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Introduction

Typical setting of condensed matter physics

® Hilbertspaceh =h1 ®---®bh,

® Basis of operators 0(*) on By ~» operators OE,”) —id®...ide0 ®id® - - ®id .
— —
{—1times N-(-1

® H; lattice Hamiltonian in 1D with L sites and periodic bc ~»> quasi-local in Oga)

L
H o= F0{”.0%)) . o) =of"
n=1

What one would like to know?

i) Fully characterise the finite temperature per-site free energy

. 1 . _1
F= _TLE»TDO{Z anL} with ZL - tr"[e THL]

ii) Fully characterise the correlators in infinite volume at finite temperature

}

The limits exist for a wide class of models (’60’s Ruelle )

1
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Introduction The Yang-Yang approach
The quantum transfer ma
The c the me

The free energy of the Bose gas |

@ The non-linear Schrédinger model
L
s = [ {3,07(1)0,00) + ¥ (Y (VU)W ()W) jay
0
L: length of circle, ¢ > 0 coupling constant (repulsive regime), h > 0 chemical potential
@ Eigenfunctions & spectrum (’63 Lieb, Liniger), (64 Brezin, Pohil, Finkelberg) .
fa—tete (¢({/la}¢‘),a(ua}qv) = § (22 - ))

a=1 Aj —da —
#

il —

@ Heuristic derivation of the per-site free energy (‘69 Yang, Yang):

e\ d
f:—Tfln(wre**%) o
2

in terms of the solution € to a non-linear integral equation

2¢ _e) du

(1) = P-h-T 7|(1+ r)-f

#) f(/l—y)erCz " ¢ 2n
N
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Introduction The Yang-Yang approach to thermodynamics

The ach

The free energy of the Bose gas Il

zZ = Z Ze—%a((/!am

N>0 {/la)q\l

@ Estimate large N, L behaviour of 8({113}4\’) for a fixed "density" of Bethe roots;
@ Estimate number of solutions to Bethe equation for a fixed "density" ~» entropic term;
@ Summand e-/ld] f = Tinf,l[o].

® ’93 Dorlas : Completeness of Bethe Ansatz for NLSM;
® ’89 Dorlas, Lewis, Pulé : LDP for free gas & Varadhan’s lemma to estimate Z; ;

~> Proof of Yang-Yang'’s results.
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Introduction The Yang-Yang approach to thermodynamics

The ach

The XXZ chain

® The XXZ spin-1/2 chain on hxxz = ®-_,C?, o Pauli matrices

@
n

H=

n

[(r’n‘rrx + o'{,o'ﬁ+1 + cos({)oéo?,  — h{rﬁ} ,

n+1 n+1 =0
1

L
@
O-VH»L

b H 1 71
® (60s Ruelle) f — —TLle{zlntthXZ[e TH]}

® Model solvable by Bethe Ansatz (’31 Bethe , 58 Orbach)

Yang-Yang approach to £ (71 Gaudin, ’71 Takahashi):
@ Bethe equations admit complex solutions forming strings when L — +co
@ oo system of coupled NLIE for string centre densities o1, 02, ...
o f = 1D integral involving o1

B

BUT

Completeness of the Bethe Ansatz is subtle (09 Mukhin, Tarasov, Varchenko )
Counting of "allowed" strings is very subtle (72 Takahashi)

String hypothesis is wrong (’82 Destri, Lowenstein)

oo system of NLIE "bad" for numerics

Method does not seem extendable to compute the correlators
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Introduction el e T q
pproach to thermodyn

m transfer matrix approach
res of the method

Koma'’s transfer matrix

® Main idea ~» Trotter-Suzuki decomposition (’87-°89 Koma )
-1y _ . -l _ i L
e T = NHTDOON;L so that trbxxz[e T ] = Nl—lmwtr[’” [TN.T]

@ Tn,1 transfer matrix diagonalisable by Bethe Ansatz
® exchangeability of N and L — +co limits (’85 Suzuki )

® T n,7 admits a real, non-degenerate maximal in modulus Eigenvalue /\max(‘TN,-r)

o ) . 1 n o . 1 n o .
£= -7 i im {Fne (7]} = im | im (e 7} = 7 im {inAws(r)}
@ Which Bethe vectors give the dominant Eigenvalue?

