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The Yang-Yang approach to thermodynamics
The quantum transfer matrix approach
The conjectures of the method

Typical setting of condensed matter physics

⊛ Hilbert space h = h1 ⊗ · · · ⊗ hL

⊛ Basis of operators O(α) on h0 ⇝ operators O(α)
ℓ

= id ⊗ . . . id︸     ︷︷     ︸
ℓ−1times

⊗ O(α) ⊗ id ⊗ · · · ⊗ id︸        ︷︷        ︸
N−ℓ−1

.

⊛ HL lattice Hamiltonian in 1D with L sites and periodic bc ⇝ quasi-local in O(α)
ℓ

HL =
L∑

n=1

F
(
O
(α)
ℓ
, O

(β)
ℓ+1

)
, O

(α)
n+L ≡ O

(α)
n

What one would like to know?

i) Fully characterise the finite temperature per-site free energy

f = −T lim
L→+∞

{ 1
L

lnZL

}
with ZL = trh

[
e−

1
T HL

]
ii) Fully characterise the correlators in infinite volume at finite temperature⟨

O
(α)
1 O

(β)
1+x

⟩
≡ lim

L→+∞

trh

[
e−

1
T HL

ZL
O
(α)
1 O

(β)
1+x

]
" The limits exist for a wide class of models (’60’s Ruelle )

K. K. Kozlowski Rigorous approach to the XXZ chain at finite temperature
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The free energy of the Bose gas I

⊛ The non-linear Schrödinger model

HNLS =

L∫
0

{
∂yΨ

†(y)∂yΨ(y) + cΨ†(y)Ψ†(y)Ψ(y)Ψ(y) − hΨ†(y)Ψ(y)
}
dy

L: length of circle, c > 0 coupling constant (repulsive regime), h > 0 chemical potential.

Eigenfunctions & spectrum (’63 Lieb, Liniger ), (’64 Brezin, Pohil, Finkelberg ) .

eiLλj =
N∏

a=1
,j

λj − λa + ic
λj − λa − ic

⇝
(
Φ({λa }N1 ),E({λa }N1 ) =

N∑
k=1

(
λ2

k − h
))

Heuristic derivation of the per-site free energy (’69 Yang, Yang ):

f = −T
∫
R

ln
(
1 + e−

ε(µ)
T

)
· dµ

2π

in terms of the solution ε to a non-linear integral equation

ε(λ) = λ2 − h − T
∫
R

2c
(λ − µ)2 + c2

ln
(
1 + e−

ε(µ)
T

)
· dµ

2π

K. K. Kozlowski Rigorous approach to the XXZ chain at finite temperature
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The conjectures of the method

The free energy of the Bose gas II

ZL =
∑
N≥0

∑
{λa }N1

e−
1
T E({λa }N1 )

Estimate large N, L behaviour of E({λa }N1 ) for a fixed "density" of Bethe roots;

Estimate number of solutions to Bethe equation for a fixed "density"⇝ entropic term;

Summand e−LI[ϱ] f = T infϱI[ϱ].

⊛ ’93 Dorlas : Completeness of Bethe Ansatz for NLSM;

⊛ ’89 Dorlas, Lewis, Pulé : LDP for free gas & Varadhan’s lemma to estimate ZL ;

⇝ Proof of Yang-Yang’s results.

K. K. Kozlowski Rigorous approach to the XXZ chain at finite temperature
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The Yang-Yang approach to thermodynamics
The quantum transfer matrix approach
The conjectures of the method

The XXZ chain

⊛ The XXZ spin-1/2 chain on hXXZ = ⊗L
n=1C

2, σα Pauli matrices

H =
L∑

n=1

{
σx

nσ
x
n+1 + σ

y
nσ

y
n+1 + cos(ζ)σz

nσ
z
n+1 − hσz

n

}
, σαn+L ≡ σ

α
n

⊛ (’60s Ruelle ) f = −T lim
L→+∞

{ 1
L

ln trhXXZ

[
e−

1
T H

]}
⊛ Model solvable by Bethe Ansatz (’31 Bethe , ’58 Orbach )

" Yang-Yang approach to f (’71 Gaudin , ’71 Takahashi ):

