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Setting
Aim

Our interest is to describe the dynamics of a classical or quantum

system coupled or not to a classical or quantum environment .

The Hamiltonian of the ensemble is

H = Hsyst +Henv +Hint
E∆

env

syst

The dynamics of all variables are given by Newton or Heisenberg rules, depen-

ding on the variables being classical or quantum.

We need to give the initial {xi(0), pi(0)} or ρ̂(0).

Dissipative case : if Hint 6= 0 the total energy is conserved, E = ct, but each

contribution is not, in particular Esyst 6= ct and we’ll take Esyst ≪ Eenv



Reduced system
Model the environment and the interaction

E.g., an ensemble of harmonic oscillators and a bi-linear coupling :

Henv +Hint =

N∑

α=1

[

p2α
2mα

+
mαω

2
α

2

(
cα

mαω2
α

x− qα

)2
]

Classically (coupled Newton equations) and quantum mechanically (easier in

a path-integral formalism) one can integrate out the oscillator variables.

Assuming the environment is coupled to the sample at the initial time and that

its variables are characterized by a Gibbs-Boltzmann density function

ρ ∝ e−β(Henv+Hint) at inverse temperature β one finds :

a colored Langevin equation (classically) or

a reduced dynamic generating functional Zred (quantum mechanically).
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General Langevin equation

The system, {rai }, with i = 1, . . . , N and a = 1, . . . , D, coupled to

an equilibrium environment evolves according to the Langevin eq.

mr̈ai (t)
︸ ︷︷ ︸

+

∫ t

t0

dt′ Γ(t− t′)ṙai (t
′)

︸ ︷︷ ︸

= −δV ({~ri})
δrai (t)

︸ ︷︷ ︸

+ ξai (t)
︸︷︷︸

.

Inertia friction deterministic force noise

Coloured noise with correlation 〈 ξai (t)ξbj (t′) 〉 = kBTδijδ
ab

Γ(t − t′)

and zero mean.

T the temperature of the equilibrium bath and kB the Boltzmann constant.

The friction kernel is Γ(t− t′).

Proof : see, e.g., Weiss 99 .



Colored noise

Generic : Most of the exact fluctuation-dissipation relations in and

out of equilibrium remain unaltered for generic Γ, e.g. the fluctuation-

dissipation theorem, fluctuation theorems, etc.

Aron, Biroli, LFC 10

Particular : The functional form of the observables depends on the

characteristics of the noise, i.e. on Γ.

The interesting cases are

S(ω)
ω

= 2γ0

(
ω

ω0

)α−1

e−ω/Λ

with Λ a large-frequency cut-off.



Colored noise
Time-dependence and long-time tails

Non-Ohmic cases

Γ(t− t′) ≃ g

ΓE(1− α)
|t− t′|−α−1 for α 6= 1

g is the effective ‘friction coefficient’ (depends on α,Λ, ω0)

ΓE is the Euler-function.

Ohmic cases

Γ(t− t′) = 2γ0
Λ

1 + (Λt)2
→Λ→∞ 2γ0δ(t− t′) for α = 1



Example
a particle in a harmonic potential

x

V

V (x) = 1
2
mω2

0 x
2

After a relatively short transient,

independently of the initial condition

equilibrium dynamics

Cx(t, t
′) ≡ 〈x(t)x(t′)〉 → 1

mω2
0

Eα,1

(

−mω
2
0 |t− t′|α
g

)

with Eα,1 =
∑

k=0
zk

ΓE(αk+1) the Mittag-Leffler function.

Only for an Ohmic bath α → 1 the relaxation is exponential E1,1(z) = ez

non-Ohmic bath α 6= 1Eα,1(z) → z−1 for z → −∞ power-law relaxation .



Protein dynamics
Questions : what are the potential and the bath ?

x(t) distance between Tyr and FAD α = 0.51± 0.07

Yang et al 03 ; Min, Luo, Cherayil, Kou & Xie 05



Collective phenomena
Critical relaxation in the classical O(N) model

N -component field ~φ = (φ1, . . . , φN ) in a D-dim. space ~r = (r1, . . . , rD).

