-right symmetry” on the possible form of the fragmentation function,
f(z), with the solution

f(z) / 1

z
(1 � z)a exp

✓
�b (m2

h + p2?h)

z

◆
, (82)

which is known as the Lund symmetric fragmentation function (normalized to unit integral).
The a and b parameters, illustrated in figure 31, are the only free parameters of the fragmen-
tation function, though a may in principle be flavor-dependent. Note that the explicit mass
dependence in f(z) implies a harder fragmentation function for heavier hadrons (in the rest
frame of the string).

For massive endpoints (e.g., c and b quarks), which do not move along straight lightcone
sections, the exponential suppression with string area leads to modifications of the form [142],
f(z) ! f(z)/zb m2

Q , with mQ the heavy-quark mass. Strictly speaking, this is the only fragmen-
tation function that is consistent with causality in the string model, though a few alternative
forms are typically provided as well.

As a by-product, the probability distribution in invariant time ⌧ of q0q̄0 breakup vertices,
or equivalently � = (⌧)2, is also obtained, with dP/d� / �

a
exp(�b�) implying an area law

for the color flux [143], and the average breakup time lying along a hyperbola of constant
invariant time ⌧0 ⇠ 10

�23
s [135].

We may also ask, e.g., how many units of rapidity does the particle production from a
string span? Measuring pz along the string direction and defining rapidity by

y =

1

2

ln

✓
E + pz

E � pz

◆
, (83)

the absolute highest rapidity that can be reached, by a pion traveling exactly along the string
direction and taking all of the endpoint quark’s energy, is ymax = ln(2Eq/m⇡). I.e., the rapidity
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Figure 32: Iterative selection of flavors and momenta in the Lund string-fragmentation model.

region covered by a fragmenting string scales logarithmically with the energy, and since the
density of hadrons produced per unit rapidity is roughly constant (modulo endpoint effects),
the average number of hadrons produced by string fragmentation likewise scales logarithmi-
cally with energy.

The iterative selection of flavors, p?, and z values is illustrated in figure 32. A parton
produced in a hard process at some high scale QUV emerges from the parton shower, at the
hadronization scale QIR, with 3-momentum ~p = (~p?0, p+), where the “+” on the third com-
ponent denotes “light-cone” momentum, p± = E ± pz. Next, an adjacent d ¯d pair from the
vacuum is created, with relative transverse momenta ±p?1. The fragmenting quark combines
with the ¯d from the breakup to form a ⇡+, which carries off a fraction z1 of the total lightcone
momentum p+. The next hadron carries off a fraction z2 of the remaining momentum, etc.

5.2 Soft Hadron-Hadron Processes

The total hadron-hadron (hh) cross section is around 100 mb at LHC energies [144], growing
slowly with the CM energy, �tot(s) / s0.096 [145]. There are essentially four types of physics
processes, which together make up �tot:

1. Elastic scattering: hh ! hh;

2. Single diffractive dissociation: hh ! h+gap+X, with “gap” denoting an empty rapidity
region, and X anything that is not the original beam particle;

3. Double diffractive dissociation: hh ! X + gap + X (both hadrons “blow up”);

4. Inelastic non-diffractive scattering: everything else.

In principle, higher “multi-gap” diffractive components may be defined as well, the most im-
portant one being central diffraction: hh ! h + gap + X + gap + h, see the discussion of
diffraction in section 5.2.1 below.

Some important differences exist between theoretical and experimental terminology[146].
In the experimental setting, diffraction is defined by an observable rapidity gap, with |�y|gap ⇠>
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Figure 30: a) Illustration of string breaking by quark pair creation in the string field. b)

Illustration of the algorithmic choice to process the fragmentation from the outside-in, splitting
off a single on-shell hadron in each step.

until only ordinary hadrons remain. (We will give more details on the individual string breaks
below.)

Since the string breaks are causally disconnected (as can easily be realized from space-time
diagrams like the one in figure 30, see also [135]), they do not have to be considered in any
specific time-ordered sequence. In the Lund model, the string breaks are instead generated
starting with the leading (“outermost”) hadrons, containing the endpoint quarks, and iterating
inwards towards the center of the string, alternating randomly between fragmentation off the
left- and right-hand sides, respectively, figure 30 b. One can thereby split off a single well-
defined hadron in each step, with a mass that, for unstable hadrons, is selected according to a
Breit-Wigner distribution.

