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Introduction

Despite obvious physical relevance, time dependent back-
grounds in string theory have been hard to come by:

e String perturbation technology is well suited for S-
matrix computations around a fixed coherent vac-
uum state

e Time dependence implies production of squeezed
states, and ambiguous choice of vacuum: is string
field theory mandatory 7

e First quantized string theory requires analytic con-
tinuation of target space and world sheet, often
problematic

e String theory is not content on a finite time interval,
but often forces us into Big Bang / Big Crunch
singularities, CTC, ...



Milne Universe, the bright side

These issues may be easier to address in solvable CFT
such as orbifolds of flat space, WZW, ...:

e The Lorentzian orbifold: RV /Z, X* = X*e*f de-
scribes the Milne universe, ie a circle linearly con-
tracting and reexpanding in time:

ds? = —dT? +T%dy* , y=y+0
together with Rindler whiskers with CTC:
ds®* = —r?dn? +dr*, n=n+p

and non-Hausdorff light cone, all attached at a cos-
mological singularity

Horowitz Steif; Seiberg; Nekrasov

e T his same singularity arises locally in many other
examples: SU(2) x Si(2)/U(1) x U(1), Si(2)/U(1),
AdS/T", ...yet it is far from generic: Kasner singu-
larity, BKL oscillatory behavior

Nappi Witten, Elitzur Giveon Kutasov Rabinovici
Craps Kutasov Rajesh

e Variants have been proposed which ought to sim-
plify things even further: electric Melvin universe,
null boost, ...

Costa Cornalba Kounnas; Liu Moore Seiberg; . ..
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Milne Universe, the dark side

Unfortunately, many difficulties lie in the shade:

e Tree level scattering amplitudes of untwisted states
are badly divergent, due to large graviton exchange
near the singularity, signaling large backreaction

Berkooz Craps Kutasov Rajesh, LMS

e Physical states do not seem to exist in twisted sec-
tors, hence may not condense and resolve the sin-
gularity

Nekrasov

e Non perturbatively, interactions of an incoming par-
ticle with its orbifold images will lead to black hole
formation and gravitational collapse

Horowitz, Polchinski



Moving D-branes, electric fields

Open strings offer a simpler arena to investigate time-
dependence without dealing with gravitational instabili-
ties:

e T he closest open string analogue of the Milne Uni-
verse is a head-on D-brane collision. Analogues of
twisted closed strings are open strings stretched be-
tween D-branes. The cosmological singularity is-
sue is replaced by bound state formation. . .

Bachas; Douglas Kabat Pouliot Shenker

e Even simpler, the T-dual situation is open strings
in @ constant electric field:

e (® )

11 and 22 strings are like untwisted closed strings,
12 and 21 are like winding strings. Space-time
non-commutativity may cause us some trouble. . .

Bachas Porrati; Bachas Hull



Particle production and backreaction

Physically, the fate of these backgrounds is rather clear:

e For open strings in a constant electric field, Schwinger
pair production of charged open strings will screen
the electric field, or discharge the condensator at
infinity.

e For moving D-branes, stretched strings will be pair
produced, and will accelerate/slow down the colli-
sion. The final outcome depends on the produc-
tion/recombination rates.

e Q1: Can backreaction be consistently incorporated
in open string theory ?

e Q2: Can pair production resolve the Milne singu-
larity 7

Q1 and Q2 are still too hard, but we'll answer

e QO: Does there exist physical states in charged or
twisted sectors which are liable to condense in pairs
? What are the rules to compute their scattering
amplitudes ?