Ginzburg-Landau type free-energy :

H =

∫

dDr

{
1

2
[∇~φ(~r)]2 +

r

2
φ2(~r) +

λ

4
φ4(~r)

}

Overdamped relaxation dynamics

∫ t

t0

dt′ Γ(t− t′)
∂

∂t′
~φ(~r, t′) = − δH

δ~φ(~r, t)
+ ~ξ(~r, t)

〈ξi(~r, t)ξj(~r′, t′)〉 = kBTδijδ(~r − ~r′) Γ(t− t′)

Equilibrium initial condition P [~φ(~r, t0)] ∝ e−βH[φ(~r,t0)]

High-temperature initial conditions P [~φ(~r, t0)] ∝ e−φ2(~r,t0)/(2∆
2)



Critical relaxation
ǫ = 4−D–expansion in the classical O(N) model

Region C

Region W

1 2 3 4
0.85

0.9

0.95

1

D

Α

Solid line N = 1

Dashed line N = 4

Dotted horizontal line N → ∞

Dc(α) = 4 Tc(α) = Tc

The dynamic exponent

in region W

z = 2 +
N + 2

(N + 8)2

[

3 ln
4

3
− 1

2

]

ǫ2

in region C Sub-Ohmic bath

z =
2

α

[

1− N + 2

4(N + 8)2
ǫ2
]
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Interest ?

In classical interacting systems (e.g. glasses, active matter, powders) so-

metimes one selects some variables and treats the rest in some self-

consistent way.

Results in an effective Langevin equation with a self-consistent ‘bath’ ,

Mφ̈(t) +

∫ t

t0

dt′ Γ1(t, t′)φ̇(t′) = −δV ({φ})
δφ(t)

+ ξ(t) .

Coloured noise with correlation 〈 ξ(t)ξ(t′) 〉 ∝ Γ
2(t, t′)

Γ
1 and Γ

2 are self-consistently determined in terms of correlations and

linear responses of the original fields. cfr. MCT, DMFT

How are the collective dynamics determined ?



Message

• The equilibrium relaxation of even the simplest system in contact with

a colored bath is non-exponential .

• The dynamic critical exponent can be modified by a sufficiently ‘slow’

colored bath.

It is hard to conclude on thermal equilibration from the func tional

form of the observables
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Many-body
Interacting rotors under a bias

The system’s Hamiltonian is

Hsyst =
Γ

2M

N∑

i=1

~L2
i −

M
2
√
N

∑

i<j

Jij~ni~nj

with usual commutation rules between La
i and nb

j .

Each variable is coupled to two ‘leads’ or electron reservoirs at equal

temperature T but with different chemical potential, µR − µL = eV .

We set the system in contact with the reservoir at time t0.

Decoupled density matrix ̺(t0) = ̺syst(t0)⊗ ̺env(t0) and

random initial condition for the rotors.



Many-body
Interacting rotors under a bias

The interaction with the two leads leads to

Sint = −1

2

∑

rs=±

∫

dtdt′ Σrs
B (t, t′)

∑

i

~nr
i (t)~n

s
i (t

′)

with the bath induced kernels

Σrs
B (t, t′) = −irs~ω2

c

[
GR

rs(t, t
′)GL

sr(t
′, t) + L ↔ R

]

and Grs(t, t
′) ≡ −i〈T ψr(t)ψ

†
s(t

′)〉
with ψr(t), ψ

†
r(t) the fermionic fields

and T the time-ordering operator on the closed contour.



Many-body
Interacting rotors under a bias

Potential (V ) – Temp. (T )

– Quantum fluct. (Γ)

phase diagram

 0

 1

 2

 0  2  4

γ c

g

γc(θ = υ = 0)

Dependence of

γc ≡ (4~/3π)2Γc/J = 1 + 9/2 g2

on the strength of the bath (g = ~ωc/ǫF ).

Aron, Biroli & LFC 09 & 10



Real-time dynamics
Dissipative spherical p-spin model

Symmetric correlation Linear response

t
C(t+t w;t

w)

1512.5107.552.50
0.80.40-0.4 t

R(t+t w;t
w)

1512.5107.552.50
1.510.50-0.5

Comparison between g = 0.2 (PM) and g = 1 (SG)

PRB 66, 014444 (02).
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Quantum quench
Setting

• Take a quantum closed system and suddenly change a parameter.