Bethe equations admit complex solutions forming strings when L → +∞
∞ system of coupled NLIE for string centre densities ϱ1, ϱ2, . . . ,

f ≡ 1D integral involving ϱ1

BUT

Completeness of the Bethe Ansatz is subtle (’09 Mukhin, Tarasov, Varchenko )
Counting of "allowed" strings is very subtle (’72 Takahashi )
String hypothesis is wrong (’82 Destri, Lowenstein )
∞ system of NLIE "bad" for numerics
Method does not seem extendable to compute the correlators

K. K. Kozlowski Rigorous approach to the XXZ chain at finite temperature
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The conjectures of the method

Koma’s transfer matrix

⊛ Main idea⇝ Trotter-Suzuki decomposition (’87-’89 Koma )

e−
1
T H = lim

N→+∞
ON;L so that trhXXZ

[
e−

1
T H

]
= lim

N→+∞
trhq

[
T L

N,T

]
⊛ TN,T transfer matrix diagonalisable by Bethe Ansatz

⊛ exchangeability of N and L → +∞ limits ( ’85 Suzuki )

⊛ TN,T admits a real, non-degenerate maximal in modulus Eigenvalue Λmax
(
TN,T

)
f = −T lim

L→+∞
lim

N→+∞

{ 1
L

ln trhq
[
T L

N,T

]}
= lim

N→+∞
lim

L→+∞

{ 1
L

ln trhq
[
T L

N,T

]}
= −T lim

N→+∞

{
lnΛmax

(
TN,T

)}
⊛ Which Bethe vectors give the dominant Eigenvalue?

⊛ Numerical study of the limit from Bethe Ansatz equations

⊛ Formal Trotter limit of Bethe Ansatz equations ( ’91 Takahashi )

K. K. Kozlowski Rigorous approach to the XXZ chain at finite temperature
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The conjectures of the method

Akutsu-Wadati quantum transfer matrix

⊛ trhXXZ

[
e−

1
T H

]
= lim

N→+∞
trhq

[
tL
q

]
(’90 Akutsu, Wadati )

⊛ Quantum transfer matrix: tq = trh0
[
Tq;0(0)

]
⊛ Staggered monodromy matrix

Tq;0(ξ) = R
t2N
2N,0

(
− βN −ξ

)
R0,2N−1

(
ξ− βN

)
· · · Rt22,0

(
− βN −ξ

)
R0,1

(
ξ− βN

)
·e

h
2T σ

z
0 with β =

−iJ
T

sin(ζ)

⊛ Six-vertex R-matrix R(λ) =
1

sinh(−iζ)


sinh(λ − iζ) 0 0 0

0 sinh(λ) sinh(−iζ) 0
0 sinh(−iζ) sinh(λ) 0
0 0 0 sinh(λ − iζ)


⊛ If commutativity of limits & existence of non-degenerate, real, Eigenvalue hold

f = −T lim
N→+∞

{
ln Λ̂max

}

K. K. Kozlowski Rigorous approach to the XXZ chain at finite temperature
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The Bethe Ansatz approach

⊛ Bethe Ansatz ⇝ Eigenvectors tq ·Ψ
(
{λa }Ma=1

)
= τ

(
{λk }M1

)
Ψ

(
{λa }Ma=1

)
e−

h
T (−1)N−M

M∏
k=1

{
sinh(iζ − λa + λk )

sinh(iζ + λa − λk )

}
·
{

sinh(λa − βN ) sinh(iζ + λa + β
N )

sinh(λa + β
N ) sinh(iζ − λa + β

N )

}N

= −1

λa , λb , λa , λb ± iζ mod iπZ for any a, b

λa <
{
± βN ,±

β
N ± iζ

}
for any a

♦ No dense distribution of Bethe roots when N → +∞.

⊛ (’92 Klümper , ’92 Destri, de Vega )

eÂ(ξ) = e−
h
T (−1)N−M

M∏
k=1

{
sinh(iζ − ξ + λk )

sinh(iζ + ξ − λk )

}
·
{

sinh(ξ − βN ) sinh(iζ + ξ + β
N )

sinh(ξ + β
N ) sinh(iζ − ξ + β

N )

}N

eÂ(λa ) = −1 by construction

Alternative characterisation of Â ⇝ tool to compute the Bethe roots

K. K. Kozlowski Rigorous approach to the XXZ chain at finite temperature
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The non-linear integral equation