The details of the individual string breaks are not known from first principles. The Lund
model invokes the idea of quantum mechanical tunneling, which leads to a Gaussian suppres-
sion of the energies and masses imparted to the produced quarks,

Prob(m2
q , p

2
?q) / exp

 
�⇡m2

q



!
exp

 
�⇡p2?q



!
, (79)

where mq is the mass of the produced quark and p? is the transverse momentum imparted to
it by the breakup process (with the q̄ having the opposite p?).

Due to the factorization of the p?and m dependence implied by equation (79), the p?spectrum
of produced quarks in this model is independent of the quark flavor, with a universal average
value of ⌦

p2?q

↵
= �2

= /⇡ ⇠ (240MeV)2 . (80)

Bear in mind that “transverse” is here defined with respect to the string axis. Thus, the p?in a
frame where the string is moving is modified by a Lorentz boost factor. Also bear in mind that
�2 is here a purely non-perturbative parameter. In a Monte Carlo model with a fixed shower
cutoff Qhad, the effective amount of “non-perturbative” p?may be larger than this, due to
effects of additional unresolved soft-gluon radiation below Qhad. In principle, the magnitude
of this additional component should scale with the cutoff, but in practice it is up to the user
to enforce this by retuning (see section 5.4) the effective � parameter when changing the
hadronization scale. Since hadrons receive p? contributions from two breakups, one on either
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Figure 31: Normalized Lund symmetric fragmentation function, for fixed m? = 1 GeV. Left:

variation of the a parameter, from 0.1 (blue) to 0.9 (red), with fixed b = 1 GeV�2. Right:

variation of the b parameter, from 0.5 (red) to 2 (blue) GeV�2, with fixed a = 0.5.

string picture is substantially more predictive than for the flavor selection. Firstly, the require-
ment that the fragmentation be independent of the sequence in which breakups are considered
(causality) imposes a “left-right symmetry” on the possible form of the fragmentation function,
f(z), with the solution

f(z) / 1

z
(1 � z)a exp

✓
�b (m2

h + p2?h)

z

◆
, (82)

which is known as the Lund symmetric fragmentation function (normalized to unit integral).
The a and b parameters, illustrated in figure 31, are the only free parameters of the fragmen-
tation function, though a may in principle be flavor-dependent. Note that the explicit mass
dependence in f(z) implies a harder fragmentation function for heavier hadrons (in the rest
frame of the string).

For massive endpoints (e.g., c and b quarks), which do not move along straight lightcone
sections, the exponential suppression with string area leads to modifications of the form [142],
f(z) ! f(z)/zb m2

Q , with mQ the heavy-quark mass. Strictly speaking, this is the only fragmen-
tation function that is consistent with causality in the string model, though a few alternative
forms are typically provided as well.

As a by-product, the probability distribution in invariant time ⌧ of q0q̄0 breakup vertices,
or equivalently � = (⌧)2, is also obtained, with dP/d� / �

a
exp(�b�) implying an area law

for the color flux [143], and the average breakup time lying along a hyperbola of constant
invariant time ⌧0 ⇠ 10

�23
s [135].

We may also ask, e.g., how many units of rapidity does the particle production from a
string span? Measuring pz along the string direction and defining rapidity by

y =

1

2

ln

✓
E + pz

E � pz

◆
, (83)

the absolute highest rapidity that can be reached, by a pion traveling exactly along the string
direction and taking all of the endpoint quark’s energy, is ymax = ln(2Eq/m⇡). I.e., the rapidity
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Figure 32: Iterative selection of flavors and momenta in the Lund string-fragmentation model.

region covered by a fragmenting string scales logarithmically with the energy, and since the
density of hadrons produced per unit rapidity is roughly constant (modulo endpoint effects),
the average number of hadrons produced by string fragmentation likewise scales logarithmi-
cally with energy.

The iterative selection of flavors, p?, and z values is illustrated in figure 32. A parton
produced in a hard process at some high scale QUV emerges from the parton shower, at the
hadronization scale QIR, with 3-momentum ~p = (~p?0, p+), where the “+” on the third com-
ponent denotes “light-cone” momentum, p± = E ± pz. Next, an adjacent d ¯d pair from the
vacuum is created, with relative transverse momenta ±p?1. The fragmenting quark combines
with the ¯d from the breakup to form a ⇡+, which carries off a fraction z1 of the total lightcone
momentum p+. The next hadron carries off a fraction z2 of the remaining momentum, etc.