• E.g., the quantum Ising chain HΓ0
= −

∑

σx
i σ

x
i+1 + Γ0

∑

σz
i

Transverse field Γ0 → Γ Rieger & Iglói 90s

• Questions :

Does the system reach a thermal equilibrium measure ?

Under which conditions ?

(e.g., integrable vs. non-integrable systems ; sub vs. critical quenches)

Calabrese & Cardy ; Rossini et al., etc.

Is there some kind of emerging effective bath ?



Quantum quench
Previous studies

• Definition of Te from time-independent observables :

〈HΓ〉Γ0
= 〈HΓ〉Te

〈Mx
Γ〉Γ0

= 〈Mx
Γ〉Te

, etc.

(We know these can be very misleading in glassy systems.)

• Definition of Te from the functional form of correlation functions :

C(r) ≡ 〈σx
i (t)σ

x
j (t)〉Γ0

vs. Ceq(r) ≡ 〈σx
i (t)σ

x
j (t)〉Te

, etc.

(Recall what was discussed in the classical part of the talk.)

• Proposal : put qFDTs to the test to check whether Teff = Te exists.



Fluctuation-dissipation theorem
Classical dynamics in equilibrium

The classical FDT for a stationary system with τ ≡ t− tw reads

χ(τ) =

∫ τ

0

dt′ R(t′) = −β[C(τ)− C(0)] = β[1− C(τ)]

choosing C(0) = 1.
Linear relation between χ and C

Quantum dynamics in equilibrium

The quantum FDT reads

χ(τ) =

∫ τ

0

dτ ′ R(τ ′) =

∫ τ

0

dτ ′
∫ ∞

−∞

idω

π~
e−iωτ ′ tanh

(
β~ω

2

)

C(ω)

Complicated relation between χ and C



Quantum quench
Teff from transverse spin σz

i and M = N−1
∑

i σ
z
i qFDTs ?

ImRz(ω) = tanh

(
βz
eff(ω)ω~

2

)

Cz
+(ω)

0 2 4 6 8
ω

0.5

0.75

1

T
eff

T
M

eff

T
z

eff

T
E

eff
0.01 0.1 11

1.5

2

T
-1

1 / T
z

eff

But βz
eff(ω) 6= βM

eff (ω) 6= ct



Quantum quench
Teff from longitudinal spin σx

i qFDT ?

0 2 4 6 8 10τ0

0.2

0.4

0.6

0.8

1
C

x
(τ)

R
x
(τ)

10 20 301e-13

1e-09

1e-05

1e-01

10 20 30

-0.25

0

0.25

Cx
+(τ) ≃ ACe

−τ/τC [1− aCτ
−2 sin(4τ + φC)]

Rx(τ) ≃ ARe
−τ/τR [1− aRτ

−2 sin(4τ + φR)]



Quantum quench
Teff from longitudinal spin σx

i qFDT ?

For sufficiently long-times such that one drops the power-law correction

−βx
eff ≃ Rx(τ)

dτC
x
+(τ)

≃ −τCAR

AC

A constant consistent with a classical limit but

T x
eff(Γ0) 6= Te(Γ0)

A complete study in the full time and frequency domains confirms that

T x
eff(Γ0) 6= T z

eff(Γ0) 6= Te(Γ0) (though the values are close).

Fluctuation-dissipation relations as a probe to test therm al equilibration

No equilibration for generic Γ0



Quantum quench
No Teff from FDT

A quantum quench Γ0 → Γc = 1 of the isolated Ising chain

0 0.2 0.4 0.6 0.8 1Γ0
0

0.5

1

1.5

2

T
eff

T
eff

x
 t >> 1

T
eff

x
t >>1 FDT class

T
eff

x ω = 0 r = 0

T
eff

x ω = 0 r = 10

T
eff

E 
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Conclusions

• The same ‘Field-theoretic methods’ are used in classical and quantum

dynamic problems.

• Exotic environments can have non-trivial effects on classical and quan-

tum systems.

– They change time-scaling in classical systems.

– They may even change the nature and location of phase transitions

in quan-

tum systems.

• Questions on thermalization after quantum quenches.

– Difficult to answer both classically and quantum mechanically.

– Idea : use fluctuation-dissipation relations as tests of equilibration.