Pick a domain D ⊂ C
{λa }M1 ∩D

c = Ŷ = { ŷa }|Ŷ|1 Bethe roots outside of D "particles" eÂ(̂ya ) = −1

λ ∈ {λa }M1 \ Ŷ Bethe roots inside of D eÂ(λ) = −1

X̂ = { x̂a }|̂X|1 non-Bethe roots inside of D "holes" eÂ(̂xa ) = −1

D
− βN
β
N

x

x

b

b

b

b

b

b
b

b

b

b

⊛

⊛

⊛

b : particle roots ⊛ :hole root b :inner Bethe root

K. K. Kozlowski Rigorous approach to the XXZ chain at finite temperature
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The non-linear problem

⊛ Monodromy condition∮
∂D

Â ′(u)

1 + e−Â(u)
· du

2iπ
= M − N − |Ŷ|+ |̂X|

⊛ Non-linear integral equation

Â(ξ) = − h
T

+ wN(ξ) + iπ(M −N) + i
∑
y∈Ŷ

θ(ξ − y) − i
∑
x∈X̂

θ(ξ − x) +

∮
∂D

sin(2ζ) · Ln
[
1 + eÂ

]
(u)

sinh(ξ − u − iζ) sinh(ξ − u + iζ)
· du

2π

♦ Driving terms

wN(ξ) = N ln
(

sinh(ξ − βN ) sinh(ξ + β
N − iζ)

sinh(ξ + β
N ) sinh(ξ − βN − iζ)

)
, θ(λ) = i ln

(
sinh(iζ + λ)
sinh(iζ − λ)

)
⊛ Auxiliary conditions on Ŷ and X̂

x̂ ∈ X̂ : eÂ( x̂) = −1 ŷ ∈ Ŷ : eÂ( ŷ) = −1

⊛ Integral representation for the Eigenvalues

τ
(
Â

)
=

∏
y∈Ŷ

{
sinh(y − iζ)

sinh(y)

}∏
x∈X̂

{
sinh(x)

sinh(x − iζ)

}
·
(

sinh( βN + iζ)
sinh(iζ)

)2N

exp
{

h
2T
−

∮
∂D

sin(ζ)Ln
[
1 + eÂ

]
(u)

sinh(u − iζ) sinh(u)
· du

2π

}
K. K. Kozlowski Rigorous approach to the XXZ chain at finite temperature
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Trotter limit for dominant Eigenvalue

⊛ Dominant Eigenvalue’s Â-function:

D =
{
− R+ i

min(ζ, π − ζ)
2

}
∪

{
R − i

min(ζ, π − ζ)
2

}
, X̂ = Ŷ = ∅ , N = M

⊛ pointwise Trotter limit of driving term

wN(ξ) −→
N→+∞

w∞(ξ) =
2J sin2(ζ)

T sinh(ξ) sinh(ξ − iζ)

⊛ A solves NLIE with wN ↪→ w∞

⊛ Â −→
N→+∞

A and τ( Â ) −→
N→+∞

τ(A )

K. K. Kozlowski Rigorous approach to the XXZ chain at finite temperature
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The open problems

Conjectures

Exchangeability of the Trotter and thermodynamic limits

tq has a non-degenerate maximal in modulus real Eigenvalue Λ̂max

Which domain D & solution to NLIE describes A-function associated with Λ̂max

Existence and uniqueness of solutions to NLIEs

Continuity for N → +∞ of the solutions

Other Questions

Sub-dominant Eigenvalues (correlation lengths)

K. K. Kozlowski Rigorous approach to the XXZ chain at finite temperature
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Integral representation for the per-site free energy
Large-T behaviour of Eigenvalue ratios

Integral representation for the per-site free energy

Theorem

There exist T0 > 0, ϵ > 0 and c > 0 such that for any T > T0,

− 1
T
f =

h
2T
− 2J

T
cos(ζ) −

∮
∂D0,ϵ

sin(ζ) ln
[
1 + eA

]
(u)

sinh(u − iζ) sinh(u)
· du

2π

with A the unique solution to the non-linear integral equation on Bc/T

A(ξ) = − 1
T

{
h − 2J sin2(ζ)

sinh(ξ) sinh(ξ − iζ)

}
+

∮
∂D0,ϵ

sin(2ζ) · ln
[
1 + eA

]
(u)

sinh(ξ − u + iζ) sinh(ξ − u − iζ)
· du

2π

with Br =
{
f ∈ O(S) : ||f ||L∞(S) ≤ r

}
.

