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Setting
Aim

Our interest is to describe the dynamics of a classical or quantum

system coupled or not to a classical or quantum environment

The Hamiltonian of the ensemble is

H = Hsyst =+ Henv =+ Hint AE

env

The dynamics of all variables are given by Newton or Heisenberg rules, depen-
ding on the variables being classical or quantum.
We need to give the initial {;(0), p;(0)} or p(0).

Dissipative case :if H;,; * 0 the total energy is conserved, £/ = ct, but each

contribution is not, in particular /s,; 7 ct and we'll take | gy sp << Eepy




Reduced system

Model the environment and the interaction

E.g., an ensemble of harmonic oscillators and a bi-linear coupling :

ad —pz M 0> c ’
Henv+Hint:Z = + - a< . :C_Q(x>

2M,, 2 M aw?

a=1 L[ _

Classically (coupled Newton equations) and quantum mechanically (easier in

a path-integral formalism) one can integrate out the oscillator variables.

Assuming the environment is coupled to the sample at the initial time and that

Its variables are characterized by a Gibbs-Boltzmann density function

p X e~ PHenvtHint) | at inverse temperature 3 one finds :

a colored Langevin equation (classically) or

a reduced dynamic generating functional  Z,..4 (Qquantum mechanically).
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General Langevin equation

The system, {r¢}, with: = 1,... , Nanda = 1,..., D, coupled to

an equilibrium environment  evolves according to the Langevin eq.

t —
OV (4r;
mi(t) + /dt’I’(t—t’)ff(t’) _ (57“ b £8(t)
" Ju ) org(t) J ~~
Inertia friction deterministic force noise

Coloured noise with correlation <§§L(t)§§?(t’)> = kpT6;;6%° T'(t —t')
and zero mean.

1" the temperature of the equilibrium bath and k& 5 the Boltzmann constant.
The friction kernel is ['(# — ).

Proof : see, e.g., Weiss 99.



Colored noise

Generic : Most of the exact fluctuation-dissipation relations In and
out of equilibrium remain unaltered for generic I, e.g. the fluctuation-

dissipation theorem, fluctuation theorems, etc.
Aron, Biroli, LFC 10

Particular : The functional form of the observables depends on the

characteristics of the noise, i.e. on .

The interesting cases are

a—1
% = 270 (£> e /A
W

with A\ a large-frequency cut-off.




Colored noise

Time-dependence and long-time tails

Non-Ohmic cases

['(t—1t) ~ FE(lg— » =t dor o A
g is the effective ‘friction coefficient’ (depends on o, A, wp)
I is the Euler-function.
Ohmic cases
['(t—1t) =27 YAsoo 2700(t — ') for o =




Example

a particle in a harmonic potential

1 2 .2
Vi(z) =5 mwgx
V After a relatively short transient,

Independently of the initial condition

equilibrium dynamics

Colt.t) = (a()2(t)) — —— E., (-m“’o ‘t_t/’O)

2
My g

k
with B 1 = >, FE(ZkH) the Mittag-Leffler function.

Only for an Ohmic bath & — 1 the relaxation is exponential  E 1(2) = e”

non-Ohmic bath v # 1 I, 1(z) — 2z~ for 2 — —o0 power-law relaxation .



Protein dynamics

Questions : what are the potential and the bath ?

1 : LU R | AR ALLLL 4 T LALL | T erTynTg T uuu?
; o Data

. — Mittag-Leffler fi ttlng
e Error Bound

-

o

b
ey

10° 102 10" 10° 10' 10®> 10°
t (sec)

x(t) distance between Tyr and FAD a = 0.51 +0.07

Yang et al 03; Min, Luo, Cherayil, Kou & Xie 05



Collective phenomena

Critical relaxation in the classical O(N) model

N -component field gg: (¢p1,...,¢N)ina D-dim.space ¥ = (r1,...,7p).

Ginzburg-Landau type free-energy :
A
H = /dD { Vé(M)’ +§¢2<f>+1¢4<7?>}

Overdamped relaxation dynamics

: E H 2
dt' T(t —t')= —— +&(7t
[ a0 g =
(&M1& (7, 1) = kpTéij0 (7 — ) T(t — 1)
Equilibrium initial condition P[¢(7, to)] oc e~ PHIS(Tt0)]

High-temperature initial conditions P[o(7, ty)] ox e~ (Tt0)/(247)



Critical relaxation

e = 4 — D—-expansion in the classical O(N) model

The dynamic exponent

0.95-
S In region W
> N +2 401
2 =2+ [3111———]62
(N+87 773 2
In region C Sub-Ohmic bath
Solid line N =1 9 N 142 ;
Dashed line NV = 4 = a - 4(N—|—8)2€

Dotted horizontal line N — o0
Bonart, LFC & Gambassi 11



Interest ?

In classical interacting systems (e.g. glasses, active matter, powders) so-
metimes one selects some variables and treats the rest in some self-

consistent way.

Results in an effective Langevin equation with a self-consistent ‘bath’

Coloured noise with correlation ( £()&(t') ) oc T2 (¢, )

+ &(1) .

I'" and I'* are self-consistently determined in terms of correlations and

linear responses of the original fields. cfr. MCT, DMFT

How are the collective dynamics determined ?



Message

The equilibrium relaxation of even the simplest system in contact with

a colored bath is non-exponential .