5.2 Soft Hadron-Hadron Processes

The total hadron-hadron (hh) cross section is around 100 mb at LHC energies [144], growing
slowly with the CM energy, �tot(s) / s0.096 [145]. There are essentially four types of physics
processes, which together make up �tot:

1. Elastic scattering: hh ! hh;

2. Single diffractive dissociation: hh ! h+gap+X, with “gap” denoting an empty rapidity
region, and X anything that is not the original beam particle;

3. Double diffractive dissociation: hh ! X + gap + X (both hadrons “blow up”);

4. Inelastic non-diffractive scattering: everything else.

In principle, higher “multi-gap” diffractive components may be defined as well, the most im-
portant one being central diffraction: hh ! h + gap + X + gap + h, see the discussion of
diffraction in section 5.2.1 below.

Some important differences exist between theoretical and experimental terminology[146].
In the experimental setting, diffraction is defined by an observable rapidity gap, with |�y|gap ⇠>
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RHIC: d-Au @ 200 GeV

RHIC:
p
s = 200 GeV

xp ⇠ 10�1

Dilute Dense

1 < pt < 2 GeV

3.2 < y < 3.4

• Forward spectra observed at RHIC allows for a description in terms of CGC:

xt ⇠ 10�4
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RHIC: d-Au @ 200 GeV
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Figure 2: Left plot: negatively charged hadron transverse momentum spectra at ⌘ =2.2 and 3.2 in
d-Au collisions at

p
s = 200GeV measured by the BRAHMS collaboration. Right plot: neutral pion

spectra at ⌘ =4 in d-Au collisions at
p

s = 200GeV measured by the STAR collaboration. Scale
dependence between Q

2
s0 = 0.157 A

1/3 GeV2 with A

1/3 = 6 and 4 is shown by the shaded areas.

in terms of the DHJ formula, as shown in Fig. 3 where we plot the distribution of Bjorken-x values
contributing to these collisions from the projectile and target respectively. They are peaked in xproj ⇡
0.1 and xtarg ⇡ 10�8, which indicates a much stronger dilute-dense asymmetry than in the RHIC case,
Fig 1.
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Figure 3: Average distribution of Bjorken-x values for projectile and target and rapidity of the pro-
duced particle 8.8  y  9.0.

Similarly to the previous analysis presented in [14], we obtain a very good description of p-p data
for all rapidities, see Fig. (4). Importantly, the K-factor used for the description of the data is exactly
the same as the one used for the description of BRAHMS data, K = 1. This is an important result,
as it indicates that the energy evolution from RHIC to LHC, equivalent to more than ten units in
evolution rapidity, �Y & 10, is well accounted for by the theoretical tools in our approach, mainly the
running coupling BK evolution for the x-dependence of the uGD’s. We also find a good agreement of
the neutral pion spectra measured in p-Pb collisions, see Fig. (5). In this case our theoretical result
is a bit below the data at the highest values of transverse momenta. Again, we have used a K-factor
K = 1 for its description. A slightly larger value of the K-factor results in a slightly better description
of the data, although we do not have a clear motivation for such choice.

6

• CGC + Lund approach allows to reach      values as low as detected 
experimentally,                         . 

• Little sensibility to number of participants,  
• BRAHMS data well described with             . 
• STAR data well described with                 (also observed in previous 

analysis of data).

pt
pt ⇠ 0.2 GeV

K = 1
K = 0.4

K=1
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LHCf: p-p @ 7 TeV
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Figure 4: Neutral pion transverse momentum spectra in the rapidity range 8.9 < y < 10.6 in p-p
collisions at

p
s = 7TeV.

5 Nuclear modification factor at LHCf

Finally, in this section we present our results for the nuclear modification factor Rp-Pb, defined as
follows:

R

⇡0

p-Pb ⌘
�

pp
inel

hNcolli�pPb
inel

Ed

3
�

pPb
/d

3
p

Ed

3
�

pp
/d

3
p

=
1

hNcolli
dN

pPb!⇡0X
/dyd

2
pt

dN

pp!⇡0X
/dyd

2
pt

(10)