⊛ Similar results are established for the subdominant Eigenvalues ratios limN→+∞
{
Λ̂k /Λ̂max

}

K. K. Kozlowski Rigorous approach to the XXZ chain at finite temperature
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Large-T behaviour of Eigenvalue ratios

Large-T behaviour of Eigenvalue ratios

Theorem

Fix integers nx , ny and pick some ϱ > 0 small enough. Let h1, . . . , hnx ∈ Z be pairwise distinct.

Let {ya }
ny
1 solve the system

(−1)nx−ny+1
ny∏

b=1

{
sinh(iζ+yb −ya)

}
·
(

sinh(iζ+ya)
)nx

=

ny∏
b=1

{
sinh(iζ+ya −yb)

}
·
(

sinh(iζ−ya)
)nx

and fulfill the three subsidiary constraints

ya , yb ± iζ, ya , yb mod iπZ for a, b ∈ [[ 1 ; ny ]]∣∣∣∣(−1)nx−ny

ny∏
b=1

sinh(iζ + yb)

sinh(iζ − yb)
+ 1

∣∣∣∣ > ϱ
ya ∈

{
z ∈ C : |ℑ(z)| ≤ π

2
, z < D±iζm ,ϱ ∪ {0}

}
with ζm = min

{
ζ, π − ζ

}
Then, there exists an Eigenvalue Λ̂k of tq with large-T asymptotics

lim
N→+∞

Λ̂k =
1

2Tnx

nx∏
a=1

{
−2iJ

(2ha + 1 + nx − ny)π −
∑ny

a=1 θ+(−ya)

} ny∏
a=1

sinh(ya − iζ)
sinh(ya)

·
(
1 + o(1)

)
⊛ exp{− 1

ξ k
} = lim

N→+∞

{
Λ̂k /Λ̂max

}
control the exponential decay of correlation functions

K. K. Kozlowski Rigorous approach to the XXZ chain at finite temperature
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Preliminary estimates
Dominant Eigenvalue and commutativity of limits
Identification of the dominant Eigenvalue

An operator High-T expansion

⊛ Monodromy matrix

Tq;0(0) = R
t2N
2N,0

(
− βN

)
R0,2N−1

(
− βN

)
· · · Rt22,0

(
− βN

)
R0,1

(
− βN

)
· e

h
2T σ

z
0 with β =

−iJ
T

sin(ζ)

⊛ Local large-T expansion

Rab
(
− βN

)
= Pab + Nab ⇝ R

t2ℓ
2ℓ 0

(
− βN

)
· R0 2ℓ−1

(
− βN

)
= Πℓ︸︷︷︸
P
t2ℓ
2ℓ 0P0 2ℓ−1

+ Wℓ︸︷︷︸
O( 1

TN )

⊛ Monodromy matrix expansion

Tq;0(0) = ΩN;0 +
N∑

n=1

∑
ℓ∈L(n)N

Oℓ with Oℓ = ΩN;ℓn · Wℓn ·Ωℓn−1;ℓn−1 · · · Wℓ1 ·Ωℓ1−1;0

⊛ Transfer matrix expansion tq = ωN;0 + δtq

ωN;0 = Tr0
[
ΩN;0

]
and δtq =

N∑
n=1

∑
ℓ∈L(n)N

tr0
[
Oℓ

]
︸  ︷︷  ︸

=Oℓ

K. K. Kozlowski Rigorous approach to the XXZ chain at finite temperature
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Preliminary estimates
Dominant Eigenvalue and commutativity of limits
Identification of the dominant Eigenvalue

Some estimates

⊛ The "leading" operator

ωN;0 = v · w t
(
w , v

)
= 2 cosh

(
h

2T

)
, ||v ||2 = 2N cosh

( h
T

)
, ||w ||2 = 2N

⊛ The "sub-leading" operators

|||Oℓ ||| ≤ 2N ·
(

C
NT

)n
, ℓ = (ℓ1, . . . , ℓn)

|||Oℓ(1) · · · Oℓ(M) ||| ≤ 2N · CM
1 ·

M∏
s=1

{ C2

NT

}ns
, ℓ(s) = (ℓ

(s)
1 , . . . , ℓ

(s)
ns )