® Numerical study of the limit from Bethe Ansatz equations

@ Formal Trotter limit of Bethe Ansatz equations ( ’91 Takahashi )
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Introduction N
The Y. ang approach to thermodynamics

The quantum transfer matrix approach
The conj s of the method

Akutsu-Wadati quantum transfer matrix

il L , .
® trhxxz[e T ] = NLletrhq[tq] (’90 Akutsu, Wadati)
® Quantum transfer matrix: t, = try, [Tq;g(o)]

® Staggered monodromy matrix

23 n .z _J .
Tuo(€) = Ro(~ K —€)Roan-1(e-§) -+ REo(~ h-¢)Roa(e=§) 2T with p="sin(2)
sinh(1 - i¢) 0 0 0
- i . B 1 0 sinh(1)  sinh(-i{) 0
® Six-vertex R-matrix R(1) = Sh(5i7) 0 sinh(=i¢)  sinh(A) 0
0 0 0 sinh(a - i¢)

® If commutativity of limits & existence of non-degenerate, real, Eigenvalue hold

£ = T lim {mﬁmax}
N—>—too

Rigorous approach to the XXZ chain at finite temperature



Introduction R
ch to thermodyn
matrix approach

the method

The Bethe Ansatz approach

® Bethe Ansatz ~»  Eigenvectors t, - lll({/lala 1) = T({/lqu‘”) ({/la}a 1)

67%(_1)N—Mﬁ{sﬁnh(%§ = Aa + ) } ) {sinh(/la — BYsinh(i¢ + 22 + &) }N .
sinh(if + 1z — A) sinh(2a + %) sinh(if — 22 + %)

@ g #Ap, Aa # Ap i modinZ forany a,b
° A, ¢{i Ly +1(]foranya
¢ No dense distribution of Bethe roots when N — +co.

@ (’92 Klimper , 92 Destri, de Vega)

O — o F(1)V- Mﬂ{smh i - sw)} {sinh(e—%)sinh(i¢+f+%)}N
sinh(i¢ +& - A) ) sinh(¢ + &) sinh(i¢ - £ + &)

o e¥l1a) — _1 by construction

o Alternative characterisation of 4~  tool to compute the Bethe roots
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Introduction e
roach to thermody

The quantum transfer matrix approach
The conjec of the method

The non-linear integral equation

@ Pick adomain D cC

o (LM nor = Y= {Ya}'f' Bethe roots outside of D "particles” UTa) — 4
0 e\ Y Bethe roots inside of D QM) — _q
o X= (%} non-Bethe roots inside of D "holes" %) — _1
° °
[ ]
] ® [ ]
[ ]
* e x5 y
x& @
® °
e : particle roots ® :hole root ®:inner Bethe root
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Introduction

The non-linear problem

® Monodromy condition

Ar(u du = =

ﬁ#* = M-N- Y|+ ¥
1 4eUu) 2irm

0D

@ Non-linear integral equation

= ~ in(2¢) - Ln|1 eg‘
A¢) = —; + wn(¢) + in(M-N) ZGE y) - 1295 %) Sésmhsm( ) [ + J(U) du

(é-u-1i)sinh(¢é-u+il) 2n
yey xexX 0D

¢ Driving terms

inh(& = 2Ysinh(é + & —i inh(ic +
wn(¢) = Nln(s!n ¢ A,Q)Sl.n ¢ th %’[)) .6 = iln(isl,n:(g+ :))
sinh(¢ 4 §) sinh(é — i —i¢) sinh(i¢ — 1)
@ Auxiliary conditions on YandX
YeX o MO = 4 VeV : & =4