Where Ed

3
�

pPb
/dp

3, Ed

3
�

pp
/dp

3 are the inclusive cross sections of neutral pion production in p-Pb
and p-p collisions respectively, and hNcolli is the average number of nucleon-nucleon scatterings in a
p-Pb collision. We shall use the same value of hNcolli as the one used in the experimental analysis [44],
obtained from a Monte Carlo Glauber simulation: hNcolli = 6.9. Also, it should be kept in mind that
the experimental value for

p
s=5.02 TeV is obtained after interpolating p-p data from 2.76 and 7 TeV

collision energies.
One remarkable feature of experimental data is the approximate flatness of the R

⇡0

p-Pb over all the
measured rapidity range. Actually a constant value R

⇡0

p-Pb = 1/hNcolli ⇡ 0.15 is compatible with data
for all y. This immediately implies that the multiplicity density in p-p collisions is approximately
equal to the one in p-Pb collisions (see right hand side of Eq. (10)):

dN

pp!⇡0X

dyd

2
pt

⇡ dN

pPb!⇡0X

dyd

2
pt

. (11)
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• Increment of evolution rapidity with respect to RHIC:  
• Only difference with respect to RHIC set: dynamical evolution of uGD’s 

according to rcBK equation.

�Y ⇠ ln
⇣
x0

x

⌘
⇠ 14

K=1 K=1 K=1

K=1 K=1 K=1
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Figure 5: Neutral pion transverse momentum spectra in the rapidity range 8.9 < y < 10.6 in p-Pb
collisions at

p
sNN = 5.02 TeV measured at LHCf detector.

Certainly, a more refined analysis of data would probably indicate a decreasing behaviour of R

⇡0

p-Pb
with increasing rapidity of the detected pions. However such rate of change is much smaller than the
one observed at RHIC energies ins a similar range of transverse momenta. The approximate equality
in Eq. (11) ... This purely empirical observation is well accounted for by our calculations. In terms of
saturation physics this result can be immediately related to the asymptotic properties of the solution of
the BK equation, used to describe the x-dependence of the uGD’s of the proton and lead targets. This
evolution in x is depicted in Fig. (6), where the ratio of the mentioned uGD’s is shown for di↵erent
evolution rapidity values. The flatness of the curve corresponding to the kinematic regime studied by
the LHCf collaboration over the observed transverse momentum range (x < 1 GeV) accounts for a
universality in the wave functions of deeply saturated systems. The fact that the experimental data
on nuclear modification factor reproduces this constant behaviour over the whole range of rapidity is
an indication for the prevalence of saturation e↵ects in the proben kinematic regime.

On the other hand, the shape of the curve corresponding to the kinematical region probed at
RHIC exhibits a more delayed onset of saturation e↵ects, as in this case the uGD of the target is
characterized by a smaller value for the saturation scale.
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LHCf: p-Pb @ 5.02 TeV

• Plenty of room for improvement in the proton-nucleus implementation. 
• Low momentum region well described (specially at the highest rapidities).
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LHCf: nuclear modification factor           @ 5.02 TeVRp-Pb
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Figure 6: Ratio of rcBK-evolved unintegrated gluon distributions for proton and lead targets for the
di↵erent x-ranges observed at RHIC and LHC.
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Figure 7: Nuclear modification factor for neutral pion production at
p

sNN = 5.02 TeV. Data points
taken from [44]. Since there is no neutral pion transverse momentum spectra measurement available for
p-p collisions at

p
s = 5.02 TeV, it is derived by interpolation of datasets obtained from p-p collisions

at
p

s = 7TeV and 2.76 TeV, which are included in that paper.
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• Approximate constant flat 
suppression of: R⇡
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LHCf: nuclear modification factor           @ 5.02 TeVRp-Pb

• Approximate constant flat 
suppression of: R⇡

0

p-Pb ⌘ 1

hN
coll

i
dNpPb!⇡

0
X/dyd2p

t

dNpp!⇡

0
X/dyd2p

t

0.15 ⇡ 1/hN
coll

i

• This behavior can be understood as a direct consequence of the 
behavior of the ratios of the uGD’s:
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Conclusions, future prospects
• We achieve a good description of single inclusive spectra of charged 

particles and neutral pions at RHIC and the LHC respectively, and nuclear 
modification factors for proton-lead collisions at the LHC.

This adds evidence to the idea that the main properties of forward 
data are dominated by the saturation effects encoded in the 
unintegrated gluon distribution of the target
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Conclusions, future prospects
• We achieve a good description of single inclusive spectra of charged 

particles and neutral pions at RHIC and the LHC respectively, and nuclear 
modification factors for proton-lead collisions at the LHC.