⊛ Uniform in N control on spectral radius and perturbed traces

rS(δtq) ≤
C
T

,
∣∣∣∣trhq [ωN;0 ·

(
δtq

)ℓ1
ωN;0 · · ·ωN;0 ·

(
δtq

)ℓn ]∣∣∣∣ ≤ (
C′

)n ·
n∏

a=1

(
C
T

)ℓa
(
δtq

)M
=

N∑
{ns }Ms=1
ns=1

∑
{ℓ(s)}Ms=1

ℓ(s)∈L(ns )
N

Oℓ(1) . . . Oℓ(M) &
N∑

n=1

∑
ℓ∈L(n)N

≤ Nn

n!

♦ |||(δtq)M ||| ≤ 2N
(

C
T

)M
& rS(δtq) = lim

M→+∞
|||(δtq)M ||| 1M

K. K. Kozlowski Rigorous approach to the XXZ chain at finite temperature
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Spectral estimates

Lemma

⊛ Λ̂max = 2 + O(T−1) , Λ̂a = O(T−1) uniformly in N

♦ control on zeroes of characteristic polynomial

det
[
λ−tq

]
= det

[
λ−δtq

]
·det

[
id−(λ−δtq)−1ωN;0

]
= det

[
λ−δtq

]
·
{
1−trhq

[
(λ−δtq)−1ωN;0

]}
det

[
λ − δtq

]
zeroes inside of D0, CT

Rouché & perturbed traces bound ⇝ other zero inside of D2, CT

K. K. Kozlowski Rigorous approach to the XXZ chain at finite temperature
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Commutativity of limits

Proposition
There exists T0 > 0 such that, for any T ≥ T0,

lim
L→+∞

lim
N→+∞

1
L

ln trhq [t
L
q ] = lim

N→+∞
lim

L→+∞

1
L

ln trhq [t
L
q ]

⊛ (’85, Suzuki ) Let aN,L be a sequence in C such that

lim
N→+∞

aN,L = αL , lim
L→+∞

αL = α , lim
L→+∞

aN,L = zN uniformly in N

Then limN→+∞ = α.

⊛ Construction of quantum transfer matrix

τN,L =
1
L

ln trhq [t
L
q ] lim

N→+∞
τN,L =

1
L

ln trhXXZ [e
− 1

T H]

⊛ (’60s, Ruelle ) lim
L→+∞

1
L

ln trhXXZ [e
− 1

T H] exists

⊛ ln trhq [t
L
q ] = Λ̂L

max +
22N−1∑
a=1

Λ̂L
a ⇝ lim

L→+∞
τN,L = ln

[
Λ̂max

]

⊛ Uniformness in N:
22N−1∑
a=1

Λ̂L
a = trhq

[(
PtqP

)L ]
P =

∮
∂D0,1

dλ
2iπ

1
λ − tq

K. K. Kozlowski Rigorous approach to the XXZ chain at finite temperature
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The Bethe roots from NLIE

⊛ Non-linear problem ⇝ fixed point of a strictly contractive operator OT ,N continuous in N → +∞

⊛ Solution eA gives rise to N roots {λa }N1
pairwise distinct

solve Bethe Ansatz equations

Ψ
(
{λa }N1

)
, 0 by determinant representation for norms (’82, Korepin )

⊛ T → +∞ asymptotics of integral representation for the associated Eigenvalue

Λ̂
(
{λa }N1

)
= 2 + O(T−1)

⊛ Λ̂
(
{λa }N1

)
= Λ̂max by form of spectrum

⊛ lim
N→+∞

Λ̂
(
{λa }N1

)
exists by continuity in N of fixed point

K. K. Kozlowski Rigorous approach to the XXZ chain at finite temperature
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Conclusion and perspectives

Review of the results

" Proof of spectral properties of the quantum transfer matrix;

" Existence and uniqueness of solutions to NLIE;

" Commutativity of thermodynamic and Trotter limits ;

" Sub-dominant Eigenvalues described by spin-1 XXZ chain Bethe Ansatz;

Further developments

⊛ Extend to all values of T;

⊛ Extend to correlation functions (static and dynamic);

⊛ Surface free energy;

K. K. Kozlowski Rigorous approach to the XXZ chain at finite temperature
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