@ Integral representation for the Eigenvalues

-~ sinh(y - i) sinh(x) sinh(£ + i) \2N h sin(¢) L1 +e"|(u) gy
(%) = 1—;{ sinh(y) }H{ sinh(xfig)}‘( sinr’;l(i{) ) eXp{TT - ;506 sinh(u— i) sinh(u) 5}
YE. X€J 91
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Introduction The Yang-Yang approach to therm

The quantum transfer matrix approach
The conj s of the method

Trotter limit for dominant Eigenvalue

® Dominant Eigenvalue’s -function:

D:{_R—"_iW}U{R_iW} , XI=Y=0 N=M
@ pointwise Trotter limit of driving term
2Jsin(¢)
on() 72, ) = T st o)
® A solves NLIE with wy — w,,

® A — A and 7(A) — 7(A)
N—+o0 N—+oo
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Introduction T

The qu:
The conjectures of the method

The open problems

Conjectures

Exchangeability of the Trotter and thermodynamic limits
@ t, has a non-degenerate maximal in modulus real Eigenvalue Rmax

Which domain D & solution to NLIE describes 2-function associated with Kmax

@ Existence and uniqueness of solutions to NLIEs

@ Continuity for N — +oo of the solutions
Other Questions

@ Sub-dominant Eigenvalues (correlation lengths)
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The main results Integral representation for the per-site free energy
Large-T beh of envalue ratios

Integral representation for the per-site free energy

Theorem

There exist Top > 0, € > 0 and ¢ > 0 such that forany T > Ty,

1 hoo2J sin(¢) In[1 +¢" |(u) du
“7f= g g oesd) - 56

T sinh(u—iZ) sinh(u) 27
8Dy

with 2 the unique solution to the non-linear integral equation on 8,1

o 2Jsin?(2) sin(2¢) - In[1 + e|(u) du
e = 7?{,7 ~ sinh(&) sinh(& 1()} * 9gsmh( E—u+il)sinh(E-—u—il) 2n

0Doe

with 8, = {f € O(S) : Ifllgs) <1}

® Similar results are established for the subdominant Eigenvalues ratios imn_ 4o [Kk /Kmax}
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The main results Integral representation for the per-site free energy
Large-T behaviour of Eigenvalue ratios

Large-T behaviour of Eigenvalue ratios

Theorem
Fix integers ny, n, and pick some ¢ > 0 small enough. Let hy, ..., hy, € Z be pairwise distinct.

Let { ya}:y solve the system

Ny

(—1)%@*1ﬁ{sinh(izmfya>}-(sinh<i,:+ya))”x = [[{ sinntic+ ya-yo)}-( sinn(ic - va))”
b=1

b=1
and fulfill the three subsidiary constraints
® ya#typ+il, Ya#yp modinZ for a,be[1;n/]

" sinh(i
° |(—1)”*‘”yl!:[75inh((éf§:)) +1>e0
o yae {z €C:I3(2)| < 5. 28 Daigng [0}} with Cw = min(¢,x - ¢
Then, there exists an Eigenvalue Kk of t, with large-T asymptotics
ny . nyo .
i o = 2;7”*11{(2/7 t1+n —;Z)IZ—Z”V 0.(-y. )}Ijs”;?rgﬁ?y;)l{) {1+ o)
a=1 a x = Ny a1 0+(=Ya)) 3—5
® exp{—%k} = NETDO{KK/K‘““"] control the exponential decay of correlation functions
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1d commuta
Some elements of the analysis

An operator High-T expansion

® Monodromy matrix

e . —-iJ .
Tﬂ;o(o) = R;ZI\IXO(—%)Ro.qu(—%)‘“R;Z.O(—%)R0.1(—%)~CZT o with = ?sm(()
@® Local large-T expansion

Rao(= ) = Pav+Ma  »  Rfo(=R)-Roaea(=f) = Mo+ W

for 1
. . PsroPoze-1 O(w)
® Monodromy matrix expansion

N
Tyo(0) = Quo + D, >, Or  with  Op = Qug, Wey - o1ty 4 -+ Wey - Qy-10
n=1 (Elw)
® Transfer matrix expansion t; = wn;g + 0t,