This adds evidence to the idea that the main properties of forward 
data are dominated by the saturation effects encoded in the 
unintegrated gluon distribution of the target

• Our approach allows for a description of spectra at the smaller values of 
transverse momentum

Opens the door for a calculation of particle multiplicities and other 
soft observables
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Conclusions, future prospects
• We achieve a good description of single inclusive spectra of charged 

particles and neutral pions at RHIC and the LHC respectively, and nuclear 
modification factors for proton-lead collisions at the LHC.

This adds evidence to the idea that the main properties of forward 
data are dominated by the saturation effects encoded in the 
unintegrated gluon distribution of the target

• Our approach allows for a description of spectra at the smaller values of 
transverse momentum

• Forward particle production is of key importance in the development of air 
showers

Theoretically controlled extrapolation of our results to the scale of 
ultra-high energy cosmic rays, thus serving as starting point for 
future works on this topic

Opens the door for a calculation of particle multiplicities and other 
soft observables
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Conclusions, future prospects
• We achieve a good description of single inclusive spectra of charged 

particles and neutral pions at RHIC and the LHC respectively, and nuclear 
modification factors for proton-lead collisions at the LHC.

This adds evidence to the idea that the main properties of forward 
data are dominated by the saturation effects encoded in the 
unintegrated gluon distribution of the target

• Our approach allows for a description of spectra at the smaller values of 
transverse momentum

• This is only a first step; there is still a lot of room for improvement! (NLO 
corrections, proper Monte-carlo implementation of proton-nucleus, etc.)

• Forward particle production is of key importance in the development of air 
showers

Opens the door for a calculation of particle multiplicities and other 
soft observables

Theoretically controlled extrapolation of our results to the scale of 
ultra-high energy cosmic rays, thus serving as starting point for 
future works on this topic
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•LO BK equation resumming               contributions to all orders: 

  LO Evolution Kernel:

42

BACK-UP: BK equation with running coupling
Evolution kernel: known up to  full NLO accuracy. In practice BK with running coupling is used 

⇥�(x,kt)
⇥ ln(x0/x)

⇤ K ⇥ �(x,kt)� �(x,kt)2

radiation recombination

“BK-JIMWLK”

       LO: αs ln(1/x)

small-x gluon emission
    NLO Running coupling

kt � Qs(x)Saturation of gluons with: 

decreasing x

Running coupling corrections render 

evolution speed compatible with data!

Fits to

DIS

HIC

[Balitsky, , Gardi et at],

Kovchegov-Weigert
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↵sln (1/x)

Small-x gluon 
emission

reader to e.g. [28] for explicit expressions to lowest order in αem. All the information

about the strong interactions – along with all x-dependence – in Eq. (2.3) is encoded
in the dipole-proton scattering amplitude, N (b, r, x). Although this quantity is a

genuinely non-perturbative object, its evolution towards smaller values of x can be
studied perturbatively via the BK equation. On the contrary, its impact parameter
dependence cannot be studied by means of the perturbative BK equation, since it is

governed by long distance, non-perturbative physics. To circumvent this theoretical
limitation we will resort to the translational invariance approximation (also used

in [28]), which regards the proton as homogeneous in the transverse plane. Under
this approximation the virtual photon-proton cross section Eq. (2.3) can be rewritten
as follows:

σT,L(x, Q2) = σ0

∫ 1

0

dz

∫

dr |ΨT,L(z, Q2, r)|2 N (r, Y ) , (2.4)

where r = |r| is the dipole size (the notation v ≡ |v| for all the 2-dimensional vectors

will be also employed throughout the rest of the paper) and σ0 is a dimensionful
constant resulting from the b integration that sets the normalization – this will be
one of the free parameters in our fits. Note that this result relies on the assumption

that a factorized structure of x, r and b dependences remains unchanged through-
out the evolution. In this case the parameter σ0 is related to the t-dependence in

diffractive events, see e.g. [62]. On the other hand, this factorized structure may
be assumed solely for the initial condition, while small-x evolution is performed,

in the translational-invariant approximation, separately for every impact parameter
(as done e.g. for nuclei in [63, 64]). This results in a σ0 varying (increasing) with
energy [65]. We leave this latter aspect for future studies.