Electric field vs Milne Universe

e Eigenmodes of closed strings twisted sector of order
w are free fields satisfying

X*(o+2m,7)=eVXE(0,7), v=wpl
hence the normal mode expansion:

5 O
Xf_%(T —0) = % Z (n:I:iu)_l/Qafe_i("ﬂ”)(T_a)
n=—oo
’l: O
th(T +o0) = — Z (—n :Fil/)_l/z&ie_z(_"m”)“_w)
n=—0o0
with canonical commutation relations
[af, 0] = —(m 4+ w)ptn , (G, &1 = (m+iw)dntn
(ap)*=of, , (&) =a5,

e Charged open strings are obtained by identifying

n

2
af =aF , v=Zarctanh(E/n) ,

7T
and adding a canonical pair of constant zero modes
:coi with [xa_,xa] = in/E

e In particular, zero-modes are isomorphic (after rescal-
ing), and involve two commuting pairs of hermitian
conjugate variables,

[aar,aa] = —iv , [&Sr,&a] =,



Are there twisted physical states 7

e Representing these oscillators on a Fock space with
vacuum |0) annihilated by all ai_, and by o , the
normal ordered worldsheet Hamiltonian reads

Ly = —z_jlmm*a; —Zl<a;>*a;*

1
—agag + Siv(1—iw) = 1+ Lin
with a similar answer for L.

e Due to the iv/2 term in the ground state energy,
all states obtained by acting on |0) by creation op-

erators a§<o and by 043_ will have imaginary energy,
hence the physical state condition Lo = O has no
solutions.

Nekrasov

e Rk: this does not contradict Lo being hermitian,
since these states also have zero norm |



One-loop amplitude

e Irrespective of this, the one-loop vacuum energy for
open strings in electric fields can be computed,

A Vo B °°dt e~ TV°t/2

e — BU2e /0 (4720) 13 121 (3t/2) 61 (tv/2; it)2)

601(v, 1) = 2¢*/8sin v H (1—e?™g™)(1—¢™)(1—e2™g")
n=1

Poles at t = 2k/v,k € Z contribute to the imagi-
nary part, which agrees with the sum of Schwinger
production rates for each particle in the spectrum:

w = 2(%)25 - Z( )’f+1<|”|) Z co(IN) exp(— 27rkﬂ—7rk|u|)

N=-1

where n_24(q) = > N1 a(N)gV

Bachas Porrati

e Similarly, for closed strings on Milne space one ob-
tains a modular invariant integral,

/ drdTt
closed

27T27_ 13
- o ( 2))

6—277)\2w2T2

(2m)3n2t(7) 1A + wT); 7)

in agreement with the proposed treatment of zero
modes.

Nekrasov, Cornalba Costa



Space-time representation of zero-modes

e Zero-modes can be unitarily represented as covari-
ant derivatives acting on wave functions f(z*,27)
of the center of motion of the charged string,

+ __ V. + ~t __ . vV +
ao—zc%F:FEaz : ao—zaq::taa:

e T he zero-mode piece of Lg, including the evil 7

B W 1 _ _
L(()O) — _O‘(—)i_ao + 5 — —5(043_010 + g O‘S_)

is just the Klein-Gordon operator of a particle of
2D mass M2 = —2L” and charge v.

e For open strings, only one pair (agr,ag) appears
in the worldsheet Hamiltonian Lg. The other one
(a3, 85) describes the position of center of the hy-
perbolic trajectory, subject to the uncertainty prin-
ciple.

e For closed strings, the difference Léo) = Eéo) is the
zero-mode boost momentum,
M2 — M? = —iv (:U+8_|_ —z70_) = J©
The matching condition equates
BwJ = N, — Ng

In addition, the orbifold projection requires the total
boost momentum J to be integer.
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KG and the inverted harmonic oscillator

e Defining a5 = (P £ Q)/v/2 and same with tildas,
the Klein-Gordon operator just becomes an inverted
harmonic oscillator:

_ _ 1
M? = oza'ao —+ aoag— = E(PQ — Q%)

e Diagonalizing (P, M?) in P representation:
Fatia) = [ dp upuye T+

where v = (p + vz)\/2/v «x P. Then v¢z(u) is a
eigenmode of the inverted harmonic oscillator,
1 WE
—82 T2 R ~ —0
( v 4u T 2u>¢p(u)
e The latter admits a respectable delta-normalizable

spectrum of scattering states, in terms of parabolic
cylinder functions.