N
WN,0 = Tro[QN;o] and oty = Z Z tro[Oi]
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Preliminary estimates

D) n c n of limits
Some elements of the analysis

Some estimates

@ The "leading" operator
h
oo = v-w' (w, V) = ZCOSh(%) R lv|]2 = 2N cosh(?) , lw|2 = 2N
® The "sub-leading" operators

n
loelll < 2V-(&)" . €= (61,....0n)

M
Co 0
0,1y - O lll < 2N-CM. |[N%} ol = () )y
o

> Ung

® Uniform in N control on spectral radius and perturbed traces

rs(oty) < % , ‘trl,w[w,\,;o.(5tq)f1w,\,;0...w,\,;0.(5tq)fn” < (c/>n.a]i[

N N AP

6tq Z Z 0[(1) ...O[(M) & Z Z < —
(ns)¥ (oM = yer
ns=1 [(S)EL”S)

z3

M N(C\M — StMIY
e et I <2M(§)T & rs(ety) = lim I(5e) Ml
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Dominant Eigenvalue and commutanthy of limits.

Some elements of the analysis
o Identification of the dominant Eig

Spectral estimates

Lemma

® Amx = 2+0(T") , Ay = O(T")  uniformlyin N

4 control on zeroes of characteristic polynomial

det[a-t,| = det|a-ot,|-det[id—(1-6t,) ' wno| = det[/l—dtq]~{1—trl,q[(ﬂ—étq)*‘wN;o]}

° det[/l - 6tq] zeroes inside of D ¢

@ Rouché & perturbed traces bound ~ other zero inside of D, ¢
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Dominant Eigenvalue and commutanthy of limits.

Some elements of the analysis -
Iden 1 of th ninant Eig

Commutativity of limits

Proposition
There exists To > 0 such that, forany T > T,
1 1
lim  lim —Intry, [tk lim lim —Intr, [tE
L—4ooN—too L m, [tq] = N—>-FooL —4-oc0 L o, [tg]

@ (’85, Suzuki) Let ay, be a sequence in C such that

imay, = a , lmao =a , lim ayy. = zy  uniformlyin N
N—+o0 Lo+ L—+oc0

Then limyo 400 = @.
® Construction of quantum transfer matrix

1 1 1
— L i _ ~1y
e = 7 Ity [tg] Wim tne = Nt [T
s . 1 _1y .
® ('60s, Ruelle) |im —Intry,, [e"7"] exists
L—+oo L

22N
[ L = AL AL l = In[A
® ntrl)q [tﬂ] max + a i m 7y n max
Lo+
as

22N_1
) o ~ e a\L o da 1
@ Uniformness in N: Z Ag = try, [(btqm) ] P = Piri—t
a—1 9D 1 q
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nd commutativity of limits

Some elements of the analysis Identification of the dominant Eigenvalue

The Bethe roots from NLIE

@® Non-linear problem ~ fixed point of a strictly contractive operator Or ny continuous in N — +co

® Solution e* gives rise to N roots {4}
@ pairwise distinct
@ solve Bethe Ansatz equations
° lll({/la}?’) # 0 by determinant representation for norms (’82, Korepin )

® T — +4co asymptotics of integral representation for the associated Eigenvalue
A{1alY) =2 + o(T)
® K({Aa}qv) = Amax by form of spectrum

® lim K({/la}q") exists by continuity in N of fixed point
N—+oo
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Conclusion

Conclusion and perspectives

Review of the results

Proof of spectral properties of the quantum transfer matrix;
Existence and uniqueness of solutions to NLIE;
Commutativity of thermodynamic and Trotter limits ;

Sub-dominant Eigenvalues described by spin-1 XXZ chain Bethe Ansatz;

Further developments

Extend to all values of T;
Extend to correlation functions (static and dynamic);

Surface free energy;
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