2.2 BK equation with running coupling

The primary physical mechanism driving the small-x evolution of the dipole scat-

tering amplitude is the emission of soft gluons off either the quark or the antiquark
in the original dipole. The leading order BK equation resumming the corresponding

αs ln(1/x) contributions to all orders reads
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∂ Y
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, (2.6)

and r2 = r − r1. Here, Y =ln(x0/x) is the rapidity variable and x0 is the value of x
where the evolution starts, which should be small enough for the dipole model to be
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applicable. In our case x0 = 0.01 will be the highest experimental value of x included

in the fit.

The calculations in [46, 47] proceeded by including αs Nf corrections (Nf being
the number of flavors) into the evolution kernel to all orders and by then completing
Nf to the one-loop QCD beta-function via replacing Nf → −6πβ2, with β2 = (11Nc−
2Nf )/(12π). The calculation of the αs Nf corrections is particularly simple in the
s-channel light-cone perturbation theory (LCPT) formalism used to derive the BK

and JIMWLK equations: there αs Nf corrections are solely due to chains of quark
bubbles placed onto the s-channel gluon lines, as sketched in Fig. 1A. Importantly,
at the same degree of accuracy a new physical channel is opened, namely the emission

of a quark-antiquark pair, instead of a gluon, as depicted in Fig. 1B. The calculation
in [48] relied instead on the use of dispersive methods, arriving at the same results

as in the perturbative calculation in [47].

Neglecting the impact parameter dependence, the improved BK evolution equa-
tion for the dipole scattering amplitude obtained after resumming the subleading
αsNf corrections to all orders in [46, 47] can be written in the following, rather

general form [49]:
∂N (r, Y )

∂Y
= R[N ] − S[N ] , (2.7)

where both R and S are functionals of the dipole scattering amplitude, N . The
first, running coupling, term R[N ] in Eq. (2.7) gathers all the αs Nf factors needed

to complete the QCD beta function, resulting in a functional form identical to the
LO one but involving a modified kernel which provides the scale setting for the

running of the coupling. In turn, the second term in the r.h.s. of Eq. (2.7), S[N ],
the subtraction term, accounts for conformal, non running-coupling contributions.
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Figure 1: Schematic representation of the diagrams contributing to the evolution to all

orders in αsNf . The s-channel gluon line can be attached to either the quark (upper line)

or the antiquark (lower line).

It would be erroneous to identify the gluon and quark-antiquark emission chan-

nels with the running and subtraction terms in Eq. (2.7) respectively. Importantly,
the quark-antiquark channel contains a logarithmic ultra-violet (UV) divergence as-
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reader to e.g. [28] for explicit expressions to lowest order in αem. All the information

about the strong interactions – along with all x-dependence – in Eq. (2.3) is encoded
in the dipole-proton scattering amplitude, N (b, r, x). Although this quantity is a

genuinely non-perturbative object, its evolution towards smaller values of x can be
studied perturbatively via the BK equation. On the contrary, its impact parameter
dependence cannot be studied by means of the perturbative BK equation, since it is

governed by long distance, non-perturbative physics. To circumvent this theoretical
limitation we will resort to the translational invariance approximation (also used

in [28]), which regards the proton as homogeneous in the transverse plane. Under
this approximation the virtual photon-proton cross section Eq. (2.3) can be rewritten
as follows:

σT,L(x, Q2) = σ0

∫ 1

0

dz

∫

dr |ΨT,L(z, Q2, r)|2 N (r, Y ) , (2.4)

where r = |r| is the dipole size (the notation v ≡ |v| for all the 2-dimensional vectors

will be also employed throughout the rest of the paper) and σ0 is a dimensionful
constant resulting from the b integration that sets the normalization – this will be
one of the free parameters in our fits. Note that this result relies on the assumption

that a factorized structure of x, r and b dependences remains unchanged through-
out the evolution. In this case the parameter σ0 is related to the t-dependence in

diffractive events, see e.g. [62]. On the other hand, this factorized structure may
be assumed solely for the initial condition, while small-x evolution is performed,

in the translational-invariant approximation, separately for every impact parameter
(as done e.g. for nuclei in [63, 64]). This results in a σ0 varying (increasing) with
energy [65]. We leave this latter aspect for future studies.
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and r2 = r − r1. Here, Y =ln(x0/x) is the rapidity variable and x0 is the value of x
where the evolution starts, which should be small enough for the dipole model to be
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Figure 1: Schematic representation of the diagrams contributing to the evolution to all

orders in αsNf . The s-channel gluon line can be attached to either the quark (upper line)

or the antiquark (lower line).