Moore

e T hese correspond to non-compact trajectories of
charged particles in the electric field. Waves on the
right side of the potential describe electrons, waves
on the left side describe positrons. Tunnelling is
just (stimulated) Schwinger pair creation,

e —-(14+n) e +n et
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In/out vacua and particle production

e Combinations which create an incoming electron or
positron are

ij;l = D 14y M2(€ 4’LL)€ ipt w:z:t/2 :
b = € FD_y up(e  u)ePe 2
while outgoing electron or positrons are created by

out(t CE) — [¢ ( t CE)]

e The in and out vacua are related by a non-trivial
Bogolioubov transformation

. ]. M2 _7TM2 SR
10,in) = N exp —\/T_WI_ —I— z— = | azbz|0, out)

with overlap

(0, out|0, in)|? = exp [—/dﬁln(l + eﬂMQ/V)]

which reproduces the Schwinger pair creation rate,
after properly interpreting fdﬁ.

Brout Massar Parentani Spindel
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(0. @)

S ey (u ) (uz) =

n=0

Lorentzian vs Euclidean states

Analytic continuation X° — e~ /2X0 1 — ¢i™/2y
takes us from an electric field in RY! to a magnetic
field in R?. At the same time, one should Wick
rotate the worldsheet time.

Under Wick rotation, discrete states with imaginary
energy iv(n + 1/2) become normalizable states of
the U harmonic oscillator, ie Landau states in a
magnetic field.

Instead, the continuous spectrum of the N harmonic
oscillator turns into non-normalizable states of the
U harmonic oscillator.

The heat kernel of U can be expressed as a sum

over discrete eigenmodes
_l (u% -+ u% B 2’LL]_’UQ)]

1
eXx
VAamsin s p[ 4 \ tans Sin s

but as the Schwinger parameter gets continued, be-
comes an integral over the continuous spectrum:

S [ MRy 2 (M, )
=== Y

1 1 u%—l—u% 2uiuo
= exp |— =
V4misinh s 4 \ tanhs sinhs

Moore
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Physical spectrum at low level

e [ he ground state tachyon

T) = ¢(:c+,:v_)|06x, k)
should satisfy the Virasoro constraint

1 1
LolT) = |~ (a5 +agad) + 377 ~ 14 22| T

which is the two-dimensional KG equation, for a
particle with mass k2 + v? — 2 and charge v.

e Level 1 states consist of

4y = (=f* a7y — £~ oty + £ o) [0, )
with the mass shell conditions
[M? — k2 —12)f'=0, [M?—k?—12F2i]ff=0

The L1 Virasoro constraint eliminates one polariza-
tion

e Despite the non-vanishing two-dimensional mass l<:2—
12, the spurious state L_1¢|0) is still physical, ellm—
matmg an extra polarization. One thus has D — 2
transverse degrees of freedom, ie a massless gauge
boson in D dimensions.

e For closed strings, the same goes through, with
a further projection to J = 0: there is a zero-
momentum transverse graviton in each twisted sec-
tor.
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Quantizing charged KG - 2) light-cone

e In o~ representation, then a™ = ivd/da~, hence
M? = iva~0/0a~ is just a rescaling operator. Eigen-
modes are power law

1 | M2 1 M2 iM2 . 1 _
fr,(@t,27) = () et (_Z - Z4 ) (b Ava™) 75t e (have)
This basis of functions is most appropriate to ex-
pand the modes at a fixed (early) = time, i.e. for
incoming electrons.

e Alternatively, one may diagonalize a*: this is appro-
priate to relate outgoing electrons. The S-matrix
relating the two basis is just Fourier transform.

e Canonical commutation relations read

* ] _ _1/2 1 ’LM2
ansap,| = san Gky +vaT) (@) VAN (—5 = ) Palke — k)
T 1 M2
aai| = san (k- —vaT)(@0) AN (—5 + )k — kL)
hence at time k4 + vz~ = 0, creation operator be-

comes annihilation: this is pair creation.