The dynamic critical exponent can be modified by a sufficiently ‘slow’

colored bath.

It is hard to conclude on thermal equilibration from the func tional

form of the observables



Plan

Energy conserving vs. dissipative dynamics : setting and forma-

lism .
Classical dissipative systems

Generalized Langevin equations.
Single particle, biological applications.

Collective phenomena : critical relaxation.
Quantum systems

Schwinger-Keldysh & Feynman-Vernon modeling.
Dissipative quantum dynamics.

Quantum guenches in closed systems.



Many-body

Interacting rotors under a bias

The system’s Hamiltonian is

- M
_ T2 =
Hsyst — W ; Lz — m Z Jz‘jni’nj

1<J

with usual commutation rules between L and n;’

Each variable is coupled to two ‘leads’ or electron reservoirs at equal

temperature I but with different chemical potential, ;1 — (1, = eV/.
We set the system in contact with the reservoir at time .
Decoupled density matrix o(ty) = 0syst(to) @ Oenwv(to) and

random initial condition for the rotors.



Many-body

Interacting rotors under a bias

The interaction with the two leads leads to

1
Swi=—5 3 [ dtat e e) Yo o)

rs=-=+

with the bath induced kernels

S () = —irshw? [GLE(t,1)GL.(H',t) + L < R]

and G,.,(t,t") = — (T, ()YI(t))
with 1,.(t), 1)1 (¢) the fermionic fields

and 7/ the time-ordering operator on the closed contour.



Many-body

Interacting rotors under a bias

Dependence of

Potential (V') — Temp. (1) Yo = (4ﬁ/3ﬁ)2fc/bj =1+ 9/2 92
— Quantum fluct. (L")

h 4 on the strength of the bath (g = hwc/eF).
phase diagram

Aron, Biroli & LFC 09 & 10



Real-time dynamics

Dissipative spherical p-spin model

Symmetric correlation Linear response
| | | | | 1.5 I I
0.8 -
1 -
= 3
S 04 _ é
+ P ST EUTE TP + 0.5 —
SE =
04 | | | | | 0.5 | |
10 12.5 15

Comparison between ¢ = ().2 (PM) and ¢ = 1 (SG)

PRB 66, 014444 (02).
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Quantum quench

Setting

Take a quantum closed system and suddenly change a parameter.

E.g., the quantum Ising chain

Transverse field I\ — I

Questions :

Hp, = — Zafazﬂl + I Zaf

Rieger & Igl6i 90s

Does the system reach a thermal equilibrium measure ?

Under which conditions ?

(e.g., integrable vs. non-integrable systems; sub vs. critical quenches)

Calabrese & Cardy; Rossini et al., etc.

Is there some kind of emerging effective bath ?




Quantum guench

Previous studies

Definition of 7, from time-independent observables :
(Hr)r, = (Hr)r.
(My)r, = (My)r., etc.
(We know these can be very misleading in glassy systems.)

Definition of /. from the functional form of correlation functions :

C(r) = (o7 (t)o%(t))r, vs. Cey(r) = (0F()o%(t)) 1., etc.

) ] ? J

(Recall what was discussed in the classical part of the talk.)

Proposal : put gFDTSs to the test to check whether 1.g = T exists.



Fluctuation-dissipation theorem

Classical dynamics in equilibrium

The classical FDT for a stationary system with 7 = ¢t — ¢, reads

\(r) = / Lt R(#) = —B[C(r) — C(0)] = A1 — C(r)]

choosing C'(0) =
Linear relation between y and C

Quantum dynamics in equilibrium

The quantum FDT reads

X(7) = / / dr’ / W i tanh (@) CO(w)

Complicated relation between y and ('




Quantum quench

T from transverse spin o7 and M = N~' 5" o7 qFDTs?

mR*(w) = tanh ( gff(‘;)“h> C* (w)

Tl

1

0.75

But 07 (w) # Be(w) # ct




Quantum quench

1 g from longitudinal spin o qFDT ?

1

0.8

0.6

ce T/Te [1 — acT %sin(47 + ¢c )]
Re_T/TR[l — apT ?sin(47 + ¢r)]



Quantum guench

I from longitudinal spin o gFDT ?

For sufficiently long-times such that one drops the power-law correction

AT~ Rw(T) N_TC'AR
T d.Cr(r) T Ac

A constant consistent with a classical limit but

s (L) # Te(To)

A complete study in the full time and frequency domains confirms that
(Do) # T (Tg) # T.(T'g) (though the values are close).

Fluctuation-dissipation relations as a probe to test therm al equilibration

No equilibration for generic  1'g



Quantum quench

No 1/ .g from FDT

A quantum quench I'y — I'. = 1 of the isolated Ising chain

T t>>1

maT_ t>>1FDT class
oeT, w=0r=0
T, w=0r=10

E
= T

Foini, LFC & Gambassi 11



Conclusions

The same ‘Field-theoretic methods’ are used in classical and quantum
dynamic problems.

Exotic environments can have non-trivial effects on classical and quan-

tum systems.

— They change time-scaling in classical systems.

— They may even change the nature and location of phase transitions
In quan-
tum systems.

Questions on thermalization after quantum guenches.

— Difficult to answer both classically and quantum mechanically.

— Idea : use fluctuation-dissipation relations as tests of equilibration.