It would be erroneous to identify the gluon and quark-antiquark emission chan-

nels with the running and subtraction terms in Eq. (2.7) respectively. Importantly,
the quark-antiquark channel contains a logarithmic ultra-violet (UV) divergence as-
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sociated to the emission of a zero size pair which, in the large-Nc limit, is indistin-

guishable from one gluon emission and therefore contributes to the running of the
coupling on an equal footing. The emission of finite size quark-antiquark pairs is UV

finite and does not contribute to the running of the coupling. Thus, the decompo-
sition of the evolution kernel into running and subtraction contributions, although
constrained by unitarity arguments, is not unique. This is due to the fact that there

is some freedom in the way in which the UV divergence can be singled out from
the conformal one, so in order to perform a decomposition like the one in Eq. (2.7)

a precise separation scheme needs to be specified. Not surprisingly, the separation
schemes proposed in [46] and [47] were different. For a detailed discussion on this
subject we refer the reader to [49].

In this work we will consider only the running term in the evolution kernel. Ide-

ally one would like to include the subtraction piece of the evolution kernel in practical
applications as this would eliminate the uncertainty associated to the scheme choice
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BACK-UP: Dipole models, Wilson lines
•Dipole models are simple 

formulations for the description 
of Deep Inelastic Scattering 
processes (such as those 
observed in e-p collisions at 
HERA). 

•We describe the effect of the 
small-x gluon field over the 
projectile as the multiple gluon 
exchange with a virtual 
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Figure 2: Left: Wilson line for right moving quark. Right: Sketch of an electron-nucleus
collision in the dipole model including multiple scatterings and non-linear small-x evolution.

Valence charges are those with light cone momentum p+ > ⇤+ and are treated as a random
variable over which one has to integrate to calculate physical observables. In turn the dynam-
ical modes are the strong color fields with momentum k+ < ⇤+, and hence sit at small values
of x = k+/P+, with P+ the total hadron or nucleus momentum.

However, the MV model is purely classical. Quantum corrections to this classical approx-
imation are large if one tries to describe modes with a much smaller light-come momentum
than the scale at which the theory is defined ⇤+. For x0 = �x, they are of order ln 1/� and,
therefore, become large for � ⌧ 1. This is due to the fact that the separation scale between
hard and soft modes is totally arbitrary, and the interactions do not disappear as we move away
from this scale. In other words, a semi-soft gluon with light-cone momentum fraction x initially
emitted from a valence source sitting at larger x can itself be a source for the radiation of even
softer gluons with light-cone momentum fraction x0 ⌧ x, as in the BFKL ladders illustrated in
Fig. 1. These corrections can, however, be resumed by means of a Wilsonian renormalization
group procedure in which quantum fluctuations inside the momentum strip ⇤+ > k+ > ⇤

0
+ are

integrated out and incorporated in the e↵ective theory by renormalizing the color sources ⇢
a

and its correlations or, equivalently, the statistical weight W
⇤

+ [⇢]. In this way the classical +
quantum calculation can be reproduced by a purely classical calculation, but with a modified
statistical weight W

⇤

0+ [⇢], whose variation with the scale Y =⇤+/⇤
0
+ is given by a Renormal-

ization Group Equation, the B-JIMWLK equations. This is a remarkable, highly non-trivial
and very powerful feature of the CGC formalism

In order to discuss quantum corrections and evolution equations let us consider the change
of the dipole scattering amplitude o↵ a dense target with increasing collision energy. In more
generality the discussion that follows is valid for a projectile composed of an arbitrary number
of quarks and gluons as long as the total color charge is small, i.e for any dilute projectile. This
problem can be approached in di↵erent frames yielding complementary, but strictly equivalent,
pictures on non-linear QCD evolution.
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• Multiple gluon scattering in the eikonal approximation: definition of 
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• Dipole scattering amplitudes: two-point correlators of Wilson Lines:

• Unintegrated gluon distributions (uGD’s) defined as the Fourier transform of dipole 
scattering amplitude. We take the uGD’s as universal objects that represent the effect of 
gluon-saturated target over hadronic projectiles.

N (r,b, x) = 1� 1
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• Dipole scattering amplitudes: two-point correlators of Wilson Lines:

• Unintegrated gluon distributions (uGD’s) defined as the Fourier transform of dipole 
scattering amplitude. We take the uGD’s as universal objects that represent the effect of 
gluon-saturated target over hadronic projectiles.