Tomaras Tsamis Woodard

e In order to maintain charge conservation, one should
also include the incoming and out-going positron
modes on the other side of the wedge.
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Charged KG in Rindler space

For applications to the Milne universe, one should
rather diagonalize the boost momentum J, ie con-
sider an accelerated observer.

Gabriel Spindel; Mottola Cooper

In the Rindler patch R, letting f(r,n) = e “"f;(r)
and r = €Y, one gets a Schrodinger equation for a
particle in a potential

—rOprdy, + M?r? — (J + %I/ r2)2| f;(r) =0

For v = 0, this reduces to a Liouville wall. For
v = 0 the wall has finite height, and the potential
iISs unbounded from below at large r.

For vJ/M? > 1/2, the energy is bigger than the
barrier, the electron comes from infinity I, into

the horizon H]‘%F. For vJ/M? < 1/2, the electron

bounces off the barrier back to I;i'. Again, tun-
nelling corresponds to stimulated pair emission from
or into the horizon.

Incoming and outgoing Rindler/Unruh modes can
be defined as usual. The Bogolioubov transforma-
tion shows Schwinger pair creation in the bulk, as
well as thermal particle production from the horizon
at T = a/(27) = v/(27wM).
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Vertex operators and correlation functions

e [ree level correlators with at most 2 twisted sector
states can be obtained on the Minkovskian strip,
otherwise analytic continuation is mandatory.

e Upon Wick rotation to the Euclidean magnetic prob-
lem, physical states in the charged/twisted sectors
become non-normalizable modes of the harmonic
oscillator. Don’'t panic, this eliminates the local-
ized tachyon !

e Vertex operators for the usual magnetic problem are
constructed out of (_boundary) twist fields, which
generate cuts in (Z,2),

8Z(w)og(0) = wlol + ..., A, =06(1-0)/2
Dixon Friedan Martinec Shenker; Hamidi Vafa

e T hese standard twist fields correspond to the har-
monic oscillator ground state and its excitations.
Instead, we need a new continuous family of twist
fields with irrational angle.

e For 8 € QQ, there should still be an infinite number
of twisted sectors: spectral flow / long strings.
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Twisted state production in Milne

e By analogy with electric field, one expects Schwinger
creation of correlated pairs of twisted states on the
Milne orbifold. Due to orbifold projection, light-
est states will be produced in J = 0O states, hence
breaking spatial homogeneity.

e For a given state of mass M, the density of pair
creation can be evaluated semi-classically be com-
puting the Jacobian

M2
w(XT,X7) = /da;gfdxga[(x+ — ) (X —25) + o
€

M? 1

Slextas +— —J] =
070 T 2e2 VXTX (2 4+ 2M2XTX )
hence pair production is peaked on the light-cone.
e Unfortunately, the total pair creation number di-

verges, due to summing over winding sectors. Elec-
tric Melvin universe seems better off. ..

e A more tractable situation perhaps is to send in
squeezed twisted states from —oo, along with states
one is interested to scatter. Can one use non-local
worldsheet deformation 7

Aharony Berkooz Silverstein
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Conclusions - speculations

Open strings in an electric field are a simple arena
to address conceptual issues of Time and string
theory.

We have laid some of the foundations to study this,
but the hard work is ahead of us: S-matrix ele-
ments, recombination rate, backreaction...

Despite strong formal analogies, there is no duality
between open strings in electric fields and the Milne
universe.

Time-space non-commutativity however may still
be important on black hole horizons, as 't Hooft
taught us.

Analogies with ¢ = 1 strings are tantalizing, al-
though open strings do not obey Fermi statistics.
Can one define some double scaling limit towards
the top of the potential 7 can squeezed states be
dealt with by some bosonization technique 7
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Gose cho domo arigato gozaimashita
(Thank you very much for your attention)

Pari ni mata rainen
(See you in Paris next year)
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