• Phenomenological models           modelization of dipole scattering amplitude

For example: GBW model
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FIG. 3: The dipole cross section as a function of r for
x = 10−2 . . . 10−6 (from right to left) and for the GBW (con-
tinuous lines) and CGC (dashed lines) parameterisations.

where the form factor S(b) = exp(−b2/(2Bd)) with
the diffractive slope from HERA, Bd = 6 GeV −2.
Thus, the dipole cross section (7) is given by the
formula

σ̂(xIP , r) = 4πBd N(xIP , r) . (17)

We see that the asymptotic value of σ̂ for r → ∞ is
the same as for the GBW parameterisation, if the
diffractive slope measured at HERA is substituted,

σ0 = 4πBd = 29 mb . (18)

In addition,

N(xIP , r) = (19)
⎧

⎨

⎩

N0

(

rQs

2

)2γs

e
2 ln2(rQs/2)

κλ ln(xIP ) for rQs ≤ 2

1 − e−4α ln2(βrQs) for rQs > 2

where the saturation scale Qs has now the following
parameters: λ = 0.22 and x0 = 1.63 · 10−5. The
parameters α = 0.615 and β = 1.006 are chosen
such that N and its first derivative are continues at
the point r where N(r) = N0 = 0.7. The remaining
parameters are given by κ = 9.9 and γc = 0.7376.

Both parameterisations provide the energy dependence
of the diffractive structure function through the variable
xIP . This dependence is determined from fits of the dipole
model formula for F2 into the data from HERA for the
Bjorken variable x ≤ 0.01. In the case of DDIS, x is
substituted by xIP .

IV. DIFFRACTIVE CHARM QUARK
PRODUCTION

In the diffractive scattering heavy quarks are produced
in quark-antiquark pairs, cc and bb for charm and bottom,
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FIG. 4: Top: the ccT and ccL components of F D
2 from the

dipole model with the GBW parameterisation together with
the ccX contribution from the collinear factorisation approach
(23) with the diffractive gluon distribution (A.4). Bottom:
the ccX component in a different scale against the massless
qqT , qqL and qqg components.

respectively. Such pairs can be produced provided that
the diffractive mass of is above the quark pair production
threshold

M2 = Q2

(

1

β
− 1

)

> 4m2
c,b (20)

In the lowest order the diffractive state consist only the
cc or bb pair. In the forthcoming we consider only charm
production since bottom production is negligible. The
corresponding contributions to FD

2 are given by Eqs. (3)
and (4) with one flavour component. For example, for
charm production from transverse photons we have

xIP F (cc)
T =

3Q4e2
c

64π4βBd

∫ 1/2

zc

dz z(1 − z)

×
{
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production since bottom production is negligible. The
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• Dipole scattering amplitudes: two-point correlators of Wilson Lines:

• Unintegrated gluon distributions (uGD’s) defined as the Fourier transform of dipole 
scattering amplitude. We take the uGD’s as universal objects that represent the effect of 
gluon-saturated target over hadronic projectiles.

• Small-x evolution encoded in BK equation

• Phenomenological models           modelization of dipole scattering amplitude
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the ccX contribution from the collinear factorisation approach
(23) with the diffractive gluon distribution (A.4). Bottom:
the ccX component in a different scale against the massless
qqT , qqL and qqg components.

respectively. Such pairs can be produced provided that
the diffractive mass of is above the quark pair production
threshold

M2 = Q2

(

1

β
− 1

)

> 4m2
c,b (20)

In the lowest order the diffractive state consist only the
cc or bb pair. In the forthcoming we consider only charm
production since bottom production is negligible. The
corresponding contributions to FD

2 are given by Eqs. (3)
and (4) with one flavour component. For example, for
charm production from transverse photons we have

xIP F (cc)
T =

3Q4e2
c

64π4βBd

∫ 1/2

zc

dz z(1 − z)

×
{

[z2 + (1 − z)2] Q2
c φ2

1 + m2
c φ2

0

}

(21)

Dipole cross section
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BACK-UP: Model of baryon production in Lund formalism
• Diquark model: diquarks in color antitriplets are (effectively) fundamental 

objects of the theory              diquark-antidiquarks fluctuations are an 
additional string breaking mechanism. 

• Popcorn model: Quarks are the only fundamental objects. This model allows 
for the generation of intermediate mesons.
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